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A theory for studying nonlinear dynamics of molecular liquids is developed. The theory
is based on the extension of the time-dependent density functional theory to a rigid
interaction-site model. From the theory, one can calculate time changes in interaction-
site densities using molecular parameters such as the inertial moment of a molecule.
The theory has a differential and integral basic equation with a kernel function, which
is not included in the time-dependent density functional theory of simple liquids. The
application of the theory to diatomic and three-site molecules allows one to obtain

explicit expressions of kernel functions.
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1. Introduction

In studies of dynamical properties of a solution system, one of the unsolved and
important problems is given by the dynamics of a molecular liquid in an inhomoge-
neous field. A solution system consists of liquid solvents and solutes, which include
large molecules, such as proteins. Although various inhomogeneous fields can be con-
sidered in the system, particularly important effects of inhomogeneous fields are due
to the interaction of solute molecules to solvent molecules. Such a field causes an inho-
mogeneous distribution of solvent molecules. Although the inhomogeneous distribution
affects the dynamics of solvent molecules significantly, the understanding of the effects
has not advanced significantly.

Many phenomena show profound effects of inhomogeneous fields due to solutes on
the dynamics of molecular liquids. When a solute particle is small'™® and solvents are
mixtures,” ! the solute affects solvation dynamics nonlinearly. The effects of the solute
also cause a deviation in solvation dynamics from the Gaussian process. The devia-

tion has been observed by time-resolved fluorescence spectra.!1® Some authors have

*E-mail address: a.yoshimori@cmt.phys.kyushu-u.ac.jp
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recently discussed the dynamics of water around a charged solute molecule.??? In

these phenomena, an inhomogeneous distribution of solvent molecules around a solute
molecule plays an important role.

Besides the above phenomena, the motions of a solute often affect the dynamics of
solvent molecules around the solute. The modification of solvent dynamics due to solutes
has been found to be important for the diffusion of large particles such as proteins.?* 2
The modification is caused by the inhomogeneous distribution of solvent molecules.

To study such effects, the time-dependent density functional theory (TDDFT) has
been developed,* 26736 although studies using the theory have been restricted to sim-
ple liquids. The TDDFT can adequately deal with the inhomogeneous distribution of
solvent molecules caused by solute molecules. The inhomogeneity can be studied using
nonlinear terms in the basic equations of the TDDFT. In fact, the TDDFT has been suc-
cessful in studying nonlinear effects on the solvation dynamics of simple liquids.* 626732
Since the TDDFT, however, is applied only to simple liquids, it is necessary to extend
the theory to molecular liquids.

In studying molecular liquids, the formulation of the TDDFT in molecular liquids
is efficient, if one can formulate it in the same way as that in simple liquids. Since the
TDDFT allows one to solve many problems in simple liquids, one can also expect to
solve problems in molecular liquids. In addition, if the basic equations have the same
nonlinear terms as that in simple liquids, the TDDFT of molecular liquids has the
same merits as that of simple liquids. Using the nonlinear term, for instance, one can
study solute effects on molecular liquid dynamics. Thus, the TDDFT formulated for
molecular liquids is useful, if the formulation includes only approximations similar to
that in simple liquids.

In the present study, molecular liquids are described by the rigid interaction-site
model.3” Many authors have thoroughly studied the equilibrium properties of the rigid
interaction-site model.?® Nonequilibrium properties of the model have been studied us-
ing the mode coupling theory.3**! The TDDFT of the rigid interaction-site model,
however, has not been developed although a deformable model has already been stud-
jed 42.43

Other formulation for the study of molecular liquids is given by rotational invari-
ants.3* 4447 The rotational invariants are employed to deal with rotational freedoms ex-
plicitly. By the rotational invariant, the only linearized TDDFT has been formulated,3?

although no nonlinear version has been studied. This is because the formulation is too
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complex to be used in calculating molecular liquids.
The purpose of the present study is to formulate the TDDFT using the rigid

interaction-site model. For the formulation, the projection operator method*® 49 i

is em-
ployed in the same way as the derivation of the TDDFT about simple liquids.?* The

formulation is applied to diatomic molecules, so that explicit expressions are obtained.

2. General Formulation
2.1  Projection operator methods
To formulate the TDDFT using the rigid interaction-site model, the Kawasaki-

34,48, 49

Gunton projection operator is introduced using the interaction-site density. The

interaction-site density is defined by

EE:&r—ﬁ% (1)

where r{ is the position of site a in molecule 7. The site density allows one to define the
Kawasaki-Gunton projection operator by3
PAE )A(lmLZ/dI'é SX 5tﬂa() (2a)
{pa(r))
where X is an arbitrary function of a phase space and dypo(r) = p,(r) — { D, (r'))i. By
the projection operator, phase space functions are projected on a space consisting of
constants and 0;p,(r), using the scaler product defined by (---),,.

The average (---),, included in the projection operator is defined by*

Xexp —B [dr}”, Pa(1)Pa(r)])
exp fer Pa ) ()D 7

where (---) denotes the usual average by the equilibrium distribution. In addition,

(X = (2b)

B = 1/kgT where kg is Boltzmann’s constant and 7" is the absolute temperature. One

can determine the fictional external field ,(r) using

(p(r))ie = pa(r,t), (2¢)
where p,(r,t) is the average for p,(r) by a nonequilibrium distribution. The nonequi-
librium distribution allows p,(r,t) to depend on time.

By the projection operator, one can derive exact equations of the site density.3* The

equations are given by

%“ Z/ﬁ/WGMtHWW) (3a)
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where
May(t,t'sr,x") = (Ro(t', 1) Ry (', ;1) )i (3b)
Rl 6x) = QuU( L)L b, (x). (3¢)
Here, Q; =1 — P,, U(t',t) is defined by
%U(t/ t)=U(t',t)iLQy, (3d)

with U(t,t) = 1, and iL is the Liouville operator. One can associate ¢ (r) with the free
energy functional of the site density®!®? by

_ OFpa(r, )]
Uy(r) = _—(5pb(r’,t) )

where the free energy functional F'[p,(r,t)] is defined by

Flpu)) = Fulta] = 3 [ oyt (1b)

(4a)

with

Fyltba(r)] = —kpT'In <eXp[—5 Z/pa(r)¢a(r)dr]> : (4c)

The substitution of eq. (4a) into eq. (3a) yields

0Pa Z/ dt/dr, Lt >{‘55§)£€;( . )}}_ (5)

A closed equation of the site density is derived using the Markovian approximation.
Here, the nonequilibrium average (p,(r,?)); and the deviation from the average d;p,(r)
are assumed to change with time more slowly than the other variables. Then, the

Markovian approximation is given by®3
M (t,t' 1, 7") & (Ry(t, t; ) Ry (L, t5 1)) o (¢ — ). (6)
The substitution of eq. (6) into eq. (5) yields
S0 3 VTR 7er sl BN
where
Map(t,tyr,x") = ([iL py(r)][iL py(r)]) - (7b)

Rewriting the closed equation of the site density, one can obtain the basic equation

of the TDDFT formulated using the rigid interaction-site model. Since iL p,(r) = —V -
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J.(r) with

=D _vidlr—xp), (8)

where v{ is the Velocity of site a in molecule 7, one obtains

810@ Z / VM (e, )] - V,55F[pa(r, t)]7 (9a)

5pb(r,7 t)

where
MG () = (3u() 1)) (9b)
t
and V' denotes the differentiation with respect to r’. In addition, eq. (9b) shows that

the af-component of the tensor M (r, ') is given by < T, . (1) Jb( )>lt, where :]z(r)

is the a-component of the vector Jo(r). If eq. (9a) is written in the form

Opa(r,t)

T -V - Ju(r,t), (10a)

then

Z / dr'[MSt (x, ]V’%. (10b)

The obtained basic equation of the TDDFT shows differentiation and integration
with the kernel function M (r,r’). To calculate the equation, one needs an explicit
expression of M (r,1’), in particular. The kernel function M (r, 1) will be expressed

by microscopic parameters of molecules for the rest of the section.

2.2 Dividing of kernel functions M5 (r, 1)
The kernel functions M'S'(r, ') included in the obtained equation show no correla-

tion between different molecules. The substitution of eq. (8) into eq. (9b) yields

M (r, 1) <Zvavb5 r—rf 5(r’—r§’-)> : (11)
It
Since one can find that velocity distributions for molecules i and j (# i) are independent

using the classical statistical mechanics, one obtains

M (r, 1) <Z vivis(r — rf)s(x’ — rf)> : (12)

it
In the case of simple liquids, straightforward calculations give (kgT'/m)p(r)d(r — 1)

exactly,®* where p(r) is the density field of the simple liquid.
One can divide M!%'(r, 1) into translational and rotational parts. The site velocity

v% is divided into two parts by v¢ = v& + Av,, where v¢ is the velocity of the center

5/19



J. Phys. Soc. Jpn. DRAFT

of mass. The other part Av, is given by w; x dr}, where w; is the angular velocity of
molecule i and 0r¢ = r?—r{ with the position of the center of mass r¥’. The substitution

of v¢ = v& + Av, into eq. (12) yields
My (r,x') = M, (r,v') + Mg, (r, v'), (13a)

where

MS(r,r) = <ZVGVG5 r!)o(r —r?)> (13b)

ME(r, 1) = <Z AV, Avpd(r —rf)o(r' — rf)> , (13c)

it

because (vEAv,) = 0. The translational and rotational parts are given by MS (r, 1)
and ME (r,r'), respectively.

The translational part of the kernel functions is calculated using the statistical
independences of the position and velocity. From the average defined by eq. (2b), one
can average the position and velocity in eq. (13b) independently as follows:

M (r,1') = Z (vivi) (0(x —x)o(x' —xD)),, . (14)

i

Since
kgT
(Vvive) = UL o) (15)
m
where U is the unit tensor and m is the mass of the molecule, one can obtain
kgT
M (r, 1) = B—Uwab(r r'), (16a)

where
w’ (v, 1) Z<5 (r —r})o(r —rb)>l (16b)

The rotational part Mk (r, ') given by eq. (13c) will be calculated in the next subsec-

tion.

2.3 Calculation of the rotational part in kernel functions M& (v, 1)

To calculate the rotational part MY, (r, ') of kernel functions, an approximation is
introduced. The approximation is given by
(3" AveAvyd(r — r8)o(r — 1rf))

X
b(r r ) pwab<r B I'/)

, (17a)
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where
MaRb(r7 I'/)

Xop(r, 1) = 2 ()
ab\™>

(17b)

Here, p is the equilibrium density of the molecules and wg,(r) = (6(r — r¢ +1?)).
By the approximation, one can expand the rotational part of the kernel function
in rotational invariants.3”4* Because of the approximation, X (r,r’) depends only on

Ar =r —r’, so that

<Z AV, Avpd(r —rf)o(r' — rf)> = p(AV,Avyd(Ar —1f +10)). (18)
Then, the expansion is given by
2
A Xy(r,r)-B=> C;0" (4,05 Q). (19a)
J=0

where A and B are arbitrary unit vectors.

The rotational invariant ®7/(Q4, Qp, Qa,) is defined by*!

1 1 J
M (4, Qp, Qar) = 1) Ryo(24) Ryo(25) Ry (Qar).- (19b)
BV wov A
. . m n J\ .
Here, f7 is an arbitrary nonzero constant, is the 35 symbol,>* and Q4,
poov

Qp, and a, denote the polar angles describing the orientation of the vectors A, B,
and Ar, respectively. In addition, R}, (€2) is a generalized spherical harmonic defined by
Messiah.?* In the present case, RZB(Q) is proportional to a simple spherical harmonic.

The coefficients of the expansion are given by three integrals with respect to polar
angles. When a = b, Cj alone is nonzero because X(r,r’) does not depend on Q..

The coefficients C'; for a # b are given by

A Av,)(B - Avy)S(Ar — o + r?
Cjz%///dQAdQBdQAT<( va) (B - Avy)o(Ar r1+rl>>c1>11J*(QA,QB,QAT),

Wap(r — 1)
(20a)
where ®117*(Q4, Qp, Qa,) is the complex conjugate of ®17(Q4, Qp, Qa,), and
4 3( £J\2

9(2J+1)
Within the present approximation, X, (—r, —1r') = X (r, '), so that C; = 0.

The two of three integrals can be calculated by the generalized spherical harmonics.
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Since

(A~ AV,) = Avg Y (= 1) Rig(Qa) R o(Qan,), (21)

with Av, = |Av,|, if R}5(€Q4) is the complex conjugate of R},j(Q24), one has®
. dm
/dQA(A AV, R (D) = ?Ava(—l)“Riuo(QA%). (22)
The integration with respect to {1p in the same way yields

(47)° 1 o
Cy= o7 dQArm (Av,Avpd(Ar — rf + 1)

11 J
nwovoA

x 1Y (=1

2N

From R{5(Qar) = (=1)*R1,0(Qar),

Rl—uo(QAva )Rl—VO(QAUb)RKS (QAT) > : (23)

1 1 J 11 J
= (-1 , (21)
o et 2 wovooA
and g+ v+ X = 0, one has
(4m? / {Av,Avpd (Ar — ¢ 4+ 12) DM (Qpy,, Qav,, )
= ——(-1 dQa, , 2
OJ 9_[J ( ) A wab(r_r/) ( 5)

b

i

where €2, denotes the polar angle of the unit vector u of r{ —r
The other integral in eqs (20) is calculated by the division of the average. The
rotational invariant ®7(Qa,, , Qa.,, 2. is independent of the coordinate system. Thus,

if choosing the body-fixed molecular frame, one has
<AvaAvb5(Ar —1¢ + )M (Qpy,, QA Qu)>
= (AU A" (Qav,, Qav,, )) (S(AT — 1§ +10)) . (26)

The substitution of eq. (26) into eq. (25) yields

_ (4m)° Y 11J
CJ = 9[J ( 1) <A’UQA’Ub(I) (QAvaa QAvba Qu)> . (27)
From eq. (20b), one can obtain
2J+1
Cr= (f;:2 (=17 (Ava Avy®" (v, , Qawy, ) - (28)
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2.4 Approzimation to wt (r,r’)
Equations (16a) and (17b) include w’ (r, '), which one cannot exactly calculate, so

that, in the present study, a form of w' (r,r’) is assumed. The assumption is given by

Wey (1, ') = f(pa(r)) f(po(x'))wan(r — 1), (29)

where an unknown function f(z) is later determined. Using eq. (29), one can prove the
H-theorem given by V' F[p,(r,t)]/dpa(r',t) — 0 at t — 00.3% The theorem is needed for
the system to reach the equilibrium state as time advances. The proof of the H-theorem
is given by the Appendix.

One can determine the unknown function f(x) included in the assumed form of
wl (r,r') by considering some limiting cases. Equation (16b) reduces to w'(r,r’) =
pa(r)d(r — 1) in the first limiting case given by r¢ = rb. Considering the limiting case,
one finds that the TDDFT of molecular liquids agrees with that of simple liquids when
all bond lengths between sites are zero. In contrast to the first case, if all bonds are
broken, the TDDFT should agree with that of multicomponent mixtures in simple
liquids (the second limiting case). In the third limiting case, omitting the nonlinear
terms of density fields, one obtains the linear Langevin equations developed by Chong
and Hirata.?

In the limiting cases, the present form of w! (r,1’) gives exact values if f(z) = \/z.
One can easily show that f(x) = /x gives exact limiting values in the first limiting
case for r¢ = r? because wgy(r — ') = §(r — r’'). In Appendix, the proofs in the other
cases are given.

From f(z) = y/z, one can obtain the final expression of M (r, r’). The substitution
of f(x) = y/x into eq. (29) yields

ab r, 1) = \/pa(r)V/ pp(r )we(r — ). (30)

If 7/ is appropriately chosen, from eqs. (17b) and (19a), one obtains

My (r,1') = Cor/pa(r)V/ oy (1) wap (=1 ) U+Co(1=0u) V/ pa(r) v/ o (1 Jwa (r—1') D (r—1'),
(31)
where D(r) = 3rr — U. Substituting eq. (28) into eq. (31), one can obtain

1
ME (r,r )_§ ((Avg - Avy)) / pa(r)/ po(t)wey(r — ¢ YU
(1-

+ 21— ) ((Ave - D(w) - Avi)) VpulOV il — ¥)D(x 1) (32)
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3. Application to Some Molecules
3.1 Diatomic molecules

By calculating two coefficients for J = 0 and 2, one can apply the general formulation
derived in the previous section to diatomic molecules.”® From eq. (28), the rotational
part of the kernel function MZ (r,1') is expressed by molecular parameters, such as [
and z,. Here, I and z, are the inertial moment of the diatomic molecule and the z
coordinate of site a. In the present section, the coordinate system is given by the body-
fixed molecular frame, where the origin is taken to be the center of mass. In addition,
the z-axis is along the principal axis of the molecule.

The calculation of the coefficient for J = 0 by eq. (28) requires the average for
D1 Qap,, Qawy, Q) = (Av, - Avy). One has

kgT
<(U w; > 6aﬁT, (33)
where w{* is the a-component of w;. In addition, in the case of the diatomic molecule,
or¢ and or® have the same direction. Using these, one can easily calculate the average

using

kp T
(Av AvP M (Qpp,, Qan, D)) = (AV, - Avy)) = ZzaszT (34)

The coefficient for J = 2 is also given by (Av,-Av,). The right-hand side of eq. (28)

for J = 2 is calculated using
<AvaAqu)112(QAva, Qaw,, Qu)> = ((Av, - D(u) - Avy)) (35a)
= (3(Av, -u)(Avy - u) — (Av, - Avy)) . (35Db)

Since u is parallel to 6r? and ér? in the case of the diatomic molecule, u is normal to
Av, and Avy, so that (Av, -u) = (Av, - u) = 0. From eq. (34), one obtains
kT
(B(Av, - u)(Avy - u) — (Av, - Avy)) = —QZasz. (36)

Finally, substituting egs. (34) and (36) into eq. (32), one can obtain

2 kgT
ME (r, 1) = gzaszT Pa(t)/ po (X)W (r — ¥')U
1 kT
— g(l — Oap) zasz— Pa(t)V/ po(r)wep(r — ' YD(r — 1) (37)

3.2 Three-site molecules
Since the rotational invariants are employed in the present formulation, one can

easily apply it to complex molecules such as water. Using the rotational invariants, one
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can freely choose the coordinate system, so that the inertial tensor can be diagonalized.
In the present subsection, it is applied to three-site molecules where sites 2 and 3 have
the same mass as well as the same distance from site 1. To diagonalize the inertial
tensor, the z- and z-axes are chosen along the direction from the center of mass to site
1 and the direction from site 2 to site 3. Because of the diagonal inertial tensors, I, I,
and I, one can obtain simple expressions of MX (r,r') from eq. (28) or (32).

The average of (Av, - Av,) in eq. (32) is easy to calculate because the coordinate
system is appropriately chosen by the rotational invariants. Since the present coordinate
system gives the diagonalized inertial tensor, eq. (33) is also valid in the same way as

the diatomic molecules. Thus, one obtains

kgT
(Av, - Avy)) =D ;;&557«5 : (38)
azB
where 077 is the 3-component of 6r¢. By the present coordinate system, since 6r¥ = 0,
ory =0, ory = —ory, and dr; = 0rj, one can obtain
kgT  kgT
(Avi) = (5= + =) (0rf)”, (392)
I, I,

(AV2) = (AV2) = kT { (Iiy + %) (5r2)? + (Ii + ]—t) (5r;)2} | (39b)

(Avy - Avy)) = ((Avy - Avs)) = (kIBT + %) Sr26r, (39¢)
((Avy - Avs)) = kgT { ([iy + Ii) Sryory + ([im + I—ly) (5r;)2} : (39d)

For the same reason as that for the average of (Av, - Avy), the calculation of
((Av, - u)(Avy - u)) in eq. (32) is also straightforward. Using eq. (33), one can generally
show that

kgT
(Av, - u)(Avy - a)) = Y (0rf x u)a;;((srg X U)q, (40)
where (0r} x u), is the a-component of or¢ x u. In the case of the present three-site

molecules, one obtains

((Avy-u)(Avy-u)) = ((Avy - u)(Avs - u)) = —k?—yT(Srfui, (41a)

((Avy-u)(Avs-u)) = 0. (41Db)

Substituting egs. (39) and (41) into eq. (32) and calculating Av, - D(u) - Av, using

eq. (35b), one can obtain explicit expressions of M (r,1').
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4. Discussion

The present results have shown that the kernel function M!S (r,1’) is needed for
the TDDFT formulated by the interaction site model.>® Such kernel functions are not
included in the TDDFT of simple liquids. Since the kernel function cannot exactly be
calculated, one needs approximations.

Because of the kernel function M'$'(r,r’), the molecular TDDFT has different
characteristic properties from simple liquids. Equation (10b) shows that different
positions, components, and sites are coupled between the two vectors J,(r) and
V'0F [pa(r,t)]/0pa(r’,t). Different positions and sites are coupled because MY (r,1’)
has a value even for a # b and r # r’. Different components are coupled by off-diagonal
elements of the tensor. In contrast, the TDDFT of simple liquids does not have such
coupling, though the current density J,(r) can be expressed by the functional derivative
of the free energy.

Although M (r,1’) does not include the correlation between different molecules,
the correlation is included in the free energy functional. The exclusion of the correlation
from M9 (r, r’) can exactly be derived from the classical statistical mechanics. Since the
correlation, however, is considered using the free energy functional, the present theory
can deal with dense molecular liquids where the effects of the correlation are significant.
The point is the same as the formulation of the TDDFT for simple liquids. In contrast
to the formulation for simple liquids, M%*(r, ') includes the correlation between sites
in the same molecule.

Since M'(r, 1) cannot exactly be calculated, the two approximations have been
introduced. The approximations are given by eqs. (17a) and (29). Equation (17a) is an
approximation to the rotational part M5 (r, 1) of M''(r,r'). Equation (29) makes an
assumption about w’ (r,r’) included in MS (r,r') as well as in M5 (r, /).

The first approximation is about X,;(r,r’) defined by eq. (17b), where X (r,1’) is
a conditional average. Equation (17b) shows that X,;(r,r’) is the average for Av,Av,
under the condition that the positions of the two sites r¢ and r? are fixed to r and r/,
respectively. Thus, one has to only average it over a rotation around r¢ —r? and velocity.
The first approximation is given by omitting 1, (r) from the average.

Even if ¢,(r) is omitted by the first approximation, exact values are obtained in the
case of linear molecules such as a diatomic molecule. The omission of 1, (r) affects the

rotational average alone because ¥,(r) does not affect velocity. Thus, the omission of
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1,(r) does not have any effects on linear molecules because of the symmetry about the
rotation. The omission in the other cases does not lead to large errors, if the shape of
a liquid molecule deviates slightly from a linear molecule.

In addition, even if a molecule is not linear, one has the case in which the first

approximation given by eq. (17a) does not lead to large errors. The case is given when
G

the center of mass is almost located in site a, as can be seen in water. If r{ ~ r;,
then orf = r? —r{ and Av, = w; x dr¢ have small values. Thus, from eq. (13c), one
can find that ME (r,r') is small, so that MY (r, 1) << MS (r,r’). In such a case, the
approximation to M% (r,r’) does not contribute to the calculation of M (r, r’).

Since the second approximation using eq. (29) gives the exact values in limiting
cases (Appendix), one can expect a small deviation from exact values in similar cases
to the limits. When the distance between sites is small, or when p,(r) deviates slightly
from p, the values calculated using eq. (29) approximate exact values. One, however,
can consider other forms giving the exact values in limiting cases. Equation (29) is one
of the simplest forms giving the exact values.

When an explicit expression of w' (r,r’) is considered, satisfying the H-theorem
is more important than including some effects omitted in eq. (29). In eq. (29), the
effects of the correlation between different molecule and the effects of p,(r”) at other
positions r” # r and r” # r/, are omitted. In the expression of w! (r,1’), if the effect
of p,(r") is considered, one should include functionals of p,(r”). Since such effects lead
to a complex expression of w! (r,r’), one can consider that eq. (29) is appropriate as
the first step in approximations of w' (r,r’). Satisfying the H-theorem in eq. (29), in
particular, is important because one cannot calculate the relaxation of molecular liquids
to equilibrium states if it is not satisfied.

Here, besides the kernel function M'%"(r,1’), one should discuss how the present re-
sults are limited by the Markovian approximation given by eq. (6). The Markovian ap-
proximation requires that the nonequilibrium average of the site density should change
more slowly than other variables. One can consider a velocity field as the candidate
for variables slower than the average site density. The relaxation times of the velocity
field in common molecular liquids are 1 to 2 ps. Thus, the present results are valid in
time regions longer than the time; one cannot study the inertial effects on solvation
dynamics, for instance.

In addition, approximations to the free energy functional F'[p,(r)] should be dis-

cussed: one has some cases in which the present results are not limited by the approx-
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imations. The present results require an explicit form of F[p,(r)] in eq. (9a), which
cannot exactly be calculated. To calculate the explicit form of F[p,(r)], one can em-
ploy approximations by the reference interaction site model (RISM) theory, which has
some limitations. One, however, has many cases to which one can apply the present
formulation without limitations: one of the cases is given by small solvent molecules
around a large simple solute. In addition, in the present framework, the solute-solvent
interaction is regarded as an external field; one can easily employ the three-dimensional
RISM theory.

Finally, it is noted that the derived expression given by eq. (9a) includes the nonlin-

earity of the site density through M!S (r,r’) in the same way as that in simple liquids.

Equation (9a) shows such a nonlinearity because of M (r, '), even if the nonlinearity
is not included in the functional derivative of the free energy. This is because w' (v, r’)
has the term +/p,(r) in eq. (30), though X,(r, ') does not include p,(r) in eq. (17a).
The basic equations in the TDDFT of simple liquids have the same nonlinearity, which
is the characteristic property of the TDDFT.

Considering the validity of these approximations with the nonlinearity, one can con-
clude that the TDDFT has been extended to the interaction-site model. Basic equations
of the extended TDDFT given by eq. (9a) can be calculated using molecular parameters
and the free energy functional. Thus, one can apply the extended TDDFT to various

nonlinear phenomena in molecular liquids, such as solvation dynamics and the transport

of large particles. The application is the subject of future work.
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Appendix A: Proof of the H-Theorem

In Appendix, the H-theorem?®® is proved within the approximations eqs (17a) and
(29). In the present case, the H-theorem is given by V'0F|[p,(r,t)]/dp.(r',t) — 0 at
t — o00. The theorem shows that the system reaches the equilibrium state for an infinite
time.

tot

The H-theorem can be proved when M.} (r,r’) in eq. (9a) is positive definite. If the
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free energy functional defined by eqs (4) is differentiated with respect to ¢, then

dF ,Oa 5F pa apa( )
Z/ Soa(r) L (A1)

Substituting eq. (9a) into eq. (A-1) and integrating eq. (A~1) by parts, one has

—dF P Z / drdr’ ( —Mgpi‘z( ))]> Mg (r,r') - (V’—(w 5]; IEZ‘;,(E;)]).
(A-2)

If M2 (r, ') is positive definite, the H-theorem can be proved because dF[p,(r,t)]/dt <
0.

Even when the present approximations are introduced, one can prove that M (r, ')
is positive definite. The kernel function M (r, r') is positive definite if both of M, (r, ')
and ME (r, 1) are positive definite. Substituting eq. (29) into eq. (16a), one can easily
prove that M, (r, r') is positive definite. In addition, using eqs (17), ME (r, r') is written

in the form

<z AV, AV(r — r8)6(r —1rf))

pwap(r — 1) '
One finds that ME (r,1') is also positive definite because the substitution of eq. (29)
into eq. (A-3) yields

MaRb(r, r') = wab(r r') (A-3)

M, (r,v) = %f(pa(r))f(ﬂb(r’)) <Z AVl Avyd(r —rf)o(r — rﬁ-’)> : (A-4)

Appendix B: The Bond-Breaking Limit

If all bonds of molecules are broken, the TDDFT of molecular liquids should agree
with that of multicomponent simple liquids. When all bonds are broken, v¢ and v? are
statistically independent if a # b. In addition, v{ is also independent of r{. Then, in

the limit, one should have the exact relation
kgT

a

My (r,1') = ——Udapa(r)d(r —1'), (B-1)
where m, is the mass of a particle for component a. If eq. (B-1) is substituted into
eq. (9a), eq. (9a) is in agreement with the basic equation of multicomponent simple
liquids.

The kernel function M!S (r, 1') is rewritten to show the agreement within the present

G

approximations. Since v;* is independent of r{ even without the limit, one can write

<VG’ G> _ <Zz VzGVz'G‘S(r —1f)o(r — rf)>

pWap(r — 1)

(B-2)
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Substituting eq. (B-2) into eq. (14) and using eq. (13a) with egs (17), one obtains

<Z veavbi(r — r¢)o(r — rf)> (p p .
PWap(r — 1) walrr) 9

Equation (B-3) is satisfied without the limit.

Mg%t (I‘, I‘/) -

Using the rewritten expression of M!S (r, ') given by eq. (B-3), one can show that
the present TDDFT is in agreement with that of multicomponent simple liquids in the

limit. In the limit, since v{ is independent of r¢, one obtains

M (r, 1) = (vivD) wh (r, 1) (B-4)
In the limit,
(vivt) = "L, B3
so that one obtains
M (r, 1) = IjiTUéabwéta(r, r'). (B-6)

One can obtain eq. (B-1) because eq. (30) for a = b reduces to
w' (v, 1) = p,(r)d(r —1'). (B:7)

Appendix C: Linearization
If the present equation is linearized, one should obtain the results given by Chong
and Hirata.” Expanding eq. (9a) in Ap,(r,t) = pu(r,t) — p, one neglects the terms

higher than second order. Then, one has

apa ! !/ 52BF[pa(r7t)] !
Z /dr /dr V- ML (r, 1)) - V5pb(r/7t)5pc<r”’t>Apc(r 1), (C1)

where

ME (r — 1) <Z vivis(r — r)o(r’ — rf)> : (C-2)

Chong and Hirata® have exactly obtained the Fourier transform of eq. (C-2).

One can show that the linearization agrees with the results of Chong and Hirata®
within the present approximation. The kernel function M%'(r,r’) should agree with
M (r — 1') given by eq. (C-2) when p,(r) = p, because p,(r) = p is equivalent to
t,(r) = 0. Even when the approximations are employed, one can obtain eq. (C-2) by
substituting eq. (30) for p,(r) = pp(r) = p into eq. (B-3).
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