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NOTE ON THE EFFECT OF A PERMUTATION
IN MAXMINIMIZATION BY A SEQUENCE OF

FUNCTIONS

By

Fumio Maruyama∗

Abstract

We consider maxminimizations (minmaximizations) of functions of several vari-
ables defined on a Cartesian product of finite sets under some dependence condi-
tions between variables. The effects of the combinations of dependence conditions
between variables and permutations of optimizations on equilibrium values are
rather complicated. We show an example to catch a glimpse of the intricacies.

Key Words and Phrases: Equilibrium, Order.

1. Introduction

Under some conditions a sequence of operations either maximization or minimiza-
tion subject to variables applied to a real valued function of several variables gives a
real number—an equilibrium value. For a natural number n let C(In) be the set of real
valued continuous functions on In where I is the unit interval of the real line and let Σn

be the set of functionals that maps each element of C(In) to such an equilibrium value.
For example if n = 2,

Σ2 = {max
z1

max
z2

, max
z1

min
z2

, max
z2

min
z1

, min
z1

max
z2

, min
z2

max
z1

, min
z1

min
z2

}.

Here, for example, max
z1

min
z2

is the functional given by max
z1

min
z2

(F ) = max
z1

min
z2

F (z1, z2)

for F ∈ C(I2) where maximization and minimization are taken over all elements in
I. Σn is an ordered set by the pointwise order. In Hisano and Maruyama (1989) we
studied this order. There in Theorem 4.6 we proved that for σ1, σ2, . . . , σm ∈ Σn, if an
arbitrary given order σ1 < σ2 < · · · < σm does not contradict the order on Σn, there
exists F ∈ C(In) such that σ1(F ) < σ2(F ) < · · · < σm(F ). This means that on Σn

there exists no logical structure except the trivial one.
In the present paper, we treat the problem of maxminimization (minmaximization)

by a sequence of variable functions. That is, to a function of several variables, when
each variable is a function—a variable function—of some variables, we apply a sequence
of optimal operations by these variable functions. In the case of maxminimization by a
sequence of variables, the role—either maximization or minimization—of each variable
and the dependence between variables determine the equilibrium value. The operation
order of variables and the dependence between variables are united so a change in order of
operations changes the dependence. On the other hand, in the case of maxminimization
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16 F. Maruyama

by a sequence of variable functions, there exists a change in order of operations that
holds the dependence between variables but causes difference in the equilibrium values.
It is easy to find such an example.

Let D be the set consists of 0 and 1 and let G the mapping from D4 into D such
that G−1(1) = {(0, 0, 0, 0), (0, 0, 1, 1), (0, 1, 0, ∗), (1, 1, 1, ∗)} where ∗ is either 0 or 1.
In the following maxminimization let f1, f2 and f4 be taken from all mappings from D
into D and let z3 be taken from D. Then

max
f1

min
f2

min
f4

max
z3

G(f1(f2(z3)), f2(z3), z3, f4(f1(f2(z3)))) = 0,

min
f2

max
f1

min
f4

max
z3

G(f1(f2(z3)), f2(z3), z3, f4(f1(f2(z3)))) = 1.

To verify the first equality set f2 and f4 according to f1 as follows. If f1(0) = 1 then
f2(0) = f2(1) = 0. Otherwise f2(0) = f1(1) and f2(1) = f4(0) ̸= f1(1). To verify the
second, set f1 and z3 according to f2 as follows. If there exists some k such that f2(k) = 1
then f1(1) = z3 = k. Otherwise f1(0) = 0 and z3 = f4(0). For the functionals of this
sort, we use a shorthand notation like x1(y2)y2(x3)y4(x1)x3, y2(x3)x1(y2)y4(x1)x3 for
the above for example.

In maxminimization by a sequence of variable functions, the elements that deter-
mine the equilibrium value are the roles of variables, the dependence between variables
and the operation order of variable functions. The power of the first two elements is
clear. But the power of operation order of variable functions to equilibrium value is
obscure. Varing other factors that affect the equilibrium value, how much power, in the
ultimate, does an exchange of operation order of two variable functions have ? Before a
systematic investigation, let us observe it by a concrete example of moderate complexity.
In this paper we give a limit example of three maximizers and three minimizers case.

For a positive integer N , let DN be the set of all Cartesian products of N -finite
sets and let FN be the set of all real valued functions with domain in DN . An N -
length sequence of optimizations by variable functions maps each element of FN to an
equilibrium value. We call such a functional an equilibrium functional of N -variables. In
Section 2 we give a precise definition of an equilibrium functional and in Example 2.1 we
give a pair of equilibrium functionals on F6 that shows the power of an order exchange
of two variable functions. Varing other factors that affect the equilibrium value, we
verify that this pair is a limit pair that shows the power limit of an order exchange of
two variable functions. In Section 3 we construct a function—a separating function—in
F6 which separates the values of the two functionals of Example 2.1 by the effect of the
order exchange of two variable functions and provide a proof.

2. Equilibrium functionals

Definition 2.1. Let N be a positive integer let π be a permutation of [1, N ] (where
for integers m,n, [m,n] denotes {m,m+ 1, . . . , n}) and let θ be a mapping from [1, N ]
into [0, 1]. Let Υ = (Υ1,Υ2, . . . ,ΥN ) be a sequence of subsets of [1, N ] such that no
m,n1, n2, . . . , nm ∈ [1, N ] satisfy n1 ∈ Υn2 , n2 ∈ Υn3 , . . . , nm−1 ∈ Υnm , nm ∈ Υn1 . A
triple (π, θ,Υ) is called an equilibrium functional of N -variables. The set of all equilib-
rium functionals of N -variables is denoted by EN .

Definition 2.2. Let σ = (π, θ,Υ) ∈ EN and let F ∈ FN with domain
∏

n∈[1,N ]

Zn. For
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each n ∈ [1, N ] let hn be a function from
∏

u∈Υn

Zu into Zn. We define σ(hπ(1),hπ(2),...,hπ(n))

(F ) (n ∈ [1, N ]) and σ(F ) inductively as follows.

σ(hπ(1),hπ(2),...,hπ(N))(F ) = F
(
h1

(
(zu)u∈Υ1

)
, h2

(
(zu)u∈Υ2

)
, . . . , hN

(
(zu)u∈ΥN

))
(
where zn = hn

(
(zu)u∈Υn

)
(n ∈ [1, N ])

)
,

σ(hπ(1),hπ(2),...,hπ(n−1))(F ) =


max
hπ(n)

σ(hπ(1),hπ(2),...,hπ(n))(F ) (θ(π(n)) = 1)

min
hπ(n)

σ(hπ(1),hπ(2),...,hπ(n))(F ) (θ(π(n)) = 0)

(n ∈ [2, N ]),

σ(F ) =


max
hπ(1)

σhπ(1)(F )
(
θ
(
π(1)

)
= 1

)
min
hπ(1)

σhπ(1)(F )
(
θ
(
π(1)

)
= 0

)
.

We define an order on EN by

σ 6 σ′ if and only if σ(F ) 6 σ′(F ) (F ∈ FN ).

The following theorem provides a sufficient condition for an alteration in depen-
dence between variables to extinguish the effect of an order exchange of two variable
functions.

Theorem2.1. Let n ∈ [1, N − 1] and let σ = (π, θ,Υ), σ′ = (π′, θ,Υ′) ∈ EN satisfy the
following conditions.

(i) π′(m) ̸= π(m) if and only if m ∈ {n, n+ 1}.

(ii) θ
(
π(n)

)
= 0 and θ

(
π(n+ 1)

)
= 1.

(iii) Υπ(n+1) = ∅, {π(n)} ∪ Υπ(n) ⊂ Υ′
π(n+1) and Υ′

π(m) = Υπ(m) for all m ∈ [1, N ] \
{n+ 1}.

(iv) π(n+ 1) ∈ Υπ(m) for all m > n+ 1 with θ
(
π(m)

)
= 1.

Then σ 6 σ′.

Proof. No generality is lost by assuming that π is the transposition of 1 and 2, π′ is
the identity and that Υ′

1 = {2} ∪ Υ2. Let Z1, Z2, . . . , ZN be finite sets and let F be a

function from
∏

n∈[1,N ]

Zn into [0, 1]. It is enough to prove that σ′(F ) = 1 when σ(F ) = 1.

It follows from σ(F ) = 1 that, for all g ∈(
∏

u∈Υ2
Zu) Z2 (the set of all mappings from∏

u∈Υ2

Zu into Z2), σ
g(F ) = 1 and therefore {z1 ∈ Z1 | σ(g,z1)(F ) = 1} ̸= ∅. We may

suppose Z1 is well ordered and define fg
1 ∈ Z1 as min{z1 ∈ Z1 | σ(g,z1)(F ) = 1}. Since

σ(g,fg
1 )(F ) = 1, there exist f

(g,fg
1 ,h3,...,hn−1)

n ∈(
∏

u∈Υn
Zu) Zn (3 6 n ∈ θ−1(1)) depending
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on h1 = fg
1 , h2 = g, h3 ∈(

∏
u∈Υ3

Zu) Z3, . . . , hn−1 ∈(
∏

u∈Υn−1
Zu) Zn−1 such that

hn = f
(g,fg

1 ,h3,...,hn−1)
n

(
3 6 n ∈ θ−1(1)

)
implies that

F
(
fg
1 , g

(
(zu)u∈Υ2

)
, h3

(
(zu)u∈Υ3

)
, . . . , hN

(
(zu)u∈ΥN

))
= 1 (1)(

where zm = hm

(
(zu)u∈Υm

)
(1 6 m 6 N)

)
.

Let
∏

u∈Υ2

Zu = {w1, w2, . . . , wM} and let f ∈(Z2×
∏

u∈Υ2
Zu) Z1 be defined by, for

v ∈ Z2 and wm (1 6 m 6 M),

f(v, wm) = max
v1,v2,...,vm−1∈Z2

min{fg
1 | g ∈(

∏
u∈Υ2

Zu) Z2, g(w1) = v1,

g(w2) = v2, . . . , g(wm−1) = vm−1, g(wm) = v}.

¿From the definitions of fg
1 and f , for g ∈(

∏
u∈Υ2

Zu) Z2 and z1 ∈
{
f
(
g(w), w

)
| w ∈∏

u∈Υ2

Zu

}
, there exists G(g, z1) ∈(

∏
u∈Υ2

Zu) Z2 such that

f
G(g,z1)
1 = z1 and G(g, z1)(w) = g(w)

(
w ∈

∏
u∈Υ2

Zu, f
(
g(w), w

)
= z1

)
(2)

If 3 6 n ∈ θ−1(1) and if z1 = f
(
g
(
(zu)u∈Υ2

)
, (zu)u∈Υ2

)
, since 1 ∈ Υ′

n by (iv), the

maximizer in σ′ can take hn = f
(G(g,z1),f

G(g,z1)
1 ,h3,...,hn−1)

n and hence by (2) and (1)

F
(
f
(
g
(
(zu)u∈Υ2

)
, (zu)u∈Υ2

)
, g
(
(zu)u∈Υ2

)
, h3

(
(zu)u∈Υ3

)
, . . . , hN

(
(zu)u∈ΥN

))
= F

(
f
G(g,z1)
1 , G(g, z1)

(
(zu)u∈Υ2

)
, h3

(
(zu)u∈Υ3

)
, . . . , hN

(
(zu)u∈ΥN

))
= 1.

Therefore σ′f (F ) = 1, hence σ′(F ) = 1. ⊓⊔

Example 2.1. Let τ, µ ∈ E6 be, in the shorthand notation, such that

τ = x1(y2, y4)y2(y0)x3(x1, x5, y2, y0)y0(y4)x5(x1)y4,

µ = y2(y4, y0)x1x3x5y4y0.

Then µ 
 τ .

Let τ ′ and µ′ be modifications of τ and µ respectively such that τ < τ ′ and µ′ < µ.
Then µ < τ ′ and µ′ < τ . In this sence the pair (τ, µ) shows the power limit of an order
exchange of two variable functions. We prove µ < τ ′ and µ′ < τ for several examples of
τ ′ and µ′. The proofs for the other cases are similar. Let

τ1 = x1(y2, y4)y2(y0)y0(y4)x3(x1, x5, y2, y0)x5(x1)y4

τ2 = x1(y2, y4)y2(y0)x3(x1, x5, y2, y4, y0)y0(y4)x5(x1)y4,

τ3 = x1(y2, y4)y2(y0)x3(x1, x5, y2, y0)y0(y4)x5(x1, y2)y4,

τ4 = x1(y2, y4, y0)y2(y0)x3(x1, x5, y2, y0)y0(y4)x5(x1)y4,

τ5 = x1(y2, x4)y2(y0)x3(x1, x5, y2, y0)y0(x4)x5(x1)x4,

µ1 = y2(x1, y4, y0)x1x3x5y4y0,

µ2 = y2(x3, y4, y0)x1x3x5y4y0,

µ3 = y2(y4, y0)x1x3y5y4y0.
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Then

τ1 > x1(y2, y4)y2(y4)y0(y4)x3(x1, x5, y2, y0)x5(x1)y4

> y2(y4)x1y0(y4)x3(x5, y2, y0)x5y4 (by Theorem 2.1)

> µ,

τ2 = x1(y2, y4)y2(y0)y0(y4)x5(x1)y4x3

> x1(y2, y4)y2(y4)y0(y4)x5(x1)y4x3

> y2(y4)x1y0(y4)x5y4x3 (by Theorem 2.1)

> µ,

τ3 = y2x1(y4)x3(x1, x5, y0)y0(y4)x5(x1)y4 > µ,

τ4 > y2(y0)x1x3(x5, y2, y0)y0(y4)x5y4 (by Theorem 2.1)

> µ,

τ5 > x4x1(y2)y2(y0)x3(y0)y0x5

= x4y2x1y0x3x5

> y4y2x1y0x3x5 > µ,

µ1 = x1y2(y4, y0)x3x5y4y0 < τ,

µ2 = x3y2(y4, y0)x1x5y4y0

< x3y2(y4)x1x5y4y0

< x3x1(y2, y4)y2(y4)x5(x1)y4y0 (by Theorem 2.1)

< x3x1(y2, y4)y2(y4)y0(y4)x5(x1)y4

< x3x1(y2, y4)y2(y0)y0(y4)x5(x1)y4 < τ,

µ3 < y2(y4)x1y0x3y5y4

< x1(y2, y4)y2(y4)y0x3(x1)y5y4 (by Theorem 2.1)

= x1(y2, y4)y2(y4, y0)y0x3(x1, y0)y5y4

< x1(y2, y4)y2(y0)x3(x1, y0)y0y5y4

= x1(y2, y4)y2(y0)x3(x1, y0)y0(y4)y5y4

< x1(y2, y4)y2(y0)x3(x1, y0)y0(y4)x5y4 < τ.

3. Proof of µ 
 τ in Example 2.1

In Subsection 3.1, by a series of definitions, we construct a Cartesian product
Z of six finite sets with internal structure. On the structure we define a separating
function F0 ∈Z [0, 1] in Definition 3.12 and prove µ(F0) = 1. In Subsection 3.2 we prove
τ(F0) = 0.

3.1. Construction of a separating function

Let U be a set and let n be a non-negative integer. We denote by ♯U the cardinality

of U , and by

(
U
n

)
the set of all subsets of U with cardinality n. We use i, j, k, l for

elements of [0, 1] and p, p′ for elements of [0, 4]. Calculations concerning only i, j, k, l will
be carried out modulo 2, and calculations concerning p, p′ will be carried out modulo 5.
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Definition 3.1. We define X1,0, X1,1, X5,0, X5,1, Y2,0, Y2,1, X1, X3, X5, Y2, Y4, Y0 and Z
as follows. X1,0 = [0, 4], X1,1 = [5, 8046090004], X5,0 = [0, 2], X5,1 = [3, 362], Y2,0 =
[0, 59], Y2,1 = [60, 299], X1 = X1,0∪X1,1, X3 = Y4 = Y0 = [0, 1], X5 = X5,0∪X5,1, Y2 =
Y2,0 ∪ Y2,1 and Z = X1 ×X3 ×X5 × Y2 × Y4 × Y0.

We denote by ∗ an arbitrary element of a factor of Z.

Definition 3.2. Let α0, α1 be injections from{
(C0, C1) ∈

(
X1,0

3

)2

| ♯C0 ∩ C1 = 1

}
into Y2,0 with disjoint images and let β0,0, β0,1,

β1,0, β1,1 be injections from

{
(C0, C1) ∈

(
X1,0

3

)2

| ♯C0 ∩ C1 = 2

}
into Y2,1 with dis-

joint images. If a = αi(C,C
′) then we set ā = αi+1(C,C

′) (i ∈ [0, 1]).

Definition 3.3. For i, j ∈ [0, 1] and C ∈
(

X1,0

3

)
, we define S′

i,j(C), S′′
i,j(C), S′

i(C),

S′′
i (C), Si(C), S′, S′′ as follows.

S′
0,j(C) =

{
αj(C,C

′) | C ′ ∈
(

X1,0

3

)
, ♯C ∩ C ′ = 1

}
,

S′
1,j(C) =

{
αj(C

′, C) | C ′ ∈
(

X1,0

3

)
, ♯C ∩ C ′ = 1

}
,

S′′
0,j(C) =

{
βk,j(C,C

′) | C ′ ∈
(

X1,0

3

)
, ♯C ∩ C ′ = 2, k ∈ [0, 1]

}
,

S′′
1,j(C) =

{
βk,j(C

′, C) | C ′ ∈
(

X1,0

3

)
, ♯C ∩ C ′ = 2, k ∈ [0, 1]

}
,

S′
i(C) = S′

i,0(C) ∪ S′
i,1(C), S′′

i (C) = S′′
i,0(C) ∪ S′′

i,1(C), Si(C) = S′
i(C) ∪ S′′

i (C),

S′ =
∪{

S′
0(C) | C ∈

(
X1,0

3

)}
=

∪{
S′
1(C) | C ∈

(
X1,0

3

)}
,

S′′ =
∪{

S′′
0 (C) | C ∈

(
X1,0

3

)}
=

∪{
S′′
1 (C) | C ∈

(
X1,0

3

)}
.

Definition 3.4. For p ∈ X1,0 let γp be a fixed bijection from

{
(c, i) | i ∈ Y4, p ∈ C ∈(

X1,0

3

)
, c ∈ Si(C)

}
onto X5,1, let Ap = {p, p+ 1, p+ 2}, Bp = {p, p+ 1, p+ 3} and

let Ap(0) = Bp(0) = p, Ap(1) = Bp(1) = p+ 1, Ap(2) = p+ 2, Bp(2) = p+ 3.

Definition 3.5. We define mappings ρ from Y2 into X1,0 ∪
(

X1,0

2

)
and ρ0, ρ1 from

Y2,1 into X1,0 as follows. For i ∈ [0, 1] and C,C ′ ∈
(

X1,0

3

)
with C ∩ C ′ = {p} let

ρ(αi(C,C
′)) = p. For i, j, k ∈ [0, 1] and C,C ′ ∈

(
X1,0

3

)
with C ∩C ′ = {p0, p1} where

p1 ∈ {p0 + 1, p0 + 2} let ρ
(
βi,j(C,C

′)
)
= {p0, p1} and let ρk

(
βi,j(C,C

′)
)
= pk.
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Definition 3.6. Let i, j ∈ [0, 1] and p ∈ X1,0. We define λi ∈Y2,0 X1,0 as follows.

λi

(
αj(Ap, Ap+3)

)
= λi

(
αj(Bp+4, Bp)

)
= p+ 3− i,

λi

(
αj(Bp, Bp+4)

)
= λi

(
αj(Bp+2, Ap+4)

)
= p+ 4− i,

λi

(
αj(Ap+4, Bp+2)

)
= λi

(
αj(Ap+3, Ap)

)
= p+ 2 + 2i.

Definition 3.7. Let i, j, k ∈ [0, 1] and C ∈
(

X1,0

3

)
. We define ιi,j ∈Y2 X1,0 and

Ri(C, j) ⊂ S′′
i (C) as follows. For a ∈ Y2,0 if a = αj(C0, C1) then ιi,j(a) ∈ X1,0 \

(Ci ∪ {λi(a)}) and ιi,j+1(a) = λi(a). For b ∈ Y2,1 if b = βj,k(C0, C1) then ιi,j(b) ∈
X1,0 \ (C0 ∪ C1) and ιi,j+1(b) ∈ Ci+1 \ Ci.

Ri(C, j) = {r ∈ S′′
i (C) | ιi,i+j(r) = C(2) + 1}.

Definition 3.8. Let G =
{
g ∈(Y4×Y0) Y2 | g(i, 0) ̸= g(i, 1) (i ∈ Y4)

}
and let h be a fixed

bijection from G onto X1,1. We define a subset T− of Z by

T− = {(h(g), 0, 0, g(i, j), i, j) | g ∈ G, i ∈ Y4, j ∈ Y0} .

Definition 3.9. Let i, j ∈ [0, 1] and let C ∈
(

X1,0

3

)
. For each a ∈ S′

i,j(C) and each

p ∈ C, we define a subset T 0
p

(
γp(a, i)

)
of Z as follows.

T 1
p

(
γp(a, i)

)
=

{
(p, 0, γp(a, i), a, i, ∗)

}
,

T 2
p

(
γp(a, i)

)
=

{
(p, 0, γp(a, i), r, i+ 1, k) ∈ Z | ιi+1,k+1(r) = p or

r ∈ S′′ with ιi+1,k(r) ∈ C \ {p}, k ∈ [0, 1]
}
,

T 3
p

(
γp(a, i)

)
=

{
(p, 0, γp(a, i), r, i+ 1, ∗) ∈ Z | r ∈

∪{
S′
i+1(C

′) | p ∈ C ′ ∈
(

X1,0

3

)}
\ {ā} or r ∈

∪{
S′′
i+1,k(C

′) | C ′ ∈
(

X1,0

3

)
is such that C ∩ C ′ = {p, p′}

where p′ ∈ {p+ 1 + 2k, p+ 2 + 2k}, k ∈ [0, 1]

}
or r ∈ S′′

i+1(C)

}
,

T 4
λi+1(a)

(
γλi+1(a)(a, i)

)
= {(λi+1(a), 0, γλi+1(a)(a, i), r, i+ 1, j) ∈ Z |

ιi+1,j(r) ̸= λi+1(a), ιi+1,j+1(r) ̸= ρ(a)},
T 4
ρ(a)

(
γρ(a)(a, i)

)
= {(ρ(a), 0, γρ(a)(a, i), ā, i+ 1, j)},

T 4
p

(
γp(a, i)

)
= ∅ (p ∈ C \ {λi+1(a), ρ(a)}),

T 0
p

(
γp(a, i)

)
=

∪
n∈[1,4]

Tn
p

(
γp(a, i)

)
.

Definition 3.10. Let i, j, k ∈ [0, 1] and let C ∈
(

X1,0

3

)
. For each b ∈ S′′

i,j(C) ∩
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Ri(C, k) and each p ∈ C, we define a subset T 0
p

(
γp(b, i)

)
of Z as follows.

T 1
p

(
γp(b, i)

)
= {(p, 0, γp(b, i), b, i, ∗)},

T 2
p

(
γp(b, i)

)
= {(p, 0, γp(b, i), r, i+ 1, l) ∈ Z | ιi+1,l(r) ∈ C \ {p} or ιi+1,l+1(r) = p},

T 3
p

(
γp(b, i)

)
=

{
(p, 0, γp(b, i), r, i+ 1, ∗) ∈ Z | r ∈ S′

i+1(C) or

r ∈
∪{

S′′
i+1,j+l(C

′) | C ′ ∈
(

X1,0

3

)
is such that C ∩ C ′ = {p, p′}

where p′ ∈ {p+ 1 + 2l, p+ 2 + 2l}, l ∈ [0, 1]
}
\ {b} or r ∈

∪{
S′
i+1(C

′) |

C ′ is such that C ∩ C ′ = {p, p′} where p′ ∈ {p+ 1 + 2j, p+ 2 + 2j}
}}

T 4
ρj(b)

(
γρj(b)(b, i)

)
= {(ρj(b), 0, γρj(b)(b, i), b, i+ 1, ∗)},

T 4
p

(
γp(b, i)

)
= ∅ (p ∈ C \ {ρj(b)}),

T 5
C(0)

(
γC(0)(b, i)

)
= {(C(0), 0, γC(0)(b, i), r, i+ 1, i) ∈ Z | r ∈ Ri+1(C, k), ρ(r) ̸= ρ(b)},

T 5
C(1)

(
γC(1)(b, i)

)
= {(C(1), 0, γC(1)(b, i), r, i+ 1, i) ∈ Z | r ∈ Ri+1(C, k)},

T 5
C(2)

(
γC(2)(b, i)

)
= {(C(2), 0, γC(2)(b, i), r, i+ 1, i) ∈ Z | r ∈ Ri+1(C, k), ρ(r) = ρ(b)},

T 6
C(0)

(
γC(0)(b, i)

)
= {(C(0), 0, γC(0)(b, i), r, i+ 1, i+ 1) ∈ Z |

r ∈ Ri+1(C, k), ρ(r) = ρ(b)},
T 6
C(1)

(
γC(1)(b, i)

)
= {(C(1), 0, γC(1)(b, i), r, i+ 1, i+ 1) ∈ Z |

r ∈ Ri+1(C, k), ρ(r) ̸= ρ(b)},
T 6
C(2)

(
γC(2)(b, i)

)
= {(C(2), 0, γC(2)(b, i), r, i+ 1, i+ 1) ∈ Z | r ∈ Ri+1(C, k)},

T 7
C(0)

(
γC(0)(b, i)

)
= {(C(0), 0, γC(0)(b, i), r, i+ 1, ∗) ∈ Z | r ∈ Ri+1(C, k + 1)},

T 7
C(1)

(
γC(1)(b, i)

)
= {(C(1), 0, γC(1)(b, i), r, i+ 1, k) ∈ Z | r ∈ Ri+1(C, k + 1)},

T 7
C(2)

(
γC(2)(b, i)

)
= {(C(2), 0, γC(2)(b, i), r, i+ 1, k + 1) ∈ Z | r ∈ Ri+1(C, k + 1)},

T 0
p

(
γp(b, i)

)
=

∪
n∈[1,7]

Tn
p

(
γp(b, i)

)
.

Definition 3.11. For each p ∈ X1,0 and each n ∈ [0, 2], we define a subset T 0
p (n) of Z

as follows.

T 1
p (0) = {(p, i+ j, 0, r, i, j) ∈ Z | r ∈ {αj(Ap, Ap+3), αj(Bp+4, Bp)}, i, j ∈ [0, 1]},

T 1
p (1) = {(p, i+ j, 1, r, i, j) ∈ Z | r ∈ {αj(Bp, Bp+4), αj(Bp+2, Ap+4)}, i, j ∈ [0, 1]},

T 1
p (2) = {(p, i+ j, 2, r, i, j) ∈ Z | r ∈ {αj(Ap+4, Bp+2), αj(Ap+3, Ap)}, i, j ∈ [0, 1]},

T 2
p (0) = {(p, ∗, 0, r, i, j) ∈ Z | ιi,j(r) = p+ 3− i or ιi,j+1(r) = p, i, j ∈ [0, 1]},

T 2
p (1) = {(p, ∗, 1, r, i, j) ∈ Z | ιi,j(r) = p+ 4− i or ιi,j+1(r) = p, i, j ∈ [0, 1]},

T 2
p (2) = {(p, ∗, 2, r, i, j) ∈ Z | ιi,j(r) = p+ 2 + 2i or ιi,j+1(r) = p, i, j ∈ [0, 1]},

T 0
p (n) = T 1

p (n) ∪ T 2
p (n).
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Definition 3.12.

Tp =
∪{

T 0
p

(
γp(c, i)

)
| p ∈ C ∈

(
X1,0

3

)
, i ∈ Y4, c ∈ Si(C)

}
∪

∪
n∈[0,2]

T 0
p (n)

(p ∈ X1,0),

T =
∪

p∈X1,0

Tp ∪ T−.

We define F0 ∈Z [0, 1] by F−1
0 (1) = T .

Definition 3.13.

Wp,q =
{(

(r, i, j), (r′, i+ 1, j′)
)
∈ (Y2 × Y4 × Y0)

2 | there exist k, k′ ∈ X3

such that (p, k, q, r, i, j), (p, k′, q, r′, i+ 1, j′) ∈ T 0
p (q)

}
(p ∈ X1,0, q ∈ X5),

Wp =
∪

q∈X5

Wp,q (p ∈ X1,0).

The following two lemmas are direct consequences of the definitions.

Lemma3.1. Let i, j ∈ [0, 1] and C ∈
(

X1,0

3

)
.

(1) (p, 0, γp(c, i), c, i, ∗) ∈ Tp

(
γp(c, i)

)
for all p ∈ C and c ∈ Si(C).

(2) If (c, r, k) ∈
(
Si(C)×Y2×Y0

)
\

∪
a∈S′

i,j(C)

{(a, ā, j+1)}, then there exists P ∈
(

C
2

)
such that for all p ∈ P (p, 0, γp(c, i), r, i+ 1, k) ∈ T 0

p

(
γp(c, i)

)
.

(3) If a ∈ S′
i,j(C) then there exists q ∈ X5,0 such that (ρ(a), i+j, q, a, i, ∗) ∈ T 0

ρ(a)(q) and

(ρ(a), i+j, q, ā, i+1, j+1) ∈ T 0
ρ(a)(q) and if ιi+1,j(r) = λi+1(a) or ιi+1,j+1(r) = ρ(a)

then (ρ(a), ∗, q, r, i+ 1, j) ∈ T 0
ρ(a)(q).

(4) If a ∈ S′
i,j(C) then (λi+1(a), 0, γλi+1(a)(a, i), ā, i+ 1, j + 1) ∈ T 0

λi+1(a)

(
γλi+1(a)(a, i)

)
and if ιi+1,j(r) ̸= λi+1(a) and ιi+1,j+1(r) ̸= ρ(a) then
(λi+1(a), 0, γλi+1(a)(a, i), r, i+ 1, j) ∈ T 0

λi+1(a)

(
γλi+1(a)(a, i)

)
.

Proof. (1) Clear from the definition of T 1
p (γp(c, i)).

(2) In case c ∈ S′
i(C) the claim follows from the definitions of T 2

p (γp(c, i)) and
T 3
p (γp(c, i)), in case (c, r) ∈ S′′

i (C) × (Y2 \ S′′
i+1(C)) it follows from the definitions of

T 2
p (γp(c, i)), T

3
p (γp(c, i)) and T 4

ρj(C)(γρj(C)(c, i)), and in case (c, r) ∈ S′′
i (C)× S′′

i+1(C) it

follows from the definition of Tm
C(n)(γC(n)(b, i)) (m ∈ [5, 7], n ∈ [0, 2]).

(3) Clear from Definition 3.11.
(4) Clear from ιi+1,j(ā) = λi+1(a) and the definitions of T 2

λi+1(a)
(γλi+1(a)(a, i)) and

T 4
λi+1(a)

(γλi+1(a)(a, i)). ⊓⊔

Lemma3.2.
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(1) Let i, j, k, l ∈ [0, 1] let C,C ′ ∈
(

X1,0

3

)
with C ∩ C ′ = {p, p′} where p ∈ {p′ + 1 +

2k, p′ + 2 + 2k}. Then for b ∈ S′′
i,j(C) and b′ ∈ S′′

i+1,j+k(C
′), if ιi,l(b), ιi+1,l+1(b

′) ∈
X \ (C ∪ C ′), then

(
(b, i, l), (b′, i+ 1, l + 1)

)
/∈ Wp.

(2) Let i, j, k ∈ [0, 1] let C,C ′ ∈
(

X1,0

3

)
with ♯C ∩ C ′ = 2 and let b = βi,j(C,C

′).

Then
(
(b, k, i), (b, k + 1, i)

)
/∈ Wρj+1(b).

(3) Let i, j, k ∈ [0, 1], let C ∈
(

X1,0

3

)
and let b ∈ Rk(C, i) and b′ ∈ Rk+1(C, j). If

i = j, then there exists l ∈ Y0 such that
(
(b, k, l), (b′, k + 1, l + 1)

)
/∈ WC(0). If i = j

and ρ(b) = ρ(b′) or i ̸= j, then there exists l ∈ Y0 such that
(
(b, k, l), (b′, k+1, l+1)

)
/∈

WC(1). If i = j and ρ(b) ̸= ρ(b′) or i ̸= j, then there exists l ∈ Y0 such that(
(b, k, l), (b′, k + 1, l + 1)

)
/∈ WC(2).

(4) Let i, j, k ∈ [0, 1] and let C,C ′ ∈
(

X1,0

3

)
with C ∩ C ′ = {p, p′} where p ∈ {p′ +

1 + 2k, p′ + 2 + 2k}. Then for a ∈ S′
i,j(C) and b ∈ S′′

i+1,k(C
′), if λi(a) ∈ C ′ and

ιi+1,j+1(b) ∈ X1 \ (C ∪ C ′), then
(
(a, i, j), (b, i+ 1, j + 1)

)
/∈ Wp.

(5) Let C,C ′ ∈
(

X1,0

3

)
with C ∩ C ′ = {p} and let a0 = α0(C,C

′) and a1 =

α1(C,C
′). Then there exists q ∈ X5,0 such that for all i ∈ [0, 1] and q′ ∈ X5 \

{q},
(
(a0, i, 0), (a1, i+1, 1)

)
∈ Wp,q,

(
(a0, i, 0), (a1, i+1, 1)

)
/∈ Wp,q′ and (p, i, q, a0, i+

1, 0) /∈ Tp.

Proof. (1) Clear from (p, 0, γp(b, i), b
′, i + 1, l + 1) /∈ Tn

p (γp(b, i)) and (p, 0, γp(b
′, i +

1), b, i, l) /∈ Tn
p (γp(b

′, i+ 1)) (n ∈ [2, 3]).
(2) Clear from (p, 0, γp(b, l), b, l + 1, i) /∈ T 2

p (γp(b, l)) (l ∈ [0, 1]).
(3) If i ̸= j, since there do not exist l, l′ ∈ [0, 1] and n ∈ [0, 2] such that (C(1), l, n, b,

k, i), (C(1), l′, n, b′, k+1, j) ∈ T 0
C(1)(n) and since (C(1), 0, γC(1)(b, k), b

′, k+1, j) /∈ T 0
C(1)

(γC(1)(b, k)) and (C(1), 0, γC(1)(b
′, k + 1), b, k, i) /∈ T 0

C(1)(γC(1)(b
′, k + 1)), it follows that

((b, k, i), (b′, k + 1, j)) /∈ WC(1). Similarly we have ((b, k, j), (b′, k + 1, i)) /∈ WC(2).
Similarly if i = j and ρ(b) = ρ(b′) we have ((b, k, k + 1), (b′, k + 1, k)) /∈ WC(0) and
((b, k, k), (b′, k + 1, k + 1)) /∈ WC(1), if i = j and ρ(b) ̸= ρ(b′) we have ((b, k, k), (b′, k +
1, k + 1)) /∈ WC(0) and ((b, k, k + 1), (b′, k + 1, k)) /∈ WC(2).

(4) Clear from (p, 0, γp(b, i + 1), a, i, j) /∈ Tn
p (γp(b, i + 1)) and (p, 0, γp(a, i), b, i +

1, j + 1) /∈ Tn
p (γp(a, i)) (n ∈ [2, 3]).

(5) If ((a0, i, 0), (a1, i+1, 1)) ∈ Wp,q, then q ∈ X5,0. From Definition 3.11 it follows
that there exists a unique q ∈ X5,0 such that ((a0, i, 0), (a1, i + 1, 1)) ∈ Wp,q, and for
this q, (p, i, q, a0, i+ 1, 0) /∈ Tp. ⊓⊔

As an immediate consequence of Lemma 3.1, we can prove µ(F0) = 1. Let r, r′ ∈ Y2

and let i ∈ Y4. Let C ∈
(

X1,0

3

)
and let c ∈ Si(C). Lemma 3.1 implies that there exist

p ∈ C, k ∈ X3, q ∈ X5 such that (p, k, q, c, i, ∗), (p, k, q, r, i+ 1, 0), (p, k, q, r′, i + 1, 1) ∈
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T 0
p (q), and so for g ∈(Y4×Y0) Y2 \ G, there exist p ∈ C, k ∈ X3, q ∈ X5 such that for all

i ∈ Y4 and j ∈ Y0 (p, k, q, g(i, j), i, j) ∈ T 0
p (q). If g ∈ G then (h(g), 0, 0, g(i, j), i, j) ∈ T−

for all i ∈ Y4 and j ∈ Y0. Therefore, for all g ∈(Y4×Y0) Y2, there exist p ∈ X1, k ∈ X3

and q ∈ X5 such that (p, k, q, g(i, j), i, j) ∈ T for all i ∈ Y4 and j ∈ Y0. Hence µ(F0) = 1.

3.2. Proof of τ(F0) = 0

Lemma3.3. Let f ∈(Y2×Y4) X1 and i, j ∈ [0, 1].

(1) For all C ∈
(

X1,0

3

)
and c ∈ Si(C), if f(c, i) /∈ C, then τf (F0) = 0.

(2) For all c0, c1 ∈ Y2 and p ∈ X1,0, if
(
(ci, i, j), (ci+1, i+1, j+1)

)
/∈ Wp and f(c0, 0) =

f(c1, 1) = p, then τf (F0) = 0.

(3) For all c ∈ Y2 and p ∈ X1,0, if
(
(c, i, j), (c, i+ 1, j)

)
/∈ Wp and f(c, 0) = f(c, 1) = p,

then τf (F0) = 0.

Proof. Let f3 ∈(X1×X5×Y2×Y0) X3, f5 ∈X1 X5, g2 ∈Y0 Y2, g0 ∈Y4 Y2 and let x1 =
f1(y2, y4), x3 = f3(x1, x5, y2, y0), x5 = f5(x1), y2 = g2(y0) and y0 = g0(y4).

(1) If p = f(c, i) /∈ C, then there exists k ∈ Y0 such that (p, ∗, ∗, c, i, k) /∈ T . So
if we let y4 = i and g2, g0 be such that g2(k) = c, g0(i) = k, and set q = f5(p) and
l = f3(p, q, c, k), then

(x1, x3, x5, y2, y4, y0) =
(
f(y2, y4), f3(x1, x5, y2, y0), f5(x1), g2(y0), y4, g0(y4)

)
= (p, l, q, c, i, k) /∈ T.

Hence τf (F0) = 0.
(2) Let g2, g0 be such that g2(j) = ci, g2(j + 1) = ci+1, g0(i) = j, g0(i + 1) =

j + 1, and set q = f5(p), ki = f3(p, q, ci, j) and ki+1 = f3(p, q, ci+1, j + 1). The
condition

(
(ci, i, j), (ci+1, i + 1, j + 1)

)
/∈ Wp ensures that there exists l ∈ Y4 such that

(p, kl, q, cl, l, i+ j + l) /∈ Tp. So if we let y4 = l, then(
f(y2, y4), f3(x1, x5, y2, y0), f5(x1), g2(y0), y4, g0(y4)

)
= (p, kl, q, cl, l, i+ j + l) /∈ Tp.

Hence τf (F0) = 0.
(3) Let g2, g0 be such that g2(j) = c, g0(0) = g0(1) = j, and set q = f5(p) and

k = f3(p, q, c, j). The condition
(
(c, i, j), (c, i + 1, j)

)
/∈ Wp ensures that there exists

l ∈ Y4 such that (p, k, q, c, l, j) /∈ Tp. So if we let y4 = l, then(
f(y2, y4), f3(x1, x5, y2, y0), f5(x1), g2(y0), y4, g0(y4)

)
= (p, k, q, c, l, j) /∈ Tp.

Hence τf (F0) = 0. ⊓⊔

Lemma3.4. Let C ∈
(

X1,0

3

)
and f ∈(Y2×Y4) X1. If τf (F0) = 1 then

f(S′′
i+1(C)× {i+ 1}) ̸⊂ f(S′′

i (C)× {i}) ⊂ C (i ∈ [0, 1])

and hence

♯f(S′′
i (C)× {i}) 6 2 (i ∈ [0, 1]) and ♯

∩
i∈[0,1]

f(S′′
i (C)× {i}) 6 1.
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Proof. Let C ∈
(

X1,0

3

)
, f ∈(Y2×Y4) X1 and let τf (F0) = 1. For each i ∈ [0, 1], let

Qi = {ri,0, ri,1, ri,2, ri,3, ri,4, ri,5} ⊂ S′′
i (C) satisfies the following two conditions.

• ri,2m ∈ Ri(C, 0), ri,2m+1 ∈ Ri(C, 1) (m ∈ [0, 2]).

• ρ(ri,m) ̸= ρ(ri,n) (m,n ∈ [0, 5], m ≡ n (mod 2), m ̸= n).

Then, since τf (F0) = 1, it follows from Lemma 3.3(1) that f(Qi × {i}) ⊂ C (i ∈ [0, 1])
and from Lemma 3.2(3), Lemma 3.3(2) that

• if f(r0,m, 0) = f(r1,n, 1) = C(0) then m ̸≡ n (mod 2),

• if f(r0,m, 0) = f(r1,n, 1) = C(1) then m ≡ n (mod 2) and ρ(r0,m) ̸= ρ(r1,n), (1)

• if f(r0,m, 0) = f(r1,n, 1) = C(2) then m ≡ n (mod 2) and ρ(r0,m) = ρ(r1,n)
(m,n ∈ [0, 5]).

Therefore

if C(m) ∈ f(Qi × {i}), then ♯{r ∈ Qi+1 | f(r, i+1) = C(m)} 6 3−m (2)

(i ∈ [0, 1], m ∈ [0, 2]).

Hence, if ♯f(Qi × {i}) = 3, then ♯f(Qi+1 × {i+ 1}) = 3 and so

♯{r ∈ Q0 | f(r, 0) = C(1)} = ♯{r ∈ Q1 | f(r, 1) = C(1)} = 2.

But this contradicts (1). Therefore ♯f(Qi × {i}) 6 2. Then it follows from (2) that

f(Qi+1 × {i+ 1}) ̸⊂ f(Qi × {i}) (i ∈ [0, 1]). (3)

Since (3) holds for any Q0, Q1 satisfying the above conditions, we have

f(S′′
i+1(C)× {i+ 1}) ̸⊂ f(S′′

i (C)× {i}) ⊂ C (i ∈ [0, 1])

and hence

♯f(S′′
i (C)× {i}) 6 2 (i ∈ [0, 1]) and ♯

∩
i∈[0,1]

f(S′′
i (C)× {i}) 6 1.

⊓⊔

Lemma3.5. Let p ∈ C ∈
(

X1,0

3

)
, i ∈ [0, 1] and f ∈(Y2×Y4) X1. If τf (F0) = 1 and

♯{r ∈ S′′
i (C) | f(r, i) = p} > 12, then

(1) {r ∈ S′′
i+1(C) | f(r, i+ 1) = p} = ∅,

(2) ♯{r ∈ S′′
i+1(C

′) | f(r, i+ 1) = p} 6 6

(
C ′ ∈

(
X1,0

3

)
, ♯C ∩ C ′ = 2

)
.
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Proof. (1) The result follows immediately from Lemma 3.2(3) and Lemma 3.3(2).

(2) Let l ∈ [0, 1] and let C ′ ∈
(

X1,0

3

)
with C ∩ C ′ = {p, p′} where p′ ∈

{p + 1 + 2l, p + 2 + 2l}. The condition ♯{r ∈ S′′
i (C) | f(r, i) = p} > 12 ensures

that there exist j, k ∈ [0, 1], r0 ∈ S′′
i,0(C), r1 ∈ S′′

i,1(C) and r2 ∈ S′′
i,k(C) such that

ιi,j(r0), ιi,j(r1), ιi,j+1(r2) ∈ X1,0 \ (C ∪ C ′) and f(r0, i) = f(r1, i) = f(r2, i) = p. Then,
since τf (F0) = 1, it follows from Lemma 3.2(1) and Lemma 3.3(2) that

{r ∈ S′′
i+1(C

′) | f(r, i+ 1) = p} ⊂ {r ∈ S′′
i+1,k+l(C

′) | ιi+1,j(r) ∈ X1,0 \ (C ∪ C ′)}.

Hence ♯{r ∈ S′′
i+1(C

′) | f(r, i+ 1) = p} 6 6. ⊓⊔

Lemma3.6. Let p ∈ C ∈
(

X1,0

3

)
, i ∈ [0, 1] and f ∈(Y2×Y4) X1. If τf (F0) = 1 and

{r ∈ S′′
i (C) | f(r, i) = p} = S′′

i (C) then

{r ∈ S′′
i+1(C

′) | f(r, i+ 1) = p} = ∅
(
C ′ ∈

(
X1,0

3

)
, ♯C ∩ C ′ > 2

)
.

Proof. Let C ′ ∈
(

X1,0

3

)
. In case ♯C ∩C ′ = 3, the result follows from Lemma 3.5(1).

In case ♯C∩C ′ = 2, let j ∈ [0, 1] and let C∩C ′ = {p, p′} where p ∈ {p′+1+2j, p′+2+2j}.
Assume to the contrary that {r ∈ S′′

i+1(C
′) | f(r, i + 1) = p} ̸= ∅. Let k, l ∈ [0, 1]

and let r′ ∈ S′′
i+1,k(C

′) be such that f(r′, i + 1) = p and ιi+1,l(r
′) ∈ X1,0 \ (C ∪ C ′).

Then if r ∈ S′′
i,k+j(C) and ιi,l+1(r) ∈ X \ (C ∪ C ′) it follows from Lemma 3.2(1) that(

(r, i, l + 1), (r′, i+ 1, l)
)
/∈ Wp. So by Lemma 3.3(2), since f(r, i) = f(r′, i+ 1) = p, we

get τf (F0) = 0, contradicting τf (F0) = 1. ⊓⊔

Lemma3.7. Let p ∈ C ∈
(

X1,0

3

)
, i ∈ [0, 1] and f ∈(Y2×Y4) X1. If τf (F0) = 1

and ♯{r ∈ S′′
i (C) | f(r, i) = p} = 12, then {r ∈ S′′

i+1(C) | f(r, i + 1) = p} = ∅ or

♯{r ∈ S′′
i+1(C

′) | f(r, i+ 1) = p} < 12

(
C ′ ∈

(
X1,0

3

)
, ♯C ∩ C ′ = 2

)
.

Proof. ¿From ♯{r ∈ S′′
i (C) | f(r, i) = p} = 12, we have

{r ∈ S′′
i (C) | f(r, i) = p} ∩Ri(C, j) ̸= ∅ (j ∈ [0, 1])

or

{r ∈ S′′
i (C) | f(r, i) = p} = Ri(C, i0) for some i0 ∈ [0, 1].

In the first case it follows immediately from Lemma 3.2(3) and Lemma 3.3(2) that
{r ∈ S′′

i+1(C) | f(r, i+ 1) = p} = ∅.
In the second case, {r ∈ S′′

i (C) | f(r, i) = p} ∩ S′′
i,j(C) ̸= ∅ (j ∈ [0, 1]) and for

C ′ ∈
(

X1,0

3

)
with ♯C ∩ C ′ = 2, there exists k ∈ [0, 1] such that

{r ∈ S′′
i (C) | f(r, i) = p} = {r ∈ S′′

i (C) | ιi,k(r) ∈ X1,0 \ (C ∪ C ′)}.
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Assume to obtain a contradiction that ♯{r ∈ S′′
i+1(C

′) | f(r, i+ 1) = p} > 12. Then

{r ∈ S′′
i+1(C

′) | f(r, i+ 1) = p} ∩ {r ∈ S′′
i+1(C

′) | ιi+1,k+1(r) ∈ X1,0 \ (C ∪ C ′)} ̸= ∅

or

{r ∈ S′′
i+1(C

′) | f(r, i+ 1) = p} = {r ∈ S′′
i+1(C

′) | ιi+1,k(r) ∈ X1,0 \ (C ∪ C ′)}.

In the former case it follows from Lemma 3.2(1) and Lemma 3.3(2) that τf (F0) =
0. In the latter case if we let C = Ci and C ′ = Ci+1, then f(βk,j(C0, C1), 0) =
f(βk,j(C0, C1), 1) = p (j ∈ [0, 1]). Then it follows from Lemma 3.2(2) and Lemma
3.3(3) that τf (F0) = 0. Since τf (F0) = 1, we obtain a contradiction in both cases. ⊓⊔

Lemma3.8. Let C0, C1 ∈
(

X1,0

3

)
and f ∈(Y2×Y4) X1. If τf (F0) = 1 then

♯
∩

i∈[0,1]

f(S′′
i (Ci)× {i}) 6 1.

Proof. If ♯C0∩C1 = 1 or C0 = C1, the result is clear from Lemma 3.3(1) or Lemma 3.4.
Let C0∩C1 = {p0, p1} where p1 ∈ {p0+1, p0+2}. Since τf (F0) = 1, Lemma 3.4 implies

that f(S′′
i (Ci) × {i}) ⊂

(
Ci

2

)
(i ∈ [0, 1]). We assume that

∩
i∈[0,1]

f(S′′
i (Ci) × {i}) =

{p0, p1} and derive a contradiction to the assumption τf (F0) = 1. There are two cases.
Either there exist i, j ∈ [0, 1] such that

{f(r, i) | r ∈ S′′
i (Ci), ιi,j(r) ∈ X1,0 \ (C0, C1)} = {p0, p1}

or

♯{f(r, i) | r ∈ S′′
i (Ci), ιi,j(r) ∈ X1,0 \ (C0, C1)} = 1 (i, j ∈ [0, 1]).

In the former case there exist k ∈ [0, 1], r0 ∈ S′′
i,k(Ci), r1 ∈ S′′

i,k+1(Ci) such that
ιi,j(rl) ∈ X1,0 \ (C0 ∪ C1) and f(rl, i) = pl (l ∈ [0, 1]). Let r ∈ S′′

i+1,k+1(Ci+1) with

ιi+1,j+1(r) ∈ X1,0 \ (C0∪C1). Then by Lemma 3.2(1) we get
(
(rl, i, j), (r, i+1, j+1)

)
/∈

Wpl
(l ∈ [0, 1]). Hence, if f(r, i + 1) ∈ {p0, p1}, it follows from Lemma 3.3(2) that

τf (F0) = 0.
In the latter case, for each i ∈ [0, 1], let ki ∈ [0, 1] be such that

{f(r, i) | r ∈ S′′
i (Ci), ιi,0(r) ∈ X1,0 \ (C0 ∪ C1)} = {pki}.

Set k = k0. If k ̸= k1 then, since
∩

i∈[0,1]

f(S′′
i (Ci)× {i}) = {p0, p1}, we have

{f(r, 0) | r ∈ S′′
0 (C0), ι0,0(r) ∈ X1,0 \ (C0 ∪ C1)}

={f(r, 1) | r ∈ S′′
1 (C1), ι1,1(r) ∈ X1,0 \ (C0 ∪ C1)} = {pk}.



Note on the Effect of a Permutation in Maxminimization by a Sequence of Functions 29

Let r0 ∈ S′′
0,0(C0) with ι0,0(r0) ∈ X1,0 \ (C0∪C1) and let r1 ∈ S′′

1,k+1(C1) with ι1,1(r1) ∈
X1,0 \ (C0 ∪ C1). Then it follows from Lemma 3.2(1) that

(
(r0, 0, 0), (r1, 1, 1)

)
/∈ Wpk

and so by Lemma 3.3(2), τf (F0) = 0. If k = k1 then

{f(r, 0) | r ∈ S′′
0 (C0), ι0,0(r) ∈ X1,0 \ (C0 ∪ C1)}

={f(r, 1) | r ∈ S′′
1 (C1), ι1,0(r) ∈ X1,0 \ (C0 ∪ C1)} = {pk}.

Then if we let b = β0,k+1(C0, C1) then f(b, 0) = f(b, 1) = pk and ρk(b) = pk. Hence, by
Lemma 3.2(2) and Lemma 3.3(3), τf (F0) = 0. ⊓⊔

Lemma3.9. Let C0, C1 ∈
(

X1,0

3

)
with C0 ∩ C1 = {p} and f ∈(Y2×Y4) X1. If

f(αi(C0, C1), j) = p (i, j ∈ [0, 1]) then τf (F0) = 0.

Proof. Let f3 ∈(X1×X5×Y2×Y0) X3, f5 ∈X1 X3, g2 ∈Y0 Y2 and g0 ∈Y4 Y0. Let x1 =
f(y2, y4), x3 = f3(x1, x5, y2, y0), x5 = f5(x1), y2 = g2(y0) and y0 = g0(y4). Set
ai = αi(C0, C1) (i ∈ [0, 1]). By Lemma 3.2(5), there exists a unique q ∈ X5 such
that

(
(a0, i, 0), (a1, i + 1, 1)

)
∈ Wp,q (i ∈ [0, 1]). Let g2(0) = a0 and g2(1) = a1. Set

k = f3(p, q, a0, 0) and let g0(k) = 1 and g0(k + 1) = 0.
In case f5(p) = q, let y4 = k + 1, then by Lemma 3.2(5),

(x1, x3, x5, y2, y4, y0) =
(
f(y2, y4), f3(x1, x5, y2, y0), f5(x1), g2(y0), y4, g0(y4)

)
= (p, k, q, a0, k + 1, 0) /∈ Tp.

In case f5(p) = q′ ̸= q, if (p, ∗, q′, a0, k + 1, 0) /∈ Tp then let y4 = k + 1 and set
l = f3(p, q

′, a0, 0). Then(
f(y2, y4), f3(x1, x5, y2, y0), f5(x1), g2(y0), y4, g0(y4)

)
= (p, l, q′, a0, k + 1, 0) /∈ Tp.

If there exists j ∈ [0, 1] such that (p, j, q′, a0, k + 1, 0) ∈ Tp, then since
(
(a0, k +

1, 0), (a1, k, 1)
)
/∈ Wp,q′ , if we let y4 = k and set l = f3(p, q

′, a1, 1) we have(
f(y2, y4), f3(x1, x5, y2, y0), f5(x1), g2(y0), y4, g0(y4)

)
= (p, l, q′, a1, k, 1) /∈ Tp.

Therefore τf (F0) = 0. ⊓⊔

Proposition 3.1. Let s > 0. For each k ∈ [0, 1], let Mk be a nonnegative 4× 4 matrix

such that Mk(m,m) = 0 and

3∑
n=0

Mk(m,n) = 2s for all m ∈ [0, 3]. Furthermore we

assume the following properties.

(i) For all k ∈ [0, 1] and m,m′, n ∈ [0, 3], if Mk(m,n) > s then Mk+1(m,n) = 0 and
Mk+1(m

′, n) < s.

(ii) For all k ∈ [0, 1] and m,n ∈ [0, 3], if Mk(m,n) = s then Mk+1(m,n) < s or
Mk+1(m

′, n) < s (m′ ∈ [0, 3] \ {m}).

(iii) ♯{n ∈ [0, 3] | M0(m,n),M1(m
′, n) > 0} 6 1 (m,m′ ∈ [0, 3]).
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Then there exist M0,M1 ∈
(

[0, 3]
2

)
with M0 ∩M1 = ∅ such that for each k ∈ [0, 1],

if {m,n} = Mk then Mk(m,n) > s.

Proof. It follows immediately from (i), (iii) that

(iv) ♯{n ∈ [0, 3] | Mk(m,n) > 0} 6 2 (k ∈ [0, 1], m ∈ [0, 3]),

and from (ii) that

(v)
1∑

k=0

♯{m ∈ [0, 3] | Mk(m,n) = s} 6 3 (n ∈ [0, 3]).

Suppose that max
k,m,n

Mk(m,n) 6 s. Then by (iv), Mk(m,n) = 0 or Mk(m,n) = s

(k ∈ [0, 1], m, n ∈ [0, 3]). Therefore it follows from (v) that∑
k,m,n

Mk(m,n) =
∑
n

∑
k,m

Mk(m,n) 6 4× 3s = 12s.

On the other hand∑
k,m,n

Mk(m,n) =
∑
k,m

∑
n

Mk(m,n) = 8× 2s = 16s.

This contradiction proves that there exist i ∈ [0, 1] andmi ∈ [0, 3] such that max
n

Mi(n,mi)

> s. By (iv) there exists mi+1 ̸= mi such that Mi(mi,mi+1) = 0. Let m′
i,m

′
i+1 ∈ [0, 3]

be such that {m′
i,m

′
i+1} = [0, 3] \ {mi,mi+1} and Mi(mi,m

′
i+1) 6 Mi(mi,m

′
i). Sup-

pose that Mi(mi,m
′
i) 6 s. Then Mi(mi,m

′
i+1) = Mi(mi,m

′
i) = s and so by (i)

Mi+1(mi+1,m
′
i+1),Mi+1(mi+1,m

′
i) 6 s. Since max

n
Mi(n,mi) > s, by (i)Mi+1(mi+1,mi)

< s. Then it follows from (iv) that Mi+1(mi+1,m
′
i+1) = Mi+1(mi+1,m

′
i) = s. Conse-

quently Mi(mi,m
′
i+1),Mi(mi,m

′
i),Mi+1(mi+1,m

′
i+1),Mi+1(mi+1,m

′
i) > 0 which con-

tradicts (iii). Hence Mi(mi,m
′
i) > s. Set Mk = {mk,m

′
k} (k ∈ [0, 1]). Since max

n
Mi(n,

mi),Mi(mi,m
′
i) > s, it follows from (i) that Mi+1(m,n) < s (m ∈ Mi+1, n ∈ Mi).

Therefore by (iv) Mi+1(m,n) > s ({m,n} = Mi+1). Then by (i) Mi(m,n) < s (m ∈
Mi, n ∈ Mi+1). Hence by (iv) Mi(m,n) > s ({m,n} = Mi). ⊓⊔

Proposition 3.2. Let s > 0. For each k ∈ [0, 1] let Mk be a nonnegative 10× 5 matrix

such that Mk(M,m) = 0,

4∑
n=0

Mk(M, n) = 2s for all M ∈
(

[0, 4]
2

)
and m ∈ M.

Furthermore we assume the following properties.

(i) For all k ∈ [0, 1], n ∈ [0, 4] and M,M′ ∈
(

[0, 4]
2

)
with M ∩ M′ ̸= ∅, if

Mk(M, n) > s, then Mk+1(M, n) = 0 and Mk+1(M
′, n) < s.

(ii) For all k ∈ [0, 1], n ∈ [0, 4] and M ∈
(

[0, 4]
2

)
, if Mk(M, n) = s, then

Mk+1(M, n) < s or Mk+1(M
′, n) < s

(
M′ ∈

(
[0, 4]
2

)
with M ∩M′ ̸= ∅

)
.
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(iii) ♯{n ∈ [0, 4] | M0(M, n),M1(M
′, n) > 0} 6 1

(
M,M′ ∈

(
[0, 4]
2

))
.

(iv) For all k ∈ [0, 1], n ∈ [0, 4] and M,M′ ∈
(

[0, 4]
2

)
with M ∩ M′ ̸= ∅, if

Mk(M, n) = 2s, then Mk+1(M
′, n) = 0.

Then there exist M0,M1 ∈
(

[0, 4]
2

)
with M0 ∩ M1 = ∅ such that M0(M0, p) =

M1(M1, p) = 2s where p is the unique element of [0, 4] \ (M0 ∪M1) and Mk(M, n) = 2s

for all k ∈ [0, 1], M ∈
(

[0, 4]
2

)
and n ∈ [0, 4] such that {n} = Mk \M.

Proof. For each i ∈ [0, 1] and each m ∈ [0, 4] define a 4× 4 matrix Mi(m) by

Mi(m)(n, n′) = Mi({m,n}, n′) (n, n′ ∈ [0, 4] \ {m}).

Then, when we identify the set [0, 4] \ {m} with [0, 3], the matrices M0(m) and M1(m)
have all properties required by Proposition 3.1. So the proposition implies that there
exist all distinct n0, n1, n2, n3 ∈ [0, 4] \ {m} such that

M0(m)(n0, n1),M0(m)(n1, n0),M1(m)(n2, n3),M1(m)(n3, n2) > s.

Since m was arbitrary, we have

♯{n ∈ [0, 4] | max
M

Mi(M, n) > s} > 3 (i ∈ [0, 1]).

Hence there exist p ∈ [0, 4] and M0,M1 ∈
(

[0, 4]
2

)
such that M0(M0, p),M1(M1, p) >

s. Clearly p /∈ M0 ∪M1 and by (i), M0 ∩M1 = ∅. Let Mi = {mi,0,mi,1} (i ∈ [0, 1]).
For each i, j ∈ [0, 1], since M0(M0, p),M1(M1, p) > s, it follows from (i) that

Mi(mi+1,j)(m, p) < s (m ̸= mi+1,j) and Mi+1(mi+1,j)(m, p) < s (m /∈ Mi+1). There-
fore by Proposition 3.1

Mi+1(mi+1,j)(p,mi+1,j+1),Mi(mi+1,j)(mi,k,mi,k+1) > s (k ∈ [0, 1]).

Then, since i, j was arbitrary, (i) implies that

Mi(M, n) > s,Mi+1(M, n) = 0

(
i ∈ [0, 1],M ∈

(
[0, 4]
2

)
, {n} = Mi \M

)
. (1)

Let i, j, k ∈ [0, 1]. Suppose that Mi(Mi,mi+1,j) > 0. Then by (1), (iv)

s < Mi+1({mi,k,mi+1,j+1},mi+1,j) < 2s, Mi+1({mi,k,mi+1,j+1},mi,k+1) = 0

and so Mi+1({mi,k,mi+1,j+1}, p) > 0. But Mi(Mi,mi+1,j),Mi(Mi, p),
Mi+1({mi,k,mi+1,j+1},mi+1,j),Mi+1({mi,k,mi+1,j+1}, p) > 0 contradicts (iii). There-
fore Mi(Mi,mi+1,j) = 0. Since j was arbitrary, Mi(Mi, p) = 2s. Then by (iv)
Mi+1({mi,j ,mi+1,k}, p) = 0, and since Mi+1({mi,j ,mi+1,k},mi,j+1) = 0 by (1), we
have

Mi+1({mi,j ,mi+1,k},mi+1,k+1) = 2s. (2)
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Since k was arbitrary it follows from (2) and (iv) that

Mi({p,mi,j},mi+1,0) = Mi({p,mi,j},mi+1,1) = 0.

Hence

Mi({p,mi,j},mi,j+1) = 2s. (3)

Since i, j, k was arbitrary it follows from (2) and (3) that

Mk(M, n) = 2s

(
k ∈ [0, 1], M ∈

(
[0, 4]
2

)
, {n} = Mk \M

)
.

⊓⊔

Lemma3.10. Let f ∈(Y2×Y4) X1. If τf (F0) = 1 then there exist C0, C1 ∈
(

X1,0

3

)
with ♯C0 ∩ C1 = 1 such that

∪
i,j∈[0,1]

{f(αi(C0, C1), j)} = C0 ∩ C1.

Proof. For each i ∈ [0, 1], define a 10× 5 matrix Mi by

Mi(M, n) = ♯{r ∈ S′′
i (X1,0 \M) | f(r, i) = n}

(
M ∈

(
X1,0

2

)
, n ∈ X1,0

)
.

Then, since τf (F0) = 1, it follows from Lemma 3.3(1), 3.5, 3.6, 3.7 and 3.8 that M0 and
M1 satisfy the conditions of Proposition 3.2 with s = 12. And so by the proposition,

there exist M0,M1 ∈
(

X1,0

2

)
with M0 ∩ M1 = ∅ such that Mi(M, n) = 24 for all

i ∈ [0, 1], M ∈
(

X1,0

2

)
and n ∈ X1,0 such that {n} = Mi \M.

Set C0 = X1,0 \M0, C1 = X1,0 \M1. Then ♯C0 ∩C1 = 1, and by the definition of

M0 and M1, for each i ∈ [0, 1], if C ∈
(

X1,0

3

)
and n ∈ C are such that {n} = C \ Ci

then f(S′′
i (C)× {i}) = {n}.

Set ai = αi(C0, C1) (i ∈ [0, 1]) and let {p} = C0 ∩ C1. Assume to the contrary
that there exist i, j ∈ [0, 1] such that f(ai, j) ∈ Cj \ {p}, let f(ai, j) = n and let C =
{p, n, λj(ai)}. Clearly {n} = C \Cj+1 and so f(S′′

j+1(C)×{j+1}) = {n}. Let k ∈ [0, 1]
and b ∈ S′′

j+1,k(C) be such that n ∈ {p+1+2k, p+2+2k} and ιj+1,i+1(b) ∈ X1,0\(C∪Cj).

Then f(ai, j) = f(b, j + 1) = n and by Lemma 3.2(4),
(
(ai, j, i), (b, j + 1, i+ 1)

)
/∈ Wn.

Hence, by Lemma 3.3(2), τf (F0) = 0, which contradicts τf (F0) = 1. ⊓⊔

Proof of τ(F0) = 0 : Assume to the contrary that τ(F0) = 1. Then there exists
f ∈(Y2×Y4) X1 such that τf (F0) = 1. Then by Lemma 3.10 there exist C0, C1 ∈(

X1,0

3

)
with ♯C0 ∩ C1 = 1 such that

∪
i,j∈[0,1]

{f(αi(C0, C1), j)} = C0 ∩ C1. Hence

it follows from Lemma 3.9 that τf (F0) = 0. This contradiction proves τ(F0) = 0.
Since µ(F0) = 1, this completes the proof of µ 
 τ in Example 2.1.
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