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NOTE ON THE EFFECT OF A PERMUTATION
IN MAXMINIMIZATION BY A SEQUENCE OF
FUNCTIONS

By
Fumio MARUYAMA™

Abstract

We consider maxminimizations (minmaximizations) of functions of several vari-
ables defined on a Cartesian product of finite sets under some dependence condi-
tions between variables. The effects of the combinations of dependence conditions
between variables and permutations of optimizations on equilibrium values are
rather complicated. We show an example to catch a glimpse of the intricacies.

Key Words and Phrases: Equilibrium, Order.

1. Introduction

Under some conditions a sequence of operations either maximization or minimiza-
tion subject to variables applied to a real valued function of several variables gives a
real number—an equilibrium value. For a natural number n let C(I™) be the set of real
valued continuous functions on I™ where I is the unit interval of the real line and let X,
be the set of functionals that maps each element of C'(I™) to such an equilibrium value.
For example if n = 2,

Yo = {maxmax, max min, maxmin, minmax, minmax, minmin}.
21 z2 Z1 z2 zZ2 zZ1 zZ1 Z2 zZ2 z1 z1 Z2

Here, for example, max n;in is the functional given by max n;in(F ) = max H;in F(z1,29)

1 2 1 2 1 2
for F € C(I?) where maximization and minimization are taken over all elements in
I. %, is an ordered set by the pointwise order. In Hisano and Maruyama (1989) we
studied this order. There in Theorem 4.6 we proved that for o1,09,...,0,, € ¥, if an
arbitrary given order o7 < 09 < --- < g, does not contradict the order on ¥, there
exists F' € C(I"™) such that 01(F) < 02(F) < -+ < o (F). This means that on ¥,
there exists no logical structure except the trivial one.

In the present paper, we treat the problem of maxminimization (minmaximization)
by a sequence of variable functions. That is, to a function of several variables, when
each variable is a function—a variable function—of some variables, we apply a sequence
of optimal operations by these variable functions. In the case of maxminimization by a
sequence of variables, the role—either maximization or minimization—of each variable
and the dependence between variables determine the equilibrium value. The operation
order of variables and the dependence between variables are united so a change in order of
operations changes the dependence. On the other hand, in the case of maxminimization
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16 F. MARUYAMA

by a sequence of variable functions, there exists a change in order of operations that
holds the dependence between variables but causes difference in the equilibrium values.
It is easy to find such an example.

Let D be the set consists of 0 and 1 and let G the mapping from D* into D such
that G=1(1) = {(0,0,0,0), (0,0,1,1), (0,1,0,%), (1,1,1,%)} where * is either 0 or 1.
In the following maxminimization let fi1, fo and f; be taken from all mappings from D
into D and let z3 be taken from D. Then

maxminminmgx G(f1(f2(23)), f2(23), 23, fa(f1(f2(23)))) = 0,

fi f2 fa =z
rr}iZnrr}?xn}inniz;xG(ﬁ(fz(Z?,))a f2(23), 23, fa(f1(f2(23)))) = L.

To verify the first equality set fo and f; according to f; as follows. If f1(0) = 1 then
f2(0) = f2(1) = 0. Otherwise f2(0) = f1(1) and f2(1) = f4(0) # f1(1). To verify the
second, set f1 and zs according to fo as follows. If there exists some k such that fo(k) =1
then f1(1) = z3 = k. Otherwise f1(0) = 0 and 23 = f4(0). For the functionals of this
sort, we use a shorthand notation like z1(y2)y2(23)ya(z1)zs, y2(x3)x1(y2)ya(z1)zs for
the above for example.

In maxminimization by a sequence of variable functions, the elements that deter-
mine the equilibrium value are the roles of variables, the dependence between variables
and the operation order of variable functions. The power of the first two elements is
clear. But the power of operation order of variable functions to equilibrium value is
obscure. Varing other factors that affect the equilibrium value, how much power, in the
ultimate, does an exchange of operation order of two variable functions have ? Before a
systematic investigation, let us observe it by a concrete example of moderate complexity.
In this paper we give a limit example of three maximizers and three minimizers case.

For a positive integer N, let Dy be the set of all Cartesian products of N-finite
sets and let Fny be the set of all real valued functions with domain in Dy. An N-
length sequence of optimizations by variable functions maps each element of Fn to an
equilibrium value. We call such a functional an equilibrium functional of N-variables. In
Section 2 we give a precise definition of an equilibrium functional and in Example 2.1 we
give a pair of equilibrium functionals on Fg that shows the power of an order exchange
of two variable functions. Varing other factors that affect the equilibrium value, we
verify that this pair is a limit pair that shows the power limit of an order exchange of
two variable functions. In Section 3 we construct a function—a separating function—in
Fg which separates the values of the two functionals of Example 2.1 by the effect of the
order exchange of two variable functions and provide a proof.

2. Equilibrium functionals

Definition 2.1. Let N be a positive integer let 7 be a permutation of [1, N] (where
for integers m,n, [m,n] denotes {m,m +1,...,n}) and let 6§ be a mapping from [1, N]
into [0,1]. Let T = (T, Ts,...,Tx) be a sequence of subsets of [1, N] such that no
m,N1,Na, ..., My, € [1,N] satisfy ny € Yp,,n0 € Yoy oo ym—1 € Loyl € Thyo A
triple (m, 0, T) is called an equilibrium functional of N-variables. The set of all equilib-
rium functionals of N-variables is denoted by Ey .

Definition 2.2. Let 0 = (7,0,Y) € Ex and let F' € Fpr with domain H Z,. For
n€e[l,N]



Note on the Effect of a Permutation in Maxminimization by a Sequence of Functions 17

ueY,
(F) (n € [1,N]) and o(F) inductively as follows.

O—(hﬂ(l)’h"@)’“"hﬂN})(F) = F(hl ((Zu)ue'rl)ah2((zu)u€'r2)v sy hN((Z“)UGYN))
(Where Zp = hn((zu)UGTn) (n€ [LN]))’

max o(h”<1>’h"<2>""’h"<">)(F) O(m(n))=1)

(hryshr@)sshrm-1) (F) = by
o ( ) }{nin O.(hw(l)7h7r(2)7~"7h7r('n))(F) (g(ﬂ(n» — 0)
w(n)

inaxah"(l)(F) (0(m(1)) =1)
CT(F) = ﬂ'fl) R (1) F 0 1)) =
min o™ (F) - (8(x(1)) = 0).

We define an order on &y by
o< o' ifand only if o(F) < o'(F) (F € Fn).

The following theorem provides a sufficient condition for an alteration in depen-
dence between variables to extinguish the effect of an order exchange of two variable
functions.

Theorem 2.1. Letn € [1,N — 1] and let 0 = (7,0,7T), o/ = (7',0,Y') € Ex satisfy the
following conditions.

(i) @' (m) # 7(m) if and only if m € {n,n + 1}.
(ii) 6(m(n)) =0 and O(w(n+1)) = 1.

(iii) '{f,,(nH}) =2, {mr(M)} U rgm) C Y0 pq) and Yoy = Yagmy for all m € [1, N]\
n+1}.

(iv) m(n+1) € Triny for all m > n+1 with §(x(m)) = 1.

Then o < o’.

Proof. No generality is lost by assuming that 7 is the transposition of 1 and 2, 7’ is

the identity and that Y] = {2} UTs. Let Zy, Zs,..., Zxn be finite sets and let F be a

function from H Z,, into [0, 1]. Tt is enough to prove that ¢/(F) = 1 when o(F) = 1.
n€e[l,N]

It follows from o(F') = 1 that, for all ¢ eluer, 2 7, (the set of all mappings from

H Z, into Zy), 09(F) = 1 and therefore {2, € Z; | 0(9*)(F) = 1} # @. We may

u€EYs
suppose Z; is well ordered and define f{ € Z; as min{z; € Z; | 0(9*1)(F) = 1}. Since

o@ ) (F) = 1. there exist fég’flg’h””’h"’l) cTluer, 2v) 7 (3 <n € 6~1(1)) dependin,
s P g
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on hy = f{, ha =g, hs cTuers Zu) Z3, .o hp_1 E(H’“eTnfl Zu) Z,—1 such that
By = fLOA ) (3<mnef'(1)) implies that
F( £, 0((uuera) s ha((z)uers)s o b ((F)uers) ) =1 (1)
(where zp, = A ((20)uer,,) (1 <m < N)).

Let H Zy, = {wi,ws,...,wpr} and let f e@2xlluex, Zu) 7, be defined by, for
ueYo
v € Zy and w,, (1 <m < M),

fowy) = max _ min{f]|geTler?) 7, g(w;) = vy,

V1,02, Um—1E€ L2

g(w2) = vz, ..., g(Wnm-1) = Vm-1,9(wn) = v}
JFrom the definitions of f{ and f, for g elliers 20 7, and 2 € {f(g(w),w) | w e
H Zu}, there exists G(g, 21) eluer, 24) 7, such that

u€Yo
G(g,z
fi (9:21) — 5 and G(g,21)(w) = g(w) (w € H Zu, [(g(w),w) =2) (2)
ueYo
If 3<nef (1) and if 21 = f(9((2u)uers), (2u)uers ), since 1 € Y), by (iv), the
G9,21)
maximizer in o’ can take h, = £°@ ) hs:-hn=1) and hence by (2) and (1)

F(f (9((Zu)uerz)v (Zu)ue'fz) ) g((zu)ue'rz)ahB((zu)u€T3)7 ceey hN((Zu)ueTN))
_ F(flG(g’Zl),G(g,zl)((zu)uem), ha ((Za)ucts ) - hN((zu)ueyN)> —1.

Therefore /! (F) = 1, hence ¢’ (F) = 1. O

Example 2.1. Let 7, u € & be, in the shorthand notation, such that

T = xl(yz,y4)y2(yo)x3($1,x5,yz,yo)yo(y4)x5(x1)y4,
n= yg(y47 yo)x1m3x5y4y0.

Then p £ 7.

Let 7 and i/ be modifications of 7 and u respectively such that 7 < 7" and p/ < p.
Then pu < 7" and g/ < 7. In this sence the pair (7, ) shows the power limit of an order
exchange of two variable functions. We prove p < 7/ and p’ < 7 for several examples of
7/ and p’. The proofs for the other cases are similar. Let

71 = 21(y2, Ya)y2(Yo)yo (Y1) T3 (21, T5, Y2, Yo )5 (21)ya
21(Y2, ya)y2(Yo) 23 (1, T5, Y2, Ya, Y0)Yo (ya) 25 (21)ya,

73 = 21(y2, Ya)y2(Yo) w3 (21, 5, Y2, Yo) Yo (Ya) x5 (21, Y2 )ya,

T4 = 21(Y2, Y4, Y0)Y2(yo) T3 (w1, T5, Y2, Yo) Yo (ya) w5 (21)ya,

1(Y2, 24)y2(Yo) 3 (21, T5, Y2, Yo) Yo (T4) 25 (1) T4,

= y2(T1, Y4, Y0) T123T5Y4Yo0,

= y2(23, Y4, Y0)T173T5Y4Yo0,

= y2(Ya, Y0)T173Y5Y4Yo0-

T2 =X

&
|
o
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Then

T1

T2

73

T4

75

H2

> x1(Y2, Ya)y2(Ya)yo (ya) T3 (21, T5, Y2, Yo )5 (T1)Ya
> ya(ya)x1y0(ya)zs (x5, Y2, yo)Tsys (by Theorem 2.1)
> s

= 71(y2, Y4)y2(Y0)yo(y4)ws5(T1)yaws

> 21(y2, Ya4)y2 (ya) Yo (y4)z5(v1)yaws

> ya(ya)T1Y0(ya)xsyazs (by Theorem 2.1)

> s

= yox1(ya)23(21, 5, Y0)Yo (Y4) x5 (21)ya >

> ya(yo)x123(x5, Y2, Yo)Yo(Y4)xsys (by Theorem 2.1)
>y

> 2421 (Y2)y2(Y0) 3 (Y0) Yo s

= T4Y221Yox3T5

> YaY2T1YoT3Ts > [,

= 21Y2(Y4, Y0)T3T5YaYo < T,

= 23Y2(Y4, Y0)T125Y4Y0

< 23Y2(y4)T125YaYo0

< 2371 (Y2, Y4)y2(y4)xs5(x1)yayo (by Theorem 2.1)
< 2371(Y2, Y4)y2 (Y1) Yo (ya)25(21)ya

< w321 (Y2, Ya)y2(Yo)yo (ya)xs(z1)ya < 7,

< Y2(Y4)T1Y0T3Y5Y4

< 21(Y2,Y4)y2(y4)yors(x1)ysys (by Theorem 2.1)
= 1(Y2, Y4)Y2(Ya: Yo)Yox3 (1, Yo)Ysya

< 1(y2, Y4)y2(¥0)73(1, Yo)YoYsY4

= 21(Y2, Y4)y2(y0)23(1, Y0)Yo (Y4) Y54

< 21(Y2, ¥4)y2(Yo)z3 (1, Yo)yo (Y1) T5ya < T

~— — ~— ~—

3. Proof of u &£ 7 in Example 2.1

19

In Subsection 3.1, by a series of definitions, we construct a Cartesian product

Z of six finite sets with internal structure.
function Fy €2 [0, 1] in Definition 3.12 and prove u(Fy) = 1. In Subsection 3.2 we prove

T(Fo) =0.

3.1. Construction of a separating function

Let U be a set and let n be a non-negative integer. We denote by #U the cardinality
of U, and by Z

elements of [0, 1] and p, p for elements of [0,4]. Calculations concerning only i, 7, k, I will

) the set of all subsets of U with cardinality n. We use 4, j, k, [ for

On the structure we define a separating

be carried out modulo 2, and calculations concerning p, p’ will be carried out modulo 5.
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Definition 3.1. We define X170,X171,X5,0,X571,Y2707YQ,1,X17X3,X57Y2,Y4,}/0 and Z
as follows. Xl,O = [0,4], X171 = [5,8046090004], X570 = [0,2], X571 = [3,362], Y270 =
[0,59]7 Yg’l = [60,299]7 X1 = X170UX1’1, X3 = Y;l = Yb = [0, 1}7 X5 = X570UX5’1, Y2 =
YQ,OUYQJ and Z = X1 x X3 x X5 x Yo x Yy x Y.

We denote by * an arbitrary element of a factor of Z.
Definition 3.2. Let g, a1 be injections from

2
{(C’O7 Cy) e ( X§’0 ) [4CoN Cy = 1} into Y5 o with disjoint images and let 8¢9, 80,1,

X0
3

joint images. If a = o;(C, C") then we set a = a;+1(C,C") (i € [0,1]).

2
517075171 be injections from {(Co,cl) S ( > | ﬁCO NnCy = 2} into Y271 with dis-

Definition 3.3. For i,j € [0,1] and C € ( Xé,o ), we define S{,j(C'), ngj(C),Sg(C)’
SI(C),S8:(C), 8", 5" as follows.
! — N o X1,0 ;o
So;(C)=1e5(C.C) [ CT e 70 ) 1CNC =1¢,
SLJ(O):{O‘](C/7O) |Cd6 ( Xl,O ), ﬁcmclzl}’

3
50,4(C) = {ﬁk,j(a ¢y |ce ( a0 ) 1onc’ =2 ke, 1]},

S7;(0) = {mg(cxc*) e 75 ) 0NC' =2, ke [0,1]},
SH(C) = S;o(C)US;1(C), S{(C) = SiH(C)U S, (C), Si(C)=S{(C)US/(C),

27

s=Ufsirice (M50 )} =U{sioree (%50}
S":U{Sg(C)me ( Xévo )}:U{S;’(C)Ce < Xé’o )}

Definition 3.4. For p € X o let 7y, be a fixed bijection from {(cJ) |ieYy, peCe

X??O ) ;¢ € 8;(C) ¢ onto X51, let Ay ={p,p+1,p+2}, By ={p,p+1,p+3}and

let A,(0) = Bp(0) = p, Ap(1) = By(1) =p+1, Ap(2) =p+2, By(2) =p+3.

Xipo

Definition 3.5. We define mappings p from Y3 into X; g U 9

and pg, p1 from

Y51 into X o as follows. For ¢ € [0,1] and C,C" € ( Xé’o ) with C N C" = {p} let

p(a;(C,C") =p. For i,j,k € [0,1] and C,C" € X§’O with CNC’ = {pog,p1} where

p1 € {po+ 1,po + 2} let p(B;,;(C,C")) = {po,p1} and let py(8;;(C,C")) = px.
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Definition 3.6. Let 4,5 € [0,1] and p € X; 9. We define \; €¥20 X7 4 as follows.

Ai(o‘j(Avap-&-S)) Ai (O‘J( Bpia, By )) =p+3—1,
Ai(@j(Bp, Bpta)) = Xi(aj(Bpra, Apa)) =p+4 -1,
Ai(ej(Apta, Bpya)) = Xi (v (Apys, Ap)) = p+ 2+ 2i.

Definition 3.7. Let i,j,k € [0,1] and C € < Xé’o > We define ¢, ; €¥2 X and

R;(C,j5) C S/(C) as follows. For a € Ys0 if a = a;(Cy,C4) then ¢; ;(a) € X1\
(ClU{)\l(a)}) and Li7j+1(a) = )\Z(a) For b € }/271 ifb = /Bj)k(co,cl) then Li,j(b) S
XI,O \ (Co @] Cl) and Li7j+1(b) € Ci+1 \Cl

Ri(C,j) = {r € S{(C) | tii+;(r) = C(2) + 1}.

Definition 3.8. Let G = {g €Y#*Y0) Y, | g(i,0) # g(i,1) (i € Y4)} and let h be a fixed
bijection from G onto X; ;. We define a subset 7_ of Z by

T_ ={(h(g9),0,0,9(i,5),4,j) | g€ G, i € Yy, j € Yo}.
X1

3
p € C, we define a subset T} (y,(a,)) of Z as follows.

Definition 3.9. Let 4,5 € [0,1] and let C € ( ) For each a € S} ;(C) and each

T ( a,t ) { b, 77;0 3 1), a4y 1 *)}
T( ) { b, 7'717 7"@+1 k)€Z|Lz+lk+1(7"):pOI'
r e S” with ¢ 41 5(r) € C\ {p}, k€0, 1]}’

. X
TS('yp(a,z)) = {(p70,'yp(a i),7 8+ 1, %) EZ?"EU{ (O pele ( é’o )}
\ {a} orrEU{ Tax(C) | C e ( Xé’o ) is such that CNC’" = {p,p'}
where p' € {p+ 1+ 2k,p+2+ 2k}, k € [071]} orTGSfH(C)},

T3, @) M@ (@:1) = {(Nir1(a), 0,94, 4, () (@, 8), 7 i+ 1,5) € Z |

Liv1,j(r) # Aita(a), tiv1,541(r) # pla)},
Ty (YVota) (@, 9)) = {(p(a), 0, Yp(a) (a, 1), @i+ 1,5)},
Ty (vp(a, i) = @ (p € C\ {Aiya1(a), p(a)}),

To'ypaz UT;"ypaz
n€(l,4]
Definition 3.10. Let ¢,5,k € [0,1] and let C € ( X§’O ) For each b € S/;(C) N
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R;i(C,k) and each p € C, we define a subset T (p(b, 7)) of Z as follows.

Ty (vp(b,i)) = ( 0,7p(b,4), b4, %)},
(Wp i) ={(P,0,%(b,i),m i+ 1,1) € Z | tiy1,(r) € C\ {p} or tit1141(r) = p},

2
Ty
T;’ —{p, Yp(bd),ri+1,%) € Z | re S (C)or
TEU{ NC e X101 i such that cnc ={pp'}
z+1]+l 3 )
wmweﬂe{p+l+2hp+2+2ﬂ,ZEKLH}\{HCWTELJ{$+NCU|
C' is such that CNC’" = {p,p'} wherep’€{p+1+2j,p+2+2j}}}

Tty (s ) (0 ) = {05 (8), 0,35, (,3), b, 4+ 1, %)},
T2 ((b,3) =@ (peC\{p;()}),

Te 0y (Vo) (0,) = {(C(0),0,7¢(0) (b, ), i+ 1,i) € Z | 1 € Riy1(C, k), p(r) # p(b)},
TSy (veq) (0,9) = {(C(1),0,7¢cq) (b, i), mi+1,i) € Z | r € Riy1(C, k)},

Te o) (Vo) (0,4) = {(C(2),0,7¢(2)(b,), i+ 1,i) € Z | r € Riy1(C, k), p(r) = p(b)},
TCG'(O) (Ye(0) (b, 7)) = {(C(0),0,7¢(0) (b, i), ryi+1,i+1) € Z |

T e Ri+1(cv k),p(r) = p(b)},
Tg(l)(vm)(b, i) ={(C(1),0,v¢q)(b,i),ri+1,i+1) € Z |
re Ri+1(C k) ( )75,0( )}7

TC(z)(VC@)(b; i) ={(C(2),0,7¢c(2)(b,3),r i+ 1,i+1) € Z | r € Riz1(C, k)},
Tg*(O) (ve ) (b,1)) = {(C(0),0,7¢(0)(b,4), 7, i+ 1,%) € Z | r € Riya(C,k + 1)},
Tey (e (6,7)) = {(C(1), 0,700 (b,i), 70 + 1, k) € Z | 7 € Riya (Crk + 1)},
Tg’@)(’}/c@)(b, i) ={(C(2),0,7¢2)(b,i),r i+ 1,k+1) € Z|r € Riz1(C,k+ 1)},
T;?("Yp(bai)) = e (”Yp(b,i))

nell,7]

Definition 3.11. For each p € X and each n € [0,2], we define a subset T)(n) of Z
as follows.

TI}(O) {(p,i+7,0,r4,5) € Z | r € {oj(Ap, Ap+3), j(Bpya, Bp)}, 4,5 € [0,1]},
TH1) = {(pi+ 3. 1,712) € Z | 7 € {03 (B, Bysa)s 0y (Bpszs Apra)}, 127 € 0,11}
T,(2) ={(pi+5,2,r,i,5) € Z | 7 € {aj(Apsa, Bpra), aj(Aprs. Ap)}, 4,5 € [0,1]},
TS(O) {(p,*,0,7,4,5) € Z | 1; j(r) =p+3—ior(r)=p, 4,5 €[0,1]},
Tg(l) {(p,*,1,r,4,5) € Z | v j(r)=p+4—iori(r)=p, 3,5 €[0,1]},
T7(2) = {(p,*,2,1,4,§) € Z | tij(r) =p+2+2i or 15541 (r) = p, 1,5 € [0, 1]},

T, (n) = T, (n) UT;(n).
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Definition 3.12.

T,,zU{TZ?(yp(c,i)) lpeCe ( Xé’o ), ieYsy, CGS’i(C)}U U 7m)

n€l0,2]
(p € X1,0),
T= |J T,uT..
P€X1,0
We define Fy €7 [0,1] by F; *(1) =T.
Definition 3.13.

Wpq = {((r,i,5),(r'i+1,5) € (Ya x Yy x Yp)? | there exist k, k' € X
such that (p, k,q,r,i,5), (p. k', ¢, 7", i+ 1,5') € Ty (q)}
(p S Xl,Oa q S X5)7

Wp = U Wp}q (pE X1,0)~
qEXs

The following two lemmas are direct consequences of the definitions.

Lemma3.1. Leti,j € [0,1] and C € ( X§,0 )

(1) (p,0,7p(c,i),¢,i,%) € Ty (vp(c, 1)) for allp € C and c € S;(C).

(2) If (e, k) € (Si(C) x Y2 x Yp) \ U {(a,a,j+1)}, then there exists P € ( (27 )
a€s; (C)
such that for allp € P (p,0,7vp(c, i), 7,0+ 1,k) € Tg (vp(c,i)),

acs,; . then there exists ¢ € X5 o such that (p(a),i+7,q,a,1,%) € q) an

3) If SZ”] C) then th X5, h th ] ) T/?(a) d
(p(a)i+j,q,a,i+1,5+1) € T}y, (q) and if tiy1,5(r) = Ni1(a) or L1511 (r) = p(a)
then (p(a), %, q, 7,0+ 1,5) € Ty (q)-

(4) Ifa € Sz{,j (C) then (>‘i+1(a)707’7>\7‘,+1(a) (avi)v a,i+1,7+ ]-) € T)(\Ji+1(a) (7)\1'4_1(11)(0‘77;))
and if vit1,5(r) # Aip1(a) and tit1,541(r) # p(a) then
()\7;+1((l), O» ’7)\i+1(a) (av 7’)7 T, 1+ 17]) € T)(\)i_'_l(a) (’7A,~+1(a) (aa Z)) .

Proof. (1) Clear from the definition of T)) (v, (¢, 7).

(2) In case ¢ € S{(C) the claim follows from the definitions of T7(v,(c,%)) and
T3 (yp(e,i)), in case (c,r) € S/'(C) x (Y2 \ S{’H(C’))' it follows from the definitions of
Tg(fyp(c7 i)),Tg(vp(c,i)) and T;lj(c) (’yp],(c) (¢c,1)), and in case (c,7) € S§'(C) x S{ 1 (C) it
follows from the definition of T, (Yo (n) (b, 1)) (m € [5,7],n € [0,2]).

(3) Clear from Definition 3.11.

(4) Clear from t;41 ;(a) = A;+1(a) and the definitions of TfiJrl(a)(’Y/\,iJrl(a)(a, i)) and
T;\1i+1((l) (f}/)\wl(a) (a’ Z)) O

Lemma 3.2.
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(1) Leti,j,k,l €10,1] let C,C" € Xé’o with CNC" = {p,p'} wherepe {p’ +1+

2k,p" + 2+ 2k}. Then for b € S/';(C) and V' € S/ ;1. (C"), if ti1(b), tiv1,141 (V') €
X\ (Cuc), then ((b,i,1),(t,i+1,1+1)) ¢ W,.

2) Leti,j,k € [0,1] let C,C’" € X10 with $C N C" = 2 and let b = 3;;(C,C").
3 )

Then ((b, k,i), (b, k +1,i)) ¢ W, (b).

(3) Let i, j,k € [0,1], let C € ( ngo ) and let b € Ry(C,i) and V € Ryy1(C,5). If

i = j, then there exists | € Yy such that ((b,k,l)7 O, k+1,1+ 1)) EWewy. Ifi=3j
and p(b) = p(b') ori # j, then there exists | € Yy such that ((b,k,1), (W, k+1,1+1)) ¢
Weqy. If i = j and p(b) # p(V') or i # j, then there exvists | € Yy such that
(b, 1), (W, ke + 1,1+ 1)) & Wea).

(4) Leti,j,k € [0,1] and let C,C" € Xévo with C N C" = {p,p'} where p € {p' +

L+ 2k,p" + 2+ 2k}. Then for a € S ;(C) and b € S}, ,(C"), if Ai(a) € C" and
Li+17j+1(b) € Xl \ (C U C,)} then ((aaimj)v (baZ+ ]-7.7 + 1)) ¢ WP‘

3
a1(C,C"). Then there exists ¢ € X5 such that for all i € [0,1] and ¢ € X5\
{Q}a ((a0ai70)7 (alai—i_la 1)) € Wp,q7 ((a07i50)7 (a17i+17 1)) ¢ Wp,q’ and (p7i7Q7a07i+
1,0) ¢ T,.

(5) Let C,C" € X10 > with C N C" = {p} and let ag = ao(C,C") and a; =

Proof. (1) Clear from (p,0,7,(b,4),0",i + 1,1 + 1) & T} (7,(b,7)) and (p,0,7,(V',i +
1),6,,0) & TP (3%, +1)) (n € [2.3])

(2) Clear from (p,0,7,(b,1),b,1 +1,i) & T3 (7,(b, 1)) (I € [0,1]).

(3) If i # j, since there do not exist [, € [0,1] and n € [0, 2] such that (C(1),1,n,b,
k1), (C(1),I,n, b k+1,j) € Tg(l)(n) and since (C(1),0,vcy (b, k),b', k+1,5) ¢ T8(1)
(Yo (b, k)) and (C(1),0,7¢x) (0, k +1), b, k,7) & Ty (Yo (¥, k +1)), it follows that
((b,k,4), (V' k +1,7)) ¢ Weqy. Similarly we have ((b,k,j), (b, k + 1,i)) & Wea).
Similarly if ¢ = j and p(b) = p(b') we have ((b,k,k 4 1),(0',k + 1,k)) ¢ We() and
(b, k, k), (b kE+1,k+41)) & Weq, if i = j and p(b) # p(b") we have ((b,k, k), (b, k +
1,k+1)) ¢ WC(O) and ((b,k,k+1),(t',k+1,k)) ¢ WC(Q)-

(4) Clear from (pvov’YP(bvi + 1)7aai7j) ¢ T;l(vp(bﬂ’ + 1)) and (p,07’}/p(a,i),b,’i +
1,j+1) € T2 (p(a,1)) (n € [2.3)).

(5) If ((ag,,0), (a1,i+1,1)) € W, 4, then ¢ € X5 . From Definition 3.11 it follows
that there exists a unique ¢ € X5 such that ((ao,%,0), (a1,?+ 1,1)) € W, ,, and for
this q, (pai7Q7a0,i+]—70) ¢TP g

As an immediate consequence of Lemma 3.1, we can prove p(Fp) = 1. Let r,r’ € Y5

3
VS Ca ke X3a qc X5 such that (pakaq,cvia*)v (pvkvqa Tai + 170)7 (p,k,q,?"/,i + 13 1) €

andlet ¢ € Yy. Let C € Xio ) and let ¢ € S;(C). Lemma 3.1 implies that there exist
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T3 (q), and so for g e(YaxY0) ¥, \ G, there exist p € C, k € X3, ¢ € X5 such that for all
ieYyand j €Yy (pk,q,9(i,7),4,7) € Tz?(q). If g € G then (h(g),0,0,9(¢,75),4,5) € T—
for all i € Yy and j € Yy. Therefore, for all g €(Y4XY0) Y, there exist p € X1, k € X3
and g € X5 such that (p, k,q,9(4,7),4,7) € T for all i € Yy and j € Yy. Hence u(Fp) = 1.

3.2. Proof of 7(Fp) =0
Lemma 3.3. Let f €Y2XY4) X and i,j € [0,1].

(1) ForallC e ( Xé’o ) and c € S;(C), if f(c,i) ¢ C, then 7/(Fy) = 0.

(2) Forallcy,c1 € Yo andp € X1, if ((ci,i,j), (cix1,i+ 1,5+ 1)) ¢ W, and f(co,0) =
f(e1,1) = p, then Tf(FO) =0.

(3) ForallceYs and p € X1,0, if ((c,i,j), (c,i+ 1,j)) ¢ W, and f(c,0) = f(c,1) = p,
then 77 (Fy) = 0.

Proof. Let f3 e(X1xXsxYax¥o) X, fo Xt X, gy €0 Yy, go €4 Y, and let z; =

J1(Y2,94), 3 = f3(21,25,92,%), T5 = f5(71), y2 = g2(yo) and yo = go(y4)-
(1) If p = f(c,i) ¢ C, then there exists k € Yy such that (p,*,*,¢,i,k) ¢ T. So

if we let y4 = i and g2, g0 be such that g2(k) = ¢, go(i) = k, and set ¢ = f5(p) and
l= f3(p7qaca k)v then
(w1, 23, 25,2, Y4, Y0) = (f(y27y4),f3($1,x5,yz,yo),f5($1),gz(yo),y4,go(y4))
=01, q,¢,0,k) ¢ T.
Hence 77/ (Fp) = 0.
(2) Let g2,90 be such that g2(j) = ¢i, g2(j + 1) = cit1, go(i) = Jj, go(i +1) =
Jj+1, and set ¢ = f5(p), ki = f3(p,q,ci,J) and ki1 = f3(p,q,ciz1,j +1). The

condition ((cl-, i,7), (ciy1,0+ 1,5 + 1)) ¢ W, ensures that there exists [ € Y, such that
(p, ki, q e, li+ 5 +1) ¢ Tp. So if we let yy =1, then

(f(y27?J4)7f3(3?17$5,y2ayo)af5($1),92(y0)7y4a90(y4)) = (p7 kl,q,Cl,l,i +.] + l) ¢ Tp'

Hence 77/ (Fp) = 0.
(3) Let g2, g0 be such that g2(j) = ¢, go(0) = go(1) = j, and set ¢ = f5(p) and
k = f3(p,q,c,j). The condition ((c,i,7),(c,i + 1,5)) ¢ W, ensures that there exists
l € Yy such that (p, k,q,c,1,j) ¢ Tp. So if we let ys =, then
(f(y2vy4); fS(xlax57y27y0)7 f5(x1)7g2(y0)3y4790(y4)) = (p7 kqu Cvl7j) ¢ TP'

Hence 74 (Fp) = 0. O

Lemma3.4. Let C € ( Xé’o ) and f €YY X, If 77 (Fy) = 1 then

FSE(C) x {i+1}) ¢ f(S{(C) x {i}) c C (i €[0,1])
and hence

1F(S7(C) x {i}) <2 (ief0,1])and ¢ [ F(S/(C)x {i}) <1.

1€[0,1]
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X1
3
Qi ={ri0:Ti1, 72,753, 74,751 C SY(C) satisfies the following two conditions.

Proof. Let C € ( ,f €02 X, and let 77 (Fy) = 1. For each i € [0, 1], let

® 7i2m € Ri(C,0), Ti2m41 € Ri(C,1) (m € [0,2]).
o p(rim) # p(rim) (m,n €[0,5], m=n (mod 2), m # n).

Then, since 7/ (Fy) = 1, it follows from Lemma 3.3(1) that f(Q; x {i}) C C (i € [0,1))
and from Lemma 3.2(3), Lemma 3.3(2) that

o if f(r0,m,0) = f(r1n,1) = C(0) then m # n (mod 2),
o if f(rom,0) = f(rin,1) = C(1) then m = n (mod 2) and p(ro,m) # p(r1.n), (1)
o if f(rom,0) = f(rin,1) =C(2) then m =n (mod 2) and p(ro,m) = p(71,n)

(m,n €10, 5]).
Therefore

if C(m) € £(Qi x {i}), then t{r € Qi1 | f(r,i+]) =C(M)}<3—-m  (2)
(i € [0,1], m €[0,2]).

Hence, if §f(Q; x {i}) = 3, then §f(Qi+1 x {i + 1}) = 3 and so
HreQol f(rn0)=C)}=Hre@:|f(r1)=C1)} =2
But this contradicts (1). Therefore §f(Q; x {i}) < 2. Then it follows from (2) that

f(Qiva x{i+1}) & f(Qi x {i}) (i €[0,1]). 3)

Since (3) holds for any Qq, Q1 satisfying the above conditions, we have

F(SEn(C) x {i+1}) ¢ f(S](C) x {i}) ¢ C (i €[0,1])

and hence
BF(ST(C) x (i) <2 (i€ [0,1])and § (1) f(S{(C) x {i}) < 1.
i€[0,1]
O
Lemma3.5. Let p € C € Xé’o , i €00,1] and f €YY X\, If 77 (Fy) =1 and

#{r e S/(C) | f(r,i) = p} > 12, then
(1) {resS’(O)] f(ri+1)=p} =2,

(2) t{r € 81,1 (C) | f(ri+1) = p} <6 (C’e ( K10 ) acng).
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Proof. (1) The result follows immediately from Lemma 3.2(3) and Lemma 3.3(2).
(2) Let | € [0,1] and let C" € ( Xé’o > with C N C’' = {p,p'} where p/ €

{p+1+2l,p+2+2l}. The condition #{r € S/(C) | f(r,i) = p} > 12 ensures
that there exist j,k € [0,1], 70 € S/4(C), 71 € S;(C) and 72 € S}, (C) such that
Li7j(To),Li7j(T‘1), Li7j+1(’l“2) € Xl,O \ (C U Cl) and f(’l“o,i) = f(’l“l,i) = f(’l“2,i) = DP. Then,
since 7/ (Fp) = 1, it follows from Lemma 3.2(1) and Lemma 3.3(2) that

{re S5 (C) [ flrii+1) =p} C{r€ S p(C) [ tiy1;(r) € X0\ (CUC)}

Hence #{r € S}/, ,(C") | f(r,i+1) =p} <6. O

Lemma3.6. Let pc C € Xé’o ,i€[0,1] and f €20 X, If 77 (Fy) =1 and

{r € SY(C) | f(r,i) = p} = SI(C) then

(restu@) smi+n=n=o (c'e( ) wcnc>2).

Proof. Let C' € X§’O
In case fCNC" = 2, let j € [0,1] and let CNC’ = {p,p'} where p € {p'+1+2j,p'+2+25}.
Assume to the contrary that {r € S/, (C’) | f(r,i+ 1) = p} # @. Let k,l € [0,1]
and let ' € S}, ;(C”) be such that f(r',i+ 1) = p and t;41:(r") € X1\ (CUC).
Then if r € 7, (C) and ¢;;41(r) € X \ (CUC') it follows from Lemma 3.2(1) that
((r,i,; +1), (", i+ 1,1)) ¢ W, So by Lemma 3.3(2), since f(r,i) = f(r',i+ 1) = p, we
get 7/ (Fy) = 0, contradicting 7/ (Fp) = 1. O

. In case §C' N C’ = 3, the result follows from Lemma 3.5(1).

Lemma3.7. Let p € C € X§’O , i€ [0,1] and f €YY Xy, If 71(Fp) = 1
and §{r € SY/(C) | f(r,i) = p} = 12, then {r € S/,,(C) | f(rii+1) =p} = @ or

Hre st i =p <12 (cc( ) wone=2).

Proof. (From #{r € S/(C) | f(r,i) = p} = 12, we have
{re s/ (C)| f(r,i) =p}NRi(C,j) # 2 (j €[0,1])
or
{r € 8/(C)| f(r.i) = p} = Ri(C,io) for some ig € [0, 1].

In the first case it follows immediately from Lemma 3.2(3) and Lemma 3.3(2) that
{resSia(C) ] fri+l)=p}=0.
In the second case, {r € S/'(C) | f(r,i) = p} N S};(C) # @ (5 € [0,1]) and for

¢ e ( X;O ) with §C'NC" = 2, there exists k € [0, 1] such that

{re SHC) | f(rii)=p}={r € S/(C) [ Lix(r) € X190\ (CUC)}.
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Assume to obtain a contradiction that §{r € S}’, (C") | f(r,i+ 1) = p} > 12. Then

{reSia(C) | flryi+1) =pyn{reSi(C) | tivihi(r) € X1o\ (CUC)} # @

{re Sl (@) | flri+1) =p} = {r €S\ (C) | tir1r(r) € X10\ (CUC)}.

In the former case it follows from Lemma 3.2(1) and Lemma 3.3(2) that 7/ (Fp) =
0. In the latter case if we let C = C; and C' = Cj;q, then f(B ;(Co,C1),0) =
f(Br,;(Co,C1),1) = p (j € [0,1]). Then it follows from Lemma 3.2(2) and Lemma
3.3(3) that 77 (Fy) = 0. Since 7/(Fy) = 1, we obtain a contradiction in both cases. O

Lemma 3.8. Let Cy,C € < Xé’o ) and f €Y2XY) X, If 77 (Fy) =1 then

() FSI(C) x {i}) < 1.

i€1[0,1]

Proof. It 4CoNCy =1 or Cy = C1, the result is clear from Lemma 3.3(1) or Lemma 3.4.

Let CoNCy = {po,p1} where p; € {po+1,po+2}. Since 7/ (Fpy) = 1, Lemma 3.4 implies

that f(S/(C;) x {i}) C ( C; ) (i € [0,1]). We assume that m F(SI(Cy) x {i}) =
i€[0,1]

{po,p1} and derive a contradiction to the assumption 7/ (Fy) = 1. There are two cases.

Either there exist ¢, j € [0, 1] such that

{f(ryi) | e S7(Ci), tij(r) € X10\ (Co,C1)} = {po,p1}

S (r,0) [ 7 € S7(Ci), 1ij(r) € Xa0\ (Co,Cr)} =1 (i, 4 € [0,1]).

In the former case there exist k € [0, 1], ro € S/, (Ci), r1 € S{;,,(Ci) such that
Li,j(rl) € Xl,O \ (CO U Cl) and f(?”l,i) = (l S [0, 1]) Let r € ;;LkJrl(Oi_H) with
Lit1,j41(r) € X1,0\ (CoUCy). Then by Lemma 3.2(1) we get ((ry,4,4), (r,i+1,j+1)) ¢
W,, (I € [0,1]). Hence, if f(r,i+ 1) € {po,p1}, it follows from Lemma 3.3(2) that
Tf(Fo) =0.

In the latter case, for each i € [0,1], let k; € [0, 1] be such that

{f(r1) [ r € S{(Cy), tio(r) € X10\ (CoUC)} = {p, }-

Set k = ko. If k # k1 then, since ﬂ F(SI(Cy) x {i}) = {po,p1}, we have
1€[0,1]

{f(r,0) [ r € S5(Co), to,0(r) € X1,0\ (CoUCh)}

={f(r,1) | r € SY(C1), t11(r) € X10\ (CoUC1)} = {px}-
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Let rg € S(/),,O(Co) with L070(7’0) € Xl,O \ (00 UCl) and let | € Si/’kJrl(Ol) with L171(’r‘1) €
X1,0\ (CoUCy). Then it follows from Lemma 3.2(1) that ((ro,0,0), (r1,1,1)) ¢ W,
and so by Lemma 3.3(2), 7/(Fy) = 0. If k = k; then

{f(r,0) |7 € S5(Co), too(r) € X10\ (CoUCh)}

={f(r,1) | r € S7(C1), t1.0(r) € X10\ (CoUC1)} = {px}
ba

Then if we let b = By x+1(Co, C1) then f(b,0) = f(b,1) = py and px(b) = px. Hence, by
Lemma 3.2(2) and Lemma 3.3(3), 7/ (Fp) = 0. O

3
f(ai(Co,C1),5) =p (i,5 € [0,1]) then 7/ (Fp) = 0.

Lemma3.9. Let Cy,C, € ( X10 ) with Co N Cy = {p} and f €¥2XY) X, If

Proof. Let fg eX1xXsx¥axYo) x. - fo Xt X5 g, €0 Y, and gg €¥* Y,. Let 21 =
f(y2,94), w3 = f3(x1,25,92,%), ©5 = f5(x1), y2 = g2(yo) and yo = go(ys). Set
a; = a;(Cy,C1) (i € [0,1]). By Lemma 3.2(5), there exists a unique ¢ € X5 such
that ((ao,%,0), (a1,i 4+ 1,1)) € Wpq (i € [0,1]). Let g2(0) = ag and g2(1) = a1. Set
k = f3(p,q, ao,0) and let go(k) = 1 and go(k +1) = 0.

In case f5(p) = ¢, let y4 = k + 1, then by Lemma 3.2(5),

($1,1‘3,~T5,y2,y4,y0) = (f(y27y4)a f3(3?1,1‘5,y27210)af5($1)a92(y0)ay4790(y4))
= (p7k7Q7a07k + 170) ¢ TP'

In case f5(p) = ¢’ # q, if (p,*,¢',a0,k+1,0) ¢ T, then let y4 = k + 1 and set
l= f3(p,¢',a0,0). Then

(f(y27y4)7f3(x17x5ay2ay0)7f5($1)792(y0)7y4v90(y4)) = (pvlaq/7a07k + 170) ¢ TP'

If there exists j € [0,1] such that (p,j,q’ a0,k + 1,0) € T,, then since ((ao,k +
1,0), (a1, k,1)) & Wy, if we let ys = k and set I = f3(p, ¢, a1, 1) we have

(f(y27y4),f3(1'17x53y27y0)3f5(x1)392(y0)7y4790(y4)) = (palvq/aalakv]-) ¢ Tp'

Therefore 74 (F) = 0. O
Proposition 3.1. Let s > 0. For each k € [0,1], let M}, be a nonnegative 4 x 4 matriz
3
such that Mi(m,m) = 0 and ZMk(m,n) = 2s for all m € [0,3]. Furthermore we
n=0

assume the following properties.

(i) For all k € [0,1] and m,m/,n € [0,3], if Mi(m,n) > s then Mygy1(m,n) =0 and
Mi11(m/,n) < s.

(ii) For all k € [0,1] and m,n € [0,3], if Mr(m,n) = s then Myi1(m,n) < s or
Mi41(m/;n) <s (m’ €[0,3]\ {m}).

(iii) #{n € [0,3] | Mo(m,n), Mi(m’,n) >0} <1 (m,m’ €[0,3]).



30 F. MARUYAMA

Then there exist My, My € ( [0’23] ) with Mo NIy = & such that for each k € [0, 1],

if {m,n} = My, then My(m,n) > s.

Proof. 1t follows immediately from (i), (iii) that
(iv) #{n €[0,3] | Mx(m,n) >0} <2 (k€ [0,1], m € [0, 3]),
and from (ii) that

(v) Y _t{m € [0,3] | My(m,n) = s} <3 (n€[0,3)).
k=0

Suppose that max My(m,n) < s. Then by (iv), Mg(m,n) = 0 or Mg(m,n) = s

,m,n

(k €10,1], m,n € [0, 3]). Therefore it follows from (v) that

Z My (m,n) = ZZMk(m, n) <4 x3s=12s.

k,m,n n k,m

On the other hand
Z My (m,n) = ZZMk(m,n) =8 x 2s = 16s.

k,m,n km n

This contradiction proves that there exist ¢ € [0, 1] and m; € [0, 3] such that max M;(n,m;)
n
> 5. By (iv) there exists m;1 # m; such that M;(m;, m;y1) = 0. Let mj,mj_, € [0, 3]

be such that {mj,m; ,} = [0,3]\ {ms, mir1} and M;(m;, mj, ) < M;(m;,m;). Sup-
pose that M;(m;,m;) < s. Then M;(m;,mi ) = M;(m;,;m;) = s and so by (i)
Mi+1(mi+1,m§+1),Mi+1(mi+1,m§) < s. Since max Ml(n,mz) > s, by (l) Mi+1(mi+1,mi)
n
< 5. Then it follows from (iv) that M; i (mir1,mj ) = Miy1(mig1,mj) = s. Conse-
quently M;(mg, mj, 1), Mi(mi, mg), Mi1(migr, miy ), Mip1(mig1,m;) > 0 which con-
tradicts (iii). Hence M;(m;,m}) > s. Set My, = {my, m}.} (k € [0,1]). Since max M;(n,
n
m;), M;(m;,m}) > s, it follows from (i) that My 1(m,n) < s (m € M1 q,n € M,).
Therefore by (iv) M;y1(m,n) > s ({m,n} = M;41). Then by (i) M;(m,n) < s (m €
M;,n € M;11). Hence by (iv) M;(m,n) > s ({m,n} = M,). O

Proposition 3.2. Let s > 0. For each k € [0,1] let My, be a nonnegative 10 x 5 matriz
4
such that M (9, m) = 0, ZMk(ﬂ)T,n) = 2s for all M € < [0’24] > and m € M.

n=0
Furthermore we assume the following properties.

2
My (9, n) > s, then My1(M,n) =0 and My 19, n) < s.

(i) For all k € [0,1], n € [0,4] and MM € < (0,4 > with MNOM # &, if

[0, 4]

(ii) For all k € [0,1], n €[0,4] and M € ( 5

), if M(OM, n) = s, then

M1 (M,n) < s or M1 (9N, n) <s (93?’ € ( [0’24] ) with DN £ @).
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(iii) #{n € 10,4] | Mo(Mt,n), M1 (', n) >0} <1 [ ML, M € 5 .

(iv) For all k € [0,1], n € [0,4] and MM € < [0’24] > with M N M # @, if
My, (9, n) = 2s, then M1 (9, n) = 0.

2
My (9, p) = 2s where p is the unique element of [0,4]\ (Mo UMy) and My (M, n) = 2s

for all k €[0,1], M e ( [0’24] ) and n € [0,4] such that {n} = M, \ M.

Then there exist My, My € ( [0, 4] ) with Mo N My = & such that My(Moy,p) =

Proof. For each i € [0, 1] and each m € [0,4] define a 4 x 4 matrix M;(m) by
M;(m)(n,n") = M;({m,n},n’) (n,n’ €10,4]\ {m}).

Then, when we identify the set [0,4] \ {m} with [0, 3], the matrices My(m) and M;(m)
have all properties required by Proposition 3.1. So the proposition implies that there
exist all distinct ng, n1, na, ng € [0,4] \ {m} such that

Mo(m)(no,n1), Mo(m)(n1,n0), Mi(m)(nz,nz), Mi(m)(ns,n2) > s.
Since m was arbitrary, we have

#H{n €1[0,4] | mg%xMi(im, n)>s} >3 (i€|0,1]).

Hence there exist p € [0, 4] and My, M, € ( [0’24] such that My (Mo, p), M1 (M, p) >

s. Clearly p ¢ 9o UM and by (i), Mo N My = @. Let M; = {m; 0, mi1} (i € [0,1]).

For each i,5 € [0,1], since Mo(Mo,p), M1(My,p) > s, it follows from (i) that
Mi(mi+17j)(m,p) < s (m }é mi_,_l,j) and M¢+1(mi+17j)(m,p) <s (m ¢ E)JTi+1). There-
fore by Proposition 3.1

M1 (mig1 ) (P mig1 1), Mi(mig i) (Mg, migg1) > s (k €10,1]).

Then, since 7, j was arbitrary, (i) implies that
. [0,4]
M;(M,n) > s, M;11(M,n)=0(:€0,1],Me 5 Ant =\ m ). (1)

Let 4, j, k € [0,1]. Suppose that M;(9;, m;41;) > 0. Then by (1), (iv)
s < Mipa({mik, Mirr i1}, mitr;) <28, Miga({mak, miv1jia}, Migkgr) =0

and so M g1 ({mix, Mit1,j11},p) > 0. But M9, mipa5), Ms(OMy, p),
Mi+1({mi7k,mi+17j+1},mi_,_l,j),Mi+1({mi7k,mi+17j+1},p) > 0 contradicts (111) There-
fore M;(9M;,mit1,;) = 0. Since j was arbitrary, M;(9,p) = 2s. Then by (iv)
M1 ({mij,mivik},p) = 0, and since M1 ({m; 3, mit1 i}, mijr1) = 0 by (1), we
have

M1 ({mij, miy1 e}, Miv1 k1) = 25. (2)
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Since k was arbitrary it follows from (2) and (iv) that

Mi({l% mi,j}’>mi+170) = Mi({P’ mi,j}vmiJrl,l) =0.

Hence

M;({p,mi;},miji1) = 2s. (3)
Since 14, j, k was arbitrary it follows from (2) and (3) that

Mi(9,n) = 25 (ke 0,1], M € ( 0,41 ) {n}zimk\f)ﬁ).

Lemma3.10. Let f €(Y2xYd) x,. If Tf(Fo) = 1 then there exist Cy,C; € < X;},o )

with $Co N Cy = 1 such that | ] {f(i(Co,C1),45)} = CoNCy.
i,j€[0,1]

Proof. For each i € [0, 1], define a 10 x 5 matrix M; by
M;(M,n) = §{r € S (X1,0 \ M) | f(r,i) =n} (E)ﬁ € ( X21’0 ) ; nE X1,0) :

Then, since 77 (Fy) = 1, it follows from Lemma 3.3(1), 3.5, 3.6, 3.7 and 3.8 that M, and
M, satisfy the conditions of Proposition 3.2 with s = 12. And so by the proposition,

there exist 9y, M, € ( X21’0 ) with 9 N My = & such that M;(M,n) = 24 for all

i€[0,1], Me < X21’0 ) and n € X g such that {n} =2, \ M.

Set Cy = Xl,() \ Moy, C1 = leo \93?1 Then #Cy N C7 = 1, and by the definition of
My and My, for each i € [0,1], if C € Xé’o > and n € C are such that {n} = C\ C;
then f(S7(C) x {i}) = {n}.

Set a; = «;(Co,Cy) (i € [0,1]) and let {p} = Cy N C;. Assume to the contrary
that there exist 4,5 € [0, 1] such that f(a;,7) € C; \ {p}, let f(ai,j) = n and let C =
{p;n,Aj(a;)}. Clearly {n} = C'\ Cji1 and so f(S7,1(C) x{j+1}) = {n}. Let k € [0, 1]
and b € S7,; ;(C) besuch that n € {p+1+2k, p+2+2k} and ¢j41,i+1(b) € X1,0\(CUC)).

Then f(a;,j) = f(b,j + 1) = n and by Lemma 3.2(4), ((a;,,1), (b,5 + 1,i + 1)) ¢ W,.
Hence, by Lemma 3.3(2), 7/ (Fy) = 0, which contradicts 7/ (Fp) = 1. O

Proof of 7(Fp) = 0 : Assume to the contrary that 7(Fy) = 1. Then there exists
f e™xYa) X, such that 7f(Fy) = 1. Then by Lemma 3.10 there exist Cy,C; €

( Xévo > with §Co N Cy = 1 such that | J {f(i(Co,C1),5)} = Co N Cy. Hence
i,5€[0,1]
it follows from Lemma 3.9 that 7/(Fy) = 0. This contradiction proves 7(Fy) = 0.
Since p(Fp) = 1, this completes the proof of y & 7 in Example 2.1.
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