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Abstract: In this paper we are concerned with the convergence rates to the station-
ary solutions for the compressible Navier-Stokes equations with a potential external
force ∇Φ in the whole space Rn for n ≥ 2. It is proved that the perturbation decays
in L2 norm in the same order as that of the n-dimensional heat kernel, if the initial
perturbation is small in Hs0(Rn) ∩ L1(Rn) with s0 = [n

2
] + 1 and the potential Φ is

small in some Sobolev space. The results also hold for n = 2 when Φ = 0.
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1 Introduction

This paper studies the initial value problem for the compressible Navier-Stokes equa-
tion with potential force in Rn :

∂tρ+∇ · (ρu) = 0,

∂tu+ (u · ∇)u+ ∇P (ρ)
ρ

= µ
ρ
△u+ µ+µ′

ρ
∇(∇ · u)−∇Φ(x),

(ρ, u)(0, x) = (ρ0, u0)(x) −→ (ρ∞, 0) |x| → ∞.

(1)

Here t > 0, x = (x1, x2, · · · , xn) ∈ Rn (n ≥ 2); the unknown functions ρ = ρ(t, x) > 0
and u = u(t, x) = (u1(t, x), u2(t, x), · · · , un(t, x)) denote the density and velocity,
respectively; P = P (ρ) is the pressure that are assumed to be a function of the
density ρ; −∇Φ(x) is a time independent potential force; µ and µ′ are the viscosity
coefficients satisfying the conditions µ > 0 and µ′ + 2

n
µ ≥ 0; ρ∞ is a given positive

constant; and ∇·, ∇ and △ denote the usual divergence, gradient and Laplacian
with respect to x, respectively.

We assume that P (ρ) is smooth in a neighborhood of ρ∞ with P ′(ρ) > 0 (ρ ∈
[1
2
ρ∞, 3

2
ρ∞]).
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When Φ is small, the Navier-Stokes equation (1)1− (1)2 with potential force has
the stationary solution (ρ∗, u∗) = (ρ∗(x), 0), where ρ∗ satisfies∫ ρ∗(x)

ρ∞

P ′(s)

s
ds+ Φ(x) = 0. (2)

In this paper we derive the convergence rate of solution of problem (1) to the station-
ary solution (ρ∗, 0) as t → ∞ when the initial perturbation (ρ0−ρ∗, u0) is sufficiently
small in Hs0(Rn) ∩ L1(Rn) with s0 = [n

2
] + 1, n ≥ 2.

When Φ = 0, (1)1−(1)2 has a (constant) stationary solution (ρ∗(x), u∗) = (ρ∞, 0).
In this case Matsumura-Nishida [8] showed the global in time existence of solution
of (1) for n = 3, provided that the initial perturbation (ρ0 − ρ∞, u0) is sufficiently
small in H3(R3) ∩ L1(R3). Furthermore, the following decay estimate was obtained
in [8];

∥∇k(ρ− ρ∞, u)(t)∥L2 ≤ C(1 + t)−
3
4
− k

2 k = 0, 1. (3)

These results were proved by combining the energy method and the decay estimates
of the semigroup E(t) generated by the linearized operator A at the constant state
(ρ∞, 0).

When Φ ̸= 0, Matsumura-Nishida [10] proved the global in time existence of
solution of (1) for n = 3, provided that the initial perturbation (ρ0 − ρ∗, u0) and
Φ are sufficiently small. Moreover, Duan-Liu-Ukai-Yang [1] established the decay
estimates :

∥∇k(ρ− ρ∗, u)(t)∥L2 ≤ C(1 + t)−
3
4
− k

2 k = 0, 1

for initial perturbation (ρ0−ρ∗, u0) sufficiently small in H3(R3)∩L1(R3). The proof
of these estimates was given by a suitable energy estimate for ∥∇(ρ − ρ∗, u)(t)∥H2

and the decay estimates for ∇E(t).
On the other hand, Kawashita [7] showed the global existence of solution for

initial perturbations sufficiently small in Hs0(Rn) with s0 = [n
2
] + 1, n ≥ 2, when

Φ = 0. (Note that s0 = 2 for n = 3). Wang-Tan [13] then considered the case
n = 3 and Φ = 0 when the initial perturbation (ρ0 − ρ∞, u0) is sufficiently small in
H2(R2)∩L1(R3), and proved the decay estimates (3). The proof in [13] is similar to
that in [1]; and the key in the proof of [13] is to use the bound

∫∞
0

∥∇u(t)∥2H2 dt ≤
C∥(ρ0 − ρ∞, u0)∥2H2 , which is obtained by the energy method, in the estimate of the
nonlinearity to obtain the decay estimates under the less regularity assumption on
(ρ0 − ρ∞, u0).

In this paper we will extend the results in [1] and [13] in the following way by
an approach different to [1, 13].

We show that if n ≥ 3 then the following estimates hold true for the solution
(ρ, u) of (1) :

∥∇k(ρ− ρ∗, u)(t)∥L2 ≤ C(1 + t)−
n
4
− k

2 k = 0, 1, (4)

provided that (ρ0−ρ∗, u0) is sufficiently small in Hs0(Rn)∩L1(Rn) with s0 = [n
2
]+1

and that Φ is sufficiently small but Φ ̸= 0. Furthermore, if Φ = 0, then the estimates
(4) also hold for the case n = 2, provided that (ρ0 − ρ∗, u0) is sufficiently small in
H2(R2) ∩ L1(R2). (Note that s0 = [n

2
] + 1 = 2 for n = 2.)
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To prove (4), as in [6], we introduce a decomposition of the perturbation U(t) =
(ρ − ρ∗, u)(t) associated with the spectral properties of the linearized operator A
at the constant state (ρ∞, 0). In the case of our problem, we simply decompose
the perturbation U(t) into low and high frequency parts. As for the low frequency
part, we apply the decay estimates for the low frequency part of E(t); while the
high frequency part is estimated by using the energy method. One of the points
of our approach is that by restricting the use of the decay estimates for E(t) to its
low frequency part, one can avoid the derivative loss due to the convective term of
the transport equation (1)1. On the other hand, the convective term of (1)1 can
be controlled by the energy method which we apply to the high frequency part.
Another point is that in the high frequency part we have a Poincaré type inequality:
∥∇U∞∥L2 ≥ C∥U∞∥L2 , where U∞ is the high frequency part of the perturbation U .
This yields the strict positivity inequality (AU∞, U∞)L2+γ∥∇σ∞∥2L2 ≥ C0∥U∞∥2L2 for
some positive constants C0 and γ, where σ∞ denotes the density component of U∞.
Furthermore, the Poincaré type inequality makes the estimate of the nonlinearity
a little bit simpler in the energy method. Using these properties we can deal with
the time decay of ∥U(t)∥Hs0 in contrast to the approach in [1, 13] which, roughly
speaking, deals mainly with ∥∇U(t)∥Hs0−1 . In particular, by our approach, we can
treat the case n = 2 if Φ = 0.

The paper is organized as follows. In Section 2 we introduce the notation and
auxiliary Lemmas used in this paper. In Section 3 we state the main result of this
paper. In Section 4 we introduce a decomposition of the solution. In Section 5 we
give the proof of the main result.

2 Preliminaries

In this section we first introduce the notation which will be used throughout this
paper. We then introduce some auxiliary lemmas which will be useful in the proof
of the main result.

Let Lp(1 ≤ p ≤ ∞) denote the usual Lp-Lebesgue space on Rn with norm ∥ · ∥p.
For nonnegative integer m, we denote by Wm,p(1 ≤ p ≤ ∞) the usual Lp-Sobolev
space of order m whose norm is denoted by ∥ · ∥Wm,p . When p = 2, we define
Hm = Wm,2. The inner-product of L2 is denoted by (·, ·). We denote by H−1 the
dual space of H1, and

⟨
,
⟩
denote the pairing between H−1 and H1.

We introduce the following notation for spatial derivatives. For a multi-index
α = (α1, α2, · · · , αn), we denote

∂α
x = ∂α1

x1
∂α2
x2

· · · ∂αn
xn
, |α| =

n∑
i=1

αi,

and for any integer l ≥ 0,∇lf denotes all of l-th derivatives of f .
For a function f , we denote its Fourier transform by F[f ] = f̂ :

F[f ](ξ) = f̂(ξ) =

∫
Rn

f(x)e−ix·ξdx.
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The inverse of F is denoted by F−1[f ] = f̌ ,

F−1[f ](ξ) = f̌(x) = (2π)−n

∫
Rn

f(ξ)eiξ·xdξ.

For operators A,B, we denote the commutator of A and B by [A,B]:

[A,B]f = A(Bf)−B(Af).

BCk denotes the set of all functions such that ∇lf is a bounded function for l ≤ k.

We next state some basic Lemmas.

Lemma 2.1 (Hardy’s inequality ). Assume that n ≥ 3. Then there holds the
inequality ∥∥ u

|x|
∥∥
2
≤ C∥∇u∥2

for u ∈ H1.

See, e.g., [2], for the proof.

Lemma 2.2. Assume that n ≥ 3. Then there holds the inequality

∥f∥∞ ≤ C∥∇f∥Hs0−1

for f ∈ Hs0.

Lemma 2.2 is proved as follows. Let p = 2n
n−2

. Then, since s0 − 1 > n
p
, by the

Sobolev inequalities, we have

∥f∥∞ ≤ C∥f∥W s0−1,p ≤ C∥∇f∥Hs0−1 .

This proves Lemma 2.2.

Lemma 2.3. Suppose a(x) ∈ BC1. For u ∈ L2 set

[a(x)
∂

∂xk

, ηϵ∗]u(x) = a(x)
∂

∂xk

(ηϵ ∗ u)(x)−
(
ηϵ ∗ (a

∂u

∂xk

)
)
(x).

Here ηϵ ∗ u is standard Friedrichs mollifier. Then it holds that

∥[a(x) ∂

∂xk

, ηϵ∗]u(x)∥2 ≤ C∥∇a∥∞∥u∥2.

and

∥[a(x) ∂

∂xk

, ηϵ∗]u(x)∥2 −→ 0 (ϵ → 0).

See, e.g., [11], for the proof.
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Lemma 2.4. Suppose u ∈ L2(0, T ;H1) and ∂
∂t
u ∈ L2(0, T ;H−1). Then,

the mapping t 7→ ∥u(t)∥22 is absolutely continuous, with

d

dt
∥u(t)∥22 = 2 < u′(t), u(t) >

in the sense of distribution.

See, e.g., [2], for the proof.

Lemma 2.5. If 0 ≤ sj (j = 1, 2, · · · , l) satisfy sj ≤ n
2
(j = 1, 2, · · · , l) and s1 + s2 +

· · ·+ sl > (n
2
)(l − 1), then there holds

∥f1 · f2 · · · fl∥2 ≤ Cs1···sl

l∏
j=1

∥fj∥Hsj .

See, e.g., [7], for the proof.

By using Lemma 2.5 we have the following estimates.

Lemma 2.6. (i) If 1 ≤ |α| ≤ s0, g ∈ Hs0 and f ∈ H |α|, then

∥[∂α
x , g]f∥2 ≤ C

{
∥∇g∥Hs0−1∥f∥H|α|

∥∇g∥Hs0∥f∥H|α|−1 .

(ii) Let I be a compact interval of R and let R(y, x) ∈ C∞(I × Rn).

If 1 ≤ |α| ≤ s0, then there holds

∥∂α
x

(
R(g(x), x)f

)
∥2 ≤ C{R0(g)∥f∥2 +R1(g)∥∇f∥H|α|−1

+R2(g)(1 + ∥g∥Hs0 )|α|−1∥∇g∥Hs0−1∥f∥H|α|}

for g ∈ Hs0 such that g(x) ∈ I(x ∈ Rn) and f ∈ H |α|. Here

R0(g) := sup
x∈Rn

∣∣(∂α
xR)(g(x), x)

∣∣,
R1(g) := sup

β<α,x∈Rn

∣∣(∂β
xR)(g(x), x)

∣∣,
R2(g) := max

k≥1,k+|β|≤|α|
sup
x∈Rn

|(∂k
y∂

β
x )R(g(x), x)|.

Lemma 2.6 can be proved in a similar way to the proof of [7,Lemma 3]. (See
also [5,Lemma 4.3] and [4,Lemma A.2])
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3 Main result

In this section, we first state the existence of stationary solution (ρ∗, 0) and some
estimates on ρ∗ which were obtained in Matsumura-Nishida [10]. We then state our
main result on the convergence rate of solutions (ρ(t), u(t)) to (ρ∗, 0) as t → ∞.

Proposition 3.1 (Matsumura-Nishida [10]). There exist positive constants ϵ and C
such that if

∥Φ∥Hs0+1 + ∥
(
1 + |x|

)
∇Φ∥L2 ≤ ϵ,

the problem (1)1 − (1)2 has a stationary solution
(
ρ∗, u

)
=

(
ρ∗(x), 0

)
in a small

neighborhood of (ρ∞, 0) ; and it satisfies

∥ρ∗(x)− ρ∞∥Hs0+1 + ∥
(
1 + |x|

)
∇ρ∗(x)∥L2

≤ C

(
∥Φ∥Hs0+1 + ∥

(
1 + |x|

)
∇Φ∥L2

)
,

|ρ∗(x)− ρ∞| < 1

2
ρ∞.

Let us rewrite the problem (1). By the change of variables,

ρ̃(t, x) = ρ(t, x)− ρ∗(x), ũ(t, x) = u(t, x),

problem (1) is transformed into


∂tρ̃+∇ · (ρ∗ũ) = F̃1,

∂tũ− µ
ρ∗
△ũ− µ+µ′

ρ∗
∇∇ · ũ+ P ′(ρ∗)

ρ∗
∇ρ̃+

(P ′′(ρ∗)
ρ∗

− P ′(ρ∗)
ρ2∗

)
∇ρ∗ρ̃ = F̃2,

(ρ̃, ũ)(0, x) = (ρ0 − ρ∗, u0)(x) −→ (0, 0) (|x| → ∞),

where
F̃1 = −∇ · (ρ̃ũ),

F̃2 = −(ũ · ∇)ũ− µ
ρ̃

ρ∗(ρ̃+ ρ∗)
△ũ− (µ+ µ′)

ρ̃

ρ∗(ρ̃+ ρ∗)
∇(∇ · ũ)

+
( P ′(ρ∗)

ρ∗(ρ̃+ ρ∗)
− 1

ρ̃+ ρ∗

∫ 1

0

P ′′(sρ̃+ ρ∗)ds
)
ρ̃∇ρ̃

+
( P ′′(ρ∗)

ρ∗(ρ̃+ ρ∗)
∇ρ∗ −

P ′(ρ∗)

ρ2∗(ρ̃+ ρ∗)
∇ρ∗ −

∇ρ∗
ρ̃+ ρ∗

∫ 1

0

(1− s)P ′′′(sρ̃+ ρ∗)ds
)
ρ̃2.

Next, we define µ1, µ2 and γ by

µ1 =
µ

ρ∞
, µ2 =

µ+ µ′

ρ∞
, γ =

√
P ′(ρ∞).

We also set
ρ̄ = ρ∗(x)− ρ∞.
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By using the new unknown functions

σ(t, x) =
1

ρ∞
ρ̃(t, x), w(t, x) =

1√
P ′(ρ∞)

ũ(t, x),

the initial value problem (1) is reformulated as
∂tσ + γ∇ · w −B1U = F1(U),
∂tw − µ1△w − µ2∇(∇ · w) + γ∇σ −B2U = F2(U),
(σ,w)(0, x) = (σ0, w0)(x),

(5)

where, U =

(
σ
w

)
,

B1U = − γ

ρ∞
(w · ∇ρ̄+ ρ̄∇ · w),

B2U = −µ1
ρ̄

ρ∗
△w − µ2

ρ̄

ρ∗
∇(∇ · w) + γ

ρ̄

ρ∗
∇σ

− ρ̄ρ∞
γρ∗

∇σ

∫ 1

0

P ′′(sρ̄+ ρ∞)ds− ρ∞∇ρ∗
γ

(P ′′(ρ∗)

ρ∗
− P ′(ρ∗)

ρ2∗

)
σ,

F1(U) = −γ(w · ∇σ + σ∇ · w),

F2(U) = −γ(w · ∇)w − µ1
ρ2∞

ρ∗(ρ∞σ + ρ∗)
σ△w − µ2

ρ2∞
ρ∗(ρ∞σ + ρ∗)

σ∇(∇ · w)

+
ρ2∞
γ

( P ′(ρ∗)

ρ∗(ρ∞σ + ρ∗)
− 1

ρ∞σ + ρ∗

∫ 1

0

P ′′(sρ∞σ + ρ∗)ds
)
σ∇σ

+
ρ2∞∇ρ∗

γ

( P ′′(ρ∗)

ρ∗(ρ∞σ + ρ∗)
− P ′(ρ∗)

ρ2∗(ρ∞σ + ρ∗)

− 1

ρ∞σ + ρ∗

∫ 1

0

(1− s)P ′′′(sρ∞σ + ρ∗)ds
)
σ2.

Remark 3.2. When Φ = 0, we have ρ∗ = ρ∞, and thus, ρ̄ = 0 and ∇ρ∗ = 0. It
then follows that B1U = 0 and B2U = 0 and F (U) = −γ(w · ∇)w − µ1

1
σ+1

σ△w −
µ2

1
σ+1

∇(∇ · w) + γ
σ+1

σ∇σ.

For problem (5), Kawashita [7] proved the following global existence result.

Proposition 3.3 (Kawashita [7]). Let n ≥ 2 and let U0 = (ρ0, w0) ∈ Hs0. There
exist a positive constant ϵ1 such that if

∥U0∥Hs0 ≤ ϵ1,
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{
∥Φ∥Hs0+1 + ∥(1 + |x|)∇Φ∥L2 ≤ ϵ1 (n ≥ 3),
Φ = 0 (n = 2),

then problem (5) has a unique global solution U :

U = (σ,w) ∈
1∩

j=0

Cj([0,∞);Hs0−j)× Cj([0,∞);Hs0−2j),

w ∈ L2(0,∞;Hs0+1) ∩H1(0,∞;Hs0−1).

Proposition 3.3 were proved for the case Φ = 0 in [7]. In a similar manner one
can see that Proposition 3.3 holds for Φ ̸= 0 satisfying the smallness condition of
Proposition 3.3 when n ≥ 3.

We now state our main result of this paper.

Theorem 3.4. Let U = (σ,w) be a unique global solution of (5) with initial value
U0 = (σ0, w0) obtained in Proposition 3.3. Assume that n ≥ 3. Then there exist
ϵ2 > 0 such that if U0 ∈ Hs0 ∩ L1 and

∥U0∥Hs0∩L1 ≤ ϵ2

∥Φ∥Hs0+1 + ∥(1 + |x|)∇Φ∥L2 ≤ ϵ2

then, the estimates

∥∇kU(t)∥2 ≤ C0(1 + t)−
n
4
− k

2 , k = 0, 1, (6)

hold for t ≥ 0.
The estimates (6) also hold for n = 2 if Φ = 0.

The proof of Theorem 3.4 will be given in section 5

Remark 3.5. When Φ = 0, one can also obtain the decay rates for the perturbation
of higher-order spatial derivatives. In fact, one can prove the following estimates.
Let U and U0 satisfy the assumption of Theorem 3.4. When Φ = 0 (n ≥ 2), we have

∥∇kU(t)∥2 ≤ C0(1 + t)−
n
4
− k

2 , k = 0, 1, · · · , s0

for t ≥ 0.

4 Decomposition of solution

In this section we introduce a decomposition of solutions to prove Theorem 3.4.
We set

U =

(
σ
w

)
, U0 =

(
σ0

w0

)
,
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A =

(
0 −γ∇·

−γ∇ µ1△+ µ2∇∇·

)
.

Then problem (5) is written as

∂tU − AU −BU = F (U), U |t=0 = U0, (7)

where

BU =

(
B1U
B2U

)
, F (U) =

(
F1(U)
F2(U)

)
.

We next decompose a solution U of (7) into low and high frequency parts. Let
χ̂1 be a cutoff function defined by

χ̂1(ξ) =

{
1

(
|ξ| < r

)
0

(
|ξ| ≥ r

) , χ̂∞(ξ) = 1− χ̂1(ξ).

Here r = γ√
µ1+µ2

. (As for the number r, see Lemma 5.1 below.)

We define operator Qj(j = 1,∞) on L2 by

Qju := F−1(χ̂jû) (j = 1,∞), u ∈ L2.

The operators Qj(j = 1,∞) have the following properties.

Lemma 4.1. Qj(j = 1,∞) satisfy the following relations.

(i) Q1 +Q∞ = I.

(ii) Q2
j = Qj.

(iii) Q1Q∞ = 0.

(iv) (Qju, v) = (u,Qjv) for u, v ∈ L2.

Lemma 4.1 can be easily verified; and we omit the proof.

We next state boundedness properties of Qj (j = 1,∞).

Lemma 4.2. (i) For each nonnegative integer k, Qj(j = 1,∞) are bounded linear
operator on Hk.

(ii) For each nonnegative integer k, it holds that ∥∇kQ1u∥2 ≤ ∥u∥2 (u ∈ L2).

(iii) For each nonnegative integer k, it holds that ∥∇kQ1u∥∞ ≤ C∥u∥2 (u ∈ L2).

(iv) Q∞ satisfies ∥∇Q∞u∥2 ≥ C∥Q∞u∥2 (u ∈ H1).
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The assertions (i), (ii), (iv) easily follow from the Plancherel theorem. The in-
equality (iii) is obtained by (ii) and the Sobolev inequality.

In terms of Q1 and Q∞, we decompose a solution U(t) of (7) as

U(t) = U1(t) + U∞(t), Uj(t) = QjU(t) (j = 1,∞).

It then follows that U1(t) and U∞(t) are governed by equations (13) and (14) given
in Proposition 4.3 below.

To state Proposition 4.3 we introduce a semigroup associated with a low fre-
quency part of A. We set

E1(t)u := F−1[χ̂1e
Â(ξ)tû] for u ∈ L2,

where

Â(ξ) =

(
0 −iγξt

−iγξ −µ1|ξ|2In − µ2ξξ
t

)
.

Here and in what follows the superscript ·t means the transposition.

Proposition 4.3. Let T > 0 and let U = (σ,w)t be a solution of problem (7) on
[0, T ] such that

U = (σ,w)t ∈
1∩

j=0

Cj([0, T ];Hs0−j)× Cj([0, T ];Hs0−2j), (8)

w ∈ L2(0, T ;Hs0+1) ∩H1(0, T ;Hs0−1), (9)

and let
Uj = QjU, σj = Qjσ, wj = Qjw (j = 1,∞).

Then,
U1 ∈ C1([0, T ];Hk), ∀k = 0, 1, 2, · · · , (10)

U∞ ∈
1∩

j=0

Cj([0, T ];Hs0−j)× Cj([0, T ];Hs0−2j), (11)

w∞ ∈ L2(0, T ;Hs0+1) ∩H1(0, T ;Hs0−1). (12)

Furthermore U1(t) and U∞(t) satisfy

U1(t) = E1(t)U01 +

∫ t

0

E1(t− s)Q1

(
B(U1 + U∞)(s) + F (U1 + U∞)(s)

)
ds (13)

and
∂tU∞ − AU∞ −Q∞B(U1 + U∞) = Q∞F (U1 + U∞), (14)

U∞|t=0 = U0∞, (15)

where U0j = QjU0 (j = 1,∞).
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Proof. Let U(t) = (σ,w)t be a solution of (7) satisfying (8) and (9). It then follow
from Lemma 4.2 that U1(t) and U∞(t) satisfy (10), (11) and (12), respectively.

Since QjAU = AQjU for U ∈ Hs0 (j = 1,∞), applying Qj to (7), we obtain{
∂tU1 − AU1 −Q1B(U1 + U∞) = Q1F (U1 + U∞), U1|t=0 = U01,

∂tU∞ − AU∞ −Q∞B(U1 + U∞) = Q∞F (U1 + U∞), U∞|t=0 = U0∞.
(16)

Taking the Fourier transform of (16)1, we have

χ̂1∂tÛ = χ̂1ÂÛ + χ̂1B̂U + χ̂1F̂ (U). (17)

It follows from (17) that

χ̂1Û(t) = eÂtχ̂1Û(0) +

∫ t

0

eÂ(t−s)
(
χ̂1B̂U + χ̂1F̂ (U)

)
(s)ds.

We thus obtain

U1(t) = E1(t)U01 +

∫ t

0

E1(t− s)Q1

(
B(U1 + U∞) + F (U1 + U∞)

)
(s)ds.

This completes the proof. �

5 Proof of main result

In this section we prove Theorem 3.4. In subsections 5.1 and 5.2 we establish the
necessary estimates for U1(t) and U∞(t), respectively. In subsection 5.3 we derive
the a priori estimate to complete the proof of Theorem 3.4.

Set

M1(t) := sup
0≤τ≤t

1∑
k=0

(1 + τ)
n
4
+ k

2 ∥∇kU1(τ)∥2,

M∞(t) := sup
0≤τ≤t

(1 + τ)
n
4
+ 1

2∥U∞(τ)∥Hs0 ,

M(t) := M1(t) +M∞(t).

We also set δ = ρ∞
4Cs

, where Cs is constant such that ∥f∥∞ ≤ Cs∥f∥Hs0 for all
f ∈ Hs0 . Hereafter, we assume that

sup
0≤t≤T

∥σ(t)∥Hs0 ≤ δ.

Then we have
∥σ(t)∥∞ ≤ Cs∥σ(t)∥Hs0 ≤ ρ∞

4
.

11



5.1 Estimate of U1(t)

In this subsection we derive the estimate of U1(t), in other words, we estimate M1(t).

Lemma 5.1 (Matsumura-Nishida [9]). (i) The set of all eigenvalues of Â(ξ) con-
sists of λi(ξ) (i = 1, 2, 3), where

λ1(ξ) =
−(µ1+µ2)|ξ|2+i|ξ|

√
4γ2−(µ1+µ2)|ξ|2

2
,

λ2(ξ) = λ1(ξ),
λ3(ξ) = −µ1|ξ|2,

for |ξ| ≤ r, where r = γ√
µ1+µ2

. Here λ1(ξ) denotes the complex conjugate of

λ1(ξ).

(ii) etÂ(ξ) has the spectral resolution

etÂ(ξ) =
3∑

j=1

etλj(ξ)Pj(ξ),

where Pj(ξ) is the eigenprojection for λj(ξ) and Pj(ξ) satisfies

∥Pj(ξ)∥ ≤ C
(
|ξ| ≤ r

)
.

where r = γ√
µ1+µ2

.

E1(t) satisfies the following estimate:

Lemma 5.2. Let k be a nonnegative integer. Then there holds

∥∇kE1(t)Q1U0∥2 ≤ C(1 + t)−(n
4
+ k

2
)∥U0∥1

for t ≥ 0.

Proof. By Lemma 5.1 (i) we see that there exists a constant β > 0 such that

e2Reλj(ξ)t ≤ Ce−β|ξ|2t (1 ≤ j ≤ 3).

Therefore, by Plancherel’s theorem and Lemma 5.1 (ii), we have

∥∇kE1(t)Q1U0(t)∥2 ≤ C
(∫

|ξ|≤r

|ξ|2k
∣∣eÂ(ξ)tÛ0

∣∣2dξ) 1
2

≤ C
( ∫

Rn

|ξ|2ke−β|ξ|2t|Û0(ξ)|2dξ
) 1

2

≤ Ct−(n
4
+ k

2
)∥U0∥1. (18)

12



We also find that

∥∇kE1(t)Q1U0∥2 ≤ C∥Û0∥∞
( ∫

|ξ|<1

e−β|ξ|2tdξ
) 1

2

≤ C∥U0∥1. (19)

The estimate of Lemma 5.2 follows from (18) and (19). �

As for M1(t), we show the following estimate.

Proposition 5.3. There exists a ϵ > 0 such that if

∥Φ∥Hs0+1 + ∥(1 + |x|)∇Φ∥L2 ≤ ϵ,

sup
0≤t≤T

∥σ(t)∥Hs0 ≤ δ,

and
M(t) ≤ 1

for t ∈ [0, T ], then there exists a constant C > 0 independent of T such that

M1(t) ≤ C∥U0∥1 + CϵM(t) + CM2(t)

for t ∈ [0, T ]

To prove Proposition 5.3, we will use the following estimates on B(U) and F (U).

Lemma 5.4. Let n ≥ 3. There exists a ϵ > 0 such that if

∥Φ∥Hs0+1 + ∥(1 + |x|)∇Φ∥L2 ≤ ϵ,

and
M(t) ≤ 1

for t ∈ [0, T ], then there exists a constant C > 0 independent of T such that

∥B(U1(t) + U∞(t))∥1 ≤ Cϵ(1 + t)−
n+2
4 M(t)

for t ∈ [0, T ].

Lemma 5.5. Let n ≥ 2. There exists a ϵ > 0 such that if

M(t) ≤ 1

and {
∥Φ∥Hs0+1 + ∥(1 + |x|)∇Φ∥L2 ≤ ϵ (n ≥ 3),
Φ = 0 (n = 2)

for t ∈ [0, T ], then there exists a constant C > 0 independent of T such that

∥F (U1(t) + U∞(t))∥1 ≤ C(1 + t)−
n+1
2 M2(t)

for t ∈ [0, T ].

13



We will prove Lemma 5.4 and Lemma 5.5 later. Now we prove Proposition 5.3.

Proof of Proposition 5.3. We first consider the case n ≥ 3. By Lemma 5.2 and
(13), we see that

∥∇kU1(τ)∥2 ≤ ∥∇kE1(τ)U01∥2

+

∫ τ

0

∥∇kE1(τ − s)
(
Q1B(U1(s) + U∞(s)) +Q1F (U1(s) + U∞(s))

)
∥2ds

≤ C(1 + τ)−(n
4
+ k

2
)∥U0∥1

+

∫ t

0

(1 + τ − s)−(n
4
+ k

2
)
(
∥B(U1(s) + U∞(s))∥1

+∥F (U1(s) + U∞(s))∥1
)
ds. (20)

Using Lemma 5.4 and Lemma 5.5, we have∫ τ

0

(1 + τ − s)−(n
4
+ k

2
)
(
∥B(U1(s) + U∞(s))∥1 + ∥F (U1(s) + U∞(s))∥1

)
ds

≤ C

∫ τ

0

(1 + τ − s)−(n
4
+ k

2
){ϵ(1 + s)−

n+2
4 M(t) + (1 + s)−

n+1
2 M2(t)}ds

≤ CϵM(t)

∫ τ

0

(1 + τ − s)−(n
4
+ k

2
)(1 + s)−

n+2
4 ds

+CM2(t)

∫ τ

0

(1 + τ − s)−(n
4
+ k

2
)(1 + s)−

n+1
2 ds

≤ Cϵ(1 + τ)−(n
4
+ k

2
)M(t) + C(1 + τ)−(n

4
+ k

2
)M2(t). (21)

Here we used n+2
4

> 1 for n ≥ 3 to handle the term ϵ(1 + s)−
n+2
4 M(t). By (20) and

(21), we obtain

∥∇kU1(τ)∥2 ≤ C(1+ τ)−(n
4
+ k

2
)∥U0∥1+Cϵ(1+ τ)−(n

4
+ k

2
)M(t)+C(1+ τ)−(n

4
+ k

2
)M2(t),

and hence,

(1 + τ)
n
4
+ k

2 ∥∇kU1(τ)∥2 ≤ C∥U0∥1 + CϵM(t) + CM2(t).

Taking the supremum in τ ∈ [0, t], we obtain the desired estimate for n ≥ 3.

When n = 2, we have BU = 0. Therefor the term ϵ(1 + s)−
n+2
4 M(t) in the

computation above is missing; and one can obtain the desired estimate for n = 2.
�

It remains to prove Lemma 5.4 and Lemma5.5.
Proof of Lemma 5.4. By Lemma 2.1, we have

∥w · ∇ρ̄∥1 ≤ ∥(1 + |x|)∇ρ̄∥2∥
1

1 + |x|
(w1 + w∞)∥2

≤ ϵ(∥∇w1∥2 + ∥∇w∞∥2),

14



∥ − ρ∞∇ρ∗
γ

(P ′′(ρ∗)

ρ∗
+

P ′(ρ∗)

ρ2∗

)
σ∥1

≤ C∥P
′′(ρ∗)

ρ∗
+

P ′(ρ∗)

ρ2∗
∥∞∥(1 + |x|)∇ρ∗∥2∥

1

1 + |x|
σ∥2

≤ Cϵ
(
∥∇σ1∥2 + ∥∇σ∞∥2

)
.

By using the Hölder inequality and Lemma 4.2, one can see that the L1 norms of
the others terms are bounded by Cϵ

(
∥∇σ1∥2 + ∥∇σ∞∥2

)
. We thus conclude that

∥B(U1 + U∞)∥1 ≤ Cϵ
(
∥∇U1∥2 + ∥∇U∞∥H1

)
≤ Cϵ(1 + s)−

n+2
4 M(t).

This completes the proof. �
Proof of Lemma 5.5. When n ≥ 3, we see from Lemma 2.2 that

∥∇ρ∗

( P ′′(ρ∗)

ρ∗(ρ∞σ + ρ∗)
− P ′(ρ∗)

ρ2∗(ρ∞σ + ρ∗)

− 1

ρ∞σ + ρ∗

∫ 1

0

(1− s)P ′′′(sρ∞σ + ρ∗)ds
)
σ2∥1

≤ C∥∇ρ∗∥2∥σ∥∞∥σ∥2
≤ C∥∇σ∥Hs0−1∥σ∥2
≤ C(1 + s)−

n+1
2 M2(t).

Note that this term does not appear when n = 2 since it is assumed that Φ = 0.
The L1 norm of the other terms are estimated by using the Hölder inequality,

and bounded by C(1 + s)−
n+1
2 M2(t). Hence, we have

∥F (U1 + U∞)∥1 ≤ C(1 + s)−
n+1
2 M2(t).

This completes the proof. �

5.2 Estimate of U∞(t)

We next derive estimates for U∞. The system (14) is written as{
∂tσ∞ + γ∇ · w∞ = Q∞(B1U + F1(U)),
∂tw∞ − µ1△w∞ − µ2∇ · (∇w∞) + γ∇σ∞ = Q∞(B2U + F2(U)).

(22)

Proposition 5.6. There holds

∑
0≤|α|≤s0

1

2

d

dt
∥∂α

xU∞(t)∥22 + µ1∥∇∂α
xw∞∥22 + µ2∥∇ · ∂α

xw∞(t)∥22 =
4∑

i=1

Ii (23)
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for a.e. t ∈ [0, T ]. Here,

I1 :=
∑

0≤|α|≤s0

(∂α
xB1U, ∂

α
xσ∞),

I2 :=
∑

0≤|α|≤s0−1

(∂α
xF1(U), ∂α

xσ∞)

−
∑
|α|=s0

(
γ

ρ∞
[∂α

x , w·]∇σ, ∂α
xσ∞)−

∑
|α|=s0

(
γ

ρ∞
∂α
x (σ∇ · w), ∂α

xσ∞)

−1

2

∑
|α|=s0

(
∇ · w, |∂α

xσ∞|2
)
+

∑
|α|=s0

(w · ∇∂α
xσ1, ∂

α
xσ∞),

I3 := −
∑
|α|=s0

∑
|γ|=1

(∂α−γ
x B2U, ∂

α+γ
x w∞) +

∑
0≤|α|≤s0−1

(∂α
xB2U, ∂

α
xw∞),

I4 := −
∑
|α|=s0

∑
|γ|=1

(∂α−γ
x F2(U), ∂α+γ

x w∞) +
∑

0≤|α|≤s0−1

(∂α
xF2(U), ∂α

xw∞).

Proof. Let η ∈ C∞
0 (Rn) satisfying η ≥ 0, supp η ⊂ {x; |x| ≤ 1}, η(−x) = η(x) and∫

η(x)dx = 1. Set ηϵ(x) = ϵ−nη(x
ϵ
). Note that due to η(−x) = η(x) we have

(ηϵ ∗ f, g) = (f, ηϵ ∗ g).

Let φ ∈ C∞
0 and |α| = s0. We take the inner product of (22)1 with ∂α

x (ηϵ ∗ φ) to
obtain

(∂tσ∞, ∂α
x ηϵ ∗ φ) + (γ∇ · w∞, ∂α

x ηϵ ∗ φ)
=

(
Q∞(B1U + F1(U)), ∂α

x (ηϵ ∗ φ)
)

= (Q∞B1U, ∂
α
x ηϵ ∗ φ)− γ{

(
Q∞(σ∇ · w), ∂α

x ηϵ ∗ φ
)

+
(
w · ∇σ, ∂α

x ηϵ ∗ φ
)
−
(
Q1(w · ∇σ), ∂α

x ηϵ ∗ φ
)
}. (24)

By integration by parts, we have

(∂t(ηϵ ∗ ∂α
xσ∞), φ) + γ(ηϵ ∗ ∇ · ∂α

xw∞, φ)

= (ηϵ ∗ ∂α
xQ∞B1U,φ)− γ{

(
ηϵ ∗ ∂α

xQ∞(σ∇ · w), φ
)

+
(
ηϵ ∗ ([∂α

x , w]∇)σ, φ
)
−
(
[ηϵ∗, w · ∇]∂α

xσ, φ)
)

−
(
w · ∇ηϵ ∗ ∂α

xσ, φ
)
−

(
ηϵ ∗ ∂α

xQ1(w · ∇σ), φ
)
}. (25)

Next, we multiply (25) by h ∈ C∞
0 (0, T ) and take φ = ηϵ ∗ ∂α

xσ∞ ∈ C∞ ∩ L2.
Integrating the resulting equation over [0, T ], we obtain
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−1

2

∫ T

0

∥ηϵ ∗ ∂α
xσ∞∥2

d

dt
hdt+

∫ T

0

(
ηϵ ∗ ∂α

x (γ∇ · w∞), ηϵ ∗ ∂α
xσ∞

)
hdt

=

∫ T

0

−
(
ηϵ ∗ (∂α

xQ∞B1U), ηϵ ∗ ∂α
xσ∞

)
hdt

+γ

∫ T

0

(
w · ∇(ηϵ ∗ ∂α

xσ), ηϵ ∗ ∂α
xσ∞

)
hdt

+γ

∫ T

0

(
[ηϵ∗, w · ∇]∂α

xφ, ηϵ ∗ ∂α
xσ∞

)
hdt

+γ

∫ T

0

(
ηϵ ∗ [∂α

x , w], ηϵ ∗ ∂α
xσ∞

)
hdt

−γ

∫ T

0

(
ηϵ ∗ ∂α

xQ∞(σ∇ · w), ηϵ ∗ ∂α
xσ∞

)
hdt

+γ

∫ T

0

(
ηϵ ∗ ∂α

xQ1(w · ∇σ), ηϵ ∗ ∂α
xσ∞

)
hdt.

We rewrite this equality to let ϵ → 0. The second term on the right hand-side is
written as (

w · ∇(ηϵ ∗ ∂α
xσ), ηϵ ∗ ∂α

xσ∞
)

=
(
w · ∇(ηϵ ∗ ∂α

xσ∞), ηϵ ∗ ∂α
xσ∞

)
+
(
w · ∇(ηϵ ∗ ∂α

xσ1), ηϵ ∗ ∂α
xσ∞

)
=

1

2

(
w,∇|ηϵ ∗ ∂α

xσ∞|2
)
+
(
w · ∇(ηϵ ∗ ∂α

xσ1), ηϵ ∗ ∂α
xσ∞

)
= −1

2

(
∇ · w, |ηϵ ∗ ∂α

xσ∞|2
)
+
(
w · ∇(ηϵ ∗ ∂α

xσ1), ηϵ ∗ ∂α
xσ∞

)
.

Hence, we obtain

−1

2

∫ T

0

∥ηϵ ∗ ∂α
xσ∞∥22

d

dt
hdt+ γ

∫ T

0

(ηϵ ∗ ∇ · ∂α
xw∞, ηϵ ∗ ∂α

xσ∞)hdt

= −
∫ T

0

(ηϵ ∗ ∂α
xQ∞B1U, ηϵ ∗ ∂α

xσ∞)hdt

−γ

∫ T

0

1

2

(
∇ · w, |ηϵ ∗ ∂α

xσ∞|2
)
hdt

+γ

∫ T

0

(
w · ∇(ηϵ ∗ ∂α

xσ1), ηϵ ∗ ∂α
xσ∞

)
hdt

+γ

∫ T

0

(
[ηϵ∗, w · ∇]∂α

xφ, ηϵ ∗ ∂α
xσ∞

)
hdt

+γ

∫ T

0

(
ηϵ ∗ [∂α

x , w]∇σ, ηϵ ∗ ∂α
xσ∞

)
hdt

−γ

∫ T

0

(
ηϵ ∗ ∂α

xQ∞(σ∇ · w), ηϵ ∗ ∂α
xσ∞

)
hdt

+

∫ T

0

(
ηϵ ∗ ∂α

xQ1(w · ∇σ), ηϵ ∗ ∂α
xσ∞

)
hdt (26)
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Letting ϵ → 0 in (26), we can obtain

1

2

∫ T

0

d

dt
∥∂α

xσ∞∥22hdt+ γ

∫ T

0

(∇ · ∂α
xw∞, ∂α

xσ∞)hdt

= −
∫ T

0

(∂α
xB1U, ∂

α
xσ∞)hdt

−γ

∫ T

0

1

2

(
∇ · w, |∂α

xσ∞|2
)
hdt

+γ

∫ T

0

(
w · ∇∂α

xσ1, ∂
α
xσ∞

)
hdt

+γ

∫ T

0

(
[∂α

x , w]∇σ, ∂α
xσ∞

)
hdt

−γ

∫ T

0

(
∂α
x (σ∇ · w), ∂α

xσ∞
)
hdt. (27)

In fact, as for the third term on the right hand-side of (26), by Lemma 4.2, we
see that (

w · ∇(ηϵ ∗ (∂α
xσ1)), ηϵ ∗ ∂α

xσ∞
)

≤ ∥w∥∞∥∇∂α
xσ1∥2∥∂α

xσ∞∥2
≤ ∥w∥Hs0∥∇σ1∥2∥∂α

xσ∞∥2 ∈ L1(0, T ).

Hence, we have ∫ T

0

(
w · ∇(ηϵ ∗ (∂α

xσ1)), ηϵ ∗ ∂α
xσ∞

)
dt

−→
∫ T

0

(
w · ∇(∂α

xσ1), ∂
α
xσ∞

)
dt.

The fourth term on the right hand-side of (26) can be shown to go to zero by using
Lemma 2.3. In fact, since ∂α

xσ ∈ C([0, T ];L2), w ∈ L2(0, T ;Hs0+1) ⊂ L2(0, T ;BC1),
applying Lemma 2.3, we have

∥[ηϵ∗, w · ∇]∂α
xσ∥2 −→ 0 (ϵ → 0),

for a.e. t ∈ (0, T ). We thus obtain∣∣([ηϵ∗, w · ∇]∂α
xσ, ηϵ ∗ ∂α

xσ∞
)
h
∣∣

≤ C

{
∥∇w(t)∥∞∥∂α

xσ(t)∥22|h(t)|
∥[ηϵ∗, w · ∇]∂α

xσ∥2∥ηϵ ∗ ∂α
xσ∞∥2|h(t)| −→ 0 (ϵ → 0).

for a.e. t ∈ (0, T ). Since, ∥∇w(t)∥∞ ≤ C∥w(t)∥Hs0+1 ∈ L2(0, T ), we see that∫ T

0

(
[ηϵ∗, w · ∇]∂α

xσ, ηϵ ∗ ∂α
xσ∞

)
hdt −→ 0.
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As for the seventh term on the right hand-side of (26), by Lemma 4.2 and the
dominated convergence theorem, we have∫ T

0

(
ηϵ ∗ ∂α

xQ1(w · ∇σ), ηϵ ∗ ∂α
xσ∞

)
hdt

→
∫ T

0

(
∂α
xQ1(w · ∇σ), ∂α

xσ∞
)
hdt = 0.

Here we have used
(
∂α
xQ1(w · ∇σ), ∂α

xσ∞
)
=

(
Q1∂

α
xQ1(w · ∇σ), ∂α

xσ∞
)
=

(
∂α
xQ1(w ·

∇σ), ∂α
xQ1σ∞

)
= 0.

For the other terms of (26), one can apply the dominated convergence theorem
to pass the limit and we obtain (27). It then follows from (27) that

1

2

d

dt
∥∂α

xσ∞(t)∥22 + γ(∇ · ∂α
xw∞, ∂α

xσ∞) = (∂α
xB1U, ∂

α
xσ∞)− γ

1

2
(∇ · w, |∂α

xσ|2)

+γ
(
w · ∇∂α

xσ1, ∂
α
xσ∞

)
+γ

(
[∂α

x , w]∇σ, ∂α
xσ∞

)
−γ

(
∂α
x (σ∇ · w), ∂α

xσ∞
)

(28)

for a.e. t ∈ (0, T ) and |α| = s0.
When |α| ≤ s0 − 1, by simply taking the inner product of ∂α

x (22)1 with ∂α
xσ∞,

we have

1

2

d

dt
∥∂α

xσ∞(t)∥22 + γ(∇ · ∂α
xw∞, ∂α

xσ∞) = (∂α
xB1U, ∂

α
xσ∞) + (∂α

xF1U, ∂
α
xσ∞).

(29)

We see from (28) and (29) that∑
0≤|α|≤s0

1

2

d

dt
∥∂α

xσ∞(t)∥22 + γ(∇ · ∂α
xw∞, ∂α

xσ∞)

=
∑

0≤|α|≤s0

(∂α
xB1U, ∂

α
xσ∞) +

∑
0≤|α|≤s0−1

(∂α
xF1(U), ∂α

xσ∞)

+
∑
|α|=s0

(− γ

ρ∞
[∂α

x , w·]∇σ, ∂α
xσ∞) +

∑
|α|=s0

(− γ

ρ∞
∂α
x (σ∇ · w)∂α

xσ∞)

−1

2

∑
|α|=s0

(
∇ · w, |∂α

xσ∞|2
)
+

∑
|α|=s0

(w · ∇∂α
xσ1, ∂

α
xσ∞) (30)

for a.e. t ∈ (0, T ).
We next consider (22)2. Let φ ∈ C∞

0 and let |α| = s0. We take the inner-product
of (22)2 with ∂α

xφ to obtain

(∂tw∞, ∂α
xφ)− µ1(△w∞, ∂α

xφ)− µ2

(
∇(∇ · w∞), ∂α

xφ
)

+γ(∇σ∞, ∂α
xφ) = (Q∞B2U, ∂

α
xφ) + (Q∞F2(U), ∂α

xφ).
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Integrating by parts, we obtain⟨
∂α
x∂tw∞, φ

⟩
+ µ1(∇∂α

xw∞,∇φ)

+µ2(∇ · ∂α
xw∞,∇ · φ)− γ(∂α

xσ∞,∇ · φ)
=

∑
|γ|=1

(∂α−γ
x Q∞B2U, ∂

γ
xφ) +

∑
|γ|=1

(∂α−γ
x Q∞F2(U), ∂γ

xφ).

Here we have used the fact that
∑

|γ|=1 ∂
α−γ
x Q∞F2 ∈ L2, which can be seen from

the proof of Lemma 5.7 below. By density, we can set φ = ∂α
xw∞. So we obtain by

Lemma 2.4,

1

2

d

dt
∥∂α

xw∞∥22 + µ1∥∇∂α
xw∞∥22 + µ2∥∇ · ∂α

xw∞∥22 − γ(∂α
xσ∞,∇ · ∂α

xw∞)

= −
∑
|γ|=1

(∂α−γ
x B2U, ∂

γ
x∂

α
xw∞)−

∑
|γ|=1

(∂α−γ
x F2(U), ∂γ

x∂
α
xw∞). (31)

for a.e. t ∈ (0, T ).
When |α| ≤ s0 − 1, in a similar way as above we get

1

2

d

dt
∥∂α

xw∞∥22 + µ1∥∇∂α
xw∞∥22 + µ2∥∇ · ∂α

xw∞∥22 − γ(∂α
xσ∞,∇ · ∂α

xw∞)

=
∑

0≤|α|≤s0−1

(∂α
xB2U, ∂

α
xw∞) + (∂α

xF2(U), ∂α
xw∞). (32)

We see from (31) and (32) that∑
0≤|α|≤s0

1

2

d

dt
∥∂α

xw∞∥22 + µ1∥∂α
x∇w∞∥22 + µ2∥∇ · ∂α

xw∞∥22

−γ(∂α
xσ∞,∇ · ∂α

xw∞)

= −
∑
|α|=s0

∑
|γ|=1

(∂α−γ
x B2U, ∂

γ
x∂

α
xw∞)−

∑
|α|=s0

∑
|γ|=1

(∂α−γ
x F2(U), ∂γ

x∂
α
xw∞).

+
∑

0≤|α|≤s0−1

(∂α
xB2U, ∂

α
xw∞) + (∂α

xF2(U), ∂α
xw∞). (33)

A linear combination of (30) and (33) yields the desired result. �

We next estimate I1 and I3.

Proposition 5.7. Let n ≥ 3. There exists a constant ϵ > 0 such that if

∥Φ∥Hs0+1 + ∥(1 + |x|)∇Φ∥L2 ≤ ϵ,

sup
0≤t≤T

∥σ(t)∥Hs0 ≤ δ,

and
M(t) ≤ 1

for t ∈ [0, T ], then

|I1|+ |I3| ≤ Cϵ{(1 + t)−(n+1
2

)M2(t) + ∥∇s0+1w∞(t)∥22}

for t ∈ [0, T ]. Here C > 0 is a constant independent of T .
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Proof. First we show the estimate of I1. We have

|I1| = |
∑

0≤|α|≤s0

(∂α
x (w · ∇ρ̄), ∂α

xσ∞) + (∂α
x (ρ̄ · ∇w), ∂α

xσ∞)}|

≤
∑

0≤|α|≤s0

(∥∂α
x (w · ∇ρ̄)∥2 + ∥∂α

x (ρ̄∇ · w)∥2)∥∂α
xσ∞∥2. (34)

By Lemma 2.2 and Lemma 2.6, the terms on the right-hand side of (34) is estimated
as

∥∂α
x (w · ∇ρ̄)∥2 ≤ C{∥w∥∞∥∇ρ̄∥Hs0 + ∥∇w∥s0−1∥∇ρ̄∥s0}

≤ Cϵ(1 + t)−(n
4
+ 1

2
)M(t),

∥∂α
x (ρ̄∇ · w)∥2 ≤ C∥ρ̄∥Hs0∥∇w∥Hs0

≤ Cϵ(1 + t)−(n
4
+ 1

2
)M(t) + Cϵ∥∇s0+1w∞∥2.

Hence, we obtain the estimate of I1.
Let us next consider I3:

|I3| = | −
∑
|α|=s0

∑
|γ|=1

(∂α−γ
x B2U, ∂

α+γ
x w∞) +

∑
0≤|α|≤s0−1

(∂α
xB2U, ∂

α
xw∞)|

≤ C
( ∑
|α|≤s0−1

∥∂α
xB2U∥2

)
∥∇w∞∥Hs0

We estimate ∥∂α
xB2U∥2 (|α| ≤ s0 − 1). We write B2U as

B2U = G1(ρ̄, x)△w +G2(ρ̄, x)∇(∇ · w) +G3(ρ̄, x)∇σ +G4(x)σ,

where

G1(ρ̄, x) = −µ1
ρ̄

ρ∗

G2(ρ̄, x) = −µ2
ρ̄

ρ∗

G3(ρ̄, x) = −γ
ρ̄

ρ∗
+

ρ̄ρ∞
γρ∗

∫ 1

0

P ′′(sρ̄+ ρ∞)ds,

G4(x) = −ρ∞∇ρ∗
γ

(P ′′(ρ∗)

ρ∗
− P ′(ρ∗)

ρ2∗

)
.

We thus obtain by Lemma 2.2 and Lemma 2.6

∥∂α
xB2U∥2 ≤ C{∥ρ̄∥Hs0∥∇2w∥Hs0−1 + ∥ρ̄∥Hs0+1∥σ∥Hs0 + ∥∂α

xG4(x)∥2∥σ∥∞}
≤ Cϵ{(1 + t)−

n
4
− 1

2M(t) + ∥∇s0+1w∞∥2}.

Hence, we have

|I3| ≤ Cϵ(1 + t)−(n
2
+1)M2(t) + Cϵ∥∇s0+1w∞∥22.

This completes the proof. �
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Proposition 5.8. Let n ≥ 2. There exists a constant ϵ > 0 such that if{
∥Φ∥Hs0+1 + ∥(1 + |x|)∇Φ∥L2 ≤ ϵ (n ≥ 3),
Φ = 0 (n = 2),

sup
0≤t≤T

∥σ(t)∥Hs0 ≤ δ,

and
M(t) ≤ 1

for t ∈ [0, T ], then

|I2|+ |I4| ≤ C(1 + t)−
n
4M(t){(1 + t)−(n

2
+1)M2(t) + ∥∇s0+1w∞(t)∥22}

for t ∈ [0, T ]. Here C > 0 is a constant independent of T .

Proof. We first consider the case n ≥ 3. Let us estimate I2. For the first term of
I2, by Lemma 2.6 and Lemma 4.2 we have∣∣ ∑

0≤|α|≤s0−1

(∂α
xF1(U), ∂α

xσ∞)
∣∣

≤ C(∥∇σ∥Hs0−1∥w∥Hs0 + ∥σ∥Hs0∥∇w∥Hs0−1)∥σ∞∥Hs0

≤ C{(1 + t)−( 3n
4
+1)M3(t) + (1 + t)−

n
4M(t)∥∇s0+1w∞∥2}.

By Lemma 2.6, the second term of I2 is estimated as∣∣ ∑
|α|=s0

(− γ

ρ∞
[∂α

x , w·]∇σ, ∂α
xσ∞)

∣∣ ≤ C∥∇w∥Hs0∥∇σ∥Hs0−1∥σ∞∥Hs0

We finally, we consider I4 :

|I4| = |
∑
|α|=s0

∑
|γ|=1

(∂α−γ
x F2(U), ∂α+γ

x w∞) +
∑

0≤|α|≤s0−1

(∂α
xF2(U), ∂α

xw∞)|

≤
∑
|α|=s0

∑
|γ|=1

∥∂α−γ
x F2(U)∥2∥∂α+γ

x w∞∥2 +
∑

0≤|α|≤s0−1

∥∂α
xF2(U)∥2∥∂α

xw∞∥2

≤
( ∑
0≤|α|≤s0−1

∥∂α
xF2(U)∥2

)
∥∇w∞∥Hs0

Let us estimate ∥∂α
xF2(U)∥2 for |α| ≤ s0 − 1. F2(U) is written as

F2(U) = R0(w) · ∇w +R1(σ, x)△w +R2(σ, x)∇(∇ · w)
+R3(σ, x)σ +R4(σ, x)∇σ,

where
R0(w) = −γw

R1(σ, x) = −µ1
ρ2∞

ρ∗(ρ∞σ + ρ∗)
σ, R2(σ, x) = −µ2

ρ2∞
ρ∗(ρ∞σ + ρ∗)

σ,
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R3(σ, x) =
ρ2∞∇ρ∗

γ

( P ′′(ρ∗)

ρ∗(ρ∞σ + ρ∗)
− P ′(ρ∗)

ρ2∗(ρ∞σ + ρ∗)

− 1

ρ∞σ + ρ∗

∫ 1

0

(1− s)P ′′′(sρ∞σ + ρ∗)ds
)
σ,

R4(σ, x) =
ρ2∞
γ

( P ′(ρ∗)

ρ∗(ρ∞σ + ρ∗)
− 1

ρ∞σ + ρ∗

∫ 1

0

P ′′(sρ∞σ + ρ∗)ds
)
σ.

From Lemma 2.2 and Lemma 2.6, we have

∥∂α
x

(
R0(w) · ∇w

)
∥2 ≤ C∥∇w∥2Hs0−1 ,

∥∂α
x

(
R1(σ, x)△w

)
∥2 ≤ C∥∇σ∥Hs0−1∥△w∥Hs0−1 ,

∥∂α
x

(
R2(σ, x)∇(∇ · w)

)
∥2 ≤ C∥∇σ∥Hs0−1∥∇(∇ · w)∥Hs0−1 ,

∥∂α
x

(
R3(σ, x)σ

)
∥2 ≤ C∥∇σ∥Hs0−1∥σ∥Hs0−1 ,

∥∂α
x

(
R4(σ, x)∇σ

)
∥2 ≤ C∥∇σ∥Hs0−1∥∇σ∥Hs0−1 .

We thus obtain

|I4| ≤ C(1 + t)−
n
4M(t){(1 + t)−(n

2
+1)M2(t) + ∥∇s0+1w∞(t)∥22}.

When n = 2, by using the Hölder and Sobolev inequalities we see that

|I2|+ |I4| ≤ C(1 + t)−
n
4M(t){(1 + t)−(n

2
+1)M2(t) + ∥∇s0+1w∞(t)∥22}.

This completes the proof. �

Proposition 5.9. There holds the inequality

∑
0≤|α|≤s0−1

d

dt

(
∂α
xw∞(t), ∂α

x∇σ∞(t)
)
+

γ

2
∥∂α

x∇σ∞(t)∥22 ≤ C∥∇w∞∥2Hs0 +
4∑

i=1

Ji (35)

for a.e. t ∈ (0, T ), where,

J1 =
∑

0≤|α|≤s0−1

|(∂α
xQ∞B1U, ∂

α
x∇ · w∞)|, J2 =

∑
0≤|α|≤s0−1

|(∂α
xQ∞F1(U), ∂α

x∇ · w∞)|,

J3 = C
∑

0≤|α|≤s0−1

|(∂α
xB2U, ∂

α
x∇σ∞)|, J4 =

∑
0≤|α|≤s0−1

|(∂α
xQ∞F2(U), ∂α

x∇σ∞)|.

Proof. Let |α| ≤ s0 − 1. We take the inner-product of ∂α
x (22)2 with ∂α

x∇σ∞ to
obtain

(∂α
x∂tw∞, ∂α

x∇σ∞) + γ∥∇∂α
xσ∞∥2

= µ1(∂
α
x△w∞, ∂α

x∇σ∞) + µ2

(
∂α
x∇ · (∇w∞), ∂α

x∇σ∞
)

+(∂α
xQ∞F2(U), ∂α

x∇σ∞)− (∂α
xQ∞B2U, ∂

α
x∇σ∞). (36)
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We next take the inner-product of ∂α
x (22)1 with −∂α

x∇ · w∞ to obtain

−(∂α
x∂tσ∞, ∂α

x∇ · w∞) = +γ(∂α
x (∇ · w∞), ∂α

x∇ · w∞)

−(∂α
xQ∞B1U, ∂

α
x∇ · w∞)− (∂α

xQ∞F1(U), ∂α
x∇ · w∞), (37)

Since
µ1(∂

α
x△w∞, ∂α

x∇σ∞) ≤ C∥∂α
x△w∞∥22 +

γ

4
∥∂α

x∇σ∞∥22,

and
µ2

(
∂α
x∇ · (∇w∞), ∂α

x∇σ∞
)
≤ C∥∂α

x△w∞∥22 +
γ

4
∥∂α

x∇σ∞∥22,

by adding (36) and (37), we obtain the desired inequality∑
0≤|α|≤s0−1

d

dt

(
∂α
xw∞(t), ∂α

x∇σ∞(t)
)
+

γ

2
∥∇∂α

xσ∞(t)∥22

≤ C
(
∥∇w∥2Hs0 +

∑
0≤|α|≤s0−1

|(∂α
xQ∞B1U, ∂

α
x∇ · w∞)|+ |(∂α

xQ∞F1(U), ∂α
x∇ · w∞)|

+|(∂α
xB2U, ∂

α
x∇σ∞)|+ |(∂α

xQ∞F2(U), ∂α
x∇σ∞)|

)
(38)

for a.e. t ∈ [0, T ]. In fact, let h ∈ C∞
0 (0, T ) and let ηϵ is standard Friedrichs mollifier,

as for the first term on the left hand side of (38)∫ T

0

(∂α
x∂tw∞, ∂α

x∇ηϵ ∗ σ∞)hdt

=

∫ T

0

d

dt
(∂α

xw∞, ∂α
x∇ηϵ ∗ σ∞)hdt−

∫ T

0

(∂α
xw∞, ∂α

x∂t(∇ηϵ ∗ σ∞))hdt

= −
∫ T

0

(∂α
xw∞, ∂α

x∇(ηϵ ∗ σ∞))
d

dt
hdt+

∫ T

0

(∂α
x∇ · w∞, ηϵ ∗ ∂t∂α

xσ∞)hdt. (39)

Since ∂α
xw∞, ∂α

x∇ · w∞, ∂α
x∂tσ and ∂α

x∂tσ ∈ C([0, T ];L2) for |α| ≤ s0 − 1, letting
ϵ → 0 in (39) we can obtain by similar to proof of Lemma 5.6

(∂α
x∂tw∞, ∂α

x∇σ∞) =
d

dt
(∂α

xw∞, ∂α
x∇σ∞) + (∂α

x∇ · w∞, ∂α
x∂tσ∞)

for a.e. t ∈ [0, T ].
This completes the proof. �

Proposition 5.10. Let n ≥ 3. There exists a ϵ > 0 such that if

∥Φ∥Hs0+1 + ∥(1 + |x|)∇Φ∥L2 ≤ ϵ,

sup
0≤t≤T

∥σ(t)∥Hs0 ≤ δ,

and
M(t) ≤ 1
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for t ∈ [0, T ], then there holds

|J1|+ |J3| ≤ Cϵ{(1 + t)−
n+2
2 M2(t) + ∥∇s0+1w∞(t)∥22}.

for t ∈ [0, T ]. Here C > 0 is a constant independent of T .

The proof is similar to that of Proposition 5.7 . We omit it.

Proposition 5.11. There exists a ϵ > 0 such that if{
∥Φ∥Hs0+1 + ∥(1 + |x|)∇Φ∥L2 ≤ ϵ (n ≥ 3),
Φ = 0 (n = 2),

sup
0≤t≤T

∥σ(t)∥Hs0 ≤ δ,

and
M(t) ≤ 1

for t ∈ [0, T ], then there hold

|J2|+ |J4| ≤ C(1 + t)−
n
4M(t){(1 + t)−

n+2
2 M2(t) + ∥∇s0+1w∞(t)∥22}

fir t ∈ [0, T ]. Here C > 0 is a constant independent of T .

The proof is similar to that of Proposition 5.8. We omit it.

Proposition 5.12. There exists a ϵ > 0 such that if{
∥Φ∥Hs0 + ∥(1 + |x|)∇Φ∥L2 ≤ ϵ (n ≥ 3),
Φ = 0 (n = 2),

sup
0≤t≤T

∥σ(t)∥Hs0 ≤ δ,

and
M(t) ≤ 1

for t ∈ [0, T ], then there holds

d

dt
E∞(t) + C1E∞(t) + C2D∞(t) ≤ Cϵ(1 + t)−

n
2
− 1

2M2(t)

+C(1 + t)−
3n+4

4 M3(t) + C(1 + t)−
n
4M(t)D∞(t) (40)

for t ∈ [0, T ]. Here, E∞(t) and D∞(t) are equivalent to ∥U∞(t)∥2Hs0 and ∥∇w∞(t)∥2Hs0+
∥∇σ∞(t)∥2

Hs0−1 respectively. That is, there exist d1, d2 > 0 such that

1

d1
E∞(t) ≤ ∥U∞(t)∥2Hs0 ≤ d1E∞(t),

1

d2
D∞(t) ≤ ∥∇w∞(t)∥2Hs0 + ∥∇σ∞(t)∥2Hs0−1 ≤ d2D∞(t).
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Proof. We add κ × (23) to (35) with a constant κ > 0 to be determined later.
Then, by Proposition 5.7 and Proposition 5.11, we obtain

d

dt

(κ
2
∥U∞∥2Hs0 +

∑
0≤|α|≤s0−1

(∂α
xw∞, ∂α

x∇σ∞)
)

+κ
( ∑
0≤|α|≤s0

µ1∥∇∂α
xw∞∥22 + µ2∥∇ · ∂α

xw∞(t)∥22
)
+

γ

2
∥∇σ∞∥2Hs0−1

≤ C
∑

0≤|α|≤s0−1

∥∂α
x∇w∞∥2Hs0−1 + Cϵ{(1 + t)−

n+1
2 M(t)2 + ∥∇s0+1w∞∥22}

+C(1 + t)−
n
4M(t)

(
(1 + t)−

n+2
2 M(t)2 + ∥∇s0+1w∞∥22

)
. (41)

We set
E∞(t) =

κ

2
∥U∞(t)∥2Hs0 +

∑
0≤|α|≤s0−1

(∂α
xw∞(t), ∂α

x∇σ∞(t)),

D∞(t) =
κ

2

∑
0≤|α|≤s0

(µ1∥∇∂α
xw∞(t)∥22 + µ2∥∇ · ∂α

xw∞(t)∥22) +
γ

2
∥∇σ∞(t)∥2Hs0−1 .

For each κ > 0, D∞(t) and ∥∇w∞(t)∥2Hs0 + ∥∇σ∞(t)∥2
Hs0−1 are equivalent. Since∣∣ ∑

0≤|α|≤s0

(∂α
xw∞(t), ∂α

x∇σ∞(t))
∣∣ ≤ C ′∥U∞(t)∥2Hs0 ,

if κ is fixed in such a way that κ > 2C ′, then one can see that E∞(t) and ∥U∞(t)∥2Hs0

are equivalent. With this κ > 0, we see from (41) that

d

dt
E∞(t) + 2C2D∞ ≤ Cϵ(1 + t)−

n
2
− 1

2M2(t)

+C(1 + t)−
3n+4

4 M3(t) + C(1 + t)−
n
4M(t)D∞(t). (42)

By Lemma 4.2, we have
E∞(t) ≤ CD∞(t).

This, together with (42), gives the desired inequality (40). �

5.3 Proof of Theorem 3.4.

Proposition 5.13. There exists a constant ϵ2 > 0 such that if

∥U0∥2Hs0∩L1 ≤ ϵ2,

then there holds
M(t) ≤ C∥U0∥Hs0∩L1

for 0 ≤ t ≤ T , where the constant C does not depend on T .
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Proof. By (40) we have

E∞(t) + C2

∫ t

0

e−C1(t−τ)D∞(τ)dτ

≤ e−C1tE∞(0) + CϵM2(t)

∫ t

0

e−C1(t−τ)(1 + τ)−
n+2
2 dτ

+C
{
M3(t)

∫ t

0

(1 + τ)−
3n+4

4 e−C1(t−τ)dτ

+M(t)

∫ t

0

(1 + τ)−
n
4 e−C1(t−τ)D∞(τ)dτ

}
≤ e−C1tE∞(0) + Cϵ(1 + t)−

n+2
2 M2(t) + C(1 + t)−

3n+4
4 M3(t)

+CM(t)

∫ t

0

e−C1(t−τ)D∞(τ)dτ. (43)

We set D∞(t) := (1+ t)
n+2
2

∫ t

0
e−C1(t−τ)D∞(τ)dτ. Since 3n+4

4
> n+2

2
, we see from (43)

that

M2
∞(t) + C2D∞(t) ≤ C

(
E∞(0) + ϵM2(t) +M3(t) + CM(t)D∞(t)

)
.

This, together with Proposition 5.3, gives

M2(t) + C2D∞(t) ≤ C
(
E∞(0) + ∥U0∥21 +M4(t) +M3(t) +M(t)D∞(t) + ϵM2(t)

)
.

By taking ϵ > 0 suitable small, we obtain

M2(t) + C ′
2D∞(t) ≤ C3

(
∥U0∥2Hs0∩L1 +M3(t) +M(t)D∞(t)

)
. (44)

We observe that there exists a constant C4 > 0 such that

M(0) ≤ C4∥U0∥Hs0∩L1 .

Since M(t) is continuous in t, there exists t0 > 0 such that

M(t) < 2C4∥U0∥Hs0∩L1

for all t ∈ [0, t0]. Moreover there exists constants C6 > 0 and C7 such that

∥σ0∥Hs0 + ∥w0∥Hs0 ≤ C6M(0).

We set C5 := max{
√

C3

2
, C4}, and take ϵ2 in such a way that 0 < ϵ2 <

min{ 1
4C2

5
, δ
4C2

5
,

ϵ21
C2

4C
2
6
, 1
16C2

3C
2
5
,

C′
2

16C2
3C

2
5
}. We will show M(t) < 2C5∥U0∥Hs0∩L1 , 0 ≤ t ≤

T .
Assume that there exists t1 ∈ (t0, T ] such that

M(t) < 2C5∥U0∥Hs0∩L1
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for 0 ≤ t < t1 and
M(t1) = 2C5∥U0∥Hs0∩L1 .

It then follows from (44) that

M2(t) + C ′
2D∞(t) ≤ C3∥U0∥2Hs0∩L1 + C3M(t)

(
M2(t) +D∞(t)

)
< C3∥U0∥2Hs0∩L1 +

1

2

(
M2(t) + C ′

2D∞(t)
)

for t ∈ [0, t1], and hence,

M2(t) + C ′
2D∞(t) < 2C3

(
E∞(0) + ∥U0∥2L1∩L2

)
≤ 4C2

5∥U0∥2Hs0∩L1

for t ∈ [0, t1]. But this contradicts to M(t1) = 2C5∥U0∥Hs0∩L1 . We thus conclude
that

M(t) < 2C5∥U0∥Hs0∩L1

for all 0 ≤ t ≤ T . �
It follows from Theorem 3.3 and Proposition 5.13 that

M(t) ≤ C0 for all t.

Hence we obtain the desired decay estimate in Theorem 3.4.
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(1)
8

MI2009-13 Hidenao IWANE, Hitoshi YANAMI, Hirokazu ANAI & Kazuhiro YOKOYAMA
A Practical Implementation of a Symbolic-Numeric Cylindrical Algebraic Decompo-
sition for Quantifier Elimination

MI2009-14 Yasunori MAEKAWA
On Gaussian decay estimates of solutions to some linear elliptic equations and its
applications



MI2009-15 Yuya ISHIHARA & Yoshiyuki KAGEI
Large time behavior of the semigroup on Lp spaces associated with the linearized
compressible Navier-Stokes equation in a cylindrical domain

MI2009-16 Chikashi ARITA, Atsuo KUNIBA, Kazumitsu SAKAI & Tsuyoshi SAWABE
Spectrum in multi-species asymmetric simple exclusion process on a ring

MI2009-17 Masato WAKAYAMA & Keitaro YAMAMOTO
Non-linear algebraic differential equations satisfied by certain family of elliptic func-
tions

MI2009-18 Me Me NAING & Yasuhide FUKUMOTO
Local Instability of an Elliptical Flow Subjected to a Coriolis Force

MI2009-19 Mitsunori KAYANO & Sadanori KONISHI
Sparse functional principal component analysis via regularized basis expansions and
its application

MI2009-20 Shuichi KAWANO & Sadanori KONISHI
Semi-supervised logistic discrimination via regularized Gaussian basis expansions

MI2009-21 Hiroshi YOSHIDA, Yoshihiro MIWA & Masanobu KANEKO
Elliptic curves and Fibonacci numbers arising from Lindenmayer system with sym-
bolic computations

MI2009-22 Eiji ONODERA
A remark on the global existence of a third order dispersive flow into locally Hermi-
tian symmetric spaces

MI2009-23 Stjepan LUGOMER & Yasuhide FUKUMOTO
Generation of ribbons, helicoids and complex scherk surface in laser-matter Interac-
tions

MI2009-24 Yu KAWAKAMI
Recent progress in value distribution of the hyperbolic Gauss map

MI2009-25 Takehiko KINOSHITA & Mitsuhiro T. NAKAO
On very accurate enclosure of the optimal constant in the a priori error estimates
for H2

0 -projection

MI2009-26 Manabu YOSHIDA
Ramification of local fields and Fontaine’s property (Pm)

MI2009-27 Yu KAWAKAMI
Value distribution of the hyperbolic Gauss maps for flat fronts in hyperbolic three-
space

MI2009-28 Masahisa TABATA
Numerical simulation of fluid movement in an hourglass by an energy-stable finite
element scheme

MI2009-29 Yoshiyuki KAGEI & Yasunori MAEKAWA
Asymptotic behaviors of solutions to evolution equations in the presence of transla-
tion and scaling invariance



MI2009-30 Yoshiyuki KAGEI & Yasunori MAEKAWA
On asymptotic behaviors of solutions to parabolic systems modelling chemotaxis

MI2009-31 Masato WAKAYAMA & Yoshinori YAMASAKI
Hecke’s zeros and higher depth determinants

MI2009-32 Olivier PIRONNEAU & Masahisa TABATA
Stability and convergence of a Galerkin-characteristics finite element scheme of
lumped mass type

MI2009-33 Chikashi ARITA
Queueing process with excluded-volume effect

MI2009-34 Kenji KAJIWARA, Nobutaka NAKAZONO & Teruhisa TSUDA
Projective reduction of the discrete Painlevé system of type(A2 +A1)
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