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Abstract

Quasi-geostrophic current is expanded in terms of vertical modes such as barotropic and baroclinic ones.
Then the evolution of quasi-geostrophic motion is understood from the behavior of each vertical mode.
There are some subtle issues, however, as regards vertical modes: boundary conditions, difference between
a level model and a layer model, and so on. A comprehensive formulation is given of the expansion of the
quasi-geostrophic flows in terms of vertical modes both for a level model and for a layer model. Vertical
modes are defined in almost the same manner for a level model and a layer model. Evolution equation and
energetics of each mode are derived and argued. In addition to the ordinary nonlinear advective three-mode
interaction, a gentle relief of bottom topography allows inter-modal energy transfer via bottom topography;
in particular the so-called JEBAR effect and topographic torque is classified into one of such two-mode
interaction (coupling). Under the rigid lid surface condition, the barotropic mode does not make a triplet
with two different baroclinic modes, in the three-mode nonlinear advective interaction. Detailed balance
turns out to hold for inter-modal energy transfer with respect to three-mode nonlinear advective interaction
and two-mode coupling via topography. Potential enstrophy transfer among vertical modes is formulated
also. It is shown that detailed balance is assured for inter-modal enstrophy transfer as well, if potential
enstrophy is chosen properly. On the other hand detailed balance is not expected for inter-modal enstrophy
transfer by two-mode coupling via bottom topography. '

Key words : vertical modes, quasi-geostrophic dynamics, continuous and discrete formulation, inter-

modal energy/enstrophy transfer, nonlinear advective interaction. two-mode coupling via

bottom topography

1. Introduction

Large-scale ocean currents at middle to high lati-
tudes are described well as a quasi-geostrophic motion,
where primary balance of momentum is geostophic in
the horizontal direction and hydrostatic in the verti-
cal direction. See Pedlosly (1977), Rhines (1977), and
Treguier and Hua (1987), say, for fundamental formula-
tion and applications.

Nowadays most numerical simulations are based on
the primitive equations, so that quasi-geostrophy is not
an essential ingredient of such numerical models. On
the other hand, dynamics or mechanism tends to be
hidden behind a vast amount of complicated data pro-
duced by a black box of computation. In this sense
quasi-geostrophic formulation still remains useful in dis-
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cussing and understanding the dynamics of large-scale
oceanic current within a simple framework.

Meanwhile long-term baroclinic behavior of current
becomes more and more important for understanding
the mechanism of large-scale motion of the ocean. A way
to resolve the baroclinic structure is to expand the cur-
rent field in terms of vertical modes such as barotropic
and baroclinic ones. There are somewhat subtle issues,
however, in the expansion in terms of vertical modes. In
this article therefore we want to present fairly compre-
hensive formulas necessary in discussing and analyzing
the quasi-geostrophic motion in a multi-level model or
a multi-layer model with a gently variable depth. This
is the primary purpose of the paper.

The secondary purpose is to argue some features
of energy transfer among vertical modes. Also inter-
modal transfer of (potential) enstrophy is argued. We
see that, in the nonlinear advective interaction among



28 Masuda: Vertical modes of quasi-geostrophic flows in an ocean with bottom topography

any triplet of vertical modes, the total energy transfer
and enstrophy among them vanishes or closed within
the triplet. The barotropic mode cannot make an inter-
acting triplet with two different baroclinic modes under
the rigid lid surface condition. Argument is addressed
also to the inter-modal energy transfer via bottom ‘to-
pography. The so-called JEBAR effect is shown to be a
particular kind of inter-modal energy transfer, in which
only the barotropic mode has a special role. These ef-
fects are reduced to topographic stress, which is often
related with the Neptune effect (Holloway 1992, Eby
and Holloway 1994).

The next section prepares for the framework of
the Q-G dynamics such as notations and situations.
The third section gives a systematic formulation of the
method of expansion of vertical modes for a level model
(continuous model). Energetics of each mode and in-
teraction among different vertical modes are investi-
gated. Detailed balance of three-mode interaction and
two-mode coupling via bottom topography is derived for
inter-modal energy transfer. Detailed balance extends
to inter-modal enstrophy transfer for the three-mode in-
teraction, but not for the two-mode coupling via bottom
topography. In the fourth section similar formulation is
presented for a discrete version or a layer model, with
some differences noted. Evolution equation and ener-
getics go almost parallel to those in a level model. The
final section gives a summary and discussion.

2. Notation and situation

In this section we (1) prepare for notation, (2) de-
scribe the ocean to be considered and (3) relate relevant
variables with the quasi-geostrophic stream function 1.

2.1 coordinates and notation

In this article, we adopt the GFDVN (geophysical
fluid dynamics vector notation), a tool for a simple de-
scription of geophysical fluid dynamics. For details see
Masuda (2010). However, its minimums are described
here for consistency.

A horizontal vector is expressed in boldface, while a
three-dimensional vector is in boldface with an under-
line. A vector expressed in boldface usually indicates a
column vector with its components. A dash of a vec-
tor or a matrix expresses its transpose. For example we

have

’

{w: (z,y) 7 {u: (u,v)’

z = (z,y,2) w = (u,v,w)’

where z, y, z are the eastward, northward, and upward
coordinate, respectively. Also (u, v, w) denote the corre-
sponding velocity components. According to the above
notation, we have such an expression as z = (z’, z)".

A useful operator of GFDVN is the strophe operator

-, which twists a horizontal vector clockwise at right

angle, so that
w=(u,v) = -u=(v,-u).

We have a few related operators and symbols as fol-

lows:
8 a8\
V= (5;, 5&) (nabla)
_ o (8 aY
=V = (By’ —B:E) (blana)
and
o)1 for i=3
8i; = { 0 otherwise and
1 for (4,5) = (1,2)
€i,j = -1 for ('ij) = (21 1) ’
0 otherwise

respectively, where suffix ¢ (j) is 1 or 2, corresponding
to z and y; d; ; is called Kronecker’s delta.

In GFDVN, a vector product is a scalar, so that we
have

Oa Ob

Va x Vb= J(a,b) = Zfi'jﬁ?@"'
) 7

4,
where J(a,b) is the Jacobian of scalar fields a and b.
There are a few useful identities such as

8 0
Q-Va—v~da—zei,j~a~£;a~$ja:0» 1
7
Va-Vb=da-<b, V?a=<a, (2)

where (1) corresponds to the well-known identities
rotgrad =0 and divrot=20

in the ordinary notation.

Often we write as “A |= B”, which reads “A is a
different representation of B or vice versa”. An example
is

u = g,

where the left-hand side is a two-dimensional vector u
and the right-hand side is its i-th component u;. This
convention is used as a general rule.

For the convenience of later discussion, let RV be
the set of the N-dimensional column vectors of real com-
ponents, N being a positive integer. We then write as
u € R? and u € R®. Similarly CV denotes the set
of the N-dimensional column vectors of complex com-
ponents. Likewise let M (k,l) be the set of the (k,{)-
matrices of real (or complex) components, k and ! being
positive integers. Then the expression

(Mk,1)3) ME M
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means that M is a (k,l)-matrix and that its (,j)-
component is M; ;.

We put another convention for vectors and matrices
as follows. Let u; =u € R" and M, ; = M € M(n,n).
Vector u and matrix M are specified by their compo-
nents with suffixes running from 1 to n. If a suffix of
the component lies outside the intrinsic range from 1 to
n, that component reads 0 automatically unless stated

otherwise; for example, ug = 0 and Myp41,2 = 0.

2.2 ocean and stratification

Consider a mid-latitude ocean on a [-plane. The
Coriolis parameter f is expressed as f = f(y) = fr+8v,
where fr denotes the Coriolis parameter in the middle
of the basin, 8 > 0 is the meridional gradient of f, and
the northward coordinate y has its origin at the center
of the basin.

We consider two kinds of oceans with respect to the
side boundary condition. The first is a closed ocean
of a finite area (closed ocean basin or COB), while the
second is an ocean periodic both in z and in y. (pe-
riodic ocean basin or POB), The former is an ordinary
model ocean, and the latter is used often for the study of
the quasi-geostrophic turbulence (Rhines 1975, Treguier
and Hua 1987, Takase and Masuda 1996, Okuno and
Masuda 2003).

Let L be a characteristic length scale of motion and
U a horizontal velocity scale of current. We assume

BL

—~ ~ Ro « 1, where Ro = is the Rossby number.

U
. frL
The time scale of the motion is assumed so small com-
pared with f;'. Then the large-scale dynamics of the
ocean is governed by the quasi-geostrophic (abbreviated
as Q-G) vorticity equation. We do not repeat the Q-G
formulation; it is familiar enough and the reader can
refer to Pedlosky (1987) for its systematic description.
The focus here is not the Q-G formualtion itself, but the
expansion of the Q-G motion in terms of vertical modes.

The ocean has a mean depth of H > 0 with a gentle
bottom topography. The mean surface is located at z =
0 and the bottom at z = zv(x) = —H + h(z) < 0; h
represents the bottom relief. As is well known (Pedlosky
1987), the bottom topography should be gentle enough
(so that ||Vh| < Ro) for the Q-G formulation to be
valid. We further assume that bottom relief h is so small
that the values at z = 2, = — H+h can be approximated
by those at z = —H.

As regards viscosity, we assume a (constant) hor-
izontal kinematic eddy viscosity v, whereas we ignore
the vertical eddy viscosity except at the surface and the
bottom (Ekman suction).

Let p be the density of sea water, p, its reference
value, and g the acceleration of gravity. We adopt the
Boussinesq approximation, which is valid when density

stratification is weak enough. In the Boussinesq approx-
imation, it is convenient to define buoyancy B as

_ _p—pr
B=-—-
Pr g
and B is defined as the horizontal average of B, where
® indicates the horizontal average of e. Then we have
dB
N? = Az > 0, where N is called the buoyancy fre-
quency. Density diffusion is ignored both in the hori-
zontal and vertical directions for the quasi-gestorophic
motion in concern, though it plays a key role in main-
taining the basic stratification of the ocean.

2.3 Q-G stream function and others

In the Q-G dynamics the only unknown variable to
be solved is the quasi-geostrophic stream function .
The other related variables are expressed in terms of .

Let p, b, and ¥ be the Q-G pressure, Q-G buoyancy,
and Q-G stream function defined respectively by

0
p = “pressure” — / pg dz, (3)
b=B-B=-L_Pg (4)
pr
.
w = prfr 3 (5)

where the term “Q-G” is often omitted for simplicity.
Buoyancy b is related with 1 as

oy
0z

1 dp
b:——: r
pr 0z f

(6)

from the hydrostatic approximation. Geostrophic bal-

ance fru = YP is rewritten as
Pr

u= u prfr Prfr
Y (1" N
(B o

The substantial derivative in the Q-G dynamics is
defined by

D _ Qe __ Oe
Dt T Ve T Ve
Oe Je
A‘S?‘FV'(J)XV.‘E‘FJ(’(/),.) (8)

for a quantity e, since the advection by such a small
vertical velocity w is ignored in the Q-G framework,
where V- u = —V - < = 0 by virtue of (1).

Also we have

2 Db *ab L
N w = T u-Vb
B 3] N 9y
=1 (5 + @) 5 (©)

ow [0 )
fr??‘&[ﬁ?(’éi“L‘](w"))a_z]
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__( a (2 oy
==z +70) {5‘5 (NZEE)}
(2 £2)
8z’ N2 gz
a fr o
(8t + I, )) [Bz (’\/2 Oz )} {10)

Since the upward displacement n(zx,z,t) of the
isopycnal is related with w by

(a + I, )) Lo

H

ot N2 8z
fr 51/)}
Dt [N2 oz 1
we obtain
fr O
S L. 12
K N2 9z’ (12)
because n = 0 for the initial quiet condition. Also the
elevation of the sea surface becomes
_P=Pa_ [ Pa (13)
prg g prg

at z = 0, where p, denotes the deviation of the at-
mospheric pressure from the standard value at the sea
surface.

Vorticity ¢ is expressed as

(=Vxu=-Vx g = <%y = V.

We define potential vorticity ¢ as the sum of relative
vorticity and the thickness term with the 8 term omit-
ted:

QEC—f«r@
2 fr al,b
e 2 (EB)

The kinetic energy (K.E.) and (available) potential en-
ergy (P.E.) of the ocean are defined by

(1]
Pr 2
—2—//“11“ dzdx
[0}
2 [ [ 1vurdzae, (15)
2 —H
0
PE. = pr/(gnz 0+/ Nzngdz) d
2 -H
_o [ (£ (o 2 Y
B 2/(9 (w prfr>,

0
)i (aw)
+ / ER dz j dz, (16)
respectively, where

/.m;//.ady

K.E. =

denotes the horizontal integration of e over the ocean
basin (POB or COB). If we assume a rigid lid on the sea
surface, the potential energy due to the surface elevation
vanishes in (16).

2.4 boundary conditions

At the bottom 2z = zp(x, h) = —H + h(z,y) we have

wp =u - Vh+wpg,

where wye is the bottom Ekman upwelling, which is
assumed to be ~ I;—:\Vzd) with A a positive constant
related with the vertical eddy viscosity and f,. Omitting
all the details of Ekman layer over the sloping bottom
we put A as a positive constant for simplicity.

We have supposed that A is so small that the evalua-
tion at the bottom is approximated by that at the mean
depth z = —H. The above condition at the bottom is

expressed in terms of ¢ as

HX H)\
fr

Vi

or
B
at z = —H, where (11) has been used.
On the other hand at the surface z = 0, Ekman suc-
tion is imposed by the wind stress 7. Usually in the

(3 + I, )) i 3"’

Q-G dynamics, the surface elevation is quite small, so
that a rigid lid is assumed on the sea surface. That is,
the surface elevation 7,-¢ by (13) and the associated
wy=0 = (u-7n).=0 are neglected. We follow this conven-
tion, unless referring to otherwise.

Then we have

r
ws = wsg =V X 18
E i (18)
at z = 0. This is related with ¢ by

0 f_,,S'{,b

(5 +709) ¥o s
= —frwep = —frV x — (19)

Pr

at z=0 (surface).

One may replace that surface condition by an ex-
ternal force F's concentrated at the surface. Then we
have

K:VXE—S-:(S(Z)VXPL

T

where §(e) denotes the delta function.

The side boundary conditions are as follows. For the
periodic ocean basin (POB), all the relevant physical
quantities like v should satisfy the periodic boundary
condition. For a closed ocean basin {COB), we require
the non-slip condition for v > 0:

0=u=—<9 along 380, (20)
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where OO denotes the side boundary. If the ocean is
inviscid (v = 0), the no-slip condition is replaced by

O=n-u=-n-W, (21)

where n denotes the unit horizontal vector normal to
the basin boundary.

We should note that the Q-G formulation poses an
auxiliary constraint that supplements the side bound-
ary condition. That rule is mass conservation, which is
expressed as

%/wdz =0 for ze€(-H,0). (22)
See Appendix D for details.

3. Level model

This section defines vertical modes for a level model
(model of continuous stratification) and discusses their
fundamental properties. Then evolution equation of
each vertical mode is derived. Energetics of each mode
and energy transfer among vertical modes are formu-
lated.

3.1 vertical modes

We first determine the vertical modes in terms of
which to expand the quasi-geostrophic stream function
. Any complete set of functions does expand % in
the vertical direction. Usually, however, we prefer a set
of orthonomal eigenfunctions that reflects the dynamics
of the system in concern. In our case, such a complete
orthonormal set is obtained from the eigenvalue problem
of the Sturm-Liouville type below.

The differential operation with respect to z coordi-
nate, in the definition of ¢ (14) should be replaced by a
multiplication of an eigenvalue for the associated eigen-
fucntion. Thus it is natural to define the problem as

d [f2dde] _ o
S el Il

_ () (d

0= ( dz >z=0 B ( dz )z:—H (23)
1 f° .

1:5/_H|wk|2dz

where Fj is the k-th eigenvalue and Pk = Uk (2) is the as-
sociated eigenfunction. The first of the above equations

(-H<2<0)

defines the differential equation to be satisfied by P
The second gives the boundary conditions at the sur-
face (rigid lid) and the bottom (flat bottom, formally),
which are the same as those of 1. The third is the nor-
malization condition.

This eigenvalue problem corresponds to that of the
well-known Sturm Liouville type. For a uniform strati-
fication N?(z) = const > 0, we have

2 K’

Fe= 7

(0 < k; k: integer)

(k=0)

) 1
wk:{\/icosﬂif a<ky - @

1% <
For smooth distribution of N?(z) > 0, it is easy to
obtain the following results:

0
W:bnn=55 [ bnlinra @)
H
. 1 [° 52 dim din
(2) : Fmdm,n = E T m dz W dZ, (26)
(3): Fm > Fo=0, o(z)=1. (27)

Property (1) means the ordinary orthogonality of eigen-
functions. The second property shows another less fa-
miliar orthogonality. Property (3) means that eigenval-
ues are non-negative, and the lowest eigenvalue is 0 with
the associated eigenfunction of ¥o(z) = 1. In oceanog-
raphy we call 9o as the barotropic mode, and the others
{¢x | k > 1} as the baroclinic modes. These results are
well-known so that we admit them (see Section 4, where
derivation of the above properties is given for a layer
model).

1) Attention is to be paid that Fy = 0 is due to the as-
sumption of the rigid lid at the surface z = 0; if the free
variable surface is allowed, Fo becomes positive though
it is quite small (see Appendix A).

2) Since the set of all the vertical modes {9m |0 < m}
is complete and orthonormal, any ordinary function ¢ =
¢(z) can be expanded in terms of those vertical modes
as

$(z) = > $mibm(2), (28)

m=0

where the expansion coefficient ¢, becomes

ém

1 (° R
5| ¢ (29)

Here the expansion coefficient of vertical modes is indi-
cated by ,,. We therefore have

Y(@,2,8) = Y (@, )P (2), (30)

m=0

where
- 1 v . -
inz=g [ Whndzmin@n @
-H

représents the k-th mode Q-G stream function. Likewise
we may expand the horizontal current u as

u(x,2,t) = Z U (2, t)Pm (2)
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in terms of Wm.

3) It is often convenient to divide the current into the
barotropic and baroclinc component. We define

'l/ftro ’(/-;01&0 - 'UZ'O
Utro - 'd)tro 1(32)
Ptro = prfr¢tro

as the barotropic component of ¢, u, and p. The re-

maining part

Vet =%~ ero = 3 (@, ) (2)
m>1 (33)
Ueli = — wcli = U — Utro

Pcli = prfr'l/}cli =P — Ptro

are the baroclinic component of ¢, u, and p, respec-
tively. Of course, the baroclinic component is the sum

over all the baroclinic modes.

4) Property (2) shows the orthonormal condition of the

set of {N\f/r__ d:f;" 1< m} . For a uniform stratifi-

cation N%(z) = const > 0, we have

fr d'lj)m_ 5 .. Tmz
N\/E; dz = \/Esm T

just as (24).
One may expand any smooth function ¢ = ¢(z) as

— NVF, dz _y NVE, dz ’

This type of expansion is better for w, b, and 7, which

(1<m)

are expressed through ?

It is convenient, however, to use the basis functions
and inner product in a slightly modified way. For in-
stance, the basis function of the isopycnal elevation is
defined by

. r dfm
hm = ‘[{/2 :i/)z (34)

and the orthonormal condition (26) has a form of
1 0
Fmdm,n = ‘H [H sz)mf]n dz.

Then, the expansion of 7 in terms of {fjm} is written as
n= Zﬁmﬁ'm(z)a
m

where the coefficient 7, is obtained from

0

Friim = 5 [ N*(2)n- iim(2) d2
We should note that the inner product of {#n} differs
from the ordinary one (25) and that {fn} is not a nor-
mal basis even with this inner product. The advantage

of this representation is that we may expand 7 simply

n= Z "/;mf]m(z)

in terms of {1)m}; ¥ is the principal variable in the Q-G
dynamics.

as

5) It appears natural to call
m = (V° = Fin)tbm (35)

as the m-th mode of potential vorticity. Attention must
be paid to it, however, that, by our definition,

Gm = H/ wm <V2+——L{;282]>1/)d2
i [
H | N3z,
fr 8¢y -

:Qm+H {mé}; m}_H¢Qm-

Thus ¢ differs from the original definition in (29), but

= (V2 - Fm)'d;m +

let us call ¢, simply as “the m-th mode potential vor-
ticity”.

6) As will be shown later, three-mode interaction or in-
teraction among a triplet of vertical modes is the most
important in the evolution and energetics of each verti-
cal mode. We here define a few quantities related with
three-mode interaction for later convenience. The first
is the triplet interaction coefficient defined by

0
Ik = %/ itk dz, (36)
~H

which is symmetric with respect to indices.
In particular for ¢ = 0 we find

O AT
IDjk:ﬁ/_H"/}O Pk dz

1[0 ..
== [ Pidudz =0k (37)
H[H]kz 3.k

It implies that I;;x vanishes, if one of the interacting
triplet is the barotropic mode, unless the other vertical
modes are the same. Note, however, that Ioo; # 0 (i #
0), though it may be small, for the free-surface condition
(see Appendix A).

The second quantity is

_ di, 2 db
lw =l = 7 /’”ld—;md—f

— ’(/"11/}] fr dd’k
T |"H N2 dz H

d f7 d¢k
—_/ 1[’] dz N2 dz dz

2 g
e ()

= —Ijik + Fi Lijk. (38)
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3.2 evolution equation of each mode

The Q-G vorticity equation becomes

DVI,U

+ B :fr—+uV4'l/)+V

__D(f 4
=i (N282>+VV P+ V

or

) fr oy o
(5 + /@) [V vt [NZ e H TP
= vV +V, (39)

where V = V(x, z,t) denotes the prescribed (external)
volume input of vorticity, if ever. Usually we have

V=Vx E,
Pr
where F expresses some external force. Eq. (39) governs
the evolution of potential vorticity g at each level z.

If we know the evolution of {tm |0 < m}, we know
¥(z, z,t) by (30). We there-
fore convert (39) to the evolution equation of the m-th
mode by taking the inner product of (39) and ¥m, where
boundary conditions at the surface and bottom are to

the evolution of ¢ =

be taken into account in this calculation.
The resulting equation becomes

O (V® ~ Y + ﬂa‘”'"

= N + vV m + Vi + Wi, (40)
where
N = =Y Tijmd (i, ), (41)
%7
- [
Vi = i [H Vipm dz, (42)
- r - 0
W, = fﬁ (W], - (43)

Along the side boundary 90, ¥m must be periodic for
a POB or satisfy the no-slip condition Vb = 0 for a
COB (V- <%m = 0 when v = 0). Also mass conservation

constraint becomes

o -
g/@/)mdm—o.

Those side boundary conditions are obtained from the
inner product of ¢, with (20), (21), and (22).

The left-hand side of (40) describes the temporal
evolution of gm = (V? — Fm)tm and the S-effect. If
v=0,X=0,h=0V =0, 7 =0 and current is
small enough, only the left-hand side of (40) is signifi-
cant. Then the left-hand expresses the propagation of
the m-th mode linear Rossby waves. The first term on

the right-hand side of (40) describes the nonlinear ad-
vection. The second term shows the diffusion of vorticity
by horizontal viscosity and the third the external input
of vorticity. The last term indicates the forcing due to
stretching of water column at the surface (z = 0) and
bottom (z = —H).

The derivation of (40) to (43) is as follows. The
terms VV41,7)m and f/m on the right-hand side are
straightforward. Somewhat cumbersome is the manip-
ulation of the stretching term in ¢ and the nonlinear
term.

We first show

fr oY
7 (7o 3 () e

_ OV 2%y -
= o T {HNZ o5:""|

1 [ 9% dipm
H | ,, HN?0toz dz

_ OV [ L 0%
ot H N2 9toz

pm
ot

0
wmj| _Fm
-H

0
a 2 7 f1 02
= —(V' = Fn)Ym ™m . (4
a1 i *{ N g3Y LW
That is, integration by parts yields a boundary part in
addition to the mode term, just as ¢ has not only ¢m
but also a boundary part.
Next we have

- _ 1 f° 72 o
g [ (v ] e

H

where we have used
0
1 o 2oy _
H/_HJ<az N7 s ) ¥mdz =0

and defined N,. by

—— | I, V) pmdz

1 [° 12 0y dm
= r JY dz.
5.7 <”” N d: ) 42 @

N

il

(45)
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The above definition of N, is further rewritten as
m = Z J (Wi, V295 Lijm
4,5
= > I 0 (Fi = F)Lim
i%j

3 3 V@ V)
1,3

+J(¢j, Vi) + J(zﬁi,z&j)(ﬂ - F)] Tigm
-3 Z (i, (V° = Fy)5)

+J(w]-, (v*
- z J(’(Z)i! (v2
4,3
- Z J(TZ’i, qj)Itgm
2,j

in agreement with (41), where we have used (38).
The boundary parts of (44) and (45) yields Wi,

1[f/0 2 oy °
" [{ (55 + J(w")) N5z } ‘/""LH

- _g. [wie]”, = =W,

by use of (11). The derivation of (40) is over.

To close the equation in terms of {J}m}, however, we
have to express w at the surface and bottom in terms of
{¢m}. For that purpose we use the boundary condition
there. We find

- Fiji)] Lijm
— F)¥i)ijm

w(0) =ws; =V X f'rpr

w(—H)=w, = (J(w,h) + ﬂv%p)
f'r z=—H

=y [J(«Z)j,h) + Ef?v%] i (—H).

Then W, becomes

W = I [QZ)m(O)V x 1} ]
_ Z [ («L,, I ) + w%] ($s¥m),__, (46)
It is easy to show that

il (wm(ow x L Pon(~H)I (8, h))

orfr
- 1/ dzdm(2)
_ﬁ AHZmZ
VX[la(z ”Vh }
pr

where we have used

VE «Vh=Vx (ﬁw).

Pr

frd (i, h) =

This formula implies that the terms of W,,,, except that
due to the bottom Ekman suction, represent none other
than the torque of the horizontal force concentrated at
the surface and bottom. The term of —pVh is often
referred to as the topographic stress. Accordingly its
curl means the bottom pressure torque. In some litera-
ture the Neptune effect was related with the topographic
stress (Holloway 1992), though the Neptune effect is not
necessarily due to the topographic stress. Also —pVh is
associated with the JEBAR effect (see later discussion).

In (40) one may include the advective term due to
the m-th mode itself to the left-hand side as

8 " ) O,
(& "Immm<)'¢“m v) (Im+ﬂ6_

>

(3.3)#(m,m)

Iijm‘]('lzii, d;) + vV m 4 Vim + Wi,

In particular for the barotropic mode we obtain

(% -~ <oV ) v ¢0+ﬁ31/)o
=_J (T/Bo, Ir ) - AVZ0 + vV

. I: T:l
- 1/’111 +%+— V x
RIS .

S

The m-th vertical mode interacts with the others
through N,, (three-mode interaction; see (41)) and Wi,
(two-mode coupling; see(46)); note that two-mode cou-

) + ,\sz[),-] (@),

pling is not a nonlinear interaction but a linear coupling
of two vertical modes.

Within W there are two sources of interaction. One
arises from the bottom Ekman suction, which is essen-
tially linear. We consider it rather insubstantial; that
conversion from one mode to another arises from the
inviscid definition of vertical modes, which do not take
into account the bottom Ekamn suction properly.

The other kind reflects the coupling of two verti-
cal modes via topography Vh. In particular, for the
barotropic mode o, we may write this term in different
ways as follows.

_% Z [J(’l"[;]’h)] 1/;](—H) = _%J(wcli,h(m))z=_1{

7>0

_ _%(uch Vh(z))ee—n (47)

- —%vwdi X Vh)se_p = —ﬁv X ($ets VR))se 1

.Vh).—_n. (48)

Formula (47) means that bottom flow u.; not parallel
to the contours of h would yield vertical velocity, which
produces the barotropic component of relative vorticity
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V24g. This mechanism of conversion from the baro-
clinic modes to the bartoropic mode is often called as
the joint effect of baroclinicity and relief (JEBAR). On
the other hand (48) is referred to as the torque of bottom
pressure, since its right-hand side expresses the torque of
the force by bottom —p; Vh, as was mentioned before.

In any case, the present expression (46) describes
various kinds of conversion from one vertical mode to
another; JEBAR is only one of such modal inter-modal
conversion via bottom topography.

3.3 energetics of each mode and inter-
modal energy transfer

1) Before energetics, a few kinds of notation and useful
properties are described.

Let a, b, and ¢ be scalar fields and © and » be vector
fields of the basin, i.e., they are functions of (z,y). We
define some integration over the basin as

(a] - |b) = /abd:c

lal* = (al - |a)

(u|-lv)= [ u-vdx

(u|x|v)§/uxvdw
We then have

/J(a,b)dm:(Va| x |Vb):/Va><Vbda:

/Va-<1bda: (:—/Vb~<1adm)

/(+Vl[a<1b])dm:+j{an~<lbds

/(_v.[bqa])dm:—%bn~<lads

by virtue of Gauss’s theorem and (1). Thus we find

(49)

/J(a, b)dx = (Va| x |Vb) =0, (50)

if a and b sastisfy one of the conditions below:

(#) both a and b are periodic in x, y
(i) m - <a = 0 along the side boundary . (51)
(#i7) m - <b = 0 along the side boundary

Under the same boundary condition, (50) is generalized

dhq dh
/ e S (a,b) de = /J(ha(a)ﬁb(b))d‘”

= (Vha(a)| x [Vhs(b)) = O. (52)

to

for arbitrary smooth functions of h, and hs. In partic-
ular, for m > 0 and n > 0, we obtain

/aman(a, bydz = (a™Va| x [p"Vb")

m+1 n+1
:(Va IXIVb ):0_ (53)

m+ 1 n+1

Obviously, the geostrophic stream function ¢ (and
its veritcal mode 1Lm) is periodic for the case of a peri-
odic ocean basin (POB), or n- (%)) = -n-u = 0 for
the case of a closed ocean basin (COB).

Then for scalar fields a, b, and ¢, we have

| (c¢Val x [Vb)

(C' : |J(a»b)) - { (vaC'LX 'CVb)
_ { (V[ca]| x |Vb) — (aVe| x | VD)
(Va| x |V]cb]) = (Va| x |bVc)

—(aVc| x |Vb)
—(Va| x |bVc)

respectively, if

(1) or (iii) of (51)
{ (i) or (ii) of (51) (54)

is satisfied. Further we may rewrite them as

(cl -1J(a, b))
_ 1 (Vb x|aVe) = (a| - [J(b,c))

= { (bVe| x |Va) = (b] - | J(c,a)) (55)

which allows the cyclic permutation of (a, b, ¢) when (54)
is satisfied.

2) Now energetics of each mode is formulated as follows.
From the definition of (15) and (16) we have

T.E.+PK.=p,HY  Em, (56)
where
. 1 ~ -
En = 5 /[(v«/;m)2 + Fel) dec

denotes the energy of the m-th vertical mode (divided
by p-H).

For the periodic basin (POB), the energy of a ver-
tical mode is divided into components characterized by
horizontal wavenumbers k. This decomposition allows a
further analysis of energetics such as inverse energy cas-
cade (Batchelor 1969) or Rhines effect (Rhines 1975).
This makes a main subject of Q-G turbulence. That
problem is not pursued, however, in this paper, which
discusses only inter-modal energy transfer.

Multiplying (40) by —m and integrating over the
basin, we obtain the evolution equation of E,:

gEm = Sdsh.‘m + Sin'm
ot ’ ’
+S‘nl:m + sz;m + Speim + Sdsb:m, (57)

where the right-hand side expresses energy input to the
m-th mode by various mechanisms, which are described

below.

(1) : 5‘clsh:m = —(1Z)m| ) va4lzm|)
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= Al = [V () i
(integral term vanishes for a POB)
(2) : Sv7.n:m = —'('J)mi - Ivm) = - (1/;m§ - [V X Fm)
= Wm!| | < Fm)=—(Wn|-[Fn)
(3): Sng;m = Zgnl:z’,jam,
) Iijm
~ 2 ~ -~
X (Pm | - 1T @ @) + J(5,8)))

s = I T T
(4): Sspim = dm(U) (1/)m[ [V x fpr>

¢m<0) 1,Jm(O)
prH

Sn[:i,]am =

= (U] - |T),
(5) : Sdsb:m = —)\Z wnzwj ——H (vwm { M Iv'd—)'g)
J

= (me] IT) =

=AY (i), ] - ),
J

(6) : Sbt:m = Zgbt:j-»m

iy

= H (d)mwj)z“—‘H (wm ' ' J(’J’ja h)) .

J

The first term Sgsn.m expresses the energy dissipa-
tion of the m-th mode by horizontal viscosity. It is al-
ways negative, except for the side boundary term. The
second is the input of energy by external forcing V,
which may be either positive or negative.

The third term Spim is the sum of Snpi4,j»m oOver
(i, 7), which expresses the nonlinear energy transfer from
the pair of (7, j)-th vertical modes to the m-th mode.
Generally speaking energy transfer from higher modes
to lower modes means the conversion of potential to ki-
netic energy, since higher modes have higher partition
of potential energy in general. The baroclinic instabil-
ity is a typical mechanism that transfers the potential
energy of baroclinic modes to the kinetic energy of the
barotropic mode.

The fourth term means the energy transfer from the
surface wind to the m-th mode. It may be considered as
one of Sin.m as mentioned before. The fifth term means
the energy transfer to the m-th mode via bottom friction
(Ekman suction). Note that this term is not necessarily
negative. Of course, the summation over all the modes

are negative, since

stsb:m = ‘/\Z (d’m‘!;])nﬁy (ﬁ'm| ) l'{l.:,)

2
Z 'amlfzm(‘H)

—)\Hu(x, Y, _"H, t)”2 S 0.

i

1l

The sixth term means the energy input to the m-th
mode by the coupling with the j-th mode via bottom
topography. If Spti1—0 > 0, the first baroclinic mode
gives energy to the barotropci mode. The expression of
Z Spe.j-0 reflects the JEBAR effect in energetics.

3>0
It is to be born in mind that even within the

same vertical mode, different horizontal scales (different
wavenumbers in a POB) interact with one another. In
other words, intra-modal energy transfer occurs among
different horizontal scales of motion, as mentioned be-
fore, within the same vertical mode.

3.4 detailed balance of inter-modal energy
transfer

As has been stressed so far, inter-modal energy
transfer occurs mainly through nonlinear advective in-
teraction Snpi:ij—m-

In the case of the COB, we see

-;—n-qw"’:wn'«p:-u-nwzo (58)

on 8O. For the case of the POB, 92 and ¢ are periodic.
In either case therefore we have from (55)

[ [viwadzae= [a- 11w d=o

which means the advective term neither produces nor
dissipates energy. Therefore the total nonlinear energy
transfer among vertical modes should disappear. As a

consequence we have

Z Sntii,gom = 0. (59)

4,7,m

We have a still stronger property of detailed balance.
That is, for any triplet of vertical modes (¢, j, m), non-
linear energy transfer is closed:

0= gn[;i‘qu + gnl:j‘m—*i + gnt:m,i-*j- (60)
It is derived as follows. By virtue of (55) we find
v Iz]m T~ . -
Snl:i,j—)m = [(Wm! IJ(’(//“ Qj) + J("//’Jrqi))}

=75 ((a iij,wm)) (@] 1 Gm)]

Since I;;m is symmetric with respect to indices, cyclic
summation of indices in the above equation leads to
(60), i.e., detailed balance of inter-modal energy transfer
within any triplet of vertical modes.

Also bottom topography causes inter-modal energy
transfer through Ser.j—.m. The total sum vanishes

Z Sbt:j«-—vm =0, (61)
im
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because
/dnt-Vhdz: v/hV- [Yu]de
= /hV . 4%2 der =0
at z = —H, where we have used u = — < ¢ and (1).

A stronger property (reciprocal relation) holds for

any pair (j,m) of vertical modes,
0= Sbt:jdm + Sbt:m——‘j- (62)
This is because

Shesom = 2 (Bts) __y (I - 1965, 1))

fr YA 7 7
= 37 (Bmids),__py (Bl - 1T (W, 9))

— I (s I
= =3 Bonths),__ (Bl 1T )

= ‘Sbt:m—-»j~

3.5 inter-modal enstrophy transfer

Energetic discussion so far is extended to enstrophy
of each mode, which is essential in understanding the
evolution of two-dimensional turbulence and Q-G tur-
bulence. Enstrophy of each mode may be defined in a

few ways, however:
(1) : émz/%dm:/de,
@) (;'mz/%q’ldm
:ém+F—;/|v¢m|2dwzém,
(3): sz/%dmzémq—FmEmzém,
) : éms/@ﬂ%@)—?m
—_—G‘m+/ﬁqudm+/¥dm.

The simplest is the first definition, which is usually
called relative enstrophy and used in the study of two-
dimensional turbulence (Batchelor 1969). The others
have been used in Q-G turbulence. The second defini-
tion was adopted in the study of two-dimensional turbu-
lence governed by the Charney-Hasegaw-Mima equation
(Iwayama et al., 2002, Masuda and Okuno 2002). The
fourth represents the squared potential vorticity with-
out the planetary 8 term. It is to be noted that

G _aG 0

== 4 =

i dt, 63
5 = o T | Pyimdz (63)

of which the second term may take either sign.

We adopt the third definition G,, here. It corre-
sponds to

2
— q
1 2y, 0 [£2 9]\

Multiplying (40) by ¢m = Cm — Fm®¥m and integrating
over the basin, we obtain the evolution of Gm:

o - - .
a_tGm = Tash:m + Tinm

+Tnl:m + Tsf:m + Tdsb:m + Tbt:M7 (64)

where each term on the right-hand side contributes to
the enstrophy of the m-th mode. The mechanism rep-
resenting each term is described below.

(1) : Tashem = (Gk] - ¥V *%m))
= | Vinl? 4+ v / - (EnVim),

+FmSdshim
(integral term vanishes for a POB)
(2): Tinim = (Gm] - |Vm) = (émi : [an) + FnSinim
3): Tn[:m = an[;i,]’_‘.m
i,

. I . e T
Tnl:i,j—»m =-2= (le . |J(d)i,Qj) + J(d"jv qi))

2
Iz'm e 7 )
== (Gl 1@ @) + T (95, 00)
+Fms'nl:i,j—)m
(4) : Tsfim = %121771(0) (q’"l ’ IV x f:;)r>
= Iy e | - T
= L50) (cmr |V frpr)
+Fmgsf:m

(5) : Tasbim = —)\z (’j’md’i)zzq-{
J

X [(éml : |<~]) + Fon (i | - "&])]
= '/\Z (d’m'j’])zz_H (E’ml . |<'J)

+Fdesb:m
(6) . Tbt:m = ZTbt:j—»m
J

=F (d}m’lj)j)z:AH (q""| ’ IJ('l/;J”L))

=T )y (Gl 1IGm)
J
+I;‘m,§bt:7n~

We see the 8 term formally does not contribute to the
inter-modal enstrophy transfer at all, though it plays a

key role in controlling the v field.
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As well as for the inter-modal energy transfer, de-
tailed balance of inter-modal enstrophy transfer holds
for Thii,j—m, only for this form of G. If we rewrite

Tnl:i,j‘*m as

7 ]iJm

Tnl:i j—om =
' 2
X [(Gm ] - 1@, @) = (@] - 17y, Gm)) ]

and take cyclic permutation of indices (,j,m), sum-
mation yields the required detailed balance of potential
entstrophy

Tnl:i,jA—»m + 7vjnl:j,m‘-vi + Tnl:m,z/ﬂj =0. (65)

Consequently we have
0= ZTnl:m = Z Tnl:i,]—rm- (66)
m ™m,i,j
This result is based on that our choice of potential en-
strophy assures inviscid conservation of potential enstro-
phy.
Detailed balance, however, is not assured for three-
mode interaction for enstrophy of the form of G or for

two-mode coupling via topography Ts¢;j—m. In general,

> Toum #0,
m

so that detailed balance cannot be expected from the

we have

beginning.
This result may be viewed from a more generalized
form as follows. For m > 0 and n > 0, (53) yields

/ / G I, q) dz de
_ wm+l qn+1 _
‘//J(m+1’n+1 dzdz =0. (67)

This formula (67) implies that nonlinear advection con-
serves potential vorticity, energy, and potential enstro-
phy for (m,n) = (0,0), (m,n) = (1,0), and (m,n) =
(0,1), respectively. Of course, total hq(g) is conserved
by nonlinear advective interaction for any smooth func-

tion of hqy. However, even when total hq(q) is conserved
over all the vertical modes, detailed balance is not nec-
essarily guaranteed.

It is also worthwhile to remark that 7., is the sum
of a vorticity-pertinent term, which is related with the

m

at
form of Fy,S..., corresponding to energy transfer multi-

evolution of relative enstrophy , and a term of the

plied by F,,. All the above formulas are obtained also
from
Cm X “r.hus. of (40)”

e - Ofm
— = (Gm + me'a_t'

Then we have

/(g:m x “r.h.s. of (40)”")dx = %(Gm — FnEn)

4. Layer model

This section deals with a layer model or a discrete
model, which fits right in numerical simulation. The
layer model is shown to be an approximation to the level
model in a sense. Hence the methodology and principal
formulation remain essentially the same. There are a
few noticeable differences from the level model though.

4.1 vertical modes in a layer model

1) The situation of the layer model here is almost the
same as in the level model. The layer model differs from
the level model only in the background stratification.
Vertically the ocean is composed of K layers, each of
which is filled with water of a uniform density p, or a
uniform buoyancy By, so that B is a step function of 2
where the suffix k refers to the value of the k-th layer
from the surface layer (k = 1). The k-th layer has mean
thickness of Hyx (1 < k < K). The total mean depth of
the ocean H is

K
H= ZHk.
k=1

The bottom relief h is small enough to assure |h| < Hg.
Then we define the buoyancy difference between the
adjacent layers as

_ — Pr — Pr_
BkuEqu—Bk:gk—pkl>0
_ P
S — Pri1 — P
BkdEBk—Bk+1:gM>0
Pr
so that  B_1)a = Bku,

where the suffix “u” of B suggests that the quantitiy
is related with the upper layer, whereas “I” the lower
layer. For convenience we define

B]u:OO

for the rigid lid approximation to the sea surface. If
a free surface is considered, we should put By, = g,
which is finite but much larger than B;q. We may put
Bg g4 = oo without loss of generality, because the bottom
is rigid.

From the hydrostatic relation the Q-G pressure of
the k-th layer becomes

I;—k = frpx = frtbr1 + (Br-1 — Bi)Mku,  (68)

where ¥, denotes the Q-G stream function of the k-th
layer and 7., is the vertical displacement of the interface
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between the (k—1)-th and k-th layers, which is rewritten
as

Pk

k (k—1)d = Bk 1—Bk
SO L CON (i
%E 0z N2 8z~

The latter shows that 7, is an approximation of (12),
the vertical displacement of the isopycnal surface in the

continuous model.
By a matrix Y € M (K, K) defined by

Y E Y= —ngir‘“(tsk,i = Ok,i41)s
ku

(69) is expressed in a vector form as

n =Yy, (70)
where we use such a notation as
Koy kg, R3nEm,

which means that the K-dimensional vectors 1 and 7
have vy and 7 as their k-th component, respectively.
Obviously 7, are the interfacial displacement for 2 <
k < K, while 71 denotes the sea surface elevation, which
vanishes under the rigid lid condition (B, = 00).

2) Now let us derive the vorticity equation of the quasi-
geostrophic flow. The potential vorticity of the k-th
layer (without the 8 term) is defined by

fr

gk = Ck — ’g;‘(nku ~ Tka) = Vi — ———(mm — Mkd)
k

o2 an _ f2 3y
(~vwk—fTa Ve + = [NWZD

= V2k + Feu(¥hu — k) + Fra(Wra ~ ¥x)

=V + Z Mg, i, (71)
1
where
G =V x uk = VP, ug = — Yk (72)
f? f?
Fyu = I Frg = LA 73
, Hy Byu * = HeBra' (73)
My = (81,0 — 8k,t) Frw + (Ok+1,0 — Ok,1)Fra. (74)
‘We have
HyFyy = Hi1 Fli—1yas (75)
f? f
HiMg g1 = =— = T — = Hg11 M, , (76
EMikir = g Briin k1 Mrt1.k, (76)
HoMexs = 35 = 7 — b\ Misr, (1)
’ Biu  Bi-1. ’
Yk, Y 1: HiMyy = HiM . (78)

The ocean is driven by the surface and bottom forc-
ing through the stretching of water columns. To express
these forcing it is convenient to define

Wi = IJ;— [wsd1 k — wodk, k) (79)

which vanishes except for the surface layer (k = 1) or
the bottom layer (k = K). Obviously Wy corresponds
to the boundary part in the level model. In (79) we put

-
ws = wsg = V X

) Jrpe HA
wy = J(Vr, h) + wor = J (Vi h) + —— Vi

fr
just as in the level model. Note that w, is evaluated in
terms of ¥k.
As is well known, the potential vorticity of the k-th
layer is governed by

{c'?t — <k - \7’} {V wk*ZMkth} +/38w’°

= vV + Vi + Wi, (80)

where Vj is the rate of the external input of vorticity to
the k-th layer.

If we define M as a matrix that has components
Mg M(K,K) > M = Mg, (80) becomes a vector
form as

5 2 , oY

{5 - v VH{v?y+ My} +050
=vV 4V + W, (81)
where R 3 V |= Vi and R 5 W |= W.
tion is almost the same as (39), if M is replaced by

This equa-

a
M (‘J{{E&)v exception is the presence of W, which

corresponds to the surface and bottom boundary con-
dition of (39). Note that M for k = 1 and k¥ = K (the
surface layer and bottom layer) expresses homogeneous
boundary conditions of the form of - a&L + 3y =0,
not the differential equation of the secong order, so that
the surface and bottom boundary conditions are taken

into account explicitly by W.

3) Then we define our vertical modes as the solution of
the eigenvalue problem for the matrix M by

M,(Z)(m) — ‘F("ﬂv;(m)’ (82)

where F™ denotes the m-th eigenvalue and R¥ 3
D™ b= ™ the (K-dimensional) eigenvector associ-
ated with F(™). The symbol on the shoulder /™ indi-
cates the mode number m (1 < m < K).

Matrix M has K complex eigenvalues and associ-
ated complex eigenvectors. The eigenvalues of M may
not necessarily be real, however, since M is not a sym-
metric matrix. We therefore start our investigation with
confirming that M has only real eigenvalues F™ and
that we may choose real eigenvectors for any F™

For this purpose we define another inner product
and the corresponding norm by

(Wle) = Zm”%z, (83)

(w)* = <w1¢>’ (84)
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respectively, for vectors {1, o} C C¥, where o* denotes
the complex conjugate of . We should note

0
Wle)= Zwk Hw;: H[}{u‘)(z)cp”(z)dz.

That is, (83) is an extension of the ordinary integral
form of inner product in the level model. See Appendix
B for a different method by which to assure M to be a
self-adjoint operator.

This metric (inner product) enables us to transform
the eigenvalue problem into that for a self-adjoint oper-
ator similar to the level model.

Summing up, we have the following properties:

(0) : M is self-adjoint by (|-},

(1):0<F™, and ¢ can be real,
(2) ¢ bmm = (™ M) Zu?),(cm)w(n)Hk (85)
k
~F b = (MY, (86)

Zw(m)w(m) V HJH‘C (87)

3): (if BM = o0;
0=FY <F® <p® <... 5,
B =

rigid lid surface)

where F™ are ordered from the least value. For the
layer model, we call the first mode m = 1 as the
barotropic mode and those of m > 2 as the baroclinic
ones.

The above properties are proved easily as follows.

For any complex vectors ¢ and ¢, we have

Z Mk TJ—(’D‘ Z ibk

= (¥| Msa) (88)

(M) Mktsm

by virtue of (78). That is, M is self-adjoint with respect
to the inner product (83), so that we may write

(WIM|¢) = (Y|M) = (Mi)[).

From the self-adjointness of M the other properties are
readily derived.
First, suppose that

(m)lz,(M),

]\/[,j)(m) - _F <<,Q7)(m)>> =1

Then we have

(D) M) = —F (g2
<A41/f,(m)',¢)(m)> —_ *F‘m)«w("‘)))?

Subtracting one from the other and using (88), we get

0= (F™ — R )2,

which shows that FU™ = F™”  Thus F™ must be
real. Since M and FU™ are real, we may choose real
eigenvectors (™,

Next, for any {1, $} C R¥, we have

7 B Mgy = 7 (M) = ZMR 1o Hy g

K

Z {(Wu ) (lbkd — k) Pk
Bia

_ i {(¢k1 — ) (Px-1 + dx)

QBku

(k= i) (ke + ¢k+1):l
2Bga

_ z": [(u‘»ku ) (@ = 81) | (ra = ) (Bra = m)}

QBku 2Br4
k=1
K
_ g o (e—1 — ) (Br-1 — @)
N Blu Z Bku ’

since Bxqg = 00, Yx+1 = ¢x+1 = 0 = o = ¢o, and
Brd = B(k+1)u- Arranging further we obtain

K .
~@WIM) = 7 Do Dk BesY 6

i, () v () =

H/ %’5% (}—{I%%g) dz:

The formula is similar to that in the level model; note

(rigid lid)

that the boundary contribution disappears in the layer
model.
If ¢ = ¢, we have

<1/)le Z (wku "/)k) <0

In particular for 3 = 9™, it follows that

@M = —F™ ()
Thus we see F™ > 0, since ()™} = 1.
When F™ differs from F'™, we have

~(m . — F(m) () (m) | 7y(n)
<¢( )IM"/J( )> = {_.F(n)<<,(/€p(m)|!‘}f(n)>)
Subtraction yields
0= (F(M) _ F("))(t/;(m) M/}(ﬂ))

> 15 =0

That is, eigenvectors associated with different eigenval-
ues are perpendicular to one another with respect to
(-|'). Even when there occurs degeneration of eigen-
values, we may choose orthogonal eigenvectors for the
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symmetric operator M; for example use the method
of maximizing (or minimizing) sequences (Courant and
Hilbert 1953, Masuda 1993).
value problem is formulated by seeking a sequence of

In fact, the eigen-
functions @ that minimize the available potential en-

2
ergy/%

boundary condtions, the normalization condition, and

dz, among functions that satisfy the

orthogonality conditions (see Appendix C).

Thus adequate normalization procedure with re-
spect to the inner product of (-|-) gives the orthonor-
mal properties (85) and (86). The third relation (87)
expresses the transpose of (85).

These orthonormal relations show that the set of
{#™ |1 < m < K} is an orthonormal basis of R with
respect to the inner product of (-|-). Thus any ¢ € R¥
can be expanded as

br ke 6= T HE 3G,
m m
where the expansion coefficient ¢™ is obtained from
3 = (9l ™) = 3 e TE R
k H™
Finally we prove that for a rigid lid, F!) = 0 and
1/3561) = 1 as follows. Because B;, = co we have

0= Mik—1+ Mix + Mi k41 = Z M (89)
.

for any k. Then, for F®) =0 and 1/},21) =1, it is easy to
confirm the eigenvalue equation

ZMk,”/;[(O) ZMkl 1=0=
i

When Bj, # oo, or when the surface is not a rigid lid,

PO O,

F® becomes positive (see Appendix).

4) Let us define a matrix A € M(K, K) by

AhAmk_——wm.
Since
7 in H, 7 (n
n= <w(m)|¢( Zw(m) k (n) _ ZAm:k¢1(c ),
P
we obtain

Yem = DU

AteE@!

It is obvious that A converts a vector with components
at each layer to another vector with componets of the
coefficient of each mode 9)(™:

A= dm= 3 e
k

Conversely A™! |= 1[)57 ) is used when we want to get the

value at each layer from the coefficients of modes:

A =9 = i

5) The three-mode interaction coefficient becomes

JlIm) = Zkak PG

~ L (00 ()
<~H[H¢ vy d?:)y

i) Hg -0y 4
(Biu=o00) 1" = Z —HE%(C P = by

k

4.2 evolution equation of each mode in a
layer model

Now we consider such an expansion of the Q-G
stream function at each layer as

W@”_Xﬂ’@’(m

Multiplying the evolution equation of the vorticity
at each level (80) or (81) by A, we have the same form
of evolution equation of each mode as for a level model:

aw(m)

9 )y m
5 (V2= F™)™ 4 p=——

:NWHWV¢W+WW+WW> (90)
where

~(J))1Z)(m)1(um)
b

== Z‘](d;(”7q
ij
(q(]) = v2 _ F(J))

o = gy = 3o

k

,([)‘(Cm) ‘/k ,

W = (W)

He fr gom
k

H He Wsdk1 — WolkK )

k

= L™ — wnidi)
1 T\ +(m
:ﬁ<vX;>¢>
[ (wk, fr ) + >\V2'¢’K] v
1 (m)
i (V X ‘p‘r‘) 1/)1
_ Z [ (d}“ fr ) 4 ,\V%(’)] PP,
For the layer model, the JEBAR effect becomes

fr 36 )
=27 (g9 n) R

7>1
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The nonlinear advective term for the barotropic mode

becomes

N - Z"(W) V2o0).

We thus obtain the evolution equation for the layer-
model similar to that for the level model.

4.3 energetics and inter-modal-

transfer

energy

As in the level model it follows from the evolution
equation of each mode that

aE™

m (m)
8t - Sdsh + C,‘ '
+ST 4+ S 4 ST + ST+ S,

where

E(m) = _ /J}mq(m)dw
(1) : Sg;z) = _(Jj(m)| . \sz;lz)(m))
V/V . (‘Z(m)vg(m))dm’
= @™|-|F"™)
(3) : g‘n.l:m = Z Snl:i,]—vmv
2

= |V

3

Snl:i,j—»m = — 2

x (P 1T, §9) + J(W,q(”))) :

: S = -& 7,(m) ,7(m)
(4): Sapm = =i \ ¥V X frpr
) Senm = AT (I571 - 1967),

—
w

(6) : Sbt:m = Zsbt:j—»m,
J

_ fr N g
ZEZWW
J

Note that boundary terms are absent.

(&(m)| . |J(1/}(J)’h)) .

Detailed
balance holds for three-mode advective interaction and
two-mode coupling via bottom topography discussed in
Section 3 as well in the layer model. Enstrophy argu-
ments go parallel to those in the level model. We omit
further formulas therefore.

5. Summary and discussion

A comprehensive formulation is presented for dis-
cussing the geostrophic current in terms of vertical
modes. Both a level model (continuous model) and a
layer model are dealt with in a similar manner, since
the latter is considered as a finite-difference approxima-
tion to the former. In other words, most formulation

goes parallel in both models. Of course, some differ-
ences are unavoidable; for instance, the (surface and
bottom) boundary part in the former does not appear
in the latter. The modification of free surface condition
to the rigid-lid condition is straightforward in the latter.

For either kind of model, inter-modal energy transfer
is discussed fairly in details. The barotropic mode does
not make a triplet with two different baroclinic modes
in the nonlinear advective interaction under the rigid lid
surface condition. We find that detailed balance holds
for nonlinear interaction among three vertical modes.
Also topographic conversion from one vertical mode to
another has a nature of detailed balance. Such a termi-
nology as the JEBAR effect and bottom torque is argued
in relation to the inter-modal energy transfer.

In Appendix, modifications that are necessary for
the free surface condition are described. Also a varia-
tional principle and others are added to supplement the
formulation in the text.

Though vertical modes are dealt with in this paper,
we have not discussed a few subjects that are related
with vertical modes. The first is about stagnant-bottom
vertical modes, which are defined as vertical modes that
satisfy the condition of ¥ = 0 at bottom. The prob-
lem has been discussed for an ocean with bottom re-
lief (Takase and Masuda 1996, Taileux and McWilliams
2001). This kind of vertical modes is a candidate for
mechanisms that account for the abnormally fast prop-
agation of suface disturbances observed by satellites
(Chelton and Schlax 1996, Aoki et al. 2009).

Meanwhile Rhines effect (zonal bands of zonal flows)
and Neptune effect (current with shallow area on the
right-hand side in the northern hemisphere) are puzzling
topics that are important and unsolved yet. So far they
have been studied essentially for a single layer. There is
little knowledge of how they are influenced by stratifica-
tion or what are their vertical structure (Okuno and Ma-
suda 2003). The framework of vertical modes presented
here would be useful in investigating such phenomena.

The method of the expansion in terms of vertical
modes applies as well to phenomena on a shorter time
scale such as the response of the upper ocean to the
passage of typhoons. In fact, some of the obseverved
influence of typhoons on the upper ocean have been re-
alized already by a three-dimensional numerical simula-
tion (Hong and Yoon 2003, say). So far as I know, how-
ever, they have not been understood yet to a sastifactory
degree; vertical modes may explain such observed and
simulated features.

Those untouched topics will be addressed to in near
future.
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Appendix

Al. Free surface condition

In Sections 3-4, we assumed a rigid lid on the sea
surface, which greatly simplifies formulas for vertical
modes. Let us give supplementary remarks about how
the barotropic mode and Fy are modified when the sur-

face is allowed to be free.

1) Level model: The dynamic condition for the free sea
surface becomes
_9/r 0%

(P — pa)
P A = t = 0.
S n N2 37 at z=0

We must replace (18) by

ws = (U N)z=0 + WsE

:-—<qu).v M_p_‘ljl) + wsE.
9 9eri/) o

This change of ws by the nonlinear term and p, alters
W, and consequently induces advective three-mode in-
teraétion and two-mode coupling via p, like A, though
small.

In determining vertical modes, p, is discarded and
the equations are linearized. From (5) it follows that

Iy =) yp=-_9 0¥ _ |
(]‘:" ) 1/;_—N28z at z=0. (Al)
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When a necessary condition for the Boussinesq fluid

g pr
< ~ = =
N2H  p(—H) - p(0)

1

is satisfied, (A1) is reduced to

0= N
T 9z fs

n at z=0. (A2)

which means w = 0 = 7 at the sea surface, i.e., the rigid
lid assumption.

If we go back to (Al), however, there arise some
differences, even though the difference may be small.
For instance, the second orthogonal condition (26) is
modified to
L[ S i,

= g o 1
Fndmn = TpvnQmO+ 7 | N2z 4z

0
L 1 L
= %nn(O)nm(O) + 5 [ ., N2fymiin dz, (A3)

where the right-hand side means twice the potential en-
ergy of the m-th mode. In particular for the lowest mode
to(z) = 1, putting m = n = 0 in (A3), we have

f2
~ A4
Fo gH’ (A4)
which follows more directly from (Al), the bottom

boundary condition, and the first of (23) as

F2o oy _Jr_dio

0 2 n 0
- O |\ frdo) 4 _ )
= [H 32 [Nz dz ] dz = Fo[Hwo dz

~ —FoHo(0)

in agreement with (A4). In the rigid lid assumption the

barotropic mode has kinetic energy only, while it has

potential energy as well under the free surface condition.
The free surface condition yields

dio

dz

1
o >

& £0 (A5)

so that a slight modification occurs for interaction coef-

ficients I;jx as well. In particular we have

Ioij # 0i 5,
fE oo s
Ik = -g;,wi(om(mwk(m = Ijik + Fi Lijk.

2) Layer model: The free surface condition is easily taken
into account for the layer model. Instead of Bjy = oo,
we should put Bi, = g. Then we have a slight change
of M1 as

12

= My, - T
M) 112 oH;

This change causes a slight change of F™ and (™.
As mentioned before the difference becomes negligible if
g — oo with {By} fixed. The definition of inner product
and orthogonality of eigenfunctions remain the same.

When B, =g < oo, Fry 76 0 and M1+ }\/[1,2 95 0,
but still Mx_1x + Mkk + Mg x+1 = 0 for k > 2. In
this case, F') does not vanish and 1[),(:) differs from one
layer to another. In order to show it, suppose FO =0is
the lowest eigenvalue. Since ﬁ(l) satisfies the eivenvalue
equation as

D MupV=FU9Y =0, (k22)
!

we find

() _ () _ () —_

K —VYk-1=%Kk-—27"""""%¥1 - (A6)
Again from the eigenvalue equation, we have

0 :Q.wil) - ZMM/JI(U — *me&l),
i

leading to ¥{") = 0 because of Fi, > 0. Then (A6)
yields 1[),(:) =0 (1 < k <€ K), which contradicts with
(@) # 0.

Moreover we see that ") = ¢{" = 1 cannot be an
eigenvector associated with F1) > 0. If it is the case,

we have

w1 _
=4 "p(l)ZM"*"l—o
[

for 2 < k < K, which leads to contradiction.

A2. Symmetrization of M

In Section 4 we introduced an inner product by
which to make M self-adjoint. An alternative method is
to modify M into a symmetric matrix for the ordinary
inner product of R¥.

We define M = M; ; by

Y Hy, HyMy,  H/M x
Miy =) =My, = L= * (AT
kil H T JHH  JVHH (A7)

which is symmetric with respect to indices by virtue of
(78). At the same time we put

B = iy (48)

The ordinary inner product of  is the same as (:|-) in
Section 4, since

S kb= 3 v on = (wle).
k k

We may solve an alternative eigenvalue problem defined
by

My = —Fi, (A9)
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where F is the eigenvalue and (0 #) ¢ € RX the as-
sociated eigenvector. This eigenvalue problem has well-
known properties for a symmetric matrix M. Itis easy
to show that the modified eigenvalue problem (A9) is
essentially the same as the original problem of

My =—Fy (A10)

as follows.
Suppose that F and v satisfy (A9) and v is defined
from % through (A8). Then we have

Md)F(MU))k:ZMk,[’(/)l:ZM,C’“/HE}:1/E¢[
!
:,/ ZM“wz ,/ (Mw)k ,/Hkmk

—ka ':_va

I

so that 1 satisfies (A10) with F as an eigenvalue F.

A3. Vertical modes, variational prin-
ciple, and minimizing sequence

In Section 3, we defined vertical modes as solutions
of the differential equation (23), which is obtained also
from a variational principle as follows.

First consider a level model and the rigid lid surface
condition. Let ¥ = ¢(z) be a function that minimizes

Q= / Ir (& dz (A11)

under the conditions of
/ Pidz = 1, (A12)
=0 at z=0, —-H. (A13)

dz

Roughly speaking, @ corresponds to the available po-
tential energy of a stratified fluid, while the left-hand
side of (A12) to kinetic energy, though the integrand is
not {V#|? but 3.

Integration by pars with the boundary conditions
(A13) yields

o
6<Q~F/ w%z;;)

-H
2 (O [d [ f2dy
="/, [d— (mz)“"/’

where de denotes the variation of e and F is Lagrange’s

81 dz, (A14)

indeterminate coefficient. In order for (A14) to vanish

for arbitrary 61, the minimizing function v satisfies

d (fFdy _ |
E(NZE) = —-Fy, (A15)

which agrees with (23). The minimizing function ¢ gives
L[ 2 ay]” © d(fd
Q== |y f2 ay _ kel f2 W dz
H | N?dz —u _g dz \ N?dz

F/O )
= — Yvdz=F
HJ 4

by integration by parts using (A12), (A13), and (A15),
in accordance with (26).

The second lowest mode 1/;1 is defined as such a func-
tion that minimizes Q under the same conditions (A12)-

(A13) and another (orthogonality) constraint of

SR
T / Pi1odz = 0.
-H
The next mode is chosen from the functions that are
perpendicular to zZJo and 1211.
minimizing sequence of {1/30, 1,[11, .
F<kh <
When the sea surface is not rigid but free, we must

In this way, we have a
-} together with 0 <

replace Q by

o=t [ £

and the surface boundary condition by (A1l). Then the
variation of @ remains the same by virtue of (A1), lead-

Ir - dz

ing to the same differential equation.

All the arguments above proceed as well for a layer
model. Irrespective of whether the sea surface is rigid
or free, we minimize

Q= %E’;(yw)wku(ywk = —(Y|M|y)

under the condition of
2 _ Hyg
= ; P T Vi,

among the vectors ¢ € R¥. It follows from the varia-
tional principle that the minimizing vector 1 satisfies

My = -Fy,
which agrees with (82).

A4. Mass conservation condition

The Q-G formulation poses an auxiliary or supple-
mentary constraint, because the ordinary side boundary
conditions on flows are insufficient to determine the evo-
lution of the Q-G stream function . Let us start with
a sirqplest equation

dq
E—V(m,z,t) 2
=iy 2| OY
quJrBz[NZGz . (A16)
0:1}-<]1/) on 00
O:% on z=0, -H
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which represents the evolution of potential vorticity ¢
in a flat closed ocean basin (COB) governed by inviscid
linearized dynamics: 3 =0, 7 =0, A =0, and v = 0.
Note that the side boundary condition of (A16) requires
1) to take a certain boundary value s(t,z) on 80, but
does not pose any condition on s itself. Let qﬁv(m,‘z, t)
and ¢p(x, 2,t) be functions that satisfy

(0 2 aev]\ _
3 (V Ve [N2 3z D = V(=21
¢ov =0 on 80 )
_ 9¢v -
\ 0 e on z=0, -H
0 | ff O | _
Vit [Nﬁ?;;] 0
ob = s(z,t) on 00 )
0= % on z=0, - H
\ 0z

respectively, where s is a certain function of z and ¢;
we have a mixed boundary-value problem of an elliptic
partial differential equation. It is easy to confirm that
V= ¢v(T,2,1) + ¢b(, 2, 1)

satisfy (A16) for arbitrary s(z,t). Physically it is stated
as follows. Potential vorticity ¢ increases or decreases
according to the input of V. The evolution may be re-
alized by ¢v, which vanishes on 8O. But another field
of ¢p with boundary values s(z,t) may be added with-
out changing g; for ¢, vorticity change is compensated
exactly by the stretching of water columns.

Thus the side boundary condition of (A16) allows
a degree of freedom of s(z,t) for the evolution of .
We have to determine s(z,t) for the unique evolution of
1. Such a condition, which is independent of the Q-G
vorticity equation, is derived from the conservation of
mass as follows.

Because u - n = 0 on the side boundary, no wa-
ter flows into the basin from the side boundary. Mass

conservation at each z requires

_ Ir oY
2 fuia=-2 [ 2(52) sirm

where we have used (11). The above condition may be

rewritten as
= 2 Ydx (A18)
ot )

This is the required constraint by which to determine
the boundary value s(z, t).
As a second example, consider a similar evolution

ﬂ-8¢]>
N2 0z

equation with viscosity:

(%—uV)(V w+

a | f2 oy
+v v26 N7 B2 ] =V(z,z,t) (A19)
n-<p=0 n-Vy=0 on 00

_9% —0. -
O-—az on z=0, - H

In this case we have one more boundary condition be-
cause of the higher order of the differential equation.
Again let ¢v(zx,2,t) and ¢p(x, 2,t) be such functions
that satisfy

(%) (Vo e 32 [

2 0 fr a¢V _
V N2 e | T Vz,z,t) ,
¢v =0, n- V¢>v=0 on 60
0:(—9—?—‘i on z=0, -H
\ Oz
(
9 2 91590
(5 -%") (v i [N2 azD ¢’°
20 | f7 3¢b _
+uvV 32 [N2 e =0 ,
ob = s(z,t), m-V¢,=0 on 00
0= % on z=0, -H
\ 82

respectively, where s is a function of z and t. Obviously
Y = ¢v + ¢ satisfies (A19) for arbitrary s(z,t). Thus
we should pose a constraint (A18) to determine s(z,t).

A good illustration is given by the evolution equa-
tion of a single baroclinic mode Ym:

Om -
{(v2 Fm) “’ = V(@1 (A20)
O=mn- <n/;m on 00

In this case we choose ¢v (z,t) and ¢p(x) satisfying

{ (V= Fn)¢v = /t Vin(z, t) dt 7

¢v =0 on 90
(V2= Fn)dp =0
SB#£0: ¢p = on 80

o (A2D)
/qbb de =1

respectively. Taking the inner product of (A18) and ),
we obtain the auxiliary constraint

o ~
We confirm that

Um(E,t) = ¢v(z,1) </¢v(-’ﬂ t) dm) ®b()

(A22)

is the unique solution of (A20) supplemented by (A22).

If there is water supply through some boundaries,
we go back to (A17), the inner product of which with
'J)m yields a condition like

fr 3 / Pm dz = supply,, (t)

instead of (A22), where supply,,(t) denotes the m-th
mode of water inflow.

Even for a POB, mass conservation requires (A18)
to be satisfied. However, it is guaranteed by the periodic
side boundary conditions, when horizontal average of V'
equals to 0.



