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Abstract: In this paper we are concerned with the convergence rates of the global
strong solution to motionless state with constant density for the compressible Navier-
Stokes equations in the whole space R™ for n > 3. It is proved that the perturbations
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1 Introduction

This paper studies the initial value problem for the compressible Navier-Stokes
equation in R" :

Op+ V- (pu) =0,

O+ (u- V)u+ Y00 = Ay 4 (T ), (1)
(0, u)(0,2) = (po, uo) ().
Here t > 0, x = (21,29, -+ ,x,) € R™ the unknown functions p = p(t,x) > 0
and v = u(t,x) = (uy(t,x),ua(t, x), -+ ,u,(t,x)) denote the density and velocity,

respectively; P = P(p) is the pressure that are assumed to be a function of the
density p; 1 and p' are the viscosity coefficients satisfying the conditions p > 0 and
w+ %,u > 0; and V-, V and A denote the usual divergence, gradient and Laplacian
with respect to x, respectively.

We assume that P(p) is smooth in a neighborhood of p with P'(p) > 0, where p
is a given positive constant.

In this paper we derive the convergence rate of solution of problem (1) to the
constant stationary solution (p, 0) as t — oo when the initial perturbation (po—p, uo)
is sufficiently small in critical spaces and B?’Oo for n > 3.
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Matsumura-Nishida [8] showed the global in time existence of solution of (1)
for n = 3, provided that the initial perturbation (py — p, ug) is sufficiently small in
H3(R3?) N L'(R?). Furthermore, the following decay estimates was obtained in [8];

k

IV*(0 = p,u)(®)]| e < CA+1)"172 k=0,1. (2)

These results were proved by combining the energy method and the decay estimates
of the semigroup E(t) generated by the linearized operator A at the constant state
(7,0).

On the other hand, Kawashita [6] showed the global existence of solution for
initial perturbations sufficiently small in H*°(R™) with sy = [§] + 1, n > 2. (Note
that sp = 2 for n = 3). Wang-Tan [11] then considered the case n = 3 when the
initial perturbation (pg — p, ug) is sufficiently small in H?(R?) N L}(R?), and proved
the decay estimates (2). Okita [10] showed that if n > 2 then the following estimates
hold for the solution (p,u) of (1) :

k
2

IVE(p = pyu)(®)le < CA+)7T72 k=0, 50,

provided that (po — p, uo) is sufficiently small in H*(R") N L'(R") with so = [4] +1.
This result was shown by decomposition of the perturbation into low and high
frequency parts. Moreover Liang Li-Zhang [7] showed the density and momentum
converge at the rates (1—1—15)%_% in the L2-norm, when initial perturbation sufficiently
small in H'(R®) N B2, (R%) with { > 4 and s € [0,1]. Note that L' is included in
B(l),oo

Danchin [2] proved the global existence in critical homogeneous Besov space,
which is stated as follows.

Proposition 1.1 (Danchin [2]). Let n > 2. There are two posztwe constants €1 and
M such that for all (po,uy) with (py — p) € B 51N 32 L s Ug € 32 . and

oo = 2l g5 s + ol s+ < e (3)

then problem (1) has a unique global solution (p,u) € C(R™; BflﬂBﬁfl) x (L' (RT; BQ%;rl)ﬂ
C(R*; Bf;l)) that satisfies the estimate

o=l -+ + 31 + / Jul gt < (oo = 2l 1y + ol ).

For critical nonhomogeneous Besov space, Haspot [4] proved the local well-
posedness.

Proposition 1.2 (Haspot [4]). Let n > 2. Let ug € Bifl and (po — p) € BZ%,1 with
po—p > 0. Then there exist a constant T > 0 such that the problem (1) has a unique
local solution (p,u) on [0,T] with p— p > 0 and:

B n n_q naq
p—peC(0,T];B), we (C(0,T); B )NL0,T; B, ).



We now state our main result of this paper which gives the optimal L? decay
rate for strong solutions in critical Besov spaces.

Theorem 1.3. Assume thatn > 3. There exists € > 0 such that if uy € BiflﬂB?m,
(po—p) € B3 N B?’oo and

1po — ﬁHBz%,mB?,w + H“O”BE;IOB?M <e,
then problem (1) has a unique global solution (p—p,u) € C(RT; Bz%1)>< (C(R+; Bzg,l_l)ﬂ

LY(RT; B;lﬂ)) Furthermore, there exists constant Cy > 0, we have

(o= 7l 31 < Col1 +0)F ()

fort > 0.

Remark 1.4. If (pg, ug) satisfies the assumption of Theorem 1.3, then it also satis-
fies the assumption of Proposition 1.1. Therefore, we have estimate of (3).

Remark 1.5. We will derive the a priori estimate with time weight for ||(p(t) —
ﬁ,u(t))HBg g which, together with Proposition 1.2, proves the global existence
2,1XDs

in nonhomogeneous critical Besov spaces and BY .

Remark 1.6. The convergence rates for the problem of (1) given in (2) are optimal.
By B;l_l C L2, the convergence rate of (4) are optimal.

To prove Theorem 1.3, as in [5], we introduce a decomposition of the perturba-
tion U(t) = (p — p,u)(t) associated with the spectral properties of the linearized
operator A. In the case of our problem, we simply decompose the perturbation
U(t) into low and high frequency parts. As for the low frequency part, we apply
the decay estimates for the low frequency part of E(t); while the high frequency
part is estimated by using the energy method. One of the points of our approach
is that by restricting the use of the decay estimates for E(t) to its low frequency
part, one can avoid the derivative loss due to the convective term of the transport
equation (1);. On the other hand, the convective term of (1); can be controlled by
the energy method and commutator estimate which we apply to the high frequency
part. Another point is that we have [;° HUHB%H dt < Ce, established in Proposition

2,1

1.1. We need this estimate when we estimate the nonlinear terms.

The paper is organized as follows. In Section 2 we introduce the notation and
some properties of Besov spaces. In Section 3 we rewrite the system into the one
for the perturbation and introduce auxiliary Lemmas used in this paper. In Section
4 we give the proof of Theorem 1.3.

2 Preliminaries

In this section we first introduce the notation which will be used throughout this
paper. We then introduce Besov spaces and some properties of Besov spaces.



2.1 Notation

Let LP(1 < p < oo) denote the usual LP-Lebesgue space on R™. For nonnegative
integer m, we denote by H™ the usual L?-Sobolev space of order m. The inner-
product of L? is denoted by (-,-). If S is any nonempty set, sequence space [P(S)
denote the usual [P sequence space on S.

For any integer [ > 0, V'f denotes all of I-th derivatives of f.

For a function f, we denote its Fourier transform by F[f] = f:

16 = 7 = [ s
The inverse of § is denoted by Sfl[f] = f,

FHfx) = flz) = (2n)™" | f(&)e*de.

Rn

2.2 Besov spaces

Let us now define the homogeneous and nonhomogeneous Besov spaces. First we
introduce the dyadic partition of unity. We can use for instance any (¢, x) € C*,
such that ¢ is supported in {¢ € R"|3 < |¢] < £}, x is supported in {€ € R?[|¢] < 3}
such that

VEER, X(§)+ ) 6278 =1,

Jj=0

Ve e RM{0}, Y 6(27¢) =1,

jEL
5= J'l > 2= Suppp(27/-) NSupp $(277) = 0,
j>1= Suppx N Suppo(277:) = 0.
Denoting h = F'¢ and h = F 1y, we then define the dyadic blocks by
A_ju = x(D)u = h*u,

NAju=¢(27'D)u = Qj”/ h(29y)u(x — y)dy ifj >0,

n

n

Aju= ¢(277D)u = 2]'"/ h(2'y)u(x — y)dy ifj € Z.

The low-frequency cut-off operator is defined by

Sju = Z Apu, Sju: Z Aju.

—1<k<j—1 k<j—1



Obviously we can write that: Id =) y Aj. The high-frequency cut-off operator S’j
is defines by
Sp=1d—S;=> A,
k>j

To begin, we define Besov spaces.
Definition 1. For se Rand 1 < p,r < oo, and u € 8§’ we set
= |21 Ajul| 1o

Ir({k>—1})

lull sy, = 1271 A0l

I"(Z)"

The nonhomogeneous Besov space Bj . and the homogeneous Besov space B;r are
set of function u € &' such that |ul|ps , HuHBs < 00 respectively.

Let us state some basic Lemmas for Besov spaces.
Lemma 2.1. The following properties hold:
(4) IVA_1ullr2 < Cl[Ayul|z2.
(id) CT'2||Ajull 2 < IVAullr2 < CP||Ajul 2 (€ Z).
(iid) [V Sjullzz < C2|Spullzz (j > 0).
(i) [|Sjullz < C2|VSjullz (> 0).
The assertions (i), (i), (i74) and (iv) easily follow from the Plancherel theorem.
Lemma 2.2. The following properties hold:
(1) C L SVl

() [[Vul

(ii) If ' > s orif s =s and ry <r then B;Tl C B,,.

(iv) If ry <7 then BS, C B;}r.

p,T1
(v) Let A :=+/—A andt € R. Then the operator A' is an isomorphism from 35,1
to B;‘lt
See, e.g., [2] [3] and [4] for the proof.
Lemma 2.3. The following properties hold:

() Julli~ < Cllull g (B € 1%).
(i) BY, c L' € BY
(i) B3y =~ H".
(i) B;, C B;,, (s >0).
See, e.g., [2] [3] and [4] for the proof.



3 Reformulation of the problem

In this section we first rewrite system (1) into the one for the perturbation. We
then introduce some auxiliary lemmas which will be useful in the proof of the main
result.

Let us rewrite the problem (1). We define pq, s and v by

Iz p+ -
H1 = =, U2 = — y V= P/(p>
p p
By using the new unknown function
t,x)—p 1
o(t,x) = M, w(t,x) = —u(t, ),
p 8

the initial value problem (1) is reformulated as

00 +~V -w = Fy(U),
Ohw — pAw — paV(V - w) + Vo = Fy(U), (5)
(07 w)(o> Z‘) = (007 wO)(ZE)v

where, U = < “ ),
w

Fi(U)=—y(w-Vo+oV-w),

g g
F - ~(w- _ Aw — _
»(U) Yw - V)w = = ASw = iy ==V (V - w)
1 _ _
- - p" + p)d
+( Py Py P"(spo+p) S)aVJ
o+1 v o+1

We set
A 0 —yV-
AR GYANS S IPAAVARY
By using operator A, problem (5) is written as

U — AU = F(U), Uli—o = Uy, (6)

r0= (5 ). 5=()

We introduce a semigroup associated with A. We set

where

B(tyu:=§ (A% forue 17,
where 0 v &
_ —iy

Here and in what follows the superscript -* means the transposition.
We next state some basic Lemmas.



Lemma 3.1. Let 51,50 < § such that sy +s2 > 0, u € B§11 and v € B§21 Then

Ss1+s2—5
uv € By, 7?7 and

[uol

B;}lJrSQ*% S C”’LL’

551 |U’ 582 .
By By

See, e.g., [1], for the proof.

Lemma 3.2. Let s > 0 and u € By, N L®. Let F € W22 (RY such that

loc
F(0) = 0. Then F(u) € Bs,. Moreover, there exists a function Cy of one variable
depending only on s,n and F, and such that

[[£ ()]

s, < Crlllullze)lu]

T I
B34

See, e.g., [2], for the proof.
Lemma 3.3. (i) Let a,b > 0 satisfying max{a,b} > 1. Then
t .
/ (14+5) 714+t —s)"0ds < O(1 + )" minledl ¢ >,
0
(1) Let a,b >0 and f € L'(0,00). Then

t t
/ (1+8) (1 +t—s)"fds < C(1 + t)min{“vb}/ |f|ds, t>0.
0 0

For the proof of (i), see [9]. Proof of (i) can be proved using Hélder inequality.

4 Proof of main result

In this section we prove Theorem 1.3. In subsections 4.1 and 4.2 we establish the
necessary estimates for A_;U(t) and A;U(t) for j > 0, respectively. In subsection
4.3 we derive the a priori estimate to complete the proof of Theorem 1.3.

Proposition 4.1. Let T > 0 and let (o,w) be a solution of problem (6) on [0,T]
such that

o€ C([0,T}; B},),w € O([0, T Bf,) N L0, T3 B, (7)

Then, N;U(t) = (Ajo, Ajw)* for j > —1 satisfy
0,0,U — ADU = D F(U), (8)
AjU‘t:() - A]UO (9)

Moreover, AN;U(t) for j > —1 satisfy

AU () = E(t) DUy + / tE(t — )\ F(U)(s)ds. (10)



Proof. Let U(t) = (o, w)" be a solution of (6) satisfying (7). Since A;AU = AN;U,
applying A; to (6), we obtain

{ RNU — AN;U = NF(U), (11)
le[]hzo :Illjlﬁy

It then follows that
t
AjU(t) = E(t)AjUO +/ E(t— s)AjF(U)(s)ds.
0

This completes the proof.

Set
M (t) := sup (1 4+ 7)4[|A_1U(7)|| L2,

0<r<t

Moo (t) == sup (1+7)7 Zz DIl AU (T)] 12 + 2|80 || 2},

0<r<t

M(t ) = M;(t) + Moo (2).

4.1 Estimate of low frequency parts

In this subsection we derive the estimate of A_;U(t), in other words, we estimate
M ().

Lemma 4.2 (Matsumura-Nishida [9]). (i) The set of all eigenvalues of A(€) con-
sists of \i(§) (i = 1,2,3), where

—(p1+pz) |€|2+2|£\ 42 —(p1+p2)(€)?

(€)=
X (€) = M (§),
A3(6) = —M1|§’
for all € € R"Here A\i(§) denotes the complex conjugate of \i(&).

(i) €A has the spectral resolution

3
— Z et (©)
j=1
for all |&| except at most points of |§| > 0, where P;(§) is the eigenprojection

for X\;(&) and P;(§) satisfies
IZEl<c (<)

where r =

0l
Viitpz
Moreover it has the estimate

4@ < Ce,

for all |§] > r and a positive constant [3.
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Remark 4.3. For each M > 0 there exist Cy = Co(M) > 0 and By = fo(M) > 0
such that the estimate A
e < Cpe 2l

holds for |§| < M and t > 0.

Lemma 4.4. E(t) satisfies the estimate,
IE@#)A-1Usllze < C(1+4)7 4 Usllgy _

fort > 0.
Proof. By Plancherel’s theorem and Lemma 4.2 (ii), we have
o 2\
NE@)A_1U(t) |2 < C(/ |eA(£)tU0‘2d§>
|€]<2

< of / e Ty (€) P de)
0<|¢|<L2

A 2 1
< CZ(’|AjUO|’L1||AjUO||L1/ eIl e) 2
J<2 2i-1<|g|<2i+1
< Cti%HUOHB?’wa (12)

where Aj = Aj,l + Aj + Aj+1.
We also find that

- 1
HE(t)A,onHL2 S CZ (HAJUOHLIHAJUOHLl/ eiﬁ|§\2td€)2
= 2i- 1<l <2t
< Clnlg_ (13)
The estimate of Lemma 4.4 follows from (12) and (13). O

As for M;(t), we show the following estimate.

Proposition 4.5. Let n > 3. There exists a € > 0 such that if
Joll 1+ ool 1 < e
then there exists a constant C' > 0 independent of T' such that
Mi(t) < C||Upllgo _ + CeM(t) + CM?(t)

fort € [0,T]



To prove Proposition 4.5, we will use the following estimates on F'(U).

Lemma 4.6. There exists a € > 0 such that if
Jwoll -+ + ool < e

then there exists a constant C' > 0 independent of T' such that
IF@)llgy < CO+)TIM)f() +C(1+1) 2 M2()

fort € [0,T], where 0 < f < ||w||Bg+1 € L0, 00).
2,1

We will prove Lemma 4.6 later. Now we prove Proposition 4.5.

Proof of Proposition 4.5. By Lemma 4.4 and (10), we see that
[ALU(T)||2 < [[E(T) AUz + /OT I1E(T = $)A1F(U(s))l|2ds
< C+n)H Ul + | (17— ) HIFU(s) 30_ds, (14)
Using Lemma 4.6, we have

| = Pl s

< C/OT(I +7—8) T {(1+ )77 f(s)M(t) + (1 + s)"2 M*(t)}ds
< CM(t) /OT(l +7—8) 4 (1+s8)7 1 f(s)ds
+CM?(t) /T(l +7—8)"i(14s) 2ds
< C(L47)"TeM(t) +C(A+ 7)1 M*(t). (15)

Here we used Lemma 3.3, in other words, we used § > 1 for n > 3 and fOT f(s)ds <
Me. By (14) and (15), we obtain

IALU M)z < CO+ 1) 5[ Usllgo_ + Ce(l+7)"TM(t) + C(1 +7)"TM(1),
and hence,
(1+7)i||A_U(T)]2 < CllUollgy  + CeM(t) + CM?(2).

Taking the supremum in 7 € [0, ¢], we obtain the desired estimate.

10



It remains to prove Lemma 4.6.

Proof of Lemma 4.6. Since L' ¢ B

Loos it suffices to estimate || F(U)[[z1. By
the Holder inequality, we have

IFO) < ClllwleallVollz: + ol Vwl e + [lwl el V]| e
Hloll2 [ V2wllze + lloll 2l Veollz: },
We see from Bj, C L* (s> 0) that

lwll2 Vol < Cllwll g1 lVoll 51 < C(1+s)72 M(t),
B3 By,

ol Vwlz < Clloll g1 {1 A 1wl + [[Sowl]| 3 }
B, B3,

A\

< C\|G!IB§;1{HwHB§;1 + \|w\|32%1+1}
< C(L48)2M2(t) + C(1+s) i M) f(t),

where 0 < f(t) < HwHB%H- As for | V2w|| 12, we get
2.1

IV2wll: < C{IA-vwlze + 1 owll 50}
2,1

IN

C{lwl 1 + ol -
The other terms are estimated similarly. Hence we have
IF@)llgp < C(L+s) 2 MP(t) + C(1+ )" TM(1) f(2)-

This completes the proof.

4.2 Estimate of high frequency parts
We next derive estimates for M,,. The system (8) is written as

Proposition 4.7. Let j > 0. There holds
1d 9 9 9
5 1BV Oz + ullVAw )12 + pellV - Ajw(®)]z2
= (AFR(U), Ajo) + (A F(U), Ajw) (17)
for a.e. t €10,T).

11



Proof. We take the inner product of (16); and (16), with Ao and A jw respectively,
integrating by parts and then adding them together, we obtain our proposition. []

For s € R, we denote A®z := F1[|¢]*2]. Let d = A~'V - w be the ”compressible
part” of the velocity. Applying A™1V- to (16),, system (16) writes

@Ajd — I/AAjd - ’}/AA]‘O' = A_lv . AjFQ(U),
where we denote v = 1 + po.

Proposition 4.8. Let j > 0. There holds

lvd d
ﬂallf\ﬁjalliz — 5 (ALo, Byd) + AL o |72 = Y| AL d] 7
—(ALGF(U), Ajd) — (A1 - A Fy(U), AA o) + %(AAjFl(U), AN o) (19)

for a.e. t €10,T).

Proof. We apply A to the equation (18); and then take L? inner product with A;d.
We take L? inner product of (18)y with AA;o0. We also apply A to the equation
(18); and take L? inner product with %Aja. By a suitable linear combination of
them, we obtain the desired identity of the proposition. 0

We introduce a lemma for estimates of the right hande side.

Lemma 4.9. The following inequalities hold

(AL (- V0),A80)| < Cag2 G hw] g o] 14850112

< Coéj2_(%_1)j||w||32%l+1(HAAJ'UI|L2||dHB§1—1 +loll ;3 184l z2),

1
where C' independs on j and ||[{a;}]|n < 1.

See, e.g., [2], for the proof.

Proposition 4.10. There exists a € > 0 such that if

ol 31 + ool 5 <

12



then there holds

d

ZEi() + Bi(t) < Cla;(1+ H)TTM(t)f(t)

+2G VAL (0V - w)|| 2 + 2G| A (w - V)| 2
+26 ) AR (U) 12 + 2<%-1>f||AjF2<U>||L2}, (20)
fort €[0,T] and j > 1, where >, _, a; <1, IS fbyde < f5° ||w|| FRE < Ce and cy

is not depend on j. Here, E;(t) is equivalent to 2=V ||A;U (¢ )HLz —|— 239(|A\jo| 2.
That is, there exists a Dy such that

1

- QETVNAU @) |2 +2 | Ajollz2) < By < D25V AU (1)]2+237 A0 22).
1

Proof. We add (17) to x x (19) with a constant £ > 0 to be determined later.
Then, we obtain

d 1
bl
+u|[VAwllie + p||V - Ajwllie + &[|AAN 0|7

= e AA W] + (AFUU), 8jo) + (AF(T), Ajw) + H%(AAjFl(U), ANo)

—k(ALGF(U), Djd) — k(A'Y - A F(U), ADo). (21)

RV
AUNLe + §;HAAJ‘UH§ — k(Ao Ayd) }

We set

B3 (1) = 2V AU+ 5 IAA 0l — (A0, 550}

For each k <1, there exists a D; > 3 such that
B < D20 Y AU0) |12+ 25 A0 12)’.
By Cauchy’s inequality with §, we have
(269 AU (8|22 + 287]| Ajoll2)” + DI E 09 (Ad, AL o)
< 2{ (2B AUW®)1)” + (28] 2j0l2) "}
+ D26 (2G| AN o || 2) +fo<;%(2<21>j‘|&jw”p)2_

We select 6 = 5~ and & is fixed in such a way that £ < min{d, {* o L 1}. We then
Y1

obtain

1

D2
n_q1y; 1

< PEVGIAUIL + 5T 1AMoL — w(AA0, Agd)} = B

50| AU )] 2 + 289 | Ao )

13



For j > 0, by Lemma 2.1, there exists a ¢y > 0 such that
2002 < 2257011V A2 + millV - AgwlZe + mIAA |2 — vl AL w2 ).

Let us next estimate the right hande side of 222717 x (21). By Hélder’s inequal-
ity, we obtain

226GV (A F(U), o) < 26718 Py (U)] 220577 Ao 2,
PGV (NF(U), A, a) 25~ ||A Fy(U)||2225 7| A e,
POV A B(U), Ajo) < 257V AF(U)]1225 7| A0 2.
By Lemma 4.9 we have
2G-0I (AL FUU), AL o)

(AA (w-Vo),ADjo) + 2% (AA (oV -w),ANjo)
< Cajuwugffuaugiﬂ“ A2 ol + 25 DAL (07 w12 AD o

and
22V (AN F(U), £yd)
= 22G7V(AA(w - Vo), Ayd) + 222V (AN (0V - w), Ajd)
+226 VI (A (w - Vd), ADjo) — 22E 7D (Aj(w - Vd), AL o)
< C‘%lel i (Il -%712(%‘1”HAAJ-0HL2 ol g3, 257V Ay 2)

+2%3° HA (wV - d)HLZH/\A o2 + 2% “1”|IAA (Vw2184 22,

where ) jez @ < 1. Hence we obtain

B2+ 200 < CE {0y (1 4+ 1)~ M(1) (1)

dt 7
+23 AL (0V - w)|| 2 + 287V A (w - V)| 2
+26 09| AR (U)o + 237D A Fa(U) 22} (22)

Let ; > 0 be a small parameter (which will tend to 0) and denote H} = E7 + 47.
From (22) and dividing by H;, we gather

dt Hy + coHj < C{ay(1+ ) 5 M(8) £ (1)

d
+2 “1)"”/\& (0V - w)l| 2 + 2 VA (w - Vd) || 12
+20 AR (U)|| g2 4 202799 A F5(U) | 12} + codt.

Having d; tend to 0, we get the desired result. 0

14



4.3 Proof of Theorem 1.3.

Proposition 4.11. There exists a constant e > 0 such that if

00l 11,5+ ool 1 < o

then there holds

) < C'{||U0|| 51 + ||0’0||B2%1}

50
Bl,oo

for 0 <t <T, where the constant C' does not depend on T'.

Proof. By (20) we have
Bt) < e 0)
t
+C/ e” O o (T4 1) "I M) F(t) + oy (1 + )72 M2(t)
0

F2EDIAA 0V - w2 + 2V Ay (w - V)2
L2 A R (U) 1 + 23D A Fy(U) | Y, (23)

where 337 oy < 1and [° f(t)dt < [* ||w|| ﬂ+1dt < C'ey. Hence summing up on

j > 0, by the monotone convergence theorem, We obtain
DBt < ety E(0)
j=0 §=0

t
e / =0l {o; (14 £) 5 M(£) f(£) + (1 + £)75 M2(t)
0
HloV - wl g+l Vel g+ B0 g1 + 1) g5}

We next estimate the right hand side. From Lemma 3.1 and Lemma 3.2, we have

lov-wllgz < Cllollyz IV-wllyz < C(L+7) 1M(7)f(7),

3221 -
lw - V]l 3+ < Cllwll g3 1Vl ;5 < C(1+7) T M(7)f(7).

7 —
2

Let us next consider HFI( )HB%’I’ ||F2( )||Bg,1:
21 2,1

lw- Vol 30 < Clullzz Vol 3
By,

IN

C(lla- 1w|| +||Sow|| n)||g||.ﬂ

2
By,

< Cl+7)" %M( )+ C(L+7) " M(7)f(T),

<C(1—|—7’) TM(7)f(7).

sVl

loV - wl 3 < Clo]
By,
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Hence, we obtain the estimate of ||F1(U)||B%_1. By using Lemma 3.1 and Lemma
2,1

3.2, ||F»(U )H 1 is estimated as

o o

HUHAwuBf;l < Ol 1wl 5
< Clolls Il "+1<C(1+T) TM(7)f(7),
12005 cnﬂ I3 190132 < CO+7)EM),
o+1 o+
(- V)wll g3 < Ollwll yz 2 [Vl 30 < C(1+7)7 “M(7)f(7).
In the same way as we can obtain estimates of other terms on || Fo(U )|| . Hence,

by using Lemma 3.3, the integral of the right hand side of (23) is estlmated as

/t e*CO(t*T){(l + T)*%MZ(T) +(14+7)" 4]\/[ }dT

IN

t t
M(t) / e_CO(t_T)(l + T)_%f(T)dT + MQ(t) / e_CO(t_T)(l + T)_%dT
0 0
< O +1t) TeaM(t) + C(1+t)"2 M*(t).
Hence, we obtain

Mao(t) < C(I|Uo]l y5-1 + llooll 5 ) + Ceal (t) + CM(2). (24)

By Proposition 4.5 and (24), we have

M(t) < C(IIUoll 3

.n_q .
2 0
By, NBj

+looll 15 ) + CeaM(t) + CM(t).

By taking e; > 0 suitable small, we obtain

M(t) < C([[Uo]

n_q ‘I’ ||0’0||B2%1)

B#, nBY
forall 0 <t <T. O
It follows from Proposition 1.2 and Proposition 4.11 that
M(t) < Cs;  forallt.

Hence we obtain the desired decay estimate in Theorem 1.3.
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