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Abstract

The drift wave chaos is investigated using VZSC model [A. A. Vasil’ev, G. M. Zaslavsky, R. Z. Sagdeev,
and A. A. Chernikov, Sov. J. Plasma Phys. 16 681(1991)], which is the reduced model of Hasegawa-
Wakatani equations with a few degrees of freedom. The statistical properties of chaotic orbits is analyzed
using the time correlation function and the power spectrum. The non-Markovian linear stochastic equation
for the VZSC model is derived, applying Mori’s projection operator method. The applicability of this
method is partially confirmed through the comparison with numerical calculation.

Key words : Chaos, Turbulence, Mori’s Projection Operator, Hasegawa-Wakatani Egquations, Drift
Wave, Lorentz Model, Power Spectrum, Correlation Function

1. Introduction

To achieve thermonuclear condition in a tokamak,
it is necessary to confine the plasma for a sufficient time.
Confinement is limitted by thermal conduction and con-
vection processes in addition to various radiative loss. In
the absence of instabilities, the confinement of tokamak
plasma. is determined by Coulomb collisions, so called
neoclassical transport. Unfortunately, the transport
which occurs in now-going experiments does not agree
with the values predicted by neoclassical theory. Espe-
cially, the thermal transport by electrons can be up to
two orders of magnitude higher than predicted one. The
observed excess transport is considered to be caused by
the so-called anomalous transport driven by microinsta-
bilities in a pla.smal), and therefore the understanding
of anomalous transport is crucial issue for the develop-
ment of thermonuclear fusion reactor, like International
Thermonuclear Experimental Reactor(ITER). The mi-
croinstabilities excited in a plasma generate the fine
scale plasma turbulence and some of them are expected
to greatly enhance the particle and energy losses from
a plasma. Therefore various kind of microinstabilities
are being studied in details theoretically and numeri-
cally as candidates of anomalous transport and tested
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through the comparison with experimental results. In
these theoretical studies of anomalous transport, they
focus their research to the evaluation of transport and
the understanding of its mechanism, but the basic char-
acter of plasma turbulence, such as the statistical in-
formation, has been rarely studied so far. However the
understanding of statistical properties of plasma turbu-
lence is important not only from the basic understanding
of mechanism of anomalous transport but also from the
contribution to the basic physics covering wide research
fields.

In this thesis, we study the statistical properties of
drift wave turbulence. For this purpose, we employ
the Hasegawa-Wakatani model as the model equation to
drive the collisional drift wave turbulence and we reduce
this equation to the coupled equations for small numbers
of variables. We show these coupled equations exhibit
the chaotic nature. In principle, we need a very large
number of modes in order to descrive a fully-turbulent
scenario due to the drift waves. However we are mainly
interested to investigate the onset of turbulences, that is
the, scenario where a small number of modes gets unsta-
ble and leads to a cascade of higher modes. Therefore it
is significant for investigating the process of turbulence
to use low-dimensional model.

The Lorenz model'® is an example of such an approach
to the problem; it demonstrates the sequence of bifur-
cations and the formation finally of a chaotic attrac-
tor. Such a method can also be applied to the study
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of the appearance of chaotic dynamics under the condi-
tions of a collisional drift wave instability. This problem
has, however, important differences from the problem of
thermal convection discussed by Lorenz'®). The finite-
dimensional approximation can effectively be reduced
to a set of four equations (there are three in the Lorenz
model) so that the structure of the chaotic attractor also
differs from the structure of the Lorenz attractor. Then
we apply the Mori’s statistical theory to these equations
and clarify the statistical characters of the drift wave
turbulence of Hasegawa-Wakatani model in detail.

This thesis is organized as follows. In Chapter 2,
we review the chaotic model of collisional drift wave,
reduced from Hasegawa-Wakatani model with a few de-
grees of freedom, and describe the Mori’s projection op-
erator method which is an analytical technique for chaos
and turbulence. In Chapter 3, we perform the numer-
ical simulation using the model equation and analyze
simulation results. We show the successive transition
from the limit cycle to the chaos by changing the pa-
rameter. In Chapter 4, we derive the non-Markovian
linear stochastic equation for the model equation, and
compare numerical results with the direct numerical re-
sults in Chapter 3. Finally, in Chapter 5, summery and
discussions are given.

2. Reviews

In this chapter, we derive the chaotic model for the
collisional drift wave with a few degrees of freedom start-
ing from Hasegawa-Wakatani model. Then, the Mori’s
projection operator method which is an analytical tech-
nique for chaos and turbulence is briefly explained.

2.1 Derivation of the model equation
2.1.1 Hasegawa-Wakatani model

Hasegawa-Wakatani (HW) model describes the non-
linear dynamics for the collisional drift-wave turbulence
in a magnetized plasma4). It consists of the vortisity
equation and the continuity equation which describe the
nonlinear evolution of the potential ¢ and density fluc-
tuation n in a spatially inhomogeneous plasma. We con-
sider the Cartesian coodinate (z,y, z) where the mean
density gradient dno/dz is in the = direction and mag-
netic field in the z direction. In dimensionless units, the
model equations are written by

%) 5 0
5 Vi + [0 Vigl=~Co(6—n) +uVin,

(1)
I5) 8¢ 4 9?2 2
&n+[¢,n]+nay = Cazz(¢"")+DVlnv
where

la,b} =z - (Va x Vb),

is the Poisson bracket which implies the convective
derivative, and

D= —2"“'”’”‘3, C=2

, =2z X Vinng.
my D ’{ o

In Eq.(1) the following normalization is used:

T n
—_r, — /N,

2:t —t
i ’ Ps no Teo

Here T.o is electron temperature, §2; is the ion cyclotron
frequency, and ve; is the effective electron-ion collision
frequency, the subscripts "e,i” indicate electrons and
ions respectively. If we set v.; and pu equal to zero in
Eq.(1) then, it reduced to the well known Charney-
Hasegawa-Mima (HM) equations) used in geophysics
and plasma physics.

Linearizing Eq.(1), we have

—iw(~k] @) = CkZ(¢ — n) + uki o,

) 3)
—iwn — tkykp = Ck2(¢ —n) — Dk3n.
Then the dispersion relation is obtained by
k ikykk,C

2
w? + iw (Ckﬁ + Dk + CF} +uki) +=
L L
A2 k4 A 2 ~1.2 1.2 4 ~2 ks
- (c & + CDK; — uCk1k; — uDki - C k—2) =0.
L 1
4

2.1.2 Vasil’ev-Zaslavsky-Sagdeev-Chernikov
model

In order to derivate the chaotic model with a few
degrees of freedom, we apply the Galerkin approxima-
tion method to Eq.(l)z). We expand ¢ and n as

¢ = ¢1(z,y,t) cos(k.z) + P2, y, t) cos(2k.2), (5)
n = ni(z, y, t) cos(k.z) + n2(z,y,t) cos(2k.z), (6)

with
$12 =y AL (t) sin(mk.z)cos(nk,y),  (7)
m,n

where the index m, n indicate a set of integer values
while the amplitudes Ag}.)n depend only on the time. We
neglect higher harmonics and keep only seven harmonics

AR = {410, AT, AR, 450, ALY ATD ARY. (9)
Numerical simulation of the corresponding system
shows that amplitudes Aﬁ,), Ag},), and Agﬁ’ decay rapidly
with time and only four amplitudes in Eq.(8) survive,

¢$1 = {A (¢) sin(kaz) + AL (1) sin(2k, <)}

©)
x cos(kyy — kkyt),

¢z = AQ (t) sin(kox) + AR (t) sin(2k.z).  (10)
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Neglecting [¢, V2 4] nonlinearity in Eq.(1), we obtain or
R-f)
1.2 X =4, )E=S 22
=¢1 — TR ot Vigr + Cll; Vié, (11) 2(1+ f) (22)
1 8_, 4 If Z = 0 holds, then X = 0 or U = 0 from Eq.(20). In
n2 =2 - 4C’k§ b—tv*% + 4C’k'~’ o Vit (12) the case of X = Z = 0, the first fixed point is given by

Substituting Eqgs.(9)-(12) into Eqgs.(1), HW model re-
duces to Vasil’ev-Zaslavsky-Sagdeev-Chernikov model
(VZSC model)?

% =v(R-1)X - %fUZ+XY,
dU 1
—d?=l'f(R—f)U——XZ, 13)
13
dz
7= ——z+ 4(1 +HUX,
dy 2
= X
where
3k2 16vk:
le—k2+k§’f~1+k2 €= kl; ’
(1) (1)
V=#k‘1‘_u =Aclll U__.A.(_i__’
A(2) A(2) (14)
z-fpv-ta
2 212
d= 2Ck; R= Kk,
T kkok2k3, T Ck2uk?|

Using Eq.(13), the dimensionless potential ¢ is given by

¢ = d{ X sin(koz) + U sin(2kzx)} cos(kyy — xkyt) cos k. z
+ d{Z sin(kzz) + Y sin(2k;x)} cos(2k, z).
(15)
It should be noticed that w* = kk, in this normaliza-

tion, therefore the drift wave is described by the term
proportional to cos(kyy — xkyt).

2.1.3 Fixed point of the VZSC model

To investigate bifurcations in the four-dimensional
phase space of VZSC model, we calculate fixed point.
Setting d/dt = 0, we have

V(R—1)X — % fUZ+XY =0, (16)
vf(R— f)U — lxz =0, an
~£2+; la+Hux =o, (18)
—eY — §X2 =0. (19)
From Eq.(17),
1

Substituting Eq.(20) into Eq.(18), then we obtain two
solutions:

Z =0, (21)

Xo=Up=20=VYo=0. (23)

In the case of Z = U = 0, the second fixed point is given
by

Xo =%v/2ev(R-1),

Yo = -v(R-1),
(24)

If (22) holds, then the third fixed point is obtained as

oy JEIR=D) . vi(R-])

0 20+f) * ° a1+1)°
) (p_,{_fRB-))

U"‘*\/zf(wf) (r-1-5055) @

Zg=2u\/(R—f) (3-1—%{-;—1{%).

Next, we analyze the stability around the fixed point.
Linearizing Eq.(23) around the fixed point, the eigen-
value equation is given by

Uo=2Zp=0.

6X Yo+u(R—1) —fZo/2 —fUs/2 Xo
NLaam —Zo/2 vf(R—f) -Xo/2 O
SZ1 | A+ HUo/a  (1+HXo/4 —e/16 0
8Y —Xo 0 0 —e
8X
X gg , (26)
§Y

where A represents the eigenvalue. For Eq.(23), we have

A=—e,—e/16,v(R—1),vf(R - f). (27)
For Eq.(24), we have
—ex —8ev(R —1)
A= > , (28)
and
- e+ +/(e+e/8)2—(1+ f)XZ/2 (29)
2 b
where
e=vf(R—f) - (30)

It is clear that for € < 0, the fixed pomt is stable. It is
easily shown that for ¢ = 0, the value in the square root
in (29) is negative. Thus, for € = 0, a pair of eigenvalues
(29) passes through the imaginary axis and a Poincaré-
Andronov-Hopf bifurcation'®) From (30), the
critical value R, is given by

occurs.

Ro=——+f.

16 fv (31)
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For f = 1.795,v = 1.06775,e = 1.2, the critical value
is estimated as R. = 1.834131.... the fixed point loses
its stability and a stable limit cycle appears. When
the parameter € increases the amplitude of limit cy-
cle increases. We assume the first bifurcation occurs
at € = €1, and for € = €2 the first period doubling bi-
furcation occurs, and as € increases further each of the
cycles passes through a sequence of period doubling bi-
furcations at € = €3, €4 .... The doubling constant

§= lim 2F1 7" ~466... (32)

n—00 € — €p-1

was numerically found to be close to Feigenbaum’s uni-
versal constant'®).

2.2 The Mori’s projection operator method

2.2.1 Derivation of stochastic equation

The Mori’s projection operator techniquea) is a
method for deriving the generalized Langevin equation
from Newton equation by means of the projection oper-
ator. Let us denote their state variables in phase space
by X(t) = {X;(t)} (4 = 1,2,...,d), where d is the
number of degrees of freedom. The fluctuations of the
macrovariables A(t) are evoluved as

dA(t)
dt

where we assume (A(t)) = 0, and the we defined the
Liouville operator is given by

= Aexp(tA)A = AA(t), (33)

4 5
j=1
Here the relation holds as
A(t) = exp(tA)A, (35)

where X; = X;(t =0),A = A(t = 0). Let us define the
inner product of two functions fi(t) and f2(0) by the
long-time average over a chaotic orbit X(s),

(h0fO) = lim 3 [ds i+ )nG),  60)
0
Projection operator P is defined by
PG(A(t)) = (G(A()AT(AAT) ' 4, (387

where P is the projection of a quantity G(A(t)) onto
the macrovariables A = A(t = 0). Using projection
operator, A(t) is derived into two parts:

A(t) = PA(t) + QA(t) = (A(t) AV (AATY A + QA(F),

=Z(t)A+ A1), (38)
where

Z(t) = (A()ATWAATY! (39)

Q=1-P, A(t)=QA(t). (40)

A(t) denotes the fluctuations around its mean value and
Z(t) represents the most probable path. In order to
determine the fluctuations A’(t), let us multiply (33) by
Q from the left and insert (38) into A(t) on the right-
hand side, we obtain

dA'(t) _ ,dA®) _
= = Qg = Q4
= QA(P + Q)A(2),
= QA(A'(t) + Z(t)A). (41)

Using A'(t = 0) = 0, this is integrated to give

At) = /0 ds S(s)R(t - 3), (42)

where
R(t) = exp(tQA)QA. (43)

R(t) gives the most probable nonlinear force with A =
AA.

Alt) = S(H)A+ fo ds S(t - s)R(s). (44

The first part of Eq.(44) represents the most probable
path PA(t), and the second part consists of the fluctu-
ations QA(t) around it. The orthogonality of the two
parts is ensured by the operator @ of the unnatural
propagator of (43).

Since A(t) = e** A, the evolution equation can be writ-
ten as '

d“‘“fzit) =P+ QA =iA(t) + ¢ Q4,  (45)

where we have defined the square matrix
i = (AAT) (44T (46)

which is a frequency matrix if A is invariant under time
reversal. Substituting the operator identity (see Ap-
pendix A.1)

t
et = ete +/ ds et 1P Ae*CA 47
o
into Eq.(45), we obtain
t S~
3 AW = i04() - / ds M(s)A(t — s) + B(t), (48)
0

where the memory function is defined by

M(t) = —(AR() AN (AAN) ! = (R(t)R')(AAN) ™.
(49)
To derive Eq.(49), we used the identity (AR(t)A") =
—(R(t)R') (see Appendix A.2). Eq.(48) is the general-
ized Langevin equation. Using the relation (R(t)A!) =
0, the evolution of most probable path is given by

d

42 -i020) + /0 ds M(s)Z(t—s) =0. (50)
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The formal solution of this equation can be found by
Laplace transform. The result is

1

)= me OV

t
E(z) = / dt e "2 (t
0

where M(z) is the Laplace transform of the memory
function (49). Thus it turns out that the projection op-
erator method just extracts the linear long-lived motion
(50) from the evolution equation (33).

The time evolution of the memory function (49) is gov-
erned by the unnatural propagator exp(tQA) of (43),
where the projection operator Q excludes the nonlin-
ear long-lived motion (50), so that the memory function
M(t) does not include the linear long-lived motion =(t).
Therefore, the fluctuating force E(t) consists of nonlin-
ear terms of A(t) and coupling terms of A(t), both of
which usually change much faster than the linear long-
lived motion Z(¢). This indicates that the memory func-
tion M(t) usually consists of short-lived motion with a
short timescale 7. Therefore M(t) is given by

M(t) = 2I'8(t) (52)

on a long timescale 7a;(>> ), where 8(t) is the 4-
function. Then (50) becomes Markovian, leading to

E(t) = exp|(:92 — '), (53)

which represents the linear long-lived motion with long
timescale Tar ~ 1/TrI", where T'rI” represents the trace
of I.

In order to explore the short-lived motion of the mem-
ory function M(t), we defined the nonlinear force F(t)

F(t) = " QA = R(t) - / " ds M(t —3s)A(s).  (54)
0

Then time correlation of the nonlinear force F(t) is ob-
tained by

(t) = M(t) - /i ds M(t — s){(A(s)RTY(AAT) Y, (55)
0
where the relation
B(t) = (F(t)F)(AAT) ™, (56)

F(t=0)=R(t=0)

is used to derive Eq.(55). The Laplace transform of the
above equation gives

B(2) = M(2) — M(2)E(2)M(z). (57)

This is the relation between $(t) and M(t). The sec-
ond term on the right-hand side of Eq.(57) contains the
linear long-time motion S(¢).

2.2.2 Markovian approximation

Markovian approximation is based on the following
two assumptions:

e The change of A(t) is very slow, compared to the
change of memory function.

e memory is lost for a long time scale.

Using the first assumption to Eq.(48)
t t
/ ds M(s)A(t - 5) = / ds M(t — s)A(s)
0 0

~ A(t) /0 Tds M(t—s)  (38)

It indicates the change of A(t) is much slower than
M(t). Applying the second assumption, we get

—A(t) /Ooo dr M(7) = vA(t) (59)

where

y:——/()mdrM(T), T=t—3 (60)

Finally, the generalized Langevin equation (48) is re-
duced to the Langevin equation giving by

A(t) = (i2 = 7) A(t) + R(). (61)

3. Direct numerical simulation of the
VZSC model

3.1 Statistical Property of the VZSC model

In this chapter, we study the statistical properties
of VZSC model (13) by using the DNS(direct numerical
simulation). In order to solve Eq.(13), we use a fourth-
order Runge-Kutta method with a time integration step
At = 0.001. In this simulation, parameter R is chosen as
an order parameter to characterize the system behavior
and the other parameters are fixed as

v = 1.06775, e =1.2, f=1.795. (62)
Initial values are given by
(X,U, Z,Y) = (0.15, 0.001, 0.001, —0.05). (63)

In order to understand the transitions of attractors,
we calculate the Lyapunov expornents. Parameter R is
changed from 1.83 to 1.88. If the maximum Lyapunov
exponent exists to be positive, then the system becomes
chadtic. The periodic solution appears if the maximum
Lyapunov exponent is zero. The solution converges to
the fixed points, if all Lyapunov exponents are negative.

Figure.l (a) shows the dependence of Lyapunov expo-
nents on R. It is found that in the regime R < 1.8344,
the fixed point exists and for R ~ 1.8344, Lyapunov
exponent is almost zero. In the regime 1.8344 < R §
1.8725 the maximum Lyapunov exponent has a small
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Fig. 1 (a)Dependece of Lyapunov exponents on
R. (b)Extended view of Figure.l(a)
around R = 1.872.

positive value. We found the chaotic attractor in the
regime 1.8725 < R (extended view of Figure.1(a) around
R = 1.872 is shown in Figure.1(b)).

3.2 Bifurcation in the set VZSC model

Figure.2 shows the bifurcation diagram of X on
R in the range of 1.83 < R < 1.873. In the regime
R > 1.873, the result can not be obtained due to the
numerical problem. It is found that the first bifurca-
tion occurs at R = 1.8346. At R = 1.8691, the first
period-doubling bifurcation occurs. The second period-
doubling bifurcation occurs at R = 1.8719. Typical ex-
amples of the trajectory in the X-Y phase space, the
time evolution X and the time correlation function of
X, the power spectrum of X for specific value of R are
shown in the next subsections.

38.2.1 Limit Cycle at R = 1.8346

At R = 1.8346, the maximum Lyapunov expo-
nent is almost zero, so that the limit cycle is expected.
Figure.3 shows the power spectrum of X. It is seen
that the spectrum has one peak. Figure.4(a) shows the
trajectory of the solutions in the X-Y phase space. It

()

oY‘ﬂ 1R 184 u;as l.ﬂ- |8‘5} re0 1888 AL 2
Fig. 2 Bifurcation diagram of X on R.

shows the limit cycle solution. Figure.4(b) shows the
time evolution of X.
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Fig. 3 Power spectrum of X is shown at R =
1.8346

3.2.2 Period-Doubling at R ~ 1.869

Near this value, the period-doubling bifurcation
occurs. Figure.5 shows the trajectories of the phase
space for the cases (a) R = 1.869, (b) R = 1.8691, and
{c) R = 1.8721, respectively. At R = 1.869, the limit cy-
cle solution occurs, and the first period doubling occurs
at R = 1.8691, and at B = 1.8721 the second period
doubling occurs. The successive period-doubling occurs
as R increases. Associated time evolution of X for each
case is shown in Figure.5. In order to show the period
doubling process the power spectrum for each case is
shown in Figure.7. After the successive period-doubling
transitions, the system becomes chaotic.

3.2.3 Chaos at R=1.873

At R = 1.873, the chaotic attractor appears. Fig-
ure.8(a) shows the trajectory of the solutions in the X-Y
phase space. This trajectory indicates the existence of
chaotic attractor. Temporal evolution of X is shown
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Fig. 7 Time evolution of X is shown at (a) R = 1.869, (b) R = 1.8691, and (c¢) R = 1.8721

in Figure.8(b), indicating the irregular oscillation. The
chaotic attractor the projection of different phase space
are shown in Figure.9.

3.3 Time correlation function Cx(t) and
power spectrum [y (w)

The time correlation function Cx(t) is defined by

1 T
Ox(1) = (X(HX(0)) = lim + / ds X (¢ +7)X(7),
700 0
(64)
which is used to analyze the statistical properties of
chaotic orbits. In numerical simulation, we replace the
time integral by the sum over data with the discreate

time series t; = 1At(: = 0,1,2,...),
L Nl
Cx(t) = & ZO X (t +iAt) X (iAL), (65)

where we take a small time interval At = T/2° = 27 /64
with N = 107

rFigure.lO shows the result from DNS of time cor-
relation function Cx(t) with R = 1.873 (chaotic case).
The time correlation function is related with the Fourier
transform of the power spectrum of X (¢) according to
the Wiener-Khintchine formula.

It indicates a systematic large-scale motion of X (¢)
with a correlation time 7ar ~ 50. The time series X (t)
shown in Figure.8(b) consists of successive random oscil-
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Fig. 4 (a)Trajectory in the phase space in pro-
jected to X-Y plane at R = 1.8346.

(b)Time evolution of X is shown at R =
1.8346

lations with period T' = 27 due to a random fluctuating
force which is specified by a random small-scale motion
with a correlation time 7-(< 7ar)

The power spectrum of X(t) is defined by

>’ (66)

= lim = /OT dt (1 - ;) Cx (t) cos(wt).

Ix(w) = lim — <|.i./0 dt X (t)e™ ™"

The power spectrum Ix(w) gives an important infor-
mation on the structure of the systematic large-scale
motion of X (t) indicated by the time correlation func-
tion Cx(t). In computing Eq.(66), we replace the time
integral by the sum over data with the discreate time

(a)

25 L 1 1 1 L 1 L 1 1
0 200 400 600 800 1000 1200 1400 1600 1800 2000

(b) g

Fig. 8 (a)Trajectory in the phase space in pro-
jected to X-Y plane at R = 1.873.
(b)Time evolution of X is shown at R =
1.873

series tm, = mAf(m = 0,1,2,...) and set 7 = N'At:

2

r 1 N-1 1 N'-1
= Bl —iwmAt
Ix(w) = 5 W ;=0 N m_s_zo X (IAt + mAt)e .

(67)
where At = 7/2° = 27/64 and N’ = 2'% = 4096.
Figure.11 shows the power spectrum Ix(w) in the
case with R = 1.873. It is seen four sharp peaks exist
at frequencies w = 0, w1, w2, w1 + w2, where w; =
1.22, wy = 0.605, w = 27 f. These peaks are produced
by the chaotic orbits. In the vicicity of w = 0, the power
spectrum Ix(w) could be approximated by Lorentian
spectrum
A v

IX(‘.U')= ;(4)2‘{"72’ (68)

which is shown in Figure.12, where A ~ 1.00374, v ~
0.01622, Ix(0) = A/my ~ 19.708. According to the
Wiener-Khintchine formula, this is equivalent to the
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(a) Fig. 11 Power spectrum (67) for R = 1.873 with
15 At = 27/64, N’ = 2'? and N = 10".
ik 4
SEL 1 The other three peaks may also be approximated by the
Lorentzian spectra.
T ] Then, the four sharp peaks of I'x (w) lead to the Cx (t)
consists of four terms:
05 b _
Cx(t) = 1.00374 exp[—0.01622¢]
At ] + 0.19049 exp[—0.0144¢] cos(1.2206¢ + 0.0188)
+ 0.06097 exp[—0.0583t] cos(0.6053t — 0.6562)
M5 2 A5 4 05 0 05 1 15 2 25 +0.01913 exp[—0.0333t] cos(1.8199t — 0.4064).
(b) X (70)
Fig. 9 (a)Trajectory in the phase space in pro-
jected to X-U plane at R = 1.873. Figure.12 shows comparison between the results of DNS
(b)Trajectory in the phase space in pro- and Eq.(70), where Cx(0) = 1.274. We obtain i ~
Jected to X-Z plane at R = 1.873. 107, (T' = 2) for the correlation time 7as of the sys-
6 tematic large-scale motion of X (t) which is consistent
' ) ' ' with the value evaluated by numerical simulation.
14 b -

T E ] I. —l_—
ST —
g
3
-0.2 A L L
0 500 1000 1500 2000
t
Fig. 10 The DNS of Cx (t) for R = 1.873 obtained 0.2 0 é 1'0 "5 2'0 2'5 3'0 3‘5 4'0 4'5 i
from Eq.(65) with At = 27/64 and N = R
107
Fig. 12 Cx(t) of Eq.(70) compared with that of
time correlation function Fig.10

Cx(t) = Aexp[-7i]. (69)
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4. Stochastic evolution equations for
the VZSC model

4.1 Non-Markovian linear stochastic equa-
tion
We explore the fluctuations of the macrovariables
A(t) = {X(2),U(t), 2(t), ¥(t) = Y(#) - (¥)} given by
Eq.(13). It is schematically written by
dA(t) _
dt

where the Liouville operator A is introduced by

A(t) = AA(), (71)

‘.08 L8 -8 .8

. 20
= e — e Joe _
A_,E:X]axj Xox+Usp+255+Y 5 (1)

X T oU "8z

=1

Then we have the schematic solution as A(t) =
exp(tA)A. where X; = X;(t =0),A= At =0),X; =
X, Xo = U, X3 = Z,X4 = Y. As we see later, the
long term averages of X (¢),U(t) and Z(t) are zero from
the symmetry property of VZSC model, while that of
Y(#)((Y) = limr oo L [ dtY (t)) is finite. Therefore we
introduce the valuable Y (¢) = Y (t)—(Y) in A(t) instead
of Y{(t) .

The evolution equations of macrovariables A(t) are
devided into three terms:

A(t) = K + LA(t) + V(A(1)), (73)

where K is constant term, LA(t) is linear term, and
V(A(t)) is nonlinear term.
For Eq.(13), these terms are explicitly written as

0 XY - fUz/2
|l o _ -XZ/2
K=1 o VA =1 puxml
—e(Y) ~X2%/2
(v(R—1)+({Y) 0 0 0
I 0 vif(R—f) 0 0
= 0 0 —e/16 0
\ 0 0 0 -—e

(74)

In Eq.(13), there are two invariances under the trans-
formation:

(a) X > -X,Z2—>-2Z
®) X —-X,U—>-U
Using these invariances the following relations are ob-
tained as
(X)=(U)=(2) =0,
(XZ) = (XY) = (UZ) = ({UY) = (XU) = (ZY) = 0.
(75)
Since (A(t)) = 0, we have the relation (V(A(t))) = — K,
which gives
(X

{¥)=- 2e

(76)

Numerical results of several averaged values of quan-
tities for the case with R = 1.873, are shown in Table 1.
For this case the matrix (4A") and its inverse matrix
are reduced to

(X% o 0 0
2
(AA"y = g <%) <7?2> 3 ) (77)
\ 0 0 0 (Y
1/(X? 0 0 0
-1 0 1/{U?) 0 0
(A= =1 g 0o 1/4zy o |°
0 0 0 1/(v?)
(78)

and the projection operator (47) for G = V(A) takes
the form

PV (4) = (V(A)A)(AAN) T4,

=124, (79)
where
gu 0 0 O
(80)
_ (X)) fXUZ) _1(xzU)
g1 = <X2> ) <X2) s 922—""2’ D), ,
- A+ ) UX2Z) __1(xv?
=3 z gu =3 77 (81)

Off-diagonal components of matrix {2 are also zero due
to the symmetry property (a) and (b) as:
(XYU) = (UZ?) = (XY?) = (UZY) =0,
(X2Y) = (U*X) = (X*) = (X"U) =0,
(XYU) = (U*Z) = (X*2Z) = (XZ%) = (UXY) = 0.
(82)
Numerical results of the components of matrix {2 for
the case with R = 1.873, are tabled in Table 2. The
diagonal components are dominant contributions in the
numerical simulations except for the value of gz2. As
is shown in the reference®), Eq.(73) can be transformed
into a non-Markovian linear stochastic equation in the
following manner:

A(t) = K + LA(t) + V(A(®t)), (83)
== K + LA(t) + ¢"*V(A), (84)
=K + LA(t) + P + Q}V(4), (-Q=1-7P),

(85)
=K + (L +i)A(t) + e QV(4), (86)
=K + (L +iA(t) + €21QV(4) (87)
+ /0 " ds 1P A4 QY (4), (88)

= K + (L +i2)A(t) + R(t) - / " ds T(3)A(t - 3).
(3]
(89)
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Table 1 Long-time average of several quantities for R = 1.873 with N = 107

(X) (U) (%) () (XU) (X2) (XY)
—1.92x 1072 093 x107% —570x10™3 -0.604 —-842x10"% 166x10"% 315x107°
(uz) (uy) (2Y) (X% (%) (Z%) (Y2

—3.15%x107% 273 x107° -362x10"° 1.45 0.414 1.15 0.152

Table 2 Numerical analysis of matrix 12 for R = 1.873 with N = 107

g11 g12 913 J14
~328x1071 3.08x107% —438x107% —2.63x 1072
921 g22 g23 924
—5.03x107% —149x10°T 6.68x10~° 555x 1073
g31 gs2 g33 934
298 x 107% ~1.82x107? 7.49x 1072 1.97 x 1073
941 942 943 944
1.43 x 1072 —~7.48 x107% —6.63 x 10712 1.20
with the aid of the operator identity Eq.(47), where we given by

introduce the fluctuating force R(t) and the memory
function I'(t) given by

rx (t)

ru(t)

rz(t)

Ty (t)

e RAQ(XY - FUZ/2)
—et21Q(X Z/2)

1+ fe?towx/e) |’
___etQA Q(XL’/Q)

i

R(t) = €24 QV(A) =

(90)

I(t) = (R(t)R(0))(4AT)

711(t) 0 0 0
0 Y22(t) 0 0
0 0 733(t) 0 ’
0 0 0 ~aa(t)

(91)

where

exl0rx@) eotre)
X2 U 2) ’
ra@rz(0) . (rv(Ore(©)

@y =T

71 (t) = yy22(t) =
(92)

Y33(t) =

Off-diagonal components of matrix I'(t) are also zero
due to the symmetry property:

A— —-A P—->P, Q— Q, then rx — —rx, Ty —
~TU, Tz — Tz, Ty — Ty, which implies

(rxry) = (ryrx) =0. (93)

Therefore, each component of the evolution equation is

X(t) = {v(R—1)+ (Y) + g1 } X () + rx(t)

- /0 Cds () X(t—s),  (94)

U(t) = {vf(R~f) +92}U(t) + ru(t)
_ fo " ds m(s)U(t— ), (95)

2t = (-5 + ga1) Z(t) + 72 ()
_ /0 " ds vaa(s)Z(t — 5),  (96)

Y () = —e(Y)(~e + ga) V() + v (2)
- /0 Cds vaa(e)¥ (= 5). (97)

The time-evolution of R(t) and I'(t) is governed by the
modified propagator €94, The Laplace transform I'(z)
of Eq.(91) gives the frequency-dependent transport co-
efficient I'(iw) induced by chaos.

The integrand of the third term of Eq.(87) has the
factor

PAR1QV (A) = PAR(s) = ({AR(s)}AT)(AAT) 1.

(98)

Since ({AR(s)}A") = —(R(t)(AA4)) =
—(R(t)(QAA)") = —(R(t)R"), this gives

! PR(t) = —(R()R')(AAT) L. (99)

Then, the third term of Eq.(87) reduces the third term
of Eq.(89). In this way Eq.(73) is transformed into the
non-Markovian linear stochastic equation Eq.(89).

The time series X(¢) in Figure.8(b) is dictated by
Eq.(73) that is equivalent to Eq.(13), so that its succes-
sive random fluctuations are created by the fluctuating
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force R(t). Since (R(t)X(0)) = 0, C(t) = (A(t)A(0)),
then we obtain the evolution equation for the time cor-
relation:

C(t) = (L +i)C(t) - / “ds I(s)C(t —s).  (100)
0 i

This is a linear equation for C(t) and can be integrated
to give an explicit expression for C(t). It indicates that
the time correlation function C(t) gives the average re-
gression of fluctuations of A(t) from a given chaotic
state. Thus it turns out that the necessary effects due to
the nonlinear force V(A) are all included in the memory
function I'(s), which implies the closure problem does
not occur in this Mori’s projection operator method.

4.2 Memory function I'(t) and force corre-
lation &(t)

In this section, we integrate a non-Markovian evo-
lution equation for C(t) and explore the w dependence
of the transport coefficient I'(iw).

4.3 Time correlation function C(t) in terms
of the force correlation $(t)

It is difficult to compute the time evolution of the
fluctuating force (90) directly. Therefore, using Eq.(86)
and (89), let us consider the nonlinear force

F(t) = ' QV(A) = R(t) — /t ds I'(s)A(t — s),
0

fx () XY - fUZ/2 - guX
- fU(t) - ~XZ/2 — 922U (101)
f2(t) 1+ HUX/4~gssZ |’
fr(®) —X%/2 - gaaV
then, we have
A(t) = K + (L +i)A(t) + F(t). (102)
The time correlation of F(t) is defined by
B(t) = (F()F(0))(AAN) ™
1 (t) 0 0 0
- Y B22(t) 0 0
=l o o sww o |0 (9
0 0 0 $aa(t)
where
sy = LI, g - SO,
sty = F0LO) o vy 1Y
(z%) 7’ (v2)

Off-diagonal components of matrix @(t), are zero due to
the symmetry property
(@) fx = =fx, fu = —fu, fz = fz, fvr — fv,

“Afxfz) = (fxfr) = {fvfz) = (fufy) =0. (105)

(b)‘ fX - —fX7 fU —"fU7 .fZ d —fz, fY —"fY,
~Afxfu) ={fzfr)=0. (106)

Figure.13 shows the result from DNS of ¢11(t) for R =
1.873.

$15(1)

0.2 1 i i ! i ! 1 L !

0 50 100 150 200 250 300 350 400 450 500
t

Fig. 13 The DNS of ¢1:(¢) for R = 1.873 with
At = 27/64 and N = 107,

Inserting Eq.(101) into Eq.(103) leads to

&(t) =I'(t) - /0 ' ds I'(t — s)(A(s)R'(0))(AATY 1.

(107)
Taking the Laplace transform of Eq.(107), we obtain

B(2) = /0 " e = ®(t) = I'(2)-T'(z)(A(z) RN (AATY !,

(108)
On the other hand, the Laplace transform of Eq.(102)
leads to

A(z) =T (2){F(z) + A(0)}, (109)
where
1/cis 0 0 0
r@=| o Yem 1/?:33 o | awo
0 0 0 1/caa

cr=2—{V(R-1)+(Y)} —gu, co=z-vf(R-f)- g2

¢33 = 2+ ¢e/16 — gss, Caqa = 2z+ € — gaa.

(111)
Substituting Eq.(109) into Eq.(108), we have
&(z) = I['(2) — T'(2)Y(2)P(2). (112)

This gives the relation between the force correlation and
memory function. That is we can calculate I'(t) via
F(t) — &(t) — I'(t).

We now integrate the evolution equation Eq.(100) for
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C(t), and derive an explicit form of C(t) in terms of
&(t). Taking the Laplace transform of Eq.(100) leads to

2C5(2)—(A?) = MiCii(2)—7:(2)Cii(2), (i =X,U,Z,Y).
(113)

(4?) (114)

where \i = Li; + gis, Ay = X, Ao = U, As = Z,As =Y.
In order to simplify the equation, we use the component
of matrix. Using Eq.(112), we get the equation

cute) =t { A - 2L

5 Cul(z) =

(115)

The inversion of the Laplace transform of Eq.(115) leads
to

t
Cu(t) = (A?) {e)“'t - ex"t/ ds e °(t — s)¢ii(s)} .
o
(116)
This equation shows the time correlation function C(t)
explicitly in terms of &(t).

4.4 w-dependent transport coefficients

7v;;(iw) in terms of ¢;;(iw)
We write ~;;(2) and ¢4;(2) as follows:
t .
i) = [ de € 5(0) = 2f5() +infs (), (117)
t .
¢j;(iw) = /0 dt €7 ¢;5(t) = ¢;(w) +id5;(w), (118)

where z = iw, the prime indicates the real part and dou-
ble prime, the imaginary part respectively. Substituting
Eq.(117) into Eq.(115) we calculate

(47

A e on) st oo T VRN
_ (AN s(w) = A}~ i{w + 455 (@)}]
= ot @ @ A 0
The power spectrum is given by
I, (w) = (A?) {’y:,(w) - Ai} (121)

7 {w+ (W)} + {vw) = M1

The term -;;(iw) is the w-dependent chaotic transport
coefficient which gives the frequency w; and the damp-
ing 4; for the average regressions of chaotic fluctua-
tions. The relation w; = —~ji{w:) introduces a real
frequency w;. Neglecting the w dependence of ~j;(w)

around w = wj, then it reduces Lorentzian spectra,

Y

T {w—w}?+ 5 (122)

where ¥ = vi;(w;) — A;. Using Wiener-Khinchine for-
mula, we obtain

Cis(t) ~ Z aije” V9" cos(wijt + i) (123)

Since (A4;(0)r;(0)) = (r;(0)y = 0 for j # 4, Eq.(112)
gives

¢5i(2) = 715(2) = i3 (%) {45700 (22;(0» ;
=) - Ay eu) (124)
: : L (125)

TP Bl P B Vi
for j # 4, we calculate
{iw = A} (iw)
w — }\j - ;j(iw)’
_ H{wdii() = Aigi(w)} — {weii(w) + Aigs(w)}
{w = ¢f(w)} — {X; + 5, (@)} '
(126)

¥53(iw) =

The real part and the imaginary part of ;;(iw) are ex-
plicitely written as

_ {w(0) — Ay (@)}a + {wi () + Nid3; ()18

!
V55(w) a? + 32

—{wdf; (W) = A3 (W)}B + {wdfi(w) + Nidjs(wte

" —
ij(w) - az + ﬁg

(127)

where a = w ~ ¢};(w) and 8 = X; + ¢j;(w). Since
K4 = —e(Y) for j = 4, we obtain

1 e¥) (ra)

(128)
Since A4 = —e+gaa < 0, e(Y){rs) = ((X?))?/4, this
gives

$a4(2) = va4(2) —vaa(2)

@) @) 2 {1 " ) } (129)

where b = (X?)?/4(Y'?). Explicit form of 744 is written
as

{iw — A4} Paa(iw)
{iw — Aa} ~ daaliv) + £~

Yaa(iw) =

_ —iw{welis(w) + Madha(w)} — wiwdhs(w) — Aadis(w)}

—tw{pha(w) + A} — {w? — wify(w) — b}
(130)

C'(w)

Yaa(w) = F5 () = &)

(W)’

(131)

D(w) = w*{¢ha(w) + Aa}® + {0® — welis(w) — B},
(132)

C'(w) = W {P1a(w) + MHwdia(w) + Aadaa(w)}

+ w{w® — wPlis(w) — bH{wpha(w) — Aadis(w)},
(133)

0" (w) = w*{Pha(w) + AaHwdlia(w) — Madia(w)}

+wlw? — wills(w) — bHw (W) + Mgia(w)}-
(134)

b
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Fig. 14 w dependent transport coefficients v} (w)
obtained from (127) for R = 1.873.

Figure.14 shows ~j1(w) obtained from Eq.(127) nu-

Frequency w = 0, 0.605(= w1), 1.22(=

w2), 1.82(= w1 + wq) correspond to four peaks of

power spectrum of X in Figure.11 for the relation w =
'

-1 (w).

merically.

5. Summary and Discussion

The understanding of the basic feature of plasma
turbulence is very important not only for the fusion
study but also for the statistical theory. The relation
between turbulence and Mori method is reported by S-
LItoh et al'®. In this reference, used Mori method to
the model of multi degree of freedom, so in this thesis,
we applied Mori method to the model with a few de-
grees of freedom.

The drift wave chaos is investigated using VZSC model
which is the simplified model with a few degrees of free-
dom reduced for Hasegawa-Wakatani model. In order to
simulate VZSC model given by Eq.(13), we use a fourth-
order Runge-Kutta method. In this simulation, param-
eter R is chosen as an order parameter to characterize
the system behavior and the other parameters v, e, f are
fixed. It is found that for the regime R < 1.8344, the
fixed point exists, for the regime 1.8344 < R < 1.8725,
the limit cycle appears, and for the regime R > 1.872,
chaos occurs.

In order to analyze the statistical properties of chaotic
orbits, we show numerical results of the time correla-
tion function Cx(t) and the power spectrum Ix(w) at
R = 1.873 according to the definition. It is found that
a systematic large-scale motion of X (t) has a correla-
tion time 7ar o~ 50, and power spectrum of X has four
sharp peaks at frequencies w = 0, 0.605(= w2), 1.22(=
w1), 1.82(= wy + w2). Then, fitting four peaks in the
power spectrum to the Lorenzian and inverse Laplace

transforming of it, we obtain Cx (¢) approximately. It is
found that oscillation frequency of Cx (t) shows a fairly
good agreement with DNS results.

Next, we derived the non-Markovian linear stochastic
equation for the VZSC model, applying Mori’s projec-
tion operator method. It is difficult to compute the time
evolution of the fluctuating force R(t). Therefore first,
we defined the nonlinear force F(t). Secondly we cal-
culate the correlation of F(t) (=¢;;(iw)) numerically.
Then using Eq.(4.39), we calculate w-dependent trans-
port coefficients 7;;{iw) indirectly. It is found that four
peaks of power spectrum of X correspond to the solu-
tion of w = —7{j(w). We make sure that projection
operator method is an useful technique.

It is necessary to simulate the following equation

mi(t) = 727 /(; ~ dw 11 (w) cos(wt), (135)

and investigate the damping form. It is left for future
work.

In this thesis, the Mori’s projection operator method
has been applied to the plasma turbulence theory and
its applicability has been confirmed through the com-
parison with numerical calculation. However, this is the
first atternpt and, in order to verify its validity, the more
detail study will be required and it remains to the future
work.
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Appendix

Al. -Derivation of Eq.(47)-

Let us write €'/ as

e =9 1 etS(1), (A1)
where we have defined
¢
St)=1-e et = / ds -Eii-{l — e ey
o ds
t
= / ds €7 PAeA. (A2)
0
Eq.(A2) is inserted into Eq.(A1) to give (47)
t
=9 [ ds et P A, 47
0

A2. .Derivation of Eq.(49)-

The second term of (47) gives

f t ds e~ PAR(s) = / ' ds ({AR(s)} ATV (AATY L A(t—s)
4] 4]

(A3)
which, together with the second term of (54), gives

M) = —({ARDA}AADN . (a9)

In order to prove ({AF}G) = —(F{AG}), let us consider
({AF)G) = lim [ FIG) ~ (FG)]

= ~lim Z[({“F}G) ~ (FG)]  (A5)

According to the Sinai-Ruelle-Bowen theorem of dynam-
ical theorym) , there exists a unique measure p(X) for a
hyperbolic attractor A in phase space X such that, for
almost all initial states X € 4, the long-time average
can be writen

(h@)700) = lim 2 [ ds fe+ 9ol
o
= /A Al X)£2(0, X)u(dX).  (A6)
Using (A6), we have
(e 416) = [ FX(-0)GXOdX(0)
= [ PG OMuEx(-1), (D
where we have p(dX(0)) = p(X(-t)) from the invari-
ance of the probability measure u(X). Setting Y(0) =
X(~t), we can write (A7) as
[FaeNer®maro) = ity ()
Therefore inserting (A8) into (A5), we obtain

{AF}G) = ~ lim ({6}~ (FG)] = ~(F{AG)).
(49)
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(A4) can be written
M(t) = (R(t){AAT}) (44" (A10)

Here, since (R(t)A') = 0, AA can be replaced by QAA,
leads to

QAA = QA = R(0) (A11)
which is inserted into (A10) to give (49)
M(t) = (R(t)R")(A4") ™ (49)



