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1 Introduction

In [7], H. Gangl, D. Zagier and the first author studied in detail the “double shuffle
relations” satisfied by the double zeta values

()= ¥ —

s
m>n>0 mn

(r>2,5>1), (1

and revealed in particular various connections between the space of double zeta val-
ues and the space of modular forms as well as their period polynomials on the full
modular group PSL,(Z). They also defined the “double Eisenstein series” and de-
duced the double shuffle relations for them, and in [9] we illustrated a way to connect
the double Eisenstein series to the period polynomials of modular forms (of level 1).
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In the present paper, we consider the double shuffle relations of level 2 and study
the formal double zeta space, whose generators are the formal symbols corresponding
to the double zeta values of level 2 (Euler sums) and the defining relations are the
double shuffle relations. One of the relations we obtain in the formal double zeta
space (Theorem 1) has an interesting application to the problem of representations
of integers as sums of squares, and this will be given in the subsequent paper by the
second author [12]. We then proceed to define the double Eisenstein series of level
2 and show that they also satisfy the double shuffle relations (Theorem 3), and have
connections like in the case of level 1 to double zeta values, modular forms, and
period polynomials, of level 2 (Theorem 5 and Corollary 1).

2 The double zeta values of level 2

The double zeta values of level 2 we are referring to are the following four types of
real numbers given for integers r > 2 and s > 1:

1 1
rns)= ), —— ()= Y)Y —,
m>n>0 m'n’ m>n>0 m’'n’
m,n:even m:even,n:odd
1 1
§*(rs)= ), £®(rs)= Y :
7 m>n>0 m'n? 7 m>n>0 m'n?
m:odd, n:even m,n:odd

These numbers can be written as simple linear combinations of the original multiple
zeta values (1) and the numbers often referred to as Euler sums defined by

= ¥ U gy UD ey y CU

rps r'ps
m>n>0 M7 m>n>0 M

and vice versa. Explicitly, we have the relations

£ (r,s) 11 1 1 E(rs)
£ (r,s) 1j1-11 -1 C((?,E))

¢rs) | 411 —-1-1 ¢
¢ (rs) 1-1-1 1) \¢((F5)

(The matrix on the right is invertible.) Note that, from the obvious relation

E(rs) = 8% (rs) + 8% (rs) +£%(r5) + C(rs)

2

and
E(rs) =2"7C%(rs),
we have the relation
(2= 1) (r5) = £%(r,5) + £ (rs) + E%(r5).
We shall hereafter only consider {®°(r,s), {%(r,s), and {°(r,s). Moreover define
1 1
eky=), — and (k)= ) -
n>0,even n>0,o0dd

Then in the standard manner we can show the following double shuffle relations.
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Proposition 1 For positive integers r,s > 2, we have

enee =t = L (1)) e+ ((2))ean),

i+ j=r+s
i>2,j>1
E(rE°(s) = C“"(ns)+€°°(s7r)+é°(r]+S) =L ((111) + (:D) £(i.)-
i>2,j>1

Proof The first equality in each sequence of identities is obtained as usual from the
manipulation of the defining series. For the second, we use the following integral
representations of each zeta value and the shuffle product of integrals:

£0(k) = // dn dn  diey_di
o b et 11—t
1>t >t>->1,>0
Ce(k) . / / dt; dn dti_1  ndty
o b et 11—t
1>t >t>->1,>0
£ (r,s) = /Tu/ dn dy  dt—y  _dtr  dirpy dirpsoy dis
’ b tre1 =12t trys—1 1—12.
1>t >t > >tp1>0
Coe(r s) _ / / @ . @ . dt,—1 . dt, . dtr—H dtr+s—1 . tr+sdtr+s
’ I3l 1) t—1 1 —tg try1 trgs—1 1 7tr2+s ’
1>t >t>->t44>0
£%(r,s) = // ﬁ.@...dtr*]. trdty .dtrﬁ...dt”rs*]. dtrs
’ non -1 1=t 14 frys—1  1—1t2
1>t >t>>t15>0

The first two are easy to deduce, and to see the rest for double zetas, we use the
expression (2) of each double zeta value in terms of Euler sums and the standard
integral representations

dn dt,_1 dt, dty dtyis—1  dtygg
C(ns): ... . . . ,
141 t—1 11—t I Trgs—1 1_tr+s
1>t >t > >t >0
Cr= [ f i ) di | dv )
’ R T N L = D S R S A
1>t >t>>t45>0
o= [ Gt i di dvisy )
. 1 I 1- [P PEE Lrys—1 1 +lrts
1>t >t>>t,45>0
£(F,5) = // dn  diyy (=dty) dirqy  dieor dies
131 Ir—1 1+1, byt frs—1 1- Irys
1>t >0 > >t,45>0
Noting the identities
11/ 1 (=1 t 1 1+(—1)
1—2 2\1—t 1+t)" 1-12 2\1—t 1+t)’
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we obtain the desired integral expressions and hence the proposition by shuffle prod-
ucts of integrals. a

Now we introduce the level 2 version of the formal double zeta space studied in
[7] as follows. Let k > 2 and 2% be the Q-vector space spanned by formal symbols
Z80, 208, 220, PYS, P (r,s > 1, r+5 =k), and Z? with the set of relations

rs&rse “rse s s

i—1 i—1
PY=Z5+Z5= ). <<,_1>237+ (s_1>233>, 3)
i+j=k

i,j=1
00 00 00 0 i—1 i—1 €0
Pr,s :Zr,s+Zs,r+Zk: Z r—1 + s—1 i,j (4)
i+j=k .
i,j>1

for r,s > 1, r+s =k, so that
{Q-linear combinations of Zg9,Z2¢, ZP0, PPC, PrY, Z; }

g =
T2 (Q-linear span of relations (3), (4))

Since the elements PY¥ and P?? are written in Z’s, we can also regard the space as
given by

9% {Q-linear combinations of Z$,Z>¢, Z20, 72 }
k= (Q-linear span of relations (5), (6))

where the defining relations (5) and (6) are

i—1 i—1
zevzs= ¥ ((0))z+ () =), ®
i+j=k

i,j>1
00 00 0 i—1 i—1 €0
IN+IN+Z) =Y, )t ))E (©)
itj=k \\T §
i,j>1

Note that the relations (3) and (4) (as well as (5) and (6)) correspond to those in
Proposition 1 when r,s > 2, under the correspondences

Zis —— §0(ns), Zy5 = §%(ns), 25 —— §%(ns), 2 —— C°(k),
P E0(r)8(s), BY «— £°(r)C°(s),
because in that case the binomial coefficients for i = 1 on the right vanishes. For our
later applications it is convenient to allow the “divergent” Z]ef’kf] ,P;’j{fl etc., and in
fact the double shuffle relations in Proposition 1 can be extended for r = 1 or s = 1

by using a suitable regularization procedure for {(1,5) etc. developed in [2] (the case
of m = 2 in their notation). Specifically, by setting

go(1) == 3(T +1og2), C4(1) 1= (T~ log2) ™
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and, for s > 2

£ (1,5) = 3 £°(5)T 5 (l0g2)£°(5) — £°%(5, 1)

£ (1,5) = 3 C(5)T + 5 (log2)£¥(s) ~ (s, 1),

£0(1,5) = 3 C(5)T + 5 (10g2)£°(5) — {*(5,1) ~ (54 1)

where T is a formal variable, the equations in Proposition 1 are valid for all r, s > 1
except (r,8) = (1,1).

Theorem 1 Suppose k is even and k > 4. In 9 %y, we have

1)
k=2
IR
rk—r .
r=2 4

r.even
2) Each Pr"’,ffr with r even can be written as a Q-linear combination of Pl";’ (i,j:

even,i+ j = k) and Z
Proof Consider the generating functions

%ceO(X,Y) _ Z Zzts)xrflysfl7 %Oe(X,Y) — Z Zngr71Y‘Y71,
r+s=k ' r+s=k
XY=y zxx vl
r+s=k
Here and in the following, the sum Y., ,—; always means ), .~1. The double
shuffle relations (5) and (6) are equivalent to the relations

FOXY) + ZEV,X) = ZE(X+Y,Y) + (X +7.X), (®)
k—1 k—1
-Y
XYY+ B0 X) 2 T = B YY) ZEX AT X)
)
Substituting X = 1,Y =01in (8) and X = 1,Y = —1 in (9), we respectively obtain
k—1
ZE AL =L Y 4 (10)
r=1
k—1 |
2) (~0)7ZR A7 =227 (1)
r=1

We divide (11) by 2 and add (10) to obtain

1 k—2
0 __ 00
EZk =2 Z rk—r
r=2
rieven

and hence 1) of Theorem.
To prove 2), we need the following lemma.
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Lemma 1 Let k > 4 be an even integer and a; j,b; j,c; j be rational numbers. Then
the following two statements are equivalent.
1) The relation

Y @iz + Y, bigZS+ Y, cijZ=0 (mod QZ})
i+j=k i+j=k i+j=k
holds in 9 Zy (as before Y j_j means ¥ j_y ; i>1)-
2) There exist some homogeneous polynomials F,G € Q[X,Y] of degree k —2
such that

F(Y1,X1)+F(X2,Y2) —F (X, X0+ Y2) — F(X3+ Y3,X3)
+G(X3,Y3) +G(Y3,X3) —G(X],X] —|—Y1) —G(X] —I—Y],X])

k—2 k—2 o
=Y ( >al,,x' DEREEDY < 1>b7jx' DEEEDY < 1>c,»,jx_;—ly3f t

i+j=k i+j=k i— i+j=k

Proof This is an analogue of Proposition 5.1 in [7]. Take F(X,Y) = (*-7)x"~1ys~!
(and G = 0) and compute the coefficients of F(Y;,X;) + F (X2,Y2) — F (X2, X2+ Y2) —

F(X3 4 Y3,X3) using binomial theorem. Then the relation in 1) is exactly (not only
mod QZp but as an exact equality) the relation (5). Similarly, by taking G(X,Y) =
(’;j)X r=1ys=1 (and F = 0) and computing the coefficients of G(X3,Y3) +G(¥3,X3) —
G(X1, X, +Y1)—G(X; +Y1,X), we see that the relation in 1) is the relation (6) mod-
ulo QZp. Since any relation of the form in 1) in .2’ should come from a linear
combination of (5) and (6) modulo QZ?, and any homogeneous polynomial is a lin-
ear combination of monomials, we obtain the lemma. O

Using the lemma, we are going to produce enough relations of the form

Y oPx=Y B.PY (modQZp) (12)
r+s=k r+s=k
rs.even r,s:even

such that we can solve these in P2¢. In view of the relations

PO =708 1780 PO =791 7% (mod QZP) (13)

S,r? ns —

and the lemma, we obtain the relation of the form (12) if we can take F' and G in 2)
of Lemma 1 so that the coefficients satisfy

(1) aij=0bj;,

(i) ¢ j=cj

(111) ajj = b,',j =Cij= 0 for all odd i,j.

We now work for convenience with inhomogeneous polynomials. Recall the usual
correspondences f(x) = F(x,1) and F(X,Y) = Y*=2f(X/Y), and the action of the
group I' = PGL,(Z) on the space of polynomials of degree at most k — 2 by (we are

assuming k is even)
ab - k=2 ax+b
@) (C d) = (cx+d) f(cHd). (14)
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We extend this action to the group ring Z[I"] by linearity. Set

r=(31)- 5= (00) o= (3 ) 5= (1)

Then the left-hand side of the equation in 2) of Lemma 1 can be written in inhomo-
geneous form as

(f|6 —g|(TST +TSe)) (x1)+ (f|(1 = TST)) (x2) — (f|TSe — g|(1+8)) (x3).

(15)
(We write | instead of | k—2')

Lemma 2 Suppose the polynomial f(x) (of degree at most k —2) satisfies f | TSTe=

f and put g = %f’TS. Then the expression (15) gives the coefficients (in Lemma 1-2)
satisfying the above three conditions (i), (ii), (iii).

Proof Inserting g = % f ‘TE into (15) and using the assumption f ’TSTE = f, which
is equivalent to f ‘ TS=f |T£ since (7€)% = 1, and also using the identities TSTST =
S, TeT =¢€,eS=6,66 =¢€8 =S in I, we can write (15) as

(f]8(1—€)) (x1)+ (f|(1—€)) (x2) = (f|T (1 —€)) (x3). (16)

Now the condition (iii) (the polynomial is even) is clear from this (being killed by 1+
€), and the conditions (i) and (ii) are respectively the consequences of the equations

f18(1—e)8=r|(1-¢),
fIT(1—€)8 = f|T8 — f|TS = f|TeS— f|Te = f|T (1 —¢).

Noting 7STe = (~} {) and hence

—X

(—x+1) (—x+1) = —x, and (—x+1) <_x_i1 —2) —x-2,

we see that the polynomials x"(x — 2)¥=2~" for r = 0,2, ...,k — 2 (even) satisfy the
condition f‘ TSTe = f in Lemma 2. With this choice of f (forr=0,2,...,k—4) and
g in Lemma 2, we compute the coefficients in Lemma 1 by noting (13), (16) and by
using

xr(x o 2)k—2—r|(1 o 8) — xr(x_ 2)k—2—r _xr(x+2)k—2—r

_ 71{_224_1 (k —2- r> Sk 1=r—iyrti

i=1 !

irodd
k=2
k—2— y
—-y (i_l_rr>2’“x'1 (ri—i—1)
i=r+2

ireven

:_<k—2)1 kf (k—2> (i—l)zkixl.]
r i \i— 1 r

ireven
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to obtain a relation of the form

k=2 /:
-1 ,
Z (l )2"’ _; = linear combination of Poey, even  (mod QZ7).
& r : |
v
When we put r =k —4,...,2,0, we can solve these congruences successively in each
P%_;fori=k—2,k—4,...,2 (because the system is triangular). This completes the
proof of Theorem 1. 0

3 The double Eisenstein series of level 2
3.1 Definition and the double shuffle relations

We introduce the double Eisenstein series of level 2 and first show that they satisfy
the double shuffle relations.

Let ev (resp. od) be the set of even (resp. odd) integers and 7 a variable in the up-
per half-plane. Define the three double Eisenstein series Gy$(7), G)$(7), and GP3(7)
by

! 1
Ga(e) = (ri) 7 Y b= (am) |
A>u>0 Arpt mt+n>m't4+n' >0 (mT—‘y—n)r(m/‘c+n/)S
leev-‘rieﬁ n/1€ev,n/€evd
HeEev-T+o! m'cev,n/€o
N 1 o 1
G (1) :=(2mi)"* ) T G%(1) := (2mi) " YT
asps0 AH Asps0 MH
Acev-7+od Acev-t4od
ueev-t+ev LEev-T+od

a7
Here, the positivity mT +n > 0 of a lattice point means either m > 0 or m = 0,n > 0,
and mt+n > m't+n' means (m—m')T+ (n—n') > 0. We assume r > 3 and s > 2
for the absolute convergence.

All the series in (17) is easily seen to be invariant the translation T — 7+ 1, and
hence have Fourier expansions. The Fourier series developments can be deduced in a
quite similar manner to the full modular case [7]. In particular, our double zeta values
of level 2 appear as constant terms.

Theorem 2 Let r > 3 and s > 2 be integers and set k = r +s. We have the following
q-series expansions (q = £27iT),
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G(1) =% (r,5) +£%(q)

() o) (- naa)

G2 (1) =C*%(r.5) + 8% (4)

+P§1k{<1>f (7)) e+, Lms@+ or (27w .

G%(7) =C(r,5) +£%(q)

£ 2 (e () s e (1)) Evsa sl |

p>1

where 8, is Kronecker’s delta, E** (r,8) = 2mi) " 58** (r,s) and E* (k) = (2mi) *¢* (k)
(x =eoro), and the g’s are the following g-series:

(1)

eo _ BRI N um+vm'
8rs(q) 2’+‘Y(r—1)’(5—1)’m>§f’>o( g
u,v>0
oe _ ( 1)r+s w, r—1_s—1 _um+vm'
grs(a) = — (D% v g
TS P ,
' 205 (r=1)1(s—1)! 5
u,v>0
g (f]) ( 1)r+s (71)u+vur—1vs—1qum+vm'
TS P ,
2+S(r_l) (S—]) m>m'>0
u,v>0

and

0= T g = 5 Y

u,m>0 tum>0

Proof Put, for positive integers r and s,

0¢(q) = Zr((zur 1 u/27 0°(q) = i Z(_l)uur—lqu/Z.

tu>0 Zr(r_ 1)! u>0

Then the series g;(¢), g% (q) in the theorem can be written by using ¢ (¢) as

=Y ot @), &2a) =Y o2 (g™,

m>0 m>0
/ /
g2 =Y ot @), g%(a) =Y o™ et (d™),
m>m'>0 m>m'>0

g2(g)= Y oMo, g @)=Y ot @™ot (™).

m>m'>0 m>m'>0
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The computation of the Fourier series can be carried out in a completely similar fash-
ion as done in [7], dividing the sum of the defining series into four terms, according
asm=m =0m=m'>0,m>m =0,m>m > 0. For instance, in the case of
Gy5(t), we compute

i)
Gi‘é(f)={ Z + Z + Z + Z }(mrJr(n;rrzm’rJrn')S’

m=m'=0 m=m'>0 m>,m’ =0 m>m' >0

n>n'>0 n>n' n'>0 m,m’ ncev
m,m' ;ncev  mm' ncev  mm' .ncev ' cod
n'cod n'cod n'cod

using the partial fraction decomposition

1 e (s+i— [
m_( 8 io( i )(’H—n)’i (n—n')sti

w, frti-1 1 1
() e e

J=0

and the formulas

1 _(=2mi)! e
gz (t+2n) _21(1—1)15“1 g = (2mi) of(q) (1>2),
1 ~ (—2mi)! B
neXi(T””“V - 21(1*1)!2;)(_1) W' = (2mi)op(q) (1>2)

(consequences of the standard Lipschitz formula, and when / = 1 we use

N . . .
. 1 i (—2mi) 9 i
im =-S5+ L4 =-5+0n)ei(a),
dm Y w2t 2 X 2
N 1

i
li —_— = —— + 27 ?
R M it o L)

instead). We leave the details to the reader. a

We remark that each series in Theorem 2 is in R+ ¢Q][¢]] + v —1R][¢]], and the

terms in /—1R[[¢]] (“imaginary part”) only come from the terms having E* (p) with
odd p as coefficients (note that E* (p) is in Q or v/—1R according to the parity of p).

Now we extend the definition of the double Eisenstein series for any (non-converging)
r,s > 1 (except r = s = 1), by using g-series. For this, we separately define the imag-
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inary part and the “combinatorial part”. First we define the imaginary parts as

o= ¥ {(Cor(07)) v e o (07 Eon)
prodd

o= ¥ {0 (0 )Ewso et (0 fwa ]
p:odd

200 - %f{ (o (P2 e (72))) Er@ + 8.l |-

The sum is over p,h > 1 with p odd. Note that the regularized values {°(1) and {¢(1)
are defined by (7) and thus for any positive integers r, s, these series are elements of
v/—1R[T]([[g]]. Secondly, we define the part in gQ][g]] which is referred to as the
combinatorial double Eisenstein series. Put

s- X {(c0(00) o) B+ o (P o

p+h=r+s
oe _ K p—l 0 0 e o p+r p—l o e

@)= Y (0L ) B (@) + SpsBrgi(@)+ (=0T Bygi(a) ¢

pt+h=r+s
s p—1 r p—1

so= X {072 rer(P2)) @+ b .
p+h=r+s

where

B = —%, Bl = —% (B, = the Bernoulli number),

and as before the condition “p+h = r+s” includes “p,h > 1”. Let

8r) =~ Y mor(g™), 82(q) ==~ ), mpP (¢™) (r=0), (18

m>0 m>0

and for integers r,s > 1 let

&5 (q) =0,285(q) — 6,1851(9) + 5.1(87-1(9) + &7 (9)) + 6165101,
€5 (q) =6,285(q) — 6:185-1(q) + 6:,1(87-1(q) +87(q)) + 86,1651 02,
&7y (q) =6,285(q) — 6,185 1(q) + 05,1 (271 (q) + &7(q)) + 6165103,

where
1 —e

~ 1
a1 =go(q) — Ego(q), o =—oy, o3 =4g5(q) + 5?8((1) (19)

Note that each 82 7 is 0 when r > 3 and s > 2, and in the other boundary cases, the
definition is adopted (quite similarly as in [7]) so that the extended double Eisenstein
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series below satisfy the double shuffle relations. The combinatorial double Eisenstein
series are then defined, for positive integers r,s > 1, by

CS2(q) =85200) + B2a) + E200)

CE0(g) =% () + B(q) + 182’5(61)

C%(g) =g%(q) + B (q) + 18;’?(q)

Lastly, the constant term of the double Eisenstein series is given by the (regularized)
double zeta values.

Definition 1 For any integers ,s > 1 with (r,s) # (1, 1), we define

G(q) =L (r,8) + C2(q) +I£2(q),
G%(g) = £*(r,5) + C%(q) +1%(q),
G%(g) := C(r,5) + C2(q) +1%(q)-

To state the double shuffle relations in the forms (3) and (4) for these series, we
need usual Eisenstein series for the congruence subgroup I(2) = { (¢ %) € SL»2(Z) |c =0 mod 2}.

For each integer k > 3, let the series G,(jm) (t) and G,(CO) (7) be defined by

G7@= ¥ = ¥ ——
A>0 A% mT+n>0 (m’c—l—n)k
A€ev-T+od m:even,n:odd
and | |
©) .
¢ AZ>:0 A mT§>O (m‘L'+n)k
A€od-T+Z m:odd

When k > 4 is even, the functions G,(Cim) (1) and G,EO) (7) are the Eisenstein series for
I5(2) associated to cusps ico and O respectively, and as such they are modular of

weight k with respect to Iy(2). The Fourier series of G,Eiw) (1) and G,((O) (1) are given
as follows. Let G¢(7) be the Eisenstein series of weight k for SL,(Z):

1 (—2mi)* )y
Gi(1) = — 7 =Ck)+ oi-1(n)q",  (or-1( d).
Z‘L'+Zazm:r+n>0 (mz+n)* (k—=1)! r; dz\n
(20)
(Note that this gives a non-zero function even when k is odd.) With this we have
joo _ -2 k _
G (1) = Gul27) -4 Gu(x) = L) + 5o ¥ (R 1% g
( o 1) n>1 dln
—2mi)* B (21
() =G0 - G2 = L Y (L d g
(k_ ) n>1 din

n/d:odd
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We define the g-series Gi(q), G,(fm) (¢), and G,({O) (q) for any k > 1 by the (convergent)
g-series on the right-hand sides of (20) and (21), with the regularized values (7) and

(1) =T(=¢%(1)+¢£°(1)). Finally we set
Glg) = (27) G (q) = L) + 82 ().
Gt (q) = 27*(2mi) *Gilq) = C°(K) + 8§ (q)-
Theorem 3 For any integers r,s > 1 with (r,s) # (1, 1), we have

Gr(9)Gi(q) + i(&,z??(q) +8:28)(q9) = G)5(q) + G5 (q)

L) (Z)emo)

L (6,22°(@) + 8,28°()) = G2(q) + G*(q) + G2, ()

4
= 25

The proof of the theorem will be postponed to §3.3.

Gr(9)Gi(q) +

3.2 Double Eisenstein series and period polynomials

In this subsection, we describe a mysterious connection between our double Eisen-
stein series and the period polynomials associated to cusp forms on I)(2). This kind
of connection was first observed in the full modular case [9], which will be recalled
briefly in the appendix for the convenience of the reader because the reference [9]
circulated only among participants of the conference.

Let us recall the theory of period polynomials for Iy(2) given in [8] and [6]. We
follow the formulation of [10]. Recall the group Ip(2) is generated by two elements
(see e.g. [1, Theorem 4.3]))

r=(o1) =3 7).

Let k£ be a positive even integer and V; be the space of polynomials with rational
coefficients of degree at most k — 2:

Vi := {P(X) € Q[X]| deg(f) <k—2}.

The group I5(2) acts on V;, as in (14) and this action extends to that of the group ring
Z[I)(2)] as usual. Consider the subspace W, of V; defined by

W= {P € Vi|Pli2(1-T)(1+M)=0}.

For a cusp form f € S;(2) := { the space of cusp forms on I)(2) }, the period poly-
nomial r¢(X) is given by
/ f()(X —1)"dT.
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It is implicitly shown in the proof of Proposition 3 in [8] that
rr(X) e Wy ®C.

Now we consider the even and odd parts of polynomials separately. Put € = (_01 (1))

By the identity
e(1-T)14+M)=—(1-T)1+M)T ¢

(every matrix identity is regarded projectively, i.e., as that in I9(2)/{£1}), we see
that if P € Wy then P|(1 £ &) € W, and so we have the direct sum decomposition

We=W,"aW_,
where W,:’ (resp. W) is the even (resp. odd) part of Wy:
W :={PeV|Ple=%Pand P|(1-T)(1+M)=0}.

We also denote by r?f (X) the even and odd part of r/(X),

) = gy (0|1 %),

and by r* the map
riS2) 3 f—rp(X) eWFeC.

For the space W,j of even polynomials, we have two obvious elements 1 and X*~2.
This is clear for 1 because 1|(1 —T) = 0. For X k=2 we note the identity

(1-T)(1+M)=(1-TM)(1+M) (because M*>=1)
and TM = (5 (1)) and thus X"_2|TM = X*=2_ Hence, we have the decomposition
W =Q- 18Q X" 2aw ",
where
0 k—4 _
w0 = P(X) €V, ]p(x) =Y aX, P(1-T)(14+M)=0}.
i=2
even

Let 770 be the map Sy (2) — W,:“O obtained by the composition of ™ and the natural

projection Wk+ — Wk+‘0. From the works of Imamoglu-Kohnen [8] and Fukuhara-
Yang [6], we obtain the following

Theorem 4 For even k, the two maps
0 85(2) — W,:r’o ®C and r :85(2) — W, ®C

are isomorphisms of vector spaces.
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Proof We know from [8] and [6] that both maps are injective. So all we have to show
is the dimensions of the target spaces are equal to the dimension of Si(2), which
is equal to [k/4] — 1. We only calculate the dimension of W,j’o, since the other is
similar and only the former is relevant to the subsequent story involving the double
Eisenstein series.

Put 7' = (31 (1)) Obviously P = 0 is equivalent to P|T’ = 0. For an even polyno-
mial

PX)= Y aX
2<i<k—4
L1.even

with no constant term and no X*~2 term, we compute the condition P|(1 —T)(1 +
M)T' = 0 for P being in Wk+"0. By

(1-T)1+MT' =T ~TT' —'T+MT' (TMT'='T = (1 O>)

11
, (01 ;{0 -—1
T (_1 l),m (1 1),
the condition becomes

1 (P Pl ) -0 (P P ) <o

which is written as

Y axi-1) ((—X PR (x 1)"‘2—") —0.
2<i<k—4
r.even

and

Using binomial theorem, we can write this as

i i '
1§j§<73 29;&4 J k—2—j i

Jj:odd i:even
Therefore, the space W,:“O is the set of polynomials

PX)= Y aX
2<i<k—4
L1.even

whose (rational) coefficients satisfy a set of linear relations

i i o B
2<§;(4(<j) - (k_z_j)>dk2i—0 (j=13,...,k=3). (22)

iceven

Clearly the equations for j and k — 2 — j have just opposite sign, and so we have
to look only at the equations for j < k/2 — 1, the total number of equations being
[(k—2)/4]. But then for i < j the coefficient of a;_,_; is zero, and the coefficient
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matrix is upper triangular with non-zero diagonals, or more explicitly, the equation

can be solved to express ax—4, dk—¢, - - - , dx—2[(k+2)/4) Dy the other coefficients. We thus
see that the dimension of W,:“O isk/2—2—([(k+2)/4] — 1) = [k/4] — 1, as desired.
O

Remark 1 We have not succeeded in characterizing the (codimension 2) image of
Si(2) by rt in W,:r ® C. It is expected that such a characterization as in [10] should
exist.

Amazingly enough, the coefficient matrix in (22) appears exactly when we look
at the imaginary part of the double Eisenstein series of level 2, which we are going
to explain. We look at the imaginary part of Gi’,ifr(f) (as g-series) for r even. Let
7 : C[[q]] — v/—1R][q]] be the natural projection to imaginary part (note that by
imaginary part we mean the term in /—1R[[g]], not the coefficient of v/—1). As

Theorem 2 and Definition 1 (for r = 2) shows, imaginary parts come from the terms
with £¢(p)gp(7) for odd p, and we have in matrix form

G, »(9) Ze(k—3)83(q)
- Gﬁf’k?d@ o Ce(k—é)gg(Q) | 23
G%2,(9) £e(3)8? 5(9)

where Qy is the (k/2 — 1) x (k/2 —2) matrix given by
Of - 2j 2j
i1 k—2i—1) )1<i<kja-1°
1<j<k/2-2

This is exactly the coefficient matrix of (22)!
Let Z&; be the Q-vector space generated by G°_ (r=2.4,...,k—2).

rk—r
Theorem 5 Let k > 4 be a positive even integer.
1)
) k
dim 28 = 5 1,

; 00
so that the series Gy} _,

2) The space P&y, contains Q- (Zni)*kG,(f‘”) (1) @S,? (2), where S,? (2) is the space
of cusp forms on Iy(2) having rational Fourier coefficients.

(7) (r even) are linearly independent over Q.

Proof We first prove 2). By Theorem 3, we see the map
Zy0 — Go(a), 25 — GYS(a), 2% — GX(a), Z¢ — GR(a),

1
Py — G} (q)Gs(q) + Z(&,z?‘;(q) + 8,227 (q)),

1
P — G (q)G(q) + 1 (61285 (q) + 8287 (q))
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gives a realization of the space 2% in 2&. Then, the first part of Theorem 1
ensures that the space Z&; contains Gy (q) = (Zni)’kG,((lw) (1), and by Theorem 3

we see that G%(q)G%(g) and G%(q)G%(q) (r+ s = k,r,s > 2) are contained in P&
Because of the relation

@ri) 6" (167 (7) = (2" = GH)GE) ~ GG a) (g =)

and the fact shown by Imamoglu and Kohnen in [8] that these cusp forms GV (1) G~ (1)
generate the space Si(2), we obtain the assertion 2).
For 1), first we note by definition the inequality

k
dim 76, < 5 1.

Since elements in Q - (Zni)’kG,({iw>(T) & S,?(Z) have no imaginary parts, they sit in

the kernel of the projection & from 2& to v/—1R[[g]], thus

k
dimkerm > 14 dimS(2) = [4} .

As for the dimension of the image of 7, we see that it is equal to the rank of the
matrix Qy because the series ¢3(¢),82(q),-..,&y_5(g) are linearly independent over
C. This can be seen as follows. For an odd prime p, the coefficient of ¢” in g°(q)
is 1 + p~! times a constant independent of p. Hence by picking distinct odd prime
numbers p3,ps,...,pr—s5 and looking at the coefficients of g,q”3,¢"s,... g5 in
85(q),82(q),-..,8%_5(q), we see the desired linear independence because the coef-
ficient matrix is essentially the (non-vanishing) Vandermonde determinant. We thus
have
k+2

dimim 7 = rankQ; = [4} —1

and therefore

. k k+2 k
>l=|l+|—]=-1==—1.
dim 2&; { } { ]

Therefore we conclude

k

and also
kerw = Q- (27i) _kG,(;w) (1)@ Sl? (2).

Corollary 1 For an even integer k > 2, we have

k
dim(™(2rk—2r) |1 S r<k/2—1)g < 5 —1—dimS;(2).
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Proof By taking the constant term of the g-series, we obtain the surjective map
H:DE — (E*°2rk—2r) |1 <r<k/2—1)q.

By the theorem, the kernel of u contains the space S,? (2) and hence we obtain the
corollary. g

Remark 2 The above corollary says that among the k/2 — 1 numbers {°°(even, even)
there are at least dim Sy (2) linear relations. It seems that the k/2 — 1 numbers {°°(odd, odd)
are linearly independent over Q, and the total space

(E¥(rk—r)[2<r<k—1l)q
is spanned by {°°(odd, odd) and { (k). (Recall the sum formula in Theorem 1, so that
£ (k) is contained in the above space.) The conjectural dimension of this space is thus
k/2. We also conjecture that the space of usual double zeta values of even weight k is
contained in the space spanned by °(r,k—r) except {*°(k—1,1):

(Crk—r)|2<r<k—1)g C{{®(nk—r)|2<r<k-2)q,

and that the space (§°°(2r,k—2r) | 1 <r <k/2—1)q is contained in the usual double
zeta space:

(C°Q2rk—=2r)|1<r<k/2—1)g C({(rnk—r)|2<r<k—1)q.

When £ is odd, we can prove that every {°(r,k —r) except {°(k—1,1) is a linear
combination of §(r,k—r):

(C®°nk—r)|2<r<k—2)g C({(rnk—r)|2<r<k—1)q.
To prove this we use the identity of Y. Komori, K. Matsumoto, and H. Tsumura ([11])

(14 (1) G059)+ (14 (1)) Gl
x50 ) cose-a-gw,

even
valid when r,s > 2 and r+ s = k : odd, where

1
(m+2n)'m*

CZ(rvs) = Z

m,n>1

= %(rs)+E%(rs).

For {°°(k—1,1), it seems we need (log2){ (k — 1) other than usual double zeta val-
ues, but we have not proved this.
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3.3 Proof of Theorem 3

As in [7], we prove Theorem 3 by dividing it into three parts: the constant term,
the imaginary part, and the combinatorial part. The double shuffle relation of the
constant term is nothing but that of double zeta values, namely Proposition 1 and its
regularization. As for the imaginary part, the assertion is as follows.

Lemma 3 For each integer k > 2, we define generating functions .7°(X,Y), 72¢(X,Y),
(XY ) by

TEX,Y) =Y Xy X y) = Y ex s
r+s=k r+s=k

TOXY) =Y 1ex sl
r+s=k

Then we have

Y (X xr ) E(p)ghle) = 0K Y) + A(YX)
p+h=k
p:odd

= FEL(X+Y,X)+ IEL(X+Y,Y),

Y (XY (p)gh(a) XY (p)E (@) = SE(XLY) + S0 X)
p+h=k
prodd

- koe(X+Y7X)+jkoo(X+Y7Y),
where g (q) and gj(q) are the series defined in (18).

Proof By definition, each generating function can be given as

ZOXY) = L (X X X -y ) (g a)
yodd

+ ¥ Y X -y (p)gh ).
p+h=k
p:odd

XY= ¥ XY - Y X X -y C(p)sh(a)
p+h=k p+h=k
p:odd p:odd

+ Y Y =)0 (p)gh @),
p+h=k
p:odd

A Y) = Y (YU =X X - X)) C(p)gha)
p+h=k

+ Y XY (p)en(q).
p+h=k
p:odd
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The lemma follows from these by a simple calculation using binomial theorem and

we omit the details.

For the computation of the combinatorial part, we prepare the generating func-

tions as follows.

X Y) =) g

rs>1

Y g(z

rs>1

gO(XY) =Y &

rs>1

g (X,Y):

~—

BeOXY Zﬁ

rs>1

Be(X.Y):= ),

rs>1

Br(Y):= ¥

rs>1

X) ZBPX"“;Gexl_I),

p>0

- R p—lil 2 1
7;§Oﬁpx 4<Xe)2(l)’
= LA =g
p>0 ez +1
o)XP 1 77267120( q"
2,20 —q"
X 1__72 7uX q" 7

Ox =LY e "
u,v>0 1- qu 1- qu+v
G G Y (1)t g q""
4550 I=g" 1-g"""
1 _uXpv¥ q" gt
Xr IYs 1_ ° —1)utv . .
4 u,vZ>0( ) ¢ 1— qu 1— unr\

XY = BO(Y)gt(X) — BOX —Y)(8°(X) —8°(Y),
(DX = BE(Y)(X) — BOX —Y)(8°(X) —g5(Y),

(XY= BO(Y)g°(X) — B(X —Y)(8°(X) —g°(Y)),
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eoXY ZS Xrly\l

rs>1
=X§°(Y)—Y§°(Y)—’”(T)+X§Q(X)+§8(T)+ge(X)+a1»
oe X Y Z 8 X}” IYs 1

rs>1
=X§e(Y)—Y§e(Y) 8o(7) +X3°(X) +85(7) + 8°(X) + o,
e”(X,y):= Y eX(t)x 'y =Xxg° ( ) =Yg (Y) +Xg°(X) +g°(X) + 03,
r,s>1

where a1, 0 and o3 are defined as in (19). Let

¢OX,Y) =Y cox !

rs>1

¢X,Y) =Y crxly !

rs>1

OXY) =Y crex Tyl

rs>1

Then by definition we have

COXY) = g0+ X Y) (X, Y),

T = X Y) 4 BRKY) (XY
GO, ¥) = (XY 4 BXY) + 1E(XY)

The double shuffle relations of the combinatorial double Eisenstein series are stated
as

Lemma 4 Put
2%(X,Y) =g (X)g*(Y)+ B°(X)g*(Y) + B(Y)g*(X) + %(Xge(Y) +Yg* (X)),

2%(X,Y) :=g°(X)g°(Y)+ﬁ°(X)g°(Y)+B°(Y)g°(X)+%(Xg () +7Yg° (X)),

Then we have

D(X,Y)=C (X, Y)+COY,X)=C(X+Y,Y)+C°(X+Y,X),
¢°(X)—6°(Y)

POXY) =X+ EOVX) + —

=CCX+Y,X)+E°(X+Y,Y).

Proof Computations are parallel to those in [7], though tedious, and we omit the
details. O

The two lemmas and Proposition 1 complete the proof of Theorem 3.
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Appendix : The double Eisenstein series and the period polynomials in the case
of SL»(Z)

In this appendix we briefly recall the relation described in [9] between the double Eisenstein series and
modular forms for SL»(Z).
The double Eisenstein series for SL,(Z) was first defined and studied in [7]:

. 1 . 1
Gr,s('f) = (27'¢'l')7r7A Z —= (27-L-l')*r*A B —
A>p>0 }'rué mt+n>m' t+n' >0 (an--"_,,l)r(mlﬂt—"_”,)A
AUELTHL mpm o' €Z

Its Fourier series is given there as

6 =L rantas T (0 (07])w o (07)) +a) Etate)
p>1

where C (r,5) = (271) "5 (r,5), E(p) = (27i) =P (p), and

(=1 Z 1s—1 um+
gm(q) _ r—1,5— qum vn7
(r=Ds=1)!, =,
u,v>0
(71)}’ h—1_um
anlq) = Y u g,
(hi 1)‘ u,m>0

By extending the definition in the case of non-absolute convergence using g-series, we showed that the
double Eisenstein series satisfy the double shuffle relations (in the form described in [7]), that the space
of double Eisenstein series contains the space of modular forms on SL;(Z), and made a connection to
the period polynomial by looking at the imaginary parts of the g-expansions of G,(7). Specifically, the
imaginary parts are given, like (23), by

Gapa(7) Ck—3)g3(q)
G3x-3(7) W C(k—5)gs(q)

T : = Qk : )
Gr22(7) £3)e3(q)

where Q,((l) is the (k—3) x (k/2 —2) matrix given by

or 2
ol = ((—1)’( ij> (=1 (k_zj—i> +6k_2_,~‘2_,v> cicks

1<j<k/2-2
Rather surprisingly, this contains exactly Qy as a minor. For example,

-2 -4 —6 -8

1 6 15 28

0 —4 —20 —48 -2 -4 -6 -8

0 1 15 42 0 —4 —20 —48
o=[0 0 0o o[, 0n=]00 0 o0

0 0 —14 —42 0 4 20 48

0 4 20 48 2 4 6 8

0 —6 —15 =27

2 4 6 8

Precisely, the i-th row of Q is the 2i — 1-st row of Q,((l).
The right kernel of Q,El) corresponds to the even period polynomials (without constant term) of weight

k for SL,(Z), an example being ’(1,—3,3,—1) in the right kernel of Q(llz) and the corresponding period
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polynomial X% —3X6 +3X* — X2 of weight 12. As in Corollary 1, by looking at the constant term of the
double Eisenstein series and by using the connection to the period polynomial just mentioned, we obtain
the upper bound of the dimension of the space of double zeta values:

k
dim{{(rk—r)[2<r<k—1)g < 7 —1—dimS(1).

Also, elements in the left kernel of Q,(J) produce expressions of modular forms in terms of double
Eisenstein series. By comparing the Fourier coefficients, we obtain certain formulas for Fourier coefficients
of modular forms. Let us look at some examples in weight 12.

As the simplest example, take (0,0,0,0,1,0,0,0,0) in the left kernel of lez). This corresponds to the
relation _

27.3.52.691Gg (1) =2° 3% 52 G1a (1) — A(T),
where A(7) = gIT,=o(1 — ¢")** = ¥,150T(n)q" is the famous cusp form of weight 12. Comparing the
coefficients of both sides, we obtain

2 691 691 5-691 2-691
T(n):693611(1’!)*‘1’22.32.765(1’1)*22.3263(7!)4’2.32‘1161(11)* 3 pS,S(")»
where
P (1) = Z Z .
a+b=nulay|b
a.b>0 a b

u’v

Incidentally, the Ramanujan congruence
t(n) = 011(n) (mod 691)

is clearly seen from this.
Secondly take (0,0,7,28,0,20,0,0,0), which gives the relation

27.32.5.7-691G4 (1) +2°-3%-5-7-691Gs 7 (1) +2°-32-52-691G7 5(1) =233 -5-11-149G (1) — A(7)

and the formula

149 691 11747 173441
T("):%Gll(")*@(ﬁ(”)* 126 os(n) + 360 o3(n)

3455 2764 19348 13820
9 Gl(")*TPM(")* 3 pas(n) — 3 Ps,4(n).

‘We may take yet other vectors in the left kernel of Q(llz) (the dimension is 6) and may deduce similar kind
of formulas for 7(n).

Remark 3 Interestingly enough, the matrix Q,(cl) appears when we write “motivic” double zeta values in
terms of certain basis elements f3, fs,... using coproduct structure described in F. Brown’s recent impor-
tant papers [4,5]. One of the present authors has found the same relation between triple Eisenstein series
and motivic triple zeta values. Or a variant (minor matrix) of Q,((l) appears in the work of S. Baumard and
L. Schneps [3] on a relation of double zeta values and period polynomials. Each of these should be related
with each other, but we have not figured out the exact relations.
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