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A theory for studying nonlinear dynamics of molecular liquids is developed. The theory

is based on the extension of the time-dependent density functional theory to a rigid

interaction-site model. From the theory, one can calculate time changes in interaction-

site densities using molecular parameters such as the inertial moment of a molecule.

The theory has a differential and integral basic equation with a kernel function, which

is not included in the time-dependent density functional theory of simple liquids. The

application of the theory to diatomic and three-site molecules allows one to obtain

explicit expressions of kernel functions.

KEYWORDS: theoretical method of classical liquid dynamics, molecular liquid, time-dependent density

functional theory, rotational invariant expansion, interaction-site density

1. Introduction

In studies of dynamical properties of a solution system, one of the unsolved and

important problems is given by the dynamics of a molecular liquid in an inhomoge-

neous field. A solution system consists of liquid solvents and solutes, which include

large molecules, such as proteins. Although various inhomogeneous fields can be con-

sidered in the system, particularly important effects of inhomogeneous fields are due

to the interaction of solute molecules to solvent molecules. Such a field causes an inho-

mogeneous distribution of solvent molecules. Although the inhomogeneous distribution

affects the dynamics of solvent molecules significantly, the understanding of the effects

has not advanced significantly.

Many phenomena show profound effects of inhomogeneous fields due to solutes on

the dynamics of molecular liquids. When a solute particle is small1–5 and solvents are

mixtures,5–15 the solute affects solvation dynamics nonlinearly. The effects of the solute

also cause a deviation in solvation dynamics from the Gaussian process. The devia-

tion has been observed by time-resolved fluorescence spectra.16–19 Some authors have
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recently discussed the dynamics of water around a charged solute molecule.20–22 In

these phenomena, an inhomogeneous distribution of solvent molecules around a solute

molecule plays an important role.

Besides the above phenomena, the motions of a solute often affect the dynamics of

solvent molecules around the solute. The modification of solvent dynamics due to solutes

has been found to be important for the diffusion of large particles such as proteins.23–25

The modification is caused by the inhomogeneous distribution of solvent molecules.

To study such effects, the time-dependent density functional theory (TDDFT) has

been developed,4–6,26–36 although studies using the theory have been restricted to sim-

ple liquids. The TDDFT can adequately deal with the inhomogeneous distribution of

solvent molecules caused by solute molecules. The inhomogeneity can be studied using

nonlinear terms in the basic equations of the TDDFT. In fact, the TDDFT has been suc-

cessful in studying nonlinear effects on the solvation dynamics of simple liquids.4–6,26–32

Since the TDDFT, however, is applied only to simple liquids, it is necessary to extend

the theory to molecular liquids.

In studying molecular liquids, the formulation of the TDDFT in molecular liquids

is efficient, if one can formulate it in the same way as that in simple liquids. Since the

TDDFT allows one to solve many problems in simple liquids, one can also expect to

solve problems in molecular liquids. In addition, if the basic equations have the same

nonlinear terms as that in simple liquids, the TDDFT of molecular liquids has the

same merits as that of simple liquids. Using the nonlinear term, for instance, one can

study solute effects on molecular liquid dynamics. Thus, the TDDFT formulated for

molecular liquids is useful, if the formulation includes only approximations similar to

that in simple liquids.

In the present study, molecular liquids are described by the rigid interaction-site

model.37 Many authors have thoroughly studied the equilibrium properties of the rigid

interaction-site model.38 Nonequilibrium properties of the model have been studied us-

ing the mode coupling theory.39–41 The TDDFT of the rigid interaction-site model,

however, has not been developed although a deformable model has already been stud-

ied.42,43

Other formulation for the study of molecular liquids is given by rotational invari-

ants.32,44–47 The rotational invariants are employed to deal with rotational freedoms ex-

plicitly. By the rotational invariant, the only linearized TDDFT has been formulated,32

although no nonlinear version has been studied. This is because the formulation is too
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complex to be used in calculating molecular liquids.

The purpose of the present study is to formulate the TDDFT using the rigid

interaction-site model. For the formulation, the projection operator method48,49 is em-

ployed in the same way as the derivation of the TDDFT about simple liquids.34 The

formulation is applied to diatomic molecules, so that explicit expressions are obtained.

2. General Formulation

2.1 Projection operator methods

To formulate the TDDFT using the rigid interaction-site model, the Kawasaki-

Gunton projection operator34,48,49 is introduced using the interaction-site density. The

interaction-site density is defined by

ρ̂a(r) ≡
∑
i

δ(r− rai ), (1)

where rai is the position of site a in molecule i. The site density allows one to define the

Kawasaki-Gunton projection operator by34

Pt X̂ ≡ ⟨ X̂⟩lt +
∑
a

∫
dr

δ⟨ X̂⟩lt
δ⟨ ρ̂a(r)⟩lt

δtρa(r), (2a)

where X̂ is an arbitrary function of a phase space and δtρa(r) = ρ̂a(r)− ⟨ ρ̂a(r′)⟩lt. By
the projection operator, phase space functions are projected on a space consisting of

constants and δtρa(r), using the scaler product defined by ⟨· · · ⟩lt.
The average ⟨· · · ⟩lt included in the projection operator is defined by50

⟨ X̂⟩lt ≡
⟨ X̂ exp[−β

∫
dr

∑
a ρ̂a(r)ψa(r)]⟩

⟨exp[−β
∫
dr

∑
a ρ̂a(r)ψa(r)]⟩

, (2b)

where ⟨· · · ⟩ denotes the usual average by the equilibrium distribution. In addition,

β = 1/kBT where kB is Boltzmann’s constant and T is the absolute temperature. One

can determine the fictional external field ψa(r) using

⟨ ρ̂(r)⟩lt = ρa(r, t), (2c)

where ρa(r, t) is the average for ρ̂a(r) by a nonequilibrium distribution. The nonequi-

librium distribution allows ρa(r, t) to depend on time.

By the projection operator, one can derive exact equations of the site density.34 The

equations are given by

∂ρa(r, t)

∂t
=

∑
b

∫ t

0

dt′
∫
dr′Mab(t, t

′; r, r′)βψb(r), (3a)
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where

Mab(t, t
′; r, r′) = ⟨Ra(t

′, t′; r)Rb(t
′, t; r′)⟩lt′ (3b)

Ra(t
′, t; r) = Qt′U(t

′, t)iL ρ̂a(r). (3c)

Here, Qt = 1− Pt, U(t
′, t) is defined by

∂

∂t
U(t′, t) = U(t′, t)iLQt, (3d)

with U(t, t) = 1, and iL is the Liouville operator. One can associate ψb(r) with the free

energy functional of the site density51,52 by

ψb(r) = −δF [ρa(r, t)]
δρb(r′, t)

, (4a)

where the free energy functional F [ρa(r, t)] is defined by

F [ρa(r)] = Fψ[ψa(r)]−
∑
a

∫
ρa(r)ψa(r)dr, (4b)

with

Fψ[ψa(r)] = −kBT ln

⟨
exp[−β

∑
a

∫
ρa(r)ψa(r)dr]

⟩
. (4c)

The substitution of eq. (4a) into eq. (3a) yields

∂ρa(r, t)

∂t
=

∑
b

∫ t

0

dt′
∫
dr′Mab(t, t

′; r, r′)

{
−δβF [ρa(r, t)]

δρb(r′, t)

}
. (5)

A closed equation of the site density is derived using the Markovian approximation.

Here, the nonequilibrium average ⟨ρa(r, t)⟩lt and the deviation from the average δtρa(r)

are assumed to change with time more slowly than the other variables. Then, the

Markovian approximation is given by53

Mab(t, t
′; r, r′) ≈ ⟨Ra(t, t; r)Rb(t, t; r

′)⟩ltτδ(t− t′). (6)

The substitution of eq. (6) into eq. (5) yields

∂ρa(r, t)

∂t
=

∑
b

τ

2

∫
dr′Mab(t, t; r, r

′)

{
−δβF [ρa(r, t)]

δρb(r′, t)

}
, (7a)

where

Mab(t, t; r, r
′) =

⟨
[iL ρ̂a(r)][iL ρ̂b(r

′)]
⟩
. (7b)

Rewriting the closed equation of the site density, one can obtain the basic equation

of the TDDFT formulated using the rigid interaction-site model. Since iL ρ̂a(r) = −∇·
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Ĵa(r) with

Ĵa(r) =
∑
i

vai δ(r− rai ), (8)

where vai is the velocity of site a in molecule i, one obtains

∂ρa(r, t)

∂t
=

∑
b

τ

2

∫
dr′[∇ ·Mtot

ab (r, r
′)] · ∇′ δβF [ρa(r, t)]

δρb(r′, t)
, (9a)

where

Mtot
ab (r, r

′) =
⟨
Ĵa(r) Ĵb(r

′)
⟩
lt
, (9b)

and ∇′ denotes the differentiation with respect to r′. In addition, eq. (9b) shows that

the αβ-component of the tensor Mtot
ab (r, r

′) is given by
⟨
Ĵ
α

a (r) Ĵ
β

b (r
′)
⟩
lt
, where Ĵ

α

a (r)

is the α-component of the vector Ĵa(r). If eq. (9a) is written in the form

∂ρa(r, t)

∂t
= −∇ · Ja(r, t), (10a)

then

Ja(r, t) = −
∑
b

τ

2

∫
dr′[Mtot

ab (r, r
′)]∇′ δF [ρa(r, t)]

δρb(r′, t)
. (10b)

The obtained basic equation of the TDDFT shows differentiation and integration

with the kernel function Mtot
ab (r, r

′). To calculate the equation, one needs an explicit

expression of Mtot
ab (r, r

′), in particular. The kernel function Mtot
ab (r, r

′) will be expressed

by microscopic parameters of molecules for the rest of the section.

2.2 Dividing of kernel functions Mtot
ab (r, r

′)

The kernel functions Mtot
ab (r, r

′) included in the obtained equation show no correla-

tion between different molecules. The substitution of eq. (8) into eq. (9b) yields

Mtot
ab (r, r

′) =

⟨∑
ij

vaiv
b
jδ(r− rai )δ(r

′ − rbj)

⟩
lt

. (11)

Since one can find that velocity distributions for molecules i and j (̸= i) are independent

using the classical statistical mechanics, one obtains

Mtot
ab (r, r

′) =

⟨∑
i

vaiv
b
iδ(r− rai )δ(r

′ − rbi)

⟩
lt

. (12)

In the case of simple liquids, straightforward calculations give (kBT/m)ρ(r)δ(r − r′)

exactly,34 where ρ(r) is the density field of the simple liquid.

One can divide Mtot
ab (r, r

′) into translational and rotational parts. The site velocity

vai is divided into two parts by vai = vGi +∆va, where vGi is the velocity of the center
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of mass. The other part ∆va is given by ωi × δrai , where ωi is the angular velocity of

molecule i and δrai = rai −rGi with the position of the center of mass rGi . The substitution

of vai = vGi +∆va into eq. (12) yields

Mtot
ab (r, r

′) = MG
ab(r, r

′) +MR
ab(r, r

′), (13a)

where

MG
ab(r, r

′) =

⟨∑
i

vGi v
G
i δ(r− rai )δ(r

′ − rbi)

⟩
lt

(13b)

MR
ab(r, r

′) =

⟨∑
i

∆va∆vbδ(r− rai )δ(r
′ − rbi)

⟩
lt

, (13c)

because
⟨
vGi ∆va

⟩
= 0. The translational and rotational parts are given by MG

ab(r, r
′)

and MR
ab(r, r

′), respectively.

The translational part of the kernel functions is calculated using the statistical

independences of the position and velocity. From the average defined by eq. (2b), one

can average the position and velocity in eq. (13b) independently as follows:

MG
ab(r, r

′) =
∑
i

⟨
vGi v

G
i

⟩ ⟨
δ(r− rai )δ(r

′ − rbi)
⟩
lt
. (14)

Since ⟨
vGi v

G
i

⟩
=
kBT

m
U, (15)

where U is the unit tensor and m is the mass of the molecule, one can obtain

MG
ab(r, r

′) =
kBT

m
Uwltab(r, r

′), (16a)

where

wltab(r, r
′) ≡

∑
i

⟨
δ(r− rai )δ(r

′ − rbi)
⟩
lt
. (16b)

The rotational part MR
ab(r, r

′) given by eq. (13c) will be calculated in the next subsec-

tion.

2.3 Calculation of the rotational part in kernel functions MR
ab(r, r

′)

To calculate the rotational part MR
ab(r, r

′) of kernel functions, an approximation is

introduced. The approximation is given by

Xab(r, r
′) ≈

⟨∑
i∆va∆vbδ(r− rai )δ(r

′ − rbi)
⟩

ρwab(r− r′)
, (17a)
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where

Xab(r, r
′) ≡ MR

ab(r, r
′)

wltab(r, r
′)
. (17b)

Here, ρ is the equilibrium density of the molecules and wab(r) ≡
⟨
δ(r− rai + rbi)

⟩
.

By the approximation, one can expand the rotational part of the kernel function

in rotational invariants.37,44 Because of the approximation, Xab(r, r
′) depends only on

∆r = r− r′, so that⟨∑
i

∆va∆vbδ(r− rai )δ(r
′ − rbi)

⟩
= ρ

⟨
∆va∆vbδ(∆r− rai + rbi)

⟩
. (18)

Then, the expansion is given by

A ·Xab(r, r
′) ·B =

2∑
J=0

CJΦ
11J(ΩA,ΩB,Ω∆r), (19a)

where A and B are arbitrary unit vectors.

The rotational invariant Φ11J(ΩA,ΩB,Ω∆r) is defined by44

Φ11J(ΩA,ΩB,Ω∆r) = fJ
∑
µνλ

1 1 J

µ ν λ

R1
µ0(ΩA)R

1
ν0(ΩB)R

J
λ0(Ω∆r). (19b)

Here, fJ is an arbitrary nonzero constant,

m n J

µ ν λ

 is the 3j symbol,54 and ΩA,

ΩB, and Ω∆r denote the polar angles describing the orientation of the vectors A, B,

and ∆r, respectively. In addition, Rm
µµ′(Ω) is a generalized spherical harmonic defined by

Messiah.54 In the present case, Rm
µ0(Ω) is proportional to a simple spherical harmonic.

The coefficients of the expansion are given by three integrals with respect to polar

angles. When a = b, C0 alone is nonzero because Xab(r, r
′) does not depend on Ω∆r.

The coefficients CJ for a ̸= b are given by

CJ =
1

IJ

∫ ∫ ∫
dΩAdΩBdΩ∆r

⟨
(A ·∆va)(B ·∆vb)δ(∆r− rai + rbi)

⟩
wab(r− r′)

Φ11J∗(ΩA,ΩB,Ω∆r),

(20a)

where Φ11J∗(ΩA,ΩB,Ω∆r) is the complex conjugate of Φ11J(ΩA,ΩB,Ω∆r), and

IJ =
(4π)3(fJ)2

9(2J + 1)
. (20b)

Within the present approximation, Xab(−r,−r′) = Xab(r, r
′), so that C1 = 0.

The two of three integrals can be calculated by the generalized spherical harmonics.

7/19



J. Phys. Soc. Jpn. DRAFT

Since

(A ·∆va) = ∆va
∑
µ′

(−1)µ
′
R1
µ′0(ΩA)R

1
−µ′0(Ω∆va), (21)

with ∆va = |∆va|, if R1∗
µ0(ΩA) is the complex conjugate of R1

µ0(ΩA), one has54∫
dΩA(A ·∆va)R

1∗
µ0(ΩA) =

4π

3
∆va(−1)µR1

−µ0(Ω∆va). (22)

The integration with respect to ΩB in the same way yields

CJ =
(4π)2

9IJ

∫
dΩ∆r

1

wab(r− r′)

⟨
∆va∆vbδ(∆r− rai + rbi)

× fJ
∑
µνλ

(−1)µ+ν

1 1 J

µ ν λ

R1
−µ0(Ω∆va)R

1
−ν0(Ω∆vb)R

J∗
λ0(Ω∆r)

⟩
. (23)

From RJ∗
λ0(Ω∆r) = (−1)λRJ

−λ0(Ω∆r), 1 1 J

−µ −ν −λ

 = (−1)1+1+J

1 1 J

µ ν λ

 , (24)

and µ+ ν + λ = 0,54 one has

CJ =
(4π)2

9IJ
(−1)J

∫
dΩ∆r

⟨
∆va∆vbδ(∆r− rai + rbi)Φ

11J(Ω∆va ,Ω∆vb ,Ωu)
⟩

wab(r− r′)
, (25)

where Ωu denotes the polar angle of the unit vector u of rai − rbi .

The other integral in eqs (20) is calculated by the division of the average. The

rotational invariant Φ11J(Ω∆va ,Ω∆vb ,Ωu) is independent of the coordinate system. Thus,

if choosing the body-fixed molecular frame, one has⟨
∆va∆vbδ(∆r− rai + rbi)Φ

11J(Ω∆va ,Ω∆vb ,Ωu)
⟩

=
⟨
∆va∆vbΦ

11J(Ω∆va ,Ω∆vb ,Ωu)
⟩ ⟨
δ(∆r− rai + rbi)

⟩
. (26)

The substitution of eq. (26) into eq. (25) yields

CJ =
(4π)3

9IJ
(−1)J

⟨
∆va∆vbΦ

11J(Ω∆va ,Ω∆vb ,Ωu)
⟩
. (27)

From eq. (20b), one can obtain

CJ =
2J + 1

(fJ)2
(−1)J

⟨
∆va∆vbΦ

11J(Ω∆va ,Ω∆vb ,Ωu)
⟩
. (28)
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2.4 Approximation to wltab(r, r
′)

Equations (16a) and (17b) include wltab(r, r
′), which one cannot exactly calculate, so

that, in the present study, a form of wltab(r, r
′) is assumed. The assumption is given by

wltab(r, r
′) = f(ρa(r))f(ρb(r

′))wab(r− r′), (29)

where an unknown function f(x) is later determined. Using eq. (29), one can prove the

H-theorem given by∇′δF [ρa(r, t)]/δρa(r
′, t) → 0 at t→ ∞.36 The theorem is needed for

the system to reach the equilibrium state as time advances. The proof of the H-theorem

is given by the Appendix.

One can determine the unknown function f(x) included in the assumed form of

wltab(r, r
′) by considering some limiting cases. Equation (16b) reduces to wltab(r, r

′) =

ρa(r)δ(r− r′) in the first limiting case given by rai = rbi . Considering the limiting case,

one finds that the TDDFT of molecular liquids agrees with that of simple liquids when

all bond lengths between sites are zero. In contrast to the first case, if all bonds are

broken, the TDDFT should agree with that of multicomponent mixtures in simple

liquids (the second limiting case). In the third limiting case, omitting the nonlinear

terms of density fields, one obtains the linear Langevin equations developed by Chong

and Hirata.55

In the limiting cases, the present form of wltab(r, r
′) gives exact values if f(x) =

√
x.

One can easily show that f(x) =
√
x gives exact limiting values in the first limiting

case for rai = rbi because wab(r − r′) = δ(r − r′). In Appendix, the proofs in the other

cases are given.

From f(x) =
√
x, one can obtain the final expression of MR

ab(r, r
′). The substitution

of f(x) =
√
x into eq. (29) yields

wltab(r, r
′) =

√
ρa(r)

√
ρb(r′)wab(r− r′). (30)

If fJ is appropriately chosen, from eqs. (17b) and (19a), one obtains

MR
ab(r, r

′) = C0

√
ρa(r)

√
ρb(r′)wab(r−r′)U+C2(1−δab)

√
ρa(r)

√
ρb(r′)wab(r−r′)D(r−r′),

(31)

where D(r) = 3rr−U. Substituting eq. (28) into eq. (31), one can obtain

MR
ab(r, r

′) =
1

3
⟨(∆va ·∆vb)⟩

√
ρa(r)

√
ρb(r′)wab(r− r′)U

+
1

6
(1− δab) ⟨(∆va ·D(u) ·∆vb)⟩

√
ρa(r)

√
ρb(r′)wab(r− r′)D(r− r′). (32)
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3. Application to Some Molecules

3.1 Diatomic molecules

By calculating two coefficients for J = 0 and 2, one can apply the general formulation

derived in the previous section to diatomic molecules.56 From eq. (28), the rotational

part of the kernel function MR
ab(r, r

′) is expressed by molecular parameters, such as I

and za. Here, I and za are the inertial moment of the diatomic molecule and the z

coordinate of site a. In the present section, the coordinate system is given by the body-

fixed molecular frame, where the origin is taken to be the center of mass. In addition,

the z-axis is along the principal axis of the molecule.

The calculation of the coefficient for J = 0 by eq. (28) requires the average for

Φ110(Ω∆va ,Ω∆vb ,Ωu) = (∆va ·∆vb). One has⟨
ωαi ω

β
i

⟩
= δαβ

kBT

I
, (33)

where ωαi is the α-component of ωi. In addition, in the case of the diatomic molecule,

δrai and δrbi have the same direction. Using these, one can easily calculate the average

using ⟨
∆va∆vbΦ

110(Ω∆va ,Ω∆vb ,Ωu)
⟩
= ⟨(∆va ·∆vb)⟩ = 2zazb

kBT

I
. (34)

The coefficient for J = 2 is also given by (∆va ·∆vb). The right-hand side of eq. (28)

for J = 2 is calculated using⟨
∆va∆vbΦ

112(Ω∆va ,Ω∆vb ,Ωu)
⟩
= ⟨(∆va ·D(u) ·∆vb)⟩ (35a)

= ⟨3(∆va · u)(∆vb · u)− (∆va ·∆vb)⟩ . (35b)

Since u is parallel to δrai and δrbi in the case of the diatomic molecule, u is normal to

∆va and ∆vb, so that (∆va · u) = (∆vb · u) = 0. From eq. (34), one obtains

⟨3(∆va · u)(∆vb · u)− (∆va ·∆vb)⟩ = −2zazb
kBT

I
. (36)

Finally, substituting eqs. (34) and (36) into eq. (32), one can obtain

MR
ab(r, r

′) =
2

3
zazb

kBT

I

√
ρa(r)

√
ρb(r′)wab(r− r′)U

− 1

3
(1− δab)zazb

kBT

I

√
ρa(r)

√
ρb(r′)wab(r− r′)D(r− r′). (37)

3.2 Three-site molecules

Since the rotational invariants are employed in the present formulation, one can

easily apply it to complex molecules such as water. Using the rotational invariants, one
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can freely choose the coordinate system, so that the inertial tensor can be diagonalized.

In the present subsection, it is applied to three-site molecules where sites 2 and 3 have

the same mass as well as the same distance from site 1. To diagonalize the inertial

tensor, the z- and x-axes are chosen along the direction from the center of mass to site

1 and the direction from site 2 to site 3. Because of the diagonal inertial tensors, Ix, Iy

and Iz, one can obtain simple expressions of MR
ab(r, r

′) from eq. (28) or (32).

The average of (∆va · ∆vb) in eq. (32) is easy to calculate because the coordinate

system is appropriately chosen by the rotational invariants. Since the present coordinate

system gives the diagonalized inertial tensor, eq. (33) is also valid in the same way as

the diatomic molecules. Thus, one obtains

⟨(∆va ·∆vb)⟩ =
∑
α ̸=β

kBT

Iα
δrβaδr

β
b , (38)

where δrβa is the β-component of δrai . By the present coordinate system, since δrya = 0,

δrx1 = 0, δrx2 = −δrx3 , and δrz2 = δrz3, one can obtain⟨
∆v2

1

⟩
=

(
kBT

Ix
+
kBT

Iy

)
(δrz1)

2, (39a)

⟨
∆v2

2

⟩
=

⟨
∆v2

3

⟩
= kBT

{(
1

Iy
+

1

Iz

)
(δrx2)

2 +

(
1

Ix
+

1

Iy

)
(δrz2)

2

}
, (39b)

⟨(∆v1 ·∆v2)⟩ = ⟨(∆v1 ·∆v3)⟩ =
(
kBT

Ix
+
kBT

Iy

)
δrz1δr

z
2, (39c)

⟨(∆v2 ·∆v3)⟩ = kBT

{(
1

Iy
+

1

Iz

)
δrx2δr

x
3 +

(
1

Ix
+

1

Iy

)
(δrz2)

2

}
. (39d)

For the same reason as that for the average of (∆va · ∆vb), the calculation of

⟨(∆va · u)(∆vb · u)⟩ in eq. (32) is also straightforward. Using eq. (33), one can generally

show that

⟨(∆va · u)(∆vb · u)⟩ =
∑
α

(δrai × u)α
kBT

Iα
(δrbi × u)α, (40)

where (δrai × u)α is the α-component of δrai × u. In the case of the present three-site

molecules, one obtains

⟨(∆v1 · u)(∆v2 · u)⟩ = ⟨(∆v1 · u)(∆v3 · u)⟩ = −kBT
Iy

δrz1u
2
x, (41a)

⟨(∆v2 · u)(∆v3 · u)⟩ = 0. (41b)

Substituting eqs. (39) and (41) into eq. (32) and calculating ∆va · D(u) · ∆vb using

eq. (35b), one can obtain explicit expressions of MR
ab(r, r

′).
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4. Discussion

The present results have shown that the kernel function Mtot
ab (r, r

′) is needed for

the TDDFT formulated by the interaction site model.56 Such kernel functions are not

included in the TDDFT of simple liquids. Since the kernel function cannot exactly be

calculated, one needs approximations.

Because of the kernel function Mtot
ab (r, r

′), the molecular TDDFT has different

characteristic properties from simple liquids. Equation (10b) shows that different

positions, components, and sites are coupled between the two vectors Ja(r) and

∇′δF [ρa(r, t)]/δρa(r
′, t). Different positions and sites are coupled because Mtot

ab (r, r
′)

has a value even for a ̸= b and r ̸= r′. Different components are coupled by off-diagonal

elements of the tensor. In contrast, the TDDFT of simple liquids does not have such

coupling, though the current density Ja(r) can be expressed by the functional derivative

of the free energy.

Although Mtot
ab (r, r

′) does not include the correlation between different molecules,

the correlation is included in the free energy functional. The exclusion of the correlation

fromMtot
ab (r, r

′) can exactly be derived from the classical statistical mechanics. Since the

correlation, however, is considered using the free energy functional, the present theory

can deal with dense molecular liquids where the effects of the correlation are significant.

The point is the same as the formulation of the TDDFT for simple liquids. In contrast

to the formulation for simple liquids, Mtot
ab (r, r

′) includes the correlation between sites

in the same molecule.

Since Mtot
ab (r, r

′) cannot exactly be calculated, the two approximations have been

introduced. The approximations are given by eqs. (17a) and (29). Equation (17a) is an

approximation to the rotational part MR
ab(r, r

′) of Mtot
ab (r, r

′). Equation (29) makes an

assumption about wltab(r, r
′) included in MG

ab(r, r
′) as well as in MR

ab(r, r
′).

The first approximation is about Xab(r, r
′) defined by eq. (17b), where Xab(r, r

′) is

a conditional average. Equation (17b) shows that Xab(r, r
′) is the average for ∆va∆vb

under the condition that the positions of the two sites rai and rbi are fixed to r and r′,

respectively. Thus, one has to only average it over a rotation around rai −rbi and velocity.

The first approximation is given by omitting ψa(r) from the average.

Even if ψa(r) is omitted by the first approximation, exact values are obtained in the

case of linear molecules such as a diatomic molecule. The omission of ψa(r) affects the

rotational average alone because ψa(r) does not affect velocity. Thus, the omission of
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ψa(r) does not have any effects on linear molecules because of the symmetry about the

rotation. The omission in the other cases does not lead to large errors, if the shape of

a liquid molecule deviates slightly from a linear molecule.

In addition, even if a molecule is not linear, one has the case in which the first

approximation given by eq. (17a) does not lead to large errors. The case is given when

the center of mass is almost located in site a, as can be seen in water. If rai ≈ rGi ,

then δrai = rai − rGi and ∆va = ωi × δrai have small values. Thus, from eq. (13c), one

can find that MR
ab(r, r

′) is small, so that MR
ab(r, r

′) << MG
ab(r, r

′). In such a case, the

approximation to MR
ab(r, r

′) does not contribute to the calculation of Mtot
ab (r, r

′).

Since the second approximation using eq. (29) gives the exact values in limiting

cases (Appendix), one can expect a small deviation from exact values in similar cases

to the limits. When the distance between sites is small, or when ρa(r) deviates slightly

from ρ, the values calculated using eq. (29) approximate exact values. One, however,

can consider other forms giving the exact values in limiting cases. Equation (29) is one

of the simplest forms giving the exact values.

When an explicit expression of wltab(r, r
′) is considered, satisfying the H-theorem

is more important than including some effects omitted in eq. (29). In eq. (29), the

effects of the correlation between different molecule and the effects of ρa(r
′′) at other

positions r′′ ̸= r and r′′ ̸= r′, are omitted. In the expression of wltab(r, r
′), if the effect

of ρa(r
′′) is considered, one should include functionals of ρa(r

′′). Since such effects lead

to a complex expression of wltab(r, r
′), one can consider that eq. (29) is appropriate as

the first step in approximations of wltab(r, r
′). Satisfying the H-theorem in eq. (29), in

particular, is important because one cannot calculate the relaxation of molecular liquids

to equilibrium states if it is not satisfied.

Here, besides the kernel function Mtot
ab (r, r

′), one should discuss how the present re-

sults are limited by the Markovian approximation given by eq. (6). The Markovian ap-

proximation requires that the nonequilibrium average of the site density should change

more slowly than other variables. One can consider a velocity field as the candidate

for variables slower than the average site density. The relaxation times of the velocity

field in common molecular liquids are 1 to 2 ps. Thus, the present results are valid in

time regions longer than the time; one cannot study the inertial effects on solvation

dynamics, for instance.

In addition, approximations to the free energy functional F [ρa(r)] should be dis-

cussed: one has some cases in which the present results are not limited by the approx-
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imations. The present results require an explicit form of F [ρa(r)] in eq. (9a), which

cannot exactly be calculated. To calculate the explicit form of F [ρa(r)], one can em-

ploy approximations by the reference interaction site model (RISM) theory, which has

some limitations. One, however, has many cases to which one can apply the present

formulation without limitations: one of the cases is given by small solvent molecules

around a large simple solute. In addition, in the present framework, the solute-solvent

interaction is regarded as an external field; one can easily employ the three-dimensional

RISM theory.

Finally, it is noted that the derived expression given by eq. (9a) includes the nonlin-

earity of the site density through Mtot
ab (r, r

′) in the same way as that in simple liquids.

Equation (9a) shows such a nonlinearity because of Mtot
ab (r, r

′), even if the nonlinearity

is not included in the functional derivative of the free energy. This is because wltab(r, r
′)

has the term
√
ρa(r) in eq. (30), though Xab(r, r

′) does not include ρa(r) in eq. (17a).

The basic equations in the TDDFT of simple liquids have the same nonlinearity, which

is the characteristic property of the TDDFT.

Considering the validity of these approximations with the nonlinearity, one can con-

clude that the TDDFT has been extended to the interaction-site model. Basic equations

of the extended TDDFT given by eq. (9a) can be calculated using molecular parameters

and the free energy functional. Thus, one can apply the extended TDDFT to various

nonlinear phenomena in molecular liquids, such as solvation dynamics and the transport

of large particles. The application is the subject of future work.
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Appendix A: Proof of the H-Theorem

In Appendix, the H-theorem36 is proved within the approximations eqs (17a) and

(29). In the present case, the H-theorem is given by ∇′δF [ρa(r, t)]/δρa(r
′, t) → 0 at

t→ ∞. The theorem shows that the system reaches the equilibrium state for an infinite

time.

The H-theorem can be proved when Mtot
ab (r, r

′) in eq. (9a) is positive definite. If the
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free energy functional defined by eqs (4) is differentiated with respect to t, then

dF [ρa(r, t)]

dt
=

∑
a

∫
dr
δF [ρa(r, t)]

δρa(r, t)

∂ρa(r, t)

∂t
. (A·1)

Substituting eq. (9a) into eq. (A·1) and integrating eq. (A·1) by parts, one has

dF [ρa(r, t)]

dt
= −

∑
ab

τ

2

∫
drdr′

(
∇δF [ρa(r, t)]

δρa(r, t)

)
·Mtot

ab (r, r
′) ·

(
∇′ δβF [ρa(r, t)]

δρb(r′, t)

)
.

(A·2)
If Mtot

ab (r, r
′) is positive definite, the H-theorem can be proved because dF [ρa(r, t)]/dt ≤

0.

Even when the present approximations are introduced, one can prove thatMtot
ab (r, r

′)

is positive definite. The kernel functionMtot
ab (r, r

′) is positive definite if both ofMG
ab(r, r

′)

and MR
ab(r, r

′) are positive definite. Substituting eq. (29) into eq. (16a), one can easily

prove thatMG
ab(r, r

′) is positive definite. In addition, using eqs (17),MR
ab(r, r

′) is written

in the form

MR
ab(r, r

′) = wltab(r, r
′)

⟨∑
i∆va∆vbδ(r− rai )δ(r

′ − rbi)
⟩

ρwab(r− r′)
. (A·3)

One finds that MR
ab(r, r

′) is also positive definite because the substitution of eq. (29)

into eq. (A·3) yields

MR
ab(r, r

′) =
1

ρ
f(ρa(r))f(ρb(r

′))

⟨∑
i

∆va∆vbδ(r− rai )δ(r
′ − rbi)

⟩
. (A·4)

Appendix B: The Bond-Breaking Limit

If all bonds of molecules are broken, the TDDFT of molecular liquids should agree

with that of multicomponent simple liquids. When all bonds are broken, vai and vbi are

statistically independent if a ̸= b. In addition, vai is also independent of rai . Then, in

the limit, one should have the exact relation

Mtot
ab (r, r

′) =
kBT

ma

Uδabρa(r)δ(r− r′), (B·1)

where ma is the mass of a particle for component a. If eq. (B·1) is substituted into

eq. (9a), eq. (9a) is in agreement with the basic equation of multicomponent simple

liquids.

The kernel functionMtot
ab (r, r

′) is rewritten to show the agreement within the present

approximations. Since vGi is independent of rai even without the limit, one can write⟨
vGi v

G
i

⟩
=

⟨∑
i v

G
i v

G
i δ(r− rai )δ(r

′ − rbi)
⟩

ρwab(r− r′)
. (B·2)
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Substituting eq. (B·2) into eq. (14) and using eq. (13a) with eqs (17), one obtains

Mtot
ab (r, r

′) =

⟨∑
i v

a
iv

b
iδ(r− rai )δ(r

′ − rbi)
⟩

ρwab(r− r′)
wltab(r, r

′). (B·3)

Equation (B·3) is satisfied without the limit.

Using the rewritten expression of Mtot
ab (r, r

′) given by eq. (B·3), one can show that

the present TDDFT is in agreement with that of multicomponent simple liquids in the

limit. In the limit, since vai is independent of rai , one obtains

Mtot
ab (r, r

′) =
⟨
vaiv

b
i

⟩
wltab(r, r

′). (B·4)

In the limit, ⟨
vaiv

b
i

⟩
=
kBT

ma

Uδab, (B·5)

so that one obtains

Mtot
ab (r, r

′) =
kBT

ma

Uδabw
lt
aa(r, r

′). (B·6)

One can obtain eq. (B·1) because eq. (30) for a = b reduces to

wltaa(r, r
′) = ρa(r)δ(r− r′). (B·7)

Appendix C: Linearization

If the present equation is linearized, one should obtain the results given by Chong

and Hirata.55 Expanding eq. (9a) in ∆ρa(r, t) = ρa(r, t) − ρ, one neglects the terms

higher than second order. Then, one has

∂ρa(r, t)

∂t
=

∑
bc

τ

2

∫
dr′

∫
dr′′[∇ ·ML

ab(r, r
′)] · ∇′ δ2βF [ρa(r, t)]

δρb(r′, t)δρc(r′′, t)
∆ρc(r

′′, t), (C·1)

where

ML
ab(r− r′) =

⟨∑
i

vaiv
b
iδ(r− rai )δ(r

′ − rbi)

⟩
. (C·2)

Chong and Hirata55 have exactly obtained the Fourier transform of eq. (C·2).
One can show that the linearization agrees with the results of Chong and Hirata55

within the present approximation. The kernel function Mtot
ab (r, r

′) should agree with

ML
ab(r − r′) given by eq. (C·2) when ρa(r) = ρ, because ρa(r) = ρ is equivalent to

ψa(r) = 0. Even when the approximations are employed, one can obtain eq. (C·2) by

substituting eq. (30) for ρa(r) = ρb(r) = ρ into eq. (B·3).
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