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Abstract: In this paper, we propose a method that optimizes the parameters of tone mapping operators by
compressing the dynamic range of HDR images using natural image statistics. First, a prior probability model
of a natural image is constructed for color natural images based on a generalized Gaussian distribution. Then,
an LDR image is generated by converting the HDR image using the tone mapping operator. Next, we generate a
normalized histogram of the LDR image using a discrete wavelet transformation. Finally, the optimal parameters
of the tone mapping operator are estimated by minimizing the Kullbuck–Leibler divergence of the probability
density function and the normalized histogram. Using these parameters, it is possible to generate an LDR image
that closely resembles the natural image.
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1. Introduction

High dynamic range (HDR) images capture and represent
real-world scenes more accurately than normal low dy-
namic range (LDR) images are able to do. HDR images
maintain the same dynamic range as human visual char-
acteristics (HVS), and have been applied in fields such
as high-quality rendering, on-vehicle cameras, surveillance
cameras, and medical imaging, owing to their high versa-
tility [1]. An HDR image is usually generated by synthe-
sizing multiple LDR images taken under different exposure
conditions [1]. To display an HDR image on a general LDR
display, a tone mapping operation is necessary to compress
the dynamic range of the HDR image to RGB 8 bits or 256
gradations per pixel of the LDR image using a tone map-
ping operator (TMO).
Various tone mapping methods have been proposed in the
literature [2]∼[5]. The overall brightness and contrast of the
LDR image obtained via these tone mapping processes de-
pend largely on the values of the parameters of the respec-
tive methods. Therefore, it is necessary to set appropriate
values for these parameters according to the HDR image.
Currently, these values are often determined empirically or
by trial and error.
In this paper, we propose a method that optimizes the pa-
rameters of tone mapping operators by compressing the dy-
namic range of HDR images using natural image statistics.
First, a prior probability model of a natural image is con-
structed for color natural images based on a generalized
Gaussian distribution. Then, an LDR image is generated
by converting the HDR image using the tone mapping op-
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erator. Next, we generate a normalized histogram of the
LDR image using a discrete wavelet transformation. Fi-
nally, the optimal parameters of the tone mapping opera-
tor are estimated by minimizing the Kullbuck–Leibler di-
vergence of the probability density function and the nor-
malized histogram. Using these parameters, it is possible to
generate an LDR image that closely resembles the natural
image.

2. Tone Mapping Operation
Tone mapping operations need to compress the dynamic
range and preserve an appropriate gradation of the HDR im-
age. As such, several tone mapping methods have been pro-
posed in the literature [2]∼[5], and can be divided broadly
into global and local tone mapping methods.

2.1 Global Tone Mapping Global tone mapping per-
forms a luminance conversion of the entire image using a
uniform conversion function [2] [3]. In order to handle a
wide dynamic range, Drago et al. [2] proposed a tone map-
ping method using a logarithm function:

Ld =
Ldmax · 0.01

log10(Lmax+1)
· log10(L+1)

log10

2+8


(

L
Lmax

) log10(b)
log10(0.5)



, (1)

where L is the luminance value of the HDR image, Lmax

is the maximum luminance value of the HDR image, Ld is
the luminance value of the LDR image after the tone map-
ping operation, Ldmax is the maximum luminance value of
the LDR image, and b is a parameter that controls the com-
pression of high values and the visibility of details in dark
areas. This method needs to adaptively change the param-
eter b of Eq.(1) according to the scene of the input image,
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based on the view that the steep slope of the logarithmic
function curve with a small base value is suitable for the lu-
minance conversion of dark areas, and that the gentle slope
of the curve with a large base value is suitable for compress-
ing light areas. Global tone mapping operations tend to lose
a small amount of contrast expressing the detailed texture
of a local area because a uniform brightness is applied to
the input image in order to preserve the receive magnitude
of the brightness values among the pixels.

2.2 Local Tone Mapping Local tone mapping per-
forms a different luminance conversion for each local por-
tion of an image in order to improve the reproducibility of
the scene [4] [5]. Although the calculation cost is higher
than that of a global tone mapping operation, it is possi-
ble to set a dynamic range suitable for each local area. In
addition, a brightness conversion can be performed while
maintaining information such as the texture and contrast of
the HDR image. Reinhard et al. [4] proposed a tone map-
ping method based on a technique used to develop analog
photos. First, the reference brightness in the scene of the
input image is determined as:

L̄ω =
1
N

exp

∑
x,y

log (σ + Lω(x, y))

 , (2)

where L̄ω is the average luminance value of the input image,
N is the total number of pixels, Lω(x, y) denotes pixel (x, y)
of the input image, and σ is a small value used to avoid
the singularity that occurs if back pixels are present in the
image. Using the average luminance value L̄ω, each pixel
value is scaled according to:

L(x, y) =
a

L̄ω
Lω(x, y), (3)

where L(x, y) is the scaled luminance and a is a parame-
ter that controls the brightness of the entire scene of the
scaled luminance L(x, y). Second, dodging-and-burning is
performed to emphasize the contrast of pixels that are sig-
nificantly different from the luminance value of the periph-
eral region. To begin with, we convolve the image with
a circular convolution kernel defined using multiple spa-
tial scales si (i = 1, 2, · · · ). Let the obtained response be
Ṽ(x, y, si), and the local contrast according to the spatial
scale si be given by:

V(x, y, si) =
Ṽ(x, y, si) − Ṽ(x, y, si+1)

2ϕa/s2
i + Ṽ(x, y, si)

, (4)

where ϕ is a sharpness parameter that controls the edge em-
phasis. Reinhard et al. [4] consider eight scale levels for
si: the minimum s1 is 0.35, and is increased by 1.6 times
thereafter. Third, sm is found to first satisfy the following
for each pixel:

|V(x, y, sm)| < ϵ, (5)

where ϵ is the threshold. Finally, from the V(x, y, sm) gen-
erated in this way, the local tone mapping operation is per-
formed using the following:

Ld(x, y) =
L(x, y)

1 + V(x, y, sm)
, (6)

where Ld(x, y) is the LDR image after the local tone map-
ping operation. A natural LDR image can be generated by
appropriately determining the parameter a and the spatial
scale si. In local tone mapping, shadow-like noise that does
not exist in the original image, called a halo artifact, may
occur because the method tries to maintain the consistency
of the luminance.
In the following, we describe a method for estimating the
optimal values of the parameters used in these tone map-
ping operators.

3. Natural Image Statistics[6]
Here, we estimate the optimal values of the parameters of
the tone mapping operators using natural image statistics.
First, we construct a prior probability model for natural im-
ages based on a generalized Gaussian distribution (GGD).
The probability density function of the GGD is expressed
as follows [7]:

p(x;α, β) =
β

2αΓ(1/β)
e−|x/α|

β

, (7)

where α is a scale parameter, β is a shape parameter,
and Γ(z) =

∫ ∞
0 e−ttz − 1dt(z > 0) is the gamma func-

tion. From Eq.(7), the GGD is equal to the Gaussian
distribution when β = 2 and to the Laplace distribution
when β = 1. In addition, the GGD converges to the
Dirac delta function distribution when β → 0+ and to
the uniform distribution when β = 2. Next, a large num-
ber of color natural images are prepared, and a discrete
wavelet transform is applied to the CIELUV channel of
each natural image. Then, a high-pass subband (SB) com-
posed of three different frequency levels and directions
(i.e., nine horizontal directions SB{{cH(λ)

j } j=1,2,3}λ=L∗,u∗,v∗ ,

nine vertical directions SB{{cV (λ)
j } j=1,2,3}λ=L∗,u∗,v∗ , and nine

oblique directions SB{{cD(λ)
j } j=1,2,3}λ=L∗,u∗,v∗ ) and low-pass

SB{{cA(λ)
j } j=1,2,3}λ=L∗,u∗,v∗ are extracted. Here, j = 1, 2, 3 is

the resolution level of the discrete wavelet transform and
λ = L∗, u∗, v∗ is the CIELUV color channel.
Furthermore, a normalized histogram (hereafter, an SB his-
togram) is generated for the 27(= 9 × 3) SB components
{{{cG(λ)

j }G=H,V,D} j=1,2,3}λ=L∗,u∗,v∗ of each natural image. Here,
the bin width of the SB histogram is set to H = 3.5S/N1/3

(where N is the number of pixels and S is the standard de-
viation of the pixel values), as per Scott’s formula [8]. For
each of these SB histograms, the parameters of the GGD
are obtained by using an MLE. Then, for each of the 27 pa-
rameters of the GGD for each SB component α and β, the
average value {{{α̂G(λ)

j
, β̂G(λ)

j
}G=H,V,D} j=1,2,3}λ=L∗,u∗,v∗ per natu-

ral image is calculated and used as a preliminary model of
the natural image. In the experiment, 6000 images were
used for the above learning.

4. Parameter Optimization
Using a tone mapping operator with parameters chosen such
that the difference between the SB histogram of the out-
put image and the probability density function under the
GGD parameter A is small, we expect to obtain images
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with reduced texture information and reduced halo artifacts.
Kullbuck–Leibler divergence (KLD) is used as a measure of
the distance between probability distributions. Here, we op-
timize the parameter b in Eq.(1) of the global tone mapping
method of Drago et al. [2] and the parameter a and the spa-
tial scale si in Eq.(3)–(6) of the local tone mapping method
of Reinhard et al. [4]. We use KLD to solve each of the
following:

b̄ =

argmin
b

∑
λ∈{L∗,u∗,v∗}

3∑
j=1

∑
G∈{H,V,D}

DKL(PGλj
∥QGλj

(b))
(8)

(ā, s̄m) =

argmin
a,sm

∑
λ∈{L∗,u∗,v∗}

3∑
j=1

∑
G∈{H,V,D}

DKL(PGλj
∥QGλj

(a, sm)),
(9)

where DKL(PGλj
∥QGλj

(b)) is the KLD of the probability dis-
tributions PGλj

and QGλj
(b), and DKL(PGλj

∥QGλj
(a, sm)) is the

KLD of the probability distributions PGλj
and QGλj

(a, sm).
We solve for b̄ in Eq.(8) as the optimum parameter of the
tone mapping operator of Drago et al. [2], and for (ā, s̄m) in
Eq.(9) as the optimum parameters and spatial scale of the
tone mapping operator of Reinhard et al. [4]. Here, Eq.(8)
and Eq.(9) are rewritten as follows,

DKL(PGλj
∥QGλj

(b)) =∑
i

p(xi; α̂Gλj
, β̂Gλj

) log
p(xi; α̂Gλj

, β̂Gλj
)

QGλj
(i|b)

,
(10)

DKL(PGλj
∥QGλj

(a, sm)) =∑
i

p(xi; α̂Gλj
, β̂Gλj

) log
p(xi; α̂Gλj

, β̂Gλj
)

QGλj
(i|a, sm)

.
(11)

Here, xi is the median of the i-th bin in the SB his-
togram generated for the output image by the tone map-
ping operator, p(xi; α̂Gλj

, β̂Gλj
)(G = H,V,D; j = 1, 2, 3; λ =

L∗, u∗, v∗) is the value in x = xi of the probability den-
sity function of the GGD when the parameter value is
(α, β) = (α̂G(λ)

j
, β̂G(λ)

j
(G = H,V,D; j = 1, 2, 3; λ = L∗, u∗, v∗)),

QGλj
(i|b)(G = H,V,D; j = 1, 2, 3; λ = L∗, u∗, v∗)) is the fre-

quency of the i-th bin of each SB histogram generated for
the output image by the tone mapping operator of Drago
et al. [2], and QGλj

(i|a, sm)(G = H,V,D; j = 1, 2, 3; λ =
L∗, u∗, v∗)) is the frequency of the i-th bin of each SB his-
togram generated for the output image by Reinhard et al.
[4] tone mapping operator.

5. Experimental Results
In this experiment, we use HDR images collected from the
Internet and HDR images obtained by converting multiple
LDR images generated by shooting an actual scene, while
varying the exposure time using Debevec’s method [1]. We
shot 40 multiple exposure images to create one HDR im-
age. The experiment uses Drago’s method [2] as a global

(a) b = 1.6 (b) b = 1.0 (c) b = 1.1

(d) (a, s) =

(0.11, 5.9)
(e) (a, s) = (0.35, 9.4) (f) (a, s) = (0.24, 2.3)

Figure 1: LDR images generated by performing the tone
mapping operation using the proposed method. (a)–(c)
ours–Drago, (d)–(f) ours–Reinhard.

tone mapping operator and Reinhard’s method [4] as a lo-
cal tone mapping operator. The parameter a and the spa-
tial scale s are defined according to Reinhard et al. [4]
and the tone mapping operation is applied as a conventional
method (hereafter, referred to as Reinhard). The tone map-
ping operation performed using the parameter of the pro-
posed method is applied to (1) Drago et al. (hereinafter
referred to as “ours–Drago”) and (2) Reinhard et al. (here-
inafter referred to as “ours–Reinhard”). Then, we compare
the performance of the methods.
Fig.1 shows the results of the LDR image generated by pro-
cessing the HDR image with the tone mapping operation
corresponding to the minimum KLD solution.
Fig.2 compares each LDR image generated by applying the
local tone mapping operation by the proposed method and
the conventional method. We compare the results generated
by Reinhard as a conventional method and ours–Reinhard
as the proposed method. The results show that the texture
is clearer when using the proposed method than when using
the conventional method.
Tables 1 and 2 summarize the quantitative evaluation of the
proposed method. In the experiment, we evaluated four
sheets, shown in Fig.1(b),(c),(e),(f). First of all, we chose
two images, one with off-white skipping and one with black
crushed, from the LDR image generated by shooting an ac-
tual scene. Next, an area which is not white skipping is
arbitrarily selected from the image which is white skip-
ping, and an area which is not black crushed is similarly
selected from the image having black crush. For the global
tone mapping operation, we calculate the correlation coeffi-
cient between the two areas and the same two areas of each
LDR image subjected to the tone mapping process with the
value of ±0.1 of the parameter b of the proposed method
and calculate the average value of the two correlation co-
efficients(Table 1). To evaluate the local tone mapping op-
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(a) (a, s) = (0.18, 2.3) (b) (a, s) = (0.35, 9.4)

(c) (a, s) = (0.18, 2.3) (d) (a, s) = (0.24, 2.3)

Figure 2: Comparison between proposed method and con-
ventional method. (a) Reinhard, (b) ours–Reinhard, (c)
Reinhard, (d) ours–Reinhard.

Table 1: Quantitative comparison of global tone mapping
operation.

Parameter b Image Correlation coefficient
0.9 0.7459
1.0 Fig.1(b) 0.7466
1.1 0.7455
1.0 0.8528
1.1 Fig.1(c) 0.8528
1.2 0.8527

Table 2: Quantitative comparison of local tone mapping
operation.

Method Image Correlation coefficient
Reinhard Fig.2(a) 0.8373

ours–Reinhard Fig.2(b) 0.8658
Reinhard Fig.2(c) 0.8357

ours–Reinhard Fig.2(d) 0.8574

eration, we calculate the correlation coefficient between the
two areas and the same two areas of the LDR image ob-
tained using Reinhard and ours–Reinhard and calculate the
average value of the two correlation coefficients (Table 2).
Tables 1 and 2 show that the correlation coefficient is max-
imized for the parameter value corresponding to the mini-
mum KLD solution.

6. Conclusion
We have proposed a parameter optimization method for a
tone mapping operator using a prior probability model of a
natural image based on the generalized Gaussian distribu-
tion. Then, we confirmed the effectiveness of the proposed
method in an experiment using actual HDR images. As a fu-
ture task, we will attempt to speed up the proposed method.
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