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Abstract: In this paper we are concerned with the convergence rates to the station-
ary solutions for the compressible Navier-Stokes equations with a potential external
force V& in the whole space R™ for n > 2. It is proved that the perturbation decays
in L? norm in the same order as that of the n-dimensional heat kernel, if the initial
perturbation is small in A% (R™") N L'(R") with s = [2] + 1 and the potential ® is
small in some Sobolev space. The results also hold for n = 2 when ® = 0.

2010 Mathematics Subject Classification Numbers. 35Q30, 7T6N15.

1 Introduction

This paper studies the initial value problem for the compressible Navier-Stokes equa-
tion with potential force in R™ :

Op+ V- (pu) =0,
&u—i—(u-V)u—%%@) = %Au—l—ﬂ}lV(Vm) — Vo(x), (1)
(£, u)(0,2) = (po, uo)(x) — (P, 0) || = 00

Heret > 0, x = (21,29, -+ ,x,) € R" (n > 2); the unknown functions p = p(t,z) > 0
and u = u(t,x) = (ui(t,x),uz(t, x), -+ ,u,(t, ) denote the density and velocity,
respectively; P = P(p) is the pressure that are assumed to be a function of the
density p; —V®(x) is a time independent potential force; u and y' are the viscosity
coefficients satisfying the conditions p > 0 and u’' + %u > 0; poo 1S a given positive
constant; and V-, V and A denote the usual divergence, gradient and Laplacian
with respect to x, respectively.

We assume that P(p) is smooth in a neighborhood of p,, with P'(p) > 0 (p €

[£po0s o))



When @ is small, the Navier-Stokes equation (1); — (1)2 with potential force has
the stationary solution (p., u.) = (p«(x),0), where p, satisfies

/ "OPS) b ey — 0 2)
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oo

In this paper we derive the convergence rate of solution of problem (1) to the station-
ary solution (p,,0) as t — oo when the initial perturbation (pg— ps«, uo) is sufficiently
small in H*(R™) N L'(R") with so = [2] + 1, n > 2.

When & = 0, (1);—(1)2 has a (constant) stationary solution (p.(z), us) = (poo, 0).
In this case Matsumura-Nishida [8] showed the global in time existence of solution
of (1) for n = 3, provided that the initial perturbation (py — poo, o) is sufficiently
small in H3(R?) N L'(R?). Furthermore, the following decay estimate was obtained
in [8];

[STES

IV¥(p = pocs ) ()12 < C(1+1)757

These results were proved by combining the energy method and the decay estimates
of the semigroup E(t) generated by the linearized operator A at the constant state
(Poc, 0).

When & # 0, Matsumura-Nishida [10] proved the global in time existence of
solution of (1) for n = 3, provided that the initial perturbation (py — ps, uo) and
& are sufficiently small. Moreover, Duan-Liu-Ukai-Yang [1] established the decay
estimates :

k=0,1. (3)

V50 = o)D)l < CL+ 17572 k=0,1
for initial perturbation (py — p«, ug) sufficiently small in H3(R?*)N L*(R?). The proof
of these estimates was given by a suitable energy estimate for ||V (p — pi, w)(t)| 2
and the decay estimates for VE(?).

On the other hand, Kawashita [7] showed the global existence of solution for
initial perturbations sufficiently small in H*°(R") with so = [§] + 1, n > 2, when
® = 0. (Note that sy = 2 for n = 3). Wang-Tan [13] then considered the case
n =3 and ® = 0 when the initial perturbation (py — puo, ug) is sufficiently small in
H?*(R?*)N L'(R3), and proved the decay estimates (3). The proof in [13] is similar to
that in [1]; and the key in the proof of [13] is to use the bound [ [[Vu(t)||%. dt <
C|(po — poos o) |32, which is obtained by the energy method, in the estimate of the
nonlinearity to obtain the decay estimates under the less regularity assumption on
(PO — Pooy UO)'

In this paper we will extend the results in [1] and [13] in the following way by
an approach different to [1, 13].

We show that if n > 3 then the following estimates hold true for the solution

(p,u) of (1) :

MES

||Vk(p—p*,u)(t)||,;z < C<1+t)_%_ k=0,1, (4)

provided that (po — ps, ug) is sufficiently small in H*(R")N L'(R™) with so = [3]+1
and that ® is sufficiently small but ® # 0. Furthermore, if & = 0, then the estimates
(4) also hold for the case n = 2, provided that (py — p«, uo) is sufficiently small in

H?(R?*) N L'(R?). (Note that so = [2] 4+ 1 =2 for n = 2.)



To prove (4), as in [6], we introduce a decomposition of the perturbation U(t) =
(p — px,u)(t) associated with the spectral properties of the linearized operator A
at the constant state (po,0). In the case of our problem, we simply decompose
the perturbation U(t) into low and high frequency parts. As for the low frequency
part, we apply the decay estimates for the low frequency part of E(t); while the
high frequency part is estimated by using the energy method. One of the points
of our approach is that by restricting the use of the decay estimates for E(t) to its
low frequency part, one can avoid the derivative loss due to the convective term of
the transport equation (1);. On the other hand, the convective term of (1); can
be controlled by the energy method which we apply to the high frequency part.
Another point is that in the high frequency part we have a Poincaré type inequality:
IVUs| |2 = C||Us|| 12, where Uy, is the high frequency part of the perturbation U.
This yields the strict positivity inequality (AUs, Us) 12 +7||Voso||72 > Col|Uss |72 for
some positive constants Cy and v, where 0., denotes the density component of U,,.
Furthermore, the Poincaré type inequality makes the estimate of the nonlinearity
a little bit simpler in the energy method. Using these properties we can deal with
the time decay of |U(t)|| g in contrast to the approach in [1, 13] which, roughly
speaking, deals mainly with |VU(t)||gso-:. In particular, by our approach, we can
treat the case n =2 if & = 0.

The paper is organized as follows. In Section 2 we introduce the notation and
auxiliary Lemmas used in this paper. In Section 3 we state the main result of this
paper. In Section 4 we introduce a decomposition of the solution. In Section 5 we
give the proof of the main result.

2 Preliminaries

In this section we first introduce the notation which will be used throughout this
paper. We then introduce some auxiliary lemmas which will be useful in the proof
of the main result.

Let LP(1 < p < 00) denote the usual LP-Lebesgue space on R" with norm || - |,.
For nonnegative integer m, we denote by W™P(1 < p < oo) the usual LP-Sobolev
space of order m whose norm is denoted by || - ||wmr. When p = 2, we define
H™ = W™2._ The inner-product of L? is denoted by (-,-). We denote by H~! the
dual space of H', and (, ) denote the pairing between H~' and H'.

We introduce the following notation for spatial derivatives. For a multi-index
a=(ag,as, - ,q,), we denote

T x1 Y2

n
aa — aa18a2 .. .82‘2/, |Oé| = E Q;,
i=1

and for any integer [ > 0, V' f denotes all of [-th derivatives of f .
For a function f, we denote its Fourier transform by §[f] = f:

FLAE) = F(&) = s f(z)e ™ 4dz.



The inverse of § is denoted by §[f] = £,

FHAE) = fla) = 2m)™ | f(E)erde.
R”
For operators A, B, we denote the commutator of A and B by [A, BJ:
[A, B]f = A(Bf) — B(Af).
BC* denotes the set of all functions such that V'f is a bounded function for [ < k.

We next state some basic Lemmas.

Lemma 2.1 (Hardy’s inequality ). Assume that n > 3. Then there holds the
imequality

u
Il < €IVl
foru e H'.
See, e.g., [2], for the proof.
Lemma 2.2. Assume that n > 3. Then there holds the inequality

Hso—1

1fllee < ClIVf]

for f e H*™.

Lemma 2.2 is proved as follows. Let p = -2%. Then, since sp — 1 > %, by the

n—2
Sobolev inequalities, we have

[fllee < Cllfllwso-10 < C[V ]

Hso—1.

This proves Lemma 2.2.

Lemma 2.3. Suppose a(z) € BC'. For u € L* set

[a(m)a%, nexlu(z) = a(z)a%m cu)(z) — (g, * @%» (a).

Here n. x u is standard Friedrichs mollifier. Then it holds that

0
la(z) 5=, nexlu(@)]l2 < ClIVall]|ullz.
k

and

||[a<x>8%,ne*]u<x>||2 40 (e—0)

See, e.g., [11], for the proof.



Lemma 2.4. Suppose u € L*(0,T; H') and %u € L*(0,T; HY). Then,
the mapping t — ||u(t)||3 is absolutely continuous, with

d 2 _ !
S llu®llz =2 <u'(t), u(t) >

in the sense of distribution.

See, e.g., [2], for the proof.

Lemma 2.5. If0 <s;(j =1,2,---,1) satisfy s; < 5 (j = 1,2,---,1) and s, + 52 +
-+ 5> (5)(I = 1), then there holds

H% -

l
1fi-Fo e fille < Covo [T 151

See, e.g., [7], for the proof.
By using Lemma 2.5 we have the following estimates.
Lemma 2.6. (i) If1<|a| < s, g € H* and f € HI®l, then

Vy|
o <ol
“[ T g]f”2<_ { H‘79|

mso-1 || fll #riel
Hso fHHIa\—1~

(i) Let I be a compact interval of R and let R(y,x) € C(I x R™).
If 1 <|a| < sg, then there holds

10%(R(g(x),z) )]l < C{Ro(g)||fll2 + Ri(g)||V.f|| 1ot
+Rao(9) (L + llgllzs0) M IV gl rso— L f | 1o

for g € H* such that g(x) € I(x € R") and f € HI*. Here

Ro(g) = sup [ (9 R)(g(x), )

reR™

Y

Ri(g) = sup [(0JR)(g(z), )

B<a,c€R™

Ry(g) = _ max_sup [(9,0;)R(g(x),)|.

k21k+|BI<|o] zern

I

Lemma 2.6 can be proved in a similar way to the proof of [7, Lemma 3]. (See
also [5, Lemma 4.3] and [4, Lemma A.2])



3 Main result

In this section, we first state the existence of stationary solution (p.,0) and some
estimates on p, which were obtained in Matsumura-Nishida [10]. We then state our
main result on the convergence rate of solutions (p(t), u(t)) to (p«,0) as t — oo.

Proposition 3.1 (Matsumura-Nishida [10]). There exist positive constants € and C
such that if
1P|

o+ [(1+ |2]) V|12 < e,

the problem (1); — (1)2 has a stationary solution (p.,u) = (p«(z),0) in a small
neighborhood of (pso,0) ; and it satisfies

lps(2) = poollzrsorr + [[(1 + |2]) Vs ()|

< C(”(I)’ Hso+1 + H(l + |ZB’)V(I>||L2),

1

‘p*(.’L’) - poo‘ < §poo

Let us rewrite the problem (1). By the change of variables,

ﬁ(t,l‘) = p(t,x) - p*(x)> ﬁ(t> ‘T) = u(tux)>

problem (1) is transformed into

8tﬁ+V(p*'&):ﬁ1, ’ 7 / ~
Oyt — LN — MY g4 EDy 4 (Bl - PRy 5= B,
(7, @)(0,2) = (po = pu; o) (x) — (0,0) (|| = o),

where )
Flz—V'(ﬁﬂ),
By = —(i-V)i— gL Ni— (ut ) —L (v @)
(P + p) p(p + pe)
P'(p.) 1 /1 "(ox v
+ — — = P"(sp+ p,)ds ) pV
<p*(p+p*) p+ps Jo (s p.) >p g

P”(p*) Pl(p*) Vp* ! " ~ ~2
+~—V,0*—N—Vp*—~—/ 1—5)P"(sp+ p«)ds | p”.
<p*(p+p*) PP+ pi) P+ e Jo (1= 9P ) >

Next, we define pq, us and v by

_ K ptp
Poo’ Poo

21

We also set



By using the new unknown functions

L = —u(t,x
U(t,:L‘) = p;p(t,CC), w(t,x) = P/(poo) <t7 )7

the initial value problem (1) is reformulated as

atO' +”}/V W — BlU = Fl(U),
Ow — pAw — e V(V - w) +vVo — BoU = FA(U), (5
(a,w)(O,x) = (UvaO)(m)a

where, U = ( “ ),
w

~—

BU=——"(w-Vp+pV - w),

BU = —ul—Aw MQ—V(V w) +y— P o
Px P P
0 00 ! e’} * P// * P/ *
_pp W/ P(sp+ po)ds — P=YP ( (p+) (5 ))07
’YP* 0 p* p*
F(U)=—y(w-Vo+oV-w),
P’ J
EBU) = —vw -Vw—puy—————0Aw— pto———>——0V (V- w
(V) Y PR, e 1) YY)
2 / 1
+—== — P (8poco + ps ds) oVo
Y \Pu(PooT + i) PocO + pi o ( )
+p?,on*< P'(p.)  Plp)
2
T \pulp0 +pi)  PE(PT + i)
1 1
- 1 _ Pl// - + . d 2
—— [ =P (spao + p)is)o

Remark 3.2. When ® = 0, we have p. = poo, and thus, p = 0 and V,o* =0. It

then follows that ByU = 0 and BoU = 0 and F(U) = —y(w - V)w — 537 ——oAw —
p255V(V-w) + Z50Vo.

For problem (5), Kawashita [7] proved the following global existence result.

Proposition 3.3 (Kawashita [7]). Let n > 2 and let Uy = (po, wo) € H*. There
exist a positive constant €, such that if

|Uo|lrs0 < €1,



@]l s50+1 +[[(1+ 2DV ||z <& (n 2 3),
=0 (n=2),

then problem (5) has a unique global solution U :

U= (a,w) € ﬂc«]([o’ oo);HSO_j) X Cj([O,OO);HSO_Qj),

j=0
w € L*(0,00; H™) N HY(0, 00; H® ™).

Proposition 3.3 were proved for the case ® = 0 in [7]. In a similar manner one

can see that Proposition 3.3 holds for ® # 0 satisfying the smallness condition of

Proposition 3.3 when n > 3.
We now state our main result of this paper.

Theorem 3.4. Let U = (o,w) be a unique global solution of (5) with initial value
Up = (09, wp) obtained in Proposition 3.3. Assume that n > 3. Then there exist
€ > 0 such that if Uy € H** N L' and

||U0||H80mL1 < e

R4

o+t + ||[(L+ |z ) VP12 < €
then, the estimates

k

2

IVFU@)]l2 < Co(1+8)7572, k=0,1, (6)

hold fort > 0.
The estimates (6) also hold for n =2 if & = 0.

The proof of Theorem 3.4 will be given in section 5

Remark 3.5. When ® = 0, one can also obtain the decay rates for the perturbation
of higher-order spatial derivatives. In fact, one can prove the following estimates.
Let U and Uy satisfy the assumption of Theorem 3.4. When ® =0 (n > 2), we have

IVFU )]l < Co(1+8)747%, k=0,1,--- 5

fort > 0.

4 Decomposition of solution

In this section we introduce a decomposition of solutions to prove Theorem 3.4.

We set
U= ), U= °°
w 3 0 wo )



Then problem (5) is written as

8U — AU — BU = F(U), Ulieo = Up, (7)

_ Bl U o F1 (U)
- (35 ro-(549)
We next decompose a solution U of (7) into low and high frequency parts. Let
X1 be a cutoff function defined by

where

wo-{y 50 we-1-ue

Here r = ——. (As for the number r, see Lemma 5.1 below.)
We define operator Q;(j = 1,00) on L? by

Qiu:=F '(x;a) (j=1,00), welL’

The operators Q;(j = 1,00) have the following properties.

Lemma 4.1. Q;(j = 1,00) satisfy the following relations.

() Q1+ Qx=1
(i) QF = Q;
(7i1) Q1Qo0 =0
(i) (Qsu,v) = (u,Qs0) foru,v € L.

Lemma 4.1 can be easily verified; and we omit the proof.

We next state boundedness properties of Q; (j = 1, 00).

Lemma 4.2. (i) For each nonnegative integer k, Q;(j = 1,00) are bounded linear
operator on H.

(1) For each nonnegative integer k, it holds that |[V*Qulls < |lulls  (u € L?).
(11i) For each nonnegative integer k, it holds that ||V*Qqullee < Cllullz  (u € L?).

() Qoo satisfies |VQuoullz > C||Quouls  (u € HY).



The assertions (i), (ii), (iv) easily follow from the Plancherel theorem. The in-
equality (i7i) is obtained by (i) and the Sobolev inequality.

In terms of 1 and @, we decompose a solution U(t) of (7) as
U(t) = Ur(t) + Us(t), Uj(t) = Q;U(t)  (j =1,00).

It then follows that U (t) and U (t) are governed by equations (13) and (14) given
in Proposition 4.3 below.

To state Proposition 4.3 we introduce a semigroup associated with a low fre-
quency part of A. We set

E\(t)u:= S_l[)@e’é(g)tﬁ] foru € L?
where .
A 0 —1v€ )
A& = ) .
(E) ( -7 _M1’§|21n - Mzéft
Here and in what follows the superscript -* means the transposition.

Proposition 4.3. Let T > 0 and let U = (o,w)" be a solution of problem (7) on
[0,T] such that

1
U= (o,w)" € [)C/([0,T]; H* ) x C/([0,T]; H*~>), (8)
j=0
w e L*0,T; Ho™) N HY(0,T; H*™Y), (9)
and let
U;=Q;U, o0j=0Q,0, wj=Q;w (j=1,00).
Then,
U, € CY([0,T); H"), VE=0,1,2,--, (10)
1
Us € () CU([0,T); H* ™) x CI([0,T); H* %), (11)
j=0

W € L*(0,T; HOT) N HY(0,T; H*™ ). (12)

Furthermore Uy(t) and Ux(t) satisfy

Uy(t) = E1(t)Upy + /Ot Ei(t — s)Q1(B(Ur + Uso)(s) + F(Ur + Usx)(s))ds ~ (13)

and

8t(]oo - AUoo - QOOB(Ul + Uoo) = QOOF(UI + Uoo)v (14)
Uoo|t:0 - U0007 (15)
where U()j = Q]'Uo (j = 1, OO)

10



Proof. Let U(t) = (o, w)" be a solution of (7) satisfying (8) and (9). It then follow
from Lemma 4.2 that U;(t) and U (¢) satisfy (10), (11) and (12), respectively.
Since Q;AU = AQ,;U for U € H* (j = 1,00), applying @), to (7), we obtain

Uy — AUy — Q1B(Ur + Uss) = Q1F(Ur + Ux), Utli=o = Unn, (16)
at - QooB(Ul + Uoo) = QOOF(UI + Uoo)7 Uoolt:O = Upoo-
Taking the Fourier transform of (16);, we have
X10:U0 = X1 AU + 1 BU + X1E(U). (17)
It follows from (17) that
~ ~ t ~ — —
X1U(t) = e, U(0) + / A=) (1 BU + x1 F(U)) (s)ds.
0
We thus obtain
t
0
This completes the proof. U

5 Proof of main result

In this section we prove Theorem 3.4. In subsections 5.1 and 5.2 we establish the
necessary estimates for Uy (t) and Uy(t), respectively. In subsection 5.3 we derive
the a priori estimate to complete the proof of Theorem 3.4.

Set

1
EZ (1+7) 35| VEUL (7)o,
— k:

Moo(t) := sup (1+ )2 | Uno(7)]
M(t) := M (t) + M (t).

We also set ¢ = 22, where C is constant such that [|f[lec < C| f]

f € H*°. Hereafter, we assume that

H*%0,

uso for all

sup ||lo(t)|| g < 0.

0<t<T

Then we have

lo(®)llee < Csllo(t)]

o S T

11



5.1 Estimate of Ui (t)

In this subsection we derive the estimate of Uy (t), in other words, we estimate M; (?).

Lemma 5.1 (Matsumura-Nishida [9]). (i) The set of all eigenvalues of A(€) con-
sists of \i(§) (i = 1,2,3), where

/\1(§> _ —(p1+p2) €2 +il€|\ /472 —(p14p2) |€]2
)\2(5) = )\1(5),
)\3<§> = —M1|§’2,

or < r, where r = ———. Here M\ denotes the complex conjugate o
Ve

M ()

(i) €A has the spectral resolution

3
etA©) — Z e pi(g),
j=1

where P;(§) is the eigenprojection for X\;(&) and P;(§) satisfies

IPO<C (| <r).

where r = .
VH1F 2

E, (t) satisfies the following estimate:

Lemma 5.2. Let k be a nonnegative integer. Then there holds
IV*E(HQuUoll2 < C1+ )~ |Th ],

fort > 0.

Proof. By Lemma 5.1 (i) we see that there exists a constant 8 > 0 such that
e2Bed; (O < CleBlErt (1<j<3).

Therefore, by Plancherel’s theorem and Lemma 5.1 (ii), we have

I RO@UOL < o[ o)’
&I<r

N|=

< of /R [gfe I Dy ) )

k

< ot GrD|Uy)s. (18)

12



We also find that
~ 2 1
IVE(O@Uile < ClU( [ e ag)’
|€l<1
< C||Uo|x-

The estimate of Lemma 5.2 follows from (18) and (19).

As for M (t), we show the following estimate.
Proposition 5.3. There exists a € > 0 such that if

2]

oo + 1L+ ) VOl < e,

sup [|o(t)[|m0 <6,
0<t<T

and
M(t) <1

fort €[0,T], then there exists a constant C' > 0 independent of T such that
M;(t) < C||\Us|ly + CeM(t) + CM?(t)
fort e [0,T]

(19)

To prove Proposition 5.3, we will use the following estimates on B(U) and F(U).

Lemma 5.4. Let n > 3. There exists a € > 0 such that if

1] mrsor + [[(1 + |z ) V|12 <€,
and
M(t) <1
fort € [0,T], then there exists a constant C' > 0 independent of T' such that
IBUI() + Uss ()l < Ce(1+ 1)~ 5 M(#)
fort € [0,T7].

Lemma 5.5. Let n > 2. There exists a € > 0 such that if
M(t) <1
and

[ @l sotr + |(L+ [z)V ||z <€ (n>3),
d=0 (n=2)

fort € [0,T], then there exists a constant C' > 0 independent of T such that
|F(O() + U ()] < C(L+1)7"2 MA (1)
fort e [0,T].

13



We will prove Lemma 5.4 and Lemma 5.5 later. Now we prove Proposition 5.3.

Proof of Proposition 5.3. We first consider the case n > 3. By Lemma 5.2 and
(13), we see that

IVUL(T) |2 < IVFEL(T)Unl2
+ / VB — ) (QuBWUL(5) + Unc(s)) + QUF (Us(s) + Use(5))) ads
< O+ ) G|yl
b [ 7= D B ) + Ul
HIEUL(S) + Usels))]1) ds. (20)
Using Lemma 5.4 and Lemma 5.5, we have

n

/OT(1+T—S) D (| BUL(S) + Uso()l + [ F(Ur(s) + Us(s))I1) s

+

< c/T<1 b7 — ) e 1 5) 2B M) + (14 9~ M2(1) ) ds

1

+CM?(t) / (1+7— s)—<%+§)(1 +5)7 " ds
0

< Ce(147) DM + C(1+ 1)~ G+ M), (21)

Here we used 232 > 1 for n > 3 to handle the term €(1 + s)~"i" M(t). By (20) and
(21), we obtain

(24 k)

”kal(T)HQ S C<1+T) 4 2 ||UO||1+O€(1+T) (%+

[SIE

M (t)+CO(1+7)" G221,
and hence,
(1+ 7)%+§||V’“U1(T)||2 < O||Uplly + CeM (t) + CM?(t).

Taking the supremum in 7 € [0, ¢], we obtain the desired estimate for n > 3.
n+

When n = 2, we have BU = 0. Therefor the term (1 4 s)~ " M(t) in the

computation above is missing; and one can obtain the desired estimate for n = 2.
O

It remains to prove Lemma 5.4 and Lemmab.5.
Proof of Lemma 5.4. By Lemma 2.1, we have

lw -Vl < (1 + [2]) Vollafl - (w1 + woo) |2

1+ |z
< e(IVwrllz + [[Vwse||2),
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H o PooVP* (P”(p*) 4 Pl(p*))o_”l

ot P p3
P"(ps) | P'ps) 1
< (| + ool [(L+ 2DV pull2]l=—=0 2
P p3 1+ |z|

< Ce(IVarlle + [Vosle).

By using the Holder inequality and Lemma 4.2, one can see that the L! norms of
the others terms are bounded by Ce(||[Va1]|2 + [|[Vows|2). We thus conclude that

| B(Ur + Us) 11 Ce([[VUL |2 + [|[VUso || 1)

n+2

<
< Ce(1+s)F M),

This completes the proof. O
Proof of Lemma 5.5. When n > 3, we see from Lemma 2.2 that

Py Plp)
Pe(PocT + i) PHPoc0 + pi)

1 /1
_ 1 — 8)P"(spsso + ps ds>02 1
L [ =P e+ )05
ClIVpslzllollslioll

ClIVo gso-tlloll2
C(1+ ) "7 M2(t).

V6. (

IAIN A

Note that this term does not appear when n = 2 since it is assumed that & = 0.

The L' norm of the other terms are estimated by using the Holder inequality,
_n+l

and bounded by C(1 + s)~ 2 M?(t). Hence, we have
IF (U, + Ul < C(1+ )75 M2(2).

This completes the proof. 0

5.2 Estimate of U, ()

We next derive estimates for Us,. The system (14) is written as

{ 01000 + 7V - Woo = Qoo (B1U + F1(U)), (22)

atfwoo - MlAwoo - HJQV : (vwoo) + 'YVO'OO = QOO(B2U + FQ(U))
Proposition 5.6. There holds
1d :
> 5 7 105 Usc (D2 + mll VO wecllz + pa| V- e (D)5 = oL (23)

0<]ar|<s0 1=1

15



for a.e. t € [0,T]. Here,

L= Y (00BU.80w).

0<]al<so

L = ) (0F(U),00)

0<]a|<sp—1

- Z wVo,880.) — > (90 - w), 80w

o0
|a| =s0 |a|=s0

—5 Z (V-w,|080x|%) + Z (w-VOSoy,000),

|a|=s0 l|=s0

— > N (OTBU 0 we) + Y (99 BaU, 05w,

loe|=s0 |7|=1 0<|a|<so—1
=N Y @ETRU),E T w) + Y (00F(U), 0%ws).
la|=s0 |7]=1 0<|er|<sp—1

Proof. Let n € C§°(R") satisfying n > 0, suppn C {z;|z| < 1}, n(—z) = n(x) and
[ n(x)dz = 1. Set n(x) = e "n(Z£). Note that due to n(—=z) = n(x) we have

(e * fr9) = (fine * g).

Let ¢ € C§° and || = so. We take the inner product of (22); with 9% (n. * ¢) to
obtain

(01000, O3 % @) + (VV - Woo, Iy ne * )
= (Qu(BU + Fi(U)),02(ne = ¢))
= (QuBiU,05nc % @) — {(Que(0V - w), 83ne )
—i—(w - Vo, 09ne * (,p) — (Ql(w Vo), d5n. * gp)} (24)

By integration by parts, we have

(0r(Ne % 05000), ) + ¥ (Me % V - O wes, )
= (0 % 0 Qoo B1U, @) — 7{(ne * 05 Qoo (0V - w), )
+(ne % ([02,w]V)a, ) — ([nex, w - V|05, ¢))
—(w - Vnex 950, 0) — (ne * Oy Q1 (w - Vo), ) }. (25)

Next, we multiply (25) by h € C§°(0,T) and take ¢ = 7, * 0% € C>* N L.
Integrating the resulting equation over [0, T, we obtain

16



e d T
=5 | s onlphde+ [ (v 0209 w02
0

T
:/ ( * (09 Qoo B1U ),ne*ﬁg‘am)hdt
T
/ w -V (ne*x020), . *8§am)hdt
0
T
+’Y/ [nex, w - V)OS @, ne 02050 ) hdt
0
T
+’Y/ ], Me * 8aaoo)hdt
0
T
’Y/ Ne % 05 Qoo (0V - W), 1 05 000 ) helt
0

+’Y/ (776 * 05Q1(w - Vo), ne * agaoo)hdt.
0

We rewrite this equality to let ¢ — 0. The second term on the right hand-side is
written as
(w- V(e x 950), e * 05 0
— (w (Me % 03 Oo0), Me * 8aaoo) + (w -V (ne x 0%01), ne * 8?000)

— %('UJ V|77€ * 8040-00| ) (w . V(’)?E * ago-l))ne * 8?000)
— —%(V S W, |7 * 8§aoo|2) + (w -V (ne * 0%01), e * 3;7000)_

Hence, we obtain

e d T
-2 / I 5 B it [ %9 - 0w B
0 t 0
T
(Me % 03 Qoo B1U, e % Oy 000 ) Rt
T

c\

- (V- w, [ne % 0%0s0|*) hdt

S
’\ DN —

w - V(ne % 0501),me % 05050 ) hdt

_|_
2

S

([776*’ w - V]ag% Ne * a(;goo>hdt

_l’_
2

_l’_
)
S

(e * [05, w] Vo, ne + O o) hdt

T
—y [ (0% 05Quo(0V - w), me % 0000 ) hilt

(1e % 05Q1 (w - V), me * 0F 000 ) hdlt (26)

+
c\
N o

17



Letting € — 0 in (26), we can obtain

1 ("d r
5 | looslhdt s [ ooz ha
0 0

/ BU, 00 )hdt

-], 5
)

T
+ / w]Vo, 050 ) hdt
0

(V - w, [0%0[?) hat

+
S
l\DI»—

~

w- Voo, 8aaoo)hdt

—’y/o (02(oV - w), 0800 ) hdt. (27)

In fact, as for the third term on the right hand-side of (26), by Lemma 4.2, we

see that

Hence, we have

(w - V(e * (9501)), e * 05000
[wlloclVOZo1|2]|07 occ]|2
Voulla[|05oll2 € LY(0,T).

[[0]| 20

/ (w V(ne x (03 01)),776*8?000)6115

—>/ wV@al,aaoo)

The fourth term on the right hand-side of (26) can be shown to go to zero by using
Lemma 2.3. In fact, since %0 € C([0,T); L?),w € L*(0,T; H**') c L*(0,T; BC'),
applying Lemma 2.3, we have

for a.e. t € (0,

<

7).
Iq
c

|

l[nex, w - V]osolls — 0 (e — 0),
We thus obtain

ok, w - V[0S o, ne x 80‘000)h|

IVw ()]l 05 (8)13]A()]
[[nex, w - VIO o |[2]|ne * O osola| A ()] —> O (e = 0).

for a.e. t € (0,T). Since, ||Vw(t)||oo < C|lw(t)] g0+ € L*(0,T), we see that

T
/ ([nex, w - V)OS0, me % 0300 ) hdt — 0.
0

18



As for the seventh term on the right hand-side of (26), by Lemma 4.2 and the
dominated convergence theorem, we have

T
/ (776*ag@l(w'va)vne*agaoo)hdt
OT
+ [ @ Vo) ot =0
0

Here we have used (05Q1(w- V0),0%04) = (Q102Q1(w - Vo),080) = (92Q1(w -
Vo), 05Q104) = 0.

For the other terms of (26), one can apply the dominated convergence theorem
to pass the limit and we obtain (27). It then follows from (27) that

1d 1
55“%‘%@)”% + (V- W, 0505) = (03 B1U,0704) — 7§(V cw, |0ga?)
+y(w - Vo1, 000x)
+7([02, W]V, 0204

—7(02(oV - w), 0%0) (28)

for a.e. t € (0,7) and |a| = so.
When |a| < so — 1, by simply taking the inner product of 9%(22); with 00,
we have

1d
Eauag%(t)ug YV - 0Wog, 0%000) = (0°B1U, 0%0) + (0°FLU, 8% ).
(29)
We see from (28) and (29) that
S A oo ()3 (T - B, D)
th xUOO 2 7 x “Y00) mUOO
0<|a|<s0
= > (B %os)+ Y. (02R(U),050x)
0<|a]<so 0<]a|<so—1
+ 3 (0w Ve 00w) + Y (— 020V - w)do)
|ar|=s0 e |ar|=s0 o
1
-3 DV w, [000sl?) + Y (w- VIor, 050x) (30)
lor|=s0 la|=s0

for a.e. t € (0,7).
We next consider (22)s. Let ¢ € C§° and let |a| = s9. We take the inner-product
of (22), with 0%¢ to obtain

(Otoo, 07 ) — 11 (Dtos, 05 0) — p12(V(V - oo ), 05 )
—|—’)/<VO'OO, 83?(;0) = (QOOB2U7 a;zg0> + (QOOF2<U)7 a?@)

19



Integrating by parts, we obtain

<a§atwooa 90> + ,ul(vaffwoo, V@)
+112(V - OfWoo, V - ) = (05006, V - @)

= D (057QuBU,0Jp) + Y (057 Qe Fa(U), 0]0).
[v|=1 lv|=1

Here we have used the fact that >, 0777Qucls € L?, which can be seen from
the proof of Lemma 5.7 below. By density, we can set ¢ = 0%w. So we obtain by
Lemma 2.4,

1d
Q%H@?wmni + [ VO weo |3 + 12|V - O wee |13 = 1(05 000, V - 0w
= =) (08B, 0)00ws) — Y (05 Fy(U), 0105 wec). (31)
[v|=1 [vl=1

for a.e. t € (0,7).
When |a| < sp — 1, in a similar way as above we get

1d
§5H@?wml|§ + 11| VT weo |3 + p2l|V - 05w |3 — 1(08 000, V - 02 w0)

- Z (8% BoU, 0%ws0) + (0% Fy(U), 8%wes ). (32)
0<]|<sp—1

We see from (31) and (32) that

1d o o
>2 gaplotwsll + mllOe Vel + el V- S
0<]a|<s0

(0205, V - 00 wee)
= = > ) (B, 0100 ws) — > > (T R(U), 0700 wse).

laf=so |v|=1 lal=s0 |y|=1
+ Y (09BoU, 08wse) + (08 Fa(U), 02w (33)
0<|ar|<s0—1
A linear combination of (30) and (33) yields the desired result. O

We next estimate I; and I5.

Proposition 5.7. Let n > 3. There exists a constant € > 0 such that if
@] g0+t + [|(1+ |2 ) V|12 < e,

sup HO’(t)’ s <0,
0<t<T

and
M) <1
fort € 10,717, then
L]+ I < Ce{(1+ )~ C3IM2(E) + |Vt hwn (8)]12)

fort € [0,T]. Here C > 0 is a constant independent of T'.
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Proof. First we show the estimate of I;. We have

Ll = | D (0w Vp),050x) + (92(p - Vw), 0500}
0<]ar|<s9
< Z (105 (w - Vp)|l2 + 105 (AV - w)|2)[| 05 0o |2- (34)
0<]a|<s0

By Lemma 2.2 and Lemma 2.6, the terms on the right-hand side of (34) is estimated
as

107 (w - Vo)l < ClllwlleolVallaeo + [[Vwllsg-1l[Valls}

<
< Ce(1+ )" M (1),

105 (V- w)|2

< Cllpllmso Vw0
< Ce(1+ ) GTDM() + Ce|| VO g .

Hence, we obtain the estimate of I;.
Let us next consider I5:

Il = = > Y (007BU, 00w+ Y (09BoU, 0%we)|

lal=so |v|=1 0<|a|<sp—1

< C( Y [08BU) IVl

|a|<so—1
We estimate ||09BaU |2 (Ja| < so — 1). We write BoU as
BU = Gi(p,x)Aw+ Go(p,x)V(V - w) 4+ G3(p, z)Vo + Gy(x)o,

Hso

where _
Gi(p,x) =

*

Galp, ) = — -

Ps
1
Gy(p,a) = —y L + pp“/ P"(5p + poc)ds,
P« TPx Jo
ooV * P” * Pl *
We thus obtain by Lemma 2.2 and Lemma 2.6
105 BU 2 < C{lIpllm=o IV wll o=t + 1]l s llo || 0 + 1105 Ga(@)ll2llo]]oo }

< Ce{(L+ )75 2 M) + IV weelo ).
Hence, we have
II] < Ce(1+1)"GTVMA(t) + Ce|| VO wa 2.
This completes the proof. 0
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Proposition 5.8. Let n > 2. There exists a constant € > 0 such that if

9| grsorr + (1 + |2)) V|2 < e (n>3),
®=0 (n=2)

sup lo ()| 20 <,

0<t<
and
M(t) <1

fort € 10,7, then
L] + [ L] < O+ )7 TME{(L+6)CFIM(2) + |V wa (1[5}

fort €[0,T]. Here C > 0 is a constant independent of T.

Proof. We first consider the case n > 3. Let us estimate I5. For the first term of
15, by Lemma 2.6 and Lemma 4.2 we have

| D (RR(U),80x))|

0<]a|<sp—1
C(IV | oot |w|lss0 + [l ]| 50 [ V0| sro0-1) |0 | 50
CL+ )~ FHINMBE) + (1 + )T M)V wa o}

<
<

By Lemma 2.6, the second term of I5 is estimated as

| Z —— (0%, w |V, 000.)| < C||Vwl|g|| Vo

laf=

11901 Too| 1120

We finally, we consider I :

Ll = 1) D OTR0),8 )+ Y (08R(U), 0w

loe|=s0 |7]=1 0<|a|<so—1

< Y S @ BO) o s+ Y 0B 08 w2
lo|=s0 |7]=1 0<]a|<sp—1

< (> 0SEU)]2) [ Vwsol oo
0<|e|<s0-1

Let us estimate [[02F5(U)||2 for |a| < so — 1. F5(U) is written as

FU) = Ro(w)-Vw+ Ri(o,z)Aw + Ry(o,2)V(V - w)
+R3(0,x)0 + Ry4(o,z)Vo,

where
Ry(w) = —yw
2 2
P Pso
Ri(o,x) = —py © o, Ro(o,z) = —pe o
Pi(Poo0 + pi) Pi(Poo0 + pi)



2 . P// . P/ .
Ry(o.1) — poon( (ps) : (p+)
T \pulpoT +pi) (PO + pa)
1 1
—m/ (1 — S)P///(SPOOO' + p*)dS)O',
o0 * 0
2 y 1
p P'(p.) 1 / "
Ry(o,z) = io( — P"(spsgo + *ds)o.
() T \plomo + 70 po o Jy L P TR

From Lemma 2.2 and Lemma 2.6, we have

107 (Ro(w) - Vw)l2 < C[Vwllz

Hso—1»

102 (Ba(. 2)50) 2 < CIIVO | o1 | Al o,
102 (Rao. ) V(Y - @) 2 < CIVo | gsas [V (Y - 0) 701,
raa(Ra 0,2)0) 2 < CIIVoll 01 ]l 01,
H8°‘(R4 o, VU)HQ < C|Vo|lgso-1||Vo| grso-1-

We thus obtain
L] < CL+ ) TME{(L+1)” GHIM(E) + [V we ()13}
When n = 2, by using the Holder and Sobolev inequalities we see that
L] + 1] < C(L+ ) TMO{(L+ 1) EIM () + ||V ww (1)]15)-

This completes the proof. O

Proposition 5.9. There holds the inequality

d le} 1} Y le} 2 2 -
> 7 (F2wso (1), 05V 0u (1)) + 51105 Vo (D)3 < ClI Vsl + > i (35)

0<|ar|<s0—1 i=1

for a.e. t € (0,T), where,

J1: Z ‘(a:?QooBlU>a§vwoo)’7 J2: Z ‘(a:?QooFl(U)7angoo)|a

0<|a|<s0—1 0<|a|<sp—1

Js=C Y [(0iBU, Vo), Ji= > (02QuF(U),02V0.).

0<]x|<sp—1 0<]ax|<sp—1

Proof. Let |a] < sp — 1. We take the inner-product of 9%(22), with 0%Vo to
obtain
(050 W0, 05V ) + || VO 0002
= (05 AWae, 0V 0o0) + p2(05V - (Ve ), 05 Voo
+(09 Qo Fo(U), 05V 0 ) — (05 Qoo BaU, 03V o). (36)
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We next take the inner-product of 0% (22); with —02V - wy to obtain

— (0901000, 05V - Weo) = +7(05 (V - o), 05V - W)
—(02QooB1U, 05V - ws) — (09Qu F1(U), 05V - we), (37)

Since
(95 B, 9V o) < Cl|05 A3+ 11107 Voo

and
29V - (V). 9 Vo) < O Dwnel} + 11102 Vo,

by adding (36) and (37), we obtain the desired inequality

d
> Z(Own(®), 9V (1) + 2 VOow ()]

0<|e|<sp—1
< C(IVullie + D [(00QuBiU, 05V - wyo)| + (05 Que F (U), 05V - o )|
0<]|<sp—1
(05 BoU, 95V 000)| + (07 Qoo Fa(U), 05 Voo )|) (38)

for a.e. t € [0,T]. In fact, let h € C§°(0,T') and let 7. is standard Friedrichs mollifier,
as for the first term on the left hand side of (38)

T
/ (05 0iWeo, 09 VN % 000 )Rl
0

T d T
= [ Geeun o ns ot~ [ @20V o)t

T T
= — / (09 Woo, 05V (e * aoo))%hdt + / (09V + Woo, Me * 0405 000 ) hdt. (39)
0 0

Since 0%Weg, 2V + Weo, 030,00 and 90,0 € C([0,T]; L?) for |a < sy — 1, letting
e — 0 in (39) we can obtain by similar to proof of Lemma 5.6

d
(090 Weo, 09V 0o) = %(85‘1000, 0N 0oo) + (09V - Woo, 05 040)

for a.e. t € [0,T].
This completes the proof. 0

Proposition 5.10. Let n > 3. There exists a € > 0 such that if

12|

Hso+l + H(l + ‘ZL‘|)V(I)||L2 <€,

sup || (t)[|ms0 <6,

0<t<T

and
M(t) <1
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fort € [0,T1], then there holds
A+ || < Cef(1+6)7"2 MP(8) + [V g (1) 3}

fort € [0,T]. Here C > 0 is a constant independent of T'.

The proof is similar to that of Proposition 5.7 . We omit it.

Proposition 5.11. There exists a € > 0 such that if

[P o+t + |(1+ [2]) V|2 <€ (n > 3),
®=0 (n=2),
sup |[lo(t)[| =0 <9,
0<t<T
and
M(t) <1

fort €[0,T], then there hold
ol + 14l < COU+1)7E M(D{(1+ )75 M2() + |V e (1) 13}

firt €[0,T]. Here C > 0 is a constant independent of T.

The proof is similar to that of Proposition 5.8. We omit it.

Proposition 5.12. There exists a € > 0 such that if

[0 + 111+ [2) VBl 2 < € (0 >3),
=0 (n="2),

sup | (t)[lms0 <6,

0<t<T
and
M(t) <1
fort € [0,T], then there holds
d n_1
aEoo(t) + C1Ew(t) + CoDo(t) < Ce(1+ 1) 7272 M (1)
FO(1+1)"75F M3 (t) + C(1 + 1) T M () Do (t) (40)

fort € [0,T). Here, Eo(t) and Do (t) are equivalent to |Us (t)|| %5 and | Vws(t)]
Voo (t)||3s0-1 respectively. That is, there exist dy,dy > 0 such that

2ot

LBl < 1U(8)]

%150 S dlEoo (t)a
dy

1
d_QDOO(t) < [[Vwss ()70 + IVToc ()| 201 < doDoo(t).
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Proof. We add x x (23) to (35) with a constant £ > 0 to be determined later.
Then, by Proposition 5.7 and Proposition 5.11, we obtain

d
F Gl + Y (Ofwn, 2V 0w))

0<|er|<sp—1
o o Y
+r(Y u1||V8xwoo||§+uz||V-@cwoo(t)II%)+§||Voool|im-1
0<|ar|<s0
< C Y 0Vl + Ce{(L+ ) F M) + [V w3}
0<|ar|<s0—1
FO(L 4+ 6)"E M) (14 6)7"F M(1)? + |V ws |12). (41)
We set .
Eoo(t)=§||Uoo(t)|Hso+ D (Qwn(t), 08V o (1),
0<]a|<sp—1
K/ (0% (0%
Deo(t) = 5 D (mll Vw3 + 2]V - 02wa (1)]3) + HV%()!HSOI
0<]ar|<sp

2

For each k > 0, Do (t) and ||Vwao(t)] a1

are equivalent. Since

%{So + ||vaoo (t)|

| D (Bwa(t), 0:Vow(t)] < C' U (817

HSso0»
0<]a|<s0

if  is fixed in such a way that x > 2C", then one can see that F(t) and ||Us(t)]|%
are equivalent. With this x > 0, we see from (41) that

d n 1
EEOO(t) 4+ 205Dy < Ce(14t)" 272 M?(t)

FO(1+1)F

3(t) + C(1 4 1) T M(t)Duo(2). (42)

By Lemma 4.2, we have
En(t) < CDo ().

This, together with (42), gives the desired inequality (40). O

5.3 Proof of Theorem 3.4.

Proposition 5.13. There exists a constant e > 0 such that if

1Vl

HsoNLL < €9,

then there holds
M(t) < C|\Usllzsoncr

for 0 <t < T, where the constant C does not depend on T.
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Proof. By (40) we have
t
E(t) + C’g/ e~ =D (r)dr
0
¢
< e E(0) + C’eM2(t)/ e~ (1 4 T)JLTHdT
0

_ 3n+44

t
+C’{M3(t)/(1—|—7') i e g
0

0

+M(t) /t(l + T)iieicl(tiT)Doo(T)dT}

_3n+4

< e MEL(0) 4+ Ce(14 1) "2 M*(t) +C(1+ 1) 75 M3(t)

+CM(t) /t eI D (1)dr (43)

We set Doo(t) := (1+1)"2 f(f e~ =T D ()dr. Since 2 > 2 we see from (43)
that
M2 (t) + CoDoo(t) < C(Enc(0) + eM?(t) + M?(t) + CM (1) Do (2)).

This, together with Proposition 5.3, gives
M?(t) 4+ CoDoo(t) < C(Esc(0) + [|Uo|l7 + M*(t) + M3 (t) + M (1)Doo(t) + eMP(1)).
By taking € > 0 suitable small, we obtain

M?(t) + C5Doo(t) < Cs([|Uolfsorsr + MP(t) + M () Dec(t)). (44)

We observe that there exists a constant Cy > 0 such that

M(0) < Cy||Us|

HsoNL!-
Since M (t) is continuous in ¢, there exists to > 0 such that

M(t) < 204||U0‘

HsonL!

for all t € [0, to]. Moreover there exists constants Cg > 0 and C7 such that

HUO| Hso T ||w0| Ho < CﬁM(O).

We set Cs := max{,/ %, Cy}, and take €, in such a way that 0 < e, <
2

. 1 5 €2 1 c .

T.

msonrt; 0 <t <

Assume that there exists t; € (tg,T] such that

HsonL!
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for 0 <t < t; and
M(t1> = 2C5||U0||H300L1-

It then follows from (44) that

MA(t) + CyDus(t) < CsUp|

?{SOHLl + C3M(t) (M2(t) + Doo (t))

1 /
< CgHUQ‘ ?{sole + é(MQ(t) -+ OQDOO(t))

for t € [0, 1], and hence,

M?(t) + ChDos(t) < 2C5(Ex(0) + |Uo|F1nr2)
< 4ACE| U]

2
HsonL!

for t € [0,¢;]. But this contradicts to M(t;) = 2C5||U|
that

msonrt- We thus conclude

M (t) < 2C5||Usl| gsoncr

forall0 <t <T. L]
It follows from Theorem 3.3 and Proposition 5.13 that

M(t) < Cy for all ¢.

Hence we obtain the desired decay estimate in Theorem 3.4.
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