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Abstract: In this paper we are concerned with the convergence rates of the global
strong solution to motionless state with constant density for the compressible Navier-
Stokes equations in the whole space Rn for n ≥ 3. It is proved that the perturbations
decay in critical spaces, if the initial perturbations of density and velocity are small
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1 Introduction

This paper studies the initial value problem for the compressible Navier-Stokes
equation in Rn :

∂tρ+∇ · (ρu) = 0,

∂tu+ (u · ∇)u+ ∇P (ρ)
ρ

= µ
ρ
△u+ µ+µ′

ρ
∇(∇ · u),

(ρ, u)(0, x) = (ρ0, u0)(x).

(1)

Here t > 0, x = (x1, x2, · · · , xn) ∈ Rn; the unknown functions ρ = ρ(t, x) > 0
and u = u(t, x) = (u1(t, x), u2(t, x), · · · , un(t, x)) denote the density and velocity,
respectively; P = P (ρ) is the pressure that are assumed to be a function of the
density ρ; µ and µ′ are the viscosity coefficients satisfying the conditions µ > 0 and
µ′ + 2

n
µ ≥ 0; and ∇·, ∇ and △ denote the usual divergence, gradient and Laplacian

with respect to x, respectively.
We assume that P (ρ) is smooth in a neighborhood of ρ̄ with P ′(ρ̄) > 0, where ρ̄

is a given positive constant.
In this paper we derive the convergence rate of solution of problem (1) to the

constant stationary solution (ρ̄, 0) as t → ∞ when the initial perturbation (ρ0−ρ̄, u0)
is sufficiently small in critical spaces and Ḃ0

1,∞ for n ≥ 3.
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Matsumura-Nishida [8] showed the global in time existence of solution of (1)
for n = 3, provided that the initial perturbation (ρ0 − ρ̄, u0) is sufficiently small in
H3(R3) ∩ L1(R3). Furthermore, the following decay estimates was obtained in [8];

∥∇k(ρ− ρ̄, u)(t)∥L2 ≤ C(1 + t)−
3
4
− k

2 k = 0, 1. (2)

These results were proved by combining the energy method and the decay estimates
of the semigroup E(t) generated by the linearized operator A at the constant state
(ρ̄, 0).

On the other hand, Kawashita [6] showed the global existence of solution for
initial perturbations sufficiently small in Hs0(Rn) with s0 = [n

2
] + 1, n ≥ 2. (Note

that s0 = 2 for n = 3). Wang-Tan [11] then considered the case n = 3 when the
initial perturbation (ρ0 − ρ̄, u0) is sufficiently small in H2(R3)∩L1(R3), and proved
the decay estimates (2). Okita [10] showed that if n ≥ 2 then the following estimates
hold for the solution (ρ, u) of (1) :

∥∇k(ρ− ρ̄, u)(t)∥L2 ≤ C(1 + t)−
n
4
− k

2 k = 0, · · · , s0,

provided that (ρ0− ρ̄, u0) is sufficiently small in Hs0(Rn)∩L1(Rn) with s0 = [n
2
]+1.

This result was shown by decomposition of the perturbation into low and high
frequency parts. Moreover Liang Li-Zhang [7] showed the density and momentum

converge at the rates (1+t)
3
4
− s

2 in the L2-norm, when initial perturbation sufficiently
small in H l(R3) ∩ Ḃ−s

1,∞(R3) with l ≥ 4 and s ∈ [0, 1]. Note that L1 is included in

Ḃ0
1,∞.
Danchin [2] proved the global existence in critical homogeneous Besov space,

which is stated as follows.

Proposition 1.1 (Danchin [2]). Let n ≥ 2. There are two positive constants ϵ1 and

M such that for all (ρ0, u0) with (ρ0 − ρ̄) ∈ Ḃ
n
2
2,1 ∩ Ḃ

n
2
−1

2,1 , u0 ∈ Ḃ
n
2
−1

2,1 and

∥ρ0 − ρ̄∥
Ḃ

n
2
2,1∩Ḃ

n
2 −1

2,1

+ ∥u0∥
Ḃ

n
2 −1

2,1

≤ ϵ1, (3)

then problem (1) has a unique global solution (ρ, u) ∈ C(R+; Ḃ
n
2
2,1∩Ḃ

n
2
−1

2,1 )×
(
L1(R+; Ḃ

n
2
+1

2,1 )∩
C(R+; Ḃ

n
2
−1

2,1 )
)
that satisfies the estimate

∥ρ− ρ̄∥
Ḃ

n
2 −1

2,1

+ ∥u∥
Ḃ

n
2 −1

2,1

+

∫ ∞

0

∥u∥
Ḃ

n
2 +1

2,1

dt ≤ M
(
∥ρ0 − ρ̄∥

Ḃ
n
2
2,1∩Ḃ

n
2 −1

2,1

+ ∥u0∥
Ḃ

n
2 −1

2,1

)
.

For critical nonhomogeneous Besov space, Haspot [4] proved the local well-
posedness.

Proposition 1.2 (Haspot [4]). Let n ≥ 2. Let u0 ∈ B
n
2
−1

2,1 and (ρ0 − ρ̄) ∈ B
n
2
2,1 with

ρ0− ρ̄ > 0. Then there exist a constant T > 0 such that the problem (1) has a unique
local solution (ρ, u) on [0, T ] with ρ− ρ̄ > 0 and:

ρ− ρ̄ ∈ C([0, T ];B
n
2
2,1), u ∈

(
C([0, T ];B

n
2
−1

2,1 ) ∩ L1(0, T ;B
n
2
+1

2,1 )
)
.
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We now state our main result of this paper which gives the optimal L2 decay
rate for strong solutions in critical Besov spaces.

Theorem 1.3. Assume that n ≥ 3. There exists ϵ > 0 such that if u0 ∈ B
n
2
−1

2,1 ∩Ḃ0
1,∞,

(ρ0 − ρ̄) ∈ B
n
2
2,1 ∩ Ḃ0

1,∞ and

∥ρ0 − ρ̄∥
B

n
2
2,1∩Ḃ0

1,∞
+ ∥u0∥

B
n
2 −1

2,1 ∩Ḃ0
1,∞

≤ ϵ,

then problem (1) has a unique global solution (ρ−ρ̄, u) ∈ C(R+;B
n
2
2,1)×

(
C(R+;B

n
2
−1

2,1 )∩
L1(R+; Ḃ

n
2
+1

2,1 )
)
. Furthermore, there exists constant C0 > 0, we have

∥(ρ− ρ̄, u)∥
B

n
2 −1

2,1

≤ C0(1 + t)−
n
4 (4)

for t ≥ 0.

Remark 1.4. If (ρ0, u0) satisfies the assumption of Theorem 1.3, then it also satis-
fies the assumption of Proposition 1.1. Therefore, we have estimate of (3).

Remark 1.5. We will derive the a priori estimate with time weight for ∥
(
ρ(t) −

ρ̄, u(t)
)
∥
B

n
2
2,1×B

n
2 −1

2,1

which, together with Proposition 1.2, proves the global existence

in nonhomogeneous critical Besov spaces and Ḃ0
1,∞.

Remark 1.6. The convergence rates for the problem of (1) given in (2) are optimal.

By B
n
2
−1

2,1 ⊂ L2, the convergence rate of (4) are optimal.

To prove Theorem 1.3, as in [5], we introduce a decomposition of the perturba-
tion U(t) = (ρ − ρ̄, u)(t) associated with the spectral properties of the linearized
operator A. In the case of our problem, we simply decompose the perturbation
U(t) into low and high frequency parts. As for the low frequency part, we apply
the decay estimates for the low frequency part of E(t); while the high frequency
part is estimated by using the energy method. One of the points of our approach
is that by restricting the use of the decay estimates for E(t) to its low frequency
part, one can avoid the derivative loss due to the convective term of the transport
equation (1)1. On the other hand, the convective term of (1)1 can be controlled by
the energy method and commutator estimate which we apply to the high frequency
part. Another point is that we have

∫∞
0

∥u∥
Ḃ

n
2 +1

2,1

dt < Cϵ, established in Proposition

1.1. We need this estimate when we estimate the nonlinear terms.
The paper is organized as follows. In Section 2 we introduce the notation and

some properties of Besov spaces. In Section 3 we rewrite the system into the one
for the perturbation and introduce auxiliary Lemmas used in this paper. In Section
4 we give the proof of Theorem 1.3.

2 Preliminaries

In this section we first introduce the notation which will be used throughout this
paper. We then introduce Besov spaces and some properties of Besov spaces.
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2.1 Notation

Let Lp(1 ≤ p ≤ ∞) denote the usual Lp-Lebesgue space on Rn. For nonnegative
integer m, we denote by Hm the usual L2-Sobolev space of order m. The inner-
product of L2 is denoted by (·, ·). If S is any nonempty set, sequence space lp(S)
denote the usual lp sequence space on S.

For any integer l ≥ 0,∇lf denotes all of l-th derivatives of f .
For a function f , we denote its Fourier transform by F[f ] = f̂ :

F[f ](ξ) = f̂(ξ) =

∫
Rn

f(x)e−ix·ξdx.

The inverse of F is denoted by F−1[f ] = f̌ ,

F−1[f ](x) = f̌(x) = (2π)−n

∫
Rn

f(ξ)eiξ·xdξ.

2.2 Besov spaces

Let us now define the homogeneous and nonhomogeneous Besov spaces. First we
introduce the dyadic partition of unity. We can use for instance any (ϕ, χ) ∈ C∞,
such that ϕ is supported in {ξ ∈ Rn|3

4
≤ |ξ| ≤ 8

3
}, χ is supported in {ξ ∈ Rn||ξ| ≤ 4

3
}

such that

∀ξ ∈ Rn, χ(ξ) +
∑
j≥0

ϕ(2−jξ) = 1,

∀ξ ∈ Rn\{0},
∑
j∈Z

ϕ(2−jξ) = 1,

|j − j′| ≥ 2 ⇒ Suppϕ(2−j·) ∩ Suppϕ(2−j′ ·) = ∅,
j ≥ 1 ⇒ Suppχ ∩ Suppϕ(2−j·) = ∅.

Denoting h = F−1ϕ and h̃ = F−1χ, we then define the dyadic blocks by

△−1u = χ(D)u = h̃ ∗ u,

△ju = ϕ(2−jD)u = 2jn
∫
Rn

h(2jy)u(x− y)dy if j ≥ 0,

△̇ju = ϕ(2−jD)u = 2jn
∫
Rn

h(2jy)u(x− y)dy if j ∈ Z.

The low-frequency cut-off operator is defined by

Sju =
∑

−1≤k≤j−1

△ku, Ṡju =
∑

k≤j−1

△̇ku.
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Obviously we can write that: Id =
∑

j △j. The high-frequency cut-off operator S̃j

is defines by

S̃j = Id− Sj =
∑
k≥j

△ku,

To begin, we define Besov spaces.

Definition 1. For s ∈ R and 1 ≤ p, r ≤ ∞, and u ∈ S ′ we set

∥u∥Bs
p,r

:=
∥∥2js∥△ju∥Lp

∥∥
lr({k≥−1}),

∥u∥Ḃs
p,r

:=
∥∥2js∥△̇ju∥Lp

∥∥
lr(Z).

The nonhomogeneous Besov space Bs
p,r and the homogeneous Besov space Ḃs

p,r are
set of function u ∈ S ′ such that ∥u∥Bs

p,r
, ∥u∥Ḃs

p,r
< ∞ respectively.

Let us state some basic Lemmas for Besov spaces.

Lemma 2.1. The following properties hold:

(i) ∥∇△−1u∥L2 ≤ C∥△−1u∥L2.

(ii) C−12j∥△̇ju∥L2 ≤ ∥∇△̇ju∥L2 ≤ C2j∥△̇ju∥L2 (j ∈ Z).

(iii) ∥∇Sju∥L2 ≤ C2j∥Sju∥L2 (j ≥ 0).

(iv) ∥S̃ju∥L2 ≤ C2j∥∇S̃ju∥L2 (j ≥ 0).

The assertions (i), (ii), (iii) and (iv) easily follow from the Plancherel theorem.

Lemma 2.2. The following properties hold:

(i) C−1∥u∥Ḃs
p,r

≤ ∥∇u∥Ḃs−1
p,r

≤ C∥u∥Ḃs
p,r
.

(ii) ∥∇u∥Bs−1
p,r

≤ C∥u∥Bs
p,r
.

(iii) If s′ > s or if s′ = s and r1 ≤ r then Bs′
p,r1

⊂ Bs
p,r.

(iv) If r1 ≤ r then Ḃs
p,r1

⊂ Ḃs
p,r.

(v) Let Λ :=
√
−△ and t ∈ R. Then the operator Λt is an isomorphism from Ḃs

2,1

to Ḃs−t
2,1 .

See, e.g., [2] [3] and [4] for the proof.

Lemma 2.3. The following properties hold:

(i) ∥u∥L∞ ≤ C∥u∥
Ḃ

n
2
2,1

(
Ḃ

n
2
2,1 ⊂ L∞)

.

(ii) Ḃ0
1,1 ⊂ L1 ⊂ Ḃ0

1,∞.

(iii) Bs
2,2 ≈ Hs.

(iv) Bs
p,r ⊂ Ḃs

p,r (s > 0).

See, e.g., [2] [3] and [4] for the proof.
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3 Reformulation of the problem

In this section we first rewrite system (1) into the one for the perturbation. We
then introduce some auxiliary lemmas which will be useful in the proof of the main
result.

Let us rewrite the problem (1). We define µ1, µ2 and γ by

µ1 =
µ

ρ̄
, µ2 =

µ+ µ′

ρ̄
, γ =

√
P ′(ρ̄).

By using the new unknown function

σ(t, x) =
ρ(t, x)− ρ̄

ρ̄
, w(t, x) =

1

γ
u(t, x),

the initial value problem (1) is reformulated as
∂tσ + γ∇ · w = F1(U),
∂tw − µ1△w − µ2∇(∇ · w) + γ∇σ = F2(U),
(σ,w)(0, x) = (σ0, w0)(x),

(5)

where, U =

(
σ
w

)
,

F1(U) = −γ(w · ∇σ + σ∇ · w),

F2(U) = −γ(w · ∇)w − µ1
σ

σ + 1
△w − µ2

σ

σ + 1
∇(∇ · w)

+
( ρ̄γ

σ + 1
− ρ̄

γ

∫ 1

0
P ′′(sρ̄σ + ρ̄)ds

σ + 1

)
σ∇σ.

We set

A =

(
0 −γ∇·

−γ∇ µ1△+ µ2∇∇·

)
.

By using operator A, problem (5) is written as

∂tU − AU = F (U), U |t=0 = U0, (6)

where

F (U) =

(
F1(U)
F2(U)

)
, U0 =

(
σ0

w0

)
.

We introduce a semigroup associated with A. We set

E(t)u := F−1[eÂ(ξ)tû] for u ∈ L2,

where

Â(ξ) =

(
0 −iγξt

−iγξ −µ1|ξ|2In − µ2ξξ
t

)
.

Here and in what follows the superscript ·t means the transposition.
We next state some basic Lemmas.
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Lemma 3.1. Let s1, s2 ≤ n
2
such that s1 + s2 > 0, u ∈ Ḃs1

2,1 and v ∈ Ḃs2
2,1. Then

uv ∈ Ḃ
s1+s2−n

2
2,1 and

∥uv∥
Ḃ

s1+s2−
n
2

2,1

≤ C∥u∥Ḃs1
2,1
∥v∥Ḃs2

2,1
.

See, e.g., [1], for the proof.

Lemma 3.2. Let s > 0 and u ∈ Ḃs
2,1 ∩ L∞. Let F ∈ W

[s]+2,∞
loc (Rn) such that

F (0) = 0. Then F (u) ∈ Ḃs
2,1. Moreover, there exists a function C1 of one variable

depending only on s, n and F , and such that

∥F (u)∥Ḃs
2,1

≤ C1(∥u∥L∞)∥u∥Ḃs
2,1
.

See, e.g., [2], for the proof.

Lemma 3.3. (i) Let a, b > 0 satisfying max{a, b} > 1. Then∫ t

0

(1 + s)−a(1 + t− s)−bds ≤ C(1 + t)−min{a,b}, t ≥ 0.

(ii) Let a, b > 0 and f ∈ L1(0,∞). Then∫ t

0

(1 + t)−a(1 + t− s)−bfds ≤ C(1 + t)−min{a,b}
∫ t

0

|f |ds, t ≥ 0.

For the proof of (i), see [9]. Proof of (ii) can be proved using Hölder inequality.

4 Proof of main result

In this section we prove Theorem 1.3. In subsections 4.1 and 4.2 we establish the
necessary estimates for △−1U(t) and △jU(t) for j ≥ 0, respectively. In subsection
4.3 we derive the a priori estimate to complete the proof of Theorem 1.3.

Proposition 4.1. Let T > 0 and let (σ,w) be a solution of problem (6) on [0, T ]
such that

σ ∈ C([0, T ];B
n
2
2,1), w ∈ C([0, T ];B

n
2
2,1) ∩ L1(0, T ;B

n
2
+1

2,1 ), (7)

Then, △jU(t) = (△jσ,△jw)
t for j ≥ −1 satisfy

∂t△jU − A△jU = △jF (U), (8)

△jU |t=0 = △jU0. (9)

Moreover, △jU(t) for j ≥ −1 satisfy

△jU(t) = E(t)△jU0 +

∫ t

0

E(t− s)△jF (U)(s)ds. (10)
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Proof. Let U(t) = (σ,w)t be a solution of (6) satisfying (7). Since △jAU = A△jU ,
applying △j to (6), we obtain{

∂t△jU − A△jU = △jF (U),
△jU |t=0 = △jU0.

(11)

It then follows that

△jU(t) = E(t)△jU0 +

∫ t

0

E(t− s)△jF (U)(s)ds.

This completes the proof.
□

Set
M1(t) := sup

0≤τ≤t
(1 + τ)

n
4 ∥△−1U(τ)∥L2 ,

M∞(t) := sup
0≤τ≤t

(1 + τ)
n
4

∞∑
j=0

2(
n
2
−1)j

{
∥△jU(τ)∥L2 + 2j∥△jσ∥L2

}
,

M(t) := M1(t) +M∞(t).

4.1 Estimate of low frequency parts

In this subsection we derive the estimate of △−1U(t), in other words, we estimate
M1(t).

Lemma 4.2 (Matsumura-Nishida [9]). (i) The set of all eigenvalues of Â(ξ) con-
sists of λi(ξ) (i = 1, 2, 3), where

λ1(ξ) =
−(µ1+µ2)|ξ|2+i|ξ|

√
4γ2−(µ1+µ2)|ξ|2

2
,

λ2(ξ) = λ1(ξ),
λ3(ξ) = −µ1|ξ|2,

for all ξ ∈ RnHere λ1(ξ) denotes the complex conjugate of λ1(ξ).

(ii) etÂ(ξ) has the spectral resolution

etÂ(ξ) =
3∑

j=1

etλj(ξ)Pj(ξ),

for all |ξ| except at most points of |ξ| > 0, where Pj(ξ) is the eigenprojection
for λj(ξ) and Pj(ξ) satisfies

∥Pj(ξ)∥ ≤ C
(
|ξ| ≤ r

)
.

where r = γ√
µ1+µ2

.

Moreover it has the estimate

∥etÂ(ξ)∥ ≤ Ce−βt,

for all |ξ| ≥ r and a positive constant β.
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Remark 4.3. For each M > 0 there exist C2 = C2(M) > 0 and β2 = β2(M) > 0
such that the estimate

∥etÂ(ξ)∥ ≤ C2e
−β2|ξ|2t

holds for |ξ| ≤ M and t > 0.

Lemma 4.4. E(t) satisfies the estimate,

∥E(t)△−1U0∥L2 ≤ C(1 + t)−
n
4 ∥U0∥Ḃ0

1,∞

for t ≥ 0.

Proof. By Plancherel’s theorem and Lemma 4.2 (ii), we have

∥E(t)△−1U0(t)∥L2 ≤ C
(∫

|ξ|≤2

∣∣eÂ(ξ)tÛ0

∣∣2dξ) 1
2

≤ C
( ∫

0<|ξ|≤2

e−β|ξ|2t|Û0(ξ)|2dξ
) 1

2

≤ C
∑
j≤2

(
∥△jU0∥L1∥△̃jU0∥L1

∫
2j−1<|ξ|≤2j+1

e−β|ξ|2tdξ
) 1

2

≤ Ct−
n
4 ∥U0∥Ḃ0

1,∞
, (12)

where △̃j := △j−1 +△j +△j+1.
We also find that

∥E(t)△−1U0∥L2 ≤ C
∑
j≤2

(
∥△jU0∥L1∥△̃jU0∥L1

∫
2j−1<|ξ|<2j+1

e−β|ξ|2tdξ
) 1

2

≤ C∥U0∥Ḃ0
1,∞

. (13)

The estimate of Lemma 4.4 follows from (12) and (13). □

As for M1(t), we show the following estimate.

Proposition 4.5. Let n ≥ 3. There exists a ϵ > 0 such that if

∥w0∥
B

n
2 −1

2,1

+ ∥σ0∥
B

n
2
2,1

≤ ϵ,

then there exists a constant C > 0 independent of T such that

M1(t) ≤ C∥U0∥Ḃ0
1,∞

+ CϵM(t) + CM2(t)

for t ∈ [0, T ]
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To prove Proposition 4.5, we will use the following estimates on F (U).

Lemma 4.6. There exists a ϵ > 0 such that if

∥w0∥
B

n
2 −1

2,1

+ ∥σ0∥
B

n
2
2,1

≤ ϵ,

then there exists a constant C > 0 independent of T such that

∥F (U)∥Ḃ0
1,∞

≤ C(1 + t)−
n
4M(t)f(t) + C(1 + t)−

n
2M2(t)

for t ∈ [0, T ], where 0 ≤ f ≤ ∥w∥
Ḃ

n
2 +1

2,1

∈ L1(0,∞).

We will prove Lemma 4.6 later. Now we prove Proposition 4.5.

Proof of Proposition 4.5. By Lemma 4.4 and (10), we see that

∥△−1U(τ)∥L2 ≤ ∥E(τ)△−1U0∥L2 +

∫ τ

0

∥E(τ − s)△−1F (U(s))∥L2ds

≤ C(1 + τ)−
n
4 ∥U0∥Ḃ0

1,∞
+

∫ t

0

(1 + τ − s)−
n
4 ∥F (U(s))∥Ḃ0

1,∞
ds. (14)

Using Lemma 4.6, we have∫ τ

0

(1 + τ − s)−
n
4 ∥F (U(s))∥Ḃ0

1,∞
ds

≤ C

∫ τ

0

(1 + τ − s)−
n
4 {(1 + s)−

n
4 f(s)M(t) + (1 + s)−

n
2M2(t)}ds

≤ CM(t)

∫ τ

0

(1 + τ − s)−
n
4 (1 + s)−

n
4 f(s)ds

+CM2(t)

∫ τ

0

(1 + τ − s)−
n
4 (1 + s)−

n
2 ds

≤ C(1 + τ)−
n
4 ϵM(t) + C(1 + τ)−

n
4M2(t). (15)

Here we used Lemma 3.3, in other words, we used n
2
> 1 for n ≥ 3 and

∫ τ

0
f(s)ds ≤

Mϵ. By (14) and (15), we obtain

∥△−1U(τ)∥L2 ≤ C(1 + τ)−
n
4 ∥U0∥Ḃ0

1,∞
+ Cϵ(1 + τ)−

n
4M(t) + C(1 + τ)−

n
4M2(t),

and hence,

(1 + τ)
n
4 ∥△−1U(τ)∥2 ≤ C∥U0∥Ḃ0

1,∞
+ CϵM(t) + CM2(t).

Taking the supremum in τ ∈ [0, t], we obtain the desired estimate.
□
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It remains to prove Lemma 4.6.

Proof of Lemma 4.6. Since L1 ⊂ Ḃ0
1,∞, it suffices to estimate ∥F (U)∥L1 . By

the Hölder inequality, we have

∥F (U)∥L1 ≤ C
{
∥w∥L2∥∇σ∥L2 + ∥σ∥L2∥∇w∥L2 + ∥w∥L2∥∇w∥L2

+∥σ∥L2∥∇2w∥L2 + ∥σ∥L2∥∇σ∥L2

}
,

We see from Bs
2,1 ⊂ L2 (s ≥ 0) that

∥w∥L2∥∇σ∥L2 ≤ C∥w∥
B

n
2 −1

2,1

∥∇σ∥
B

n
2 −1

2,1

≤ C(1 + s)−
n
2M2(t),

∥σ∥L2∥∇w∥L2 ≤ C∥σ∥
B

n
2 −1

2,1

{
∥△−1w∥L2 + ∥S̃0w∥

B
n
2
2,1

}
≤ C∥σ∥

B
n
2 −1

2,1

{
∥w∥

B
n
2 −1

2,1

+ ∥w∥
Ḃ

n
2 +1

2,1

}
≤ C(1 + s)−

n
2M2(t) + C(1 + s)−

n
4M(t)f(t),

where 0 ≤ f(t) ≤ ∥w∥
Ḃ

n
2 +1

2,1

. As for ∥∇2w∥L2 , we get

∥∇2w∥L2 ≤ C
{
∥△−1w∥L2 + ∥S̃0w∥

Ḃ
n
2 +1

2,1

}
≤ C

{
∥w∥

B
n
2 −1

2,1

+ ∥w∥
Ḃ

n
2 +1

2,1

}
.

The other terms are estimated similarly. Hence we have

∥F (U)∥Ḃ0
1,∞

≤ C(1 + s)−
n
2M2(t) + C(1 + s)−

n
4M(t)f(t).

This completes the proof.
□

4.2 Estimate of high frequency parts

We next derive estimates for M∞. The system (8) is written as{
∂t△jσ + γ∇ · △jw = △jF1(U),
∂t△jw − µ1△△jw − µ2∇ · (∇△jw) + γ∇△jσ = △jF2(U).

(16)

Proposition 4.7. Let j ≥ 0. There holds

1

2

d

dt
∥△jU(t)∥2L2 + µ1∥∇△jw(t)∥2L2 + µ2∥∇ · △jw(t)∥2L2

= (△jF1(U),△jσ) + (△jF2(U),△jw) (17)

for a.e. t ∈ [0, T ].

11



Proof. We take the inner product of (16)1 and (16)2 with△jσ and△jw respectively,
integrating by parts and then adding them together, we obtain our proposition. □

For s ∈ R, we denote Λsz := F−1[|ξ|sẑ]. Let d = Λ−1∇ · w be the ”compressible
part” of the velocity. Applying Λ−1∇· to (16)2, system (16) writes{

∂t△jσ + γΛ△jd = △jF1(U),
∂t△jd− ν△△jd− γΛ△jσ = Λ−1∇ · △jF2(U),

(18)

where we denote ν = µ1 + µ2.

Proposition 4.8. Let j ≥ 0. There holds

1

2

ν

γ

d

dt
∥Λ△jσ∥2L2 −

d

dt
(Λ△jσ,△jd) + ∥Λ△jσ∥2L2 = γ∥Λ△jd∥2L2

−(Λ△jF1(U),△jd)− (Λ−1∇ · △jF2(U),Λ△jσ) +
ν

γ
(Λ△jF1(U),Λ△jσ)(19)

for a.e. t ∈ [0, T ].

Proof. We apply Λ to the equation (18)1 and then take L2 inner product with △jd.
We take L2 inner product of (18)2 with Λ△jσ. We also apply Λ to the equation
(18)1 and take L2 inner product with ν

γ
△jσ. By a suitable linear combination of

them, we obtain the desired identity of the proposition. □

We introduce a lemma for estimates of the right hande side.

Lemma 4.9. The following inequalities hold∣∣(Λ△j(w · ∇σ),Λ△jσ
)∣∣ ≤ Cαj2

−(n
2
−1)j∥w∥

Ḃ
n
2 +1

2,1

∥σ∥
Ḃ

n
2
2,1

∥Λ△jσ∥L2 ,

∣∣(Λ△j(w · ∇σ),Λ△jd
)
+
(
△j(w · ∇d),Λ△jσ

)∣∣
≤ Cαj2

−(n
2
−1)j∥w∥

Ḃ
n
2 +1

2,1

(
∥Λ△jσ∥L2∥d∥

Ḃ
n
2 −1

2,1

+ ∥σ∥
Ḃ

n
2
2,1

∥△jd∥L2

)
,

where C independs on j and ∥{αj}∥l1 ≤ 1.

See, e.g., [2], for the proof.

Proposition 4.10. There exists a ϵ > 0 such that if

∥w0∥
B

n
2 −1

2,1

+ ∥σ0∥
B

n
2
2,1

≤ ϵ

12



then there holds

d

dt
Ej(t) + c0Ej(t) ≤ C{αj(1 + t)−

n
4M(t)f(t)

+2(
n
2
−1)j∥Λ△j(σ∇ · w)∥L2 + 2(

n
2
−1)j∥△j(w · ∇d)∥L2

+2(
n
2
−1)j∥△jF1(U)∥L2 + 2(

n
2
−1)j∥△jF2(U)∥L2}, (20)

for t ∈ [0, T ] and j ≥ 1, where
∑

j=Z αj ≤ 1,
∫∞
0

f(t)dt ≤
∫∞
0

∥w∥
Ḃ

n
2 +1

2,1

< Cϵ and c0

is not depend on j. Here, Ej(t) is equivalent to 2(
n
2
−1)j∥△jU(t)∥L2 + 2

n
2
j∥△jσ∥L2.

That is, there exists a D1 such that

1

D1

(
2(

n
2
−1)j∥△jU(t)∥L2+2

n
2
j∥△jσ∥L2

)
≤ Ej ≤ D1

(
2(

n
2
−1)j∥△jU(t)∥L2+2

n
2
j∥△jσ∥L2

)
.

Proof. We add (17) to κ × (19) with a constant κ > 0 to be determined later.
Then, we obtain

d

dt

{1
2
∥△jU∥2L2 +

κ

2

ν

γ
∥Λ△jσ∥2L2 − κ(Λ△jσ,△jd)

}
+µ1∥∇△jw∥2L2 + µ2∥∇ · △jw∥2L2 + κ∥Λ△jσ∥2L2

= γκ∥Λ△jw∥2L2 +
(
△jF1(U),△jσ

)
+
(
△jF1(U),△jw

)
+ κ

ν

γ

(
Λ△jF1(U),Λ△jσ

)
−κ

(
Λ△jF1(U),△jd

)
− κ

(
Λ−1∇ · △jF2(U),Λ△jσ

)
. (21)

We set

E2
j (t) = 22(

n
2
−1)j

{1
2
∥△jU∥2L2 +

κ

2

ν

γ
∥Λ△jσ∥2L2 − κ(Λ△jσ,△jd)

}
.

For each κ ≤ 1, there exists a D1 > 3 such that

E2
j ≤ D2

1

(
2(

n
2
−1)j∥△jU(t)∥L2 + 2

n
2
j∥△jσ∥L2

)2
.

By Cauchy’s inequality with δ, we have(
2(

n
2
−1)j∥△jU(t)∥L2 + 2

n
2
j∥△jσ∥L2

)2
+D2

1κ2
2(n

2
−1)j(△jd,Λ△jσ)

≤ 2
{(

2(
n
2
−1)j∥△jU(t)∥L2

)2
+
(
2

n
2
j∥△jσ∥L2

)2}
+D2

1κδ
(
2(

n
2
−1)j∥Λ△jσ∥L2

)2
+D2

1κ
1

4δ

(
2(

n
2
−1)j∥△jw∥L2

)2
.

We select δ = ν
4γD1

and κ is fixed in such a way that κ ≤ min{δ, µ1

4γ
, 1}. We then

obtain

1

D2
1

(
2(

n
2
−1)j∥△jU(t)∥L2 + 2

n
2
j∥△jσ∥L2

)2
≤ 22(

n
2
−1)j

{1
2
∥△jU∥2L2 +

κ

2

ν

γ
∥Λ△jσ∥2L2 − κ(Λ△jσ,△jd)

}
= E2

j .

13



For j ≥ 0, by Lemma 2.1, there exists a c0 > 0 such that

2c0E
2
j ≤ 22(

n
2
−1)j

{
µ1∥∇△jw∥2L2 + µ1∥∇ · △jw∥2L2 + κ∥Λ△jσ∥2L2 − γκ∥Λ△jw∥2L2

}
.

Let us next estimate the right hande side of 22(
n
2
−1)j× (21). By Hölder’s inequal-

ity, we obtain

22(
n
2
−1)j

(
△jF1(U),△jσ

)
≤ 2(

n
2
−1)j∥△jF1(U)∥L22(

n
2
−1)j∥△jσ∥L2 ,

22(
n
2
−1)j

(
△jF2(U),△jσ

)
≤ 2(

n
2
−1)j∥△jF2(U)∥L22(

n
2
−1)j∥△jw∥L2 ,

22(
n
2
−1)j

(
Λ−1∇ · △jF2(U),△jσ

)
≤ 2(

n
2
−1)j∥△jF2(U)∥L22(

n
2
−1)j∥△jσ∥L2 .

By Lemma 4.9 we have

22(
n
2
−1)j

(
Λ△jF1(U),Λ△jσ

)
= 22(

n
2
−1)j

(
Λ△j(w · ∇σ),Λ△jσ

)
+ 22(

n
2
−1)j

(
Λ△j(σ∇ · w),Λ△jσ

)
≤ Cαj∥w∥

Ḃ
n
2 +1

2,1

∥σ∥
Ḃ

n
2
2,1

2(
n
2
−1)j∥Λ△jσ∥L2 + 22(

n
2
−1)j∥Λ△j(σ∇ · w)∥L2∥Λ△jσ∥L2 ,

and

22(
n
2
−1)j

(
Λ△jF1(U),△jd

)
= 22(

n
2
−1)j

(
Λ△j(w · ∇σ),△jd

)
+ 22(

n
2
−1)j

(
Λ△j(σ∇ · w),△jd

)
+22(

n
2
−1)j

(
△j(w · ∇d),Λ△jσ

)
− 22(

n
2
−1)j

(
△j(w · ∇d),Λ△jσ

)
≤ Cαj∥w∥

Ḃ
n
2 +1

2,1

(
∥d∥

Ḃ
n
2 −1

2,1

2(
n
2
−1)j∥Λ△jσ∥L2 + ∥σ∥

Ḃ
n
2
2,1

2(
n
2
−1)j∥△jd∥L2

)
+22(

n
2
−1)j∥△j(w∇ · d)∥L2∥Λ△jσ∥L2 + 22(

n
2
−1)j∥Λ△j(σ∇ · w)∥L2∥△jd∥L2 ,

where
∑

j∈Z αj ≤ 1. Hence we obtain

d

dt
E2

j + 2c0E
2
j ≤ CEj

{
αj(1 + t)−

n
4M(t)f(t)

+2(
n
2
−1)j∥Λ△j(σ∇ · w)∥L2 + 2(

n
2
−1)j∥△j(w · ∇d)∥L2

+2(
n
2
−1)j∥△jF1(U)∥L2 + 2(

n
2
−1)j∥△jF2(U)∥L2}. (22)

Let δ1 > 0 be a small parameter (which will tend to 0) and denote H2
j = E2

j + δ21.
From (22) and dividing by Hj, we gather

d

dt
Hj + c0Hj ≤ C

{
αj(1 + t)−

n
4M(t)f(t)

+2(
n
2
−1)j∥Λ△j(σ∇ · w)∥L2 + 2(

n
2
−1)j∥△j(w · ∇d)∥L2

+2(
n
2
−1)j∥△jF1(U)∥L2 + 2(

n
2
−1)j∥△jF2(U)∥L2}+ c0δ

2
1.

Having δ1 tend to 0, we get the desired result. □
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4.3 Proof of Theorem 1.3.

Proposition 4.11. There exists a constant ϵ2 > 0 such that if

∥U0∥
B

n
2 −1

2,1 ∩Ḃ0
1,∞

+ ∥σ0∥
B

n
2
2,1

≤ ϵ2,

then there holds
M(t) ≤ C

{
∥U0∥

B
n
2 −1

2,1 ∩Ḃ0
1,∞

+ ∥σ0∥
B

n
2
2,1

}
for 0 ≤ t ≤ T , where the constant C does not depend on T .

Proof. By (20) we have

Ej(t) ≤ e−c0tEj(0)

+C

∫ t

0

e−c0(t−τ){αj(1 + t)−
n
4M(t)f(t) + αj(1 + t)−

n
2M2(t)

+2(
n
2
−1)j∥Λ△j(σ∇ · w)∥L2 + 2(

n
2
−1)j∥△j(w · ∇d)∥L2

+2(
n
2
−1)j∥△jF1(U)∥L2 + 2(

n
2
−1)j∥△jF2(U)∥L2}dτ, (23)

where
∑∞

j=0 αj ≤ 1 and
∫∞
0

f(t)dt ≤
∫∞
0

∥w∥
Ḃ

n
2 +1

2,1

dt < Cϵ2. Hence summing up on

j ≥ 0, by the monotone convergence theorem, we obtain

∞∑
j=0

Ej(t) ≤ e−c0t

∞∑
j=0

Ej(0)

+C

∫ t

0

e−c0(t−τ){αj(1 + t)−
n
4M(t)f(t) + (1 + t)−

n
2M2(t)

+∥σ∇ · w∥
Ḃ

n
2
2,1

+ ∥w · ∇d∥
Ḃ

n
2 −1

2,1

+ ∥F1(U)∥
Ḃ

n
2 −1

2,1

+ ∥F2(U)∥
Ḃ

n
2 −1

2,1

}dτ.

We next estimate the right hand side. From Lemma 3.1 and Lemma 3.2, we have

∥σ∇ · w∥
Ḃ

n
2
2,1

≤ C∥σ∥
Ḃ

n
2
2,1

∥∇ · w∥
Ḃ

n
2
2,1

≤ C(1 + τ)−
n
4M(τ)f(τ),

∥w · ∇d∥
Ḃ

n
2 −1

2,1

≤ C∥w∥
Ḃ

n
2 −1

2,1

∥∇d∥
Ḃ

n
2
2,1

≤ C(1 + τ)−
n
4M(τ)f(τ).

Let us next consider ∥F1(U)∥
Ḃ

n
2 −1

2,1

, ∥F2(U)∥
Ḃ

n
2 −1

2,1

:

∥w · ∇σ∥
Ḃ

n
2 −1

2,1

≤ C∥w∥
Ḃ

n
2
2,1

∥∇σ∥
Ḃ

n
2 −1

2,1

≤ C
(
∥△−1w∥

Ḃ
n
2
2,1

+ ∥S̃0w∥
Ḃ

n
2
2,1

)
∥σ∥

Ḃ
n
2
2,1

≤ C(1 + τ)−
n
2M2(τ) + C(1 + τ)−

n
4M(τ)f(τ),

∥σ∇ · w∥
Ḃ

n
2 −1

2,1

≤ C∥σ∥
Ḃ

n
2 −1

2,1

∥∇w∥
Ḃ

n
2
2,1

≤ C(1 + τ)−
n
4M(τ)f(τ).
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Hence, we obtain the estimate of ∥F1(U)∥
Ḃ

n
2 −1

2,1

. By using Lemma 3.1 and Lemma

3.2, ∥F2(U)∥
Ḃ

n
2 −1

2,1

is estimated as

∥ σ

σ + 1
△w∥

Ḃ
n
2 −1

2,1

≤ C∥ σ

σ + 1
∥
Ḃ

n
2
2,1

∥△w∥
Ḃ

n
2 −1

2,1

≤ C∥σ∥
Ḃ

n
2
2,1

∥w∥
Ḃ

n
2 +1

2,1

≤ C(1 + τ)−
n
4M(τ)f(τ),

∥ ρ̄γ

σ + 1
σ∇σ∥

Ḃ
n
2 −1

2,1

≤ C∥ ρ̄γ

σ + 1
σ∥

Ḃ
n
2
2,1

∥∇σ∥
Ḃ

n
2 −1

2,1

≤ C(1 + τ)−
n
2M2(τ),

∥(w · ∇)w∥
Ḃ

n
2 −1

2,1

≤ C∥w∥
Ḃ

n
2 −1

2,1

∥∇w∥
Ḃ

n
2 −1

2,1

≤ C(1 + τ)−
n
4M(τ)f(τ).

In the same way as we can obtain estimates of other terms on ∥F2(U)∥
Ḃ

n
2 −1

2,1

. Hence,

by using Lemma 3.3, the integral of the right hand side of (23) is estimated as∫ t

0

e−c0(t−τ)
{
(1 + τ)−

n
2M2(τ) + (1 + τ)−

n
4M(τ)f(τ)

}
dτ

≤ M(t)

∫ t

0

e−c0(t−τ)(1 + τ)−
n
4 f(τ)dτ +M2(t)

∫ t

0

e−c0(t−τ)(1 + τ)−
n
2 dτ

≤ C(1 + t)−
n
4 ϵ2M(t) + C(1 + t)−

n
2M2(t).

Hence, we obtain

M∞(t) ≤ C
(
∥U0∥

Ḃ
n
2 −1

2,1

+ ∥σ0∥
Ḃ

n
2
2,1

)
+ Cϵ2M(t) + CM2(t). (24)

By Proposition 4.5 and (24), we have

M(t) ≤ C
(
∥U0∥

Ḃ
n
2 −1

2,1 ∩Ḃ0
1,∞

+ ∥σ0∥
Ḃ

n
2
2,1

)
+ Cϵ2M(t) + CM2(t).

By taking ϵ2 > 0 suitable small, we obtain

M(t) ≤ C
(
∥U0∥

B
n
2 −1

2,1 ∩Ḃ0
1,∞

+ ∥σ0∥
B

n
2
2,1

)
for all 0 ≤ t ≤ T . □

It follows from Proposition 1.2 and Proposition 4.11 that

M(t) ≤ C3 for all t.

Hence we obtain the desired decay estimate in Theorem 1.3.
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The Itô-Nisio theorem, quadratic Wiener functionals, and 1-solitons

MI2010-5 Shohei TATEISHI & Sadanori KONISHI
Nonlinear regression modeling and detecting change point via the relevance vector
machine

MI2010-6 Shuichi KAWANO, Toshihiro MISUMI & Sadanori KONISHI
Semi-supervised logistic discrimination via graph-based regularization

MI2010-7 Teruhisa TSUDA
UC hierarchy and monodromy preserving deformation

MI2010-8 Takahiro ITO
Abstract collision systems on groups



MI2010-9 Hiroshi YOSHIDA, Kinji KIMURA, Naoki YOSHIDA, Junko TANAKA & Yoshihiro
MIWA
An algebraic approach to underdetermined experiments

MI2010-10 Kei HIROSE & Sadanori KONISHI
Variable selection via the grouped weighted lasso for factor analysis models

MI2010-11 Katsusuke NABESHIMA & Hiroshi YOSHIDA
Derivation of specific conditions with Comprehensive Groebner Systems

MI2010-12 Yoshiyuki KAGEI, Yu NAGAFUCHI & Takeshi SUDOU
Decay estimates on solutions of the linearized compressible Navier-Stokes equation
around a Poiseuille type flow

MI2010-13 Reiichiro KAWAI & Hiroki MASUDA
On simulation of tempered stable random variates

MI2010-14 Yoshiyasu OZEKI
Non-existence of certain Galois representations with a uniform tame inertia weight

MI2010-15 Me Me NAING & Yasuhide FUKUMOTO
Local Instability of a Rotating Flow Driven by Precession of Arbitrary Frequency

MI2010-16 Yu KAWAKAMI & Daisuke NAKAJO
The value distribution of the Gauss map of improper affine spheres

MI2010-17 Kazunori YASUTAKE
On the classification of rank 2 almost Fano bundles on projective space

MI2010-18 Toshimitsu TAKAESU
Scaling limits for the system of semi-relativistic particles coupled to a scalar bose
field

MI2010-19 Reiichiro KAWAI & Hiroki MASUDA
Local asymptotic normality for normal inverse Gaussian Lévy processes with high-
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