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Kei Hirose∗, Shuichi Kawano†, Daisuke Miike
‡

and

Sadanori Konishi§

Abstract

In the structural equation models, the maximum likelihood estimates of error
variances can often turn out to be zero or negative. In order to overcome this prob-
lem, we take a Bayesian approach by specifying a prior distribution for variances
of error variables. Crucial issues in this modeling procedure include the selection
of hyper-parameters in the prior distribution. Choosing these parameters can be
viewed as a model selection and evaluation problem. We derive a model selection
criterion for evaluating a Bayesian structural equation model. Monte Carlo sim-
ulations are conducted to investigate the effectiveness of the proposed modeling
procedure. A real data example is also given to illustrate our procedure.

Key Words and Phrases: Bayesian approach, Improper solutions, Model selection criterion,

Prior distribution, Structural equation modeling

1. Introduction

Structural equation models that include the factor analysis model and model in path
analysis play an essential role in various fields of research such as social, educational,
behavioral and biological sciences, public health, and medical research (see, e.g., Bentler
and Stein, 1992; Jörekog and Sörbom, 1996; Pugesek et al., 2003; Xiong et al., 2004; Liu
et al., 2008).

The structural equation model is usually estimated by maximum likelihood meth-
ods under the assumption that the observations are normally distributed. In practice,
however, the maximum likelihood estimates of error variances can often turn out to be
zero or negative. Such estimates are known as improper solutions, and many authors
have studied these inappropriate estimates both from a theoretical point of view and
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also by means of numerical examples (see, e.g., van Driel, 1978; Anderson and Gerb-
ing, 1984; Boomsma, 1985; Gerbing and Anderson, 1987; Chen et al., 2001; Flora and
Curran, 2004). In order to prevent the occurrence of improper solutions in structural
equation model, we employ a Bayesian approach by specifying a prior distribution for
error variances.

An essential point in the Bayesian approach is the choice of a prior distribution.
In the factor analysis model which is the special case of structural equation model,
some prior distributions have been proposed by earlier authors (see, e.g., Martin and
McDonald, 1975; Akaike, 1987; Hirose et al., 2010; Yoshida and West, 2010). Akaike
(1987) introduced a spherical normal distribution of the standardized factor loadings,
which is theoretically derived from the information extracted from the knowledge of the
likelihood function, and numerical examples show that it can prevent the occurrence of
improper solutions. Thus, Akaike’s (1987) prior distribution seems to be attractive. It
is, however, difficult to apply his prior distribution directly to the structural equation
models, since the covariance structure of structural equation model is too complex to
derive the standardized spherical normal distribution. Hirose et al. (2010) considered
a prior distribution for unique variances in factor analysis model and used exponential
distributions for the inverses of unique variances. In this paper we derive an inverse
exponential distribution for error variances in the structural equation models according
to the basic idea given by Akaike (1987) and Hirose et al. (2010). The model is then
estimated by posterior modes.

In the Bayesian structural equation models, the hyper-parameters in the prior dis-
tribution are often subjectively given. However, the modeling procedure based on such
subjective hyper-parameters does not always provide appropriate estimates. Therefore,
it is important to select suitable values of hyper-parameters by using an information
extracted from the data. Choosing these parameters can be viewed as a model selection
and evaluation problem. The AIC (Akaike, 1987), BIC (Schwarz, 1978) and other selec-
tion criteria (e.g., Bozdogan, 1987; Ninomiya et al., 2008) cannot be directly applied to
the Bayesian structural equation model since these criteria cover only models estimated
by the maximum likelihood methods. In this paper, we derive a model selection criterion
from a Bayesian point of view (Konishi et al., 2004) for evaluating Bayesian structural
equation models. The proposed modeling procedure is investigated by conducting Monte
Carlo simulations and analyzing a real data. Numerical results show that our modeling
strategy prevents the occurrence of improper solutions and often yields stable estimates.

The remainder of this paper is organized as follows: Section 2 describes maximum
likelihood methods for structural equation model. In Section 3, we introduce a Bayesian
structural equation modeling. Section 4 describes Monte Carlo simulations to investigate
the performance of our modeling procedure. Section 5 illustrates the proposed procedure
with a real data example. Some concluding remarks are given in Section 6.

2. Maximum likelihood procedure for structural equation model

A number of models for the analysis of covariance structure, such as LISREL
(Bock and Bargmann, 1966; Jöreskog, 1970)，EQS (Bentler and Weeks, 1980) and
RAM (McArdle, 1980; McArdle and McDonald, 1984), have been proposed. We use
the RAM model because the description of this model is quite simple and it generalizes
the LISREL and EQS.

First, we define p-dimensional observable random vector, m-dimensional latent vari-
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ables and p-dimensional error variables given in the following:

f = (f1, · · · , fm)′： m-dimensional latent random vector,

x = (x1, · · · , xp)
′： p-dimensional observable random vector,

t = (f ′,x′)′: q (= m+p)-dimensional structural variables that include latent

variables and observable variables, and they satisfy E[t] = 0,

d = (d1, · · · , dm)′: m-dimensional error variables for latent variables f ,

e = (e1, · · · , ep)′: p-dimensional error variables for observable variables x,

u = (d′, e′)′: q-dimensional error variables with E[u] = 0 and cov[u] = Σu.
Assume that unknown error variances in Σu are σu

1 , · · · , σu
v .

The structure between latent variables and observable variables in the RAM model is
given by

t = At+ u, (1)

where A = (aij) is a q × q-coefficient matrix for structural variables．Note that the
diagonal elements of A are zeros because the path from a variable to the same variable
does not make any sense.

Next, we calculate the variance-covariance matrix of x. Suppose that there exists
an inverse matrix T = (Iq − A)−1, where Iq is a q × q identity matrix. From Equation
(1), we have

t = Tu.

The observable random vector x is then given by

x = GTu,

where G is a p × q-matrix which extracts the observable variables from the structural
variables: G = [Op×m Ip], with Op×m being p × m 0-matrix. Then, the variance-
covariance matrix of x is given by

Σ(θ) = GTΣuT
′G′,

where θ is a k-dimensional unknown parameter vector. The unknown parameters in the
structural equation models are the coefficient matrix A and a lower triangular part of
variance-covariance matrix Σu. Note that most of the elements of A and Σu are fixed
by 0 or 1 according to researcher’s hypothesis. The parameter vector θ is constructed
by eliminating these fixed parts.

The structural equation model is usually estimated by the maximum likelihood
procedure. Suppose that we have a random sample of N observations x1, · · · ,xN from
the p-dimensional normal population Np(0, GTΣuT

′G′). The log-likelihood function is
then given by

log f(x1, · · · ,xN |θ) = −N

2

{
p log(2π) + log |Σ(θ)|+ tr(Σ(θ)−1S)

}
, (2)

where S is a sample variance-covariance matrix

S =
1

N

N∑
n=1

xnx
′
n.
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The maximum likelihood estimates of θ are given as the solutions of

∂ log f(x1, · · · ,xN |θ)
∂θ

= 0.

Since the solutions cannot be expressed in a closed form, the quasi-Newton’s method is
usually used to obtain the maximum likelihood estimates.

In practice, however, the maximum likelihood estimates of error variances can often
turn out to be zero or negative, which have been called improper solutions. In order to
overcome this difficulty, we take a Bayesian approach by specifying a prior distribution
for error variances.

3. Bayesian structural equation modeling

In this section, we investigate the prior distribution for the variances of error vari-
ables, and then illustrate a selection procedure of the hyper-parameters in the prior
distribution.

3.1. Prior distributions

An important point in the Bayesian structural equation models is the selection of a
prior distribution. In the factor analysis model, Hirose et al. (2010) derived exponential
distributions for the inverses of unique variances according to the basic idea given by
Akaike (1987), and numerical examples showed that their prior distributions can prevent
the occurrence of improper solutions. On the basis of their prior distributions, we use
an inverse exponential distribution for error variances given by

π(θ|λ) =
v∏

i=1

Nλi

(σu
i )

2
exp

(
−Nλi

σu
i

)
(σu

i > 0 for i = 1, · · · , v), (3)

where λ = (λ1, · · · , λv)
′ is a v-dimensional hyper-parameter vector with λi > 0 (i =

1, · · · , v). Note that this prior distribution is an inverse gamma prior distribution

π(σu
i |α, β) =

βα

Γ(α)
(σu

i )
−(α+1) exp

(
− β

σu
i

)
with α = 1 and β = Nλi, where Γ(·) is a gamma function. Figure 1 shows the inverse
exponential distribution when N = 100 and λi = 0.005. It can be seen from Figure 1
that a probability that σu

i is close to 0 is extremely low. Thus, this prior distribution
may prevent the occurrence of improper solutions.

The posterior distribution based on the prior distribution in (3) is

π(θ|x1, · · · ,xN ;λ) =
f(x1, · · · ,xN |θ)π(θ|λ)∫
f(x1, · · · ,xN |θ)π(θ|λ)dθ

∝ f(x1, · · · ,xN |θ)π(θ|λ).

In this paper, the parameters θ are estimated through modes of the posterior distri-
bution. The procedure is equivalent to obtain estimates by maximizing the penalized
log-likelihood function

ℓλ(θ) = log f(x1, · · · ,xN |θ)−HN,λ(θ), (4)
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Figure 1: The inverse exponential distribution when N = 100 and λi = 0.005.

where HN,λ(θ) is a penalty term given by the following:

HN,λ(θ) =
v∑

i=1

(
Nλi

σu
i

+ 2 log σu
i

)
,

and the hyper-parameters λ can be considered as regularization parameters. Since it is
difficult to obtain the parameters that maximize the function in (4) analytically, we use
a quasi-Newton’s method to obtain the maximum penalized likelihood estimates.

3.2. Model selection criterion

This subsection describes a selection process of hyper-parameters in the prior distri-
bution. For example, the maximum likelihood estimate of σu

1 becomes negative. When
the value of λ1 is very small, the penalized maximum likelihood estimate of σu

1 may
be close to 0. On the other hand, when the value of λ1 is large, the penalized maxi-
mum likelihood estimate of σu

1 also becomes large. Therefore, a crucial aspect of model
construction is the choice of the regularization parameter λ1, · · · , λv. In this paper, we
derive a model selection criterion GBIC (Konishi et al., 2004) for evaluating Bayesian
structural equation models. The proposed procedure enables us to choose adjusted
hyper-parameters λ1, · · · , λv. For model selection criteria we refer to Konishi and Kita-
gawa (2008) and references given therein.

The model selection criterion GBIC for evaluating the Bayesian structural equation
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model is given by

GBIC = −k log(2π) + k logN + log |Jλ(θ̂)|+N
{
p log(2π) + log |Σ(θ̂)|+ tr(Σ(θ̂)−1S)

}
−2

v∑
i=1

log

{
Nλi

(σ̂u
i )

2

}
+ 2

v∑
i=1

Nλi

σ̂u
i

, (5)

where θ̂ and σ̂u
i (i = 1, · · · , v) are the posterior modes, and Jλ(θ̂) is k × k matrix

Jλ(θ̂) = − 1

N

[
∂2

∂θ∂θ′

{
log f(x1, · · · ,xN |θ) + log π(θ|λ)

} ∣∣∣∣
θ̂

]
. (6)

The derivation of Jλ(θ) is given by (A6) in Appendix A.

When we have several candidates for hyper-parameter vectors λ = (λ1, · · · , λv)
′,

the GBIC is calculated for each candidate, and then the model which minimizes the
value of GBIC is selected. However, if the dimension of hyper-parameters v is large, it is
difficult to calculate the GBIC for all possible candidates because it requires extremely
computational load. Thus, we restrict the number of hyper-parameters as follows:

PMLE1: All error variances have the same hyper-parameter λ1.

PMLE2: The error variances for observable variables have a hyper-parameter λ1 and
those for latent variables have a hyper-parameter λ2.

It can be seen that PMLE1 is useful when all of the variances have similar values while
PMLE2 can be used when the error variances for observable variables and those for
latent variables are completely different.

4. Monte Carlo simulations

Monte Carlo simulations are conducted to investigate the performance of our pro-
posed procedure．In this simulation study, latent variables are ξ, η, and observable
variables are given by y1, y2, x1, x2. The true model is

ξ

η

y1

y2

x1

x2


=



0 0 0 0 0 0

0.5 0 0 0 0 0

0 1.0 0 0 0 0

0 0.6 0 0 0 0

0.7 0 0 0 0 0

0.7 0 0 0 0 0





ξ

η

y1

y2

x1

x2


+



εξ

εη

εy1

εy2

εx1

εx2


, (7)

and the true variance-covariance matrix Σu of u is

Σu = diag(1.0, 0.6, 0.1, 0.7, 0.5, 0.5). (8)
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Table 1: Frequency of improper solutions (Freq), mean squared error for parameters
(MSE), mean value of hyper-parameters (λ1 and λ2), and the mean value of the GBIC
(GBIC)

Method Freq MSE (×10) λ1 (×103) λ2 (×103) GBIC (×10−3)

MLE 39 6.688 — — —

N = 100 PMLE1 0 2.267 3.880 — 1.077

PMLE2 0 2.516 4.112 3.836 1.077

MLE 24 4.223 — — —

N = 150 PMLE1 0 1.485 2.588 — 1.612

PMLE2 0 1.563 2.922 2.615 1.612

MLE 36 2.109 — — —

N = 200 PMLE1 0 0.869 1.928 — 2.139

PMLE2 0 0.879 2.420 1.808 2.139

To estimate the true model, we assume the hypothetic model

ξ

η

y1

y2

x1

x2


=



0 0 0 0 0 0

γ 0 0 0 0 0

0 1 0 0 0 0

0 ay2 0 0 0 0

ax1 0 0 0 0 0

ax2 0 0 0 0 0





ξ

η

y1

y2

x1

x2


+



εξ

εη

εy1

εy2

εx1

εx2


,

with variance-covariance matrix

Σu = diag(1, ση, σy1 , σy2 , σx1 , σx2).

In this case, the parameter vector is given by θ = (γ, ay2
, ax1

, ax2
, ση, σy1

, σy2
, σx1

, σx2
)′.

The true variance-covariance matrix Σ = GTΣuT
′G′ is calculated by using Equations

(7) and (8), and then the data were generated 100 times with sample size N (N =
100, 150, 200).

We compare the performance of our proposed procedure with that of maximum
likelihood method. Table 1 shows the frequency of improper solutions, mean squared
error (MSE) for parameters, mean value of hyper-parameters (λ1 and λ2), and the mean
value of the GBIC (GBIC) for MLE, PMLE1 and PMLE2. The mean squared error
(MSE) is given by

MSE =
1

100

100∑
d=1

∥θ̂(d) − θ0∥2,

where θ0 are true values of θ, i.e. θ0 = (0.5, 0.6, 0.7, 0.7, 0.6, 0.1, 0.7, 0.5, 0.5)′, and θ̂(d)

are the estimates of parameters for d-th dataset. From Table 1, we can see that each
procedure becomes better in terms of minimizing the MSE as N increase. For each



62 K. Hirose, S. Kawano, D. Miike, and S. Konishi

Table 2: Mean squared error (MSE) for each parameter of coefficients

Method γ (×103) ay2 (×102) ax1 (×102) ax2 (×102)

MLE 8.738 5.479 1.435 1.255

N = 100 PMLE1 8.813 5.011 1.320 1.138

PMLE2 9.555 5.985 1.381 1.178

MLE 8.182 2.796 0.849 0.871

N = 150 PMLE1 8.671 2.091 0.905 0.936

PMLE2 8.873 2.192 0.941 0.964

MLE 4.649 1.848 0.446 0.682

N = 200 PMLE1 4.666 1.005 0.503 0.712

PMLE2 4.688 0.960 0.533 0.756

Table 3: Mean squared error (MSE) for each parameter of error variances

Method ση (×10) σy1 (×10) σy2 (×102) σx1 (×102) σx2 (×102)

MLE 2.545 2.463 2.047 3.182 2.523

N = 100 PMLE1 0.292 0.411 2.465 2.668 2.154

PMLE2 0.361 0.459 2.418 2.806 2.243

MLE 1.691 1.551 1.069 1.662 1.754

N = 150 PMLE1 0.257 0.285 1.152 1.677 1.807

PMLE2 0.288 0.298 1.147 1.755 1.872

MLE 0.780 0.686 0.708 0.861 1.409

N = 200 PMLE1 0.135 0.154 0.739 0.940 1.435

PMLE2 0.139 0.144 0.703 0.997 1.540

N，we obtained improper solutions several times for maximum likelihood procedure,
whereas our proposed method prevented the occurrence of improper solutions for all
datasets. Moreover, the MSE of PMLE1 is much smaller than that of MLE, which
means the Bayesian approach yields more stable estimates than maximum likelihood
technique. In addition, the values of λ1, λ2 for PMLE2 are almost the same, and they
are also similar to the value of λ1 for PMLE1. Thus, it seems that PMLE1 and PMLE2

selected almost the same models.

Tables 2 and 3 show the mean squared error (MSE) for each parameter. When
we compared the MSE of PMLE1 with that of MLE, a large difference occurred in ση

and σy1 . Regarding the σy1 , we obtained improper solutions several times since the
true value of σy1 is relatively small compared with other parameters of error variances.
Consequently, the maximum likelihood estimate of σy1 is very unstable. On the other
hand, the proposed procedures PMLE1 or PMLE2 produced more stable estimates than
MLE. For error variance ση, the proposed methods also provide much better estimates
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Table 4: The result of GFI, AGFI and GBIC and corresponding hyper-parameters λ1

and λ2 for MLE, PMLE1 and PMLE2 for the hypothetic model given in Figure 2.

MLE PMLE1 PMLE2

GFI 0.9037 0.9038 0.9038

AGFI 0.8736 0.8738 0.8738

λ1 — 0.0014 0.0006

λ2 — — 0.0017

GBIC — 23494 23492

than MLE.

As a result, our proposed method prevents the occurrence of improper solutions
and also yields stable estimates. Also, the result of PMLE1 is very similar to that of
PMLE2. This is because the observable variables and exogenous variables are usually
normalized and then they may not have completely different error variances.

5. Real data example

We applied the proposed modeling procedure to the slump of personal consumption
dataset (Toyoda, 1998). This data set was surveyed from 10/06/1998 to 15/07/1998.
During this long period, Japan was suffering a slump. The aim of this analysis is to
find out the cause of the recession by conducting a causality analysis. This dataset
consists of N = 405 samples and p = 21 observable variables X1, · · · , X21, and Toyoda
(1998) considered 8 latent variables F1, · · · , F8. The 8 latent variables and corresponding
observable variables are given in Appendix B.

We made a hypothetic model based on Toyoda (1998), which is given in Figure 2.
First, the model of Figure 2 is estimated by maximum likelihood procedure, which is
given in Figure 3. This procedure produced improper solutions since the error variance
for X15 was −0.046. The standard error of error variance for X15 was 0.649, and thus the
95% confidence interval includes 0. This means the cause of improper solutions might
be sampling fluctuation (see, e.g., van Driel, 1978; Chen et al., 2001).

In order to prevent the occurrence of improper solutions, we applied the proposed
procedures (PMLE1 and PMLE2) to this dataset. The estimates in PMLE1 and PMLE2

were respectively given in Figure 4 and Figure 5. The result of GFI, AGFI and GBIC
and corresponding hyper-parameters λ1 and λ2 for each procedure is also given in Table
4.

From Figure 4, the penalized maximum likelihood estimate of error variance forX15

was positive, which means the proposed procedure prevented the occurrence of improper
solutions. Additionally, Figure 4 and 5 indicate the estimates in PMLE2 and PMLE1

are very similar. Moreover, the result of GFI and AGFI are also almost the same. This
means it is not necessary to assume that error variances for observable variables and
those for latent variables have different hyper-parameters.
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Figure 2: Hypothetic model for slump of personal consumption data

Figure 3: Maximum likelihood estimates
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Figure 4: PMLE1

Figure 5: PMLE2
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6. Concluding and remarks

In the structural equation modeling, the maximum likelihood estimates of error
variances can turn out to be zero or negative. In order to overcome this difficulty, the
Bayesian approach is employed by specifying a prior distribution for error variances.
Crucial issues in this modeling procedure include the choice of hyper-parameters in the
prior distribution. We derived a model selection criterion from a Bayesian point of view
to select these parameters. In order to reduce a computational load of the proposed
modeling procedure, we considered two kinds of restrictions: all error variances have
the same hyper-parameter (PMLE1), and the error variances for observable variables
and those for latent variables have different hyper-parameters (PMLE2). The proposed
procedure was applied to artificial data, and we found that our method prevents the
occurrence of improper solutions and provides stable estimates. Our modeling strategy
is applied to the slump of personal consumption data, and also prevented the occurrence
of improper solutions. For both artificial and real data, PMLE1 and PMLE2 yield almost
the same result. Therefore, from a practical point of view, the PMLE1 may be preferable
since it does not need computation time compared with PMLE2.

The structural equation modeling is usually used to investigate the linear relation-
ships among observed variables and latent variable. However, models that have nonlinear
structure are often encountered in social and behavioral sciences (see, e.g., Lee and Zhu,
2003). As a future research topic, it is interesting to propose a selection procedure of
hyper-parameters for nonlinear structural equation modeling. Another important topic
is to select not only the value of hyper-parameter, but also the structural equation model
itself. The lasso (Tibshirani, 1996) is one way to achieve this, since it can produce some
coefficients that are exactly zero and then the corresponding paths are automatically
eliminated. It is of our interest to apply the lasso and its related regularization methods
to the structural equation models.

Appendix A: Derivation of Jλ(θ)

This appendix derives the Jλ(θ) included in the second differential of penalized
log-likelihood function. First, we define a function F of θ:

F = log |Σ|+ tr(Σ−1S).

The relationship between F and second differential of log-likelihood function in (2) can
be obtained as follows:

∂2 log f(x1, · · · ,xN |θ)
∂θi∂θj

= −N

2

∂2F

∂θi∂θj
(i, j = 1, · · · , k).

Hence, if we derive a second differential of F , the second differential of log-likelihood
function can be obtained. It is known that the second differential of F is given by (Lee
and Jennrich, 1979):

∂2F

∂θi∂θj
= trΣ−1Σ̇iΣ

−1Σ̇j + trΣ−1(Σ− S)Σ−1(Σ̈ij − 2Σ̇iΣ
−1Σ̇j),
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where

Σ̇j =
∂Σ

∂θj
, (A1)

Σ̈ij =
∂2Σ

∂θi∂θj
. (A2)

For structural equation modeling, Equations (A1) and (A2) are given by

∂Σ

∂aαβ
= GT∆αβTΣuT

′G′ +GTΣuT
′∆βαT

′G′,

∂Σ

∂σu
wx

= GT∆wxT
′G′, (A3)

∂2Σ

∂aγδ∂aαβ
= GT (∆γδT∆αβTΣu +∆αβT∆γδTΣu +∆αβTΣuT

′∆δγ)T
′G′

+GT (∆γδTΣuT
′∆βα +ΣuT

′∆δγT
′∆βα +ΣuT

′∆βαT
′∆δγ)T

′G′,

∂2Σ

∂σu
wx∂aαβ

= GT (∆αβT∆wx +∆wxT
′∆βα)T

′G′, (A4)

∂2Σ

∂σu
yz∂σ

u
wx

= Op×p,

where ∆ij is a matrix with one on (i, j)-th element and zeros elsewhere, and σu
xy is the

(x, y)-th element of Σu. Note that σu
xy corresponds to σu

i . For example, when the error
variance σu

1 is the (2, 3)-th element of Σu, σ
u
1 = σu

23. The reason why we use the notation
σu
xy is that it is needed to derive the Equations (A3) and (A4).

To derive Jλ(θ), we need to obtain the second differential of the logarithm of prior
distribution log π(θ) regarding error variances, which is given by

∂2 log π(θ)

∂(σu
i )

2
=

2

(σu
i )

2
− 2Nλi

(σu
i )

3
, (i = 1, · · · , v). (A5)

The second differential for other parameters is zero. Then, the (i, j)-th element of Jλ(θ)
in (6) is given by

Jλ(θ) =
1

2

∂2F

∂θi∂θj
− 1

N

∂2 log π(θ|λ)
∂θi∂θj

. (A6)

The first term is calculated by using (A2), and the second term is given by (A5).

Appendix B: Description of real data

The 8 latent variables and corresponding observable variables for the slump of
personal consumption dataset are given in the following:

• F1: Changes in income
— X1: Increase and decrease in income
— X2: Consciousness of joy and sorrow for life
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• F2: Fears of a recession
— X3: Sense for the state of the economy
— X4: Prospect of the state of the economy

• F3: Expectation for decrease in price
— X5: Prospect of decrease in price
— X6: The number of products that have a prospect of decrease in price

• F4: Saturation of consumption
— X7: Getting away from from shopping
— X8: Overmuch fullness
— X9: Getting tired of shopping
— X10: Lack of fascinating products

• F5: Prospect of future of society
— X11: Society of guarantee for position
— X12: Society of increase and decrease in income
— X13: Society of guarantee for old people

• F6: Self-searching for life
— X14: Self-searching for luxury
— X15: Self-searching for shopping

• F7: Buyer motivate
— X16: The number of goods that have appetites
— X17: A great desire to buy
— X18: The number of goods that have appetites if the price is down

• F8: Buyer behavior
— X19: Limits on spending
— X20: The number of goods that limit on spending
— X21: The rate of realization for purchasing

For detail of the explanation of each variables, we refer to Toyoda (1998).
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