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Abstract

Evolutionary computation (EC) algorithms have attracted the attention of many

researchers and have successfully solved lots of real-world applications thanks to their

excellent characteristics, such as their robustness, simplicity and intelligence. As the

real-world problems which need to be solved become more complicated, the demand

for high performance EC algorithms grows. Finding ways of accelerating convergence

with lower cost consumption has thus become one of the hottest topics in the EC

community. In this dissertation, we track this topic while proposing several effective

approaches for accelerating EC search from three research directions.

The first direction is to accelerate EC by using the estimated convergence point(s)

as elite individual(s) to replace poorer individual(s) in the current population.

Firstly, we propose two novel strategies to further improve the accuracy of an es-

timated convergence point, e.g., use historical information and introduce weights.

To generalize the basic estimation method to various types of optimization prob-

lems, we propose a separation method for multimodal tasks to estimate multiple

global/local optima and then use them to accelerate EC. We also apply the method

to multi-objective tasks to speed up the construction of Pareto optimality. Finally,

we investigate the feasibility of using an estimated convergence point to accelerate

interactive EC and reduce user fatigue.

The second direction is to integrate new search mechanisms into EC algorithms

to enhance their performance. We develop three powerful variants of the fireworks

algorithm (FWA) for searching spaces efficiently, using a scouting strategy, an am-

plitude reduction strategy, and others. We combine the basic estimation method

and FWA to accelerate its search and propose a distance-based exclusion strategy

to develop a niche FWA. Moreover, we propose two competitive strategies into a

differential evolution framework to accelerate the elimination of poor individuals

and keep high potential individuals by increasing competition among individuals.

The third direction is to develop a new EC algorithm with a stronger perfor-

mance. Vegetation evolution (VEGE) borrows from the survival and reproduction

strategies used by various plants and simulates two different periods of vegetation,

a growth period and a maturity period, repeatedly to find the global optimum, i.e.

it is an algorithm which involves cyclically switching between exploitation and ex-

ploration. We analyze the effect of each component of VEGE and give some general

experience for configuring the parameter settings. Based on our analysis results,

we further improve the performance of VEGE by proposing two new strategies to

increase the diversity of the population and accelerate convergence of individuals.
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Chapter 1

Introduction

1.1 Background and Remaining Problems

Optimization is an enduring subject that has been explored and studied for a long
time. As early as the 17th century, British scientist Newton invented calculus and
proposed the concept of the extremum. In 1847, French scientist Cauchy proposed
the steepest descent method to solve a system of nonlinear equations [29]. Subse-
quently, a series of traditional optimization methods, such as linear programming
[31, 170] and nonlinear programming [177, 15], were proposed and received much
attention. They did not, however, form an independent and systematic discipline
until the 1930s. Thanks to the rapid development of technology, especially the rise of
computer science, modern optimization theory and algorithms have been developed
and formed a new discipline as an important branch of mathematics, which aims
to satisfying not only all the design requirements but also to reduce computational
costs.

The demands of a concrete application are always an important factor in pro-
moting the development of science. In recent decades, the optimization problems
encountered have become more complicated, consisting of complex characteristics,
such as e.g. being non-differentiable, containing discontinuities, having constraints,
noise, being dynamic, etc. They are difficult to transform into a mathematical
model, and traditional methods e.g. exhaustive methods and calculus-based meth-
ods, are powerless to solve them successfully. Meanwhile, humans obtain lots of
inspiration from nature and use meta-heuristic algorithms to solve these complex
problems perfectly. Evolutionary computation (EC), as one of these branches, is
also applied to various industrial applications and has achieved satisfactory results.

The ground-breaking work of EC began in the 1950s, and EC algorithms became
popular in the late 1980s [78]. In the early stages of EC history, it simulated biolog-
ical evolution and survival of the fittest repeatedly to find the global optimum, and
several foundational EC algorithms were proposed, including the genetic algorithm
[62, 154, 63, 150], genetic programming [49, 7, 84] and evolution strategy [82, 59, 16].
With continuous research, practitioners have also come up with other effective EC
algorithms inspired by natural phenomena, human and social behavior and oth-
ers. For example, Storn and Price proposed the well-known differential evolution
(DE) [152], which uses differential information to perturb individuals such that they
evolve toward an optimal area. There are many other EC algorithms which also
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have strong optimization capabilities, such as particle swarm optimization (PSO)
[77], the fireworks algorithm (FWA) [161], the artificial bee colony algorithm (ABC)
[41] and others [113, 184, 185, 52]. Some researchers classify these algorithms as
swarm intelligence, but no such distinction is made in this dissertation because all
these algorithms are population-based optimization techniques. So far, hundreds
of EC algorithms have sprung up like mushrooms and shown a powerful optimiza-
tion ability in solving engineering problems which are often expensive, large scale,
multimodal, etc.

EC algorithms have similar optimization frameworks, but they have different
optimization characteristics by simulating different mechanisms. In general, they
generate the initial population randomly, then use iterative progress, e.g. the re-
combination operation, mutation operation and selection operation, to gradually
evolve the population into areas of higher potential. Finally, the found optimum is
output when the termination condition is satisfied. Such iterative processes form
the core of EC algorithms, which can guarantee convergence and distinguish from
others. The extensive success of EC algorithms has also prompted them to be ex-
tended to various application scenarios. Niching techniques, as a highly focused
branch, extend EC algorithms to multimodal optimization problems, which can find
multiple different optima during one trial run. There are many well-known niching
methods that have been proposed in the past few decades, including clearing [119],
restricted tournament selection [60], crowding [66], fitness sharing [53] and others
[88, 93, 85]. Some researchers have applied EC algorithms to multi-objective opti-
mization problems and developed a series of effective multi-objective evolutionary
algorithms (MOEAs), which handle several conflicting objectives to be optimized
simultaneously by maintaining a set of Pareto optimal solutions. So far, many fa-
mous MOEAs, e.g. NSGA-II [40], NSGA-III [39, 68] and MOEA/D [203], have
been proposed and attracted much research effort. Additionally, practitioners have
developed corresponding EC algorithms for various other types of problems, such
as large-scale optimization; dynamic and uncertain enviroments; and robust opti-
mization. As EC algorithms receive more and more attention, they also intersect
with other disciplines, resulting in a variety of new research directions, e.g. evolved
neural networks, evolutionary fuzzy system, evolutionary cyber physical system, and
others.

Interactive EC (IEC) plays an important role in the EC community. It can
embed human knowledge, experience, preference, or as a more general term, KAN-
SEI, into EC algorithms. Usually, any EC algorithm can be developed into an IEC,
and only use human subjective evaluations as the fitness to replace its evaluation
function. The pioneering work for IEC was presented in 1986 by Prof. Dawkins
[137]. Although IEC is a young research field, many researchers have devoted them-
selves and proposed various IEC types, including interactive evolution strategy [61],
interactive genetic algorithm [26, 100], interactive genetic programming [145, 75],
interactive particle swarm optimization [104] and others [159, 83]. IEC algorithms
have also been applied to many real-world applications, such as industrial problems
[79, 33], art education [107, 106], games and therapy [171, 110], geophysics [20, 19],
and others [155, 158, 157]. Because humans are involved in the system optimiza-
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tion, IEC algorithms exhibit human sensibility, which makes them very successful at
solving design problems. However, evaluation noise arising from human subjectivity
cannot be avoided, and IEC user fatigue remains a major problem for IEC.

Although EC and IEC algorithms have shown great potential and powerful op-
timization capability for various complex problems, their performance still needs
to be further improved to address new and emerging concrete problems. Some re-
searchers have focused on the underlying EC algorithms, e.g. schema theories [38],
Markov chains [57], problem difficulty [105] and performance models [54], to un-
derstand their optimization principles. Others have concerned themselves with the
application level; for example, they have analyzed optimization problems and then
selected an appropriate EC algorithm for optimization [5, 102], hybrid multiple EC
algorithms to obtain stronger robustness and wider applicability [160, 3]. In sum-
mary, how to improve the performance of the EC and reduce IEC user fatigue are
the primary topics and study subjects which we will focus on in this dissertation.

1.2 Objectives and Approaches

The primary focus of this dissertation is to improve the performance of EC algo-
rithms, i.e. obtain faster convergence and higher convergence accuracy with lower
computational cost consumption, and a small amount of attention is discussing on
a possibility of reducing IEC user fatigue. We try to achieve these objectives by
pursuing research in three directions which builds on the theoretical principles un-
derlying EC/IEC algorithms. Multiple approaches are explored in each research
direction, and Figure 1.1 shows the relationship among them.

Figure 1.1: A relation diagram of multiple approaches along with three research
directions to accelerate EC/IEC.

Three research directions of this work are:

1. using evolutionary information between two generations to estimate conver-
gence points of the population, then using them to accelerate EC/IEC,
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2. proposing new search strategies and schemes to enhance the performance of
existing EC algorithms,

3. developing a new powerful EC algorithm inspired by vegetation growth and
analyze its components to understand its optimization mechanisms.

The first research direction focuses on how to calculate the convergence points of
the population mathematically and use them to accelerate convergence speed, which
can be regarded as a reuse of the fitness landscape information to assist EC/IEC
search. As a preliminary attempt, we propose two novel strategies to further improve
the accuracy of an estimated convergence point. Since the basic estimation method
is suitable for unimodal optimization, we are committed to extending it to accelerate
various application scenarios, such as multimodal optimization, multi-objective opti-
mization and IEC. Furthermore, we propose a type of fireworks, synthetic fireworks,
which allows us to use the estimation method to accelerate FWA.

The second research direction focuses on improving the performance of two exist-
ing EC algorithms, FWA and DE, by integrating new search strategies. According
to the characteristics of the explosion operations of FWA, we propose two novel ex-
plosion schemas to enhance the local search ability of fireworks, some other effective
strategies to select the next generation and tune FWA parameters, and extend FWA
to multimodal optimization by integrating a proposed distance-based exclusive strat-
egy to find multiple optima. Additionally, we introduce two competitive strategies
into DE to increase competition among individuals and accelerate its convergence.

The third research direction focuses on developing a new optimization framework
inspired by natural plants to implement a new EC algorithm, vegetation evolution
(VEGE). VEGE simulates vegetation growth and seed dispersion repeatedly to find
the global optima. We investigate and analyze the impact of each component of the
VEGE and summarize several general rules with regards to its parameter settings.
Based on the analysis results, we propose two new strategies to improve the VEGE
performance by increasing the diversity and accelerating growth of individuals. Fi-
nally, we point out some potential research topics which are for open discussion.

The core objective of this dissertation is to accelerate the performance of EC
algorithms. The term “accelerated” here means that our proposal can find the
global optimum with less fitness evaluations or find a better solution with the same
number of fitness evaluations. If our proposed strategies have statistically better
performance than previous methods, we can say that our proposed strategies have
succeeded in achieving an accelerated effect.

1.3 Chapter Structure

Following this introductory chapter, we present an overview of related EC tech-
niques, detailed implementation mechanisms of DE, PSO and FWA, as well as some
published works about accelerating EC/IEC in Chapter 2. We propose two strate-
gies to further improve the accuracy of an estimated convergence point based on
the basic estimation method in Chapter 3. We combine the estimation method and
EC/IEC together to speed up the convergence of EC algorithms and apply the basic
estimation method into multimodal tasks, multi-objective tasks, and IEC tasks in
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Chapter 4. We propose a new type of fireworks to combine the basic estimation
method and FWA together to speed up the convergence of FWA in Chapter 5. We
propose several novel strategies for FWA to enhance its performance and develop it
to niche FWA in Chapters 6 and 7, respectively. We introduce competitive strate-
gies into DE to speed up its convergence in Chapter 8. In Chapter 9, we propose a
new EC algorithm inspired by vegetation growth and seed dispersion and analyze
its performance, and a improved version is also presented by introducing two pro-
posed strategies to further improve performance. Finally, we conclude our works
and suggest several potential research topics for discussion in Chapter 10.

From the structural perspective, Chapters 3 to 9 form the innovative parts of
this dissertation, which aims to accelerate EC/IEC from three different research di-
rections. Figure 1.2 illustrates the chapter structure of this dissertation graphically.

Ch. 6 

Search Strategies      for FWA

Ch. 7 

Niche  Strategies     for FWA

Ch. 8 

Competitive Strategies for DE

Ch. 4 

Accelerating EC   Using ECP

Ch. 5 

Accelerating FWA Using ECP

Ch. 10 

Discussions and Conclusions

Ch. 9 

Proposal of New Algorithm:

VEGE

Ch. 2 

Related Techniques and Works

Ch.1

Introduction

Ch. 3 

Improvements of Estimated 

Convergence Point (ECP)

Figure 1.2: The chapter structure of this dissertation.
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Chapter 2

Related Techniques and Research

2.1 Related Techniques

2.1.1 Evolutionary Computation

On the Origin of Species, [34] published by Charles Darwin in 1859, is considered to
be the foundation of evolutionary biology. It was Darwin who first put forward the
theory of evolution and attempted to prove that the evolution of species is achieved
through natural selection and the survival of the fittest. The core concept is that
variation generates diverse individuals, i.e. gene mutations cause individuals to
have different phenotypes, for natural selection. Although the probability of gene
mutation in any given individual is quite low, the large population base ensures
that there are enough mutated individuals to generate. Because of the random-
ness and uncertainty of variation, the emerging characteristics of variant individuals
may or may not adapt to the current environment. When their living environment
changes, some variant individuals may adapt to the new environment and survive,
and unadaptable individuals are eliminated by natural selection. The survivors can
get more resources and tend to generate more offspring, enabling them to spread
their genes more rapidly in the population. Species can survive well and evolve
stronger capabilities in the face of volatile environments thanks to the diversity of
their populations.

EC algorithms simulate the above processes inspired by biological evolution, i.e.,
mutation, crossover, and selection, to find the global optimum. With the popu-
larity of EC algorithms, practitioners also get inspiration from other phenomena
and model these mechanisms to solve various complex optimization problems. For
example, crystals can be heated to a high temperature and then slowly cooled to
reduce defects in the crystal during this process and minimize the system energy,
a process which is similar to optimization. Thus, simulated annealing [81] simu-
lates the annealing in metallurgy and introduces random factors to increase the
probability of obtaining the optimum. In the 19th and 20th centuries, many coun-
tries in the West started their colonial eras and thus transported their cultures to
the countries they colonized. Throughout, the imperialist countries also competed
with each other for colonization. Inspired by these social behaviors, the imperialist
competitive algorithm [10] simulates the colonial assimilation mechanism and the
imperial competition mechanism repeatedly to find the global optimum. So far,
hundreds of remarkable EC algorithms have been proposed inspired by a variety of
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creatures or phenomena, which can be categorized as population-based stochastic
problem solvers. Fig. 2.1 illustrates the general optimization framework used by
EC algorithms.

Figure 2.1: The general optimization framework of EC algorithms.

• Initialization: The term “individual” used in biology is also used in EC al-
gorithms, and together all the individuals form a population. Generally, a
candidate solution is encoded as an individual regardless of whether an opti-
mization task is a combination problem or a continuous problem, then random
initialization is widely used to generate the initial population at the beginning
of an EC algorithm. Some practitioners have also proposed other initialization
methods, such as opposition-based initialization [164, 133], clustering-based
initialization [13] and others [76], to improve the convergence accuracy of EC
algorithms.

• Evaluation: We use the terms “fitness function”, “evaluation function” and
“objective function” for those functions which evaluate the quality of indi-
viduals. These evaluations can be performed using mathematical equations,
fuzzy logic systems, artificial neural networks, etc. In the case where human
subjectivity is used to evaluate the individuals, the optimization algorithms
can be regarded as IEC.

• Evolutionary mechanisms: This part forms the core of the EC algorithms
and directly affects their performance. Because EC algorithms use evolution-
inspired optimization principles iteratively to evolve the population, in this
dissertation we use the term “evolutionary mechanisms” to refer to their core
operations, such as crossover and mutation in genetic algorithms [175]. Al-
though EC algorithms have different optimization characteristics, the common
theme is that they balance the capabilities of exploration and exploitation to
efficiently generate potential offspring. In short, the ultimate objective is to
gradually improve the initial population and eventually converge to the global
optimum.

• Stop criteria: There are two universal criterions used for terminating EC
algorithms: (1) a predetermined fixed convergence accuracy; (2) a predeter-
mined maximum number of evaluations. Usually these two criteria are used
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together; EC algorithms are terminated once either one of the two is satisfied.
• Selection: This operation removes less desired individuals and selects individ-
uals with potential for the next generation to improve the overall quality of the
population. It is also one of the factors that affect EC performance because in-
appropriate selection methods may slow down or even hinder convergence. So
far, many effective selection methods have been proposed, such as, tournament
selection [22], stochastic universal sampling [162], linear ranking selection [18],
and others [176].

• Best solution: The found optimum is output when the EC algorithm ends.

2.1.2 Estimation Method of a Convergence Point

The estimation method calculates a convergence point of the population mathe-
matically using the information of two subsequent generations rather than multiple
iteration [103]. Since all individuals evolve and converge towards optimal area in
unimodal tasks, the estimation method tries to calculate the point to minimize total
distance from it to all moving vectors. Here, a moving vector is defined as pointing
from a poor parent to its better offspring (as shown in the Figure 2.2).

Let us begin by defining symbols. ai and ci in the Figure 2.2 are the i-th parent
individual and its offspring individual, respectively (ai, ci ∈ Rd). Then, the i-th
moving vector is defined as the direction vector, bi = ci − ai. The unit direction
vector of the bi is given as b0i = bi/||bi||, i.e. bT0ib0i = 1.

a
1

c
1

a
2

c
2

a
3

c
3

a
n

c
n

Figure 2.2: Moving vector bi (= ci−ai) is calculated from a parent individual ai and
its offspring ci in the d-dimensional searching space. The ⋆ mark is the convergence
point for these moving vectors.
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Estimation Method

Let x ∈ Rd be the point that is the nearest to the n extended directional line
segments, ai + tibi (ti ∈ R). By nearest, we mean that the total distance from
x to the n extended directional line segments, J(x, {ti}) in Eq.(2.1), becomes the
minimum.

As the minimum line segment from the convergence point x to the extended
directional line segments is the orthogonal projection from x, we may insert an
orthogonal condition, Eq. (2.2), into the Eq. (2.1) and thus remove ti.

min {J(x, {ti})} =
n∑

i=1

∥ai + tibi − x∥2 (2.1)

bTi (ai + tibi − x) = 0 (orthogonal condition) (2.2)

Then, we can obtain the Eq. (2.3).

J(x) =
n∑

i=1

∥∥∥∥ai +
bTi (x− ai)

∥bi∥2
bi − x

∥∥∥∥2 (2.3)

From the ∥ · ∥ part of the Eq. (2.3) to obtain the below Eq. (2.4).

ai +
bTi (x− ai)

∥bi∥2
bi − x =

{
bib

T
i

∥bi∥2
− Id

}
(x− ai) (2.4)

where Id is an identity matrix. Here, let us define Hi as:

bib
T
i

∥bi∥2
− Id = b0ib

T
0i − Id = H i (2.5)

Next, we can obtain the below objective function from Eq. (2.3) where we have
eliminated the term {ti}.

J(x) =
n∑

i=1

∥H i(x− ai)∥2 =
n∑

i=1

∥H i(x− ai)∥ ∥H i(x− ai)∥

=
n∑

i=1

{H i(x− ai)}T H i(x− ai) =
n∑

i=1

(x− ai)
THT

i H i(x− ai)

(2.6)

Our goal is obtained by minimizing J(x) with regard to x. Estimated x, i.e. x̂,
is obtained by partially differentiating each element of x and setting them equal 0.

∂J(x)

∂x
= 2

n∑
i=1

HT
i H i(x− ai)

= 2

{(
n∑

i=1

HT
i H i

)
x−

(
n∑

i=1

HT
i H iai

)}
= 0

(2.7)

Thus, the estimation of Eq. (2.8) is obtained.

9



x̂ =

(
n∑

i=1

HT
i H i

)−1( n∑
i=1

HT
i H iai

)
(2.8)

Since H i has the characteristic of HT
i H i = H2

i = H i,i.e. a projection matrix, the
Eq. (2.8) can be rewritten as the Eq. (2.9).

x̂ =

(
n∑

i=1

H i

)−1( n∑
i=1

H iai

)
(2.9)

Finally, an estimated convergence point is calculated using following Eq. (2.10).

x̂ =

{
n∑

i=1

(
Id − b0ib

T
0i

)}−1{ n∑
i=1

(
Id − b0ib

T
0i

)
ai

}
(2.10)

Approximative Estimation Method 1

Murata et. al [76] also provided approximative calcuration methods for program-
ming language that cannot handle vectors and matrixes. Here, the Eq. (2.10) is
expanded as a Neumann series and approximate it by using only the lower order
terms. Thus, it is expanded as shown in the Eq.(2.11).

x̂ =

{
n∑

i=1

(
Id − b0ib

T
0i

)}−1{ n∑
i=1

(
Id − b0ib

T
0i

)
ai

}

=
1

n

Id +

(
1

n

n∑
i=1

b0ib
T
0i

)
+

(
1

n

n∑
i=1

b0ib
T
0i

)2

+ .....

×

{
n∑

i=1

(
Id − b0ib

T
0i

)
ai

}
(2.11)

From the Eq. (2.11), we can notice that the lower the order used, the less the
inverse matrix is calculated. When only the 0th order term is used, then it becomes
the Eq. (2.12).

x̂ ≈ 1

n
× Id ×

{
n∑

i=1

(
Id − b0ib

T
0i

)
ai

}
≈ 1

n

n∑
i=1

ai −
1

n

n∑
i=1

b0ib
T
0iai (2.12)

where, b0ib
T
0i is matrix, while ai is a vector. Thus, we can do the following transfor-

mation to avoid matrix operations.

b0ib
T
0iai = b0i(b

T
0iai) = b0i(a

T
i b0i) = (aT

i b0i)b0i (2.13)

By insterting the Eq. (2.13) into the Eq. (2.12), we can obtain the following
approximate equation as shown in the Eq. (2.14).

x̂ ≈ 1

n

n∑
i=1

ai −
1

n

n∑
i=1

(aT
i b0i)b0i (2.14)
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Approximative Estimation Method 2

Let us consider an iterative method for alternately minimizing x and ti in the Eq.
(2.1), As the Neumann series expansion is performed at the convergence point of this
method, we can say that this method finds an approximated solution by expanding
the Neumann series in the previous approximative estimation method.

When a point x is given, let yi(x) be the nearest point on the i-th line to x, i.e.
the projection of x on the i-th line.

yi(x) = ai + ti(x)bi (2.15)

where ti(x) is given in the Eq. (2.16) from the Eq. (2.2).

ti(x) =
bTi (x− ai)

∥bi∥2
(2.16)

On the other hand, when yi(x), (i = 1, 2, ..., n) is given, let x
′
be the point for

which the total sum of distances to them is the shortest. Then, x
′
is the gravity

point of yi(x) and is given by the Eq.(2.17).

x
′
=

1

n

n∑
i=1

yi(x) (2.17)

According to the above, the following iterative method is obtained:

Step1: Initialize x. For example, x = 1
n

∑n
i=1 ci.

Step2: Obtain ti(x) by the Eq.(2.16) and then yi(x) by the Eq.(2.15).
Step3: Replace x with x

′
, which is the gravity point obtained by the Eq.

(2.17).
Step4: Go to Step 2 until convergence is reached.

Because of the update of the Eq. (2.15), the below Ed. (2.18) is also established.
Thus, it is guaranteed that the iterative method in this section converges.

n∑
i=1

∥yi(x)− x
′∥2 ⩽

n∑
i=1

∥yi(x)− x∥2 (2.18)

2.1.3 Differential Evolution

DE is a type of population-based EC algorithm used to solve real-valued continuous
optimization problems [152, 123, 124]. The optimization process of DE can be
summarized as follows: a differential vector consisting of two distinct individuals is
selected from the population to perturb a randomly selected individual as a base
vector to generate a mutation vector. Next, DE applies the crossover operation
between the mutation vector and the target vector, i.e. a parent individual, to
generate a trial vertor as a new offspring individual. Subsequently, the winner
between the target vector and the trial vertor survives to the next generation. Thus,
each individual in the population is used as a target vector and performs the above
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operation once to generate an offspring individual. When all the individuals have
performed the operation, the update of the generation is complete. DE evolves the
population iteratively until a termination condition is satisfied. Figure 2.3 illustrates
the optimization principles of DE.

Figure 2.3: DE uses differential vectors to improve the quality of the population.

The novelty of the original DE was to find the global optimum by applying
a differential-based simple mutation operation for generating offspring candidates
and a one-to-one selection strategy for deciding surviving individuals. The idea of
differential vectors is quite simple, but these directional vectors include the distri-
bution information of the population. Suppose we collect all PC2 differential vectors
obtained from the P population size, and put their initial points on a base vector.
Then, the distribution of their terminal points becomes similar to that of population.
The lengths of the differential vectors becomes shorter according to the convergence
of the population, but the distribution information of population is maintained.

Due to DE being both simple and highly efficient, practitioners have dedicated
efforts to further improve DE performance and have achieved gratifying results.
Thanks to their tireless efforts, DE has become one of the most popular algorithms in
the EC community, and a large number of effective variants have been proposed, such
as, adaptive DE [201], self-adaptive DE [127], opposition-based DE [132], and others
[116, 37, 36]. Meanwhile, DE is also applied to various scenarios including large
scale problems [186, 199], combination optimization [179, 56], dynamic optimization
[97, 24], constrained optimization [202, 98], multi-objective optimization [99, 139],
and multi-modal problems [163, 130]. Besides, DE has solved many complex real-
world applications and achieved great success because it does not need any prior
knowledge of the optimization problems. For example, in power plant control [169],
clustering[35], electromagnetics [140], scheduling flow shops [108], engineering design
[92], etc. In short, DE has attracted considerable attention, not only in academia,
but also in industry.
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We usually use DE/x/y/z to represent any form of DE, where x means the
individual to be perturbed, e.g. random, best or current to pbest; y means the
number of difference vectors used in the perturbation of x ; z means the crossover
operator, and here there are two commonly used methods: bin and exp. Algorithm
1 shows the general framework of DE.

Algorithm 1 The general framework of the original DE. F : scaling factor, CR:
crossover rate, PS: population size.

1: Initialize population randomly.
2: Evaluate the population.
3: while the termination condition is not satisfied do
4: for i = 1 to PS do
5: Select an individual randomly as a base vector, xbase.
6: Select two individuals randomly to construct a difference vector, (xr1−xr2),

where r1 ̸= r2 ̸= base ̸= i.
7: Generate a mutation vector, xmutation = xbase + F × (xr1 − xr2).
8: Crossover xmutation and xi to generate a trial vector, xtrial.
9: Evaluate the fitness of the trial vector, xtrial.

10: The winner of xtrial and xi can survive to the next generation.
11: end for
12: end while
13: Output the found optimum.

2.1.4 Particle Swarm Optimization

PSO simulates the rules underlying bird flocks foraging behavior to find the global
optimum and opened a new page in the research of developing EC algorithms in-
spired by social behaviors [77]. Although the behavior of an individual is simple
and limited, cooperation with other individuals can lead to highly complex and in-
telligent performance. With PSO, a real bird is abstracted as a point with no mass
and shape, i.e. a particle, and each particle has a velocity with which its position
is then updated. PSO performs the above operations iteratively until a termination
condition is satisfied.

The feature of the original PSO is to use the historical information of the parti-
cles themselves and the shared global optimal information to update their velocity.
Figure 2.4 shows that the speed update of a particle is affected by three factors, (1)
the current moving direction of the particle, (2) the past best position of the parti-
cle, (3) the past best position of all particles. Thus, each particle uses Eqs. (2.19)
and (2.20) to update its velocity and position, respectively. Algorithm 2 outlines
the general framework of PSO.

vi(t+1) = ω×vi(t)+c1×rand()×(pbest−xi)+c2×rand()×(gbest−xi) (2.19)

xi(t+ 1) = xi(t) + vi(t+ 1) (2.20)
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Figure 2.4: The velocity update of a particle.

where vi(t) and xi(t) are the velocity and position of i-th particle in the t generation,
respectively. vi(t) locates in (vmin,vmax) to limit the update speed so it is neither
too large or too small. pbest means the past best position of i-th particle and
gbest is the found best position so far. rand() generates a random number between
(0, 1). ω is the inertia factor, c1 and c2 are learning factors and they are usually set
to constants.

Algorithm 2 The general framework of the original PSO. PS: population size.

1: Initialize the velocity and position of the population randomly.
2: Evaluate the population.
3: while the termination condition is not satisfied do
4: for i = 1 to PS do
5: Update the velocity of i-th particle using the Eq. (2.19).
6: Update the position of i-th particle using the Eq. (2.20).
7: Evaluate the i-th particle.
8: end for
9: end while

10: Output the found optimum.

Because PSO is simple and easy to use with few parameters, it has attracted sig-
nificant attention and many powerful variants have been proposed so far. Some prac-
titioners investigated the impact of parameter settings on performance [47, 136, 181].
Others introduced many novel strategies, e.g. fuzzy adaptive [144], linear time vary-
ing [209], acceleration coefficients [69], into the original PSO to control parameters
reasonably and achieve better performance. Meanwhile, PSO has also been applied
to various scenarios, including multimodal optimization [129, 90], dynamic optimiza-
tion [182, 43], multi-objective optimization [180, 65], and hybridise with other EC
algorithms to improve PSO performance by inheriting their advantages, such as GA-
PSO [138], DEPSO [205], PSOSA [206], PSACO [143]. In addition, it has also been
applied to various complex real-world applications successfully, such as, economic
dispatch [50], PID controller design [51], optimal power flow [2], feature selection
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[174] and others [45, 70, 6]. To summarize, PSO is one of the foundational works in
the EC community which has not only demonstrated great potential itself, but has
also promoted the development of subsequent social behavior-based EC algorithms.

2.1.5 Fireworks Algorithm

In real world, a firework is launched into the sky then many sparks are gener-
ated around it, which can be abstracted as a local search model around a specific
point (firework). Inspired by these explosion process, FWA generates multiple ini-
tial fireworks individuals randomly, then each firework individual generates different
number of spark individuals within different explosion amplitude according to its
fitness. Subsequently, the best individual survivals to the next generation and re-
maining individuals in the next generation are selected from the current firework
individuals and spark individuals based on their selection probability. Thus, FWA
simulates the explosion process iteratively until a termination condition is satisfied.
The Figure 2.5 demonstrates a general explosive model of the original FWA.

Figure 2.5: Search process of FWA. (a) Fireworks are random generated, (b) sparks
(red solid poins) are generated around each firework, and mutation sparks (blue solid
poins) are also generated, (c) new fireworks are selected to enter the next generation
using the (b). The (b) and (c) are iterated until a termination condition is satisfied.

The feature of the original FWA is to assign different explosion amplitude and
number of generated spark individuals to each firework individual to balance ex-
ploitation and exploration. There are two types of firework individuals in the orig-
inal FWA: better firework and poor firework. A better firework is responsible for
exploitation and may close to an optimum so that many sparks are generated around
it within a smaller range, while a poor firework is responsible for exploration and
may far from the optimum so a few sparks are generated and search range should be
larger. The Algorithm 3 shows the general flow of FWA mainly consisting of three
operations: explosion, mutation and selection.

• Explosion Operation: This operation is design to determine the explosion
parameters of each firework individual, i.e. the number of generated spark
individuals and a explosion amplitude. First of all, let’s define symbols. For
the minimization problem, x represents a feasible solution in the space. f(x)
is fitness function. n represents the number of fireworks in each generation.
ymax and ymin denotes the worst and the best fireworks in current generation.
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Algorithm 3 The general framework of FWA.

1: Initialize n fireworks randomly.
2: Evaluate the fitness of each firework.
3: while a termination condition is not satisfied do
4: Generate sparks for each firework.
5: Generate Gaussian mutation sparks.
6: if sparks are generated outside search area then
7: Use a mapping rule to bring it back to search space.
8: end if
9: Evaluate the fitness of generated sparks.

10: Select n new fireworks for the next generation.
11: end while
12: Output found feasible solution.

ξ denotes the smallest constant in the computer, is utilized to avoid zero-
division-error.

We use the Eq. (2.21) to calculate the generated spark individuals for each
firework and the Eq. (2.22) to avoid generate too much or too little spark
individuals.

si = m ∗ ymax − f(xi) + ξ∑n
i=1(ymax − f(xi)) + ξ

(2.21)

s
′

i =


round(a ∗m) if si < a×m
round(b ∗m) if si > b×m

round(si) otherwise
(2.22)

where, m is a parameter controlling the total number of sparks generated by
the n fireworks, i means the i-th fireworks, a and b are const parameters.

We use the Eq. (2.23) to calculate a explosion amplitude for i-th firework
individual.

Ai = Amax ∗
f(xi)− ymin + ξ∑n

i=1(f(xi)− ymin) + ξ
(2.23)

where Amax denotes the maximum explosion amplitude.

Finally, spark individuals may undergo the effects of explosion from random
selected z directions, and we obtain the number of the affected directions
randomly using the Eq. (2.24). Then, all affected directions use the same
displacement, h = Ai × rand(−1, 1), to generate spark individuals, xnew, with
the Eq. (2.26).

z = round(d ∗ rand(0, 1)) (2.24)

xnew = xz
i + h (2.25)
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where d means dimensionality, rand(0, 1) is an uniform distribution over [0,1].
We call the generated sparks by this way, explosion sparks.

• Gaussian Mutation: It is designed to increase the diversity of spark indi-
viduals. The Algorithm 4 shows the flowchart of Gaussian mutation. We call
the generated sparks by this way, Gaussian sparks.

Algorithm 4 Gauss Mutation of FWA. Gaussian(1, 1) denotes a Gaussian distri-
bution with mean 1 and standard deviation 1.
1: Initialization of fireworks xi randomly.
2: z = round(d ∗ rand(0, 1)).
3: Select z dimensions randomly of xi.
4: g = Gaussian(1, 1).
5: for Selected dimensions of xj

i do
6: xj

i = xj
i × g.

7: if xi outside the feasible region then
8: Use mapping rule back to feasible region.
9: end if

10: end for

• Selection: we use a elitist strategy and immune density based selection
method to obtain the next generation fireworks from all spark individuals
and current firework individuals. The best firework or spark go to next gen-
eration directly and remaining firework individuals in the next generation are
selected based on their selection probability that can be calculated using the
Eqs. (2.26) and (2.27).

R(xi) =
∑
j∈K

||xi − xj|| (2.26)

p(xi) =
R(xi)∑

j∈K R(xj)
(2.27)

where K is the set of current firework individuals and spark individuals.

Unlike most EC algorithms, FWA simulates explosion of real fireworks to per-
form different levels of searching for local areas, which shows strong optimization
capabilities. Thanks to its fascinating features, many researchers focus on further
improving its performance by proposing various novel mechanisms, such as, the en-
hanced FWA (EFWA) [208], dynamic FWA (dynFWA) [207] and others [87]. Mean-
while, FWA is also applied to various scenarios including multimodal optimization
[86], dynamic optimization [117], multi-objective optimization [200]. Beside, FWA
has been applied to many real-world problems and achieved encouraging successes.
For example, regional seismic waveform inversion [42], constrained portfolio opti-
mization [11], web information retrieval [21], multilevel image thresholding [166],
RFID network planning [167] and privacy preserving [131], etc. In a word, although
FWA is a new family member of the EC community, there is still plenty of room to
further improve FWA performance.
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2.2 Related Research

2.2.1 Approximation Models

Although EC has attracted enough attention and achieved great success both in
academia and industry, it is still difficult to solve optimization problems perfectly
with limited computing resources because of their heavy computational cost and
high-dimensions. Besides, the number of subjective evaluations of IEC users is also
limited because of their human fatigue [155]. Thus, an approximate model as a
potential approach has achieved many gratifying results in recent decades. It aims
to build a cheaper approximate model to replace the original optimization problems
with high cost fully and partially to achieve greater benefits at lower cost.

An approximation means that one thing is similar to another but not exactly
the same. Generally, approximate models are applied in EC community mainly
from three levels, i.e., problem approximation, functional approximation and special
approximation techniques for EC.

• Problem approximation: It replaces the original complex problem with
a much simpler and easier model to solve the problem roughly but easily.
The used model does not change the characteristics of the original problem
[23, 8]. It means that solving simple problems with lower costs is equivalent to
solving a complex one roughly. Although it sounds fascinating and effective,
it requires a sufficient prior knowledge of the original optimization problems.
How to simplify complex problems accurately is a key, and the accuracy of the
established models also directly affects the performance because low precision
or incorrect models can hinder convergence.

• Functional approximation: It usually uses sample data to construct an
alternate and explicit expression, and there are many effective techniques to
build a functional approximation model [71]. For example, a polynomial model
is a form of regression analysis where the relationship between inputs, out-
puts and noise is modelled as the n-th degree polynomial. Other commonly
used technologies are kriging model, neural networks, support vector machines,
comparative remarks and others. Honestly, it is not so easy to establish a high
quality function model because it involves many factors, such as sample data,
selection of training method and selection of error measures. There are still
many researchers dedicated to building accurate approximation models to ac-
celerate convergence.

• Evolutionary approximation: It is specific for EC algorithms. There are
two well-known strategies, fitness inheritance [148] and fitness imitation [80],
to reduce the number of fitness evaluations. In fitness inheritance, the fitness
of an offspring individual can be estimated from its parent. While individuals
are clustered into several groups in fitness imitation, an individual representing
the entire group will be evaluated and other individuals in the same cluster
will be estimated from the representative individual.

Regardless the methods used to obtain an approximate model, the ultimate ob-
jective is to use the model reasonably and accelerate EC/IEC. Many practitioners
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try to use approximate models in almost every element of EC algorithms to max-
imize benefits, such as, initialization [134], crossover [9], and mutation [1]. There
is no doubt that the most used way is to use approximate models to evaluate indi-
viduals to reduce the number of real fitness calculations [73, 101, 121, 64]. Model
management and update is also a hot topic, and there are three kinds of manage-
ment methods from the viewpoint of evolution control: no evolution control [149],
fixed evolution control [55] and adaptive evolution control [72]. Some researchers
focus on developing different data sampling techniques to improve the accuracy of
approximate models, such as, bagging and boosting [48], active data selection [122]
and others [135, 58].

In short, approximate models show great potential in EC community, but they
have not yet attracted sufficient attention, and there are still many open topics for
discussion because it is still unclear in which way EC algorithms can benefit from
an approximate model.

2.2.2 Approximation Using Fourier Transform

Joseph Fourier first proposed the basic idea of Fourier Transform that can use a set of
combination of sinusoidal function to express any continuous periodical functions. In
general, Fourier transform is a linear integral transform used to transform a signal
between a time domain (or spatial domain) and a frequency domain. Nowadays,
discrete Fourier transform (DFT) has been applied into physics and engineering
everywhere.

Fourier analysis is not only a powerful mathematical tool but also an interest-
ing mode of thinking. Pei got inspiration and used Fourier Transform to predict a
global optimum then accelerate EC search [114]. It is a unique approach to filter its
frequency components for approximating a fitness landscape. Firstly, it uniformly
samples the entire fitness landscape, and the resampled points as well as the EC
individuals are used to obtain the frequency information for the fitness landscape
by using the discrete Fourier transform. We filter to isolate the major frequency
component; thus we can obtain a trigonometric function approximating the original
fitness landscape after the inverse DFT is applied. Subsequently, the elite is ob-
tained from the approximated function and the EC search process is accelerated by
replacing the worst EC individual with the elite.

The experimental results confirmed that introducing Fourier transform to ap-
proximate fitness landscape is effective and promising [114]. It can be further de-
veloped into a new niching method. We can use the DFT repeatedly to extract
frequency of the heighest power, the second one and others until all the optimal
areas are detected. Then, these obtained elite individuals can be used to accelerate
EC, even the optimization problem is a complex multimodal optimization problem.

2.2.3 Hybrid Algorithms

Hundreds of EC algorithms have been proposed, and they have their own optimiza-
tion characteristics. It is difficult to say that an EC algorithm is suitable for all
types of problems as the no-free-lunch the theorem [178] claims. Thus, some re-
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searchers try to mix different EC algorithms together to obtain a greater robustness
to solve the same problem more efficiently than a single EC algorithm. Design idea
of hybrid algorithms is simple and expects to yield better performance by combining
two or more other EC algorithms. Generally, any EC algorithm can be mixed with
other EC algorithms or just introduce a part of operations, and hybrid algorithms
usually have features of multiple mixed EC algorithms. However, improper hybrid
may weaken the performance of algorithms or even hinder the convergence of EC
algorithms. How to improve the performance of hybrid algorithms is one of core
topics in this field.

There are so many EC algorithms that we cannot list all existing hybrid algo-
rithms. We choose DE as an example and list several well-known hybrid algorithms
of DE and other EC algorithms. A high-cited paper is a hybrid of DE and PSO to
solve constrained numerical and engineering optimization [94]. DE is also combined
with others, such as, harmony search algorithm [30], genetic algorithm [165], artifi-
cial bee colony algorithm [67], bacterial foraging optimization [17]. Many DE-based
hybrid algorithms are used to solve engineering problems widely, such as, flow shop
scheduling problems [173, 126], digital filter design [141, 172], economic dispatch
[44, 168], and others [111, 125]. We searched Scopus database with the keywords of
differential evolution and hybrid algorithms and retrieved 438 related papers are re-
trieved until writing this dissertation (March 2019), which also shows the prosperity
of this field.

Many researchers also have worked on combining EC algorithms with other tech-
nologies. For example, practitioners introduce neural networks into EC algorithms
to gain learning capabilities [14, 109] and use them to solve many real problems,
e.g. real time clustering [96], fire recognition [74]. Fuzzy logic system as an im-
portant branch of computational intelligence is also introduced into EC algorithms
to enhance their performance [28, 4]. Msot of these hybrid algorithms are used in
multi-objective reactive power and voltage control [204], fuzzy modeling [120], uni-
versity course timetable problem [32] and others. In short, hybridizing algorithms
is an effective approach and a hot topic in EC community, and there is still a lot of
room for further research.

2.2.4 Improvements of EC Search

When a new EC algorithm is proposed, a large number of improved versions are
gradually proposed to improve its performance by integrating new search strategies
and mechanisms. Although each EC algorithm has a different evolutionary mecha-
nism to generate offspring individuals, we briefly summarize several common means
of improvement on EC search as following.

• Initialization: It is the beginning stage of an EC algorithm, and usually ran-
dom initialization is adopted to generate initial population. It is an important
factor in determining the performance of an algorithm, thus many researchers
have proposed various methods to initialize the population. A review of pop-
ulation initialization techniques listed several common methods [76], and this
part has not caused enough attention compared to other improvement ap-
proaches.
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• Evolutionary mechanisms: Most researchers are committed to proposing
universal and effective strategies to replace or assist the original strategies
to improve the performance of EC algorithms. Generally, they may change
the optimization framework slightly, but not change the core idea of their
optimization. Each EC algorithm has multiple variants, in the case of DE, as
an example, two survey papers [37, 36] give detailed development history of
DE and its a large number of improved versions. Besides, some researchers
propose proprietary strategies based on the characteristics of EC algorithms.
Honestly, this is a very effective way to improve performance of EC algorithms
but is difficult to make breakthrough work.

• Selection: A appropriate selection strategy which can keep a good balance
between convergence and diversity is conducive to the convergence of EC algo-
rithms. Many famous seclection strategies mentioned in the previous section
have achieved gratifying results, and some researchers proposed adaptive strat-
egy to switch different selection strategies according to collected information
in evolution [25, 27]. Although the research on this part is not popular, it has
the value of further research.

• Parameter setting: It is an enduring topic in EC community, and there are
no general rules to guide setting parameters. We try to run EC algorithms
many times and set parameters according to our experiences, but it is difficult
to ensure that EC algorithms always have a strong optimization ability. Thus,
many methods of adaptively parameter tuning were proposed according to
real-time optimization process, such as, self-adaptive [118], fuzzy adaptive [95]
and others [147, 46]. Anyway, optimizing parameter setting is an important
research topic.

2.3 Chapter Summary

In this chapter, we first introduced basic concepts of EC and gave a short math-
ematical derivation of an estimated convergence point. Then, we introduced the
optimization framework of three EC algorithms used in our dissertation. Finally,
we picked up several research related to our topics and briefly summarized their
developments, contributions and limitations.
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Chapter 3

Accuracy Improvements for an
Estimated Convergence Point

3.1 Estimation Method with an Individual Pool

3.1.1 An Individual Pool

In the original estimation method descripbed in the Section 2.1.2, we just use two
adjacent generations to estimate a convergence point and ignore the fact that the
previous generations can also offer useful information. In fact, as the population
gradually converges to the optimal area, the diversity of the population is also
gradually lost and the similarity between individuals increases. This tendency is not
conducive to the accurate estimation of a convergence point of the population, so we
use historical individuals to alleviate the loss of diversity and improve the accuracy
of an estimated convergence point. To achieve this, we introduce an individual pool
storage mechanism [193] to preserve relatively outstanding individuals from previous
generations. We furthermore develop an extension to this method which increases
the communication between this individual pool and the population.

The Individual Pool Mechanism

The individual pool introduces a separate storage mechanism, different from the
population, to save the better individuals from previous generations. Suppose the
size of the individual pool is N ; past individuals are copied to the individual pool
in turn until the maximum limit N is reached. Then, better individuals from each
subsequent generation are selected and replace the worse individuals in the pool.
There are many ways to implement this replacement strategy. In this paper, we
adopt a greedy replacement strategy, which means that selected individuals will
replace the worst ones in the individual pool in turn if they are better than the worst
ones. Finally, individuals coming from the individual pool - rather than those from
the current generation - are used to estimate a convergence point of the population.
Fig. 3.1 demonstrates how to use the pool to estimate a convergence point of the
population. This framework for the proposed individual pool can be summarised as
below in Algorithm 13.
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Figure 3.1: Individuals from a pool are used to estimate the convergence points.

Extended Version

The above outlined proposal emphasizes the use of past information to estimate a
convergence point of the population but does not re-use the outstanding individuals
in the past to guide the search of individuals in current generation. There should
be many methods to further use historical information and enhance performance.

In this part, we develop an extended version to obtain a better acceleration effect
by strengthening the interaction between the individual pool and the population.
There are two new extra modifications based on the basic proposed pool version.
The first approach is to make full use of the individuals generated from the first
improvement proposed in [190]. In our previous research, the generated offspring
around the parent is just used to construct the moving vector, and is then discarded.
So, in the first approach, we replace the parent with its offspring if the offspring is
better than its parent. Nevertheless, the population and the individual pool is
independent, and there remains no interaction between them. The second approach
therefore focuses on improving the interaction of the two storage mechanisms. This
time, we first rank the population and remove the a% ∗M ranked lower individuals,
where M is population size. Then, randomly select a% ∗ M individuals from the
pool, and copy them to population to keep the population size unchanged. In the
following experiments, a is set to 10.

3.1.2 Experimental Evaluations

Fourteen benchmark functions from the CEC2005 test suite [153] are used in our
evaluations. Their landscape characteristics include shifted, rotated, global on
bounds, unimodal and multi-modal. We test them with three dimensional settings,
D =2-D, 10-D, and 30-D.

To test the effectiveness of the individual pool, we use exactly the same exper-
imental settings as [188], where we investigated various combinations of proposed
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Algorithm 5 The general framework for using a pool to estimate the convergence
points for accelerating EC.

1: Generate an initial population.
2: for G = 1 to MaxGeneration do
3: if the maximum limit N is not reached then
4: copy individual to the pool in turn.
5: end if
6: if the maximum limit N is reached then
7: Obtain the estimated convergence point(s) using individuals from the pool.
8: Replace worse individuals in the pool with the better ones from the following

generations.
9: end if

10: Generate the offspring using EC.
11: Replace the worse individuals in the population with the estimated point(s).
12: end for
13: return the optimum

improvements in [190]. The experimental results showed that the combination of
Improvements 1, 2, and 4 with DE can obtain the best performance in most cases.
In this evaluation, we use the best combination as the baseline algorithm. Two
experiments were designed where the individual pool is combined with the baseline
algorithm. In the first experiment, we combine the baseline algorithm with basic
individual pool, while in the second experiment, we combine the baseline algorithm
with extended version. The DE experimental parameters are set as in Table 4.9.
Additionally, the size of the pool is set to the same size as the that of population in
each of the searching dimensions, 2-D, 10-D, and 30-D.

Table 3.1: DE algorithm parameter settings.

population size for 2-D, 10-D, and 30-D search 20, 50, and 100
scale factor F 1
crossover rate 0.9
DE operations DE/rand/1/bin
stop condition; max. # of fitness evaluations, 800, 10,000, 60,000
MAXNFC , for for 2-D, 10-D, and 30-D search
dimensions of benchmark functions, D 2, 10, and 30
# of trial runs 30

For fair evaluations, we evaluate convergence along the number of fitness calls
instead of generations. We test each benchmark function with 30 trial runs in 3
different dimensional spaces and apply the Wilcoxon signed-rank test on the fit-
ness values at the maximal number of fitness calculations, MAXNFC , to check the
significance of the proposal and baseline algorithm. Tables 3.2 show the statisti-
cal test result of experiment 1 and experiment 2. The Fig. 3.2 shows the average
convergence curves of three methods with 30 trial runs on 30D.
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Table 3.2: Wilcoxon signed-rank test results on the fitness values at the maximal
number of fitness calculations of two experiments for 30 trial runs for 14 functions.
≫ and >mean that the left is better than the right with significance levels of 1%, 5%
respectively, and ≈ means there is no significance. B represents the basic algorithm
described in the previous section, P1 and P2 are basic version and extended version
used in experiment 1 and experiment 2, respectively.

Func. Experiment 1 Experiment 2
2-D 10-D 30-D 2-D 10-D 30-D

f1 P1 ≫ B B ≈ P1 B ≫ P1 P2 ≫ B P2 ≫ B P2 ≫ B
f2 P1 ≫ B P1 ≈ B B ≈ P1 P2 ≫ B P2 ≫ B P2 ≫ B
f3 P1 ≈ B B ≈ P1 B ≈ P1 P2 > B B ≈ P2 P2 ≫ B
f4 P1 ≫ B P1 ≈ B B ≈ P1 P2 ≫ B B > P2 B ≫ P2
f5 P1 > B P1 ≫ B P1 ≈ B P2 ≫ B B ≈ P2 B ≈ P2
f6 B ≈ P1 B ≈ P1 B ≈ P1 B ≈ P2 B ≈ P2 P2 ≈ B
f7 P1 ≈ B P1 ≫ B P1 ≫ B P2 ≫ B P2 ≫ B P2 ≫ B
f8 B ≈ P1 P1 ≫ B P1 ≫ B P2 ≈ B P2 ≫ B P2 ≫ B
f9 B ≈ P1 P1 ≫ B P1 ≫ B B ≈ P2 P2 ≫ B P2 ≫ B
f10 P1 ≈ B P1 ≫ B P1 ≈ B P2 ≈ B P2 ≫ B B ≈ P2
f11 P1 ≫ B P1 ≫ B P1 ≫ B P2 ≫ B P2 ≫ B P2 ≫ B
f12 P1 > B B ≈ P1 B ≈ P1 P2 ≫ B B ≈ P2 B ≈ P2
f13 B ≈ P1 P1 ≫ B P1 ≫ B B ≈ P2 P2 ≫ B P2 ≫ B
f14 B ≫ P1 B ≈ P1 P1 ≫ B B > P2 P2 ≫ B P2 ≫ B

3.1.3 Discussion

We begin our discussion with an explanation of the superiority of our proposed
strategies. In our previous research, only the current generation was used to es-
timate the convergence points; meanwhile the distribution of population became
more and more concentrated with the evolution of population. It may be detrimen-
tal to estimate the convergence points from a population which is thus gradually
converging. However, an individual pool can overcome the above limitation and
preserve outstanding individuals from previous generations to ensure the diversity
and breadth of the distribution. Although the proposed individual pool can flexibly
use historical information, its size needs to be further studied; too large or too small
and it is not helpful for estimating. In the next step, we will focus on dynamically
adjusting the size according to the optimization problem.

The extended version emphasizes the more efficient use of information and in-
teraction between the population and the individual pool. In our previous studies,
the improvement 1 proposed in [190] can be further utilized. In that improvement,
the offspring will replace its parent if it is better. Here we have also introduced
an interactive mechanism to strengthen the communication between the population
and the pool. Using better individuals from the pool to replace worse ones in the
population can accelerate the convergence of the population, which in turn will im-
prove the quality of the pool. This virtuous circle, thus formed, can obtain better
accelerated convergence.
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To analyze the performance of the two proposed versions, the Wilcoxon signed-
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Figure 3.2: Convergence curves of 30-D f1–f14.

rank test were applied at the stop condition in three different dimensions. The
statistical results reproduced in Table 3.2 show that either of the two proposed
version can improve the performance of the original baseline algorithm, and the
extended version can further improve performance in almost all evaluation cases.

From the results of statistical tests, we can see that the basic individual pool
can accelerate multimodal optimization, while it does not achieve much acceleration
effect in unimodal optimization. The extended version can achieve favorable results
in both cases. This could be caused by the interaction between the population and
the pool, while detailed reasons need to be depth studied in our future work. Other-
wise, f2 and f4 are exactly the same benchmark function, with f4 just adding noise
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interference based on f2. The experimental results reveal that the noise may reduce
the accuracy of the estimation such that no acceleration effect can be produced. It
may be a big challenge to remove the noise and smooth the landscape to obtain
better performance.

3.2 Weight-based Estimation Method

3.2.1 Estimation with Weighted Moving Vectors

Basic estimation method treats moving vectors equally to calculate a convergence
point. However, their contribution to estimating a convergence point is different
because of various factors; for example, some moving vectors go towards the optimal
area directly, while others do not; some are closer to the optimal area, while others
are far from there. Each moving vector must have a different reliability in estimating
a convergence point according to its reliability. It means that higher importance
should be placed on moving vectors having higher reliability, such as having a better
direction to the global optimum or near the global optimum. Here, we introduce
weights into the basic estimation method of a convergence point and propose two
methods for calculating weights for moving vectors [187].

Suppose a proper weight wi is given to the i-th moving vector, bi. All notations
used in the following calculation are the same with those defined in previous section.
Next, we show our stepwise calculation of the weight-based estimation method.

We want to find x̂making the total distance, Jw(x, {ti}) in the Eq.(3.1), minimal.
Note that the weight is acting on the distance between the point x̂ and moving
vectors.

Jw(x, {ti}) =
n∑

i=1

wi∥ai + tibi − x∥2 (3.1)

From the Eq. (2.2), Eq. (3.2) is obtained.

ti =
bTi (x− ai)

∥bi∥2
(3.2)

Let put Eq. (3.2) into Eq. (3.1) to delete ti and obtain the Eq. (3.3).

Jw(x) =
n∑

i=1

wi

∣∣∣∣∣∣∣∣ai +
bTi (x− ai)

∥bi∥2
bi − x

∣∣∣∣∣∣∣∣2
=

n∑
i=1

wi

{
(x− ai)

T (Id − b0ib
T
0i)

T (Id − b0ib
T
0i)(x− ai)

} (3.3)

Next, x̂w, is obtained by partially differentiating each element of x and setting
them equal 0. Finally, we can obtain the weight-based estimated convergence point
x̂w using the Eq. (3.4).

x̂w =

{
n∑

i=1

wi

(
Id − b0ib

T
0i

)}−1{ n∑
i=1

wi

(
Id − b0ib

T
0i

)
ai

}
(3.4)
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3.2.2 Two Methods for Calculating Weights

Weights have been imported into the basic estimation method successfully. The
next key problem is how to calculate weights values. Here, we propose two different
perspectives to determine weights. Of course, there must be other ways of calculating
the weights.

Fitness Gradient of Moving Vectors

Moving vectors themselves contain a lot of information, e.g. evolutionary direction,
length of moving vectors, fitness changes, and others. As the first attempt, we use
a fitness gradient between the starting point and the terminal point of a moving
vector to evaluate the reliability of the moving vector. Bigger fitness gradient of
a moving vector means that the direction has a higher probability of approaching
the global optimal area. Thus, higher weights should be given to favorable moving
vectors. Conversely, lower weights should be given to moving vectors with less
fitness gradients. Suppose the fitness change of the i-th moving vector, ∆i, can be
calculated as ∆i = f(ci)− f(ai). Then, the fitness gradient information of the i-th
individual can be calculated as Gi =

∆i

||ci−ai|| , and the Eq. (3.5) can be used to give
a weight to each moving vector.

wi =
Gi∑n
i=1Gi

, (3.5)

where n represents the total number of moving vectors.

Fitness of Parents

Generally, individuals with higher fitness may be closer to the global optimal area,
while poorer individuals stay away from the area and need more iterations to con-
verge. Poorer individuals are interfered more. For example, the directions of moving
vectors in valleys among local minima are influenced by multiple hills and valleys
in a fitness landscape and do not always go toward the same local minimum. It is
easy to imagine that estimation errors of a convergence point become bigger. Based
on this assumption, we roughly think that the closer individuals are to the optimal
area, the higher given reliability, i.e. higher weight, should be. Thus, we use the
Eq. (3.6) to give a different weight to each moving vector for minimum optimization
tasks.

wi =
MaxF − f(ai)∑n
i=1MaxF − f(ai)

(3.6)

where MaxF is the worst fitness in the current generation, and f() returns the
fitness of an incoming individual.

We introduce weights successfully and explain how to determine weights in detail.
The next work is to combine our proposed weight-based estimation method with
EC algorithms to accelerate their convergence. Here, the Algorithm 6 shows generic
flowchart of the EC algorithms combined with our proposal.
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Algorithm 6 Weight-based estimated convergence point to accelerate EC. G: gen-
eration.
1: Generate an initial population.
2: Evaluate the fitness of each individual.
3: for G = 1 to MaxGeneration do
4: Obtain the next generation using an EC algorithm.
5: Calculate moving vectors
6: Calculate weights for all moving vectors.
7: Obtain the estimated point using weighted moving vectors.
8: Evaluate the fitness of the estimated convergence point.
9: if its fitness is better than that of the worst individual in current population

then
10: use the estimated point as an elite individual, and replace the worst indi-

vidual.
11: end if
12: end for
13: return the optimum

3.2.3 Experimental Evaluations

Here, we define shorten names of three methods for comparison:

• basic method: original estimation method of a convergence point using moving
vectors without weighting.

• method 1: proposed method for estimating a convergence point using moving
vectors weighted by fitness gradient.

• method 2: proposed method for estimating a convergence point using moving
vectors weighted by fitness of parents.

We combine each of three methods with DE and compare them:

Experiment 1: Visual Evaluation of Estimated Convergence
Points

The first experiment is to visually show the effect of method 1 and 2 by employing a
2-dimensional Gaussian function as a test function. Detailed experimental settings
are as follows.

The used Gaussian function is represented by the Eq. (3.7). Its experimental
parameters are shown in the Table 3.3.

f(x) = −

{
a exp

(
−

2∑
i=1

(xi − µi)
2

2σ2
i

)}
(3.7)

The objective of this Experiment 1 is to evaluate the accuracy of our proposal
using exactly the same moving vectors. To do it, we generate a searching point
randomly around each individual within a tiny area, compare fitness of the individual
and the generated point, and make the poorer and better ones be the starting point
and the terminal point of a moving vector, respectively. Then, all moving vectors
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Table 3.3: Parameters of Eq. (3.7).
dimensions 2-D

population size 20
search ranges [-6,6] of all 2 variables

a 3.1
σ1 and σ2 (2.0,2.0)
µ1 and µ2 (0.0,0.0)

aim the direction of climbing down to the local optimum or the global optimum.
This method generating moving vectors without using calculated individuals but
generating them in tiny areas increases the number of fitness calculations. However,
it does not influence by local hills thanks to moving vectors in tiny areas and is
better for exact evaluation for the Experiment 1.

These evaluations run 30 times over 10 generations. The Fig. 3.3 shows the
average convergence curve of fitness error between the estimated convergence point
and the global optimum. The Fig. 3.4 shows convergence points estimated by three
methods and exactly the same moving vectors used for three methods.

We apply the Friedman test and the Holm multiple comparison test at each
generation to check significant difference among three methods. The results are
showed in the Table 3.4.

Figure 3.3: The average convergence curve of fitness error between the estimated
point and the global optimum. See the definition of three method names at the top
of this section.

Experiment 2: Evaluation of EC Acceleration with an Esti-
mated Convergence Point

The second experiment is designed to analyze the acceleration effect of proposed
weighting methods for EC algorithms, where an estimated convergence point is
used as an elite individual and replace the worst individual when its fitness is better
than the worst one. We use 28 benchmark functions from the CEC2013 test suite
[91] in this evaluation experiment.

We select DE and PSO as our test baseline algorithms and combine them with
our proposals with the parameter setting as described in the Tables 4.9 and 4.2.

31



Table 3.4: Statistical test results of the Friedman test and the Holm multiple com-
parison test for average fitness values of 30 trial runs of 3 methods. A < B mean
that B is significantly better than A with significance level 5%, and A ≈ B means
that there is no significant difference between A and B.

Generation basic method vs. method 1 and 2
1 basic method ≈ method 2 ≈ method 1
2 basic method < method 2 < method 1
3 basic method < method 1 ≈ method 2
4 basic method ≈ method 2 ≈ method 1
5 basic method < method 1 ≈ method 2
6 basic method ≈ method 1 ≈ method 2
7 basic method ≈ method 1 ≈ method 2
8 method 1 ≈ basic method ≈ method 2
9 basic method ≈ method 1 < method 2
10 method 1 ≈ basic method ≈ method 2

Table 3.5: DE algorithm parameter settings.
population size for 2-D, 10-D, and 30-D search 80
scale factor F 0.9
crossover rate 0.9
DE operations DE/rand/1/bin
# of trials 51
stop condition; max. # of fitness evaluations, 1000 × D
MAXNFC , for for 2-D, 10-D, and 30-D search

Unlike the Experiment 1, moving vectors are made using existing individuals not
to increase fitness calculation cost. Since each target vector in DE generates a trial
vector, we set the better one as the terminal point of a moving vector and the poorer
one as the starting point of a moving vector; a similar approach is used for PSO. It
ensures that each individual can make a moving vector. These moving vectors are
weighted and used to estimate a convergence point.

For fair evaluations, we evaluate convergence against the number of fitness calls
rather than generations. We test each benchmark function with 51 trial runs in 4
different dimensional spaces. We apply the Friedman test and the Holm multiple
comparison test on the fitness values at the stop condition, i.e. the maximum number
of fitness calculations, to check whether there is a significant difference among all
algorithms. The Tables 3.7 and 3.8 show their result of the statistical tests.
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Figure 3.4: black dot, purple dot and blue dot represents the estimated convergence
point that without use any weight method, use method 1 for handling weight and
use method 2 for handling weight, respectively.

3.2.4 Discussion

Analysis of Proposed Estimation Method Using Weighted
Moving Vectors

The first discussion is the superiority of our proposed methods for estimating a con-
vergence point. Basic estimation method gives the same weight to moving vectors.
Actually, the reliability of moving vectors is different because of various factors, e.g.
evolutionary direction error, and their contribution to the estimated convergence
point is also different. Thus, we use weights to enhance or weaken the influence of
moving vectors to improve the accuracy of the estimated convergence point; higher
weights are given to more reliable moving vectors. Note that the proposed method
adjusts weights adaptively based on the current searching situation without intro-
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Table 3.6: PSO algorithm parameter settings.
population size for 2-D, 10-D, and 30-D search 80
inertia factor w 1
constant c1 and c2 1.4962 and 1.4962
max. and min. speed Vmax and Vmin 1 and -1
# of trials 51
stop condition; max. # of fitness evaluations, 1000 × D
MAXNFC , for for 2-D, 10-D, and 30-D search

Table 3.7: Statistical test result of the Friedman test and the Holm multiple com-
parison test for average fitness values of 51 trial runs of 4 methods. A > B mean
that A is significantly better than B with significant a level of 5%. A ≈ B means
that there is no significant difference between A and B. DE0, DE1, and DE2 mean
(DE + basic method), (DE + method 1), and (DE + method 2), respectively. DE
means conventional DE without any estimated convergence point.

2D 10D 30D 50D
F1 DE2 ≈ DE1 > DE ≈ DE0 DE1 > DE2 > DE0 ≈ DE DE1 > DE2 > DE0 > DE DE1 > DE2 > DE0 > DE
F2 DE1 ≈ DE2 ≈ DE0 ≈ DE DE1 ≈ DE2 > DE ≈ DE0 DE1 ≈ DE2 > DE0 ≈ DE DE1 > DE2 > DE0 ≈ DE
F3 DE2 ≈ DE1 ≈ DE0 ≈ DE DE2 ≈ DE1 > DE ≈ DE0 DE2 ≈ DE1 > DE ≈ DE0 DE1 ≈ DE2 > DE ≈ DE0
F4 DE1 ≈ DE2 ≈ DE0 ≈ DE DE2 ≈ DE1 > DE ≈ DE0 DE1 ≈ DE2 > DE0 > DE DE1 ≈ DE2 > DE ≈ DE0
F5 DE2 ≈ DE1 > DE ≈ DE0 DE1 > DE2 > DE ≈ DE0 DE1 > DE2 > DE ≈ DE0 DE1 ≈ DE2 > DE0 ≈ DE
F6 DE2 ≈ DE ≈ DE0 ≈ DE1 DE2 ≈ DE1 > DE0 ≈ DE DE1 > DE2 > DE0 ≈ DE DE2 ≈ DE1 > DE0 > DE
F7 DE2 ≈ DE1 ≈ DE ≈ DE0 DE2 ≈ DE1 > DE0 ≈ DE DE2 ≈ DE1 > DE ≈ DE0 DE2 > DE1 > DE ≈ DE0
F8 DE1 ≈ DE2 ≈ DE ≈ DE0 DE2 ≈ DE ≈ DE0 ≈ DE1 DE ≈ DE0 ≈ DE2 ≈ DE1 DE1 ≈ DE2 ≈ DE0 ≈ DE
F9 DE0 ≈ DE1 ≈ DE2 ≈ DE DE ≈ DE1 ≈ DE0 ≈ DE2 DE ≈ DE2 ≈ DE1 ≈ DE0 DE2 ≈ DE1 ≈ DE0 ≈ DE
F10 DE1 ≈ DE2 > DE0 ≈ DE DE1 > DE2 > DE ≈ DE0 DE1 ≈ DE2 > DE0 ≈ DE DE1 ≈ DE2 > DE0 > DE
F11 DE1 ≈ DE2 > DE0 ≈ DE DE2 ≈ DE1 > DE0 ≈ DE DE1 ≈ DE2 > DE0 ≈ DE DE1 ≈ DE2 > DE0 > DE
F12 DE1 ≈ DE2 ≈ DE0 ≈ DE DE2 ≈ DE1 > DE0 ≈ DE DE1 ≈ DE2 > DE0 ≈ DE DE1 ≈ DE2 > DE0 ≈ DE
F13 DE2 ≈ DE1 > DE0 ≈ DE DE2 ≈ DE1 > DE ≈ DE0 DE2 ≈ DE1 > DE ≈ DE0 DE1 ≈ DE2 > DE0 ≈ DE
F14 DE2 ≈ DE ≈ DE1 ≈ DE0 DE ≈ DE0 ≈ DE1 ≈ DE2 DE ≈ DE0 ≈ DE1 ≈ DE2 DE1 ≈ DE2 ≈ DE ≈ DE0
F15 DE2 ≈ DE1 ≈ DE ≈ DE0 DE2 ≈ DE1 ≈ DE0 ≈ DE DE2 ≈ DE1 ≈ DE ≈ DE0 DE1 ≈ DE2 ≈ DE ≈ DE0
F16 DE1 ≈ DE2 ≈ DE0 ≈ DE DE1 ≈ DE2 ≈ DE0 ≈ DE DE0 ≈ DE1 ≈ DE ≈ DE2 DE ≈ DE2 ≈ DE0 ≈ DE1
F17 DE ≈ DE2 ≈ DE0 ≈ DE1 DE2 ≈ DE1 > DE0 > DE DE1 ≈ DE2 > DE0 > DE DE2 ≈ DE1 > DE ≈ DE0
F18 DE1 ≈ DE ≈ DE2 ≈ DE0 DE2 ≈ DE1 > DE0 > DE DE2 ≈ DE1 > DE0 > DE DE1 ≈ DE2 > DE0 ≈ DE
F19 DE2 ≈ DE ≈ DE1 ≈ DE0 DE2 ≈ DE1 > DE0 ≈ DE DE1 ≈ DE2 > DE0 > DE DE1 > DE2 > DE0 > DE
F20 DE1 ≈ DE0 ≈ DE2 ≈ DE DE1 ≈ DE2 ≈ DE ≈ DE0 DE1 ≈ DE2 > DE ≈ DE0 DE2 ≈ DE1 > DE ≈ DE0
F21 DE2 ≈ DE1 ≈ DE0 ≈ DE DE2 ≈ DE1 > DE0 > DE DE1 > DE2 > DE0 > DE DE1 > DE2 ≈ DE > DE0
F22 DE1 ≈ DE0 ≈ DE ≈ DE2 DE1 ≈ DE2 ≈ DE0 ≈ DE DE1 ≈ DE2 ≈ DE0 ≈ DE DE1 ≈ DE0 ≈ DE ≈ DE2
F23 DE2 ≈ DE1 ≈ DE ≈ DE0 DE1 ≈ DE2 ≈ DE0 ≈ DE DE1 ≈ DE2 ≈ DE0 > DE DE2 ≈ DE ≈ DE0 ≈ DE1
F24 DE1 ≈ DE ≈ DE0 ≈ DE2 DE2 > DE1 > DE ≈ DE0 DE1 ≈ DE2 > DE > DE0 DE1 ≈ DE2 > DE ≈ DE0
F25 DE2 ≈ DE ≈ DE1 ≈ DE0 DE2 ≈ DE1 > DE ≈ DE0 DE2 ≈ DE1 ≈ DE ≈ DE0 DE2 ≈ DE ≈ DE0 ≈ DE1
F26 DE1 ≈ DE2 ≈ DE0 ≈ DE DE1 ≈ DE2 > DE0 ≈ DE DE2 ≈ DE1 > DE0 ≈ DE DE1 ≈ DE2 > DE ≈ DE0
F27 DE1 ≈ DE2 ≈ DE ≈ DE0 DE1 ≈ DE2 > DE ≈ DE0 DE1 ≈ DE2 > DE ≈ DE0 DE1 ≈ DE2 > DE0 ≈ DE
F28 DE1 ≈ DE2 ≈ DE ≈ DE0 DE1 ≈ DE2 > DE0 ≈ DE DE1 > DE2 > DE0 > DE DE1 > DE0 ≈ DE > DE2

ducing any new control parameters or increasing fitness calculation cost. Increasing
the estimation precision of a convergence point may accelerate to find the opti-
mal solution. At least, it is better than the replaced worst individual. From the
cost-performance point of view, we can say that our proposed method is a low risk
strategy and easy to use.

The second discussion is on calculation of weights for moving vectors which
affects the performance of our proposal directly. Since incorrect weights reduce the
accuracy of an estimated convergence point, how to give the right weight is a key
issue. We proposed two methods in the section 3.1.1 to calculate weights for moving
vectors from different perspectives in this paper. The method 1 considers the fitness
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Table 3.8: Statistical test result of the Friedman test and the Holm multiple com-
parison test for average fitness values of 51 trial runs of 4 methods. PSO0, PSO1,
and PSO2 mean (PSO + basic method), (PSO + method 1), (PSO + method 1), re-
spectively. PSO means conventional PSO without any estimated convergence point.
The symbols used in this Table have same mean with the Table 3.7.

2D 10D 30D 50D
F1 PSO1 ≈ PSO2 > PSO ≈ PSO0 PSO1 > PSO2 > PSO0 > PSO PSO1 > PSO2 > PSO0 ≈ PSO PSO1 > PSO2 > PSO0 ≈ PSO
F2 PSO1 ≈ PSO2 ≈ PSO0 ≈ PSO PSO2 ≈ PSO1 > PSO0 ≈ PSO PSO1 ≈ PSO2 ≈ PSO0 ≈ PSO PSO1 ≈ PSO0 ≈ PSO2 ≈ PSO
F3 PSO2 ≈ PSO1 ≈ PSO0 ≈ PSO PSO1 ≈ PSO2 > PSO0 ≈ PSO PSO2 ≈ PSO1 ≈ PSO0 ≈ PSO PSO1 ≈ PSO2 ≈ PSO0 ≈ PSO
F4 PSO2 ≈ PSO1 ≈ PSO0 ≈ PSO PSO ≈ PSO0 ≈ PSO1 ≈ PSO2 PSO > PSO1 ≈ PSO0 ≈ PSO2 PSO ≈ PSO0 ≈ PSO2 ≈ PSO1
F5 PSO2 ≈ PSO1 > PSO0 ≈ PSO PSO0 ≈ PSO1 ≈ PSO ≈ PSO2 PSO1 > PSO0 > PSO2 > PSO PSO1 > PSO2 > PSO ≈ PSO0
F6 PSO2 ≈ PSO1 ≈ PSO0 ≈ PSO PSO2 ≈ PSO1 ≈ PSO ≈ PSO0 PSO2 ≈ PSO1 ≈ PSO0 ≈ PSO PSO2 ≈ PSO1 ≈ PSO ≈ PSO0
F7 PSO1 ≈ PSO2 > PSO0 ≈ PSO PSO ≈ PSO0 ≈ PSO2 ≈ PSO1 PSO ≈ PSO0 ≈ PSO1 ≈ PSO2 PSO1 ≈ PSO0 ≈ PSO2 ≈ PSO
F8 PSO2 ≈ PSO1 > PSO0 ≈ PSO PSO1 ≈ PSO ≈ PSO0 ≈ PSO2 PSO2 ≈ PSO0 ≈ PSO ≈ PSO1 PSO2 ≈ PSO0 ≈ PSO1 ≈ PSO
F9 PSO2 ≈ PSO1 ≈ PSO0 ≈ PSO PSO2 ≈ PSO1 ≈ PSO0 ≈ PSO PSO ≈ PSO2 ≈ PSO1 ≈ PSO0 PSO2 ≈ PSO ≈ PSO1 ≈ PSO0
F10 PSO1 ≈ PSO2 ≈ PSO0 ≈ PSO PSO2 ≈ PSO1 > PSO0 > PSO PSO1 ≈ PSO2 ≈ PSO0 ≈ PSO PSO1 ≈ PSO2 ≈ PSO0 > PSO
F11 PSO2 ≈ PSO1 > PSO ≈ PSO0 PSO > PSO0 ≈ PSO1 ≈ PSO2 PSO > PSO0 ≈ PSO2 ≈ PSO1 PSO > PSO1 ≈ PSO2 ≈ PSO0
F12 PSO2 ≈ PSO1 > PSO ≈ PSO0 PSO > PSO0 ≈ PSO2 ≈ PSO1 PSO > PSO0 ≈ PSO1 ≈ PSO2 PSO > PSO2 ≈ PSO1 > PSO0
F13 PSO2 ≈ PSO1 ≈ PSO ≈ PSO0 PSO > PSO0 ≈ PSO1 ≈ PSO2 PSO > PSO0 ≈ PSO1 ≈ PSO2 PSO > PSO1 ≈ PSO0 ≈ PSO2
F14 PSO1 ≈ PSO2 ≈ PSO0 ≈ PSO PSO1 ≈ PSO2 ≈ PSO ≈ PSO0 PSO ≈ PSO1 ≈ PSO2 ≈ PSO0 PSO1 ≈ PSO ≈ PSO0 ≈ PSO2
F15 PSO0 ≈ PSO2 ≈ PSO1 ≈ PSO PSO0 ≈ PSO2 ≈ PSO1 > PSO PSO1 ≈ PSO2 ≈ PSO0 ≈ PSO PSO1 ≈ PSO2 > PSO ≈ PSO0
F16 PSO0 ≈ PSO2 ≈ PSO ≈ PSO1 PSO2 ≈ PSO ≈ PSO1 ≈ PSO0 PSO2 ≈ PSO ≈ PSO1 ≈ PSO0 PSO ≈ PSO0 ≈ PSO2 ≈ PSO1
F17 PSO1 ≈ PSO2 ≈ PSO ≈ PSO0 PSO > PSO0 ≈ PSO2 ≈ PSO1 PSO > PSO1 ≈ PSO2 ≈ PSO0 PSO > PSO2 ≈ PSO1 > PSO0
F18 PSO2 ≈ PSO1 ≈ PSO ≈ PSO0 PSO > PSO1 ≈ PSO2 ≈ PSO0 PSO > PSO1 ≈ PSO2 ≈ PSO0 PSO > PSO1 ≈ PSO2 ≈ PSO0
F19 PSO1 ≈ PSO2 ≈ PSO0 ≈ PSO PSO2 ≈ PSO0 ≈ PSO1 ≈ PSO PSO2 ≈ PSO0 ≈ PSO1 ≈ PSO PSO0 ≈ PSO1 ≈ PSO2 ≈ PSO
F20 PSO ≈ PSO2 ≈ PSO1 ≈ PSO0 PSO > PSO1 ≈ PSO2 ≈ PSO0 PSO > PSO2 ≈ PSO1 ≈ PSO0 PSO > PSO2 ≈ PSO1 > PSO0
F21 PSO2 ≈ PSO1 ≈ PSO0 ≈ PSO PSO > PSO1 ≈ PSO2 > PSO0 PSO1 > PSO > PSO2 > PSO0 PSO0 > PSO2 > PSO > PSO1
F22 PSO0 ≈ PSO2 ≈ PSO1 ≈ PSO PSO2 ≈ PSO1 ≈ PSO0 ≈ PSO PSO ≈ PSO1 ≈ PSO2 ≈ PSO0 PSO ≈ PSO1 ≈ PSO0 ≈ PSO2
F23 PSO2 ≈ PSO1 ≈ PSO0 ≈ PSO PSO1 ≈ PSO2 ≈ PSO0 ≈ PSO PSO1 ≈ PSO2 ≈ PSO ≈ PSO0 PSO2 ≈ PSO1 ≈ PSO ≈ PSO0
F24 PSO1 ≈ PSO2 ≈ PSO0 > PSO PSO0 ≈ PSO ≈ PSO2 ≈ PSO1 PSO ≈ PSO0 ≈ PSO2 ≈ PSO1 PSO ≈ PSO0 ≈ PSO1 ≈ PSO2
F25 PSO1 ≈ PSO2 ≈ PSO ≈ PSO0 PSO2 ≈ PSO0 ≈ PSO1 ≈ PSO PSO ≈ PSO0 ≈ PSO1 ≈ PSO2 PSO2 ≈ PSO1 ≈ PSO ≈ PSO0
F26 PSO1 ≈ PSO2 ≈ PSO0 ≈ PSO PSO ≈ PSO0 ≈ PSO2 ≈ PSO1 PSO ≈ PSO0 ≈ PSO2 ≈ PSO1 PSO ≈ PSO0 ≈ PSO1 ≈ PSO2
F27 PSO0 ≈ PSO2 ≈ PSO1 ≈ PSO PSO0 ≈ PSO2 ≈ PSO ≈ PSO1 PSO ≈ PSO0 > PSO1 ≈ PSO2 PSO ≈ PSO0 ≈ PSO2 ≈ PSO1
F28 PSO1 ≈ PSO2 ≈ PSO0 ≈ PSO PSO > PSO1 ≈ PSO0 ≈ PSO2 PSO > PSO2 ≈ PSO0 ≈ PSO1 PSO > PSO1 ≈ PSO2 ≈ PSO0

gradient information of a moving vector, and the method 2 uses the fitness of parent
generation. Both of them increase the weights of potential moving vectors to improve
the precision of an estimated convergence point.

Actually, since optimization problems have many complex features, no method is
all-powerful for any problems, even for different search periods of the same problem.
For example, fitness gradients on some flat places do not work well to measure the
reliability of the directions of moving vectors. Besides, when individuals converge to
the optimal area, they become similar and the directions of moving vectors may be
even more important. Adaptive choice of the best method among multiple methods
may be the best way to calculate weights.

Finally, we discuss on the use of the estimated convergence point to accelerate
EC algorithms. Generally, this is an approach of a low risk and a high return. In this
paper, we used it to replace the worst individual in the current population. Since
only one individual is replaced, it does not change the diversity of the population
drastically. Because different EC algorithms have their own characteristics, the im-
pact of our proposal depends on EC algorithms. For DE, an estimated convergence
point replaces only the worst individual in the current population and has less im-
pact on other individuals. However, when the estimated convergence point becomes
the best individual, it affects all other particles in PSO. Thus, it is accompanied by
certain risks, it may hinder convergence when its accuracy is low. The experimental
results also confirmed that our proposal is easier to fall into local areas in some cases
when it is applied to PSO. It may be a good choice to use an estimated convergence
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point every several generations for PSO to reduce its impact on other individuals to
avoid premature. Actually, there are many other ways to use an estimated conver-
gence point to balance convergence and diversity. Thus, how to use the estimated
convergence point reasonably and efficiently is one of our future works.

Analysis of Experimental Evaluations

The Experiment 1 is designed to visually evaluate the performance of our proposal.
From the Fig. 3.4, we can see that introducing weights can increase the accuracy of
an estimated convergence point obviously, which implies that appropriate weights
can reduce the impact of various errors. Statistical test results show that using
proposed weighting method can obtain more accurate estimated convergence point
in the early stage but becomes less effective in the later stage. Anyway, using weights
does not reduce the accuracy of the estimated convergence point.

There was also no significant difference between the method 1 and the method
2. Maybe individuals become similar according to the convergence, and their dif-
ference becomes less significant. We have not been able to completely analyze what
fitness landscape situation and environment make our proposed methods less effec-
tive. Detail analysis is one of our future works, which may lead to a more appropriate
approach to designing weights.

The Experiment 2 is designed to evaluate the acceleration effect of the con-
vergence point estimated by our proposed method. We designed a set of control
experiments to evaluate EC vs. (EC + basic method) vs. (EC + method 1) vs.
(EC + method 2). In this paper, we used the estimated convergence point as an
elite individual and replace the worst one to accelerate EC convergence. The exper-
imental results confirmed that EC < (EC + basic method) < (EC + method 1 or
2); a convergence point estimated by weighted moving vectors can further improve
acceleration performance. As the dimension increases, the acceleration effect of our
proposal becomes more significant; an estimated convergence point plays a more
important role for more complex problems.

As we mentioned at the end of the previous subsection, the effectiveness of our
proposed method for PSO is different from that for DE. One of our next works is
how to combine our method with the characteristics of EC algorithms to accelerate
them effectively taking advantage of its applicability to any EC algorithms.

Clustering methods are needed to divide population into multiple subgroups
according to each local optimum area of multimodal tasks automatically to further
improve performance of our proposal. After then, we apply our proposal to each
clustered subgroup, obtain the global or local optimum, and use multiple estimated
convergence points to accelerate EC convergence. It will be also one of our future
works.

Potential and Future Topics

Through these above analyses, we have known that our proposal has achieved satis-
factory effects and has great potential. As a new optimization approach, estimating
a convergence point, there are still many aspects of improvements. Here, we list a
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few open topics.
How to construct moving vectors
It is crucial to determine the acceleration performance of the estimated point.

In our paper, we use parent-child relationships to make moving vectors, where one
parent generates one offspring individual, and a moving vector starts from a poorer
individual to the better one. However, some EC algorithms do not have a one-to-one
relationship but a one-to-many or many-to-many relationship. For example, firework
algorithm has a one-to-many relation, and genetic algorithm has a many-to-many
relationship. Thus, how to construct moving vectors for these EC algorithm is a
new topic.

We can use a distance measure to find the nearest individual regardless a parent-
offspring relation to make the best moving vectors between two generations. Other
methods for making moving vectors are also one of the worth topics to study.

How to set parameters reasonably
We believe that the number of moving vectors affects the performance of our

proposal. Too many or too few may reduce the accuracy of the estimated point.
Thus, one of the next research directions is to investigate the relationship among
the number of moving vectors, population size and dimensions.

How to improve the accuracy of the estimated point
It is the main topic of this paper. As described in the above, combining with

a cluster algorithm may be a feasible approach for further improvement. Besides,
there must be other potential methods to achieve this objective, e.g. other methods
to calculate weights and different approaches to use an estimated point. We hope
that these open topics may give some inspirations to other researchers and attract
them to tackle these topics.

3.3 Chapter Summary

In this Chapter, we propose two methods to further improve the precision of an
estimated convergence point. The first one is to introduce an individual pool to
increase the availability of historical information, and an extended version was also
proposed to further improve the interaction between the pool and the population.
The experimental results show that these improvements can enhance the convergence
speed and accuracy.

Then, we introduced weights into moving vectors based on their reliability to
improve the accuracy of an estimated convergence point. The experimental results
confirmed that weighting moving vectors can enhance the accuracy of the estimated
convergence point and can further accelerate convergence of EC algorithms. In our
future works, we focus on improving the cost-performance of our proposal, investi-
gating the relations between the accuracy of the estimated convergence point and a
population size or dimensions. We also try to use the estimated convergence point
in various ways to accelerate convergence and develop other methods for weighting
moving vectors.
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Chapter 4

Accelerating Evolutionary
Computation using Estimated
Convergence Points

4.1 Accelerating Multimodal Optimization

4.1.1 Multimodal Optimization

A multimodal optimization problem contains multiple optimal or sub-optimal so-
lutions, as opposed to a single global optimum. It is an important branch of EC,
however not enough attention has been paid to this kind of niche in the EC com-
munity, and most practitioners focus on only finding the global optimum and ignore
other acceptable candidate solutions.

Most realistic optimization problems are actually multimodal, and sometimes is
useful to find their many different optima or sub-optima rather than just the one
optimum. Actually, some users not only want to get the global optimum but also
expect to have several available sub-optima for making a final decision. Niching
techniques offer an effective approach and can find multiple optima during one trial
run, and there are many well-known niching methods that have been proposed in
the past few decades. Although these methods have shown satisfactory performance,
they also introduce new parameters to track multiple optima. This increases the
complexity and computational cost, and there are still some limitations that need to
be addressed, e.g. low convergence, high computational cost and parameter tuning.

One of the objectives of this dissertation is to extend the basic estimation method
so as to accelerate its convergence for multimodal problems and to develop a uni-
versal framework for estimating multiple global or local optima simultaneously by
implementing a separation method for automatically dividing individuals according
to each local optimum area.

4.1.2 Separation Method for Multimodal Tasks

The basic estimation method is unquestionably effective for unimodal tasks, but
the same can not always be said for multimodal tasks because the moving vectors
go towards different local optima. For an unknown multimodal problem (refer to
Fig. 4.1), if all moving vectors are used to estimate a convergence point, there
is a high probability of obtaining a wrong global convergence point due to the
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interaction among the moving vectors belonging to different subgroups. To make
this method applicable to general multimodal optimization tasks, we must first
automatically separate the population into several sub-groups according to each
local optimum area and then apply the basic estimation method to estimate each
local minimum. Subsequently, each sub-group can estimate its convergence point,
and these estimated points are introduced into the current population with the
expectation that this will accelerate convergence. In short, an effective separation
method becomes the key to realizing the acceleration effect. If moving vectors are
wrongly separated, it may lead the population to evolve in the wrong direction and
slow down the convergence. Solving the separation problem is also one of the main
contributions of this chapter.

Figure 4.1: Moving vectors distribution in a general multimodal optimization.

In this part, a new separation method is proposed to automatically divide the
whole population into several sub-groups according to each local optimum area by
introducing a new indicator, which consists of the difference of two ranks: distance
rank and fitness rank. Generally, there is only one optimal solution for unimodal
optimization problems. Consider the optimal solution as a benchmark point; the
farther an individual is from it, the worse that individual’s fitness gets. Thus,
distance rank and fitness rank have a high correlation. However, the fitness of
some distant individuals becomes better because of the existence of local areas in
multimodal optimization problems while the global optimal solution is still used
as a benchmark point. This leads to a lower correlation between the two ranks.
Fig. 4.2 reveals the correlation in different optimization scenarios, which may aid
in understanding the relationship between the two ranks. In principle, the more
valleys there are, the lower the correlation. We try to use the correlation between
the two ranks to separate individuals.

For any given multimodal problem, the best individual in the current population
has a high probability of being located in the optimal area that has been discovered
so far. Thus, the current best individual is used as the benchmark point to calculate
two ranks: distance rank and fitness rank. In this paper, we introduce a new
indicator to evaluate the correlation of the two ranks for each individual, which is
the value of its fitness rank minus its distance rank. If the value is negative, the lower
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Figure 4.2: Demonstrating the correlation of the two ranks in unimodal and multi-
modal optimization problems.

the correlation is. Thus, the proposed separation method divides the population into
positive and negative sub-groups to identify individuals in different local areas in
turn. Then, all individuals in the positive sub-group are considered to belong to
the same local area and the remaining individuals in negative sub-group repeat the
above operation until the termination condition is satisfied.

Note that the proposed method separates the current population instead of sep-
arating moving vectors directly. Next, an individual in a subgroup is paired with
another individual, which may be either its offspring or a newly generate one. Here,
we will explain in detail how to realize the separation according to each local opti-
mum area. Fig. 4.3 demonstrates the framework of our proposed separation method
for any given general multimodal optimization.

Step 1: Determine whether the optimization is unimodal or multimodal. If it is uni-
modal, stop. Otherwise, go to Step 2. The method used to make the determi-
nation is described below.

Step 2: The current best individual is used as a reference point and the distance vari-
ation between all other individuals and the reference point is calculated. They
are then ranked to obtain the distance rank.

Step 3: The same reference point with Step 2 is used to calculate the fitness variation
between all other individuals and the reference point. They are then ranked
to obtain the fitness rank.

Step 4: Use the fitness rank minus the distance rank to obtain the difference of the
two ranks. According to the positive/negative sign of the subtraction of two
ranks, individuals are separated into a positive group and a negative group.

Step 5: The positive group is removed and kept as the first subpopulation, the negative
group forms a new population. If the new population is unimodal, then stop.
Otherwise, go to Step 6.

Step 6: The same operation is applied to the new population (go to Step 2), and the
newly obtained positive group is kept as the second group. This iteration is
repeated until all individuals are divided.

In this paper, we introduce a new parameter θ to detect whether the optimisation
is unimodal or not. First, we calculate the average of the difference of two ranks
of all individuals that are not divided yet. If the average value is less than the
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Figure 4.3: The framework of proposed method for moltimodal optimization.

predefined parameter θ, we think all undivided individuals belonging to the same
peak or valley. Otherwise, this iteration is repeated until all individuals are divided.

The separation method uses a new indicator, the difference value of the two
ranks, to detect peaks or valleys. Due to the existence of local optima, the individual
fitness may get better around local optima as the individual moves away from the
best individual while the distance to the best one is become farther and farther
away. This leads to the difference of two ranks becoming greater around the local
optima. Thus the new indicator can be used to detect and divide each subgroup one
by one starting from the optimal subgroup and continuing to the worst subgroup.
Fig. 4.4 shows the results of the successive separation of multiple local areas one by
one.

Figure 4.4: The result of successive separation of multiple local areas.

For any given multimodal optimization, the separation method can automatically
divide the whole population into multiple subgroups. Then, the strategy for building
moving vectors is adopted. In our evaluation experiments, we use improvement 1 to
create moving vectors and improvement 2 to filter better individuals. Subsequently,
the basic estimation method is applied to each sub-group to obtain multiple global or
local estimated convergence points simultaneously. Algorithm 7 shows the flowchart
of the EC algorithm combined with the basic estimation method and the proposed
separation method to accelerate EC convergence.

4.1.3 Two Improvements for the Separation Method

Based on our previous research, there is a great potential to apply the estimation
method to accelerate EC searches. Since different EC algorithms have their own
characteristics, e.g. one parent generates one offspring individual in DE, while one
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Algorithm 7 Estimated convergence points to accelerate EC. G: generation.

1: Generate an initial population.
2: Evaluate the fitness for each individual.
3: for G = 1 to MaxGeneration do
4: Obtain the next generation using the EC algorithm.
5: Use the separation method to divide whole population into one or multiple

subgroups.
6: Use improvement 2 mentioned (Optional).
7: Use improvement 1 mentioned (Optional).
8: Obtain the estimated points and evaluate their fitness values.
9: if their fitness values are better than those of the worst individuals in the

population then
10: use the estimated point(s) as elite individual(s), replace the worst individ-

uals with the estimated points
11: end if
12: end for
13: return the optimum

parent generates many offspring individuals in FWA, the following two improvements
are proposed to better extend the estimation method to a variety of EC algorithms.

Improvement 1: Creating a moving vector in a tiny area

Because different EC algorithms use different strategies to generate their offspring,
the length of th moving vectors cannot be guaranteed. Sometime, parents and
their offspring are located in the same local area. Moving distance between a parent
individual and its offspring sometimes becomes so long that the offspring may locate
beyond the local minimum near the parent individual. Although the moving vector
may aim to a different local minimum by chance, it is not adequate to use it to
calculate a convergence point because it does not have the information required to
go towards the local minimum near its parent individual.

A solution which allows us to create a moving vector going towards the local
minimum near its parent individual is to create it in a tiny area that can be approx-
imated with a hyperplane. Concretely speaking, we generate ci within 1/p of each
searching range around ai offset by a uniform random number with the following
formula. In our following experiment, we set p = 200.

ci[j] = ai[j] + rand(−1, 1)× (max{v[j]} −min{v[j]})
p

where ai[j] and ci[j] are the j-th parameter value of ai and ci; 1 ≤ j ≤ d, d is
the dimension number. max{v[j]} and min{v[j]} are upper boundary and lower
boundary of the j-th parameter, respectively.

Let two individuals with higher and lower fitness value be ci and ai, respectively.
Here, we can determine a moving vector bi. In ordinary EC, there is no guarantee
that the fitness of the offspring will be better than that of its parent individual, and
about half of the vectors from a parent individual to its offspring cannot be used
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to calculate their convergence point. However, with this improvement that lets the
better individual between generated two individuals in a tiny area be ci, we can
always generate a moving vector ci going towards a local minimum. As all moving
vectors can be used to calculate their convergence point, the precision of the local
minimum estimate increases.

Although creating an offspring very near its parent individual slows convergence
from the EC search perspective, using a well estimated convergence point as an elite
individual speeds up convergence. One choice is to separate the EC search process
from the process of creating moving vectors and estimating local minima. That is,
the offspring generated by the EC process are not used to create a moving vector,
but we let a randomly generated single point in a tiny area be ci, obtain a moving
vector, and calculate the convergence point near the local minimum.

Improvement 2: Clustering and calculating a convergence point using
only top moving vectors

The directions of moving vectors in valleys among local minima are influenced by
multiple hills and valleys in the fitness landscape and do not always go toward one
local minimum. It is easy to imagine that the estimation errors of local minima
become bigger if these moving vectors are used for the estimation. Additionally,
poor directions of moving vectors influences the clustering result and the calculation
of the convergence point, so that the precision of the estimated local minima also
become poorer.

The second proposed improvement is to use only the moving vectors from top
individuals for clustering and the calculation of convergence points in the following
improvements. This idea is premised on the idea that the fitness of individuals
in these poorer areas is lower than those near the local minima. We may thus
assume that the directions of moving vectors for individuals located closer to the
local minima go towards their nearest local minima more correctly. In the following
experimental evaluation, we use the average fitness as the criterion for selecting top
individuals.

4.1.4 Experimental Evaluations

In our evaluations, we use 20 benchmark functions from the CEC2013 benchmark
test suite [91] which is devoted to the approaches, algorithms and techniques for
real parameter single objective optimization. Their landscape characteristics include
shifted, rotated, unimodal and multi-modal. We test them with three dimensional
settings, D = 2 (2-D), 10 (10-D), and 30 (30-D), respectively.

To analyze the acceleration effects of the proposed estimation framework, we
combine it with DE and PSO in turn. Two controlled experiments are designed.
The first experiment contrasts conventional DE and conventional DE with the pro-
posed estimation framework, and the second experiment contrasts conventional PSO
and conventional PSO with the proposed estimation framework. Then, one or mul-
tiple estimated convergence points are obtained and used as elite individuals to
introduce into the population and replace the same number of worst individuals in
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Table 4.1: DE algorithm parameter settings.

population size for 2-D, 10-D, and 30-D search 20, 40, and 100
scale factor F 0.8
crossover rate 0.9
DE operations DE/rand/1/bin
stop condition; max. # of fitness evaluations, 800, 10,000, 40,000
MAXNFC , for for 2-D, 10-D, and 30-D search
dimensions of benchmark functions, D 2, 10, and 30
# of trial runs 30

Table 4.2: PSO algorithm parameter setting.

population size for 2-D, 10-D, and 30-D search 20, 40, and 100
inertia factor w 1
constant c1 and c2 2 and 2
max. and min. speed Vmax and Vmin 1 and -1
stop condition; max. # of fitness evaluations, 800, 10,000, 40,000
MAXNFC , for for 2-D, 10-D, and 30-D search
dimensions of benchmark functions, D 2, 10, and 30
# of trial runs 30

the current population such that the population size is not changed . The DE and
PSO experimental parameters are set as in Table 4.9 and Table 4.2, respectively.

Sine the proposed improvements and the basic estimation method will increase
the number of fitness calculations, we evaluate DE and PSO convergence along the
number of fitness calls instead of generations so that there is a fair comparison. In
our evaluation experiments, both of the two improvements are used in DE, while
only improvement 2 is used in PSO. Furthermore, we always ensure that moving
vector points from worse individual point to better ones to construct as many moving
vectors as possible.

We test each benchmark function with 30 trial runs in 3 different dimensional
spaces and apply the Wilcoxon signed-rank test on the fitness values at an earlier
stage, a medium stage and a later stage of fitness calculations for both conventional
EC and conventional EC with the proposed estimation framework. The statistical
test results of experiment 1 and experiment 2 are presented in Table 4.3, Table 4.4
and Table 4.5, to show whether there is an significant difference in the different con-
vergence periods between conventional EC methods and conventional EC methods
with the proposed estimation framework.
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Table 4.3: Statistical results of the Wilcoxon signed-rank test for average fitness
values of 30 trial runs and 2 experiments in the early stage of the algorithm. A ≫ B
and A > B means that A is significantly better than B with significance levels
of 1% and 5%, respectively. A ≈ B means that there is no significant difference
between A and B. FEN means the number of fitness evaluations in performed at the
time of evaluation. EXP1 refers to the first experiment, EXP2 refers to the second
experiment. Numbers in the table represent 1: conventional DE, 2: conventional
DE + universal estimation framework, 3: conventional PSO, and 4: conventional
PSO + universal estimation framework.

Func. 2-D (FEN=100) 10-D (FEN=1,000) 30-D (FEN=5,000)
EXP1 EXP2 EXP1 EXP2 EXP1 EXP2

F1 1 ≈ 2 4 ≫ 3 2 ≫ 1 4 ≫ 3 2 ≫ 1 4 ≫ 3
F2 1 > 2 4 ≈ 3 2 ≫ 1 4 ≫ 3 2 ≫ 1 4 ≫ 3
F3 1 ≫ 2 4 ≈ 3 1 ≫ 2 4 ≫ 3 2 ≫ 1 4 ≫ 3
F4 1 > 2 4 > 3 2 > 1 4 ≫ 3 2 ≫ 1 3 ≈ 4
F5 1 ≫ 2 4 > 3 1 ≈ 2 4 ≫ 3 2 ≫ 1 4 ≫ 3
F6 1 > 2 3 ≈ 4 2 ≈ 1 4 ≫ 3 2 ≫ 1 4 ≫ 3
F7 1 ≫ 2 4 > 3 1 > 2 4 ≫ 3 2 ≫ 1 4 ≫ 3
F8 1 ≫ 2 4 ≈ 3 1 ≈ 2 4 ≈ 3 2 ≈ 1 3 ≈ 4
F9 1 ≈ 2 4 ≈ 3 1 ≈ 2 4 ≫ 3 2 ≈ 1 4 ≫ 3
F10 2 ≈ 1 4 ≈ 3 2 ≫ 1 4 ≫ 3 2 ≫ 1 4 ≫ 3
F11 1 ≈ 2 4 ≈ 3 2 ≫ 1 4 ≫ 3 2 ≫ 1 4 ≫ 3
F12 1 ≈ 2 4 > 3 2 ≫ 1 4 ≫ 3 2 ≫ 1 4 ≫ 3
F13 1 > 2 4 ≫ 3 2 ≫ 1 4 ≫ 3 2 ≫ 1 3 ≫ 4
F14 1 ≫ 2 4 ≈ 3 1 ≈ 2 4 > 3 1 ≈ 2 4 > 3
F15 1 > 2 4 ≈ 3 1 ≈ 2 4 ≫ 3 2 ≈ 1 4 ≫ 3
F16 1 ≫ 2 3 ≈ 4 1 ≈ 2 4 ≈ 3 1 ≈ 2 4 ≈ 3
F17 1 ≫ 2 4 > 3 2 ≫ 1 4 ≫ 3 2 ≫ 1 4 ≈ 3
F18 1 ≈ 2 4 ≈ 3 2 ≫ 1 4 ≫ 3 2 ≫ 1 4 ≈ 3
F19 1 ≈ 2 4 ≫ 3 2 ≫ 1 4 ≫ 3 2 ≫ 1 4 ≫ 3
F20 1 ≈ 2 4 ≈ 3 2 ≫ 1 3 ≫ 4 2 ≫ 1 4 ≈ 3

4.1.5 Discussions
Analysis of the estimation method

Most EC algorithms locate the global optimal solution through multiple repeated
iterations, while the proposed estimation method has a high possibility to calculate
the potential location of the global optimum roughly. It does not need to know
any prior information about the optimization problems and does not have high cost
consumption. Thus, the estimation method has great potential, especially for high-
dimensional or high-cost optimization problems.

When the estimated point is used as an elite individual to accelerate EC search,
it will replace the worst individual in the current population. If they have good
fitness and are close to an optimal area, they may quickly find the optimal solution
in subsequent searches, thus simultaneously accelerating the convergence speed and
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Table 4.4: Statistical results of the Wilcoxon signed-rank test for average fitness
values of 30 trial runs of 2 experiments in the middle stage of the algorithm. The
symbols used in this Table have same meaning as in Table 4.3.

Func. 2-D (FEN=400) 10-D (FEN=5,000) 30-D (FEN=20,000)
EXP1 EXP2 EXP1 EXP2 EXP1 EXP2

F1 1 ≈ 2 4 ≫ 3 2 ≫ 1 4 ≫ 3 2 ≫ 1 3 ≫ 4
F2 1 ≫ 2 4 ≫ 3 2 > 1 4 ≫ 3 2 ≫ 1 3 ≫ 4
F3 1 ≫ 2 3 ≫ 4 2 ≫ 1 4 ≈ 3 2 ≫ 1 4 ≈ 3
F4 1 ≫ 2 4 ≫ 3 1 ≈ 2 3 ≫ 4 2 ≫ 1 3 ≫ 4
F5 1 ≫ 2 4 > 3 2 ≫ 1 4 ≫ 3 2 ≫ 1 4 ≫ 3
F6 1 ≫ 2 3 ≈ 4 2 ≈ 1 3 > 4 2 ≫ 1 3 ≈ 4
F7 1 ≈ 2 4 ≫ 3 2 ≫ 1 3 > 4 2 ≫ 1 4 ≈ 3
F8 2 > 1 4 ≫ 3 1 > 2 3 ≈ 4 1 ≈ 2 3 ≈ 4
F9 2 ≈ 1 4 ≫ 3 2 ≫ 1 4 ≈ 3 1 ≈ 2 4 ≈ 3
F10 1 ≫ 2 4 ≫ 3 2 ≫ 1 4 > 3 2 ≫ 1 3 ≈ 4
F11 1 ≈ 2 4 ≫ 3 2 ≫ 1 3 ≫ 4 2 ≫ 1 3 ≫ 4
F12 1 ≈ 2 4 ≫ 3 2 ≫ 1 3 ≫ 4 2 ≫ 1 3 ≫ 4
F13 1 ≈ 2 4 ≫ 3 2 ≫ 1 3 ≫ 4 2 ≫ 1 3 ≫ 4
F14 1 ≈ 2 4 > 3 2 ≈ 1 4 > 3 1 ≈ 2 4 ≫ 3
F15 2 ≈ 1 4 ≫ 3 1 ≈ 2 4 ≫ 3 2 ≈ 1 4 ≫ 3
F16 1 ≫ 2 3 ≈ 4 1 ≈ 2 3 ≈ 4 1 ≫ 2 3 ≈ 4
F17 1 ≈ 2 4 ≫ 3 2 ≫ 1 3 ≫ 4 2 ≫ 1 3 ≈ 4
F18 1 > 2 4 ≫ 3 2 ≫ 1 3 ≫ 4 2 ≫ 1 3 ≫ 4
F19 1 ≈ 2 4 ≫ 3 2 ≫ 1 4 ≈ 3 2 ≫ 1 3 ≈ 4
F20 1 ≈ 2 4 ≈ 3 2 > 1 3 ≫ 4 2 ≫ 1 3 > 4

improving the accuracy of the found optimal solution. When they are not close to
the global optimum, unfortunately, they may not be remarkable - but they are still
better than the worse individuals they replace. The increased cost is acceptable, but
the performance improvement is enormous. Consequently, introducing the estimated
convergence points is a valuable investment from the cost-performance point of view,
and we can say that it is a low risk, high return strategy.

Analysis of compositions of proposal

The first discussion is the superiority of our proposed separation method. It does
not require additional fitness computation costs and automatically divides the popu-
lation into several subgroups as the population converges. When it is combined with
EC algorithms, it also does not require modification of their optimization framework.
Furthermore, it divides from the best local area to the poorest local area gradually,
which leads to the found best local area being more favored and places priority on
guaranteeing its separation accuracy. Thus, we can say that the proposed separation
method is low cost and easy to use.

The second discussion involves analyzing our proposed generic estimation frame-
work, which is mainly composed of three parts: the separation method, the EC
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Table 4.5: Statistical test result of the Wilcoxon signed-rank test for average fitness
values of 30 trial runs of 2 experiments in the last stage of the algorithm. The
symbols used in this Table have same meaning as in Table 4.3.

Func. 2-D (FEN=800) 10-D (FEN=10,000) 30-D (FEN=40,000)
EXP1 EXP2 EXP1 EXP2 EXP1 EXP2

F1 2 ≈ 1 4 ≫ 3 2 ≫ 1 4 ≫ 3 2 ≫ 1 3 ≫ 4
F2 1 ≫ 2 4 ≫ 3 1 > 2 4 > 3 2 ≫ 1 3 ≫ 4
F3 1 ≫ 2 4 ≫ 3 2 ≫ 1 3 ≈ 4 2 ≫ 1 3 ≈ 4
F4 1 ≫ 2 4 ≫ 3 1 ≫ 2 3 ≫ 4 2 ≫ 1 3 ≫ 4
F5 1 ≫ 2 4 ≫ 3 2 ≫ 1 4 ≫ 3 2 ≫ 1 4 ≫ 3
F6 1 ≫ 2 3 ≈ 4 1 ≫ 2 3 ≈ 4 2 ≫ 1 3 ≈ 4
F7 1 ≈ 2 4 > 3 2 ≫ 1 3 ≫ 4 2 ≫ 1 4 > 3
F8 2 ≫ 1 4 ≫ 3 1 ≈ 2 4 ≈ 3 1 ≈ 2 3 ≈ 4
F9 2 ≈ 1 4 > 3 2 ≫ 1 3 ≈ 4 2 ≈ 1 3 ≈ 4
F10 1 ≈ 2 4 ≫ 3 2 ≫ 1 4 ≫ 3 2 ≫ 1 3 > 4
F11 1 ≈ 2 3 ≈ 4 2 ≫ 1 3 ≫ 4 2 ≫ 1 3 ≫ 4
F12 1 ≈ 2 4 > 3 2 ≫ 1 3 ≫ 4 2 ≫ 1 3 ≫ 4
F13 1 ≈ 2 3 ≈ 4 2 ≫ 1 3 ≫ 4 2 ≫ 1 3 ≫ 4
F14 1 ≈ 2 4 ≈ 3 2 ≈ 1 4 ≈ 3 1 > 2 4 ≫ 3
F15 2 ≈ 1 3 ≈ 4 2 ≈ 1 4 ≈ 3 2 ≈ 1 4 ≫ 3
F16 1 ≫ 2 3 ≈ 4 1 ≈ 2 4 ≈ 3 1 ≫ 2 3 ≈ 4
F17 1 ≈ 2 4 > 3 2 ≫ 1 3 ≫ 4 2 ≫ 1 3 > 4
F18 1 ≈ 2 4 ≈ 3 2 ≫ 1 3 ≫ 4 2 ≫ 1 3 ≫ 4
F19 2 ≈ 1 4 ≈ 3 2 ≫ 1 4 ≈ 3 2 ≫ 1 4 ≈ 3
F20 2 ≈ 1 3 ≈ 4 2 ≫ 1 3 ≫ 4 2 ≫ 1 3 ≫ 4

algorithms and the acceleration method. They are independent of each other and
will not interact with each other. Thus, we can switch to different strategies in these
three parts when applied to different characteristics of optimization problems. For
example, different EC algorithms or other separation methods can be used. Thus,
we can say that the proposed framework is versatile and easy to use. Although
the proposed framework adds one or more additional fitness calculations to obtain
estimated convergence points, it is worthwhile to obtain estimated individuals that
have a high probability of being close to the real global solution. In this paper, we
replace the worse individuals with the estimated convergence points to accelerate
EC convergence. Actually, there are many other ways to use them to accelerate
EC. For example, the estimated point can be used as a base vector in DE, or it can
be used to generate offspring individuals. Hence, how best to use estimated points
efficiently will also be a new topic.

The third discussion focus on how to improve the cost-performance. Here, the im-
provement 1 and improvement 2 are adopted in our evaluation experiments, where
improvement 1 will increase the additional fitness calculations while improvement 2
does not add any. Suppose that the population size is P , the improvement 1 need
P extra fitness calls. In fact, since improvement 2 is executed first, it may reduce
the fitness cost consumption by about half. The experimental results revealed that
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those two improvments can further enhance acceleration effect in spite of increasing
cost. We should find a balance between the computational cost and the convergence
performance, taking into account the complexity of the tasks and the computational
cost of the fitness calculations. Some methods for controlling the balance include:
using only some of the improvements, applying our proposed method at every k-th
generation, and others.

The fourth discussion addresses the applicability of the proposed estimation
framework. In this paper, two evolutionary algorithms, DE and PSO, are used
and combined with our proposed framework, respectively, where both algorithms
have their own different characteristics. The best individual in the current popula-
tion has a faint effect in the DE/rand/bin/1, however it has a strong impact in PSO,
so that all the poor individuals will slowly converge toward the current best one in
DE and rapid converge to the best one in PSO. The two control experiments use
the same initial population, but, the individual distribution of PSO becomes more
and more close to that of DE as the algorithm converges. We can speculate that if
the estimated points become the current best individuals, then this will accelerate
the movement of the surrounding points to them. However, these situations do not
occur easily in DE. This can also be confirmed by referring to Table 4.3, Table 4.4
and Table 4.5; we find that PSO more easily falls into local solutions than DE in the
high dimensional spaces. Based on the above considerations, we do not recommend
applying the estimation method to an algorithm where the best individual has a
strong impact to others. Thus, how to use estimated points more rationally will
also become a a promising topic in our future works.

We apply the Wilcoxon signed-rank test between conventional EC and conven-
tional EC with our proposed method at different searching periods in both controlled
experiments. From the results of this statistical test, we can see that PSO realizes
a better acceleration effect, while DE does benefit, or even performs worse in low
dimensional spaces. This may be because DE requires extra computational cost and
the low dimensional problems are not complicated. Thus, the cost consumed reduces
the speed of convergence without realising the desired performance improvement.
However, the situation is just the opposite in the high dimensional space. With
the increase in dimensions, the complexity of the optimization problem increases
rapidly, and the local optima become more numerous. In the early stages of the
algorithm, PSO still maintains a fast convergence rate, but it is more likely to fall
into a local solution as time goes on and not play a role in accelerating promotion.
On the contrary, DE can always maintain a strong acceleration effect, although
to do so it requires additional computations. This also shows that the balance of
cost-performance needs to be considered for different optimization problems.

Analysis of the parameter settings of the proposal

Through the above analysis, we can notice that the accuracy of the estimated points
depends heavily on the results of the separation method. In this paper, we intro-
duce a new parameter, θ to determines when remaining individuals belong to the
same subgroup and terminate the separation method. However, there is no unified
method to guide the parameter tuning; in practical applications and various opti-
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mization problems, we often do not have sufficient prior knowledge and it is difficult
to choose the appropriate parameters. In our evaluation experiments, the param-
eter setting for θ is based on experience. If the θ is too large or too small, it will
be disadvantageous to the division of the population. Thus, it is more reasonable
to adjust θ automatically according to the characteristics of optimization problems,
rather than to fix the parameter based on experience. Next, we also plan to intro-
duce some mechanisms to dynamically adjust θ. Furthermore, we have currently
only applied the proposed separation method to the current population; it may be
better to apply it to multiple successive generations and to assign individuals to the
same subgroup which are now assigned to the same group in different generation.
This can improve the accuracy of separation by making multiple confirmations. In
short, improving the precision of individual separation as much as possible is an
important topic.

We use the difference between the two ranks to gradually divide the population.
In fact, it is better to introduce another new parameter, ξ instead of using 0 to
determine whether an individual belongs to a positive group or a negative group.
If the absolute value of the difference between two ranks is less than ξ, then this
individual can be assigned to a positive group. We hope that this new parameter,
ξ can improve anti-interference because some optimization problems have noise. It
can also increase the fault tolerance of the separation and is expected to reduce the
possibility of an erroneous separation. Although this is all currently our supposition,
we will soon investigate and confirm whether we are correct.

Finally, we want to discuss the relationship between dimension and the num-
ber of moving vectors used to estimate the convergence points. Too many or too
small moving vectors may affect the accuracy of the estimated convergence points.
Honestly, we can not give an explicit relationship between them; we intend to inves-
tigate the effect of different combinations of dimension and the number of moving
vectors on different functions through a large number of investigations in future
works, which should eventually give a rough suggestion as to their relationship.

Potential of the method and future topics

Although this paper is only a preliminary extension of the basic estimation method,
it shows that our proposed estimation framework is effective and promising. There
are still many open topics and improvements waiting to be studied. The following
is a non-exhaustive list of some future topics.

(1). The construction of the moving vector. Whether moving vectors correctly
point to the optimal area affects the accuracy of estimated point. Thus, it is essential
to build a reasonable moving vector. In this paper, a moving vector is paired through
the relationship between parent and its offspring or randomly generating a new
searching point. In fact, EC algorithms for parent-child relationships that are not
one to one, i.e GA and FWA, can also be combined with our proposed frameworks.
In these scenarios, we can use the shortest distance to match the moving vectors
between two successive generations, or the other mechanisms of pairing. Besides,
instead of using two consecutive generations, we can use the average evolutionary
path of multiple successive generations to construct moving vectors. This may
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remove some randomness and the enhance anti-interference capability, which helps
to improve the accuracy of the estimated point. In general, there are still many
construction methods waiting to be developed by us.

(2). Improve performance and reduce cost. So far, we have proposed several
improvements to further improve the performance of our proposal. Although the
experimental results show that the more improvements are made, the more signifi-
cantly the performance is improved. However, some improvements increase greatly
the number of extra fitness calculations, which leads to a failure to improve in some
cases, due to the high cost of calculating and the limited number of fitness calcula-
tions. For these cases, it is a good choice to use outstanding individuals from past
generations to construct moving vectors, using e.g an optional external archive and
an individual pool. Anyway, using known information efficiently and proposing ef-
fective but lower-cost improvements are also a direction that we continue to adhere
to.

4.2 Accelerating Multiobjective Optimization

4.2.1 Multiobjective Optimization

Multi-objective optimization problems lie in many real-world applications and they
contain multiple optimization objectives that conflict with each other. This makes
conventional optimization algorithms (deterministic optimization method), difficult
to apply when solving these problems. One solution of the multi-objective optimiza-
tion problems is to transform multiple objectives into a single objective by assigning
different weights to each objective for a combination. This requires us to have a
degree of deep understanding of multi-objective optimization problems.

Currently, more popular approaches use evolutionary multi-objective optimiza-
tion (EMO) algorithms because of various well defined features and characteristics,
such as strong robustness, ease of use, intelligence and others. Almost of these pay
attention to finding a set of trade-off optimal solutions (known as Pareto optimal so-
lutions), instead of a single optimal solution. The Pareto dominance and diversity of
solutions are two primary subjects in EMO research. One attempts to obtain many
non-dominated Pareto solutions, and the other tries to obtain Pareto solutions in a
wide areas on Pareto solution front.

4.2.2 Acceleration Framework for Multiobjective

There are two subjects studied in the EMO algorithm research field; one study is the
Pareto dominance issue, and the other one is EMO solution diversity issue. Almost
all research on these two issues focuses on special handling in a objective space
of an EMO algorithm, and frequently ignore the search condition in a parameter
space. EMO algorithms try to find more non-dominated solutions with diversity.
The solutions on the first Pareto solution frontier from the last generation to the
next in an objective space supports information on how moving the variables in a
parameter space can find promising Pareto solutions.

In Figure 4.5, we can find a set of the pairs of moving vectors in a parameter
space in accord with the Pareto dominance information obtained in an objective
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Figure 4.5: Estimation of promising Pareto solution area in parameter space using
the dominance information from objective space to enhance EMO search.

space. We can use the moving vector information to estimate a convergence point
that presents a promising area where Pareto solutions would be in the a parameter
space. We put such an estimated convergence point of a parameter space into EMO
search, and remove one of dominated solutions. EMO search should be enhanced
considering such search information, and hopefully, EMO algorithm can find more
non-dominated Pareto solutions quickly. This is a study hypothesis and motivation
of our proposal that utilities an estimated convergence point to accelerate EMO
search.

There are three primary steps and/or issues in the proposed method to enhance
EMO search. The first step/issue is how to make pairs of moving vectors in a
parameter space from Pareto improvement information obtained in an objective
space. We make two candidate groups of non-dominated solutions in the current
generation and in the last generation, so Pareto solution improvement information
can be obtained from these two group individuals. Here, we design two methods to
make moving vector pairs.

• We pick up one of non-dominated solutions in an objective space from one
group, and find the nearest non-dominated solution in the other group, and
then find their corresponding individuals in a parameter space to make these
two solutions form a pair. (Estimation in objective space)

• We pick up one of non-dominated solutions in an objective space from one
group, and find its corresponding individual in a parameter space, and then
find this individual’s nearest individual in a parameter space to make these
two solutions form a pair. (Estimation in parameter space)

After this, we delete these two solutions from the two groups, and we repeat this
processing until one of groups becomes empty.

The second step estimates a convergence point in a parameter space using the
moving vector pairs obtained from the first step. The estimated point has high
potential in the non-dominated Pareto solution frontier, and can therefore accelerate
EMO search. Besides estimating only one estimated point, we can also estimate one
point from only one single objective space each by each individually and use them
together to accelerate EMO search (Estimation in each single objective space).
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In the third step, we put the estimated convergence point as a search elite in-
dividual into EMO algorithms, and delete one/more of the dominated solutions in
the current generation to enhance EMO search. This is the primary implementation
within our proposal.

Table 4.6: Multi-objective benchmark function used in evaluation [?]. All of the
Pareto frontier are g(x) = 1.

Functions Definition

ZDT1

f1(x) = x1

f2(x) = g(x)[1−
√

x1

g(x)
]

g(x) = 1 + 9
∑n

i=2 xi

n−1

ZDT2

f1(x) = x1

f2(x) = g(x)[1− ( x1

g(x)
)2]

g(x) = 1 + 9
∑n

i=2 xi

n−1

ZDT3

f1(x) = x1

f2(x) = g(x)[1−
√

x1

g(x)
− x1

g(x)
sin(10πx1)]

g(x) = 1 + 9
∑n

i=2 xi

n−1

ZDT4

f1(x) = x1

f2(x) = g(x)[1− ( x1

g(x)
)2]

g(x) = 1 + 10(n− 1) +
∑n

i=2[x
2
i − 10 cos(4πxi)]

ZDT6

f1(x) = 1− exp(−4πx1) sin
6(6πx1)

f2(x) = g(x)[1− (f(x1)
g(x)

)2]

g(x) = 1 + 9[
∑n

i=2 xi

n−1
]0.25

4.2.3 Experimental Evaluations

Experiment Setting

We use five multi-objective benchmark functions from the ZDT test suite [211] to
evaluate our proposed methods. We embed our proposed method into conventional
NSGA-II [40] with different constructing methods of moving vector, and compare
our proposed method with NSGA-II. Table 4.6 presents the benchmark function’s
mathematical expressions. We examine these functions with three dimensional set-
tings, i.e. two dimension (2-D), 10-D, and 30-D. Table 4.7 shows the parameter
settings of conventional NSGA-II algorithm used in the evaluation experiments.

Three experiments are designed where different methods of constructing moving
vectors, and these combined with the conventional NSGA-II algorithm. The legends
displayed in figures and tables have the following meanings.

• NSGA-II: conventional NSGA-II algorithm;
• Estimation in objective space: we construct moving vectors from two
subsequent non-dominated solution set in an objective space;

• Estimation in parameter space: we find the nearest offspring individual
for each one in a parent generation, and make pairs in a parameter space; and

52



• Estimation in each single objective space: we consider each objective
independently and estimation convergence point for each objective, where the
estimated points may not be best on all objectives, but they have good poten-
tial in some objectives.

Table 4.7: NSGA-II algorithm parameter setting.
population size for 2-D, 10-D, and 30-D 20, 50, and 100
crossover rate 0.8
mutation rate 0.05
max. # of fitness evaluations, MAXNFC , 400, 1,000, and 10,000
for2-D, 10-D, and 30-D search
dimensions of benchmark functions, D 2, 10, and 30
# of trial runs 30

Evaluation Metrics

We set the stop conditions of each evaluation using the number of fitness calls
instead of generations for fair evaluation, because our proposed methods increases
additional fitness cost consumption. We set the stop conditions as 400 times, 1000
times, and 10000 times of fitness evaluations in 2-D, 10-D, and 30-D problems,
respectively. Besides, we test each benchmark function with 30 trial runs in three
different dimensional settings.

Conventional NSGA-II is adopted as an example algorithm, definitely, other
EMO algorithms can be also applied. Although there are many different ways to
generate estimated points, the greedy replacement strategy, where the estimated
points will replace with the worst ranked and low diversity individuals to keep the
same population size, is adopted in the proposed acceleration framework. To analyse
the effect of the proposed acceleration framework, we calculate the number of non-
dominated Pareto solutions in each generation shown in Figures 4.6, 4.7, and 4.8.

Hyper volume [210] is used to evaluate the diversity and acceleration perfor-
mance of our proposal. Table 4.8 presents the hyper volume values of our proposed
method and conventional NSGA-II algorithm at the stop condition in three different
dimensional settings. We apply Wilcoxon signed-rank test for 30 trail runs data to
evaluate the significance of hyper volume obtained by conventional NSGA-II and
our proposal. Some functions without hyper volume value is due to reference point
[-1, 1] setting.

4.2.4 Discussions
Pareto Improvementation of the Proposal

Pareto dominance and Pareto solution diversity are two metrics to evaluate the
performance of EMO algorithms. In this work, we calculated the average number of
Pareto solutions in every generation for each benchmark problem; see Figures 4.6,
4.7, and 4.8. This is one of evaluation metrics for Pareto dominance in EMO. We
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Figure 4.6: The number of Pareto solutions in every generation for 2-D benchmark
problems. We can observe that proposed method can obtain more Pareto solutions
for the most of cases.
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Figure 4.7: The number of Pareto solutions in every generation for 10-D benchmark
problems. We can observe that proposed method can obtain more Pareto solutions
for the most of cases.
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Table 4.8: The average hypervolume values from 30 trials running of 4 methods
in 2 dimension (2-D), 10-D, and 30-D. Symbol † means that there is a significant
difference between NSGA-II and Proposed method, i.e. NSGA-II + Estimation
Point. The reference point is [1,1]. Obj., Para., and SinglePara. present objective
space, parameter space, and each single parameter space, respective.

2-D tasks
Func. NSGA-II Estimation in Obj. Estimation in Para. Estimation in SinglePara.
ZDT1 0.414567 0.417300 0.453833† 0.480533 †
ZDT2 0.109833 0.117367 0.124367 0.113867
ZDT3 0.556733 0.552433 0.622733† 0.622600†
ZDT4 0.255733 0.261600 0.284933† 0.337167†
ZDT6 0.000033 0.002033 0.001833 0.000967

10-D tasks
Func. NSGA-II Estimation in Obj. Estimation in Para Estimation in SinglePara
ZDT1 0.328033 0.337767 0.345533 0.339433
ZDT2 0.008633 0.012367 0.010100 0.008933
ZDT3 0.564067 0.545767 0.589400 0.588933

30-D tasks
Func. NSGA-II Estimation in Obj. Estimation in Para Estimation in SinglePara
ZDT1 0.647167 0.654000 0.651533 0.648633
ZDT2 0.183333 0.157567 0.187700 0.190433
ZDT3 0.796133 0.792600 0.791533 0.794767
ZDT6 0.066233 0.068433 0.069633 0.066733

also calculated hyper volume values at the maximal number of function calls for each
dimension setting, and applied Wilcoxon signed-rank test to verify the significant
difference among hyper volume values in Table 4.8. This is a demonstration of Pareto
solution diversity for each EMO algorithm. We analyse and discuss our proposed
method using these results.

From Figures 4.6, 4.7, and 4.8, we can observe that methods estimating a con-
vergence point in a parameter space and in a single objective space can obtain more
Pareto solutions from all five multi-objective benchmark problems in 2-D setting.
Method estimating a convergence point in an objective space fails in two benchmark
functions, i.e. ZDT1 and ZDT3 in 2-D tasks. It indicates that moving vectors con-
structed from information of the nearest points in an objective space cannot exactly
estimate the non-dominated Pareto frontier area in a parameter space. The same
case can also be found in 10-D benchmark setting for ZDT3 and ZDT4, and 30-D
benchmark setting for ZDT1, ZDT3, and ZDT4. We need to further consider to
improve the estimation the accuracy of estimation method of a convergence point
in an objective space.

That in a single objective space works well in most of cases because this method
replaces more than one estimated convergence point, and increases the population
diversity for EMO algorithms. This indicates that the better individuals in each
objective can improve optimization performance of EMO algorithms, although there
are conflicts among multi-objective functions when EMO searches for non-dominated
Pareto solutions. From this viewpoint, elite strategy-based EC acceleration methods
can be applied not only in single objective problems, but also have a potential to be
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Figure 4.8: The number of Pareto solutions in every generation for 30-D benchmark
problems. We can observe that proposed method can obtain more Pareto solutions
for the most of cases.

applied in multi-objective problems
From observation of Table 4.8, the values of hyper volume from our proposed

method are bigger than those from conventional NSGA-II algorithm for the most of
tasks in 2-D benchmark problems. The Wilcoxon signed-rank test results showed a
significant difference between our proposed method and the conventional NSGA-II
algorithm in estimation in a parameter space and estimation in a single objec-
tive space. These results demonstrate that our proposed method can obtain non-
dominated Pareto solution with more diversities for EMO algorithms. However, it
is not significant shown in 10-D and 30-D benchmark problems. It is a limitation
for our proposal, and we need to improve it in our future work.

Topological Structure of Moving Vectors and Modality Characteristic of
Pareto Improvement

The basic philosophy of our proposed method to accelerate EMO search lies in
three hypotheses. First, we can obtain the information to improve non-dominated
Pareto solutions through Pareto solution evolutions from the last generation to the
current generation in an objective space. Second, after we obtain the information,
the moving vectors can be made in an objective space or in a parameter space.
Third, the estimated convergence point of these moving vectors has a high possibility
that locals in the non-dominated Pareto solution frontier area in a parameter space.
From the modality viewpoint, the distribution of Pareto solutions shows a uni-modal
characteristic in the objective space. In the case of the Pareto improvement from
the last generation to the current generation, do the corresponding individuals also
present a uni-modal distribution characteristic in a parameter space? We examine
this question here.
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We present improved EMO evolutions along three generations’ EMO evolution
condition both in an objective space and a parameter space for these benchmark
functions with 2-D setting (see Figure 4.9). The arrows demonstrate the Pareto
improvement directions between two generations in both spaces. From Figure 4.9,
we observe that with regards to the directions of arrows in an objective space, all
of them are towards almost the same direction, i.e. their angles are less than 90
degrees. However, in the parameter space, the arrows are not towards the same
direction. It displays a multi-modal distribution characteristic, e.g. in the ZDT4
and ZDT6 benchmark problems. From these observations, it indicates that Pareto
improvement in the objective space presents a uni-modal characteristic, while it
presents a multi-modal characteristic in a parameter space. In Figure 4.6, the num-
bers of the first Pareto frontier solution from four methods are almost the same,
but their acceleration performances are not significant. This is one our discovery on
the modality characteristic of Pareto improvement in both an objective space and a
parameter space.

From Figures 4.9, there is a multi-modal characteristic in a parameter space when
the Pareto improvement occurs from one generation to the next. The third hypoth-
esis of proposed method is not always correct, therefore, the proposed method can
works well in the uni-modal condition of Pareto improvement, and by chance well in
the multi-modal one. From Table 4.8, there is not a significant difference between
NSGA-II algorithm and our proposed method in ZDT6. This experiment’s results
verify our analysis and observations. The multi-modal characteristic of Pareto im-
provement in a parameter space is an issue when applying our proposal to enhance
EMO search.

4.3 Accelerating Interactive Evolutionary Com-
putation

4.3.1 Interactive Evolutionary Computation

IEC is an extension of the traditional EC that integrates human subjective eval-
uations to design products that contain human preferences. Figure 4.10 shows a
universal optimization framework of classic IEC algorithms. Since humans are an
important part of the whole optimization system, IEC has a unique feature, i.e.
human sensibility, that traditional EC algorithms do not have. Meanwhile, there
are also new problems arising from the presence of a human. The most urgent
problem is that human fatigue limits the performance of IEC because humans can
not evaluate individuals for a long time. Many researchers have proposed various
ways to alleviate this limitation, such as by improving user interface and reducing
human-computer interaction [156]. Additionally, alternative models have also been
used to reduce the number of user evaluations [115].

The estimation method has a high probability of estimating the area of the global
optimum, so we try to extend it to accelerate real world IEC applications and thus
reduce user fatigue. Because humans can not distinguish subtle differences between
individuals as is done by computers, we first investigate the feasibility of using an
estimated convergence point to accelerate IEC convergence before applying it to
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Figure 4.9: Two dimensional demonstration of Pareto solution improvement in an
objective space (left) and their corresponding individuals in parameter space (right)
of ZDT1, ZDT2, ZDT3, ZDT4, and ZDT6. The arrows show directions of both
Pareto solution improvement and moving vectors. We can observe that there is a
uni-modal landscape for Pareto solution improvement in an objective space, however,
it is a multi-modal landscape for Pareto improvement in a parameter space. The
green point is the estimated convergence point, most of the red points and most of
the blue points are in the first generation and in the third generation, respectively.
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Figure 4.10: A universal optimization framework for IEC.

IEC applications.

4.3.2 Acceleration Framework for IEC

The basic estimation method can calculate a convergence point for the population
and use it as an elite individual to replace the worst individual in the current popu-
lation to speed up convergence. In fact, humans cannot distinguish small differences
between two similar individuals, and they may thus be given the same score in IEC
evaluations, while traditional EC can clearly distinguish these differences. Because
we cannot say which one is the better for multiple individuals with same score, we
employ a stochastic selection strategy in the proposed method. This means an esti-
mated convergence point will replace a randomly selected individual from all worst
individuals to keep the population size unchanged.

At the first step of applying the basic estimation method to accelerate IEC, we
need to make enough moving vectors from parents to their offspring, which is critical
to the estimation of the convergence point. In IEC applications, it often happens
that there is no difference between a parent individual and its offspring when users
cannot choose which is better and thus give both the same score. To increase the
number of vectors, we reverse a parent individual and its offspring if the score of the
parent is high than that of its offspring. Of course there are other ways to increase
the number of vectors, for example, a moving vector is not limited to point from
the parent individual to its own offspring, but also to other better offspring. At the
current stage, we are not concerned with the latter method of constructing moving
vectors, however, it will be used in one of our follow-up studies.

In the first attempt, we focus on investigating the feasibility of our proposed
method. So we just use a traditional EC to simulate IEC, and do not use an
actual human to perform the evaluations. Next, we explain how to convert the
EC evaluation to an IEC evaluation to simulate an IEC experiment. Suppose that
the EC is used to optimize a minimization problem and the higher the score, the
better the individual in IEC. We use fEC(xi) to represent the fitness value of the i-th
individual and Fmax and Fmin means the worst and best individual in EC evaluation,
respectively. So, we can use following Eq. (4.1) to complete the conversion from EC
to IEC.
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Algorithm 8 The general framework of the proposed method for accelerating IEC.

1: Generate an initial population.
2: Evaluate the fitness for each individual.
3: for G = 1 to MaxGeneration do
4: Obtain the next generation using the EC algorithm.
5: Convert the EC evaluation to an IEC evaluation for two subsequent genera-

tions.
6: Construct the vectors for estimating the convergence point and evaluate its

fitness using the EC evaluation.
7: Convert the EC evaluation of the estimated point to an IEC evaluation.
8: if Its score is higher than that of the worst individuals then
9: use the estimated point to replace a randomly selected individual from all

the worst individuals.
10: end if
11: end for
12: return the optimum

fIEC(xi) = ROUND(
Fmax − fEC(xi)

Fmax − Fmin

∗ s) (4.1)

Where, ROUND() is a rounding function, fIEC(xi) indicates that the i-th EC
evaluation individual is converted to an IEC evaluation. s is the evaluation levels in
the IEC and we set s to 5 in the following simulation experiments. Finally, we can
obtain the proposed algorithm as shown in Algorithm 13.

4.3.3 Experimental Evaluations

To evaluate the effectiveness of the proposed method, the Gaussian mixture model
given by Eq. (4.2) that consists of n d-dimensional (d =2,5 and 10) Gaussian
functions (n =1, 2, 3 and 4) is used in our experimental evaluation.

f(x) = −
n∑

j=1

{
aj exp

(
−

d∑
i=1

(xij − µij)
2

2σij

)}
(4.2)

The DE parameter settings are set as in Table 4.9. For fair evaluations, we
evaluate simulated IDE convergence along with the number of fitness calls instead
of generations. Because humans cannot work for a long time, so the maximum
number of fitness evaluations is set to a value which would be acceptable for a
human.

We test each evaluation function with 30 trial runs in 3 different dimensional
spaces, and apply the Wilcoxon signed-rank test on the fitness values at the max-
imum number of fitness calculations, MAXNFC , to check the significance between
the proposal IDE and simulated IDE. The results of the statistical test are shown
in Table 6.2. Additionally, Fig. 4.11 gives the average convergence curves of the
proposal and simulated IDE in 10-dimensional space.

60



Table 4.9: DE algorithm parameter setting.

population size for all search space 20
scale factor F 0.8
crossover rate 0.9
DE operations DE/rand/1/bin
max. # of fitness evaluations, 500
MAXNFC , for all search space
dimensions, D 2, 5, and 10
# of trial runs 30
search ranges of all variables [-6,6]

Table 4.10: Statistical test result of the Wilcoxon signed-rank test for average fitness
values of 30 trial runs. A ≫ B means that A is significantly better than B with
significance levels of 1%. A ≈ B means that there is no significant difference between
A and B. A and B in the table represent that A: simulated IDE with an estimated
convergence point, B: simulated IDE without an estimated convergence point.

2-D 5-D 10-D

GaussianFunction(n = 1) A ≫ B A ≫ B A ≫ B

GaussianFunction(n = 2) A ≫ B A ≫ B A ≫ B

GaussianFunction(n = 3) A ≈ B A ≫ B A ≫ B

GaussianFunction(n = 4) A ≈ B A ≫ B A ≫ B

4.3.4 Discussions

We begin our discussion with an explanation of the superiority of our proposal. The
estimated convergence point has a high probability to be close to the real optima
and it is thus easier to find a better candidate in the next generation. Through
introducing the point into the population, we hope it is possible to find an acceptable
candidate quickly so that the number of user evaluations are reduced and user fatigue
can also be alleviated. Although the estimated point will require an additional
evaluation, the performance improvement is huge. So it is acceptable from the point
of view of cost-performance.

From the result of statistical test, we can see that the proposal can accelerate
simulated IEC for almost all cases. In the simulation experiments, we use multiple
Gaussian functions combined to form a multimodal problem. It is surely effective
for unimodal tasks, but it is not always true for multimodal tasks because vectors go
towards different local optima. So, the accuracy of the estimated point is not very
accurate in the early stages of exploration for multimodal optimization. However,
as the population gradually converges to the optimal area, it can be similar to a
unimodal optimization in the later stages of exploration, and the accuracy of the
estimated point is also getting higher and higher. This can be confirmed from the
average convergence curves shown in Fig. 4.11. To improve the accuracy of the
estimated point for multimodal optimization is one of the topics up for elaboration
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(a) GaussianFunction(n = 1) (b) GaussianFunction(n = 2)

(c) GaussianFunction(n = 3) (d) GaussianFunction(n = 4)

Figure 4.11: The average convergence curve of 30 trial runs of two methods in 10-D.

in future research, such as by clustering according to each local optimum area.
Next, we want to discuss the parameter settings in IEC applications. Due to the

limitations of the human factor, the population size and evaluation levels cannot
be set to large values. According to our experience, however, larger values are
beneficial when it comes to constructing more vectors to estimate the convergence
point. Therefore, we will pay more attention to the study of these parameters to
achieve a better performance for accelerating IEC in our next study. Specifically,
issues which need to be addressed include: the relationship of the dimension and
the number of vectors; and how to construct a reasonable vectors using a limited
number of individuals.

4.4 Chapter Summary

The basic estimation method is for unimodal optimization tasks and may not work
well for optimization tasks with multiple local optima. Here, the reliability of the
convergence point calculated from all moving vectors aiming at different local optima
becomes low. To extend the estimation method’s applicability to multimodal tasks,
we propose a separation method to cluster moving vectors regarding their directions
towards to their local optima. The experimental evaluations showed that using the
estimated convergence point is beneficial for accelerating multimodal optimization
from the cost-performance point of view. We try to introduce the estimated con-
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vergence point into a simulated IEC to accelerate the convergence and reduce user
fatigue, at the cost of increasing by one the number of evaluations per generation.
The experimental results show that it is possible to use the estimation method for
real IEC applications.

We extend the basic estimation method to EMO algorithms to find promising
non-dominated solution areas in search spaces using the estimation information from
the objective spaces. We found that our proposed method can enhance EMO search
in some benchmark problems, especially for the high dimensional and complex multi-
objective problems which can obtain a greater number of Pareto solutions. We also
analysed the modality of the Pareto improvement in both an objective space and
a parameter space. We found that the Pareto improvement in the objective space
demonstrates a unimodal characteristic, however demonstrates a multi-modal one
in parameter space. In our next work, we look forward to applying our proposal
to practical applications and analyzing those situations in which it can be used.
Additionally, the parameter settings will also be further studied.
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Chapter 5

Accelerating Fireworks Algorithm
Using an Estimated Convergence
Point

5.1 Synthetic Firework

We introduce a new kind of firework, named the synthetic firework [197], to make full
use of the many generated sparks, which are otherwise only involved in the selection
operation and then destroyed. The synthetic fireworks and fireworks of the current
generation form many moving vectors which can be used to estimate a convergence
point that is expected to locate near the global optimum. The estimated point
is regarded as an elite individual and replaces the worst individual from the next
generation if its fitness is better.

The method for calculating the synthetic fireworks is as follows. Each firework
and its generated sparks form a subgroup, and we can construct many vectors be-
tween the firework and its generated sparks. If the firework is worse than one of the
generated sparks, this vector’s direction is considered to be promising. Otherwise,
its antipode is used to calculate a synthetic firework. There are many methods to
evaluate the potential of these directions. In this paper, we simply use the fitness
difference between the endpoint and the start point of a vector to evaluate it. Thus,
the larger the fitness difference is, the higher will be the weight of the vector. In
order to not increase the number of fitness evaluations, we only calculate the an-
tipode for a firework which is lacking a fitness evaluation if the antipodal direction
is to be used. The fitness difference of the original vector is roughly used to evaluate
the used antipodal direction. Finally, a synthetic firework can be roughly calculated
by weighting those vectors with Eq. 5.1 in each firework group. The Figure 5.1
illustrates how a synthetic firework is thus formed.

vi =
m∑
j=1

f(xi)− f(sij)∑m
i=1 ||(f(xi)− f(sij))||

∗ (sij − xi) + xi (5.1)

where xi and sij represent the i-th firework and its j-th generated spark or antipodal
point. vi is the i-th synthetic firework of the i-th firework group; m is the number
of generated sparks of the i-th firework; f() is a fitness function.

We can obtain new synthetic fireworks up to the population of the the current
firework generation. Since we do not increase the number of fitness evaluations
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Figure 5.1: A synthetic firework is generated from a firework and its generated
sparks. The black five-pointed star and the red solid points represent the firework
and its generated sparks, respectively. The presence of a red hollow circle means
that the antipode has been used. The purple solid point is the synthetic firework
obtained by weighting these vectors.

and a new synthetic firework is expected to be better than the firework belonging
to its subgroup, we will not evaluate the synthetic fireworks. A moving vector is
calculated from the current firework to the newly generated synthetic firework in
each subgroup, and the convergence point is estimated using these moving vectors
with the basic estimation method. Algorithm 9 outlines the flow of EFWA using
our proposed strategy.

Note that our proposed strategy does not change the structure of the original
FWA when it is combined with other fireworks algorithms. It simply uses the
fireworks and the generated sparks to build local gradient information, then uses
this to estimate a convergence point to accelerate convergence.

5.2 Experimental Evaluations

We use 20 benchmark functions from the CEC2013 benchmark test suite [91] in
our evaluations, which is designed for real parameter single-objective optimization.
These landscape characteristics include shifted, rotated, global on bounds, unimodal
and multi-modal. We test them with 3 dimensional settings: D = 2, 10 and 30.
We select EFWA as our test baseline and combine it with our proposal for this
experiment using parameters as described in table 5.1.

For fair evaluations, we evaluate convergence against the number of fitness calls
rather than generations. We test each benchmark function with 30 trial runs in 3
different dimensional spaces. We apply the Wilcoxon signed-rank test on the fitness
values at the stop condition, i.e. the maximum number of fitness calculations, and
compare EFWA with (EFWA + our proposed method). Table 5.2 shows the result
of these statistical tests.
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Algorithm 9 The framework for the fireworks algorithm using our proposed strat-
egy. Steps 11 to 16 are from our proposal.

1: Initialize n fireworks randomly.
2: Evaluate the fitness of each firework.
3: while the termination condition is not satisfied do
4: Generate explosion sparks around each firework.
5: Use Gaussian mutation to obtain Gauss sparks.
6: if sparks are generated outside the search area then
7: Use a mapping rule to bring them back into the area.
8: end if
9: Evaluate the fitness of each generated spark.

10: Select n fireworks for the next generation from the generated sparks and the
current fireworks.

11: Calculate the synthetic fireworks for each subgroup.
12: Obtain moving vectors using the synthetic fireworks and the current fireworks.
13: Estimate a convergence point.
14: if the estimated convergence point is better than the worst firework in the

next generation then
15: Replace the worst firework with the estimated point.
16: end if
17: end while
18: end of program.

Table 5.1: Parameter setting of EFWA.

Parameters Values
# of fireworks for 2-D, 10-D and 30-D search 5
# of sparks m 50
# of Gauss mutation sparks, 5
constant parameters a = 0.04 b = 0.8
Maximum amplitude Amax 40
stop condition; MAXNFC , for 2-D, 10-D, and 30-D search 1,000, 10,000, 40,000
dimensions of benchmark functions, D 2, 10, and 30
# of trial runs 30

5.3 Discussions

Most fireworks algorithm variants mainly use their computational resources for gen-
erating sparks, but the information from these sparks is not fully used. In our
experimental evaluations, the total number of generated sparks was 10 times of that
of the fireworks. It is clearly productive to consider how these many sparks can be
used efficiently. We introduced a new type of firework, called the synthetic firework,
to explore local gradient information on the fitness landscape. Thanks to the use of
multiple vectors in each subgroup, the synthetic firework also has a certain anti-noise
property, as its calculation cancels noise from the directions of the various moving
vectors. This can help to improve the precision of the estimated convergence point.
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Table 5.2: Statistical test results of the Wilcoxon signed-rank test for average fitness
values of 30 trial runs of the proposal (EFWA + our proposed method) and conven-
tional method (EFWA) at the stop condition, MAXNFC . A ≫ B and A > B mean
that A is significant better than B with significant levels of 1% and 5%, respectively.
A ≈ B means that although A is better than B, there is no significant difference
between them.

Func. 2-D 10-D 30-D
f1 proposal ≫ EFWA proposal ≫ EFWA proposal ≫ EFWA
f2 proposal ≈ EFWA proposal ≫ EFWA proposal ≫ EFWA
f3 proposal ≈ EFWA proposal > EFWA proposal > EFWA
f4 EFWA ≈ proposal proposal ≈ EFWA proposal ≈ EFWA
f5 proposal ≫ EFWA proposal ≫ EFWA proposal ≫ EFWA
f6 proposal ≈ EFWA EFWA ≈ proposal proposal ≈ EFWA
f7 proposal > EFWA EFWA ≈ proposal proposal ≈ EFWA
f8 proposal ≈ EFWA EFWA ≈ proposal proposal ≈ EFWA
f9 EFWA ≈ proposal EFWA ≈ proposal EFWA ≈ proposal
f10 proposal > EFWA proposal ≫ EFWA proposal ≫ EFWA
f11 proposal ≈ EFWA proposal ≫ EFWA proposal ≫ EFWA
f12 EFWA ≈ proposal proposal ≈ EFWA proposal ≈ EFWA
f13 proposal ≈ EFWA proposal ≈ EFWA proposal ≈ EFWA
f14 proposal ≈ EFWA proposal > EFWA proposal ≫ EFWA
f15 proposal ≈ EFWA proposal ≈ EFWA EFWA ≈ proposal
f16 EFWA ≈ proposal proposal ≈ EFWA proposal ≈ EFWA
f17 proposal ≫ EFWA proposal ≫ EFWA proposal ≫ EFWA
f18 proposal > EFWA proposal ≈ EFWA EFWA ≈ proposal
f19 proposal ≈ EFWA proposal ≈ EFWA proposal ≫ EFWA
f20 proposal ≈ EFWA proposal ≈ EFWA EFWA ≈ proposal

In any case, the proposed method increases each generation’s fitness calculations by
only one - so we can say that it is a low risk, high return strategy.

What potential still remains for our proposed firework, the synthetic firework?
Although we have used only the fitness difference between the two endpoints of a
moving vector to evaluate it, we think that not only these fitness differences but
also their lengths should be considered to understand the local gradient information
more accurately, yielding further improvements in the estimate. Additionally, there
are many other ways to weight moving vectors and increase the precision of the
estimated convergence point. As an example, the fitness value at the beginning
point or the end point of a moving vector can be used to evaluate it, which means
that the lower the distance from the optimal area, the higher the weight given.
A precise way of obtaining reasonable weights for the vectors is also a potential
discussion topic.

We would like to point out that the new type of firework introduced can be used
to speed up convergence. In this paper, we used synthetic fireworks to estimate a
convergence point without evaluating their fitness. They have the potential to act
as a new guide for individuals, helping move them toward a preferable evolutionary
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direction rather than random exploration. The new synthetic fireworks can be in-
troduced into a population to improve the diversity and reduce selection pressure.
How to use them reasonably is also a potential discussion topic.

We also performed an extra experiment to investigate the fitness of synthetic
fireworks. We compared the synthetic firework with the firework individual belong-
ing to its same subgroup. The experimental results show that in the early stages,
synthetic fireworks are better than fireworks individuals, while the probability of
a better synthetic firework decreases as the convergence progresses. For optimiza-
tion problems with different characteristics, it seems reasonable to use a different
method for assigning weights when creating the synthetic fireworks. Perhaps dif-
ferent optimization stages could use different weighting methods to obtain better
synthetic fireworks. Summarizing the relationship between weighting method and
optimization problem is thus also a potential topic for study.

From the results of the statistical tests, we find that the proposed method is
beneficial for unimodal optimization problems (f1 − f5), while the performance on
low-dimensional multimodal optimization problems is not obvious. This may be
because the basic estimation method, which is clearly effective for unimodal opti-
mization problems, is not always valid for multimodal problems where the moving
vectors go toward different local optima. Further, the number of moving vectors is
small (in this case, the number is 5), and even on some multimodal optimization
problems, it is less than the number of peaks. Regardless, the proposed strategy does
not show any deleterious effect. For the next stage, using past searching individu-
als to increase the number of moving vectors, and combining it with the clustering
method may allow us to extend our proposal to multimodal optimization problems.

5.4 Chapter Summary

We propose a new kind of fireworks which uses the generated sparks to efficiently
estimate a convergence point which can act as an elite individual to accelerate the
fireworks algorithm. The controlled experiments confirm that the proposed strategy
can significantly improve the performance of conventional EFWA, and the higher
the dimension, the more obvious the effect.

In future work, we will further study the proposed synthetic fireworks and use
them to beneficially guide the evolution of the population. Additionally, it is sug-
gested that we can further improve the accuracy of the estimated point by using
historical information to better understand the fitness landscape.
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Chapter 6

Search Strategies for Fireworks
Algorithm

6.1 Accelerating FWA with New Strategies

6.1.1 Amplitude Reduction Strategy

This strategy [191] is to decrease the amplitude sizes of all fireworks from one gen-
eration to the next regardless of their fitness. We use the formula of Eq.(6.1) to
determine the amplitude of fireworks. The Figure 6.1 shows how the amplitude
changes throughout the exploration period.

Ai =

{
Ainit ∗ (1− FEcur

FEmax
) if FEcur < c ∗ FEmax

Ainit ∗ (1− c) Others
(6.1)

where, Ainit is the initial maximum amplitude of fireworks; FEcur and FEmax rep-
resent the current and maximum number of fitness evaluations, respectively; and c
is a constant for preventing the amplitude from becoming too small.

Figure 6.1: Changes in amplitude throughout the exploration period.

6.1.2 Local Optima-based Selection Strategy

This strategy [191] is to use a local optima-based selection of fireworks in the next
generation instead of the distance-based selection used in the original FWA. Since
the generated sparks can be considered as a local search around each firework, a set
of a firework and its generated sparks can be considered a local subgroup. Then,
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we can obtain n local subgroups and a mutation subgroup consisting of all mutated
sparks as the (n + 1)-th subgroup. Because n new fireworks should be selected in
the next generation, we merge the mutation subgroup and the subgroup of the worst
firework into a new subgroup. The proposed local optima-based selection strategy
takes the best firework or spark from each subgroup to form the next generation.
The Figure 6.2 demonstrates this selection strategy.

Figure 6.2: The best one in each subgroup will be selected and go to next generation.

6.1.3 Experimental Evaluations

We use 20 benchmark functions from the CEC2013 benchmark test suite [91] in
our evaluations. These landscape characteristics include shifted, rotated, global on
bounds, unimodal and multi-modal. We test them with 3 dimensional settings: D =
2, 10 and 30.

To analyze the effect of each proposed improvement, we design the following
four experiments; Experiments 1, 2, 3, and 4 are, respectively, the original FWA,
the original FWA + the first proposed strategy (amplitude decrease strategy), the
original FWA + the second proposed strategy (selection method of the firework in
the next generation), and the original FWA + both strategies. Table 6.1 shows the
parameter settings of the canonical FWA. The parameter settings for Experiments 2-
4 are the same as the canonical FWA except the initial amplitudes; initial amplitudes
Ainit and constant c of the Eq. (6.1) are set as 10 and 0.95, respectively.

Table 6.1: Parameter setting of original FWA.

Paramaters Values
# of fireworks for 2-D, 10-D and 30-D search 5
# of sparks m 50
# of Gauss mutation sparks, 5
constant parameters a = 0.04 b = 0.8
Maximum amplitude Amax 40
stop condition; MAXNFC , for 2-D, 10-D, and 30-D search 4,000, 40,000, 100,000
dimensions of benchmark functions, D 2, 10, and 30
# of trial runs 30

We evaluate convergence along the number of fitness calls instead of generations.
We test each benchmark function with 30 trial runs in 3 different dimensional spaces.
We apply the Friedman test and Holm’s multiple comparison to the fitness values at
the stop condition, i.e. maximum number of fitness calculations, for each benchmark
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function to check for significant difference among the methods. Table 6.2 shows the
result of these statistical tests.

Table 6.2: Statistical test result of the Friedman test and Holm’s multiple compari-
son for average fitness values of 30 trial runs of 4 methods. A ≫ B and A > B mean
that A is significant better than B with significant levels of 1% and 5%, respectively.
A ≈ B means that there is no significant difference between A and B. Numbers in
the table represent that 1: original FWA, 2: original FWA + proposed strategy 1,
3: original FWA + proposed strategy 2, and 4: original FWA + proposed strategies
1 and 2.

f1 2-D 10-D 30-D

f1 4 ≈ 2 ≫ 3 ≫ 1 4 ≫ 2 ≫ 3 ≫ 1 4 ≫ 2 ≫ 3 ≫ 1

f2 4 ≈ 3 ≈ 2 > 1 4 > 2 ≫ 3 ≈ 1 4 > 2 ≫ 3 ≫ 1

f3 3 ≈ 2 ≫ 1 ≫ 4 4 ≈ 2 ≈ 3 ≫ 1 4 ≈ 2 > 3 ≫ 1

f4 3 ≈ 2 ≈ 4 ≈ 1 2 ≫ 1 ≈ 4 ≈ 3 2 > 4 ≫ 3 > 1

f5 4 ≈ 2 ≫ 3 ≫ 1 4 ≫ 2 ≫ 3 ≫ 1 4 ≫ 2 ≫ 3 ≫ 1

f6 4 ≈ 2 ≈ 3 ≈ 1 4 > 3 ≈ 2 ≫ 1 2 ≈ 3 ≈ 4 ≫ 1

f7 3 ≫ 2 ≈ 4 ≫ 1 1 ≈ 2 ≈ 4 ≈ 3 4 ≈ 1 ≈ 3 ≈ 2

f8 4 > 3 ≈ 1 > 2 4 ≈ 3 ≈ 2 ≫ 1 4 ≈ 2 > 1 ≈ 3

f9 4 ≫ 3 ≫ 2 ≫ 1 3 ≈ 4 ≈ 1 ≈ 2 3 ≈ 4 ≈ 1 ≈ 2

f10 4 ≈ 2 > 3 ≫ 1 4 > 2 ≫ 3 ≫ 1 4 ≫ 2 ≫ 3 ≫ 1

f11 3 ≈ 4 ≈ 2 ≫ 1 3 ≫ 1 ≈ 4 ≫ 2 3 ≈ 1 ≈ 4 ≫ 2

f12 3 ≈ 2 ≈ 4 ≈ 1 1 ≈ 3 ≈ 2 ≈ 4 1 ≈ 4 ≈ 3 ≈ 2

f13 3 ≈ 2 ≈ 1 ≈ 4 3 ≈ 1 ≈ 2 ≫ 4 1 ≈ 3 ≈ 2 ≈ 4

f14 3 ≈ 1 ≈ 2 ≈ 4 3 ≫ 1 ≈ 4 ≫ 2 3 > 4 ≈ 1 ≫ 2

f15 1 ≈ 3 ≈ 2 ≈ 4 4 ≈ 2 ≈ 3 ≈ 1 4 ≈ 2 ≈ 3 ≫ 1

f16 4 ≈ 2 ≫ 3 ≈ 1 4 ≈ 2 ≫ 3 > 1 2 ≈ 4 ≫ 3 ≫ 1

f17 4 ≈ 2 ≈ 3 ≈ 1 4 ≫ 2 ≫ 3 ≫ 1 4 ≫ 2 > 3 ≫ 1

f18 4 ≈ 2 ≈ 3 ≈ 1 2 ≈ 4 ≈ 1 ≈ 3 2 > 4 ≫ 1 ≈ 3

f19 2 ≈ 4 ≈ 3 ≫ 1 4 > 2 ≈ 3 ≫ 1 4 ≫ 2 ≫ 3 ≫ 1

f20 2 ≈ 4 ≈ 3 ≫ 1 3 ≈ 1 ≈ 4 ≈ 2 1 ≈ 3 ≈ 2 ≈ 4

6.1.4 Discussions

We begin our discussion with an explanation of the superiority of our proposed
strategies. In the original FWA, better fireworks can obtain more resources within a
small range, thus undertaking responsibility for exploitation. Exploration is achieved
by worse fireworks obtaining less resources in a larger range through the whole
search period. However, exploration should be a task performed primarily in the
early stages of search, while exploitation should be gradually emphasized along with
the convergence of the population. So the first proposed strategy uses a decrement
strategy to make all fireworks responsible for exploration in the early generations,
with this exploration ability becoming gradually weaker as the exploitation abil-
ity becomes gradually stronger to achieve a good balance between exploration and
exploitation.

We simply use the number of fitness evaluations to control the amplitude of
fireworks in this paper, but this is not the unique realization of the proposed strategy
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1; there must be other realizations which would allow us to improve its performance
even more. For example, the amplitude can be adjusted adaptively according to
optimization tasks, not just based on the number of fitness evaluations.

The distance-based selection used in the original FWA aims to preserve the di-
versity of fireworks, but there are still some shortcomings. This selection strategy
gives higher selection probabilities to individuals located far away from other indi-
viduals. However, there is no guarantee that the fireworks selected by this original
strategy have better fitness in the next generation than those in the current genera-
tion except the best individual. Further, there is also no guarantee that individuals
coming from each subgroup will be selected fireworks in the next generation. If no
individual from a certain subgroup is selected in the next generation, the area will
not be explored in the next generation and the diversity may be lost.

The second proposed strategy can overcome these shortcomings and ensure each
local optimum individual can remain in the next generation to maximize and the
preserve the population diversity. This strategy may develop to become a new niche
method for finding multi local or global optima at one time run.

(a) f11 (b) f12

(c) f13 (d) f14

Figure 6.3: Convergence curves of the original FWA, the original FWA + proposed
strategy 1, the original FWA + proposed strategy 2, and the original FWA + pro-
posed strategies 1 and 2 for 30-D f11 – f14, respectively.

Next, we discuss the effectiveness of our proposed strategies. To analyze their
performances, Friedman test and Holm’s multiple comparison test were applied at
the stop condition in three different dimensions. The two strategies do not add
additional fitness computation cost. Nevertheless, the statistical results in the Table
6.2 show that either of the two proposed strategies can improve the performance of
the original FWA, and their combination can further improve performance in almost
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all evaluation cases.
Although combining two proposed strategies 1 and 2 with original FWA works

well, it did not show clear performance for f11 - f14 in the Table 6.2. Fig. 6.3 shows
the average convergence curves of 4 methods for these 30-dimensional benchmark
functions. These improved strategies for Rastrigin’s function and Schwefel’s function
showed better performance in the early searching stages, while it could not keep their
better performance in the later period and even became worse than the original
FWA. It may be due to their many local optima; the local optima-based selection
can maximize the diversity of the population, but it may reduce the convergence
speed. We need further analysis of this result to understand the real reason and
develop its solution.

6.2 Scouting Strategy for Promising Directions

6.2.1 Scouting Strategy

The inspiration of this strategy comes from different explosions of fireworks in the
real world. The fireworks algorithm groups focus on generating sparks for each
firework in an adaptive fixed range so far. In fact, there are a variety of ways to
explode, such as continuous explosion or directional explosion etc. As a first attempt,
we introduce a new explosion to generate sparks, named scouting strategy [198].
And Fig. 6.4 demonstrates the gradual generation of sparks with new explosion
mechanism.

Figure 6.4: Scouting strategy to generate sparks. Black five-pointed star means a
firewirk and red solid points represent generated sparks. Solid arrows indicate that
current direction is good and will continue to explode, while dotted arrows indicate
the end of the explosion in current direction.

Canonical FWA (1) determines the number of spark individuals and their search-
ing area size around each firework individual, (2) generates sparks randomly in the
area at once, and (3) generates a mutant spark individual(s), and (4) determines new
fireworks in the next generation using information of each firework and its sparks.
Since sparks are generated at once in the step (2), their information cannot be fully
used.
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To improve this point, our scouting strategy generates spark individuals one by
one by checking their fitness. This trace looks like a scout soldier finding a better
direction. When the n-th spark individual become worse than the (n− 1)-th spark,
the continuous scouting stops and new scouting starts from the initial point, the
coordinates of their firework. Since the number of sparks continuous generated or
the scouting depth is an index of better local search direction, we can use it that
cannot be obtain in the step (2) of the canonical FWA. Due to this mechanism, a
search area size of spark individuals is not limited to the fixed size in the step (1)
but can extend to a better direction using the same number of sparks.

6.2.2 Filtering Strategy

This is to strengthen the competition among individuals. All spark individuals of
conventional FWA have an opportunity to be selected as individuals in the next
generation regardless their superiority to their parents, i.e. firework individuals.
It may lead to repeatedly explore in poor areas and result in waste of searching
resources.

Figure 6.5: Filtering worse generated sparks. Black five-pointed star means firewirks
and solid points represent generated sparks, where gray points indicate the sparks
to be filtered and red points will be retained. The arrows indicate the direction of
the tracking explosion.

Filtering strategy uses the fitness of a firework individual as a criterion for fil-
tering its poor sparks and keeping its good sparks. After then, reserved sparks,
mutation sparks and current fireworks are mixed together and used to be selected
for the next generation. This strategy can increase the probability of searching in
potential areas and accelerate FWA evolution to promising directions. Fig. 6.5
demonstrates this filtering strategy.
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6.2.3 Experimental Evaluations

We use 28 benchmark functions from the CEC2013 benchmark test suite [91] in our
evaluation experiments. These landscape characteristics include shifted, rotated,
global on bounds, unimodal and multi-modal. We test each benchmark function with
3 dimensional settings: D = 2, 10 and 30, respectively. The EFWA experimental
parameters are set as in Table 6.3.

Table 6.3: EFWA algorithm parameter setting.

# of fireworks for 2-D, 10-D, and 30-D search 5
# of total sparks m 60
# of Gaussian mutation sparks 5
Maximum amplitude Amax 40
constant parameters a = 0.04 b = 0.8
stop condition; max. # of fitness evaluations, 1,000, 10,000, 40,000
MAXNFC , for for 2-D, 10-D, and 30-D search
dimensions of benchmark functions, D 2, 10, and 30
# of trial runs 30

For fair evaluations, we evaluate convergence along the number of fitness calls
instead of generations. We test each benchmark function with 30 trial runs in 3
different dimensional spaces and apply the Wilcoxon signed-rank test on the fitness
values at the maximal number of fitness calculations, MAXNFC , to check the sig-
nificance of the proposal and conventional EFWA. Tables 6.4 show the statistical
test result.

6.2.4 Discussions

We propose a scouting strategy to track the current promising directions to dig
deeper potential areas instead of randomly exploring within a fixed range assigned
to each firework individual, which means that the better area is, the deeper and
more careful exploitation is conducted. The proposals do not change the number
of resources allocated to each firework individual, i.e. there is no extra fitness
consumptions. Generated sparks also have an opportunity to produce new sparks
to increase population diversity. Although we simply used single point tracking
to explore the local information as our first attempt, we also can use multi-point
tracking, generating multiple points rather than a point, to reduce the risk of single
point tracking, i.e. falling into local optima.

The main contribution of the second strategy is to increase the probability of
exploring potential areas and avoid ineffective searches. In the conventional EFWA,
even though some sparks are worse than their parent (firework), they have a chance
to remain in the next generation. If such sparks are selected, they may search in
less potential areas, waste resources, which results slow convergence. The second
strategy filters poor sparks and ensures to make the whole population evolve toward
the optima areas.
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Table 6.4: Wilcoxon signed-rank test results for EFWA vs. Proposal (EFWA +
proposed strategies) at the stop condition. ≫ and > mean that the left is better
than the right with significance levels of 1%, 5% respectively, and ≈ means there is
no significance.

Func. 2-D 10-D 30-D
F1 Proposal ≫ EFWA EFWA > Proposal EFWA ≫ Proposal
F2 Proposal ≈ EFWA Proposal > EFWA Proposal ≫ EFWA
F3 Proposal ≈ EFWA Proposal ≫ EFWA Proposal ≫ EFWA
F4 Proposal > EFWA Proposal > EFWA Proposal > EFWA
F5 Proposal ≫ EFWA Proposal ≫ EFWA Proposal ≈ EFWA
F6 Proposal ≈ EFWA Proposal > EFWA Proposal ≫ EFWA
F7 EFWA ≈ Proposal Proposal ≫ EFWA Proposal ≫ EFWA
F8 EFWA ≈ Proposal Proposal ≈ EFWA Proposal ≈ EFWA
F9 Proposal > EFWA Proposal ≫ EFWA Proposal ≈ EFWA
F10 Proposal ≫ EFWA Proposal ≫ EFWA Proposal ≈ EFWA
F11 EFWA ≈ Proposal Proposal ≫ EFWA Proposal ≫ EFWA
F12 EFWA ≈ Proposal Proposal ≫ EFWA Proposal ≫ EFWA
F13 Proposal ≈ EFWA Proposal ≫ EFWA Proposal ≫ EFWA
F14 EFWA ≈ Proposal Proposal ≫ EFWA Proposal ≫ EFWA
F15 Proposal ≈ EFWA EFWA ≈ Proposal EFWA ≈ Proposal
F16 Proposal ≈ EFWA EFWA ≫ Proposal EFWA ≫ Proposal
F17 Proposal > EFWA Proposal ≫ EFWA Proposal ≫ EFWA
F18 Proposal > EFWA Proposal > EFWA Proposal > EFWA
F19 Proposal ≫ EFWA Proposal ≫ EFWA Proposal ≫ EFWA
F20 Proposal ≈ EFWA Proposal ≫ EFWA EFWA ≫ Proposal
F21 EFWA ≈ Proposal EFWA ≈ Proposal Proposal ≈ EFWA
F22 Proposal ≈ EFWA Proposal ≫ EFWA Proposal ≫ EFWA
F23 Proposal ≈ EFWA Proposal ≈ EFWA EFWA ≈ Proposal
F24 Proposal ≈ EFWA Proposal ≫ EFWA Proposal ≫ EFWA
F25 EFWA ≈ Proposal Proposal ≫ EFWA Proposal ≫ EFWA
F26 EFWA ≈ Proposal Proposal ≫ EFWA Proposal ≫ EFWA
F27 EFWA ≈ Proposal Proposal ≫ EFWA Proposal > EFWA
F28 Proposal ≈ EFWA Proposal ≫ EFWA Proposal ≫ EFWA

Applicability of our proposed strategies is also a feature. They are appicable to
not only EFWA used in this paper but also any other variants of FWA. Furthermore,
these two proposals can be combined with various EC algorithm individually or in
combination.

Finally, to analyze their performances, Wilcoxon signed-rank test was applied
to fitness values at the stop conditions and checked significance between EFWA
and (EFWA + proposed strategies). The test results in Table 3.2 shows that the
proposed strategies can improve the performance of the conventional EFWA signif-
icantly in most cases, and the proposed strategies resulted faster convergence. This
effect was obvious for complex task, i.e. higher dimensional tasks. It may be be-
cause the total number of sparks is not sufficient for the complex high-dimensional
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problems and using tracking explosions instead of explosion in a fixed range can
learn more quickly about local fitness information.

6.3 Multi-layer Explosion-Based FWA

6.3.1 Multi-layer Explosion Strategy

With the development of production techniques, various exquisite fireworks explo-
sion shapes can be customized, commonly there, heart-shaped explosion, multi-layer
explosion and specific area explosion, etc. Inspired by various explosion ways and
shapes, we firstly introduce a different explosion model, multi-layer explosion [195]
to enhance the use of the local fitness landscape, while conventional FWA generates
spark individuals around a firework individual at once. Figure 6.6 illustrates the
generation process of sparks using our proposed strategy. As our first attempt, we
set the number of layers to 2 in this disseration thought. It can be set to any positive
integer theoretically.

Figure 6.6: The general framework of our proposed multi-layers explosion strategy,
where a two-layer explosion is shown as an example. (a) and (b) are the first
and the second explosions, respectively, where black pentagrams represent firework
individuals, four-pointed stars and solid dots of various colors represent generated
sparks in the first layer and the second layer, respectively. A dashed circle represents
the search radius of a firework and spark individuals.

First Layer Explosion

The explosion of a firework is determined by two factors, number of sparks and
amplitude of explosion. They individually determine how many spark individuals can
be generated by a firework and its search radius (amplitude). In the first layer, each
firework determines its search radius adaptively allocated according to its fitness,
which is the same as conventional FWA.

However, we treat each firework equally in the first layer, and all fireworks gen-
erate the same number of a few number of spark individuals to investigate its sur-
rounding fitness landscape within its own search radius. These generated spark
individuals in the first layer are evaluated with an objective function and used to
determine the explosive shape of the second layer and the allocation of spark in-
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dividuals in the second layer. The number of generated spark individuals for each
firework in the first layer is decided adaptively according to its fitness.

Subsequent Layer Explosion

Let’s define symbols temporally to explain the main idea of this paper, multi-layer
explosions. N is the number of firework individuals; fi is the i-th firework individual;
m is the total number of sparks; l is the maximum number of explosion layers; mi is
the total number of sparks in all layer explosions under the fi; m

(k)
i is the number

of sparks in the k-th explosion layer; s
(k)
i,j is the j-th spark individual (j = 1 ∼ m

(k)
i )

generated in the k-th layer explosion under the fi. Relationships among them are
m =

∑N
i=1 mi and mi =

∑l
k=1m

(k)
i .

The i-th subgroup is formed by the i-th firework individuals, fi, and all its
sparks s

(k)
i,j ; see the Figure 6.6. Since search parameters in each explosion layer are

independently decided in each subgroup, we explain the multi-explosion process at
the i-th subgroup in the below.

The first key problem is how to distribute the remaining number of sparks,
(m − N ∗ m

(1)
i ), to the remained explosion layers. The total number of sparks

in subsequent explosion layers is mi − m
(1)
i =

∑l
k=2 m

(k)
i . We simply distribute

an equal number of sparks to each layer, (mi − m
(1)
i )/(l − 1). After all firework

individuals complete their first explosions, their second explosions are triggered by
not the firework individuals but the their generated spark individuals, s

(1)
i,j .

The second key problem is how to decide the search radius around s
(k)
i,j and how

to divide (mi −mi)/(l − 1) explosion sparks to each s
(k)
i,j in each layer. These two

parameters are decided by the fitness of the s
(k)
i,j adaptively. This layer explosion is

repeated until explosions repeat l times.

Algorithm 10 The general framework of the proposed multi-layer explosion strat-
egy. See the definition of symbols in the sub-Section Subsequent Layer Explosion.

1: for i = 0; i < n; i++ do
2: Decide the number of generated sparks, m

(1)
i , in the first layer for each fire-

work.
3: Decide a search radius around the i-th firework according to its fitness.
4: Conduct the first layer explosion for each firework.
5: while The number of explosions does not reach a pre-defined maximum layer

do
6: for j = 0; j < m

(k)
i ; j ++ do

7: Decide the number of sparks generated by the j-th spark in the previous
layer.

8: Decide a search radius of around the j-th spark in the previous layer.
9: end for

10: Generate the next explosion sparks for each spark in the previous layer.
11: end while
12: end for
13: end of explosion.
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Our proposed strategy divides sparks in multi-layer explosion, and sequential
explosions expand searching areas to better directions gradually layer by layer ac-
cording to the fitness of sparks in each layer explosion, while the fitness of a firework
individual decides all sparks at once. It is important to note that our proposed ex-
plosion strategy just change the layer of the explosions without changing any other
operations, i.e. generation of spark individuals and mutation operation. Algorithm
16 shows the flow of our proposed explosion strategy. When it is combined with
other versions of the FWA, only their corresponding explosion operation is replaced.

6.3.2 Experimental Evaluations

We use 28 functions from the CEC2013 test suite [91] to evaluate the performance of
our proposal. The test suite is devoted to the approaches, algorithms, and techniques
for solving real parameter single objective optimization.

EFWA which performance is better than original FWA as a baseline algorithm.
We integrate our proposed explosion strategy into EFWA and compare it with orig-
inal EFWA and several other state-of-the-art EC algorithms. The table 6.5 shows
the parameter settings of EFWA used in our experiments and the table 6.6 shows
the parameter settings of PSO used in our experiments.

Table 6.5: Parameter setting of EFWA.

Parameters Values
# of fireworks for 2-D, 10-D and 30-D search 5
# of sparks m 60
# of Gauss mutation sparks, 5
constant parameters a = 0.04 b = 0.8
Maximum amplitude Amax 40
stop condition; max. # of fitness evaluations, 1000, 10,000, 40,000
MAXNFC , for 2-D, 10-D, and 30-D search

Table 6.6: PSO algorithm parameter settings.

population size for 2-D, 10-D, and 30-D search 70
inertia factor w 1

constant c1 and c2 1.49445, 1.49445
max. and min. speed Vmax and Vmin 2.0, −2.0

stop condition; max. # of fitness evaluations, 1000, 10,000, 40,000
MAXNFC , for 2-D, 10-D, and 30-D search

For fair evaluations, we evaluate convergence along the number of fitness calls
rather than generations. We test each benchmark function with 30 trial runs in 3
different dimensional spaces, D = 2 (2-D), 10 (10-D), and 30 (30-D), respectively.
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To evaluate the effectiveness of our proposed explosion strategy, we design two
sets of control experiments. In the first experiment, we only compare the conven-
tional EFWA and (EFWA + our proposed strategy), and the Wilcoxon signed-rank
test at the maximum number of fitness calculations is used to test significant dif-
ference. In the second experiment, we compare (EFWA + our proposed strategy)
with PSO and guided FWA that is one of the most competitive variation of FWA.
The Kruskal-Wallis test and Holm’s multiple comparison test are applied to check
whether there is a difference among these three algorithms at the stop condition.
Finally, the Tables 6.7 and 6.8 show the statistical test results of the first and second
controlled experiments, respectively.

Note that we do not use a complete replication guided FWA published in [89] but
instead integrate the concept of guiding spark into EFWA with the following two
modifications: (1) We do not calculate a guided spark for all firework individuals but
only the best firework individual, and (2) all sparks generated by the best firework
are divided into two groups, better than the firework and worse than the firework.
All sparks in both groups are involved in calculating guided spark rather than sparks
in the front of the two groups. Our proposed strategy and other efficient strategies
for FWA can be compared based on the same baseline algorithm, which can make
the experiment fairer.

Besides, we set the number of generated spark individuals in the first layer to 3,
4 and 5 to investigate its influence on the performance, and other parameter settings
is the same with the Table 6.1 completely. The Friedman test and Holm’s multiple
comparison test are applied to check significant difference among them at the stop
condition. The Table 6.9 presents the statistical tests result of different parameter
settings of generated sparks in the first layer.

6.3.3 Discussions
Analysis of compositions of our proposal

We begin our discussion on the superiority of our proposed explosion strategy. Orig-
inal FWA and several its powerful variant versions, have paid little attention to the
use of the fitness landscape information to generate spark individuals efficiently and
reasonably. Besides, they only use a small amount of firework individuals to explore
fitness landscape and generate a large number of spark individuals. Although it
can achieve a fine local search around a firework individual, many generated spark
individuals are used in only a selection operation and then destroyed. It results that
many spark individuals are not fully used in fact, and generating a large number
of sparks from only a few fireworks is risky. Thus, our proposal can overcome the
above deficiencies without adding any additional fitness calculations. With the same
number of fitness calculations, our multi-layer explosion strategy can explore and
use the features of the local fitness landscape more effectively. In the first layer, each
firework individual generates several spark individuals to further explore the local
fitness landscape carefully, while conventional FWA only uses a firework individual
to achieve it. The objective of the first explosion is to enhance the understanding
of local fitness landscape with multiple tentative individuals (firework individuals
and spark individuals in the first layer). Subsequently, the following layer explosion

80



Table 6.7: Statistical test results of the Wilcoxon signed-rank test for average fitness
values of 30 trial runs of the proposal (EFWA + our proposed mechanism) and
EFWA at the stop condition, MAXNFC . A ≫ B and A > B mean that A is
significant better than B with significant levels of 1% and 5%, respectively. A ≈ B
means that although A is better than B, there is no significant difference between
them.
Func. 2-D 10-D 30-D
f1 proposal ≫ EFWA EFWA ≫ proposal EFWA ≫ proposal
f2 proposal ≈ EFWA proposal ≈ EFWA EFWA > proposal
f3 proposal ≈ EFWA proposal ≫ EFWA proposal ≈ EFWA
f4 proposal > EFWA proposal ≫ EFWA proposal ≫ EFWA
f5 proposal ≫ EFWA proposal ≫ EFWA proposal ≈ EFWA
f6 proposal ≫ EFWA proposal ≈ EFWA proposal ≈ EFWA
f7 proposal ≫ EFWA proposal ≫ EFWA proposal > EFWA
f8 proposal ≫ EFWA proposal ≈ EFWA proposal > EFWA
f9 proposal ≫ EFWA proposal ≫ EFWA proposal ≫ EFWA
f10 proposal ≫ EFWA proposal ≫ EFWA EFWA ≫ proposal
f11 proposal ≫ EFWA proposal ≫ EFWA proposal ≫ EFWA
f12 proposal ≫ EFWA proposal ≫ EFWA proposal ≫ EFWA
f13 proposal ≫ EFWA proposal ≫ EFWA proposal ≫ EFWA
f14 proposal ≈ EFWA proposal ≫ EFWA proposal ≫ EFWA
f15 proposal ≈ EFWA proposal > EFWA proposal ≈ EFWA
f16 EFWA ≈ proposal EFWA ≈ proposal EFWA ≈ proposal
f17 proposal ≫ EFWA proposal ≫ EFWA proposal ≫ EFWA
f18 proposal ≫ EFWA proposal ≫ EFWA proposal ≫ EFWA
f19 proposal ≫ EFWA proposal > EFWA proposal ≫ EFWA
f20 proposal ≫ EFWA proposal ≫ EFWA proposal ≈ EFWA
f21 proposal ≈ EFWA EFWA ≫ proposal proposal ≈ EFWA
f22 proposal > EFWA proposal ≫ EFWA proposal ≫ EFWA
f23 proposal ≫ EFWA proposal ≫ EFWA proposal > EFWA
f24 proposal ≫ EFWA proposal ≫ EFWA proposal ≫ EFWA
f25 proposal ≫ EFWA proposal ≫ EFWA proposal ≫ EFWA
f26 proposal ≈ EFWA proposal ≫ EFWA proposal ≫ EFWA
f27 proposal > EFWA proposal ≫ EFWA proposal ≫ EFWA
f28 proposal > EFWA proposal ≫ EFWA proposal ≫ EFWA

is adaptively conducted based on the results of the previous explosion. Meanwhile,
the center of the explosion is transferred from firework individuals to spark individ-
uals generated in the previous layer, which can increase the diversity of generated
spark individuals and achieve a more refined local search. Thus, the objective of
following explosion is to be more reasonable to generate diverse and potential spark
individuals based on the characteristic of local fitness landscape. As a summary, the
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Table 6.8: Statistical test results of the Kruskal-Wallis test and Holm’s multiple
comparison test for average fitness values of 30 trial runs of the proposal (EFWA +
our proposed mechanism), PSO and guided EFWA (GEFWA) at the stop condition,
MAXNFC . A ≫ B, A > B and A ≈ B represent the same meaning as the symbols
in the Table 6.7.
Func. 2-D 10-D 30-D
f1 proposal ≫ PSO ≫ GEFWA GEFWA ≫ proposal ≫ PSO GEFWA ≫ proposal ≫ PSO
f2 proposal ≈ GEFWA > PSO PSO ≫ proposal ≈ GEFWA PSO ≈ GEFWA ≫ proposal
f3 proposal ≫ PSO ≈ GEFWA PSO ≈ proposal ≈ GEFWA PSO ≫ proposal ≈ GEFWA
f4 proposal ≈ GEFWA ≫ PSO PSO ≫ proposal ≫ GEFWA proposal ≫ PSO > GEFWA
f5 proposal ≫ PSO ≈ GEFWA PSO ≫ proposal ≫ GEFWA proposal ≈ GEFWA ≫ PSO
f6 PSO ≈ proposal ≫ GEFWA PSO ≈ proposal ≈ GEFWA PSO ≈ proposal ≈ GEFWA
f7 proposal > PSO > GEFWA PSO ≫ proposal > GEFWA PSO ≫ proposal ≫ GEFWA
f8 proposal ≈ PSO ≈ GEFWA proposal ≈ PSO ≈ GEFWA proposal ≈ GEFWA ≈ PSO
f9 proposal ≈ PSO ≈ GEFWA proposal ≈ PSO ≫ GEFWA PSO ≈ proposal ≫ GEFWA
f10 proposal ≫ GEFWA ≈ PSO PSO ≫ proposal ≫ GEFWA GEFWA ≫ proposal ≫ PSO
f11 proposal ≫ PSO ≈ GEFWA proposal ≫ PSO ≫ GEFWA proposal ≫ PSO ≫ GEFWA
f12 proposal ≈ PSO ≈ GEFWA PSO ≫ proposal ≫ GEFWA PSO ≈ proposal ≫ GEFWA
f13 proposal ≫ PSO ≈ GEFWA proposal ≈ PSO ≫ GEFWA proposal ≫ PSO ≫ GEFWA
f14 PSO ≈ proposal ≈ GEFWA proposal ≫ PSO ≈ GEFWA proposal ≫ GEFWA > PSO
f15 PSO ≈ proposal ≈ GEFWA PSO ≈ proposal ≫ GEFWA proposal > GEFWA > PSO
f16 GEFWA > proposal ≈ PSO GEFWA ≈ proposal ≫ PSO GEFWA ≈ proposal ≫ PSO
f17 proposal ≫ PSO ≈ GEFWA proposal ≈ PSO ≫ GEFWA proposal ≫ PSO ≫ GEFWA
f18 proposal ≈ PSO ≈ GEFWA proposal ≫ PSO ≫ GEFWA proposal ≫ GEFWA > PSO
f19 proposal ≈ GEFWA ≈ PSO proposal ≫ PSO ≈ GEFWA PSO ≈ proposal > GEFWA
f20 proposal ≫ PSO ≈ GEFWA PSO ≈ proposal > GEFWA proposal ≈ GEFWA ≫ PSO
f21 PSO ≈ proposal ≈ GEFWA GEFWA ≫ proposal ≫ PSO proposal ≈ GEFWA ≫ PSO
f22 PSO ≈ proposal ≫ GEFWA proposal ≈ PSO ≫ GEFWA proposal ≫ PSO ≈ GEFWA
f23 PSO ≈ proposal ≈ GEFWA proposal ≈ PSO ≈ GEFWA proposal ≈ PSO ≈ GEFWA
f24 proposal ≈ PSO ≈ GEFWA PSO ≈ proposal ≫ GEFWA PSO ≈ proposal ≫ GEFWA
f25 PSO ≈ proposal ≫ GEFWA PSO ≈ proposal ≫ GEFWA proposal ≫ PSO ≈ GEFWA
f26 PSO ≈ proposal > GEFWA PSO ≈ proposal ≈ GEFWA proposal ≈ PSO ≫ GEFWA
f27 PSO > proposal > GEFWA PSO ≈ proposal ≈ GEFWA PSO > proposal ≫ GEFWA
f28 PSO ≈ proposal > GEFWA proposal ≈ PSO ≫ GEFWA proposal ≫ PSO ≫ GEFWA

proposed strategy can achieve more careful local search automatically based on the
characteristics of local fitness landscape without adding any fitness cost consump-
tion.

Secondly, we want to discuss the potential of our proposed explosion strategy. Al-
though we evaluated the simplest two-layer explosion model in this paper to improve
the understanding of local fitness landscape, the proposed explosion mechanism can
be extended to any layers to explore local fitness information more accurately. Note
that the conventional FWA is a special case of our proposal as a single-layer explo-
sion. Thus, our proposed explosion mechanism is flexible and can be adjusted to
any number of layers as needed. It becomes a potential topic to develop an adaptive
version determining the number of explosion layers according to the characteristics
of optimization problems and computational cost.

Not only conventional FWA but also our proposed explosion strategy can be
easily combined with other variations of FWA with few modifications to their original
framework. In this paper, we select EFWA as a baseline algorithm. The main
objective of this paper is to use the proposed multi-layer explosion strategy to speed
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Table 6.9: Statistical test results of the Friedman test and Holm’s multiple compar-
ison test for average fitness values of 30 trial runs of different parameter settings of
generated sparks in the first layer at the stop condition, MAXNFC . FN3, FN4 and
FN5 mean the number of generated spark individuals in the first layer is 3, 4 and 5
for each firework individual, respectively. A ≫ B, A > B and A ≈ B represent the
same meaning as the symbols in the Table 6.7.
Func. 2-D 10-D 30-D
f1 FN3 ≈ FN4 ≈ FN5 FN3 ≈ FN4 ≈ FN5 FN5 ≈ FN4 ≈ FN3
f2 FN3 ≈ FN4 ≈ FN5 FN3 ≈ FN4 ≈ FN5 FN3 ≈ FN4 ≈ FN5
f3 FN3 ≈ FN4 ≈ FN5 FN3 ≈ FN4 ≈ FN5 FN3 ≈ FN4 ≈ FN5
f4 FN3 ≈ FN4 ≈ FN5 FN4 ≈ FN3 ≈ FN5 FN4 ≈ FN3 > FN5
f5 FN3 ≈ FN4 ≈ FN5 FN3 ≈ FN4 ≫ FN5 FN3 ≫ FN4 ≈ FN5
f6 FN4 ≈ FN3 ≈ FN5 FN3 ≈ FN5 ≈ FN4 FN3 ≈ FN5 ≈ FN4
f7 FN3 ≈ FN4 > FN5 FN3 ≈ FN4 ≈ FN5 FN5 > FN3 ≈ FN4
f8 FN3 ≈ FN5 ≈ FN4 FN3 ≈ FN5 ≈ FN4 FN3 ≈ FN4 ≈ FN5
f9 FN4 ≈ FN5 ≈ FN3 FN3 ≈ FN5 ≈ FN4 FN3 ≈ FN4 ≈ FN5
f10 FN5 ≈ FN4 ≈ FN3 FN3 ≈ FN4 ≈ FN5 FN3 ≈ FN4 ≫ FN5
f11 FN3 ≈ FN4 ≈ FN5 FN3 ≫ FN4 ≈ FN5 FN3 ≫ FN4 > FN5
f12 FN3 ≈ FN4 ≈ FN5 FN3 ≈ FN4 ≈ FN5 FN3 > FN4 ≈ FN5
f13 FN3 > FN4 ≈ FN5 FN3 ≈ FN5 ≈ FN4 FN3 ≈ FN5 ≈ FN4
f14 FN3 ≈ FN4 ≈ FN5 FN3 ≈ FN5 ≈ FN4 FN3 ≈ FN4 ≈ FN5
f15 FN5 ≈ FN4 ≈ FN3 FN3 ≈ FN4 ≈ FN5 FN3 ≈ FN4 ≈ FN5
f16 FN4 ≈ FN3 ≈ FN5 FN3 ≈ FN4 > FN5 FN5 ≈ FN4 ≈ FN3
f17 FN3 ≈ FN4 ≈ FN5 FN3 > FN4 ≈ FN5 FN3 ≈ FN4 ≫ FN5
f18 FN4 ≈ FN3 ≈ FN5 FN3 ≈ FN5 ≈ FN4 FN4 ≈ FN3 ≈ FN5
f19 FN3 ≈ FN4 ≈ FN5 FN3 ≈ FN4 ≈ FN5 FN3 ≈ FN4 ≈ FN5
f20 FN3 ≈ FN4 ≈ FN5 FN3 ≈ FN4 ≈ FN5 FN5 ≈ FN3 ≈ FN4
f21 FN4 ≈ FN3 ≈ FN5 FN4 ≈ FN3 ≈ FN5 FN4 ≈ FN5 ≈ FN3
f22 FN3 ≈ FN4 ≈ FN5 FN3 ≈ FN4 ≈ FN5 FN3 ≈ FN4 ≈ FN5
f23 FN3 ≈ FN5 ≈ FN4 FN3 ≈ FN4 ≈ FN5 FN4 ≈ FN3 ≈ FN5
f24 FN3 ≈ FN4 ≈ FN5 FN3 ≈ FN4 ≈ FN5 FN3 ≈ FN4 ≈ FN5
f25 FN4 ≈ FN3 ≈ FN5 FN3 ≈ FN4 ≈ FN5 FN3 ≈ FN5 ≈ FN4
f26 FN3 ≈ FN4 ≈ FN5 FN5 ≈ FN3 ≈ FN4 FN3 ≈ FN4 ≈ FN5
f27 FN3 ≈ FN5 ≈ FN4 FN3 ≈ FN5 ≈ FN4 FN4 ≈ FN3 ≈ FN5
f28 FN4 ≈ FN5 ≈ FN3 FN3 ≈ FN4 ≈ FN5 FN3 ≈ FN5 ≈ FN4

up any FWA rather than improve a particular version, e.g. dynFWA and adaptive
FWA. Surely, the proposed strategy can replace the explosion operations of these
future versions easily, and we can infer that their performance is further improved
based on our experimental results. Thus, we can say that our proposal is widely
applicable and easy to use.

The third discussion is how to improve the cost-performance of our proposal.
Although our proposal strengthens the acquisition of the local fitness landscape in-
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formation, many generated spark individuals still are not fully used. As a possible
attempt, we may identify more potential directions based on the shape of the mul-
tiple explosions and assigned number of spark individuals and use these pieces of
information to guide evolution more effectively. Besides, past spark individuals can
also be recorded to extract more accurate fitness landscape information, for exam-
ple, using past information to make an approximate fitness model. Thus, it is also
a topic worthy of continued research to improve the rate of used generated spark
individuals.

To analyze the performance of our proposal, two controlled experiments were
designed. For the first controlled experiment, we apply the Wilcoxon signed-rank
test between conventional EFWA and conventional EFWA with our proposed strat-
egy at the stop condition. The statistical results shown in the Table 6.7 confirmed
that our proposed explosion strategy could improve the performance of FWA sig-
nificantly, especially for complex cases (multimodal optimization and combinatorial
optimization). For high-dimensional F1 and F2 unimodal functions, our proposal is
worse than conventional EFWA. Perhaps it was because the proposal makes spark
individuals explore local fitness landscape fully and thus lead to them distributed
widely. It may cause the slow convergence for unimodal optimization, while it is use-
ful to avoid falling into the local minima in multimodal optimization. For F16, our
proposal did not show accelerated convergence. It is necessary to further investigate
to apply our proposed explosion strategy well.

The second controlled experiment compares our proposal with PSO and a pow-
erful variant of FWA, guided FWA. The Kruskal-Wallis test and Holm’s multiple
comparison test are used to check significant difference among three algorithms at
the stop condition. The statistical results shown in the Table 6.8 indicate that our
proposal performs well in most cases and always have better performance than the
guided EFWA. To ensure fairness of comparison, we apply our proposal and guiding
spark strategy to the same baseline algorithm. The results reveal that our proposed
strategy has stronger performance, and we can infer that our proposed strategy can
be combined with not only the guided FWA but also any other variations of FWA
to further enhance their performance. This is possible because the guiding spark
strategy is only predicting a potential direction in a local area, while our proposed
strategy can explore the local fitness landscape more comprehensively. Meanwhile,
the proposed multi-layer explosion strategy uses sparks in the previous layer to gen-
erate new potential sparks to improve diversity. Thus, we can say that our proposal
is promising thanks to its comprehensive exploration with local information.

We also compared our proposal with PSO. The statistical results showed that
our proposal was better than PSO in low dimensions except f27, but it became worse
on some functions, e.g. f3 and f7 in the high dimension. It may be because the
number of fireworks is insufficient for the increased dimensions, and PSO uses not
only the local optimum of individuals in past generations but also the global best
information. It gives us a new inspiration; strengthening the communication among
fireworks may further increase performance of our proposal. One of our future
works is to investigate the relationship between population size and dimensions and
increase collaboration among individuals.
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Analysis of parameter settings of proposal

To investigate the effect of the number of generated spark individuals in the first
layer on the performance of our proposed strategy, we add an experiment and set
different number of generated spark individuals in the first layer using the same
parameter settings with the Table 6.5. We apply the Friedman test and Holm’s
multiple comparison test to check significant difference at the stop condition. The
statistical results reproduced in the Table 6.9 show that the number of generated
sparks does not have a large impact on the performance of our proposal. Although
the difference is small, the smaller the number of sparks in the first layer, the higher
the precision of the final result. When the computational cost is limited, we rec-
ommend not to spend too much resources in the first layer, and it depends on the
optimization problem and computational cost.

Next, we want to discuss parameter settings. Although it has been discussed for
long years, there is no unified methods to guide it. We often do not have sufficient its
a priori knowledge for practical applications and a variety of optimization problems,
and it is difficult to decide appropriate parameter values. As the first attempt, we set
all parameters in this paper based on previous relevant literatures and experiences.
We can note that the key point affecting performances is the distribution number
of sparks in different layers. When the number of sparks in the first layer is small,
sufficient information on a local fitness landscape cannot be obtained and sufficient
resources for searching cannot be used in the following layers. Thus, it is important
to balance the number of sparks in different layers and develop an adaptive allocation
version.

Finally, when our proposed strategy is applied to different variants of FWA, we
need to consider their characteristics and select appropriate parameter values to
achieve the best performance. In summary, there is no established method to guide
parameter settings, but we may be able to give rough recommended parameter
settings through a large number of trial run experiments in our future work.

Potential and future topics

Inspired by the various explosion modes of real fireworks, we propose a multi-layer
explosion strategy to enhance the understanding of the local fitness landscape. Many
other different explosions can be developed to enhance different capabilities of FWA.
For example, tree-shaped or fan-shaped explosions can be developed to track po-
tential directions instead of searching randomly or equally in a space. As many
spark individuals are generated by a firework individual in conventional FWA, it is
also worth to develop different strategies to generate spark individuals to increase
diversity and reduce too intensive risk. Overall, there is still much room to further
improve the performance of FWA by introducing novel mechanisms.

It is an attractive topic to tune parameters adaptively to maintain the strong
performance of FWA at all times. We can also develop adaptive versions from the
following three aspects: (1) adaptive decision of the number of explosion layers
without limiting to two layers, (2) adaptive decision of the distribution of spark
individuals at different levels, and (3) adaptive decision of a search radius on each
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dimension.

6.4 Chapter Summary

In this chapter, we propose new search operations for FWA to enhance its perfor-
mace and new explosion patterns, i.e. scouting strategy and multi-layer explosion
strategy, to improve search efficiency. The controlled experiments confirmed that
these proposed strategies can improve the FWA performance significantly.

In future work, we will further study these strategies and make full use of local
information to obtain better performance, further analyse the applicability of our
proposal and apply them to real world applications as our future works.
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Chapter 7

Niche Strategies for Fireworks
Algorithm

7.1 Distance-based Exclusive Strategy

FWA extracts the characteristics of the explosion of real fireworks and simulates
these explosion patterns repeatedly to ensure convergence. Firework individuals take
on different search capabilities including exploitation and exploration according to
their fitness. A better firework individual with higher fitness generates more sparks
within a narrow range, while a poor firework individual generates a fewer spark
within a wide range. A firework individual and its generated spark individuals
locate in a similar area and can be grouped for the same niche area. Inspired by
the explosion search, each firework individual would search in a niche area, and
no extra operations are required to divide the generated sparks individuals into
other niche areas. The core idea of our proposal is to generate individuals into
each niche area and make them search independently without overlapping [196].
Finally, each firework individual locates in a different local optimum area. Here is
the implementation of our proposal in detail.

The key issue is how to avoid overlapping search among firework individuals.
To address this issue, we propose a distance-based exclusive strategy to ensure that
there is no overlapping search among firework individuals. Since each firework in-
dividual has its own explosion radius assigned adaptively according to its fitness, it
can be used to detect overlap easily without introducing any new parameters. We
determine that there is overlap search between the two firework individuals if the
Euclidean distance between the two individuals is less than the sum of the search
radii of these two individuals.

We check the distances between each firework individual and other fireworks
which fitness is better than that of the reference firework and mark the poor fire-
work individual if their searching radius overlaps. Until all firework individuals
are sequentially detected, we delete the marked firework individuals and generate
new firework individuals to replace them. These generated new firework individuals
participate in the next round of explosion operations rather than deleted firework
individuals. Note that we use synchronous update detection in this paper. Asyn-
chronous detection is also acceptable and may be more reasonable, where a marked
firework individual is immediately replaced by a new generated one. In fact, there are
many methods to generate new firework individuals. We employ the opposite-based
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Figure 7.1: A demonstration of proposed distance-based exclusive strategy. Once
the explosion radius of two firework individuals overlaps, i.e. the sum of black
dotted line segments is longer than the purple dotted line segment, the poor firework
individual is removed from the local area. Then, a new seaching firework individual
(the red five pointed star) is generated to take over an explosion operation of the
poor firework individual according to the opposite-based generation strategy.

generation strategy shown by the Eq. (7.1) to generate new firework individuals
assigned to unexplored areas as much as possible.

xj
opposite = Xj

max +Xj
min − xj

i (7.1)

where i and j mean the i-th firework individual and its j-th dimension, respectively.
Xj

max and Xj
min are the upper and lower bound of the j-th dimension. Thus, xj

i and
xj
opposite are symmetrical with respect to the center of a search space.
The next point to be solved is how to search multiple niche areas. Although

random selection and distance-based selection are widely used in the original FWA
and several its variants, these selection methods may lose the diversity and the ability
to search multiple niche areas. To overcome these limitations, local optima-based
selection strategy [192] is used to ensure each local optimum firework individual
kept in the next generation and maximize the diversity for searching more local
optima areas. Note that the mutation operation is not used in our proposal, which
it means all firework individuals are independent and the optimal individual (spark
or current firework) in each niche area is copied to the next generation to form the
next population. The Algorithm 11 shows the flow of our proposal combining with
FWA.

7.2 Experimental Evaluations

We use eight benchmark functions with different dimensions from the CEC2015
multi-niche benchmark test suite [128] in our experimental evaluations; they are
designed for real parameter bound constrained single-objective optimization. The

88

* 
,-----........ ,... ...,, 

' ' ,' ' ' * ' ' ' ' ' ' ' ' ' ' ' ' ' ' ' ......... ____ ... ,, 

search space 

...... ---...... 
' ' ' ' , * \ 
' : ... , ....... 
~ , _.,. __ J __ 

,,' -.. ":.. ..,, 
' . ' 

I \ • \ 

/ \ ~ \ 
,' \ ~ \ ' \ . ' \:. 
! ~ 
' ' . 
\ ' ' ' ' ' ' ',.. ,,' ..... ... ... .............. ____ ... 



Algorithm 11 The framework of our proposal combining with FWA. Steps 4-10
are our proposed strategy.

1: Initialize n firework individuals randomly.
2: Evaluate the fitness of each firework.
3: while a termination condition is not satisfied do
4: for i = 0; i < n; i++ do
5: Check whether the explosion radius is overlapped among firework individ-

uals.
6: if If there are overlaps then
7: Mark the poor firework individuals.
8: end if
9: end for

10: Replace the marked fireworks individuals with new individuals generated by
the opposite-based generation strategy.

11: Generate explosion sparks for each firework.
12: Use Gauss mutation to obtain Gauss sparks (optional).
13: if sparks are generated outside search area then
14: use a mapping rule for bringing back to the area.
15: end if
16: Evaluate the fitness of each generated sparks.
17: Use local optima-based selection strategy to select n new fireworks for the

next generation.
18: end while
19: end of program.

Table 7.2 shows their types, characteristics, variable ranges, and the number of global
/ local optima. These landscape characteristics include shifted, rotated, combination
and multi-modal. The EFWA is used as the test baseline algorithm and combine
it with our proposed strategy. The parameter settings used in our experiments are
described in the Table 7.1.

Table 7.1: Parameter setting of EFWA.

Parameters Values
# of fireworks for any dimension search 10
# of sparks m 50
# of Gauss mutation sparks 5
constant parameters a = 0.04 b = 0.8
Maximum amplitude Amax 20
Dimensions D 2, 3, 4, 5, 6, 8, 10, 16 and 20
Max. # of fitness evaluations 20,000D
# of trial runs 30

To evaluate the performance of our proposal, we not only compare it with the
conventional EFWA, but also with a well-known niching method, fitness sharing.
The basic idea of fitness sharing is to restrict and share resources (e.g. fitness value)
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at each niche for decreasing redundancy in the population. Since the search range
in all dimensions is limited to [-100,100], we set the niche radius at a fixed value
5 for fitness sharing in our experiments. It means that if a distance between two
firework individuals is less than the niche radius, it is regarded that they are in
the same area and thus need to share fitness. Fitness sharing is used to reassign
fitness for firework individuals before the explosion operation is performed. Then,
the reassigned fitness of firework individuals is used to determine the number of
generated sparks and their explosion radius. The above description demonstrates
how to integrate fitness sharing into the conventional EFWA.

Table 7.2: Benchmark Function.
No. Functions Dimension # of global/local

F1

Shifted and Rotated Expanded 5 1/15
Two-Peak Trap 10 1/55

20 1/210

F2

Shifted and Rotated Expanded 2 4/21
Five-Uneven-Peak Trap 5 32/0

8 256/0

F3

Shifted and Rotated Expanded 2 25/0
Equal Minima 3 125/0

4 625/0

F4

Shifted and Rotated Expanded 5 1/15
Decreasing Minima 10 1/55

20 1/210

F5

Shifted and Rotated Expanded 2 25/0
Uneven Minima 3 125/0

4 625/0

F6

Shifted and Rotated Expanded 4 16/0
Himmelblau’s Function 6 64/0

8 256/0

F7

Shifted and Rotated Expanded 6 8/0
Six-Hump Camel Back 10 32/0

16 256/0

F8

Shifted and Rotated Modified 2 36/0
Vincent Function 3 216/0

4 1296/0
All Search Range: [-100,100]

We evaluate convergence against the number of fitness calls rather than gener-
ations for fair evaluations. We test each benchmark function with 30 trial runs in
different dimensional spaces. The fitness accuracy error is set to 10−4, which means
that if the error between a found optimum and a true optimum is less than this
value, then the found optimum is considered to converge to the true optimum. The
maximum number of fitness calculations is set to 20, 000D, where D is the spatial
dimension.

To analyze the performance among these algorithms, we record the average num-
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ber of found optima after the 30 trial runs, as well as the maximum and minimum
number of found optima at the stop condition, e.g. the maximum number of fitness
calculations. The results are shown in the Table 7.3. We apply Friedman test and
Holm’s multiple comparison for average number of found optima at the stop condi-
tion of three methods to check the significance difference among them. The Tables
7.4 shows the statistical test result of average number of the found optima.

Table 7.3: We record the mean of 30 trial runs, as well as the maximum and minimum
number of found optima at the stop condition. EFWA: enhanced FWA; EFWAW-
ithFS: apply fitness sharing to EFWA; Poposal: apply our proposed strategy to
EFWA.

No. Dimension
EFWA EFWAWithFS Proposal

Mean Min. Max. Mean Min. Max. Mean Min. Max.

F1
5 0 0 0 0.033333 0 1 0 0 0
10 0 0 0 0 0 0 0 0 0
20 0 0 0 0 0 0 0 0 0

F2
2 1 1 1 1 1 1 2.166667 1 4
5 0.833333 0 1 0.933333 0 1 4.933333 2 9
8 0.3 0 1 0.366667 0 1 1.933333 0 4

F3
2 1 1 1 1 1 1 7.133333 4 9
3 1 1 1 1 1 1 3.333333 1 7
4 1 1 1 0.9 0 1 1.4 0 5

F4
5 0.033333 0 1 0 0 0 0 0 0
10 0 0 0 0 0 0 0 0 0
20 0 0 0 0 0 0 0 0 0

F5
2 1 1 1 1 1 1 6.833333 4 9
3 1 1 1 1 1 1 5.966667 3 8
4 1 1 1 0.933333 0 1 1.833333 0 6

F6
4 1 1 1 1 1 1 8.033333 6 9
6 1 1 1 1 1 1 9 9 9
8 1 1 1 1 1 1 9 9 9

F7
6 0.266667 0 1 0.233333 0 1 0.233333 0 1
10 0.033333 0 1 0.033333 0 1 0 0 0
16 0 0 0 0 0 0 0 0 0

F8
2 1.8 1 6 1.833333 1 7 6.4 3 9
3 1.633333 1 5 1.333333 1 3 8.766667 8 9
4 1.4 1 4 1.133333 1 3 8.4 6 9

7.3 Discussions

We begin our discussion on an explanation of the superiority of our proposed strat-
egy. Our proposal uses the explosion pattern of FWA fully to make each firework
individual stay in a different niche area. The independent selection mechanism can
keep the diversity of the population and ensure that multiple niche areas are searched
well.

In comparison to other existing niching methods, the proposed strategy does
not introduce any new parameters to divide individuals into different niche areas
because each local explosion operation can be considered a niche. The proposed
strategy needs extra fitness calculations to generate new firework individuals when
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Table 7.4: Statistical test results of the Friedman test and Holm’s multiple com-
parison for average number of found optima among three algorithms at the stop
condition. A ≫ B and A > B mean that A is significantly better than B with sig-
nificant levels of 1% and 5%, respectively. A ≈ B means that there is no significant
difference between them although A is better than B. The abbreviation used in this
table is the same with those used in the Table 7.3.

No. Dimension Statistical test results

F1
5 EFWAWithFS ≈ Proposal ≈ EFWA
10 EFWAWithFS ≈ Proposal ≈ EFWA
20 EFWAWithFS ≈ Proposal ≈ EFWA

F2
2 Proposal ≫ EFWAWithFS ≈ EFWA
5 Proposal ≫ EFWAWithFS ≈ EFWA
8 Proposal ≫ EFWAWithFS ≈ EFWA

F3
2 Proposal ≫ EFWAWithFS ≈ EFWA
3 Proposal ≫ EFWAWithFS ≈ EFWA
4 Proposal ≈ EFWA ≈ EFWAWithFS

F4
5 EFWA ≈ Proposal ≈ EFWAWithFS
10 EFWA ≈ Proposal ≈ EFWAWithFS
20 EFWA ≈ Proposal ≈ EFWAWithFS

F5
2 Proposal ≫ EFWA ≈ EFWAWithFS
3 Proposal ≫ EFWA ≈ EFWAWithFS
4 Proposal ≫ EFWA ≈ EFWAWithFS

F6
4 Proposal ≫ EFWA ≈ EFWAWithFS
6 Proposal ≫ EFWA ≈ EFWAWithFS
8 Proposal ≫ EFWA ≈ EFWAWithFS

F7
6 EFWA ≈ EFWAWithFS ≈ Proposal
10 EFWA ≈ EFWAWithFS ≈ Proposal
16 EFWA ≈ EFWAWithFS ≈ Proposal

F8
2 Proposal ≫ EFWAWithFS ≈ EFWA
3 Proposal ≫ EFWA ≈ EFWAWithFS
4 Proposal ≫ EFWA ≈ EFWAWithFS

search areas are overlapped. However, it can avoid multiple firework individuals
searching in the same local area repeatedly, and the possibility that new generated
firework individuals locate in an unexplored area becomes high. Besides, our pro-
posal always keeps the optimal area unreplaced, and the poorer the area is, the
higher the possibility that the area is cleared is. Thus, this strategy can avoid the
wandering search in the same area and maintain multiple niches with low increased
cost. We can say that it is a low risk, high return strategy.

Secondly, we want to discuss on the potential and usability of our proposal.
The proposed strategy can be combined with any other FWA variations easily to
track multiple different niches without changing their main framework; it is not
limited to EFWA used in our experiments. It can be further extended to other EC
algorithms. For example, each particle in PSO has a maximum evolutionary step
(maximum speed) that can be used to detect whether the particles located in the
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same local area. Subsequently, worse particles in the same local area are replaced
with newly generated particles to keep multiple niche search. It is only a preliminary
idea, and a more perfect framework still needs to be discussed. The opposite-based
generation strategy is adopted to generate new firework individuals in this paper,
but other generation strategies are also acceptable, e.g. random generation, Forex
trade strategy generation, and others. Thus, how to generate firework individuals
appropriately at different search stages can be developed as a new potential topic.
Overall, we can say that the proposed strategy has a strong plasticity and promising.

To analyze the performance of our proposal, the Friedman test and Holm’s multi-
ple comparison are applied to check the significant difference　at the stop condition.
From the results of the statistical tests, we have found that our proposal does not
weaken the performance of FWA on all benchmark functions, and satisfactory per-
formance was obtained on F2, F3, F5, F6 and F8. On the other hand, fitness sharing
does not play any role in finding multiple optima. It may be because it cannot
keep multiple niche search with convergence and produces firework individuals to
converge to the same local optimum area although it can reduce redundancy. It also
implies that our proposal can keep diversity well. Both, F1 and F4 have only one
global optimum and multiple local optima. None of three algorithms converge to the
global optimal area of these two benchmark functions, which may be caused by the
fact that the global optimum is hard to find. Our proposal had no effect on F7. Its
specific reasons are still unclear, and we will investigate in our future work, which
may help us to design more reasonable strategies to optimize multimodal problems.

Some open topics and possible improvements are given. Thanks to the explosion
search of FWA, it can be developed easily for multimodal optimization problems.
But, it limits the population size not to be set too large because abundant resources
(fitness evaluations) are used to generate spark individuals for local search. The
local optima-based selection strategy may facilitate the implementation of parallel
computing, though it is not conducive to exchange information among firework
individuals and not easy to jump out of local optima. Things have pro and con, and
it is necessary to further consider how to balance these conflicts to pursue maximum
performance. Thus, our proposal can ensure each firework individual may locate an
optimum, that determines that it is not suitable for optimization problems with
massive optima.

Finally, we want to discuss on parameter settings. Since there are no mature
methods to guide the parameter settings, all parameters used in experiments are set
based on our experiences. Actually, adaptive detection mechanisms are potential
approaches rather than a fixed strategy according to the convergence progresses or
the characteristics of a fitness landscape. Thus, developing an adaptive version has
become a challenge in our future works.

7.4 Chapter Summary

We introduced a distance-based exclusive strategy to FWA to solve multimodal
tasks. Each individual can stay in different niche area and can converge to different
optima. The experiments have confirmed that our proposed strategy is effective and

93



can ensure that FWA locates in multiple different optima areas.
In our future work, we will consider the fitness characteristics of optimization

problems and use the collected feedback in EC process to develop a more intelligent
version to improve performance of our proposal.
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Chapter 8

Competitive Strategies for
Differential Evolution

8.1 Improvable Issue of Differential Evolution

In general, better individuals are expected to locate closer to the global optimum
than poorer ones and have higher possibility of generating better offspring. Worse
individuals may search in hopeless areas or far away from the global optimum and
need more computational resources to approach to the global optimum than better
individuals. However, canonical DE and several DE variants have a fair policy, and
provide an equal opportunity to all parent individuals. This make each of them
generate only one offspring individual. We thought that this fair policy may be the
point where we can improve DE.

DE compares a parent with its offspring generated in the same local area, and
a winner is put in the next generation. This hill climb selection strategy can en-
sure outstanding offspring replaces its parent so that the whole population evolves
steadily towards better areas. However, there must be the case that the replaced
parents are better than other individuals in the current population. If poor offspring
is generated by a poor parent and is not replaced, computational resources is used
for exploring in the same local area until better offspring is generated. This reduces
convergence speed and hinders population distribution to converge. This is not a
good for especially large-scale optimizations or high computational cost problems.
We thought that developing methods for handling poor individuals should be a point
where we can improve DE.

Some literatures suggest that increasing competition pressure among individuals
is beneficial to accelerating convergence [151, 146]. Thus, we propose two competi-
tive strategies, competitive generation strategy and competitive selection strategy, to
increase the competitions among individuals and aim to enhance speed of eliminat-
ing inferior individuals and increase the possibility of generating more outstanding
offsprings [189].
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8.2 Two Competitive Strategies

Competitive Generation Strategy

We propose a competitive mechanism that gives better parent individuals higher
opportunities to generate more offspring rather than only one offspring; A parent of
canonical DE genetates one offspring individual [152, 123, 124]. We firstly mark the
worst a% individuals and compare each of them with a randomly selected individual
from the current population. If the latter is better than former, the randomly
selected parent can have one more opportunity to generate an offspring and the
marked poor parent lose the opportunity to do that. Otherwise, we do nothing and
follow the canonical DE processing. This strategy guarantees not to change the
population size but allow better individuals to generate more offspring and suppress
poor individuals to generate their offspring. The Fig. 8.1 demonstrates our proposed
strategy.

Figure 8.1: Canonical DE makes each parent, pi, generate only one offspring, oi.
Proposed competitive generation strategy makes parents compete each other; some
parents can generate multiple offspring, but others may generate no offspring.

Competitive Selection Strategy

This competitive strategy handles the worst individual in a potential hopeless search-
ing area. The competitive selection strategy is a proposal to compare a newly gener-
ated offspring, i.e. a trial vector, with the worst individual in the current population
and a winner is put in the next generation. The canonical DE compares it with its
parent, i.e. a target vector [152, 123, 124]. This strategy ensures that better in-
dividuals can survive and poorer individuals are eliminated, which is expected to
improve search performance. Algorithm 12 shows the flow of DE with our two
proposed strategies.
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Algorithm 12 DE framework with our two proposed strategies. Step 4 describes
the first strategy, and Steps 10-14 describes the second strategy.

1: Initialize population randomly.
2: Evaluate the population.
3: while a termination condition is not satisfied do
4: Determine the number of generated offspring for each parent individual using

the first strategy (the total generated offspring is unchanged).
5: for i = 1 . . . population size m do
6: while an individual has the opportunity to generate offspring do
7: Choose two individuals, x1i and x2i, randomly and one base vector,

basei from the best individual (DE/best) or randomly (DE/rand).
8: Calculate a mutant vector as mutanti = basei+F ∗ (x1i−x2i), where

F is a scale factor.
9: Cross the mutant vector and a target vector and generate a trial vector.

10: if the generated offspring is better than the worst individual then
11: Replace the worst one with the offspring.
12: else
13: Keep the population unchanged.
14: end if
15: end while
16: end for
17: end while
18: end of program.

8.3 Experimental Evaluations

We implement two proposed competitive strategies into conventional DE and eval-
uate their effectiveness using 20 benchmark functions from the CEC2013 bench-
mark test suite [91] with three dimensional settings, 2-D, 10-D, and 30-D. Their
landscape characteristics include shifted, rotated, global on bounds, uni-modal and
multi-modal. The DE parameter settings are shown in the Table 8.1.

Table 8.1: DE algorithm parameter setting.
population size for 2-D, 10-D, and 30-D search 100
scale factor F 0.7
crossover rate 0.9
DE operations DE/rand/1/bin
stop criterion; max. # of fitness evaluations 1,000, 10,000, 40,000
for 2-D, 10-D, and 30-D search
dimension of benchmark functions, D 2, 10, and 30
# of trial runs 30

We compare four DE variants to evaluate two proposed strategies: canonical DE,
(canonical DE + competitive generation strategy), (canonical DE + competitive
selection strategy), and (canonical DE + both strategies). We run these four DE
variants using 20 benchmark functions × 3 different dimensions × 30 trial run and
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compare their fitness values at the stop condition, i.e., the maximum number of
fitness evaluations. We apply the Friedman test and Holm’s multiple comparison
test to these fitness values for each benchmark function to check for significant
difference among the averages of four DE variants. The Table 8.2 shows the result
of these statistical tests.

Table 8.2: Statistical test results of the Friedman test and Holm’s multiple compar-
ison for average fitness values of 30 trial runs of 4 methods. A ≫ B and A > B
mean that A is significant better than B with significant levels of 1% and 5%, respec-
tively. A ≈ B means that there is no significant difference between them. Numbers
in the table represent that 1: canonical DE, 2: DE + proposed strategy 1, 3: DE +
proposed strategy 2, and 4: DE + proposed strategies 1 and 2.

2-D 10-D 30-D

f1 3 ≈ 4 ≫ 1 ≈ 2 4 ≈ 3 ≫ 1 ≈ 2 4 ≈ 3 ≫ 1 ≈ 2

f2 3 ≈ 4 ≫ 1 > 2 3 ≈ 4 ≫ 1 ≈ 2 4 ≈ 3 ≫ 2 ≈ 1

f3 3 ≈ 4 ≫ 1 ≈ 2 3 ≈ 4 ≫ 1 ≈ 2 3 ≈ 4 ≫ 1 ≈ 2

f4 3 ≈ 4 ≫ 1 > 2 3 ≈ 4 ≫ 1 ≈ 2 3 ≈ 2 ≈ 4 ≈ 1

f5 4 ≈ 3 ≫ 1 > 2 4 ≈ 3 ≫ 1 > 2 4 ≈ 3 ≫ 1 > 2

f6 3 ≈ 4 ≈ 1 ≈ 2 4 ≈ 3 ≫ 1 ≈ 2 4 ≈ 3 ≫ 1 ≈ 2

f7 4 ≈ 3 ≫ 1 ≈ 2 3 ≈ 4 ≫ 1 ≈ 2 4 ≈ 3 ≫ 1 ≈ 2

f8 1 ≈ 4 ≈ 2 ≈ 3 2 ≈ 1 ≈ 3 ≈ 4 3 ≈ 4 ≈ 1 ≈ 2

f9 4 ≈ 3 ≈ 2 ≈ 1 4 ≈ 2 ≈ 1 ≈ 3 3 ≈ 4 ≈ 1 ≈ 2

f10 2 ≫ 4 ≈ 3 ≫ 1 3 ≈ 4 ≫ 1 ≈ 2 4 ≈ 3 ≫ 1 ≈ 2

f11 4 ≈ 3 ≈ 1 ≈ 2 4 ≈ 3 ≈ 1 ≈ 2 3 ≈ 4 ≈ 1 ≈ 2

f12 3 ≈ 4 ≈ 1 ≈ 2 4 ≈ 3 > 1 ≈ 2 3 ≈ 4 ≈ 2 ≈ 1

f13 4 ≈ 3 ≈ 1 ≈ 2 4 ≈ 3 ≈ 1 ≈ 2 4 ≈ 3 ≫ 2 ≈ 1

f14 4 ≈ 3 ≈ 2 ≈ 1 4 ≈ 3 ≈ 1 ≈ 2 4 ≈ 1 ≈ 2 ≈ 3

f15 4 ≈ 1 ≈ 3 ≈ 2 3 ≈ 1 ≈ 4 ≈ 2 3 ≈ 1 ≈ 2 ≈ 4

f16 2 ≈ 3 ≈ 4 ≈ 1 3 ≈ 2 ≈ 4 > 1 3 ≈ 2 ≈ 1 ≈ 4

f17 4 ≈ 2 ≈ 3 ≈ 1 4 ≈ 3 ≫ 1 > 2 3 ≈ 4 ≫ 1 ≈ 2

f18 3 ≈ 4 ≈ 2 ≈ 1 4 ≈ 3 ≫ 1 ≈ 2 3 ≈ 4 ≫ 1 ≈ 2

f19 4 ≈ 3 ≈ 1 ≈ 2 4 ≈ 3 ≫ 1 ≈ 2 4 ≈ 3 ≫ 1 ≈ 2

f20 4 ≈ 3 ≈ 2 ≈ 1 3 ≈ 4 > 1 ≈ 2 3 ≈ 4 ≈ 2 ≈ 1

8.4 Discussions

Analysis of Additional Calculations Cost

Both of two proposed strategies do not increase any extra fitness calculations. The
first strategy introduces a new parameter, a%, to control the proportion of indi-
viduals participating in the competition. When the a is set to 0, it becomes the
conventional DE method. On the contrary, when a is set to 100, all individuals
participate in competition. The second strategy changes only the comparison tar-
get from a parent to the worst individual in the current population and does not
increase computational cost.

We discuss a parameter a% in the competitive generation strategy. If the fitness
of individuals is ranked in the worst a%, they may lose a chance of generating
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offspring with 1 − a% probability. The average probability that all participating
individuals generate no offspring is

∑a%∗PS
i=0 (PS − a% ∗ PS − i)/PS, where PS

means the population size. The poorer the fitness of individuals is, the easier it is
to lose an opportunity of generating offspring.

Discussion on Competitive Generation Strategy

The first competitive generation strategy gives multiple chances of generating off-
spring to better individuals, which means that some poor individuals may become
unable to generate offspring due to a fixed population size. This feature causes a
new problem, i.e., worse individuals that lose the chance are not replaced because of
no generated offspring. Along with generations, potential individuals become better
and better, but it becomes more and more difficult for these worse individuals to
evolve and they remain as they are.

Although it ensures the increase of better individuals, it also ensures the increase
of worse individuals remaining without evolution. This problem is solved by com-
bining the second competitive selection strategy in the next subsection. The bigger
value of the parameter, a%, increases the number of the mentioned poor individu-
als, but its smaller value reduces the speed of generating better individuals. How
to balance this confliction is a crucial issue. We can include that applying the first
competitive strategy at every k-th generation instead of every generation to keep
the chance that poor individuals evolve; introducing a dynamic parameter, a%, to
adjust the proportion of individuals participating in the competition according to
generations.

Discussion on Competitive Selection Strategy

The second competitive selection strategy is to accelerate eliminating worse indi-
viduals by comparing generated offspring with the worst individual. Regardless the
superiority of offspring to its parent, the offspring has an opportunity to survive
in the next generation when it is better than the worst individual. If it replaces
the worst one and the worst one has not yet generated its own offspring, it inherits
the opportunity of the worst individual and generates a new offspring. This strat-
egy can accelerate individual evolution towards to the global optimum. However,
it also increases the risk of premature convergence, because both parent individ-
ual and its offspring in a local area remain, when the offspring is better than the
worst individual. This may reduce population diversity. One of ideas to alleviate
competitive overpressure and premature convergence is to compare offspring with
a randomly selected individual from the worst p% individuals rather than only the
worst individual.

From the experimental results, we can conclude that the proposed strategies,
especially the second strategy, significantly improve optimization performance of
DE . The proposed strategies have not shown any performance deterioration. We
can observe that these strategies make DE convergence faster in early generations.

We apply the Friedman test and the Holm multiple comparison test among
canonical DE and the combinations of proposed strategies with DE. Although DE
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with proposed competitive strategies works well for majority of benchmark func-
tions, they do not show significant difference for f8 (Rotated Ackley’s function), f9
(Rotated Weierstrass function), f14 (Schwefel’s function), and f15 (Rotated Schwe-
fel’s function). It may be the reason that these functions have many local optima.
We need further analysis of these results to investigate the exact reasons well, and
develop more suitable competition strategy for DE optimization.

8.5 Chapter Summary

We proposed two strategies, the competitive generation strategy and the selection
strategy, for the DE algorithm to increase competition among individuals and ac-
celerate its convergence. The controlled experiments confirmed that proper intro-
duction of the competition mechanism can improve the optimization performance of
canonical DE. Concretely speaking, the competitive selection strategy is effective,
which eliminates the worst individual and generates its alternative near a better
individual. However, the acceleration performance of the competitive generation
strategy that gives potential individuals more opportunities to generate offspring is
not obvious.

In future work, we will further study the proposed competitive strategies and try
to obtain a balance between competition and cooperation. Consequently, how to
rationally eliminate poor individuals and maintain the diversity of population is also
an open topic for further investigation. We will discuss and analyse these topics.

100



Chapter 9

Proposal of a New Algorithm:
Vegetation Evolution

9.1 Vegetation Evolution

9.1.1 Motivations

Many varied and colorful species have emerged on the earth after a long period
of biological evolution and changes in the natural environment, while those species
that could not adapt have been eliminated. In the EC community, a great number
of practitioners have found inspiration in the natural selection and the behaviour
of animals [12, 112]. However, few people have paid attention to the evolution
and growth of vegetation and found inspiration in it [183]. Actually, of all living
things on the earth, a great part is made up of not humans, but of vegetation.
Humans, together with all other animals, accounted for only a small portion of
life. Vegetation has evolved many effective and intelligent survival mechanisms to
adapt to various environments, which include the valuable innovation of perennial
evolution. Consequently, there is a large potential for developing new EC algorithms
by extracting and simulating the behaviors of vegetation. We try to summarize some
of their mechanisms and develop a new optimization algorithm based on them.

Many plants begin their lives from seeds, just as animals grow up from fertilized
eggs. Most plants take time to grow from seed to maturity, during which time they
use their unique survival mechanisms to ensure their growth. Different plants have
different times to reach maturity and different growth patterns. For example, some
can grow into towering trees after decades, while some grow into grass after only a
few months. However, the diversity of these survival mechanisms does not prevent
us deriving some inspiration from them; we can simply abstract this growing stage
as a local exploitation of an individual around itself. Once a plant has absorbed
enough nutrients to grow and mature, they will generate new seeds to ensure the
continuation of their species. Generally, a plant does not generate only one seed but
hundreds of seeds. These generated seeds are dispersed everywhere and open a new
round of their growth in these new environments. We can roughly generalize this
propagation stage as a wide exploration.

Vegetation diffuses its offspring through four main methods [142]. (1) Water
dispersal: plants growing in water or on the water use this method to disperse their
offspring. For example, coconuts generally grow near the sea, and their matured
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fruit including seeds will fall into the sea and drift with the currents. When they
drift to shore, they slowly germinate and grow there to become new coconut trees
if the environment they have arrived at is suitable. (2) Wind dispersal: the wind
is everywhere and scattered seeds, usually small and light, can be suspended in the
air and blown to distant places by the wind. With some seeds, the surface has
hair, wings or other mechanisms which are suitable for being carried by the wind.
This dispersal can be seen everywhere in our daily life, such as with the dandelion,
hyacinth and nodding burnweed. (3) Autologous dispersal: plants use their own
power to disperse their seeds without resorting to external forces. Impatiens are
ejected by the elastic force produced by the bending of the pericarp when their
seeds mature. In another case, when the fruit of ecballium elaterium is ripe, a
strong internal pressure is generated and its seeds are sprayed. (4) Animal carrying:
here, dispersal primarily depends on the mobility of animals to carry the seeds to
other places. Bidengrass, Xanthium and others have hooks on their seed coats which
can latch onto animal fur. Some plants attract animals with their bright colors to
be fed on. They spread with animal feces and spread in all directions because they
cannot be digested. Squirrels stored pine nuts and also help pine trees to spread
their seeds. There are some other ways by which seeds are propagated which we
will not expand upon here.

Although vegetation has evolved these complex mechanisms for survival, we can
obtain some pieces of inspiration and simplify the mechanisms to develop a new
optimization algorithm. By studying the above growth and propagation patterns,
we can roughly know that the growing periods for plants can be divided into two.
First, plants need to absorb nutrients to grow in places where they take roots. This
process can be seen as an exploitation in a local area. Next, the mature plants
use various forces to disperse their seeds widely. This process can be viewed as an
exploration over a wide range. Together these processes can form an optimization
framework for a new algorithm which we call vegetation evolution (VEGE) [194].

9.1.2 Frameworks of Vegetation Evolution

Inspired by the evolution of vegetation, we develop a simplified model and realize a
new evolutionary framework for optimization. Here, we focus on how we transformed
these concrete existing survival mechanisms into the new evolutionary algorithm,
VEGE [194].

In VEGE, each seed is abstracted as an individual. Each individual behaves dif-
ferently during its two different growing periods, the growth period and the mature
period, to realise different search capabilities. When an individual grows to maturity,
it generates multiple new seed individuals rather than just one seed. Each individual
in the current population generates the same number of multiple seeds, forming a
temporary seed population. Finally, individuals in the next generation are selected
from a mixed population consisting of the current population and the temporary
seed population. The above process is repeated until the termination condition is
satisfied, and VEGE outputs eventually find the optimal solution. Fig. 9.1 illus-
trates the general process of our proposed VEGE algorithm. Here, we present the
implementation of the algorithm in detail.
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Figure 9.1: The search process of our proposed VEGE algorithm. (a) The initial
population is randomly generated, and experiences a growing period until the in-
dividuals enter their mature period. Dotted arrows indicate the growth directions
of individuals within a local area. (b) All individuals enter a mature period, and
each individual generates multiple seed individuals. Red circles indicate generated
seed individuals and all of them form a temporary seed population. (c) Individuals
in the new generation are selected from all individuals in step (b). All individuals
in the new generation experience a growing period again, and steps (b) and (c) are
iterated until a termination condition is satisfied.

Growth period

When a plant roots in a new environment, it absorbs nutrients to maximize its
healthy growth by extending the roots and opening branches. Inspired by this
observation, we model this process as local search to simulate plant growth and
evolve into potential directions. All individuals during this growth period are made
responsible for exploitation by emphasizing competition among individuals.

The key problem is: how can we achieve the local search for an individual?
Although different real-life plants have different mechanisms to control their growth,
we roughly extract two factors to control local search: growth direction and growth
length. Once these two factors are determined, the morphology of plant growth is
also generally determined.

Corresponding to our proposed algorithm, we employ a new parameter, growth
radius, to control the local search. As with the first attempt, we use a stochastic
strategy to generate offspring randomly within the growth radius. Thus, the direc-
tion from an individual to its randomly generated offspring can represent a growth
direction and the distance between them implies a growth length. When a gener-
ated offspring is better than its parent, we can say that there is a potential to grow
along this direction. In this case we can consider it to have been a successful local
search, and we replace the offspring with its parent. Otherwise, the growth direc-
tion is poor, and the parent individual does not move to its offspring and is kept
the same. This growth mode is also very common in nature. Some plants do not
grow constantly, but instead sometimes choose to stop growing so that they can en-
dure harsh environments - or, conversely, they grow more vigorously. In this paper,
we create a simple model of real plant growth for the local search of our proposed
VEGE algorithm. Since there are many more complex mechanisms involved in the
control of growth in the real world, it will be a challenge in the future to further
develop more efficient local searches by learning more about the novel mechanisms
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Algorithm 13 The general framework for an individual searching during the growth
period. GC, GR and xi mean the growth cycle, the growth radius and the i-th
individual in the current population, respectively.
1: count1 = 1.
2: while count1 ≤ GC do
3: An individual generates an offspring individual for exploitation, xnext, using

xnext = xi +GR ∗ rand(−1, 1) in each dimension.
4: if the xnext is better than the xi then
5: The generated xnext individual replaces its parent xi.
6: else
7: The xi is kept as a parent individual.
8: end if
9: count1 = count1 + 1.

10: end while

employed by vegetation.
The next problem to be solved is how to control the amount of growth. In

general, not all plants can keep growing in the real world without limit; some will
stop growing when they reach certain conditions. Additionally, the cost of fitness
calculations is also limited in EC algorithms when we apply them to solve realistic
problems. Thus, another new parameter, growth cycle, is introduced to control the
maximum amount of growth to something reasonable. In our proposed algorithm,
we count the amount of growth not only when generated offspring is better than its
parent but also when the opposite is true (see the 9th line in Algorithm 13). Thus,
these two parameters can control the growth period of individuals. Once the num-
ber of growth cycles reaches the predefined maximum number, an individual enters
its mature period. Certainly, these two parameters can also be changed adaptively.
However, we set these two parameters as constants in our later experiments. Algo-
rithm 13 summarizes the general framework for an individual behavior in a growth
period.

Mature period

When plants mature in nature, they usually generate many seeds rather than just
one seed to ensure that some seeds which are suitable for survival can undertake
the task of further increasing the population. Not all generated seeds will succeed
in growing as new plants, and some will be eliminated and then die. Inspired by
this reproductive phenomenon, we adopt a one-to-many generation mechanism to
increase population diversity: each individual which has entered its mature period
generates multiple seeds regardless of its fitness to achieve exploration in a wide area
through interspecies cooperation.

The key problem is how to generate many seed individuals and how to disperse
them widely. Although plants have a variety of methods for dispersing seeds, we
extract two factors to decide the spread of seeds roughly: dispersed direction and
dispersed distance. Once these two factors are determined, we can easily decide the
new rooting positions for the newly generated seeds.
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Algorithm 14 The general framework of an individual search during the mature
period. MS is the moving scale; xi is the i-th individual in the current population;
x1 and x2 are two randomly selected different individuals and are different from xi.
1: count2 = 1.
2: while count2 is less than the maximum number of generated seed individuals

of xi do
3: The individual generates a new seed individual, xseed, using xseed = xi+MS ∗

(x1 − x2).
4: Record the generated seed individual into a seed population for selecting the

next generation.
5: count2 = count2 + 1.
6: end while

In complex natural environments, many plants choose to work together to en-
sure reproduction. Corresponding to our proposed algorithm, we use the differential
information between individuals to simulate the cooperation between plant indi-
viduals. To be precise, we randomly select two individuals and make a difference
vector between them. The first reason we adapt a differential vector is that it is
easily calculated, and the second one is that any differential vector between any two
individuals forms a share of the population distribution and therefore a differential
vector contains a part of this information. Thus, a differential vector can indicate
the direction of seed propagation.

In addition, we employ a new parameter, moving scaling, to scale dispersed
distance. It is a randomly generated constant because, following the analogy for
the spread of seeds in nature which is often influenced by many factors such as
wind strength, water flow velocity and others. The new parameter, moving scal-
ing, simulates these uncertain factors to increase the random search performance
of our proposed algorithm. We set up the moving scaling randomly generated in
[−2, 2] in this paper based on our experience. In the above, we have described how
an individual produces seed individuals through the cooperating between multiple
individuals.

A subsequent problem that needs to be addressed is how to determine the num-
ber of seeds generated by each individual. Actually, different kinds of plants generate
different numbers of seeds, and even the number of generated seeds by different indi-
viduals of the same species may be different. As a first attempt, we do not simulate
the various complex realities determining seed numbers but introduce only a new
parameter, number of seeds, to control the number of seed individuals generated by
each mature individual. In our proposal, we handle all individuals equally and make
them generate the same number of seeds. Thus, we can embed the reproduction of
real plants into our algorithms. Algorithm 16 summarizes the general framework for
an individual ’s behavior during its mature period.

The last important problem is how to select individuals for the next generation
during the mature period. Since an individual generates multiple seed individuals
during its mature period, the total number of generated seed individuals will exceed
the population size. Thus, we must devise a reasonable method for selecting some
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potential individuals for the next generation. There are many famous selection
methods, such as tournament selection, truncation selection, ranking selection and
others. As a first attempt, we use a greedy strategy to select the most promising
individuals from a mixed population consisting of the current population and the
seed population. All individuals are sorted according to their fitness, and the top PS

individuals are selected into the next generation. Although this selection method
can always maintain the most high potential individuals, it also has some risks,
such as loss of diversity, becoming trapped at a local optimum, and others. The
next challenge is to develop more efficient selection methods. A feasible approach
for solving this problem would be to model the more sophisticated and complex
selection mechanisms employed by real plants.

Figure 9.2: The roughly growth state of tomatoes. We subjectively divide it into
two periods, a growth period and a mature period.

So far, we have roughly embed our inspirations from vegetation growth into an
EC algorithm. An individual iterating a growth period and a mature period can
be seen as a cycle. Immediately, the newly selected seed individuals begin a new
round of the cycle from the growth period. Thus, our proposed VEGE algorithm
iteratively executes this cycle towards finding the optimum. Algorithm 15 outlines
the general framework of the whole of our proposed algorithm. Additionally, Fig 9.2
roughly illustrates the growth cycle of a tomato, which may help to understand our
proposed algorithm. To be consistent with existing EC algorithms, we define that
a cycle does not equal one generation, but includes multiple generations. It means
that all individuals which are undergoing a growth period or a mature period are
called a generation. Thus, an individual does not perform both a growth period
and a mature period contiguously in one generation, but performs either a growth
period or a mature period.
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Algorithm 15 The general framework of our proposed VEGE algorithm.

1: Initialize the population randomly.
2: Evaluate the population.
3: if an individual is in a growth period then
4: for i = 1, . . . , population size do
5: Perform Algorithm 1 for local search (exploitation).
6: end for
7: else
8: for i = 1, . . . , population size do
9: Perform Algorithm 2 for wide search (exploration).

10: end for
11: Mix the current population and seed population, and apply a selection strategy

to update the current population.
12: end if
13: Output the found optima.

9.1.3 Experimental Evaluations

To evaluate the performance of our proposed VEGE algorithm, we compare it with
three other algorithms, DE, PSO and EFWA. For this evaluation experiment, 28
functions from the CEC2013 test suite [91] are used as a test bed with three di-
mensional settings, 2-dimensions (2-D), 10-D, and 30-D, which is devoted to the
approaches, algorithms and techniques for solving real parameter single objective
optimization.

Table 9.1: VEGE algorithm parameter settings.
population size for 2-D, 10-D, and 30-D search 10
growth cycle GC 6
growth radius GR a random number in [-1,1]
total seed individuals SI for 2-D, 10-D, and 30-D search 60
moving scaling MS a random number in [-2,2]
stop condition; max. # of fitness evaluations, 1000, 10,000, 40,000
MAXNFC , for for 2-D, 10-D, and 30-D search

Table 9.1 shows the VEGE parameter settings used in our experiments. Each
individual evolves, alternately performing the two operational periods. Since the
ranges for all variables of all benchmark functions are in [-100, 100], we set the
upper and lower limits of the growth radius, GR, to 1 and -1 for a local search. The
maximum moving scaling, MS, is a random number in [-2, 2] for a wide search. The
Tables 9.2, 9.3 and 9.4 shows the parameter settings of DE, PSO and EFWA used
in our experiments, respectively.

For fair evaluations, we evaluate convergence along the number of fitness calls
rather than generations. We test each benchmark function with 30 trial runs in 3
different dimensional spaces. The Kruskal-Wallis test and Holm’s multiple compar-
ison test are applied to check whether there is a difference among all the algorithms
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Table 9.2: DE algorithm parameter settings.

population size for 2-D, 10-D, and 30-D search 60
scale factor F 0.8
crossover rate 0.9
DE operations DE/rand/1/bin
stop condition; max. # of fitness evaluations, 1000, 10,000, 40,000
MAXNFC , for for 2-D, 10-D, and 30-D search

Table 9.3: PSO algorithm parameter settings.

population size for 2-D, 10-D, and 30-D search 60
inertia factor w 1
constant c1 and c2 1.49445, 1.49445
max. and min. speed Vmax and Vmin 2.0, −2.0
stop condition; max. # of fitness evaluations, 1000, 10,000, 40,000
MAXNFC , for for 2-D, 10-D, and 30-D search

at the stop condition, i.e. the maximum number of fitness calculations. Table 9.5
shows the result of these statistical tests.

9.1.4 Discussions
Analysis of VEGE components

We begin our discussion with an explanation of the superiority of our proposed algo-
rithm. The new population-based VEGE is inspired by the vegetation growth and
its seed dispersal. It realizes different search capabilities by simulating the different
periods of vegetation life. All individuals in the growth period are responsible for
exploitation. There is no communication among them and they compete indepen-
dently to search within an area for greater potential. When the number of local
search reaches the maximum predefined growth cycle, the period of the population
changes to the mature period. Next, the population as a whole generates many

Table 9.4: EFWA algorithm parameter settings.

# of fireworks for 2-D, 10-D and 30-D search 5
# of sparks m 50
# of Gauss mutation sparks, 5
constant parameters a = 0.04 b = 0.8
maximum amplitude Amax 40
initial and final min. amplitude Ainit, Afinal 0.1, 0.05
stop condition; max. # of fitness evaluations, 1000, 10,000, 40,000
MAXNFC , for for 2-D, 10-D, and 30-D search
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Table 9.5: Statistical test results of the Kruskal-Wallis test and Holm’s multiple
comparison for the average fitness values of 30 trial runs among 4 methods at the
stop condition. (A ≫ B) and (A > B) mean that A is significantly better than B
with significance levels of 1% and 5%, respectively. (A ≈ B) means that there is no
significant difference among them.

2-D 10-D 30-D

F1 V EGE ≫ DE ≈ PSO ≫ EFWA EFWA > V EGE ≫ PSO ≫ DE EFWA ≫ V EGE ≫ PSO ≫ DE

F2 DE ≈ V EGE ≫ EFWA ≈ PSO PSO ≈ V EGE ≫ DE ≈ EFWA PSO ≈ EFWA ≫ V EGE ≫ DE

F3 V EGE > DE ≫ PSO ≈ EFWA V EGE ≫ PSO > DE ≈ EFWA V EGE ≈ PSO ≫ EFWA ≫ DE

F4 V EGE ≈ DE > EFWA ≈ PSO PSO ≈ DE ≫ V EGE ≫ EFWA PSO ≈ EFWA ≫ V EGE ≫ DE

F5 V EGE ≫ DE ≈ PSO ≈ EFWA V EGE ≫ PSO ≫ DE > EFWA PSO ≈ EFWA ≫ V EGE ≫ DE

F6 V EGE ≫ DE ≈ PSO ≈ EFWA V EGE ≫ DE ≈ PSO ≈ EFWA V EGE > PSO ≈ EFWA ≫ DE

F7 V EGE ≫ DE ≈ PSO > EFWA V EGE ≫ DE ≫ PSO ≫ EFWA V EGE ≈ DE ≈ PSO ≫ EFWA

F8 V EGE ≈ PSO ≈ DE ≈ EFWA V EGE ≈ PSO ≈ DE ≈ EFWA V EGE ≈ PSO ≈ DE ≈ EFWA

F9 V EGE ≫ PSO ≈ DE ≈ EFWA V EGE ≈ PSO ≫ EFWA > DE PSO ≈ V EGE ≫ EFWA ≫ DE

F10 V EGE ≫ DE ≫ PSO ≈ EFWA V EGE ≫ PSO > EFWA ≫ DE EFWA ≫ PSO > V EGE ≫ DE

F11 V EGE ≫ DE ≈ PSO ≈ EFWA V EGE ≫ DE ≈ PSO ≫ EFWA V EGE ≫ DE ≫ PSO ≈ EFWA

F12 V EGE ≫ DE > PSO ≈ EFWA V EGE ≫ PSO ≈ DE ≫ EFWA V EGE ≫ DE ≫ PSO ≫ EFWA

F13 V EGE ≫ DE ≈ PSO ≈ EFWA V EGE ≫ DE ≈ PSO ≫ EFWA V EGE ≫ DE ≫ PSO > EFWA

F14 V EGE ≫ PSO ≈ DE ≈ EFWA V EGE ≈ PSO ≈ EFWA ≫ DE 　EFWA ≈ V EGE ≈ PSO ≫ DE

F15 V EGE ≫ DE ≈ PSO ≈ EFWA V EGE ≈ PSO ≫ EFWA ≫ DE V EGE > EFWA ≈ PSO ≫ DE

F16 EFWA ≫ V EGE ≈ PSO ≈ DE V EGE ≈ PSO ≫ EFWA ≫ DE EFWA ≫ V EGE ≫ DE ≈ PSO

F17 V EGE ≈ DE ≫ PSO ≈ EFWA V EGE ≈ PSO ≫ DE ≫ EFWA V EGE ≫ DE ≫ PSO ≫ EFWA

F18 V EGE > DE ≈ PSO ≈ EFWA V EGE ≈ PSO ≫ DE ≈ EFWA V EGE ≈ EFWA ≫ DE ≫ PSO

F19 V EGE > DE ≫ PSO ≈ EFWA V EGE ≫ PSO ≈ EFWA ≫ DE PSO ≈ V EGE > EFWA ≫ DE

F20 V EGE ≫ DE ≈ PSO ≈ EFWA V EGE ≫ PSO ≈ DE ≫ EFWA V EGE > DE ≫ EFWA ≫ PSO

F21 V EGE ≫ DE ≈ PSO ≈ EFWA V EGE ≈ EFWA ≫ DE ≈ PSO EFWA ≈ V EGE ≫ DE ≫ PSO

F22 V EGE ≫ PSO ≈ DE > EFWA V EGE > PSO ≈ EFWA ≫ DE V EGE ≈ EFWA ≈ PSO ≫ DE

F23 V EGE ≫ PSO ≈ DE ≫ EFWA V EGE ≫ PSO > EFWA ≈ DE V EGE ≫ PSO ≈ EFWA ≫ DE

F24 V EGE ≫ DE ≈ PSO > EFWA V EGE ≫ DE > PSO ≫ EFWA V EGE ≫ DE ≈ PSO ≫ EFWA

F25 V EGE ≈ PSO ≈ DE ≈ EFWA V EGE ≫ DE ≫ PSO ≫ EFWA V EGE ≫ DE ≫ PSO ≈ EFWA

F26 V EGE ≫ PSO ≈ DE ≫ EFWA V EGE ≫ DE ≈ PSO ≫ EFWA DE > V EGE ≫ PSO > EFWA

F27 V EGE ≈ PSO > DE > EFWA V EGE ≫ PSO > DE ≈ EFWA V EGE ≫ PSO ≫ DE ≈ EFWA

F28 V EGE ≫ PSO ≈ DE ≈ EFWA V EGE ≫ DE ≫ PSO > EFWA V EGE ≫ DE ≫ PSO ≈ EFWA

diverse seed individuals which are responsible for exploration through the cooper-
ation among the individuals. Then, a certain number of promising individuals are
selected as offspring in the next generation, and they continue to repeat the growth
trajectory of their parents. The proposal emphasizes exploitation and exploration
alternately to achieve a good balance, rather than focusing on one ability at a given
time. This guarantees that an individual has a strong local search ability, but can
use generated seed individuals to jump out from a local area to avoid premature con-
vergence. Furthermore, the length of difference vectors changes adaptively according
to the convergence of the population, and the difference vectors can keep variable
distribution shape information of the population. Overall, the balance between ex-
ploitation and exploration can be maintained well, and it changes adaptively with
the convergence of population.

Secondly, we would like to point out that the performance of our proposal is
mainly influenced by three operations: growth, maturation and selection.

The growth operation controls the local search ability of individuals using two
introduced parameters, GR and GC. This operation is designed to generate better
offspring in directions which have potential. We adopt a one-to-one growth relation-
ship to achieve the growth operation in this paper, where one-to-one growth means
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that an individual grows in only one direction at a time. Actually, the growth of
plants in nature is diverse, and, for example, it is common in nature to grow multiple
branches on a tree trunk. Corresponding to our proposed VEGE, this would mean
that multiple directions would be simultaneously explored in growth. Although this
would increase fitness cost consumption, it would also deepen the exploration of the
local fitness landscape and avoid falling into a local optima. Thus, developing an
efficient local search mechanism is the main task of this operation. We will con-
tinue to observe the behaviour of plants in nature and implement more promising
mechanisms.

The maturation operation is designed for wide search to increase diversity and
can ease the pressure of local search by using two introduced parameters, MS and
SI. This operation generates diverse seed individuals and spreads them to explore as
many unexplored areas as possible. In this paper, we have just roughly simulated the
simplest implementation. Actually, plants in nature have multiple ways to produce
offspring such as sexual reproduction and asexual reproduction. It is now also
possible to achieve hybridization between different species through artificial means.
There are many ways for plants to spread their seeds. Thus, how to generate diverse
potential seeds and spread them is the main tasks of this operation. We are going to
focus on developing new efficient strategies to generate seed individuals and spread
seed individuals which are inspired by natural plants.

The last, but also important, operation is the selection operation. Although an
individual experiences two periods (growth and maturation), many seed individu-
als are generated only in the mature period. Determining a rational method for
selecting which individuals from the mature period should be retained in the next
generation is important. In this paper, we use fitness ranking to select individuals.
Although this operation can maintain faster convergence speed, it also has the risk
of rapidly losing population diversity. To overcome this limitation, we intend to de-
velop a new adaptive selection operation based on the current optimization situation
in our forthcoming works. For example, diversity selection can be appropriately em-
phasized to avoid over-concentration of the population and stagnation. Or, different
selection methods can be used according to the dynamics of population diversity. In
short, how to maintain the balance between the three operations to achieve better
performance is a topic that needs continuous research. Too much emphasis on one
of them may weaken the performance of our proposal, by causing the population to
stagnate or fall into local areas and slow convergence.

Thirdly, we discuss the potential of our proposed algorithm. We only simulated
the rough survival and reproduction mechanisms of vegetation to propose an opti-
mization framework. In fact, we have not yet thoroughly researched the many plants
in nature, for which there must be many known and unknown survival mechanisms.
It is a huge challenge to further enhance the performance of our proposed algorithm
by introducing more novel and efficient natural mechanisms used by vegetation. Al-
ready, we can develop some variants of the currently proposed version, such as an
adaptive version, an independent version, and a hybrid version.

Adaptive version: All individuals of our proposed algorithm perform two different
periods alternately and generate some seed individuals. In nature, many plants have
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different growth conditions depending on their living environment. i.e. plants will
grow better on fertile land. Different individuals may generate different numbers
of seeds even though they are the same species. Inspired by this phenomenon,
we can consider their fitness to be analogous to their growth environments. It
is possible to develop an adaptive version of VEGE, where each individual has a
different generative cycle to reach maturity and generates a different number of seed
individuals according to its own fitness. Because an individual with higher fitness
may be closer to the global optimum, such an individual should be given a longer
growth period and generate more seed individuals.

Independent version: Since offspring in the next generation are selected after seed
individuals from all parent individuals are collected, parallel computing cannot be
applied to this process. We can design an independent selection mechanism to main-
tain multiple different small groups, where each group consists of an individual and
all seed individuals generated by it. Further, we can introduce an exclusion mech-
anism to ensure that different small groups do not overlap search and allow them
to locate multiple different extremes. We can apply this mechanism to multimodal
optimization problems. Although each seed individual is collaboratively generated
by multiple individuals, it is easy to implement parallel computing thanks to the
independent selection mechanism.

Hybrid version: The proposed algorithm framework is flexible and easy to com-
bine with other EC algorithms. Their different mechanisms or algorithms can replace
a part of our VEGE strategies, and the replaced strategy(es) can be applied to the
growth period and/or the mature period to obtain the advantages of different EC
algorithms. According to our design philosophy, all individuals focus on their ex-
ploitation ability in a growth period, while their exploration ability is emphasized
during the mature period. Thus, we can embed one or two different EC algorithms
into our proposed optimization framework by setting different parameters to achieve
two different search abilities. Although the overall framework of our proposal has
not changed in this hybrid version, the specific implementation details may change.
For example, when we integrate DE or PSO into our framework, we naturally in-
troduce the parameters of the corresponding algorithm. So, these works need to be
further refined deeply in the near future.

To analyze the performance of proposal, we apply the Kruskal-Wallis test and
Holm’s multiple comparison test at the stop condition and compare four EC al-
gorithms. The statistical test results shown in table 6.2 confirm that our proposed
VEGE algorithm is effective and demonstrates potential compared to the other three
well-known algorithms. Besides, we can see that our proposal performs the best in
all algorithms except F16 in 2-D where it is second best. As the dimension increases,
VEGE is not ranked as the best in F1 and F4 in 10-D but is also not ranked the
worst. When the dimension is increased to 30, the VEGE performance is further
reduced, but overall, it is still the best. It is probably because the number of indi-
viduals becomes too small to generate sufficient differential vectors according to the
increase of dimension. Suppose the population size is set to PS, the total number of
possible differential vectors is (PS−1)∗(PS−2). In our experiments, the number of
differential vectors that may be used in each generation is 72 because the PS is set
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to 10. Thus, the number of difference vectors may be sufficient for a low-dimensional
space but insufficient for a high-dimensional space.

In addition, the use of greedy selection may further accelerate the loss of diversity
in the population. This indicates that a small of population size is not recommended
for high-dimensional problems. It is also a good choice to use outstanding individuals
from past generations to generate a sufficient number of differential vectors. It is
also necessary to further investigate the relationship between spatial dimensions and
population size. Due to limitations of space, we cannot draw the convergence curves
of all algorithms which confirm our conjecture and indicate that our proposal has
faster convergence speed in the early stages in high dimensions.

Finally, we discuss the unique contribution of our proposed VEGE compared
to another plant-inspired algorithm, flower pollination algorithm (FPA) [183]. Al-
though both borrow inspiration from plants, the core optimization mechanisms are
essentially different. FPA simulates the pollination process of flowers to find the
global optimum. Each individual either performs global pollination operation (ex-
ploration) or performs local pollination operation (exploitation) to generate only
one offspring individual throughout the search process, i.e. one-to-one parent-child
relationship. Thus, FPA uses a parameter to balance exploration and exploitation
well by controlling the ratio of two operations in every generation. However, VEGE
simulates the growth of plants and the propagation of their seeds to find the global
optimum. Each individual first tries to grow several times to find locally potential
areas (exploitation), then a mature individual generates many seed individuals in-
stead of one, i.e. one-to-many parent-child relationship, to achieve a global search
(exploration). Thus, VEGE repeatedly switches these two capabilities along with
the convergence process. In short, these two EC algorithms are great different in
terms of implementation details and core ideas.

Analysis of VEGE parameter settings

Like other EC algorithms, we also use a fixed population size, PS, to represent a
set of all current individuals, where each individual is a candidate solution. Due to
the use of differential vectors, the population size should not be less than 3 in our
proposed optimization framework.

In addition, we have introduced four new special parameters. Two of the four
parameters are random numbers, and only GC and MS need to be set carefully
according to the characteristics of the optimization problems. In the following, we
describe their goals and roles respectively.

Growth Cycle (GC): Controls the number of local searches. Individuals enter
their mature period after they perform local searches. The larger the GC is, the
greater the ability for an individual to explore locally. However, too large a GC
makes the population fall into local areas easily, whereas populations with too small
GC may not be able to search deeply. Thus, appropriate parameter values help the
VEGE algorithm to maintain good performance. In our future work, we will inves-
tigate the relationship between the settings and convergence periods and summarize
the relationship with optimization problem characteristics, e.g. how to set the size
of the growth cycle for what kind of characteristics.
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Growth Radius (GR): A randomly generated number which controls the radius
of the local search of an individual. A random number for GR can increase the
randomness of the VEGE algorithm to adapt to different optimization problems
rather than a fixed number. If the GC is set to the boundary, it evolves into a
random search of the whole search space. Setting GR too large or too small is not
conducive to growth. Certainly, the maximum radius should be determined based
on the optimization problem. In our evaluation experiments, we set GR in [−1, 1],
which means the radius for a local search of each individual does not exceed 1.

Seed Individuals (SI): This is the number of seed individuals generated by each
individual during its mature period. The larger the SI is, the more seed individuals
are generated. Although many plants in nature may generate thousands of seeds to
survive, it is unwise for the VEGE algorithm to generate too many seed individuals
because it may slow the convergence of population. However, generating too few
seed individuals will prevent an extensive search being achieved, and thus the search
cannot jump out from a local area. Therefore, we must further study and observe
the generation mechanism of vegetation and implement them into our proposal in
a more rational way. We made all individuals equally generate the same number
of seed individuals in this paper. In fact, one approach would be to make each
individual generate a different number of seed individuals while keeping the same
total number of generated seed individuals.

Moving Scaling (MS): A randomly generated number which controls the direc-
tion and scale length of the difference vector. In our evaluation experiments, the
maximum size of the differential vector does not exceed two times itself. We used
this parameter value because seeds are affected by many factors during the propa-
gation process. It is expected to increase the diversity among seed individuals even
when they are diffused in the same direction. Naturally, this parameter alone cannot
cannot simulate the complex propagation process of natural plants. Thus, we are
considering how to improve it to achieve more effective propagation.

Potential and future topics

In our first attempt, we proposed a new optimization framework by extracting some
simple mechanisms from the evolution of vegetation, then simulated them repeatedly
to find optima. There must be more effective and elaborate mechanisms waiting to
be discovered and integrated into our framework to further improve its performance.
Here, we list some future topics, although the possibilities are not limited by this
list alone.

• Analysis of the effect of the two periods of an individual on the performance.
Further, how to properly share the proportion of these two periods.

• Analysis of the relationship between parameter settings and optimization prob-
lem characteristics. Develop an adaptive version.

• Extending the algorithm to other application scenarios, such as multimodal
optimization, multi-objective optimization, large scale problems, dynamic op-
timization and multi-objective and many-objective optimization.

• Development of hybrid algorithms to aggregate the advantages of different EC
algorithms.
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• Analysis of the convergence characteristics of our proposal and the character-
istics of individual trajectories.

• Applications of the VEGE algorithm to real world tasks.

9.2 Analysis of Vegetation Evolution

9.2.1 Design of Analytical Experiments

We design a series of controlled experiments and analyze the contribution of each
VEGE component and the effect of parameter settings on its performance to under-
stand the VEGE algorithm deeply. We realize that a growth period and a maturity
period are two core operation units of the VEGE from the above description. After
initialization is completed, performing a maturity period firstly may generate many
potential seed individuals, then top PS individuals with better fitness are selected
and have the opportunity to perform a growth period. Compared to the original
VEGE, VEGE with inverse order of two periods may have a high possibility of deep
search in potential areas, which may speed up convergence in some cases. Thus,
the first controlled experiment is designed to investigate the importance of these
two operations as well as their order. Subsequently, we investigate the impact of the
number of growth cycles in the growth period, the number of generated seeds by each
individual in the maturity period, and population size on performance, respectively.

Experiment 1

The allocation of resources to two core operation units, a growth period and a ma-
turity period, influence the performance of VEGE directly. Too much emphasis on
either of them is not conducive to algorithm, but their balance is the key for efficient
algorithms.

The Experiment 1 is designed to analyze the effect of two core operation periods
and their implementation sequence. Four VEGE variants are compared to analyze
the contributions of two operation periods to their performance in this experiment.
All their parameters are set to the same. Here, the below numbers represent four
VEGE variations.

1: original VEGE,
2: VEGE with inverse order of two periods,
3: VEGE without a maturity period,
4: VEGE without a growth period.

Experiment 2

The original VEGE controls individuals in a growth period to perform local searches.
Each individual randomly generates a new offspring individual within a fixed search
range, and the winner remains in the next generation. Here, a growth cycle plays an
important role and controls the number of growth. If it is set large, an individual
uses more computational resources for local search; if it is set small, local search
does not go deep.
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The Experiment 2 is designed to investigate the impact of the growth cycle pa-
prameter. We set all parameters to the same except the growth cycle parameter in
this experiment. Here, below numbers represent three VEGE variations.

1: VEGE with 2 growth cycles,
2: VEGE with 6 growth cycles,
3: VEGE with 10 growth cycles.

Experiment 3

Maturity period designed for wide search is other important factor to determine
VEGE performance. Each individual in this period generates many seed individuals
rather than one-to-one relationship to increase diversity. Top PS individuals among
them are selected to survive in the next generation according to their fitness. Thus,
the number of generated seed individuals is one of factors that affects exploration
ability. If it is set large, many search space may be searched, but its convergence
speed slows down. Conversely, inadequate search makes it easy to get into local
optimal areas.

The Experiment 3 is designed to investigate the effect of the number of generated
seed individuals and expect to find appropriate parameter settings. Here, the below
numbers represent three VEGE variations.

1: VEGE generating 2 seed individuals,
2: VEGE generating 6 seed individuals,
3: VEGE generating 10 seed individuals.

Experiment 4

Population size is also an important factor affecting VEGE performance. Although
many practitioners want to find some generic rules for setting a population size,
there is no exact way to guide setting it reasonably so far. Generally, inappropriate
setting of a population size may affect convergence speed and even leads to inability
to converge.

The Experiment 4 is designed to investigate the effect of population size and
obtain some empirical settings hopefully. Here, the below numbers represent three
VEGE variations which parameters are the same except population size.

1: VEGE with population size is 5,
2: VEGE with population size is 10,
3: VEGE with population size is 15.
Four control experiments have been introduced in detail, and each one has dif-

ferent investigative roles. Note that the parameter setting of the original VEGE in
all above four experiments are exactly the same to use as a benchmark algorithm
and carry out comparative analysis. Its parameter settings are shown in the Table
9.6.

9.2.2 Experimental Evaluations

To evaluate the performance of each VEGE variation, we use 28 benchmark functions
from the CEC2013 benchmark test suite [91] in our experiments. They are designed
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for real parameter single-objective optimization. These landscape characteristics
include shifted, rotated, global on bounds, unimodal and multi-modal.

Table 9.6: VEGE algorithm parameter settings.
population size for 2-D, 10-D, and 30-D search 10
growth cycle GC 6
growth radius GR a random number in [-1,1]
total seed individuals for 2-D, 10-D, and 30-D search 60
moving scaling MS a random number in [-2,2]
stop condition; max. # of fitness evaluations, 1000, 10,000 and 40,000
MAXNFC , for 2-D, 10-D, and 30-D search

The parameter setting of the original VEGE as our test baseline is shown in
the Table 9.6. We run each benchmark function with 30 trial runs in 3 different
dimensional spaces, 2 dimension (2D), 10D and 30D, respectively. The number of
fitness calls is used to evaluate convergence against rather than generations for fair
evaluations. We apply a statistical test to the fitness values at the stop condition,
i.e. the maximum number of fitness calculations, to detect significant differences.
The statistical results of four control experiments are shown in the Tables 9.7, 9.8,
9.9 and 9.10.

9.2.3 Discussions

The significant contribution of this paper is to analyze each component of VEGE
and the effect of parameter settings on performance. It can help us to have a
further understanding of VEGE and tune parameters optimally to adapt to a variety
of problems with different characteristics. It can lead to develop more powerful
improved versions, i.e. adaptive parameters to apply to multi-modal tasks. Some
novel strategies inspired by many plants can be integrated into VEGE to overcome
its limitations, e.g. new local search mechanism and seed generation mechanism.
Subsequently, detailed analysis through four controlled experiments are described
below.

A growth period and a maturity period are two core operation units of the VEGE,
and undertake the roles of exploitation and exploration, respectively. A good balance
between these two operation periods can make VEGE have high performance. The
Experiment 1 (Table 9.7) analyzes the proportion of their contributions. We can
obtain following conclusions from the experimental results.

(1) A maturity period operation played a key role, but the Growth period oper-
ation did not achieve the desired effect. In other words, the exploitation capability
of the original VEGE needs to be improved. This is probably because a maturity
period generates many seed individuals, which increases diverse and potential indi-
viduals. Meanwhile, a growth period used in the VEGE is only a rough simulation
of conceptual plant growth and does not realize the actual plant growth mechanism.

As the dimension increases, the effect of the maturity period becomes weak. It
may be because the population is not sufficient to provide sufficient difference vectors
to generate diverse seed individuals. Actually, plants have several different ways to
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Table 9.7: Statistical test results of Friedman test and Holm’s multiple comparison
for the average fitness values of 30 trial runs among 4 methods. Numbers in the
table have the same meaning with those described in the Experiment 1 sub-section.
(A ≫ B) and (A > B) mean that A is significantly better than B with significantce
levels of 1% and 5%, respectively. (A ≈ B) means that there is no significant
difference among them.

2D 10D 30D
F1 1 ≈ 2 ≫ 4 ≫ 3 4 ≫ 2 ≈ 1 ≫ 3 2 ≈ 1 ≈ 3 > 4
F2 2 ≈ 1 ≈ 4 ≫ 3 4 ≈ 2 ≈ 1 ≈ 3 3 > 4 ≫ 1 ≈ 2
F3 2 ≈ 1 ≈ 4 ≫ 3 2 ≈ 1 > 4 ≫ 3 2 ≈ 1 ≫ 4 > 3
F4 1 ≈ 2 ≈ 4 ≈ 3 2 ≈ 1 ≈ 4 ≈ 3 1 ≈ 4 ≈ 2 ≫ 3
F5 4 ≫ 1 > 2 ≫ 3 4 ≫ 1 ≈ 2 ≫ 3 4 ≫ 2 ≈ 1 ≫ 3
F6 4 ≈ 1 ≈ 2 ≫ 3 4 ≈ 1 ≈ 2 ≈ 3 1 ≈ 3 ≈ 2 > 4
F7 4 ≫ 2 ≈ 1 ≫ 3 4 ≫ 1 ≈ 2 ≫ 3 4 ≫ 1 ≈ 2 ≫ 3
F8 4 > 2 > 1 ≫ 3 1 ≈ 4 ≈ 2 ≈ 3 1 ≈ 4 ≈ 2 ≈ 3
F9 4 ≫ 2 ≈ 1 ≫ 3 4 ≫ 2 ≈ 1 ≫ 3 2 ≈ 1 ≫ 4 ≫ 3
F10 4 ≈ 1 ≈ 2 ≫ 3 4 ≫ 2 ≈ 1 ≫ 3 3 ≫ 1 ≈ 2 ≫ 4
F11 4 > 2 ≈ 1 ≫ 3 2 ≈ 1 ≈ 4 ≫ 3 4 ≫ 1 ≈ 2 ≫ 3
F12 2 ≈ 1 ≈ 4 ≫ 3 1 ≈ 2 > 4 ≫ 3 2 ≈ 1 ≈ 4 ≫ 3
F13 2 ≈ 1 ≈ 4 ≫ 3 2 ≈ 1 ≫ 4 ≫ 3 2 ≈ 1 > 4 ≫ 3
F14 2 ≈ 1 ≈ 4 ≫ 3 4 ≈ 2 ≈ 1 ≫ 3 2 ≈ 1 > 3 ≈ 4
F15 2 ≈ 4 ≈ 1 ≫ 3 2 ≈ 1 ≫ 3 ≫ 4 2 ≈ 1 ≈ 3 ≫ 4
F16 3 ≈ 1 ≈ 4 ≈ 2 3 > 2 ≈ 1 ≈ 4 3 ≈ 1 ≈ 2 ≫ 4
F17 2 ≈ 4 ≈ 1 ≫ 3 4 > 1 ≈ 2 ≫ 3 4 ≫ 1 ≈ 2 ≫ 3
F18 2 ≈ 1 ≈ 4 ≫ 3 1 ≈ 2 ≈ 4 ≫ 3 1 ≈ 2 ≈ 4 ≫ 3
F19 4 ≈ 2 ≈ 1 ≫ 3 4 > 1 ≈ 2 ≫ 3 4 ≈ 2 ≈ 1 ≫ 3
F20 4 > 2 > 1 ≫ 3 2 ≈ 1 ≈ 4 ≫ 3 1 ≈ 2 ≈ 4 ≫ 3
F21 4 ≫ 2 > 1 ≫ 3 3 ≈ 2 ≈ 1 ≈ 4 3 ≫ 4 ≈ 2 ≈ 1
F22 4 ≈ 2 ≈ 1 ≫ 3 4 > 2 ≈ 1 ≫ 3 4 ≈ 1 ≈ 2 ≫ 3
F23 4 ≈ 1 ≈ 2 ≫ 3 2 ≈ 1 ≫ 3 > 4 1 ≈ 2 ≫ 3 ≫ 4
F24 4 > 1 ≈ 2 ≫ 3 2 ≈ 4 > 1 ≫ 3 4 ≫ 2 ≈ 1 ≫ 3
F25 1 ≈ 2 ≈ 4 ≫ 3 4 ≈ 2 ≈ 1 ≫ 3 4 ≫ 1 ≈ 2 ≫ 3
F26 4 ≈ 2 ≈ 1 ≫ 3 2 ≈ 1 ≈ 4 ≫ 3 2 ≈ 1 ≈ 4 ≈ 3
F27 2 ≈ 1 ≈ 4 ≫ 3 4 ≫ 3 ≈ 1 ≈ 2 4 ≫ 3 ≈ 2 ≈ 1
F28 2 ≈ 1 ≈ 4 ≫ 3 4 ≫ 2 ≈ 1 ≫ 3 1 ≈ 2 ≈ 4 ≫ 3

grow in nature, and there is great potential to obtain inspiration from them. Thus,
how to achieve an efficient local search will be one of research directions to improve
the VEGE performance.

(2) The combination of two period operations further improve performance in
some cases. Because it can own the characteristics of two operations and avoid
over-emphasizing either operation not to fall into local areas. The implemented
order of two period operations slightly affect the VEGE performance though it
is not obvious. It may be due to performing a maturity period firstly generates
many potential seed individuals, then top PS individuals with better fitness are
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Table 9.8: Statistical test results of the Friedman test and Holm’s multiple compar-
ison for the average fitness values of 30 trial runs among 3 methods. Numbers in
the table have same meaning with those described in the Experiment 2 sub-section.
The used symbols have the same meaning with the Table 9.7.

2D 10D 30D
F1 1 ≫ 2 ≫ 3 1 ≫ 2 ≫ 3 1 ≈ 3 ≈ 2
F2 1 ≈ 3 ≈ 2 1 ≈ 3 ≈ 2 3 ≈ 2 ≫ 1
F3 2 ≈ 1 ≈ 3 1 ≫ 2 ≈ 3 3 > 2 ≫ 1
F4 2 > 3 ≈ 1 1 ≈ 2 ≈ 3 1 > 2 > 3
F5 1 ≫ 2 ≫ 3 1 ≫ 2 ≫ 3 3 ≫ 2 ≫ 1
F6 1 ≈ 2 ≈ 3 3 ≈ 2 ≈ 1 2 ≈ 3 > 1
F7 1 ≫ 2 > 3 1 ≫ 2 ≫ 3 1 > 2 ≈ 3
F8 1 ≫ 2 ≈ 3 2 ≈ 1 ≫ 3 2 ≈ 3 ≈ 1
F9 1 ≫ 2 ≈ 3 1 ≈ 2 ≈ 3 2 ≈ 3 ≈ 1
F10 1 > 2 > 3 1 ≫ 2 ≈ 3 3 > 2 ≫ 1
F11 1 ≫ 3 ≈ 2 1 ≫ 3 ≈ 2 3 ≈ 1 ≈ 2
F12 1 ≈ 2 ≈ 3 1 ≈ 3 ≈ 2 1 ≈ 2 ≈ 3
F13 1 ≫ 2 ≈ 3 1 ≫ 2 > 3 1 ≈ 2 ≈ 3
F14 1 ≈ 2 ≈ 3 1 ≈ 2 ≈ 3 3 ≈ 2 ≈ 1
F15 1 ≈ 2 ≈ 3 1 ≈ 2 ≈ 3 3 ≈ 1 ≈ 2
F16 1 ≈ 2 ≈ 3 3 > 2 ≈ 1 3 ≈ 2 ≈ 1
F17 1 ≈ 3 ≈ 2 1 > 2 > 3 1 ≫ 2 ≫ 3
F18 1 ≈ 2 ≈ 3 1 ≈ 2 ≈ 3 1 > 2 > 3
F19 2 ≈ 1 > 3 1 ≈ 2 ≈ 3 1 > 2 > 3
F20 1 ≫ 2 ≈ 3 1 ≈ 2 ≈ 3 1 ≈ 2 ≈ 3
F21 1 ≫ 3 ≈ 2 2 > 3 ≫ 1 1 > 2 ≈ 3
F22 1 > 2 ≈ 3 1 ≈ 2 ≈ 3 1 ≈ 2 ≈ 3
F23 2 ≈ 1 ≈ 3 1 ≈ 3 ≈ 2 1 ≈ 2 > 3
F24 2 > 1 ≫ 3 3 ≫ 1 > 2 1 > 2 ≈ 3
F25 2 ≈ 1 ≫ 3 1 ≫ 2 ≈ 3 1 > 2 > 3
F26 1 ≈ 2 ≈ 3 2 ≈ 1 ≈ 3 1 ≫ 3 ≈ 2
F27 2 > 1 > 3 1 > 2 > 3 1 ≈ 2 ≈ 3
F28 1 ≫ 2 > 3 2 > 3 ≫ 1 3 ≈ 2 ≫ 1

selected and have the opportunity to perform a growth period, and the remaining
seed individuals are eliminated. Compared to performing the growth period firstly
on randomly individuals used in the original VEGE, VEGE with inverse order of
two periods has a high possibility of deep search in potential areas, which may speed
up convergence in some cases. However, using fitness only to select seed individuals
may also lead to multiple individuals being selected in the same area and thus to
premature.

Thus, how to balance the two operations would been also a promising topic.
Adaptively assigning the frequency of the two operations may be one of good choices
to balance their search ability.

The Experiment 2 (Table 9.8) further analyzes the growth period operation.
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Table 9.9: Statistical test results of the Friedman test and Holm’s multiple compar-
ison for the average fitness values of 30 trial runs among 3 methods. Numbers in
the table have same meaning with those described in the Experiment 3 sub-section.
The used symbols have the same meaning with the Table 9.7.

2D 10D 30D
F1 2 ≈ 1 ≈ 3 3 ≈ 2 ≫ 1 2 ≈ 1 ≈ 3
F2 　 1 ≈ 2 ≈ 3 1 ≈ 3 ≈ 2 1 ≫ 2 ≈ 3
F3 3 ≈ 1 ≈ 2 3 ≈ 2 ≈ 1 1 ≈ 3 ≈ 2
F4 2 ≈ 1 ≈ 3 2 ≈ 3 ≈ 1 3 ≈ 2 ≫ 1
F5 2 > 3 ≈ 1 2 ≈ 3 ≫ 1 1 ≫ 2 ≫ 3
F6 2 ≈ 3 ≫ 1 2 ≈ 3 ≈ 1 2 ≈ 1 ≈ 3
F7 2 ≈ 3 ≫ 1 3 ≈ 2 ≫ 1 3 ≈ 2 > 1
F8 3 ≈ 2 > 1 2 ≈ 1 ≈ 3 2 ≈ 3 ≈ 1
F9 2 ≈ 3 ≈ 1 3 ≈ 2 > 1 2 ≈ 3 ≈ 1
F10 2 ≈ 3 ≈ 1 3 ≈ 2 ≈ 1 1 ≫ 2 ≫ 3
F11 3 ≈ 2 ≈ 1 3 ≈ 2 ≈ 1 3 ≈ 2 ≈ 1
F12 2 ≈ 3 ≈ 1 2 ≈ 3 ≈ 1 3 > 2 ≈ 1
F13 3 ≈ 2 ≈ 1 3 ≈ 2 ≈ 1 3 ≈ 2 ≫ 1
F14 2 ≈ 3 ≈ 1 3 ≈ 2 ≈ 1 2 ≈ 3 ≈ 1
F15 2 ≈ 3 ≈ 1 3 ≈ 2 ≈ 1 3 ≈ 2 ≈ 1
F16 3 ≈ 1 ≈ 2 1 ≫ 3 ≈ 2 1 ≈ 2 > 3
F17 3 ≈ 1 ≈ 2 3 ≈ 2 ≫ 1 3 > 2 ≫ 1
F18 3 ≈ 2 ≈ 1 3 ≈ 2 ≫ 1 3 ≈ 2 ≫ 1
F19 3 ≈ 2 ≈ 1 2 ≈ 3 ≫ 1 3 ≈ 2 ≫ 1
F20 3 > 2 ≈ 1 3 ≈ 2 ≈ 1 2 ≈ 3 > 1
F21 3 ≈ 2 ≈ 1 1 ≈ 3 ≈ 2 1 ≈ 3 ≈ 2
F22 3 ≈ 2 ≈ 1 3 ≈ 2 ≈ 1 2 ≈ 3 ≈ 1
F23 2 ≈ 3 ≈ 1 3 ≈ 2 > 1 2 ≈ 3 > 1
F24 2 ≈ 3 ≈ 1 3 ≈ 2 ≫ 1 3 ≈ 2 ≫ 1
F25 2 ≈ 3 > 1 3 > 2 ≈ 1 3 ≈ 2 > 1
F26 3 ≈ 1 ≈ 2 3 ≈ 2 ≈ 1 3 ≈ 2 ≈ 1
F27 3 ≈ 2 ≈ 1 2 ≈ 3 ≫ 1 3 ≈ 2 ≈ 1
F28 3 ≈ 2 ≈ 1 3 ≈ 2 ≫ 1 2 ≈ 3 ≈ 1

Initially, it was designed to find more potential individuals within a local area,
and its number is mainly determined by the number of local searches in the growth
period and a search strategy. The first experiment confirmed that the random search
strategy used in the growth period was not satisfactory. Thus, this experiment was
redesigned to confirm the effect of the number of random searches in the growth
period, a growth cycle. The experimental results revealed that the growth cycle
parameter has an impact on the VEGE performance. Generally, the smaller the
growth cycle parameter, the better the performance. As the dimension increases,
the growth cycle also need to increase appropriately. Because amaturity period plays
a key role in VEGE, its effects may be obscured and cannot be reflected. It also needs
further verification in our future work. Anyway, we recommend that the growth cycle
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Table 9.10: Statistical test results of the Kruskal-Wallis test and Holm’s multiple
comparison for the average fitness values of 30 trial runs among 3 methods. Numbers
in the table have same meaning with those described in the Experiment 4 sub-
section. The used symbols have the same meaning with the Table 9.7.

2D 10D 30D
F1 1 ≫ 2 ≫ 3 1 ≫ 2 ≫ 3 1 ≫ 2 ≫ 3
F2 3 ≈ 2 ≈ 1 1 ≈ 3 ≈ 2 1 ≫ 2 > 3
F3 1 ≈ 3 ≈ 2 2 ≈ 1 ≫ 3 1 ≈ 2 ≫ 3
F4 2 ≈ 3 ≈ 1 2 ≈ 1 ≈ 3 1 ≫ 2 ≈ 3
F5 1 ≫ 2 ≫ 3 1 ≫ 2 ≫ 3 1 ≫ 2 ≫ 3
F6 3 ≈ 2 ≈ 1 1 > 3 ≈ 2 2 ≈ 1 > 3
F7 2 ≫ 1 ≫ 3 2 > 3 ≈ 1 2 ≈ 3 ≈ 1
F8 1 ≫ 2 ≈ 3 2 ≈ 1 ≈ 3 2 ≈ 3 ≈ 1
F9 1 ≫ 2 > 3 1 ≈ 2 > 3 1 ≈ 2 ≈ 3
F10 1 ≈ 2 ≫ 3 1 ≫ 2 ≫ 3 1 ≫ 2 ≫ 3
F11 3 ≈ 2 ≈ 1 2 ≈ 3 > 1 3 ≈ 2 ≈ 1
F12 2 ≈ 3 ≈ 1 3 ≈ 2 ≈ 1 2 ≈ 3 ≈ 1
F13 3 ≈ 2 ≈ 1 3 ≈ 2 ≈ 1 3 ≈ 2 ≫ 1
F14 2 > 3 ≈ 1 2 ≈ 3 > 1 2 ≈ 1 ≈ 3
F15 2 ≈ 3 ≈ 1 3 ≈ 2 ≈ 1 3 ≈ 2 ≈ 1
F16 1 ≈ 2 ≈ 3 1 ≈ 3 ≈ 2 2 ≈ 1 ≈ 3
F17 1 > 3 ≈ 2 1 ≈ 2 ≫ 3 2 ≈ 1 ≫ 3
F18 1 ≈ 3 ≈ 2 1 > 2 > 3 2 ≈ 1 > 3
F19 2 ≈ 1 ≈ 3 1 > 2 ≫ 3 3 ≫ 2 ≈ 1
F20 1 ≫ 2 ≈ 3 2 ≈ 1 ≈ 3 2 ≈ 3 ≈ 1
F21 3 > 2 > 1 3 ≈ 2 ≈ 1 1 ≈ 2 > 3
F22 2 ≈ 3 ≈ 1 3 ≈ 2 ≈ 1 2 ≈ 3 ≈ 1
F23 3 ≈ 2 ≈ 1 3 ≈ 2 > 1 2 ≈ 3 ≫ 1
F24 2 ≈ 3 ≈ 1 2 ≈ 1 ≈ 3 2 ≈ 1 ≈ 3
F25 3 ≈ 2 ≈ 1 2 ≈ 1 ≈ 3 2 ≈ 1 ≫ 3
F26 3 ≈ 2 ≈ 1 3 ≈ 2 ≈ 1 3 ≈ 2 ≈ 1
F27 3 ≈ 2 ≈ 1 2 ≫ 1 ≈ 3 1 ≈ 2 ≈ 3
F28 3 ≈ 2 ≈ 1 2 > 3 ≫ 1 1 ≫ 2 ≫ 3

parameter should not be set too large and should be also gradually increased as the
dimension increases. Adaptive tuning growth cycle may be a promising solution to
achieve better performance.

The Experiment 3 (Table 9.9) is to confirm how many generated seed individuals
are adequate to obtain a high VEGE performance. It showed that a maturity period
operation was crucial to the VEGE performance and explore as wide areas as possible
by generating many seed individuals. It bears the responsibility of wide search by
simulating the propagation of many generated seed individuals. The Experiments
1 and 2 indicate that the seed generation strategy can provide potential seeds to
the next cycle. The experimental results in the Table 9.9 showed that generating
too few seed individuals may result no potential search and is not recommended
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though it is not a key factor affecting VEGE performance. Conversely, generating
too much seed individuals may create unnecessary waste of fitness calls. Because
only a small number of seed individuals can remain in the next generation, and
many seed individuals die out during selection competition. Thus, how to improve
the utilization of seed individuals would be also one of our future works. In a way,
the parameter, number of seeds is also related to the population size. Balancing the
resource allocation between population size and total generated seed individuals is
one of our next works. It is also a potential topic that each individual determines
the number of its generated seeds adaptively based on its own optimization process,
i.e. fitness, potential, and others.

The Experiment 4 (Table 9.10) is to find some rules for setting a reasonable
population size for optimal performance. Population size is a long-lasting topic
in EC community, and many researchers tried to propose its general tuning rules.
We can roughly conclude that it is proportional to the dimension of tasks from the
experimental results. It may be due to the fact that large population size can provide
sufficient number of difference vectors to spread the diversity of seed individuals in
high dimensional search space. Suppose that the population size is set to N , then
it can provide the (N2 −N) directions of propagation. Thus, it should be increased
according to the increase of the task dimensions.

We are going to focus on the relationship between population sizes and the
characteristics of tasks and develop a dynamic population strategy combining the
task characteristics and optimization processes.

9.3 Improvements to Vegetation Evolution

9.3.1 Mutation Strategy

VEGE observes the growth pattern of vegetation, then abstracts and simulates their
survival mechanisms simply to find the global optimum. Although our previous stud-
ies have shown that VEGE is effective and promising, it can still be further improved
by introducing new strategies inspired by various real plants that use more sophis-
ticated strategies to adapt to their disparate environments. For example, different
plants have different growth patterns, such as phototropism and aggregate, and
they also reproduce both sexually and asexually. Inspired by these real and effective
mechanisms, we propose two strategies to enhance the performance of conventional
VEGE. The first mutation strategy introduces different mutation methods to in-
crease diversity and avoid falling into local optima. The aggregate growth strategy
is expected to accelerate the growth of non-optimal individuals to more promising
areas rather than completely random growth. Here, two proposed strategies are
described in detail.

Mutation is an important means of increasing diversity in plants to face various
unknown environments. Plant mutations can be roughly divided into two categories:
those caused by external factors and those caused by internal factors. External
factors, e.g. surroundings and radiation may make individuals change dramatically
immediately or even lose some of their abilities, while internal factors, e.g. gene
mutation, make a large change in individuals with a small probability. Usually these
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Algorithm 16 Two different mutation methods are used in the growth period and
the maturity period, respectively. D: dimension; MR: mutation probability; xj

min:
lower of the j-th dimension; xj

max: upper of the j-th dimension.

1: for j = 0; j < D; j ++ do
2: if rand(0, 1) < MR then
3: if a individual, x is in the growth period then
4: xj = rand(xj

min, x
j
max)

5: else
6: xj = xj +Gaussian(0, 1)
7: end if
8: end if
9: end for

mutated individuals belong to the same species and can mate with others individuals.
Inspired by these observations, a random mutation method is used in the growth
period to simulate uncertain external factors and a Gaussian mutation is used during
the maturity period to simulate mutations at the gene level. Algorithm 16 outlines
the two kinds of mutations in pseudo-code. Note that a standard Gauss mutation
is employed in following evaluation experiments, and MR is set to a constant 0.05.

9.3.2 Global-based Growth Strategy

The growth period is originally designed to further improve the convergence accuracy
of individuals by motivating them to evolve into promising areas. Based on our
previous findings, the random growth strategy used in conventional VEGE does not
achieve the desired effect. Thus, a new growth strategy with higher efficiency is
needed to replace the original strategy and achieve the above objectives.

Through observations of the growth patterns of real plants, we observe that there
are many different growth strategies to ensure the species’survival after a long period
of natural selection and evolution. For example, many plants show a tendency to
grow towards the sun to receive more light. Additionally, they also tend to be develop
in aggregate rather than independent, which is a good defense against unknown risks.
Inspired by these observations, we roughly extract the characteristics of their growth
and propose a aggregate growth strategy. Corresponding to the VEGE proposal, we
set the current best individual as the sun, i.e. the source of attraction, which causes
other individuals to converge toward it to achieve accelerated convergence. Thus,
the new growth strategy uses Eq. (9.1) to replace Eq. (9.2) used in conventional
VEGE for controlling the local growth of individuals. Figure 9.3 demonstrates the
difference between the two growth strategies. So far, both proposed strategies have
been described in detail and Algorithm 17 shows the generic framework used in
conventional VEGE combined with our two proposed strategies.

x̂i = xi + rand(−1, 1)×GR + ω × (xbest − xi) (9.1)

x̂i = xi + rand(−1, 1)×GR (9.2)
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Algorithm 17 The general framework of VEGE with our two proposed strategies.
Our proposal consists of steps 6, 7 and 13.

1: Initialize population randomly.
2: Evaluate the population.
3: while The termination condition is not reached do
4: if individuals are still in the growth period then
5: for i = 0; i < PS; i++ do
6: the i-th individual performs proposed aggregate growth.
7: Perform a random mutation described in Algorithm 15.
8: Better offspring replaces its parent, otherwise keep the i-th individual.
9: end for

10: else
11: for i = 0; i < PS; i++ do
12: the i-th individual performs maturity operation.
13: Perform the Gaussian mutation described in Algorithm 15.
14: end for
15: Select the next generation from a mixed pool consisting of the current pop-

ulation and all generated seed individuals.
16: end if
17: end while
18: Output the found optima.

where, xi and xbest are the i-th and best individual of current population, respec-
tively. GR is a constant used to control the maximum radius of growth. ω is a
weight for tuning the intensity of the influence of the optimal individual and we set
it to 0.5 in our following evaluation experiments.

Figure 9.3: (a) is random growth strategy used in conventional VEGE, where an off-
spring is randomly generated within GR; (b) is our proposed growth strategy, where
the red dashed lines indicate the effect of the current best individual in attracting
other individuals to achieve aggregation.

9.3.3 Experimental Evaluations

In our evaluation experiments, we use 28 benchmark functions from the CEC2013
suite [91], which contains a series of competitions for solving single-objective opti-
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mizations. To evaluate and analyze the performance of the two proposed strategies,
we design four VEGE variants. Variant 1, 2, 3, and 4 are, respectively: conventional
VEGE; conventional VEGE + mutation strategy; conventional VEGE + aggregate
growth strategy; and conventional VEGE + both strategies. We run these four
VEGE variants on each function with 30 trial runs on three different dimensions:
2-D, 10-D and 30-D, independently. The parameter settings of VEGE used in the
four variants are shown in the Table 9.11.

Table 9.11: VEGE algorithm parameter settings.
population size for 2-D, 10-D, and 30-D search 20
growth cycle GC 5
growth radius GR a random number in [-1,1]
total seed individuals SI for 2-D, 10-D, and 30-D search 100
moving scaling MS a random number in [-2,2]
stop condition; max. # of fitness evaluations, 1000, 10,000, 40,000
MAXNFC , for for 2-D, 10-D, and 30-D search

So that the evaluations are fair, we evaluate convergence along with the number
of fitness calls rather than generations, and apply the Friedman test and Holm’s
multiple comparison test at the stop condition, i.e., the maximum number of fitness
evaluations, to check if there is a significant difference among the four variants. The
results of the statistical tests are shown in the Table 9.12.

9.3.4 Discussions
Discussion on the Mutation Strategy

Gene mutations introduce randomness and uncertainty, and can generate diverse
individuals to face complex and changeable environments. Although mutant indi-
viduals may become better or poorer, some individuals, which adapt to new natural
selection, survive thanks to the large population. Because of the rapid development
of technology, humans have been able to intervene and guide mutations, even in-
tegrating genes among different species. We can say that mutation is one of the
important means for plant populations to survive.

However, in conventional VEGE there is no mutation operation. We therefore
introduce two different mutation methods into VEGE to simulate the mutation
characteristics of plants in different periods to increase their risk resistance. The
random mutation is used in the growth period and does not have any regularity to
alter genetic information randomly. We expect that this will prevent it from falling
into local optimum areas. Gaussian mutation is used in the maturity period and
the greater the magnitude of its difference, the smaller the probability of individ-
ual occurrence, which we expect will increase the diversity of the population. A
new parameter, MR, is introduced to control the frequency of mutations in our
proposal. Although the mutational probability is equal on each dimension, the mu-
tational probability of individuals increases as the number of dimension increases.
The experimental results confirm our hypothesis, and the convergence curve indi-
cates that the mutation strategy can jump out of local areas in some cases; however
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Table 9.12: Statistical test results of the Friedman test and Holm’s multiple com-
parison test for average fitness values of 30 trial runs among four variants at the
stop condition. A ≫ B and A > B means that A is significantly better than B
with a significance levels of 1% and 5%, respectively. A ≈ B means that although
A is better than B, there is no significant difference between them. Numbers in the
Table have same meaning with that described in above experiments.

2D 10D 30D
F1 4 ≈ 3 ≫ 1 ≈ 2 3 ≈ 4 ≫ 1 ≈ 2 3 ≫ 4 ≫ 1 ≫ 2
F2 2 ≈ 3 ≈ 1 ≈ 2 3 ≈ 4 ≫ 2 > 1 3 ≫ 4 ≫ 1 ≫ 2
F3 3 ≈ 4 ≈ 1 ≈ 2 2 > 4 ≈ 3 > 1 3 ≈ 4 ≫ 1 ≫ 2
F4 2 ≈ 1 ≈ 4 ≈ 3 4 ≈ 3 ≈ 1 ≈ 2 4 ≈ 3 ≫ 1 ≈ 2
F5 3 ≈ 4 ≫ 2 ≈ 1 4 ≈ 3 ≫ 1 > 2 3 ≫ 4 ≫ 1 ≫ 2
F6 3 ≈ 4 ≫ 2 ≈ 1 1 ≈ 2 ≈ 3 ≈ 4 1 ≈ 3 ≈ 4 ≫ 2
F7 4 ≈ 3 ≫ 2 ≈ 1 4 ≈ 3 ≫ 2 ≈ 1 4 ≫ 3 > 1 ≈ 2
F8 3 ≈ 4 ≫ 1 ≈ 2 1 ≈ 4 ≈ 3 ≈ 2 1 ≈ 3 ≈ 2 ≈ 4
F9 4 ≈ 3 ≫ 2 ≈ 1 4 ≈ 3 ≫ 2 > 1 4 ≫ 3 ≈ 2 > 1
F10 3 ≈ 4 ≫ 2 ≈ 1 3 ≈ 4 ≫ 1 ≈ 2 3 ≫ 4 ≫ 1 ≫ 2
F11 4 ≈ 3 ≫ 2 ≈ 1 4 ≈ 3 ≈ 2 ≫ 1 4 ≫ 2 ≫ 1 ≈ 3
F12 4 ≈ 3 ≫ 2 ≈ 1 4 > 2 ≈ 3 ≈ 1 4 ≫ 3 ≈ 1 ≈ 2
F13 3 ≈ 4 > 1 ≈ 2 2 ≈ 1 ≫ 4 ≈ 3 4 ≫ 3 ≫ 2 ≈ 1
F14 3 ≈ 4 ≈ 2 ≈ 1 2 ≫ 4 ≈ 1 > 3 2 ≫ 4 ≫ 1 > 3
F15 4 ≈ 3 ≈ 2 ≈ 1 1 ≈ 2 ≈ 3 > 4 1 ≫ 2 > 3 ≈ 4
F16 2 ≈ 1 ≈ 4 ≈ 3 1 ≈ 2 ≈ 4 ≈ 3 1 ≫ 3 ≈ 2 ≈ 4
F17 2 ≈ 4 ≈ 3 ≈ 1 3 ≈ 4 ≫ 2 ≈ 1 4 ≈ 3 ≫ 2 ≈ 1
F18 2 ≈ 3 ≈ 4 ≈ 1 4 ≈ 3 ≫ 2 ≈ 1 4 ≈ 3 ≫ 2 ≈ 1
F19 3 ≈ 4 ≫ 2 ≈ 1 4 ≈ 3 ≫ 1 ≈ 2 4 > 3 ≫ 1 ≈ 2
F20 4 ≈ 3 ≫ 2 ≈ 1 3 ≈ 4 ≈ 2 ≈ 1 3 ≈ 4 ≫ 2 ≈ 1
F21 3 ≈ 4 ≫ 2 ≈ 1 1 ≈ 2 ≈ 3 > 4 3 ≈ 4 ≈ 1 ≫ 2
F22 3 ≈ 4 ≈ 2 ≈ 1 2 ≫ 4 > 1 ≈ 3 2 ≫ 4 ≫ 1 ≈ 3
F23 3 ≈ 4 ≫ 2 ≈ 1 1 ≈ 2 ≈ 4 ≈ 3 1 > 2 ≫ 3 ≈ 4
F24 3 ≈ 4 ≫ 1 ≈ 2 4 ≫ 3 ≫ 2 ≈ 1 4 ≫ 3 ≈ 2 ≈ 1
F25 4 ≈ 3 > 2 ≈ 1 3 ≈ 4 ≫ 2 ≈ 1 4 ≫ 3 ≈ 2 ≈ 1
F26 3 ≈ 4 > 2 ≈ 1 2 ≈ 1 ≈ 4 ≈ 3 2 ≈ 1 ≈ 4 ≈ 3
F27 4 ≈ 3 ≈ 2 ≈ 1 4 ≈ 3 ≫ 2 ≈ 1 4 ≫ 3 ≫ 2 ≫ 1
F28 3 ≈ 4 ≫ 2 ≈ 1 2 ≈ 1 ≈ 4 ≈ 3 4 ≫ 1 ≈ 2 ≫ 3
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the acceleration effect is not stable and obvious.
One of the promising topics is how to use mutations to accelerate convergence

efficiently. Actually, mutations in real plants are affected by many factors, and
even different individuals belonging to the same species have different mutational
probabilities. We have assigned the same mutation probability to each dimension
without considering their fitness and the characteristics of the optimization prob-
lems. Perhaps an adaptive mutation probability could be more powerful and intel-
ligent according to the optimization process; we will pay attention to this aspect in
subsequent research.

Discussion on Aggregate Growth Strategy

Even after extensive research of plants, humans have discovered that plants have
many almost-magical mechanisms and unknown methods of ensuring their growth.
We did not extract these effective mechanisms and simulate them in original VEGE;
instead we only used a random growth strategy to simulate plant growth. Here, we
propose an aggregate growth strategy to accelerate the convergence of individuals
in the growth period.

In a first attempt, the new growth strategy consists of two parts: random search
and aggregate attraction; the current best individual is used to attract others and
favor them. We introduce a new parameter, ω, to control the weight of the optimal
individual’s influence. If ω is set to 0, the proposed growth strategy degenerates to
the random growth strategy used in conventional VEGE. As ω increases, so too does
the strength of the effect of the optimal individual on the others, i.e., the faster the
aggregation speed. The experimental results confirmed that the aggregate growth
strategy does accelerate the convergence speed, especially in the early stages.

Although the proposed growth strategy shows a powerful acceleration effect, it
still needs be further improved. Here, several open topics are given. (1) the current
best individual still grows randomly because the aggregate attraction is 0, and it
affects the convergence of other non-optimal individuals. Thus, how to accelerate
the growth of the optimal individual reasonably becomes one topic for our future
work. Perhaps using historical information is a good choice to guide the growth of
the current best individual. (2) ω is the key factor affecting the performance of our
proposal. We set it to be a constant in our evaluation experiments. However, this
results in us falling into the local optimum areas in some case, e.g. F24 to F28 on
30-D, because the aggregate attraction is strong. To overcome these limitations, we
are going to propose an adaptive version wherein ω is tuned according/ to optimized
processes and the evolution information of individuals.

Analysis of Additional Cost

We would like to discuss the advantages confirmed by the two strategies we have
proposed. Both strategies are inspired by deep observation of the behaviour of real
plants and extraction of their characteristics to simulate plant evolution accurately.
Although both strategies introduce new parameters, they do not add any fitness
calculation costs. In the case of the mutation strategy, we observed that it jumps
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out of local areas by increasing diversity - but the acceleration effect is not obvious.
Conversely, the aggregate growth strategy can accelerate the convergence speed of
the population significantly, but it may may lead to a population falling into local
areas as mentioned above. The combination of both strategies, however, can balance
their shortcomings and achieve better performance. Furthermore, in any case we
can say that our proposals are low cost, high return strategies.

We apply the Friedman test and the Holm multiple comparison test among the
four variants to check for significant difference. From the results of statistical test,
the aggregate growth strategy demonstrated better acceleration than the mutation
strategy in lower dimensions. However, the mutation strategy shows stronger effects
in some cases with an increase in the number of dimensions. This is because the
probability of a high-dimensional individual experiencing mutation becomes higher;
the higher the dimension, the more obvious the effect therefore is. For F15 and F16,
our proposal has not played any role, and even worsened the performance. It may be
because there are too many local optima, and these have made our proposal fall into
local optima and hindered evolution. This indicates to us that for such problems,
increasing randomness may be beneficial in that it allows the population to jump
out of the local optima. More detailed explanations require our further analysis,
which will allow us to develop more suitable strategies for VEGE.

9.4 Chapter Summary

We proposed a new population-based algorithm which balances exploitation and
exploration by simulating the generation and propagation of vegetation. Each in-
dividual performs a wide search by inter-individual cooperation after performing
multiple local searches through independent competition. The controlled experi-
ments reveal that this mechanism is effective in comparison with other popular EC
algorithms.

Secondly, we designed a series of experiments to analyze performance of VEGE
and obtain reasonable parameter settings rules. From these experiments, we have
found that the maturity period operation had a major contribution to VEGE perfor-
mance, while the effect of the growth period operation was not obvious. The results
of our statistical test confirmed that the parameter, number of seeds, does not cause
huge fluctuations in performance, while the growth cycle parameter affects VEGE
performance; the smaller it is, the better the performance. We do not recommend
setting them too large. Finally, we have found that insufficient population size might
hinder convergence and it should have been gradually increased as the dimension of
the task increases.

Finally, we propose two strategies to improve the performance of VEGE. The
controlled experiments confirmed that the mutation strategy increases the diver-
sity of the population and avoids falling into local optima prematurely, and that
the aggregate growth strategy can accelerate the convergence speed of non-optimal
individuals. Furthermore, the combination of both strategies together can further
enhance the performance of VEGE.

In future work, we will continue to introduce novel mechanisms inspired by real
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plants, such as e.g. a dynamic population mechanism and adaptive parameter tun-
ing, to improving the performance of VEGE and use it to solve many real world
applications.
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Chapter 10

Discussions and Conclusions

10.1 Main Contribution

Since EC has been applied to various industrial problems and achieved great success,
many practitioners try to further improve its performance to solve new and complex
problems. How to theoretically enhance the performance of EC algorithm has thus
become one of the most promising research topics. The main contribution of this
dissertation is to track this topic within three research directions, and to propose
multiple strategies to accelerate EC algorithms in each of those direction.

The first direction is to use estimated convergence point(s) as elite individual(s)
to accelerate EC algorithms from a new perspective. The basic estimation method
uses evolutionary information from two consecutive generations rather than mul-
tiple iterations of the population to find the possible area of the global optimum.
Not limited to a particular EC algorithm, the basic estimation method can be com-
bined with any EC algorithm without changing the original optimization framework.
Although an additional fitness calculation is needed to evaluate the estimated con-
vergence point, when it has high accuracy and is close to the optimum, it can help
save a lot of resources and converge the optimum quickly in later generations. When
it is not close to the global optimum, the elite may unfortunately not be remark-
able - but it is still better than the worst individual which it replaces. We can
say that the basic estimation method is a low risk, high return strategy and makes
an innovative contribution to the EC community. In this dissertation, we extend
the basic estimation method to multimodal and multi-objective tasks, discuss the
possibility of using it in IEC, and propose new strategies to improve the precision
of the estimated convergence point. There are still many valuable research topics in
this direction which deserve further attention.

The second direction is to analyze the characteristics of existing EC algorithms
and then propose targeted improvement strategies to overcome their original short-
comings and improve performance. In this dissertation, we focus on developing
variants of FWA and DE by integrating proposed strategies. Taking FWA as an
example, we propose new explosion strategies which use local fitness information
to better guide evolution, and integrate competitive strategies into DE to quickly
eliminate poorer individuals. Generally, most practitioners are more committed to
improving the performance of existing EC algorithms as opposed to developing a new
one. Although it is difficult to make a breakthrough work via minor improvements,
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once they receive sufficient attention, they can also speed up the spread of these EC
algorithms into industry. Improving the performance of existing EC algorithms is
thus of great significance and an important means to enrich the EC community.

The third direction is to develop a more powerful EC algorithm inspired by the
growth of plants and the spread of their seeds. So far, most EC algorithms are
inspired by biological evolution, natural phenomena, and human behavior; in each
case, they repeatedly simulate the extracted mechanism from to find the global opti-
mum. Few practitioners focus on obtaining inspiration from the widely distributed
and very successful plants to propose a new optimization framework. Actually,
plant life accounts for by far the most life on Earth, and plants are scattered every-
where; they have evolved a variety of mechanisms to deal with complex environments
through long-term evolution. In this dissertation, we roughly summarize the growth
patterns of vegetation and propose a new population-based algorithm: VEGE. We
hope that this work may attract the attention of other researchers, and various
effective strategies can be drawn from natural plants to further improve VEGE
performance, or even propose other new EC algorithms.

We use multiple benchmark functions that contain a variety of different char-
acteristics extracted from real-world problems to evaluate the performance of our
proposed strategies. The results of statistical tests indicate that all our propos-
als have shown stronger performance in most cases and the performance is usually
more prominent as the dimension increases. Besides, we realize that the estimation
method has great potential to solve expensive problems because it can use very lit-
tle information to estimate the optimal solution and omit a lot of fitness iterative
process. Improving existing EC algorithms can help us understand the underlying
optimization mechanism well, their advantages and disadvantages, understand their
applicable scenarios, and help to design new EC algorithms. Finally, a vertical com-
parison among various EC algorithms confirm that VEGE has stronger performance
thanks to balance exploitation and exploration well by alternately emphasizing two
different abilities. In short, the experimental results show that these strategies have
more or less enhanced performance but still have room for improvement.

10.2 Limitations

Although our proposal shows better performance from the cost-performance point
of view, we still need extra CPU calculation time to achieve our proposed strategies;
our strategies require matrix operations be performed, separation methods be exe-
cuted for multimodal problems, synthetic fireworks be calculated, weights be given
to moving vectors, etc. Furthermore, we need to introduce new parameters with our
proposal, which increases the complexity of the optimization framework. Unfortu-
nately, we have only considered the fitness cost without considering CPU calculation
time and increased complexity in this dissertation. When we apply our proposal to
real world applications, we should consider the balance between additional overhead
and performance. Especially for some tasks where the fitness cost is low but the
CPU calculation cost is high. Since CPU calculation time is also one of important
factors that may restrict real world applications of our proposal, it is necessary that
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we consider multiple factors to more reasonably evaluate the performance of these
proposed strategies.

Population diversity is a topic that is often discussed. Fast convergence usually
results in loss of population diversity and thus causes a new problem: premature
convergence. Based on our research, we found that the estimation method makes
it easier to fall into local optima areas when applied to PSO. It may be because an
estimated convergence point affects other particles and leads to the wrong conver-
gence area. This also reminds us that we need to develop appropriate acceleration
methods for different EC algorithms to avoid premature convergence. Additionally,
competitive strategies for DE make the trade-off of fast convergence at the cost
of less diversity. Although performance is improved, we still need to get a better
balance between population diversity and convergence speed.

VEGE is a new population-based EC algorithm which shows strong optimiza-
tion performance; however, the underlying working principles are not yet entirely
clear. Through the analysis of our experiments, we have confirmed the effectiveness
of the two operations, i.e. the growth period and the maturity period. We came to
the realization that some of these operations do not achieve the desired results; for
example, the random growth strategy does not assume responsibility for exploita-
tion. Accordingly, the VEGE optimisation framework itself still needs to be further
optimized and requires rigorous mathematical theory to support its working scheme.

Another limitation of our work is that we have used experimental evaluations
of benchmark functions to assess the theoretical performance of our EC algorithms.
As the no-free-lunch theorems [178] claims, it is impossible for an EC algorithm to
perform better on all kinds of optimization problems. As a preliminary attempt,
we use benchmark functions to evaluate the performance of our proposal. Although
they are the extraction and simplification of real world problems that have more
complex characteristics, such as, noise, dynamic and others, it is a challenge for our
proposal to achieve the desired effects when they are actually applied to real world
applications. This part also needs to be further studied in the future.

10.3 Future Work

We followed three research directions to enhance the performance of EC algorithms
and reduce fitness consumption costs. The results of the statistical tests confirm
our proposed strategies are effective and promising; however, the work is only par-
tially completed in each research direction and there are certainly other ideas worth
exploring. Here, we list a few related research topics that should be investigated.

• We should continue to delve further into the basic estimation to improve its
accuracy and extend it to more optimization scenarios, e.g. dynamic sys-
tems, constraint problems, and real world applications. Realizing that the
construction of the moving vectors has a great influence on the accuracy of
the estimated convergence point, one of our future work should focus on how
to construct moving vectors. Although we propose two ways to improve the
accuracy of an estimated convergence point, practitioners can still propose
new ways from other perspectives. Furthermore, we would focus on how to

131



use estimated convergence points more efficiently to speed up EC algorithms
and proposing different acceleration strategies for EC algorithms by combin-
ing their own characteristics. Finally, we summarize some general experiences
about the use of estimated convergence points.

• Fitness landscape approximation is an effective approach for reducing costs,
especially for complex problems and expensive problems. Most practitioners
use such approximations to assist evolution and reduce the number of fitness
evaluations, however, little attention is paid to hidden information contained
within the fitness approximation model. We will focus on how to extract new
knowledge from models and then use them to accelerate the convergence of
EC algorithms. In addition, we will try to develop the use of the error between
optimization problems and approximation models as a new indicator and use
it to evaluate the complexity of optimization problems. We will also analyze
the characteristics of different approximation methods, e.g. support vector
machine and local polynomial regression, and their applicability. In short, we
will focus on mining fitness approximation models and making full use of the
information they contain.

• We will try to combine EC algorithms with other technologies to improve their
performance. For example, we will integrate the learning ability of neural
networks so that EC algorithms can predict unknown individuals and even
unexplored areas. Since EC algorithms are almost meta-heuristic algorithms
based on random search, introducing deterministic search strategies will be one
of our main directions. We will also introduce fuzzy concepts to develop fuzzy
fitness to conform to human ideas. In short, we will draw on the strengths
and features of other technologies to enrich EC algorithms.

• Since there is a gap between real world problems and benchmark functions, we
will apply our proposed strategies to real world problems and catalogue the
new problems that may arise. Next we will propose methodologies to solve
these new problems so that our algorithms have better adaptability. Practical
problems have become an important driving force for theoretical improvement,
and they can form an invaluable part of a good cycle for sustainable develop-
ment.

• We are only discussing the possibility of an estimated convergence point for
IEC; the other proposed strategies were not also applied to IEC. One of our
future work is to (1) apply the estimation method into real IEC applications;
(2) improve these proposed strategies for IEC to alleviate user fatigue. In
addition, building high-precision user models and realising the collaboration
of multiple models will become our focus.

10.4 Conclusion

Improving the performance of EC algorithms is one of the most heated topics in the
field, and we have tracked this topic from three research directions. We proposed
multiple strategies to speed up convergence in each research direction. However,
although they are not perfect and there are still new remaining problems that need
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to be solved, we hope that our work can give new inspiration to practitioners and
attract new researchers to the field. We also hope that more and more researchers
will engage in relevant research and expect that our work may help them a little bit.
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