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ABSTRACT. The Gierer-Meinhardt system is a mathematical model describing
the process of hydra regeneration. The authors of [3] showed that if an initial
value is close to a spiky pattern and its peak is far away from the boundary,
the solution of the shadow Gierer-Meinhardt system, called a interior spike
solution, moves towards a point on boundary which is the closest to the peak.
However it has not been studied how a solution close to a spiky pattern with
the peak on the boundary, called a boundary spike solution moves along the
boundary. In this paper, we consider the shadow Gierer-Meinhardt system and
dynamics of a boundary spike solution. Our results state that a boundary spike
moves towards a critical point of the curvature of the boundary and approaches
a stable stationary solution.

1. Introduction. We consider the following Gierer-Meinhardt system:

A —Ad A A 0, t>0
t =€ — +ﬁv rzeill, t>0,
AT
THy = dAH — H+ o, €Q, >0, (1)
0,A = 0,H =0, 2 e, >0,

where A and H represent the scaled activator concentration and inhibitor one,
respectively, 2 is a bounded domain in R? with the smooth boundary 05, ¢, d, and
T are positive parameters, and the exponents p, ¢, and s satisfy
p>1,¢>0,7>0,5>0, andfy::ilfsfl>0,

v is the inner normal unit vector on 9 and 9, = 9/0v is the directional derivative
in the direction of the vector v. Under these assumptions, the Gierer-Meinhardt
system has the possibility to exhibit Turing’s instability, which means that a ho-
mogeneous state becomes unstable by the presence of diffusion (see [24]). Hence we
expect that a spatially inhomogeneous state (namely, a spatial pattern) will appear
in the Gierer-Meinhardt system. In fact, some mathematicians proved the existence
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of a stationary solution with some spiky pattern, which is the sharply localized con-
centration of the activator. This system seems to generate spiky patterns in a wide
range of parameters, as suggested in [16].

Here we take d — oo in the second equation of the Gierer-Meinhardt system (1)
and formally have

AP
At:ezAA—A—i—:—q, e, t>0,
- - 1 (2)
TE = —E4 —— / A'dz, t>0,
' Q=5 Jq
aI/A:O7 $E&Q,t>0.

This system is called the shadow Gierer-Meinhardt system, which was first intro-
duced in Nishiura [22] and has been studied by various authors as follows: In Wei
[25], it was shown that there exists a stationary solution of (2) with a boundary
spike layer such that the peak is close to a non-degenerate local maximum point of
the curvature of 9S), where the curvature of 92 is measured in the direction of v.
One of the authors showed in [18] that if » = p+ 1 and 7 is sufficiently small, a sta-
tionary solution with a boundary spike layer near a non-degenerate local maximum
point of the curvature of 0f) is stable. The problems of existence and stability of
spikes have large literature. If the readers are interested in these problems, see [5],
[12], [14], [15], [19], [21], [27], and [28], and references cited therein.

The authors of [3] considered the dynamics of a solution of (2) with a spike
located at an interior point of €2 and showed that the spike moves exponentially
slowly towards the point on the boundary that is the closest to the spike as long as
the distance between the spike and the boundary of 2 is larger than 2¢|log ¢|. From
the stability result of [17], it is expected that after the spike reaches the boundary,
it moves towards a local maximum point of the curvature of 9). Indeed, it was
shown in [13] by formal analysis that the motion of boundary spike solutions is
determined by a reduced ordinary differential equation like (12) and occurs on a
slow time scale of O(e3). However, this was not rigorously shown so far.

Similar dynamics of boundary spike solutions for various equations. In [1], some
free boundary problem in a 2-dimensional bounded domain, called Mullins-Sekerka
evolution problems, was considered. The authors of [2] studied the global dynamics
of spike state in the Allen-Cahn equation by the construction of an approximately
invariant manifold. Many results for the dynamics of boundary spike solutions imply
that the spike moves along the boundary on a slow time scale, and the motion is
generically governed by the curvature of the boundary.

Recently, (1) was investigated in [8] under special conditions. The technique
developed there for the proof is not applicable to (2) because of the non-local terms
in (2). Moreover, the dynamics of boundary spikes is quite different from each other
in (1) and (2). In fact, a boundary spike solution with multi-peaks can exist stably
in (1) while one with multi-peaks must be unstable as shown in Theorem 3.3.

In the present paper, we consider the dynamics of a boundary spike solution
with one peak on the boundary, called a single-spike boundary solution while we
call a single-spike interior solution as a spike solution with one peak interior of 2.
Since a single-spike boundary solution moves along the boundary, we investigate
the motion of the peak on the boundary whose location on the boundary is denoted
by h(t) € 092. As described in (12) or Theorem 3.1, h(t) moves towards a local
maximum point of the curvature of the boundary according to the gradient of the
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curvature. Moreover, we also know from (12) or Theorem 3.1, that the speed of
the motion of h(t) is e3-order. Thus, we can say about the total dynamics of a
single-spike solution that any single-spike interior solution of (2) first approaches
the closest point of the boundary and after the spike reaches the boundary, it moves
to a local maximum point of the curvature of the boundary. Our result also implies
that any single-spike solution of (2) located near a local minimum point of the
curvature of the boundary is unstable.

This paper is organized as follows: In Section 2, we will give the formal derivation
of the motion of a single-spike boundary solution. Main results are mentioned in
Section 3, in which it is shown that the movement of a single-spike boundary solution
is essentially described by h; = €3 Mgk, (h) for a constant My > 0, where k(o) is the
curvature of the boundary with the arclength parameter o of the boundary and h(t)
corresponds to the location of the peak on the boundary of a single-spike boundary
solution.

The spectrum of a linearized operator with respect to a single-spike boundary
solution is also given in the section because it is important in order to investigate
the motion of the peak according to Theorem 3.1.

If there exists a multi-spikes boundary solution with two peaks on the boundary,
it is strongly unstable because the linearized operator with respect to the solution
has positive eigenvalues, which is also mentioned in Theorem 3.3. This result em-
phasizes that only single-spike boundary solution can be stable for (2) and that
multi-spikes boundary solutions quickly collapse.

Proofs are given in Sections 4, 5 and 6.

2. Setting and the derivation of the motion of a boundary spike. In this
section, we rescale (2). Let A(t,z) = Z5-71 (¢)u(t, ). Then (2) becomes

ou . 2 D q E7 u”
0= =Y (3)
E o (14 [ wde) =
T B ( + 0] dm) ,
du = 0, =x€ 89
In (3), we again change the variable by =(t) = 6_2/7|Q|1/7§(t), we have
ou 2 q
- — A _ P _ 1 S T
5 uU—u+u ( + / dx)
85 (4)
= (—1+% [ wd
oo (s l’) 8
du = 0, =x e o0.

In the remaining of this section, we will give the formal derivation of the motion
of a boundary spike. Mathematically rigorous results on it will be stated in next
sections.

We assume that the boundary 02 of € is a sufficiently smooth closed curve given
by {T'(¢) € R?%; 0 < o < ¢} with '(0) = I'(0y), where o is the arc length parameter
of 9Q. Then we can have a tubular neighborhood of 92 as x = I'(0) 4 zv(0), where
v = v(o) is the inward normal unit vector of 92 at I'(c). Here and hereafter, we
deal with the parameter o as o ( mod o0g), that is, any o € R is identified with
o’ € ]0,00]. Let kK = k(o) be the curvature of 90 at I'(0) measured in the direction
of v. Now, we assume the mass of u concentrates at some point on the boundary
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09, say 0 = h(t), and take the stretched coordinate z = e and o = h(t) +e€l. Then
(4) is

U —Eu = Uy — e U, + 1 1 U
e T B L—epur " 1 —eur \ 1 —eur ! .
q
—utuP — ——— (=1 +&" (u",1 — eur)) u,
T(p—l)( ( 1<) (5)
6 = (=148 (W', 1 — eur)) &,
u, =0, p=0

for t > 0 and (I, 1) € R%, where RY := {(I,u) € R?; p > 0}, (u,v) := [po wvdpudl,
T
and k = k(h(t) + €l), and we note that we take approximately [, fdz ~ €* [¢. f -
2
(1 — eur)dudl.
Let U := (u, &) and write (5) by Uy — 22Uy = F(U) + eB(e)U + €G(Us€), where

Apgu—u+ul — s (=148 (u”, 1)) u
F(U) = 1 :

~ (14 (', 1)¢

Bov = ( 29" ).

494 ¢ s 9
6o~ ( e o) =t ( W )

1 1
and eB(e)u := — il Uy, + u | —uyg.
1 —eux 1 —eux \1 —e€ur !

Theorem 2.1. ([25]) F(U) = 0 has a solution, say v = S(p) and & = ¢, where
p =12+ 12. S(p) is positive and exponentially decaying with respect to p, that is,
S(p) — ﬁe"’ as p — +00.

Note that ¢7 (S™,1) =1 holds. Let S := (5,¢) and % = H(h). Since hy = O(e)
holds, we may assume U; = eUr for T := et. Expanding B(e) = By + By + - -,
GU;e) = G1(U) + €Ga(U) + --- and substituting U = S + €Uy + €Uz + -+,
H(h) = Ho(h) + €H1(h) + - -+ into (5), we have Hy = 0 from the coefficients of €.

Hence we may assume U; = €Uy for T := €%t by the redefinition of time scale.
Next considering terms of order €', we have
— H:S;, = LU, +Blg+G1(S)7 (6)

where £ := F'(S), the linearized operator with respect to S. In fact, it is explicitly
expressed by

__ar r—1 a4

L= L T(p—1) <S ’ >OS T(p—l)CS (7)
z{gr=L Ly et v ;

where L := A — 1 + pSP~! with the Neumann boundary condition. We note that

LS; = 0 because F(U) is free from translation with respect to I. Moreover, it is

easily checked that the adjoint operator L£* of L satisfies £L*S; = 0. Hence, (6)

implies

T

— Hy <Sl,Sl> = <Blg+G1(S),Sl> (8)
Lemma 2.2. The right hand side of (8) is zero.
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Proof. k = k(h + €l) is expanded as k = k(h) + €lky(h) + ---. Hence B(e)u =

Biu+ eBou+ - - is given by Biu = k(h){—u, + 2puuy} and Bou = ko (h){puw —

luy, + 2uluy } + w2 (h){—pu, + 3p?uy } and so on. Similarly, G1(U) = k(R)&Y (u", )
P 9

(TP ) and Ga) = o ) (T ) ot

T T

Since S; = (co0s6S,,0), S, = (sinéS,,0) and

sin® 0

Sy = S, +cos?0S,, (9)

hold, the direct calculation of the right hand side of (8) gives this proof. O

Thus, we get H; = 0.
Next we shall consider Hy. The coefficients of €2 in (5) leads to

1
—HyS; = LUy + B1U; + BoS + G (S)Uy + G2(S) + 5F"(S)(Ul)2

and
1
- (81,81) Ha = (B + Ga(S). 50 + (Bl + GHOI: + 5P/ G051 ) . (10
In order to obtain Hj, we have to solve U;. Let E := KerL = span{S;} and
E+ = {U; (U,S)) = 0}. Now we may assume U; € E+. Since U; satisfies
0= LU; +B1S+ G1(S), (11)

and Lemma 2.2 implies B1S + G1(S) € E*, U is given by U; = r(h)®;, where
®, € E* is the unique solution of

— —1-5
0=£<I>1+< St 25 )+<’Y<Sr,u>< il )

T

which shows ®; = @4 (I, ) is even with respect to I. Hence U; is also even for [ and
1
we have <IB§1U1 + G} (S)U1 + fF”(S)(Ul)Z, Sl> = 0in (10). The direct calculations

give (S,81) = %[5~ p(S,)?dp and

(B2S + Ga(S), Sy :—fﬁ;g /Ooop
Thus, (10) shows Hy = Sz 5 Io° p*(8,)%dprq(h), that is,
hy = &Moo (h), (12)
where My := g~ 22(5p)"dp

3 o p(S,)%dp

3. Main results. In this section, we use same notations and symbols as in Section
2.

Define Q(8) :=={x =T'(0) + zv(0), 0 < 0 < g9, 0 < z < §}. We fix sufliciently
small ¢ > 0 and represent Q = Qg U Q, where ; := Q(20) and Qg := Q\Q(J).
Hereafter in this section, c and c¢; denote general constants independent of € and 4.
Let xo(z) and x1(z) be cut-off functions such that 0 < x;(z) <1, xo(z)+x1(z) =1,
Xo(z) =1 and x1(z) =0 for x € Q\Q, xo(z) =0 and x1(z) = 1 for x € Q(9).

In Qq, we can define the tubular neighborhood ¢ = ¥(z) and z = Z(z) by « =
r( )+ zu(a). Deﬁne S(x;h) = Xl( )S(M) and S(z;h) := (S(z;h), (), where

= /(0 —h)2+22 for o = ) and z = Z(x). Here, we extend p(x;h) to
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the whole domain € so as to satisfy ¢y Dist{z,T'(h)} < p(x;h) < coDist{z,T'(h)}
for positive constants ¢y, co.

Let Qg := Q9 N . Since S(p) satisfies S(p) — e™?/\/p as p — 400, S(x;h) <
O(e=%/¢) holds in Q. Define a positive function x»(p) satisfying xa2(p) = O(e=*/?)
as p — +o0 and Xa(p) := diag(x2(p), 1). Let X (h) := {u; u(x) = x2(p(z;h)/e)v(z),
v e L>®(Q)} and X(h) := {(u,&); u € X(h), £ € R} with the norm ||(u,§)||x(n) =
Iz (p(; h) fe)u(@)|o + [€]-

Theorem 3.1. Let
we = {z € C; Rez > —a}\{0},

Waray = {be? € C; 0] < 7/2+ad',b>ar}.
Suppose that there are ag > 0, af, > 0, a; > 0 such that the following hold: L has a
simple zero eigenvalue, the set wq, Uwey o, 15 in the resolvent set of L, and there is
C > 0 such that H()\ - E)_1|| < C/IA for A € Wy a,- Then the solution U of (4)
satisfies

U(t,2) = S(z; h(t)) + X (p(a: ) [V (£, )
uniformly for t > 0 and x € Q with |V (t)| = O(e) if an initial data U(0) €
X(h(0)) and ||U(0) —S(:;h(0))|lxn(oy) < 6 for sufficiently small 6 > 0. Moreover,

hy = € Moko(h) + O(e*) (13)

holds.
Theorem 3.2. Assume that p = r — 1. If 7 is small, then the assumptions in
Theorem 3.1 hold, 1i.e.,
(1) 0 is a simple eigenvalue of L and there are ag > 0, af > 0, ay > 0 such that the

set wao Uway o, 18 tn the resolvent set of L, and
(ii) there is C' > 0 such that

H(/\ - E)le < C/|A| for e Walay-
Hence, the conclusions in Theorem 3.1 hold.

Above results are of solutions with single peak on the boundary. If solution of
(2) has two peaks on the boundary, it is strongly unstable. We shall prove this
expectation.

In (2), we set A = ¢4/ (P=D7y and Z = ¢ "/7¢ and consider

ou o uP

T A“_“+£77

s 1 r (14)
T = €+€n£S|Q|/Qudx,

o,u=0.

In Theorems 3.1 and 3.2, € is just a two dimensional domain. On the other hand,
when we study the instability of two peaks, it is an n-dimensional domain for n > 1.
Here we suppose that there is a stationary solution such as

o {s(52) s ()] e

where hy, hy € Q, S is a unique positive radially symmetric solution of
AS—-S+SP=0 inR"
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as given in Theorem 2.1, and

|Q| 1/~
¢= <2 Jgn Srdy> '

The function S is called ground state solution and it has an exponentially decaying
property.

In order to study the stability, we naturally introduce the following linearized
eigenvalue problem :
wub—1 uP

Ao = €A — ¢+p 0 @Hm

_ _ (15)
TA’I]— n§s|Q|/ 6n£s+1|Q|/
8,6 = 0.

We shall look for a positive eigenvalue of this problem and prove the instability of

two peaks.

Theorem 3.3. Let 02 € C?, r > 1. In addition, suppose that there is a stationary
solution (u,&) of (14) such that u has 2-spikes, i.e.,

w) - o7 {4 5T )

€

Lo ()

for h; € Q which satisfies (hy — ha)/e — oo as € — 0. Then (15) has at least one
etgenvalue around \ = A1, where A\ is a unique positive eigenvalue of

M) =AY —p +pSP~ly  in R™. (16)

Thanks to Ay > 0, this theorem says that any solution with two peaks in the
shadow Gierer-Meinhardt system is always strongly unstable. In fact, it seems
that any solution with K-peaks for K > 2 is strongly unstable and the associated
linearized system has (K — 1) eigenvalues around ;. Hence it is sufficient to study
the dynamics of a solution with single peak in the shadow Gierer-Meinhardt system.

4. Proof of Theorem 3.1. We write (4) as U; = F(U), where U = *(u,&). Let

Ki[¢u) == -1+ % Jqu"dz. Now we consider functions u(x) = x2(p(z; h)/€e)v(x)
for v € L*(§2). Then

_ g r —cd /e r
Kif§u] = -1+ [ u'de+O(e ™ v[l%)

€ Q
26
_ _1+41/ /‘ "0, 2)(1 — r(0)2)dodz + O(e=/||u|Z.)

o0/2€ 26/€
= —1re [ [ o) - enth + cdlds + O o)
o0/2¢J0

= K€ u] = eK5 [ u] + O(e*|u]%)
holds for small § > 0, where o = h+el, z = ey and K [§,u] := —1+& [p. u"dldp,
=
K& u] ==& [go u (0, 2)k(h+el)udldp. Here we assume u(x) = xa2(p(x; h)/e)v(z)
+

= xa2(p(x;h)/e)v(o, z) in Q is extended to R?% appropriately with respect to the
variables o and z. Specifically, we extend v(c,z) in € smoothly to v(c,z) in R3
such that v(c, 2z) = v(o,2) in 4, ||vHLOQ(R )y < lvllzee(a,) and p(x;h) is extended
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by p = /(o — h)?2 + 22 for (o,2) € Rf_ as it is. Throughout this paper, functions
are extended to those in R2 like this manner without notes.

Let Uy = Uy (L) = m(h)(ﬁl(l p) and Uy = Us(l, ) be the functions constructed
in Section 2, where 0 = h + €l and z = eu. Define ¥(z;h) = Xy (2){S(, p) +
eUr(l, ) + €2Uz(l, 1)} = S(x; h) + €Vy (5 h, €), where Xy () := diag(x1(z),1). Sub-
stituting U = U(x; h)+ Xa(p(z;h)/e)V (¢, x) into Uy = F(U), we have

hioph (¥ +Y) + Y, =F(¥) +F(¥)Y + N(Y) (17)
with [N1(Y)(@)] < exa(p(z;h)/e)| V3, for Y = Xa(p ( h)/e)V, where [[V]o =
[(0(2).&)loe = lollee + l¢] and N(¥) = (Ny(Y), Na(Y)). Here we note that
|02, (K1[€, S)u?(x)| < exa(p(x; h)/e)|v]|2, holds for u = xa(p(x;h)/e)v because of
the exponentially decaying properties of S. Since the first components of S; U; and
Uy are O(e=/€) in Qy, U satisfies

F(U) — € H0, ¥ = 203 (18)

for some U3 = WUs(x;h) = (Ys(x;h), &) € X(h). Let L(h) := F'(S(x;h)). L(h) is
given by

Alh)u — L {K1 (€ SGhu+ 5 [ S(ash)y~tuda ) (g
= —i—i%:zs(;h) Jo (s h)"dxg
L{KIC SGRNE + "5 [, S(as k) uda + 25" [, S(a; b da
for u € X (h), where S(;h) = S(z;h) and A(h)u := €2Au — u + pS(; h)P~Lu. Since
|S(x; h)| < O(e=P@M/€) and K5 [¢,S] = 0 hold, we have for small § > 0
KGSGR] = K3[C, 8] = ek [ 8]+ O(e™)
= —eKJ[¢, 8]+ O(e™%¢)
= —e(7 (8", pw) + O(e= ),

/ S(x;h) "tudx = S(x; h) L udz 4+ O(e= /)
Q Q(s)

= @ [ ST pull (1 - eu)didu -+ Ofe )
R

= & | SN p)ull, p)dldp
w2

~e [ ST ot iy + O(e=*%)
R2
= € <S7"_1,u> —_ <ST_1,UI€,U> + 0(e=ee),

/S(x; h)de = 62/ S™(p)(1 — epr)dldu + O(e/¢)
Q R2

+

- £ S”(p)prdldp + O(e=/¢)
¢ R2

- - _ 63 <S7‘7MH> + 0(6_06/6),
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where p = /12 + p? and k = k(h + €l). Thus L(h) is represented as
A(h)u — T(p% {7 (S", Ky u+r{?S((S™7 1, u)

L(h)U = €<S’T 1/1,5; u>) + ’YCS( —eCT(S", uk))€ i 0(6_65/6)(]
% { €Y (ST, k) € + TC’Y+1(<ST71,U

—e (8", u)) + (1 — eV (S, uk))E )
= AWU + KU + eKU + O(e=*/)U,

where U = *(u, £) and

AU = (A(g)“ )

__4q 0% r—1 S
— o (1€ S{S™Hu) 4+ 22¢) >
Rt ( L1 (51, u) 1 16)
TC’Y—H <Sr—1 > 4 ,yg ( L 15 )
7¢ ¢ ’

KgrU = ( W(C <S 7/14% u+ TC’YS <ST_1/“€7U> + %C’Y <STJIU/H> 5) )
—7(C7 (8", ) §+ TS T s, u) + ¢ (ST k) €)
(T ) - ST ) 0 e ()
- T ¢
Lemma 4.1. The spectral set, say I(h) of L(h) consists of I(h) and Is(h) such
that I (h) C {|\| < cV/8} and Ir(h) C {Re\ < —a;} for a positive constant .

Proof. Let €} := Q(J) and first consider L(h) in ). Since A(h) is expressed as
A(h) = L + eB(e) in ] by using the tubular coordinate (I, ), L(h) is represented
as L+ eB(e) + eK + Kg for 0 <1 < 0g/e and 0 < p < §/e, where B(e) and B(e)
are in Section 2 and Kj is an operator with O(e~°/€) operator norm. Note that

L= ( g 8 ) + Kj. We may assume all of the above operators are appropriately

extended to those in Ri. In fact, such extensions are trivially done for Kf and Ky
while the extension of B(e) is not trivial. B(e) is precisely expressed as B(l, z; h, €).
Since the domain (I, 1) € [0,00/€¢] x [0,d/€] is connected at | = 0 and og/€, we can
extend it to the operator with periodic coefficients with respect to [ coordinate,
that is, the operator for (I, 1) € (—00,00) x [0,4/€] satisfying B(l 4+ oo/€, z; h,€) =
B(l, z; h,€). For z coordinate, by multiplying the cut-off function x;(z), we have
the operator defined in R%. Moreover, |[eB(e)u| < O(0)||ullc2 for (I, 1) € [0,00/€] x
[0, /€] holds and hence we may assume eB(e) is extended to R3 satisfying this same
estimate, that is, |eB(e)u| < O(5)||u\|cz(Rz+) holds.

By the assumption of this theorem, the set w,, U Way,a, 18 In the resolvent set of
L. Then it is easily checked that

1
le(x = £) 7' B(e)]| < ed(1 + Bk (20)
holds for A € wg, Uwyy 4, and a constant ¢ > 0.
Define £ := L+ €B(€) + €K + K¢ and consider it as an operator in L= (R?2) in
the same manner as B(e) above. That is, £, is an operator with periodic coefficients
with respect to [.
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Suppose A € wq, Uwyy q, and consider (A — £1)U = g. Then (A — L1)U =g
becomes

{Id— (A= L) 'eB(e) —e(AN— L) 'KF — (A= L) 'Ke}JU = (A - L) 'g.  (21)
(20) implies

Je(h = £)7 B(e)]| < 81+ 757) <6+ V)

for constants ¢, ¢ > 0 if [A\| > ¢’V/§ for ¢ > 0. Since K is bounded and
| K6l < O(e=/¢), the operator in the left hand side of (21) is invertible, which
shows

c
Al
for A € wa,Uwyy o, With [A| > V5, where ¢ and ¢ are positive constants. (22) holds
in L>°(R?%) and if g € L>°(R%) is periodic with respect to [ argument, the function
U of the equation (A — £1)U = g is also periodic with respect to | argument by the
periodicity of the operator £; with respect to the same argument. Thus we may
also assume (22) in L>°(R/.), where R/, := {0 <1 < 0¢/e, 0 < pu < oo}. We denote
by L1 (h) the operator corresponding to £; expressed with the original coordinate
x € Q. Multiplying S byx1, we may assume L (h) is defined in Q3 := Q(3J) and

Let Agu := 2Au—u, Ag :=

I = L)~ < (22)

Ao 0
0 0
with the Neumann boundary condition, where

rC"/-‘rl <ST—1’U>+7§ ( 0 )
1 9

Coy <ST,K,> ( 7_(%711)16 ) _ 7"<'7 <ST_1NK7U> j—_’YC’Y_l <ST7ﬂK>£ ( 2 )

for U = t(u,£). Lo(h) is clearly invertible in L>°(Q) for sufficiently small € > 0 and
the spectral set is in the left hand side uniformly apart from the imaginary axis.
Hence we assume I°(h) C {Re\ < —ay} for a positive constant aq, where I°(h) is
the spectral set of Lg(h).

Define Q) := Q\Qy and D(A) := x1(z)(A — L1(h)) X1 (x) + xo(x)(A — Lo(h))~*
for A € way Uwgya, With [A| > /6, where X1(z) is a cut-off function satisfying
0<xi(z) <1, x1(z) =1 for z € Q; and x1(z) = 0 for z € Q\Q3. Here we can
assume ag < as. Then we have

(A —L(h))D(X) = Id + O(e=/¢) (23)

in Q) U Q) and therefore it suffices to consider D(A) in Q3 := Oy N Qg because of
Q=0,UQUQs.

Let Uy = “(u1,&1) == (A —L1(h))"*X1g and Uy = *(ug, &) := (A — Lo(h)) g for
g € L>(Q). In Qo, [L1(h)U — Lo(h)U| < O(e=/€) holds. Let €5 := Q($6) and
Q4 = Q\Ql/g

) and Lo(h) := Ag + K +eK? in L>°(Q)

KU

T

KU

T

Proposition 1. For \ with ReX > —az(> —a2),
10Uy = Uslle2(z) < ce(1Utllcogaq) + [1Uollcogas))s

where HUJ‘Hck(Qj) = ||uj||ck(sz,-) + &1
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Proof. Let Q" := Q3N and P(rg, zo) := {x € Q1; |r —x0| < ro}. Now we fix any
xo € Qg and consider two balls P(roe, zg) C P(r16,x0) C Q" for positive constants
To, T'1.

In Qo, Li(h) = Lo(h) + C;(h) with ||C;(R)|| < O(e=/€) for ¢ > 0. Hence
(A= Lo(h))(Ur — Uy) = C4(h)Uy in Q9 holds, specially, in P(ri6, o). Let Agu :=

Au—u and Ay := ( “A(l)o 8 ) Taking the stretched coordinate y := (z — x¢) /e,
we see the equation (A — Lo(h))(Uy — Up) = Ct(h)U; in P(r10,z0) is
(A —Lo) (U1 — Up) = C;(W)Th, y € Py (24)

with [|C;(h)| < O(e=/€), where Lo := Ay + K9 + eK?, U;(y) := U;(z) with
y:= (z — m0)/e and Py := P(r16/¢,0). Since € is sufficiently small, P, is nearly the
whole R2 and the invertibility of Lo in Xy := L>®(R2) is clear. We may assume
A is in the resolvent set of Lo and Uy, Uy, Ci(h) are extended to R? with the
estimates | Tllx, < 1T;lloocs,, < 1Usllona,) and Gy (R < O(e=<). K9 and
K? are considered in this case as functionals with respect to u € Xo. In fact,
they are O(e?) functionals because (S,u) = O(e?) for u € L>(R3). Let W o=
(A — ]I:O)flé]»(h)ffl € Xo. Then we have
Wl @z) < O(e ) [T x, < O(e™ ) [Un]loo o)
and . B
A=Lo)(U1 —Uy—W) =0,y € Pr. (25)
Let V = tHo, &) = U, — Uy — W and we show
{ ol ez, = Ellvlloa(ryy < Oe=)vllcocp),
€l < O Vlicory),
where Py := P(r(,0), Py := P(roe,zq), Pi := P(ri0,2z0) and V = (v(x),€) :=
ORI N N
Since (A —1Lo)V =0, (A —Ag)v =0 for y € P;. Let (y) = 232 ___bn(p)e’™ and
Uyp, = T _bie™? for y = pe’®. Then each by, (p) satisfies

(26)

n2

1
b% + *b;q - ﬁbn - (>‘+ 1)bn = Oa
b.(0) = 0, bn(r18/c) = br.

Solutions of (27) are given by the Bessel functions Z,(8p), where Z,, is a solution
of

(27)

1 2
Z;;+Zzg—(1+%)zn=o

and 8 := VA + 1.

Now we shall show Ref > ¢ for a constant ¢ > 0. We may assume Re(\ + 1) >
—az+1> ¢ >0 for a constant ¢ > 0. Then Re = /|A+ 1| cos 30 > \@% > c
for ¢ > 0, where —§ < 0 := arg(A+1) < §. Since Z,(p) = O(ﬁei”) as p — 00,
[bn(p)] < O(e=)|by| < O(e™)||v||co(p,). Then we have

8l ) < O™ llollcor,)-

Since ¥ € Xo, [¢] < O(e?)||V||co(p,) is obvious by substituting ¥ in K§ and K.
This means (26).
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Thus, we see

U1 = Uollc2(py) [V = Wllcz2py)

1 —COo/€
O(Ze ™ + )|V = Wlco,)

O(e) (1011l o) + 100]lcoes))

IN

which gives the proof.

We can express Uy = Uy + Co(h)Up + C1(h)Uy in Qo with ||Cj(Rh)U||c2(q,) <
O(e?)||U]|co(q)- Hence it follows in Q
(A —=L(h))(x1U1 + xoUo) = g + C2(h)g,

where

Ca(h)g == (A = L(7)x0{Co(h)(X = Lo(h))"'g + C1(h)(A = Li(h) "' X19}
and ||Ca(h)gllco(a,) < O(€2)||gllco(o) is satisfied. Since (A—L(h))(x1U1+x0Uo) = g
in Q) UQ as in (23), we can assume Co(h) is defined in Q with the same estimate.
Thus (A —L(h))D(X\) = Id + Ca(h) holds. Since |C2(h)|| < O(e?), Id + Ca(h) is
invertible and we have (A — L(h))D(\)(Id + Co(h))~! = Id. This means
(A= L(h)™" = D (Id + Co(h))~" = D(A\)(Id + C3(h)) (28)
with ||C3(h)|| < O(€?) and X is in the resolvent set of L(h). O

Noting L(h) is a sectorial operator, we define the projections
1
Qh) = 5—

27 Jr,

R(h) := Id — Q(h) and the eigenspaces E(h) := Q(h)L*(Q), E+(h) := R(h)L*(Q2),
where I'; is a closed circle surrounding I;(h) in the region {ReXA > —a;}. Let
®o(h)(z) = OnS(w;h) = (OnS(w;h),0), ®G5(h)(2) = T GsimmrarOnS@ih) =
55 s OnS(@5h) + O(e/¢) and Qo(M)U = [, u(x)¢f(w; h)dzdypS(w; h) for U =
"(u, €), where G (h)(x) = (¢5(x; h), 0).

Lemma 4.2. ||Q(h) — Qo(h)|| < c€? holds.

(A —L(h))~1dA,

Proof. This is shown in quite a similar way to Lemma 5.2 in [7] by using (28). O

Lemma 4.2 implies that I; (h) = {\o} and E(h) = span{®(h)} for Ay € R and a
function ®(h). The following lemma is also shown in quite a similar way to Lemma
5.2 in [7].

Lemma 4.3. \g = Ag(h,€) = O(e) and ®(h)(x) = IpS(x; h) + O(e) € X(h) hold.

Let ®*(h) be the eigenfunction of L*(h), the adjoint operator of IL(h) such
that L*(h)®*(h) = A®*(h) and < ®(h),P*(h) >q= 1, where < U, U’ >q:=

/Qu(z)u’(a:)dz + & =1 for U = Y(u(x),£) and U = *(u/(x),¢'). Note that

®*(h)(z) = ®4(h)(x) + O(e) € X(h) and E+(h) = {U; < U, ®*(h) >q= 0} hold.
Let eB*(h)Y :=F/(¥(x;h))Y —L(h)Y. Note that |(Bf (h)Y)(z)| < exa2(p(x; h)/€)

|IV]|s holds for Y = Xa(p(z; h)/€)V and B*(h) = *(Bj(h), B5(h)). Then (17) is

now written as

heon (U +Y) +Y, = F(¥) + L(h)Y + B*(h)Y + N(Y) (29)
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for Y = Xa(p(x; h)/€e)V. By (18), we have
(ht — € H2)0n(S(h) + e¥y) + heYy, + Yy = €3 + L(h)Y + eB*(h)Y + N(Y) (30)

Let X* be the fractional space with the norm |||/, of X := L*(€2) with the norm
Il - lloo for 1/2 < w < 1 such that |VU| < ¢||U||,. Define the set V(Dy) := {V €
X% ||V]lw < D1€®}. Suppose Y = Y (t;h)(x) = Xa(p(x;h)/€)V (x;h) € E+(R) for
V € V(Dy). Then taking the inner product of (30) with ®*(h), we have

(he — € Ha) (14 O(€)) + hy < Yy, @*(h) >q + < Y;, ®*(h) >q (31)
= & < Uy, 0*(h) >q + <L(h)Y +eB*(h)Y + N(Y), ®*(h) >q
= O+ <Y, 20()®*(h) >a +€O(||V|o) + O([VI3,)
O(e! + €| Vlloo + IV I12)-
Here we note that

< Wy, &*(h) >o=< Us, Bi(h) >0 +0(e / s (3 )68 ( h)dar + O(€) = O(e)

holds because |¢5(z; h)|, |@§(z;h)| < exa(p(x; h)/e).
On the other hand, Y (¢,h) € E+(h) implies that < Y;,®*(h) >q= 0 and <
Yy, @*(h) >q = — <Y, ®}(h) >o= O(||V| ). Hence (31) is

hi(1+ O(e+ [[V]eo)) = € Ha(1+ O(€)) + O(e! + €|V [|oo + [IV]|%)-
Let hy = J1 = J1(h,V;€). Then the above shows
Ji(h,Vi€) = € Hy(h) + O(* + €]|V]|oo + IV [I2) (32)

holds for V' € V(Dy).
Next, operating R(h) to (30), we have

(hy — € Hy)O(€) + hyR(h)Yy, +Y; = € R(h) W3 + R(h)L(h)Y 4 eB*(h)Y 4+ R(R)N(Y)
by using R(h)O,S(h) = O(e). Let Y; = R(h)L(h)Y + Ja(h,V;e€). Then
12(h, Vi €)llseqny < O + ellVloo + IVIE + 1T1(h, Vie)] - [Valloo) — (33)
holds for Y = Xa(p(x; h)/€)V and V € V(D).
Let E+(h) :={V € X¥; Xa(p(z;h)/€)V € E+(h)} and fix ho.
Lemma 4.4. There exist a map II(h) such that II(h) : EJ-(hO) — EJ—(h) and
L (M)W [loo < ClIW Ly for W € E+(ho).

Proof. In Q) = Q(4), U = *(u,&) € X*“ is represented by u = u(c,z). First we
define a map II(h) by

(I(R)T)(0,2) == "(u(o — h,2),€)
in Qf. In Qp = Q\Q], we define
((W)U)(2) = U(x) + " (v(h)(2), &),
where v(h)(z) is a function satisfying
Agv =0, 2 € Qo,v(x) =uloc — h,2) —u(o,2),x € 9y = 9. (34)

We construct the map fl(h) : B+ (ho) — E+(h) b ( ) = ( )II(h). Then the
map (k) : E+(hy) — E*(h) is given by TI(h) := X2 (p(x;h) /e )H(h)Xg(p(x; h)/e).
O
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For Y = Xs(p(x; h)/e)II(h)W,

Yi = hXa(p(as ) ) {—c (plas 1) /) P2 paominy + 1 (yyw

+ Xo(p(a; h) /e )TI(R)W;

holds since we may assume x5(p) = —c*(p)x2(p) and X5 (p) = —c*(p)Xa(p)Idy for a
bounded positive function ¢*(p) and a matrix Idy := diag(1,0). Then the equation
Y, = R(h)L(h)Y + Ja(h, V;e€) becomes
x;h
T Vi) (ol ) /o) 2

€

= X5 (p(x; h) /) R(h)L(h)Xa(p(a; h) /e)II(W)W + X5 (p(x; h) /e)I2(h, Vie)

IdoTI(R) + 0, (h)}W + II(h) W,

and
Wy = L(h) + Ja(h, Wse), (35)
where
() = 117 (055 (p(ar: ) ) RONL (0 (p( ) TRV,
o (h, W3 €) = — s (TR T () (ot 1) /) P2 ) 4y
I ()X (plas h) ) THA) W ).

By (33), Jo(h, W3e) is estimated by
~ 1
132k, W €)oo < O[T (B, THA)W; )] - [Wlloo + € + W oo + [WIS)
1
SOCIWIE + € + el Wlleo + W)

Let W(Dl) = {W € X¥; |W|, < D1€®} again instead of V(D) and W(Dl, Dy) =

(W € C([0,00); EX(ho)); W (h)|lw < Dié®, |W(h)=W (k)||, < Doelh—k|}. Then,
[T2(h, Wi€) — To(h',W's€)l| oo < cre(|h — h'| + W — W'L,,) (37)

holds for 0 < h, h' < oo and W, W’/ € W (D1, Ds), where ¢; = c1(Dy, Ds) is a
positive constant depending on Dy, Ds.
Now, L(h) is
L(h) = I} (W R(W)L(W)II(W)W,
where B(h) == X3 (p(z: h) /) R(R)Xa(plz: h) /e) and L(h) := X5 (pl: h)/e)L(h)
Xa(p(z; h)/€). L(h) has the same properties as IL(h), that is, the spectral set I(h) of
LL(h) consists of I; (k) and I5(h) such that I; (k) C {|\| < ¢V/6} and Ir(h) C {Re) <
—ay} for a positive constant a; as in Lemma 4.1. Projections and eigenfunctions

are given by Q(h) := X5 (p(w; h) /) Q(h)Xa(p(w; h) [e), B(h) = X5 (plas h) /€) ()
and so on.
The following lemma is proved in a similar manner to [7].

Lemma 4.5.

~ ~ c
I(L(1) = L{h2))W oo < =[h1 — ha| [Wlloo

holds for W € W (Dy).
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Then, quite a similar manner to [7], we can construct an exponentially attractive

invariant manifold A := {(h,A(h)); 0 < h < ¢} of
{ hy = Jl(h V; e)

W ( )—l—Jz(h Wse)
with W = A(h) € W(Dl, D5) by taking appropriate positive constants Dy, Dy and

sufficiently small, but O(1) attractive region in (38). Thus, the solution U of (4) is
given by U(t,x) = W(x; h(t)) + Xa(p(x; h) /e)IL(h) A(h(t))(x).

(38)

5. Proof of Theorem 3.2. In this section we prove Theorem 3.2. Only in this
section we denote the resolvent set (resp. the spectral set) of an operator by p( - )
(resp. o(-)). Let S := (5, ¢) be the solution stated in Theorem 2.1, i.e., a boundary
one-spike layer in the stretched domain R2. Let £ := F'(S), i.e

. o S
e Rl e L
<5r 1 Syt b
-

with the Neumann boundary condition, where
L=A-1+(p-1)8"

with the Neumann boundary condition. In this section we assume that p = r — 1.
The spectra of £ may not consist only of eigenvalues, since the underlying set Ri
is not bounded. In this case studying the resolvent set seems to be easier than
studying the spectral set. In order to study the resolvent set of £ we will find the
set of A € C where the following problem has the unique solution (¢, n):

(c-»(‘jé):(?ﬁ) in B2, 9,6=0 on OR. (39)
From the second equation of (39) we have

B ’y<ST_1,¢> 1Y
o TA—7y TA—7’
provided that A # «/7. Substituting (40) into the first equation of (39), we have

qr (S, ¢) (7S
T(p—1)

(40)

R

@ (SN TS ({87 ) iy TV _
T(p—1) TA—7 TAN—7

Substituting (77 = <S”*1, 1> into this equation, we have

o oY
(L+Byx—\p=0 (pfl)(T)\f’y)CS’ (41)
where
By =~ IA0) (12)

(p=1)(TA =) (5", 1)
If L + By — A is invertible, then it follows from (40) and (41) that (39) has the
unique solution, hence A € p(L). Therefore, we have obtained the following:

Lemma 5.1. Suppose that X # /7. If L+ By — X is invertible, then A € p(L).
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Here we recall the Sherman-Morrison formula [23] which is useful for the analysis
of the spectra of L. Let A be an invertible linear operator on Lz(Ri), and let B
be a rank-one operator on L?*(R%) defined by B[ - | := (¥y, - ) Uy, where Uy,
¥, € L?(R%). Then the Sherman-Morrison formula is

—1
(A+B)' = (I—AkB>A1,

where k =1+ (¥, A=1W5) (€ R). Hence,
if k#0, then A+ B is invertible. (43)

Before going to the next lemma, we recall a known result about the spectra of
L.

Proposition 2 ([20, Lemma C]). The problem
Lo=MXp in R, 9,9p=0 on OR% (44)

has the following set of eigenvalues: Ay > 0, Ao = 0, and other spectra are (real)
negative and bounded away from 0. Moreover, Ay and Ao are simple, and ker(L —
Xo) = span{S;}. Here | denote the first argument of the coordinate of R? .

In this section we do not use p for the second argument of the coordinate. We use
u for eigenvalues of (44). Hereafter, by (A1,11) (resp. (Aa,12)) we denote the first
(resp. the second) eigenpair of (44). Since we can take (0,5;/|Si];2) as (A2, ¢2),
we see (1h2, ST = (Y2, 9) = 0.

We study the invertibility of L + By — A in order to study the resolvent set of
L. Assume that A & o(L)U{7/7}. Since B) is a rank-one operator, it follows from
the Sherman-Morrison formula that
(L —X\)"1B)

(L+By—A)""'= (I ey

-, (45)
where

qr <S7"_1, (L — /\)_1[S]>

(p=1(TA=)(5".1)

From (43) we see that L + By — A is invertible, if k() # 0 and if A € o(L) U {~v/7}.
Using

E(A) =1 (46)

LS=(p-1)S?=(p—-1)S" 1, (47)
we have
<S7"_1, (L—X)"1 [)\S]> = <ST_1, (L=XN"'(A=L)S+ LS]>
= ("1 8) + (87 (L - N LS))
=—(S" 1)+ -1 L=NT"[S]).  48)
Substituting (48) into (46), we have
TA+ s+ 1—ko(N)
TA—7y
Hence we see that k(\) =0, if
TA+ s+ 1=ky(N). (50)
Therefore, we see by Lemma 5.1 that

A € p(L), if (50) does not hold and if A & o(L) U{vy/7}. (51)

<Sr—17 (L _ A)—l[sr—1]>.

k) = (ST, 1)

, where ko(\) =gr
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When we check the invertibility of £ — A for A € {A\1,7/7}, we cannot use (51) and
use other methods.
First we study the non-real spectra of L.

Lemma 5.2. sup{ReX; A € 0 (£)\R} < A\1/2— (s +1)/(27).
Proof. Let A := Ag + iA;r (A1 # 0) be a spectrum of £. Then A & o(L). From the

spectral decomposition we have
dE, [57]

_— 2
(L) = AR — iAs (52)

(L—Ag—ixp) ' [$771] = /

Since A is a spectrum, A should satisfy (50), otherwise A € p(£). Substituting (52)
into (50), and taking the real and the imaginary parts of it, we have

(n—Ag)d(E, [ST71],8"1)
1 =
TAR + s+ /U(L) = )\R)2 n )\% , (53)
Ard (B, [S771],5771)
A = . 4
T /U(L) (1t = ARr)? + A7 (54

Since Ar # 0, we multiply (54) by (A; — Ar)/Ar and subtract it from (53). Then
(k—M)d(E, [S"7'], 57 1)

27’)\3—7')\1—1—3—%-1:/ 55
o(L) (= AR)?+ A} (55)
Since sup{Re\; A € (L)} < Ay, the right-hand side of (55) is non-positive, i.e.,
27Ar — TA1 + s+ 1 < 0. This inequality proves the lemma. O

The similar argument to the proof above appears in [29].

Lemma 5.3. Let Qs r be as in Theorem 3.1. There are &' > 0 and R > 0 such
that Qs r C p(L).

Proof. We see that there are ¢ > 0, 6’ > 0, R > 0 such that Qs r C p(£) and
(L= AI)7H| < C/|A| for A € Qy k.
Because of (51), it is enough to show that k(X) # 0 for A € Qs g. Since
(8" (L =N THAS]) < [[STTHHIL = )| IAS]
< (C/PDIALIS™HIST < ¢,

we have
r (871 (L — A)"LAS
2 1= | | 2
Thus, if R is large, then
|k(A)| > 1/2 for X € Qs g, (56)
hence k(A) # 0 if A € Q5 . The proof is complete. O

From now on we study the real spectra of L.

Lemma 5.4. For small 7 > 0, there is 6 > 0 such that (—6,+00)\{0, A1,v/7} C
p(L).
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Proof. We use (50). Specifically, we will show that, if 7 > 0 is small, there is § > 0
such that 7A + s+ 1 # ko(A) for A € (—=d,+00)\{0, A\1,v/7}(C p(L)). From the
spectral decomposition we have

ko) = - <<¢1’ST_1>2+<1/’2’5H>2

<S7l,1> A — A Ao — A

+/ d<Eu[ST_1],ST_1>
(I A1 A2} f=A '

It follows from Proposition 2 that <w27ST_1> = 0 and there is §p > 0 such that
sup{\; A € o(L)\{\1,\2}} < —&p. Hence, ko(\) € C°((—dg,+00)\{\1}). More-

over,

)\thlio ko(X) = 400, Al1§?+0 ko(\) = —o0. (57)

Differentiating ko(A\) with respect to A, we have

d ar (oY’ d{Eu[5"),5)
a 0 (58
koY) S ( Jr/g(L)\{Al,Az} o

S\ (M= A)? (h—=2A)?

for A € (=8, +00)\{\1}. Since L is invertible in span {S;}*, we see by (47) that
L7181 = S/(p —1). Therefore

_qr(S™Y L7S)) qr

k = = .
o(0) = T LB 0 (59)
Combining (57), (58), and (59), we see that there is § > 0 such that ko(A) # TA+s+1
for A € (=3, +00)\{\1,7/7}, if 7 is small. O

The similar proof to the above appears in [21].
Lemma 5.5. For small 7 >0, A\; € p(L).

Proof. Because of Lemma 5.1, it is enough to show that L + By, — A is invertible.
We consider the problem

(L+ By, — M)¢ = Po. (60)
Let ¢ = ot + ¢+ (<1/J1,¢J-> = 0). Let P be the projection operator onto

span {’(/Jl}J_, ie, P:=1— (41, -)11. Then the equation on span {¢} and the
equation on span {1/)1}L become

0‘<¢173>\1[¢1]> + <7/}1aB>\1 [¢L]> = <7/’17‘I’0>7 (61)

(L= A1)+ aPBy, [¥n] + PBy, [¢7] = Py, (62)
respectively. Since
gAy (ST )
(P = DA =) (5", 1)
we can solve (61) with respect to a. Substituting it into (62), we have

(Y1, ®o)
<¢1,S>

<¢173A1[¢1]> - <w1;5> #07

(L —\)pt = Pdy —

PS. (63)
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Note that (¢1,S) # 0, because 1y > 0. The operator L — Ay is invertible in
span{t }+, and the right-hand side of (63) is in span{ts}+. Thus (63) can be
solved with respect to ¢*. Let ¢g- be the solution of (63), namely,

(Y1, Po)
(Y1, 9)

Substituting ¢3 into (61), we obtain the solution aq of (61), namely

- (11, @o) — (¢1, Bx, [65])
o W1, Bulnl)

Then ¢g := apy1 + ¢ is the unique solution of (60). O

¢g = (L —M\)"!|P®; — PS| .

Lemma 5.6. For small 7> 0, v/7 € p(L).
Proof. Let A =~/7. By D we define

qr{S™,¢)
-0

It is enough to show that (39) has the unique solution. The first equation of (39) is

D¢ = — (64)

RV qrn
(L+D=No =+ TS,

It follows from (43) that L + D — X is invertible, if
gr ("1, (L=N)""[S])
T(p—1) (57, 1)

() =) 1 £0

and if A € o(L). Using (48), we have

1 qr
We see by the graph of ko(A) that ko(A) # 7A + ¢r/(p — 1), when 7 is small. Thus
ki1(A\) # 0, and L + D — ) is invertible. Let K := (L + D — \)~1. We have

qrn
-k (65)

Substituting (65) into the second equation of (39), we have

b=Kd+

qr?n

m2(p—1)¢

If <ST‘1,K S> # 0, then this equation has the unique solution with respect to 7,
hence the pair ¢, which obtained by (65), and 7 is the unique solution of (39) and
A € p(L£). We will show that (S"~!, K'S) # 0. We see by a direct calculation that
KS = (L —)\)71[S]/k1()\), where we use k1()\) # 0. Using (48), we have

S(STLK®) + (S KS) =Y.

— _ <ST_17(L_)‘)_1[S]> _ _<Sr’1>
($7LKS) = = Mg 1 FolV)
We see by the graph of ko()) that ko(X) # gr. Thus (S, KS) # 0. O

Lemma 5.7. For small 7 > 0, 0 is a simple eigenvalue of L.
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Proof. 1t follows from a direct calculation that 0 is an eigenvalue of £ and that
(51,0) is a corresponding eigenvector.

We will show that dimker £ = 1. It is enough to show that there is no eigen-
vector corresponding to 0 perpendicular to (S;,0) in the L? sense. Let (¢,7) €
span{(S;,0)}*. Specifically, ¢ € span{S;}*. We consider the problem

c(ﬁ):a (66)

Solving the second equation of (66) with respect to 1, and substituting it into the
first equation of (66), we have (L + D)¢ = 0, where D is defined by (64). Since L
is invertible in span {S;}", we see by (43) that L + D is invertible, if
qr <S”"_1, L_l[S]>
(e —1)(S,1)

#0. (67)
Since L is self-adjoint, we have

(S"H L7HS]) = (LLMS" Y, L7S)) = (LTS, 8) = (S, 9) /(p— 1)
The second term of the left-hand side of (67) goes to —oo as 7 — 0, and it is not
0 when 7 is small. Therefore, (67) holds provided that 7 is small. 0 is the unique
solution in span {S;}" of (L + D)¢ = 0. It follows from the second equation of (66)
that n = 0, hence (¢,7) = (0,0). We have shown that dimker £ = 1.

Next, we will show that ker £2 = ker £. We consider the problem

«()-(3)

Solving the second equation with respect to 7, and substituting it into the first
equation, we have

(L+ D)¢ = S;. (68)
Calculating ((68), S;), we have
0= <¢a LSl> + <D¢a Sl> = <L¢ + D¢7Sl> = <Slv‘S’l> 7é 0
which is a contradiction. The proof of the lemma is complete. O
Proof of Theorem 3.2. It follows from Lemmas 5.2 and 5.3 that (Qs r U Q5)\R C
p(L). Combining Lemmas 5.4, 5.5 and 5.6, we see that (—d,+00)\{0} C p(L).

Lemma 5.7 says that 0 is a simple eigenvalue. We have proven (i).
We will prove (ii). Hereafter we assume that A € Q5 g. By (42) we have

H&W|fmuw el (69)

By (56) we see that (L + By — \) is invertible if A € Q5 r. Using (45), (69) and
(56), we have

I+ By =Nl < (L = 27l + ‘HLA B[ =Nl
|ww+|meA>mm
< el + 75 e = 7l

<= (1457 ) ol (70)
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We consider the solution (¢,n) of (39). By (41) and (70), we have

_ C _
o]l < ||(L+B/\ - N7He)| + m\m (L + Bx—=X)"'[S]||
C
S| + ——|Y|. 71
< 5 10l + Y ()
Using (40), we have
C C C
In| < (el + 1Y) < el +1Y) + =—=¥I- (72)
A el D = 5 Y]
We obtain the conclusion by (71) and (72). O

Lemma 5.8. Let > 0 be a small and let ¢ be a solution of
Ao — Lo = ge Ml in R (73)
Then there is 0 € (w/2, ) such that

C
|p(z)] < o lgll e e #121 for z € R? and X € Sy, (74)
where Sp := {\ € C; |argA| < 6}.
Proof. SInce ge~#1#l € [2(R?), (73) has a solution of ¢ € H?(R?) such that
e <
I8l < ellgle < 155 o™, < 57 ol (75)

We choose large R > 0. Then (74) holds for |z| < 2R.
We will show that (74) holds for |z| > 2R. Let §,, be the Dirac delta function,
and let G (z,zg) be the Green function of

—Ap+ A+ 1)p =16, in R2

Then ¢ satisfies

0)= [ G {aw)e ™ +p57 (o) dy

= / GA(0,y) {g(w —y)e MVl 4 pSPT Nz — y)p(x — y)} dy. (76)
R2

The Green function has an explicit which satisfies
de dK .2
—_— — —zK =0.
dz? te dz

Let z € C. K satisfies

1 o0 t _%
oz —t -1

=1/ 5¢ / e ‘e 2 <2+ ) dt.

r(l) \[2 0 2

See [10, Appendix C] for more details. Then

1 i [T | £\ F
GA0,y) = =5 \/?e 1+>‘T/ et (V14 M+ = dt,
r(z) V2 0 2

2

where r = |y|. We consider the case where r is large. Since

(mr + ;)

2

1

S . —V1+Ar
NS

< e*Rc\/ 1+Ar 7

and ’ e
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we have

|IGA(0,y)| < ceReVI+AT, (77)

We consider the case where r is small. Let ro > 0 be fixed. Then

0 +oo t _%
/ ’ei VIitAr / e~ite <\/1 + Ar + 2) dtrdr
0 0
1
+oo . 0 +\ "2
:/ etz / e~ Vitar (\/ 1+ Ar+ 2> rdrdt.
0 0

Since

Nl

t
VI (m + 2)

1 o f Y
rdr < . / e Re 1+)‘T\/;dr,
|14+ A Jo

ro
/0

we have
T0 —+oo N
/ e~ Rev 1JF)‘T\[\dr/ e~ttT2dt <e.
0 0

/Om
(78)

We will estimate (76). If p is small, then Rev/1+ A > p for A € Sy. Using (77),
(78) and —|y — z| + |z| < |y|, we have

K (\/mr>

rdr < T
|14+ A%

g G (0,)g(z — y)e‘”‘y'dy’ <cllgll -

We divide R? into three regions:
I:={yeR?% [y—x| <R}, L:={yecR? |y <R} and I3:=R*\([;U).

Because of (75) and the boundedness of S, we have

G (0,5~ &~ )0l — )y e < S10le,
I
where we use (77) and —|y — z| + |z| < |y|.
We will estimate (76) on Ip. There is a > 0 such that
Sz —g) < cem Tl < emalzltalyl (79)

Using (75) and |y| < R, we have

/ GA(0,1)S7 " (z — y)¢(x — y)dy

Iz

el»‘\r| < C”gHLOO / |G>\(0,y)|dy — Cllgllloc’
Al Jiyi<r Al

where we choose i such that o > p > 0.
We will estimate (76) on Is. We can choose o > 0 such that Reyv/1+ A > a.
Combining (77) and (79), we have

GA(0,9)SP7 Y (z — y)p(x — y)dy| !l < cHg'Lw/ e ReVIHAlyl+alyl gy,
Iz AL ee
_ clgll-
Al

Summing the estimates on I, I and I3, we obtain the conclusion of the lemma. [
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6. Proof of Theorem 3.3. Denote the eigenfunction of (16) corresponding to A
by . It is well-known that ¢ = ¥ (y) is radially symmetric and decays exponentially
as |y| — oo. In the proof of Theorem 3.3, we construct an eigenpair (A, ¢, ) which
satisfies

¢N¢1+1/)2» 77"’07 )\N>\1 (80)
as € — 0, where
—h —h
B e B e
Vile) = lz — I Yale) = |z — )
21/1(%), hy € 9Q —w(%), hy € O

If there is an eigenpair (A, ¢,n) and 7 is close to 0, we rewrite (15) into
uP~1

Ao~ EAG =6+ p7

/ u" " rodr ~ 0.
Q

From the first relation, the pair of the eigenvalue A and the eigenfunction ¢ is close
to (\1,1). Since u is close to the positive spiky solution (¢/(P~1) S in neighborhoods
of hy and hs, ¢ needs to change the sign because of the second relation. This is
why we construct the pair of the eigenvalue and the eigenfunction (A, ¢,n) such as
(80), and 11 and 15 have the opposite sign. In fact, it seems that there is no pair
of the eigenvalue and the eigenfunction (), ¢,7n) such that ¢ is positive and A tends
to A1 as € — 0. Namely, if ¢ is positive, A is away from A1, which is not shown in
this paper rigorously.

In the proof, we suppose that A = \; is not an eigenvalue of (15) without loss
of generality. This assumption shall be used in the last part of the proof of Theo-
rem 3.3.

Now we define T' = (T1,T5) by

P
Ti(6,m A €) = Lt + 12 + ¢) - qgfjﬁn — (A N1+ + ),

s

— L r—1
Ta(600m6) = =1+ g [ w0+ 4 )

S
I Tdr — 7(\
engs+1|ﬂ|/9“ oo

where L = e2A—1+4puP~! /£9. This nonlinear functional T' operates from Hy () x
R xR x (0,e0) — L2(Q) x R, where L?(Q2) and H% _(Q) are defined by

1
r@) = {p e 2@ | Ioli; = o [ loPde < oo},
‘ Q
HA(Q) = {o € B | ol = loll3s + @Il + 9% <o,
2. = {oe 2 | [+ umode =0, 20-0omonf,
Q

Here V¢ and V?2¢ represent the gradient and the Hessian matrix, respectively. We
also define || - ||z by [lellF: = llell7: +Vell7.. When we fix €, it is clear that

L?(2) and HZ2(2) are Hilbert spaces and each norms are equivalent to ones for the
usual spaces L*(Q) and H?(Q).
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We shall find a solution (¢,7,A) of T = 0 by two facts. At first, we have the
following proposition.

Proposition 3. T(0,0,0,¢) tends to 0 in L2(2) x R as € — 0.
Proof. Straightforward calculation gives
uP~1 x—h uP~1 x—h
T1(07070a6) =P _S( 1)?*1 1/}1 +p _S( 2)17*1 dJQ-
3 € €4 €

Since u is close to ¢4/(P=1) 8 in neighborhoods of h; and hy, and 11, 1), are exponen-
tially small with respect to € outside the neighborhoods, 71(0,0,0,¢) — 0 in L?(Q)
as e — 0.

We suppose that h; € 9Q and hy € Q. Taking the limit of e — 0 for T5(0, 0,0, €),

we have
ﬁ
75(0,0,0,0) = TCT (2/
R

because S and v are radially symmetric, where R = {y = (y1,...,yn) € R" | yp, >
0}. In the other cases, we can prove T5(0,0,0,0) = 0 similarly. Hence we complete
the proof. O

Sr_lwdy—/ S’"‘%dy) =0

n
+

Next we study the invertibility of the linearized operator of T' with respect to

((banv/\) at (¢777a /\) = (07070)

Lemma 6.1. Suppose that A=\ is not an eigenvalue of (15). Then T4, )(0,0,0,¢€)

is invertible. Moreover, ||T(;)177 N (0,0,0,¢)|| < M for a constant M > 0 independent

of € >0, where || - || is the usual norm for operators.

Proof. Put Ty 2)(0,0,0,€)[de, N, Ac] = 0. Then,
uP
L¢e - ngﬁne - Ald)e - Ae(wl + 7/}2) = 07
(81)
- +L/ur_1¢ dy — — u"dxr — 1A1me = 0.
&9 Jo & Jg

It follows from the second equation that

r r—1
Ne = S / U ¢€d$ 82
en&s|Q(TA1 + 1+ FET fQ urdr) Jq (82)

Without loss of generality, we suppose that [A| + [|¢el[zz = 1. Then, it is easy
to see from (81) that [|¢c[z2 < ¢ and || < ¢ for a constant ¢ independent of e.
Therefore, there are Ao, 79 € R such that \. — \¢ and 1. — 1y as € — 0. Although
we may need to take a subsequence of €, we use the same notation.

Next we study the behavior of ¢, as € — 0, which will determine 7y and Ag. Let
x be a smooth cut-off function defined by

Set ¢eri(x) = xi(x + hi)pe(x + hy) for i = 1,2, and ¢e ro(z) = (1 — x1(x) —
X2(z))¢e(x), where x;(x) = x(Jz — h;|/Re) for i = 1,2 for R sufficiently large
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independently of e. Note that ¢.(z) = ¢c,r0(x) +Pe.r1(T + h1) + ¢ r2(x + h2),
and

c c
eR’ €2 R2
hold true. The constant R will be determined later.

In the following, we just consider the case hy € 92 and hy € Q. Other cases are
shown by the same argument as this case. Let ¢ be a constant independent of e
and R. This constant shall appear several times in the proof and we use the same
notation unless readers are confused.

We estimate ¢, g o in L2(Q). It follows from simple calculations that

€oe,r0 — (14 M)de.r0
p—1
g Per0 T AW +92)(1 = x1 = X2) =26V 01 + x2) - Vo (gg)
uP
— A+ x2)e + (1= x1 — X2 gy e

Vx| < Vx| < (83)

=-p

We multiply ¢e ro to the both sides of this equality and integrate it by parts.
Then, the integral over 0Q2 N B.r(h1) naturally appears because ¢. ro may not
satisfy the homogeneous Neumann boundary condition on 9 N B.g(hy). By the
similar argument to the proof of Trace Theorem (see [9]), we readily see that

lelZ200nB.mmy) < cllelizg) + 1VEllL2@ el L2@) (85)

for o € H'(Q2) and h € 99 and a constant ¢ independent of € and R. Since h; € 99
and hy € Q, we have

0
/—A¢5,R,0¢6,R,od$=/ |V¢5,R,0|2d9€—/ X p|?dS,
Q Q P

. X1
QNBcr(h1) 7

and

62

ox
/ Saleds| < [ Vlléds,
0NB r(h1) OV OQNB.r(h1)

ce
< F8eliz i) + Vel 2o 6ell 2oy,

where S, represents the (n — 1)-dimensional surface measure. Since ||¢c||g2() < c
and ||¢c,rollz2() < 1, and ¥1,%p and u is small outside Bcgr(hi) U Bcr(hs), it
follows from (84) that

€[IVoe,rolZz + (1 +M)llde,roll7z <0

for small 6 > 0.

Next we estimate ¢ 1. Without loss of generality, we suppose that h; = 0
and the tangent space of 92 at the origin corresponds to a (n — 1)-dimensional
hyper plane {z € R™ | z,, = 0}. Let z = ®(x) be a diffeomorphism defined in a
neighborhood N of the origin such that

®QNN)CRY, OQNN)C IR

and ®(0) = 0, D®(0) = I, where R} = {z € R" | z, > 0}, I is the unit matrix
on R”™ and D® represents the Jacobian matrix of ®. Since 9Q belongs to C?, ®
also belongs to C2-class. We take the neighborhood N independently of ¢ and R.



26 S.-1. EI, K. IKEDA AND Y. MIYAMOTO

Roughly speaking, the mapping ®(z) straightens out 0f2 around the origin. Put
U(z) = 7'(2) and ¢e,r,1(y) = ¢e,r,1(¥(ey)). Then,

- - Pl - -
Aper1 — Ge,r1 + P€T¢e,3,1 — AMe,R,1
(86)

- 5 'Etp ~ - o~
= AeX1¥1 + aXa fqﬁ??e +2Vx1 - Voo + Axi¢e + O(e)

where Y1(y) = x1(¥(ey)), @(y) = u(¥(ey)) and 1 (y) = ¥1(¥(ey)). Here we use
the Landau’s symbol O(e), which means that [|O(e)|[z2(x) < ce for any compact

subset K C R’} independent of e. Since 456’ R,1 has a compact support in R}, we
can extend (;SE,RJ to the half space by a natural way, i.e., set ée,R,l = 0 outside
the support. From | ¢c r1llm: < ¢, we obtain ||$67371\|H1(R1) < ¢. Then, there is
¢0,R,1 e H! (Rff_) such that

(ie,R,l — ¢o,r1 Wweakly in Hl(Ri) as € — 0.
Direct calculations give us

X1(y) = x1(¥(ey)) = x(|¥(ey)|/eR) — x(|yl/R) = xr(y)

as € — 0 because ¥(0) = 0 and D¥(0) = I. By (86), ¢o,r,1 belongs to H*(R'.) and
satisfies
Ado.r1 — do,r1 + PSP do,r1 — Mo R

=2 oXRY — (]XRCQ:SI1 SPno + O(1/R).

Since ||¢o,r,1|lm1(ry) < liminfeo ||q~$€7R71||H1(R1) < ¢, there is a function ¢, €
H*(R") such that

(87)

$o.r1 — ¢1 weakly in Hl(Rﬁ) as R — oo.
Then ¢, belongs to H?(R") and satisfies

Ag1 = 61 +pSP 61 = M1 + 2\t — gC TSP (88)
because of (83).
Now we see that d¢1/0y, = 0 on y, = 0. Since ¢, satisfies the homogeneous
Neumann boundary condition, direct calculation gives us

—/ Ago r1pdy = / Vo,r,1 - Vedy,
BK(O)H]Ri

Bk (O)ﬂRi

where ¢ € C¢(Bg(0)) with 0 < K < R/2 fixed independently of € and R. Tt follows
from (83) and the above equality that

- / Aprpdy = / V1 - Vedy.
B (0)NR? B (0)NR?

Since K is arbitrarily fixed, the above equality holds true for any ¢ € C}(R"),
which implies that d¢; /9y, = 0 on y,, = 0.
We can extend ¢; to the whole space by setting

5 ( ) (bl(yla e 7yn717yn)a Yn > 07
Y, -3 Yn—-1,Yn) =
! " " ¢1(y1a s 7yn—17_y71)7 Yn < 0.
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In the following, we do not distinguish the original function ¢; from the extended

one ¢, and use the same notation ¢;. Then, the equation (88) holds in the whole
space. Similarly, for ¢, g2, there is a function ¢o € H?(R") such that

Ay — do +pSP o = Ao — Agtp — QCqZEII SPmp.

We set o = ¢1 + 2¢2 and ¢ = ¢p1 — 2. Then, ¢ and ¢_ satisfy

atp—1
Apy — i +pSP o = Ny — 3q¢ v ST, (89)
Ap_—o_+pSP o = Mo +3A¢.
Since ¢, is orthogonal to ¥ + 13, we have
A Yo_dy = 0. (90)

Multiplying 9 to the both sides of the first and second equations of (89) and inte-
grating by parts, we have Ay = 0 and 79 = 0 because v is the eigenfunction of (16),
and ¢ and S are positive functions. Since the eigenfunction of (16) is unique up
to multiplicities of constants, ¢4 and ¢_ must be multiplicities of 1. Then, (90)
implies ¢_ = 0. The second equation (81) implies that

Sr7190+ = 07
RTL

from which we deduces that ¢; = ¢ = 0.
Now we show that ¢c 1 tends to 0 strongly in L2(R") as € — 0 and R — oc.

We set o(y) = /1+ \y|2¢>6 r,1(y). Then ¢ satisfies
—Ap+ (1+M)p

~p 1
Y 7 1 7
—V1I+yPor1 —2————= Véer1 — ———F bR
\/1 + 1yl (L+Jy?)2

— V14 PO + ngﬁfane +2VX1 - Vo + At 6.

We multiplying ¢ to the both sides and integrating it over R’} by parts. Calculating
2 dp
—Appdr = |V|“dz + —dSy,
R R ORTY WY

we estimate the integral on the boundary of the right-hand side. Direct calculations
give us

]R" azn

= a‘I’k a¢e R,1 5
ORT ayn cpdS EZ/ oy, — - (W(ey) V1 + lylPe(y)dSs (y)

=3 0Tk () /T ToPeoly)

aRn (92:”

- (m(@(ey))gjj(@(ey» n gg@(ey»@@(ey») 45, (y),



28 S.-1. EI, K. IKEDA AND Y. MIYAMOTO

where U, stands for the k-th component of W. For k # n, we have |0V /0z,| < ce
in the support of ¢, g1 so that

o, O (s (P(ew) 5o (W) /T () S0

n 0%
R OZn

< cR?€7"|Voellr200) | @ell L2 (0) < cR%e

by (85) and ||pc|| g2 < c. Similarly,

< cR%

e/d 6\Dk(€y)¢e(‘1’(6y))27>:(‘I’(ey)) 1+ [yl%(y)dSs ()

C Rj’r’ azn

by (83), (85) and [|6 12 < c.

Next we estimate the boundary integral for k = n. Since 9¢./0v = 0, and

\Vk| < R v — 1] < ce as € — 0 on Bcr(0) N 9, it holds that vd¢./0x, =
i Vkagbe/@xk, and then

9. — 90,
¢ ¢ < CE‘V¢€|,
o0xy, oxy,
k=1
where we denote the normal outer vector by v = (v1,...,v,). On the other hand,

thanks to |2,,| < ce?R? and |z| > cRe for 2 € (Ber(0)\Ber/2(0)) N 09,

8X1
ox,

From these estimates, we know that the boundary integral for £ = n tends to 0 as
€ — 0 by the similar argument to the previous paragraph.
Noting that |a@[P~*(1 + |y|?) < ¢ and [¢e,r1llL2ry) < 1, we have

||V90||2Lz(R¢) +(1+ /\1)||<PH%2(1R1) <ec

For K > 0 arbitrarily fixed, we obtain

1 -
7/ |be, 1 [P da < C/ |be,r,1 [ dy
Q RY
<c | ldnaldy+ KQ/ (1 -+ lyP?)|e Py
B (0) R7\ B (0)

SC/ |pe.ral?dy + —
B (0) K2

From Rellich’s theorem, ¢¢ g1 tends to ¢o g1 strongly in L?(Bg(0)) as € — 0.
Similarly, ¢o r 1 tends to 0 strongly in L?(Bk(0)) as R — oo. Then,

hmsuphmsup—/ |pe. r1 |2dx < — =0
R—o

as K — oo. Similarly, ||¢c r2llzz — 0ase — 0and R — oo. In the end, [[¢¢[[zz — 0
and A\c — 0 as € — 0, which contradicts ||¢c|/z2 + [Ac| = 1. Hence T3(0,0,0,¢) is

injective.
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Define £ between szve(ﬂ) xR — L2(Q) x R by
uP
L<¢) B Lfb—ngﬁn—/\uﬁ
n - r—1 51 r
_77—&-55”/ ¢dw—€s+1€n/ﬂu dr — TA1n
Since T3(0, 0,0, €) is injective and 1 + 1 € L2(£2), the following equation
L (b _ ¢1 + ¢2
n 0
does not have a solution (¢,n) € H?VG(Q) x R. This implies that

R(L) C Ly (),

where L3 (€) is defined by

D@ = {0 e 20) | [r+ompts =0},

So we regard L as an operator between HY () x R — L% (Q) x R. If L is
not surjective, there is a solution (¢,7) € H¥ (Q2) x R of L(¢,n)" = 0, where the
superscript ¢ stands for transpose. However, this contradicts the assumption that
A = )\p is not an eigenvalue of (15). Hence, by taking any (f,¢) € L3(Q2) x R and
putting

A= W/WWW . F=f— M1+ ),

there is a unique solution (¢,7) € Hy . (Q2) x R such that

()= ()

Therefore T;(0, 0,0, €) is invertible.
Also, the last part of the lemma can be shown by the same argument as above.
Hence we complete the proof. O

Now we are in position to prove Theorem 3.3. Define a map between HJQ\LE(QE) X
R x R x (0,€) by

G(d,m, A\ €) = T(¢1n )\)(O, 0,0,6){7(0,0,0,€) + R(¢,n, A, €)},

where

R(6.10,6) = T(6,10,6) =~ T(0.0,0.0) = T 00,006, = = ().

From Proposition 3 and Lemma 6.1, it holds true that
1G(0,0,0,6)] <6, [IG(6,m, A, €) = G(,71, A )| <

for sufficiently small 6 independent of € and any (¢, n, ), (d), 7, ) € H2 [ xRxR

satisfying ||@|| g2 2(0) + 177 + Al <9, respectlvely. Hence
there is a fixed point of G, which complete the proof.
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