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TRANSFORMATION OF DATA
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Taku MoRIYAMA* and Yoshihiko MAEsoNo®

Abstract

This study extends ‘empirical transformation’ in kernel smoothing to condi-
tional probability density and regression function estimations. We propose non-
parametric conditional probability density and regression function estimators, which
are based on an extension of Cwik and Mielniczuk (1989)’s method. We derived
asymptotic properties of the proposed estimators and conducted a simulation that
showed mean squared errors of conditional probability density and regression func-
tion estimators.

Key Words and Phrases: conditional probability density, mean squared error, nonparametric
estimation, regression function.

Let (X1,Y1),- -+, (Xn,Ys) be n pairs of independent random variables (r.v.s.) with
the continuous joint density function f(x,y) and g(x) be the marginal density of X.
Throughout the paper, we assume that the support of f covers R? to avoid what we call
the ‘boundary bias problem’. The conditional probability density of Y given X = x(
(fixed) is given by
f($07 y)

9(z0)

Conditional density estimation provides not only its mean but also its mode, mul-

timodality, skewness, quantile points and so on. Rosenblatt (1969) first considered non-
parametric kernel-type estimation. The estimator at Y = yo (fixed) is

fY|m0(1/) = fy(ylX = x) =

~

N _ f(1707y0)
fY\xo(yO)_ §(CCO) 3

where ]? and ¢ are the ‘naive’ kernel density estimators:

~ 1 < x0 — Xj Yo — Y;
- Sk K
f(zo,vy0) il Z ( I > ( Ity )

i=1
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and
—~ 1 - iE()—Xi
= — K _—
9ew) = 17 D (25).

where K is a symmetric probability density function and h; (j = 1,2, 3) are the band-
widths. We assume that all the bandwidths in the estimators are the same, i.e., h; = h
(j =1,2,3), where h — 0 and nh — 0o as n — 0o. Let us use the following notation,

A= /Ki(u)ujdu.

We also assume that all A; ; for j =0,---,4 and Ay, for £ = 0,1 are bounded.

Hyndman et al. (1996) investigated the mean squared error of the kernel-type con-
ditional density estimator and proposed an improved estimator.
Bashtannyk and Hyndman (2001) discussed methods of choosing the bandwidth of the
conditional density estimator from the view of asymptotic results. Hall et. al. (2004)
proved that a cross-validation method is quite effective for automatically shrinking and
removing irrelevant explanatory components in multivariate settings. Hall et. al. (1999)
introduced and investigated local logistic and adjusted the Nadaraya-Watson method for
nonparametric conditional density estimation. Otneim and Tjgstheim (2017) proposed
a method for tackling the curse of dimensionality in nonparametric settings using locally
Gaussian approximations. R

As pointed out by Faugeras (2009), the ratio-type estimator fy|,, can be numeri-
cally unstable when the denominator g(xg) is close to zero. Faugeras (2009) proposed a
‘product-shaped estimator’:

~

F¥ 20 (W0) = @G (o), L (y0))E(o)

where Cis a copula density estimator and Gy,, L, are the empirical distribution functions
of the marginal distribution functions of X and Y, respectively. £ is the kernel density
estimator of the r.v. Y. The idea is based on the property of copula C; for any bivariate
cumulative distribution function (c.d.f.) F, with marginal c.df. G of X and L of Y,
there exists some function C : [0,1]*> — [0,1]. Copula C is called the copula function,
which satisfies

F(»To, Z/o) = C(G($0)7 L(yo))

(known as Sklar’s theorem). If G and L are continuous, this representation is unique.
Copula C is itself a c.d.f. on [0,1]? with uniform marginal distributions. By differenti-
ating the formula, we have the following representation:

f(zo,90) = c(G(x0), L(y0))g(x0)¢(yo),

where c is the copula density function and ¢ is the marginal density of Y. The above
estimator ﬂ,m comes from this relation. Faugeras (2009) investigated some asymptotic
properties of this estimator.

By extending the idea of Cwik and Mielniczuk (1989), we propose the following
conditional density estimator:

fy\zo yO h2 Z (

) i (Gn(Xi) ; Gn(JUO)) _



Conditional probability density and regression function estimations with transformation of data 3

The proposed estimator J?S*’Iwo can be seen as an estimator with ‘empirical transformation’
(X — G, (X)) (see Ruppert and Cline (1994)). Since fA;;|IU is not a ratio, we also expect
it to have less variance, as Faugeras (2009) did.

Since both Faugeras (2009)’s estimator f1T’|x and our fy, use the empirical distri-

bution function Gy, they are discontinuous functions as x. Let us replace Gy, with the
kernel-type estimator G. Then, we propose the following conditional density estimator:

fy‘zo Y0) h2 ZK ( > K (G(Xi) ; G(m)) .

We assume that the bandwidth of G coincides with h, which is used in this estimator
f;i‘zo. Though the convergence rate of f;)’Imo is not improved, as shown later, the kernel

estimator f;ilx(yo) is a smooth function of z unlike f}*,‘z(yo). The asymptotic mean

squared errors (AMSESs) of f{,lm and f;}‘wo are given in the following theorems.

Theorem 1 Let us assume that (i) f and g are three-times differentiable at (xo,yo)
and at xq respectively, (i) £ (z0,90), g (x0) and 09 (29,y0) are bounded for i =
0,1,2,3 and j = 1,2,3, (iii) K is three-times continuously differentiable, (iv) is the
support of K is given by [—d, d] for some positive constant d > 0, and (v) sup, |K'® (v)|
is bounded. Then, the AMSE of f;’\zo (yo) is given by

~ 2

B [ 7312y W0) = Frjao (30)]

_htAT,
4

£OD (20, 90) — i (yo)g(fco)g”(zi)(;of(g’(xo))

2
(39/(330)f(1’0) (w0, y0) — g(xo)f@’o) (o, yo)) ]

g*(zo)

2,0 1
220 )+ 00) 40 ().

FOD (@, y0) = <5§U>z <§Z>J f(w, 2)

Proof: See the appendizx.

where

W=x0,2=Yo
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Theorem 2 Under the assumptions of Theorem 1, the AMSE of fﬂilzo (yo) is given
by
~ 2
E [fypco (Wo) = fv|wo (yo)]

_htAR,
4

9(x0)g" (z0) — 3(¢'(x0))*
9*(z0)

2 T , 1! T
. Og}fsc)og; (0) 4 02 (w0, 0) = e (30)

+ 94(13:0) (3gf(x0)f(1,0) (mo’ yo) — g(iro)f(Q,O) ((E07 yO)) ‘|

Ag,O 6 1
+ WfY\xo(yO) +O(h”) + 0 ohl

Proof: See the appendix.

Remark 1 As seen above, the difference between the AMSEs of f}*,‘xo and ‘]?;;WO is
whether the first term in the bias terms exists. Under some regularity conditions, the

AMSE of fy‘zO (yo) is given by

E [J?ng(, (o) — fy'|ao (yo)}2

h4A% 2 1 (2 O) (O 2) "
= = ——— | [ (o, yo) + [ (20, 90) = fy)zo (W0)g" (20)

4 g?*(wo)
A3 o fyizo (W0) 1
T glee) +0(% +0 <nh)

The difference between the asymptotic variances of the naive fym and f;*,l 2y 18 whether

the first term is divided by g(xo).
Remark 2 Under some regularity conditions, the AMSFE of fXT’I:vo (yo) is given by

E [f%m(yo) - fY|zo(y0):|2

_ k43,
1

A3y . )
+ 3 Ftao (W0) o) + O(R) + O — |,

2

(yo) lc(o’z)(G(ﬂco% L(yo)) + c®9(G(z0), L(yo))

where

W=xo,2=Yo
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As the theorems and remarks show, the AMSFEs of the conditional density func-
tion estimators are of the order (h* + (nh?)~1!). Therefore, the theoretically optimal
bandwidth is given by n=1/6 x C' where C' > 0 is constant. For the following AM SE:

B V
g
PR

the constant C' is given by (2V/B)~'/¢. Determining the bandwidth needs to estimate
the optimal one; however, it is quite difficult for conditional density estimators, as
explained by Faugeras (2009). We postpone this for future work.

We present some results of a numerical study on conditional density estimation. We
first compared the accuracy of fya,(v), ﬂ’lxo (y), I3 12 (y), and fy, (y) at some fixed

points y = yo. Let us suppose that (X,Y) is distributed normally, i.e., f ~ No(0,X).

Set
Y= < A ) .
poy Oy

It follows that ¢ is also the normal density function, where the mean is 0 and variance
is 1. We simulated the mean squared error (M SE), i.e.,

(a0 (90) — Friag ()

and its standard deviation (SD) for the conditional density estimator fy‘wo (yo). Tables
1-3 show 100 times the obtained values. In the tables, ‘Naive’, ‘Product’, ‘Proposed’,
and ‘Smoothed’ denote fy |, (¥0) = fy|zo (0), J?;rqwo (¥0)s J5 |y (W0), and f3, (yo) respec-
tively. We simulated M SFE values (and their SD) of the conditional density estimators
100,000 times. The term G~'(¢) denotes xg = G~1(€), where G~(e) is the eth quantile
of the distribution G' (of X, i.e., the standard normal distribution). The term L~!(e)
denotes yo = L~ !(€), where L™!(e) is that of the distribution L (of Y). In Tables 1-3,
all the sample sizes are (n =)100 and the bandwidths of the conditional density esti-
mators are n~ /6. From the results, we can first see that the smoothed version usually
outperforms the proposed estimator. Table 1 suggests that the smoothed version of the
proposed estimator gives almost best estimates especially when p = 0 and oy < ox.
The naive estimator is almost worst especially for oy > ox. Table 2 also suggests that
the naive estimator is almost worst especially when p = 1/3 and oy > ox. As oy
tends to be comparatively large, the product-shaped estimator becomes best. Table 3
suggests that the naive one is most accurate especially when p = 2/3 and oy < ox. For
oy > ox, the product-shaped estimator is almost best. We summarized the obtained
simulation results in Table 4. The table shows a recommendation on nonparametric con-
ditional density estimation for bivariate normal distributions. To sum up, the smoothed
version of the proposed estimator seem to be superior to others especially when p ~ 0
and oy < ox. When the correlation is high, the proposed estimators with h = n—1/6
have large variance in some cases. Including the method of choosing bandwidth, we need
to continue studying the proposed estimators.
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Table 1: MSE and SD values (x100) with (n = 100, p = 0,h = n~ /%) for the conditional
density estimators

Gil(-) Lil() Naive Product Proposed Smoothed
MSE SD | MSE SD | MSE SD | MSE SD
Uy:1/2

1/4 2.130 2.941 | 3.298 2.497 | 2.753 2.437 | 2.020 2.047
1/4 1/2 2.249 3.128 | 3.150 2.363 | 3.208 2.658 | 2.356 2.232
3/4 2.162 3.046 | 3.472 2.614 | 2.780 2.491 | 2.057 2.101
1/4 1.772 2.465 | 1.167 1.357 | 0.881 1.150 | 0.637 0.886
1/2 1/2 1.823 2.522 | 0.919 1.125 | 0.976 1.263 | 0.646 0.909
3/4 1.717 2.415 | 1.178 1.364 | 0.832 1.092 | 0.592 0.826
1/4 2.115 2.892 | 3.555 2.615 | 3.000 2.588 | 2.035 2.077
3/4 1/2 2.226  3.066 | 3.468 2.592 | 3.5636 2.891 | 2.393 2.311
3/4 2.111  2.927 | 3.697 2.686 | 3.013 2.569 | 2.040 2.057
oy =1
1/4 1.326 1.895 | 0.920 0.817 | 0.600 0.742 | 0.514 0.668
1/4 1/2 1.504 2.094 | 0.710 0.786 | 0.838 1.000 | 0.684 0.871
3/4 1.308 1.867 | 0.975 0.862 | 0.597 0.746 | 0.510 0.665
1/4 1.062 1.542 | 0.510 0.599 | 0.403 0.584 | 0.460 0.700
1/2 1/2 1.229 1.754 | 0.380 0.529 | 0.471 0.656 | 0.530 0.780
3/4 1.050 1.473 | 0.535 0.619 | 0.405 0.573 | 0.460 0.679
1/4 1.306 1.911 | 0.958 0.834 | 0.636 0.771 | 0.515 0.669
3/4 1/2 1.519 2.217 | 0.743 0.801 | 0.858 1.002 | 0.654 0.831
3/4 1.315 1.885 | 1.011 0.866 | 0.626 0.752 | 0.507 0.652
oy =2
1/4 0.420 0.719 | 0.158 0.126 | 0.127 0.160 | 0.127 0.167
1/4 1/2 0.901 1.337 | 0.253 0.312 | 0.337 0.423 | 0.308 0.401
3/4 0.411 0.703 | 0.165 0.126 | 0.130 0.163 | 0.129 0.170
1/4 0.324 0.506 | 0.126 0.118 | 0.125 0.188 | 0.137 0.216
1/2 1/2 0.742 1.115 | 0.223 0.330 | 0.280 0.405 | 0.315 0.484
3/4 0.337 0.537 | 0.129 0.118 | 0.126 0.186 | 0.138 0.216
1/4 0.403 0.653 | 0.160 0.125 | 0.128 0.167 | 0.128 0.179
3/4 1/2 0.935 1.368 | 0.260 0.311 | 0.350 0.435 | 0.314 0.409
3/4 0.424 0.741 | 0.166 0.126 | 0.128 0.164 | 0.127 0.174
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Table 2: MSE and SD values (x100) with (n = 100, p

conditional density estimators

7

1/3,h = n=1/%) for the

Gil(-) L71(~) Naive Product Proposed Smoothed
MSE SD | MSE SD | MSE SD | MSE SD
oy = 1/2
1/4 2.427 3.289 | 4.788 3.050 | 7.691 4.547 | 6.242 4.061
1/4 1/2 2.329 3.226 | 3.902 2.736 | 3.855 3.050 | 2.866 2.580
3/4 1.991 2.753 | 3.369 2.518 | 0.964 1.260 | 0.698 0.970
1/4 1.826 2.522 | 1.680 1.726 | 1.144 1.406 | 0.735 1.013
1/2 1/2 2.070 2.797 | 1.463 1.520 | 1.428 1.604 | 0.821 1.110
3/4 1.881 2.610 | 1.753 1.773 | 1.221 1.518 | 0.750 1.075
1/4 2.021 2.853 | 3.458 2.585 | 1.077 1.361 | 0.717 0.976
3/4 1/2 2.291 3.205 | 4.076 2.791 | 4.156 3.123 | 2.825 2.508
3/4 2.318 3.171 | 5.135 3.200 | 8.157 4.639 | 6.225 4.030
oy =1
1/4 1.476 2.084 | 1.528 1.200 | 2.393 1.736 | 2.046 1.611
1/4 1/2 1.546 2.181 | 0.831 0.878 | 0.922 1.072 | 0.741 0.924
3/4 1.160 1.726 | 0.629 0.587 | 0.596 0.840 | 0.727 0.980
1/4 1.051 1470 | 0.596 0.667 | 0.438 0.600 | 0.471 0.679
1/2 1/2 1.251 1.702 | 0.447 0.615 | 0.520 0.713 | 0.517 0.748
3/4 1.071 1.541 | 0.613 0.679 | 0.440 0.599 | 0.471 0.688
1/4 1.166 1.672 | 0.638 0.597 | 0.562 0.811 | 0.717 0.979
3/4 1/2 1.548 2.152 | 0.883 0.914 | 1.006 1.134 | 0.752 0.932
3/4 1.456 2.057 | 1.616 1.251 | 2492 1.775 | 2.024 1.614
oy =2
1/4 0.528 0.824 | 0.304 0.213 | 0.381 0.285 | 0.350 0.278
1/4 1/2 0.940 1.386 | 0.291 0.349 | 0.374 0.459 | 0.339 0.432
3/4 0.282 0.519 | 0.051 0.050 | 0.282 0.412 | 0.307 0.439
1/4 0.302 0.501 | 0.105 0.105 | 0.129 0.198 | 0.143 0.228
1/2 1/2 0.773 1.100 | 0.239 0.325 | 0.295 0.402 | 0.315 0.453
3/4 0.314 0.517 | 0.108 0.105 | 0.131 0.194 | 0.147 0.229
1/4 0.287 0.538 | 0.050 0.051 | 0.283 0.408 | 0.314 0.439
3/4 1/2 0.959 1.467 | 0.295 0.347 | 0.374 0.453 | 0.326 0.416
3/4 0.525 0.866 | 0.316 0.213 | 0.393 0.292 | 0.352 0.281
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Table 3: MSE and SD values (x100) with (n = 100,p = 2/3,h = n~/6) for the
conditional density estimators

Gil(-) Lil() Naive Product Proposed Smoothed
MSE SD | MSE SD | MSE SD | MSE SD
Uy:1/2

1/4 3.763 4.633 | 13.48 5.180 | 27.35 10.20 | 23.96 9.560
1/4 1/2 2.441 3.427 | 6.344 3.687 | 6.019 4.371 | 4.539 3.718
3/4 1.784 2.578 | 1.850 1.732 | 1.756 1.849 | 2.498 2.294
1/4 2.788 3.499 | 6.409 3.615 | 4.142 3.443 | 2.826 2.844
1/2 1/2 3.684 4.047 | 7.510 3.850 | 6.401 3.735 | 4.454 3.227
3/4 2.686 3.418 | 6.419 3.707 | 4.343 3.669 | 2.818 2.884
1/4 1.798 2.517 | 1.864 1.736 | 1.576 1.759 | 2.495 2.309
3/4 1/2 2.415 3.299 | 6.424 3.656 | 6.557 4.623 | 4.538 3.742
3/4 3.756 4.530 | 13.92 5.287 | 28.61 10.46 | 23.96 9.582
oy =1
1/4 1.752 2.373 | 4.611 2.444 | 10.70 3.929 | 9.750 3.825
1/4 1/2 1.610 2.277 | 1.310 1.174 | 1.343 1.461 | 1.054 1.254
3/4 0.877 1.417 | 0.146 0.216 | 4.357 2.770 | 4.849 2.978
1/4 1.097 1.529 | 0.872 0.855 | 0.614 0.828 | 0.600 0.842
1/2 1/2 1.484 2.073 | 1.569 1.466 | 1.267 1.406 | 0.953 1.184
3/4 1.113  1.590 | 0.905 0.888 | 0.670 0.901 | 0.626 0.885
1/4 0.909 1.432 | 0.149 0.221 | 4.160 2.726 | 4.768 2.976
3/4 1/2 1.610 2.250 | 1.341 1.180 | 1.447 1.488 | 1.029 1.199
3/4 1.782 2.457 | 4.782 2.499 | 11.13 3.961 | 9.810 3.845
oy =2
1/4 0.641 1.004 | 0.501 0.330 | 1.129 0.397 | 1.070 0.404
1/4 1/2 1.014 1.536 | 0.406 0.437 | 0.470 0.549 | 0.410 0.501
3/4 0.088 0.240 | 0.025 0.038 | 1.050 0.914 | 1.091 0.943
1/4 0.230 0.445 | 0.045 0.068 | 0.172 0.308 | 0.193 0.336
1/2 1/2 0.917 1.268 | 0.520 0.588 | 0.482 0.589 | 0.424 0.546
3/4 0.233 0.429 | 0.043 0.064 | 0.163 0.296 | 0.195 0.340
1/4 0.092 0.271 | 0.024 0.037 | 1.030 0.899 | 1.065 0.923
3/4 1/2 1.003 1.488 | 0.411 0.441 | 0.502 0.578 | 0.414 0.511
3/4 0.638 0.994 | 0.510 0.326 | 1.145 0.390 | 1.063 0.403
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Table 4: Recommendation on nonparametric conditional density estimation for ox =1

G_l(') L_1(~) H O’y=1/2 ‘ oy =1 ‘ oy =2
p=0
1/4 Smoothed Proposed
1/4 1/2 Naive Smoothed | Product
3/4 Smoothed Smoothed
1/4 Proposed | Proposed
1/2 1/2 Smoothed | Product | Product
3/4 Proposed | Proposed
1/4 || Smoothed Proposed
3/4 1/2 Naive Smoothed | Product
3/4 Smoothed Smoothed
p=1/3
1/4 Naive Naive
1/4 1/2 Naive Smoothed | Product
3/4 || Smoothed | Proposed
1/4 Proposed
1/2 1/2 Smoothed | Product | Product
3/4 Proposed
1/4 Smoothed | Proposed
3/4 1/2 Naive Smoothed | Product
3/4 Naive Naive
p=2/3
1/4 Naive Naive
1/4 1/2 Naive Smoothed | Product
3/4 Proposed | Product
1/4 Product
1/2 1/2 Naive Smoothed | Smoothed
3/4 Product
1/4 Proposed | Product
3/4 1/2 Naive Smoothed | Product
3/4 Naive Naive
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Next, we consider to construct new regression function estimators. The regression
function of Y on X = z is defined as the following integral:

m(zo) == E[Y[X = z] = /ny\zo(y)dya

that is, the expectation of Y given X = xg. It holds that

/yfym(y)dy nhhg ) /Z (

) ()

h
) Y+hu (u) du

_nhalwim< hX>

where m is the Nadaraya-Watson estimator. Asymptotic properties of the Nadaraya-
Watson estimator have been studied and summarized, for example, by

Wand and Jones (1995). Some asymptotic properties in multivariate settings were given
by Georgiev (1988). Lei and Wasserman (2014) studied nonparametric prediction bands
in a finite sample, and Burman and Chen (1989) introduced a nonparametric estimator
for the heteroscedastic regression model. We fix the point X = z( throughout the paper;
thus, we do not consider heteroscedasticity.

By the following integral of f;/|1'0 (y) and f§|$0 (y):

/yf{‘/lxo(y)dy n;/éy;( (Y}; y) K (Gn(Xi) }—L Gn(xo)) dy

:ﬁ Xn:/(yz K @K (Gn(Xi) ; Gn(aso)) du

we also propose the following regression function estimators:

_ % iYiK <Gn(Xz') ; Gn(xO))

1 & G(X;) — G(zo)
TLZ:: ( h O)

The next theorems show the AM SFEs of these regression function estimators.

and



Conditional probability density and regression function estimations with transformation of data 11

Theorem 3  Let us assume the assumptions of Theorem 1 and that V[Y|X = x]
exists. Then, the AMSE of m*(xo) is given by

E [ (o) — m(z0)]”

:% —m(xzo) (0)g" (o) — 3(¢'(20))*
4 0 g* (o)
+f (Mf 0 an2) = O “O’Z))dzl

A270 o 6 1
+ WV[Y|X =0l +O(R°)+ O (n> .

Proof: The proof follows from Theorem 1.

Theorem 4 Under the assumptions of Theorem 3, the AMSE of m®(x) is given by

E [ (o) — m(z0)]”

_ AL, m(xo) <29(330)9”(330)  g(z0)g" (x0) — 3(9/(3:0))2)
0 g/(iﬂo) g4(1’0)
2
39@0) a0, oy L o o) | ds
+/ <g4<wo>f 2 gy )>d]
Az 0 1

= — 6 —
+ o VIY|X = zo] + O(h )+O(n>.
Proof: The proof follows from Theorem 2.

Remark 3 As seen above, the difference between the AMSFE's of m*(xzg) and m®(xg)
is whether the first term in the bias terms exists. Under some regularity conditions, the
AMSE of the Nadaraya-Watson estimator m(zg) is given by

E [i(wo) — m(x0)]”

2
h*A?
= 41’2 92(1530) —m(xo)g”(xo)+/zf(2’0)(xo,z)dz]
A0 L yrix g oms +o (L
nh g(xo) - n)’

The difference between the asymptotic variances of m(xzg) and m*(x¢) is whether the
first term is divided by g(zo).
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The AMSEs of the regression function estimators are of the order (h* + (nh)™1),
so the optimal bandwidth is of the order n='/%. For the following AMSE
B \%
“pte
PR

the optimal bandwidth is given by h = n~/% x (V/B)~1/5.
Suppose that F' is the bivariate normal distribution N5(0,3), where

1 o
20_<J 1).

From the results, we can see that

h'A3, 1

m 202 11 2 A
B{" (ao) = m(ao)]" ~ 4 ¢*(xo) {pxol( fp:_ )} + nol;z (1-p%
and e o
B [(ao) = m(ro))* ~ === (2prmo)* + 257 (<z>(_rcf) !

where ¢(x¢) is the probability density of the standard normal distribution. Theoretically
optimal bandwidths minimize AM SE values, which equal

2/5

w152 | 4y, (o2 2(1— 2)(po(2p* + 1))
4 2,1 4¢($0) P PTolzp

—4/59 A )2 ? 2\2
n /51 [Azl <4¢(0x0)> (1-p7) (QPJSO)]

It follows that the proposed estimator is theoretically better for —% <p< % regardless
of g when F' ~ N5(0,X). The optimal bandwidths are

2/5

1/5
A 1—p? 2
a5 | Aoz o g o { }
A%}lqﬁ (wo)(1 = %) pxo(2p% + 1)

Aoz (1— )20 ]
A%,l P(z0)

respectively. We recommend choosing each bandwidth h of the proposed estimators by
a usual cross-validation procedure like the Nadaraya-Watson estimator.
We next compared the accuracy of m(xg), m*(zg), and m°(xp). Suppose [ ~

N3(0, %), where
= ( A )
poy oy

We simulated the following mean squared error (MSE):

~1/5

n

(M(zo) —m())”
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and its standard deviation (SD) for the regression estimator m(xzg). Tables 5 and 6 show
100 times the obtained values. The difference in the results between Tables 5 and 6 comes
from the way to choose each bandwidth. In Table 5, the bandwidths of all regression
estimators were fixed and n~1/5. In Table 6, they were data-driven and calculated by
the cross-validation. h denotes the cross-validation estimator. In the tables, ‘Naive’,
‘Proposed’, and ‘Smoothed’ denote m(xg) = m(xo), m*(xq), and Mm®(x¢) respectively.
All the sample sizes were (n =)100, and we simulated MSE values (and their SD) of
the regression estimators 100,000 times. The cross-validated bandwidth in Table 6 was
calculated at every time (100,000) step. The term G~!(e) denotes x9 = G~!(¢) defined
before. We first see that the cross-validation is effective for estimating each optimal
bandwidth by comparing Table 6 with Table 5. Compared with ‘Smoothed’, ‘Proposed’
is usually better. As seen from Table 6, ‘Proposed’ outperforms the others for p = 0
regardless of both xy and oy. Thus, the tables supports the above theoretical result
that the proposed estimator theoretically outperforms the Nadaraya-Watson estimator
for p =~ 0 regardless of zy. Although the naive Nadaraya-Watson estimator is better for
p = 1/3 and 2/3, the difference is not so much. Therefore, we recommend ‘Proposed’
when the underlying probability distribution is bivariate normal and its correlation seems
negligible.
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Table 5: MSE and SD values with (n = 100, h = n~'/®) for the regression estimators

T. MoRIYAMA and Y. MAESONO

a1 Naive Proposed Smoothed
MSE SD | MSE SD | MSE SD
p = 07 Oy = 1/2
1/4 0.178 0.196 | 0.137 0.109 | 0.138 0.112
1/2 0.062 0.091 | 0.024 0.033 | 0.025 0.036
3/4 0.180 0.197 | 0.138 0.109 | 0.139 0.112
p = 0, oy =1
1/4 0.767 0.880 | 0.545 0.426 | 0.548 0.433
1/2 0.248 0.357 | 0.095 0.134 | 0.101 0.143
3/4 0.765 0.878 | 0.546 0.424 | 0.550 0.434
p = 0, oy =2
1/4 4.316 5.701 | 2.088 1.447 | 2.088 1.446
1/2 0.990 1.433 | 0.378 0.537 | 0.403 0.572
3/4 4.363 5.787 | 2.081 1.434 | 2.089 1.456
p=1/3, oy =1/2
1/4 0.056 0.080 | 0.031 0.044 | 0.032 0.046
1/2 0.097 0.128 | 0.271 0.171 | 0.266 0.172
3/4 0.228 0.233 | 0.879 0.282 | 0.872 0.287
p=1/3, oy=1
1/4 0.241 0.350 | 0.531 0.464 | 0.545 0.475
1/2 0.239 0.347 | 0.540 0.466 | 0.527 0.467
3/4 0.407 0.593 | 2.540 0.868 | 2.544 0.885
p=1/3, oy =2
1/4 1.893 2.698 | 4.874 2.409 | 4.890 2.433
1/2 0.987 1.423 | 1.403 1.447 | 1.368 1.449
3/4 4.966 7.697 | 7.691 2.566 | 7.735 2.592
p=2/3, oy=1/2
1/4 0.041 0.059 | 0.462 0.272 | 0.446 0.269
1/2 0.060 0.083 | 1.404 0.373 | 1.386 0.380
3/4 0.095 0.126 | 2.470 0.411 | 2.470 0.423
p=2/3, oy=1
1/4 0.140 0.202 | 0.216 0.301 | 0.215 0.299
1/2 0.349 0.434 | 2929 1.066 | 2.877 1.086
3/4 1.046 1.127 | 6.030 1.153 | 6.077 1.178
p=2/3, oy =2
1/4 3.044 2.775| 7.670 3.451 | 7.711 3.497
1/2 2.939 2.721 | 7.672 3.422 | 7.511 3.481
3/4 24.99 21.55 | 16.47 3.354 | 16.47 3.369
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Table 6: MSE and SD values with (n = 100, h = E) for the regression estimators

a1 Naive Proposed Smoothed
MSE SD | MSE SD | MSE SD

p = 07 Oy = ]./2

1/4 0.115 0.022 | 0.114 0.020 | 0.117 0.040

1/2 0.001 0.003 | 0.001 0.002 | 0.004 0.007

3/4 0.115 0.022 | 0.115 0.020 | 0.117 0.040

p = 0, oy =1

1/4 0.459 0.088 | 0.458 0.078 | 0.468 0.160

1/2 0.004 0.014 | 0.003 0.010 | 0.014 0.029

3/4 0.459 0.090 | 0.458 0.078 | 0.469 0.160

p = 0, oy =2

1/4 1.838 0.380 | 1.832 0.319 | 1.864 0.598

1/2 0.017 0.058 | 0.013 0.039 | 0.056 0.117

3/4 1.839 0.377 | 1.833 0.314 | 1.868 0.599

p=1/3, oy =1/2

1/4 0.001 0.004 | 0.001 0.002 | 0.004 0.007

1/2 0.108 0.020 | 0.114 0.020 | 0.125 0.041

3/4 0.433 0.044 | 0.457 0.039 | 0.486 0.076
p=1/3, oy =1

1/4 0.111 0.038 | 0.123 0.043 | 0.152 0.090

1/2 0.106 0.037 | 0.118 0.042 | 0.146 0.090

3/4 0.952 0.136 | 1.044 0.117 | 1.146 0.232
p=1/3, oy =2

1/4 0916 0.244 | 1.097 0.253 | 1.322 0.518

1/2 0.110 0.072 | 0.132 0.096 | 0.209 0.223

3/4 2.552  0.469 | 2.954 0.402 | 3.319 0.800

p=2/3, oy=1/2

1/4 0.101 0.019 | 0.112 0.021 | 0.126 0.037

1/2 0.419 0.048 | 0.455 0.039 | 0.486 0.067

3/4 0.962 0.077 | 1.027 0.057 | 1.076 0.098
p=2/3, oy=1

1/4 0.003 0.010 | 0.004 0.011 | 0.014 0.031

1/2 0.397 0.087 | 0.468 0.082 | 0.534 0.143

3/4 1.664 0.200 | 1.856 0.156 | 1.993 0.275
p=2/3, oy =2

1/4 0.382 0.145 | 0.519 0.180 | 0.675 0.329

1/2 0.365 0.139 | 0.497 0.179 | 0.648 0.321

3/4 3.588 0.576 | 4.254 0.484 | 4.691 0.876
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Appendix: Proofs of Theorems

Proof of Theorem 1
Suppose that the sample size n is large enough, which ensures

min { G(2o) 1= Glao) } > d.

h 7 h
The following expansion holds:

F¥ e (W0) =# izi:K (Yi ;y0> K <G(Xi) }—L G(:Eo))
Y

{[Gn(Xi) = G(X3)] = [Ga(z0) — G(0)]}
- <Yz’ — yo) K" (G(Xi) — G(20)

{[Gn(Xi) — G(X3)] = [Gn(w0) — G(z0)]}
=1+ o+ Js+ Ji"

where G,,"(X;) is an r.v. between G,,(X;) and G(X;) with probability 1 and G,,*(zo) is

between G, (z) and G(xg) with probability 1.
First, we evaluate J;, which is the sum of i.i.d. r.v.s. Let us use ¢(u) := G=1(G(zo)+

hu). The expectation of J; is obtained as follows:

El1] = % //K (Z _hy°> K <G<w) ;G(IO)> f(w, z)dzdw

R

L (2w [feon) [ a@0)g @) = 35 @0)? ey, . 6@0)
_h/K< h [ 9(370) {f( 05 ) 295(.’1,'()) f ( 05 )94(3;0)
+ g (9(0) 0 o, 2) — g (w0) F0) o, 2)) }h2A1,2 dz + O(h")

294(530)

_ 1 2 (hv)? 9(x0)g" (w0) — 3(g' (20))?
—/K(v) Hg(xo)f(xo,yo)+f(0 ) (20, Y0) 5 }—{f(xo,yo) 0 2;5(%) 0

(g(fﬂo)f@’o)(%,yo) — g’ (w0) f0) (ﬂfo,yo)) }h2A1,2 dv

_ £(1,0) ' (x0) 1
w0 00) gy T Sgita)

+O(h%).
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From the calculation of the following second moment:

e (552 (0

— Y% f(¢(u)7z)
(S5 e e

nh3

A3, 1
220 ) +0 ()

we can see that

A2

V[Ji] = E[(1)?’] — ELL)? = fY|3:U(y0) +0 ( 1h> .

By applying a conditional expectation to Jy, we can obtain

e = s S5 [ (M) e (S 2)

:nz?)E{K (Yi ;yo) K (G(Xi) ; G(»”CO))
X

i=1 j=1 k=1m=1
e (S EE) (11, < X - GO~ 11X < 20) — Glan)}
(X < X2) — G(X0)] ~ (X, < 20) — Glao)])
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We can find the following:

if all of (i, 7, k,m) are different, E[=Z(3, j, k, m)] = E[E[E(i, j, k,m)|X;, Xk]] =

if i = j and all of (i, k,m) are different, E[2(i, j, k, m)] = E[E[2(4, j,k,m)|Xz,Xk]] 0
if i = k and all of (7,7, m) are different, E[Z(7, j, k, m)] = E[E[Z(3, j, k,m)| X;]] =0

if i = m and all of (4, J, k) are different, E[=(7, j, k,m)] = E[E[Z(3, j, k, m)| X;]] = 0.

From the above results, we can see that the terms in which j = m and all (4, 4, k) are
different is the main of E[(J2)?]. For the term in which j = m and all (i,j,k) are
different, the expectation is given by

nih4

e (S E)) (1, < ) - GO - (X < 00) - Glan)])

(X, < Xa) - G(X0)] — (X, < o) — G(xom].

It holds that

BB [{I(X; < X:) - G(X.)] - [[(X; < 2) - Glao)]}
X {I1(X; < Xo) = G(Xe)] = [1(X; < 20) = Glao)]} | X, X
=F [G(min(Xi,Xk)) — G(min(X;,z9)) — G(min(Xy, z9)) — G(X;)G(Xg) + G(X;)G(z0)

+ G(Xk)Gl(20) — G*(w0) + Glwo)]
Let us evaluate the following first term (with respect to G(min(X;, X)))

(552 2 (0 0 )

X G(min(Xi,Xk.))]

LA (5w (e 5

) f(w, z;) f (v, 2 ) dwdvd z;d 2,

R

v) f(w, z;) f (v, 2, )dwdvdz;dzg




R (8 (25
o Pr () (e (228

G(v

3( ) (g(a:o)f(l’o) (x0,2i) — f(xo, zi)g’(mo)) f(v, z)dvdzidzy, + O(h?),
g (Io)

where W is the c.d.f. of K. It follows that

i () () e (UGl g (G0 Gl

< Glunin(X;, )|

(550 (5

T ( S ( )T (20, ) — f(ivo,Zk)g'(OJO)) )

(z
(e

20) f O (w0, 21) — f (o, Zi)Q’(%))) dz;dzy

o (2

N § f(zo, 2x)
+ 2g3(xo)G(xo) (g(xo)f( O)(% 2r) = f(@o, )9 (@ )) h 9?500]; )
X g3(1xo) (g(xo)f(l O)(l‘o zi) = f(@o,2i)9 (m0)> dzidzr, + O()
(

g [l () g (250) LR S anan + 00

By a similar calculation, we can see

i (B () e (UGl o (G0 Gl

G(min(X;, zo»] — o)

and

i () e () e (LGl o (G0 Gl

GX)Gx)| = 0n)
Therefore, it holds that for the term in which j = m and all (4, j, k) are different,

. A
E[ZG,j, bym)) = S22 B2
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and that the other combinations of (i,j, k,m) are of the order n=!.

obtain E[(J2)?] = O((nh)~!) and

As a result, we

A
VIJa) = 2R B[],

The moments of J3 are obtained in a similar manner, which are given by
E[Js] =0(n™") and V[J5]=O0(m2n"").

Finally, we obtain upper bounds of |E[J}]| and E[(J})?]. From the assumption of
Theorem 1, we can see that

BLI;) = ’ [ e (M) o (GG )

([Gn(X) — G(X)] — [Gulao) — Clao)]}* ] ‘

max u max ) v
< T K s 200 s (1161, (60) — G0X0) ~ [Gao) — Gao)]]

1
O(nh5)

Similarly, it follows that

E[(J;)*)

max u) X max G (v ?
S( u K (u) L o [K9)( )|) E {{[Gn(Xi) — G(X})] = [Gn(z0) — G(20)]}?

< {[Gn(X;) = G(X;)] = [Gn(20) — G(wo)]}? ]

1
=0 <n4h10) :

To sum up, we conclude that Jy + J3 + J is asymptotically negligible for fixed z.
The main bias of f (yo) comes from J;. Since

= E[L]E[J] + O (i) :

using the Cauchy-Schwarz inequality, the asymptotic variance is given by V[.J1]. Thus,
we have

~ A3, .
V17 1oy (00)] = =23 Fr g o) + OL(n) ™),
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and Theorem 1 has been proved. [

Proof of Theorem 2
The same as the proof of Theorem 1, the AMSE of f;ﬁm (yo) is obtained. In a

similar manner, we decompose f;i‘zo (yo) as follows:

T e (90) = m§3x( >K<a<>;@ U
WEEK( ;y0> % <G(Xi);G(mo)>

1 & Y; — G*(X;) — G(z
wsZK( hyo)K@ <<>h<>>

{[G(X:) - G(Xa)] - [
=T+ IS+ IS+ IO

Q)
—~
=2
(=]
~—
[
Q
~—
2
(e}
Pt
—
w

where G*(X;) is an r.v. between G(X;) and G(X;) with probability 1, and G,* () is
between G, (xg) and G(xg) with probability 1. The moments of J; are given in the proof
of Theorem 1. We need to calculate the expectation of J$ again in this case. By using
conditional expectation, we have the following:

E[J3]

e s () (2752)
. Zo

(o (25) -eu0]- o (252) -}
#E{K&hyo)y G(Xi)hG(xo))

2ol (F5) o}~ {w (252) et} x|
¥

< ) (G(Xi) ; G(IO)) [{nh®A12 (g (X:) — ¢'(z0)]} + O(nh* + 1)]]
//Al & (52 K

) ooy LD o1
Vo i)~ o'l S asau 0 (w4 )
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Now, we can calculate E[(J$)?] and V[J3]. The squared value of JS is given by
zzz (o5 (255
i)l

S
(o (55) o] () )

For the terms in which all (¢, j, k,m) are different, we can show that

;Z[E[’K@%)w (o A

For the terms in which ¢ = j and all (i, k, m) are different,

—M[E[K(”E%)K( :
(o ()]
Al (F57) o] |
1E[K<Yi QO)K/(G(Xi);G 0

- i
S I G e GRE))
)

0 E o (G(Xo - G(a:o)) o (O - Gl
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Similarly, for the terms in which ¢ = k and all (¢, j,m) are different,

ﬂ?wﬁhm<E_%>K<K;m)K(GMQ;Q%OK(?M”;QMO
{55 o] (252 -]
A el ) o]

) <G();G(> {121 lg'() - 9'(xo)}}+0(h4)]2}
_O(n)

For the terms in which ¢ = m and all (i, j, k) are different,

BE[E°(i, j, k,m)]
e (1) (2 (950 00 0

(o (252 -] [ (25%) -]
o(t)

Finally, for the terms in which j = m and all (i, j, k) are different, we have

Bk =0 (2.

VIS = O (nlh> .

We can see that JS + J{* is asymptotically negligible. The main bias of f;ihfo (o)

and

comes from J; + J5. Since E[J;Jo] is given by

SIS (Y (B o (GOl

i=1 j=1 k=1

e (51200 (552) om] o (552) -]

_E[LELB] + O (i) ,

the asymptotic variance is the same as the discrete version f;‘xo (y0), and Theorem 2
has been proved. [J



Conditional probability density and regression function estimations with transformation of data 25

Received May 27, 2019
Revised January 10, 2020



