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Abstract 

We formulate a theory of coagulation and develop the diagrammatic perturbation 

technique based on the Fock space formalsim. For a system of finite volume fraction of 

droplets ¢>, we find that the screening length plays an important role, where the screening 

length is proportional to ¢>-112 for a three dimensional system and has the logarithmic 

dependence on ¢> for a two dimensional system. 

We calculate the effective coagulation rate for diffusion-controlled coagultion and find 

the followings: The coagulation rate has correction to Smoluchowski's classical result in 

a medium of three dimension. This correction term is given by the ratio of the reaction 

radius to the screening length. For a two dimensional system, the coagulation rate 1s 

determined by a self-consistent condition and there is a logarithmic correction in time. 

We also calculate the scaling form for the scattering function and discuss its volume 

fraction dependence for a three dimensional system. We obtain qualitative agreements 

with experimental data of binary fluid mixture and previous phenomenological theories 

for the peak height, the full width of half maximun1, and the moment ratio of the scaling 

function. 
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Chapter 1: General Introduction 

§ 1-1. Introduction: What is Coagulation? 

Coagulation is an irreversible physical process in which initially dispersed basic units 

( 1nonon1ers) stick together to fonn clusters [1]. This process is also called aggregation or 

flocculation in some texts. Two funda1nental aspects retain our attention. The first is 

the geometrical aspect, that is, the quantitative description of the structure of aggregates. 

The second is the kinetic aspect, that is, the quantitative description of the time evolution 

of statistical quantities such as the 1nean cluster size, size distribution and correlation 

functions. Recently, the first aspect has been the subject of a great a1nount of interest. 

These recent progresses are essentially due to the new mathematical concept , fractal [2], 

which permits the quantitative description of aggregates (aggregated clusters). On the 

other hand, the second aspect is also important and has long history since Smoluchowski 

[3,4] proposed the kinetic rate equation in 1916. 

Coagulation occurs quite conunonly in tnany fields of science and technology. For 

example, such behavior can be observed for dust formation in air [5] or in acqeous gold 

colloids [6]. In addition, exan1ples are found in polymerization [7], the growth of interstellar 

dust grain in astrophysics [8] , red blood cell coagulation in biology [9] and phase separa-

tions in metallurgy [10 ] or chemical physics [11,12]. Recently, a rapid growth of interest 

has taken place since the progress of con1putational simulation of colloidal aggregates [13]. 

Consequently, this process is called cluster-cluster aggregation ( CCA). A typical computer 

simulation is started fr01n randotnly distributed monomers. At each time step a cluster 

tnoves by one lattice unit in a randotnly chosen direction. Two clusters stick together 

5 

--------·=-�-- --- �-- �-------�-- --
-

ill 
�. 



to form a larger cluster. This si1nple process leads to fractal aggregates similar to that 

observed by experi1nents in gold colloids. The description of such a process is fascinat-· 

ing. However, theoretical description ·for fractal aggregates is very difficult compared to 

spherical clusters (droplets). 

In kinetic description coagulation is represented as follows 

(1.1.1) 

where a cluster containing i ll10noiners (i-mer) denotes xi. Actually, as a description of 

a general coagulation process, (1.1.1) is a simplification. In practice the reverse reaction 

.x·i+i ---+- Xi + Xi occurs. Fragn1entation can be taken into account [14,15], but for our 

purposes this would lead to needless complications. For this reason we restrict ourselves 

to irreversible coagulation. In 1nany cases the force between clusters is short ranged and 

it is strong enough to bind small clusters irreversibly when they contact each other. Even 

in the existence of the Coulotnb force the Debye screening ensures that the effective force 

is short ranged and its effect is not so large, at least, for weakly charged cases. In the 

classical theory, correction due to force among clusters appears in a multiplied constant 

(see Appendix A). Therefore, we restrict ourselves to interaction among clusters of a hard 

core type in the proceeding discussions. 

The usual description of kinetic aspect in coagulation is based on Smoluchowski's rate 

equation. Introducing the rate constant for coagulation J(ij the concentration of s-mer, 

c.,(t), satisfies the following set of coupled rate equations 

Bc�;t) = � L K;j c; (t)cj (t)- f K,j c,(t)ci (t), 
i+j=3 i=l 

(1.1.2) 

where J(ij depends on physical processes. Equation (1.1.2) is known as Smoluchowski's 

rate equation. It has a si1nple interpretation. The first term (gain term) in the right hand 
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side of (1.1.2) states that s-tner is fanned out of possible combinations of i- and j-mers 

which satisfy i + j = s. Si1nilarly the second term (loss term) describes the loss of s-n1er 

due to reactions of s-Iner with other Clusters . The rate equation, of course, contains only 

information for size of clusters, while it does not contain spatial correlations and cluster's 

shape. If we involve information for cluster's shape, we cannot use a simple description 

like (1.1.2), because clusters with the same size have different shapes and the summation 

of their sizes beco1ne 1neaningless. Therefore we should discard an ambition to describe 

theoretically both geotnetry and kinetics. 

In so1ne special cases clusters have spherical forms due to the existence of surface 

tension. In such cases the systen1 is in local equilibrium at the cluster's surface. Therefore, 

cluster's shape is relaxed to a spherical forn1 to minimize the surface energy. We call such 

clusters droplets. Droplets can be observed in the course of phase separation of binary fluid 

mixtures [11,12]. We 1nainly focus on coagulation process of droplets for simplification of 

our discussions. 

The arrangement of this thesis is as follows. First, we explain the contents in this 

chapter. In section I-2, we briefly explain the role of coagulation in phase separation. In 

section l-3 we introduce a key concept in coagulation process, namely, dynamical scaling 

law. vVe explain the outline of scaling properties in coagulation focusing on common aspects 

which are independent of a particular process. In section I-4 we explain the motivation of 

our work and give a brief survey of extension of the classical theory. This section can be 

regarded as an introduction to the next chapter which contains our original work. In the 

course of chapter I it becon1es clear that the papers previously published by the present 

author have been written under a unified point of views. 
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We show the contents in the next chapter. The chapter II is the central part of this 

thesis which is also subtnitted to Physica A [12]. Section II-1 is the introduction of this 

chapter II. The classical theory by Snloluchowski[3] is explained briefly and we indicate 

crucial points of his argutnent. In section 11-2 we formulate a theory of coagulation using 

the Fock space fonnalistn [16]. In section II-3 we develop the diagrammatic technique to 

calculate statistical quantities. The essential part of the above sections can be found in 

the previous paper [17]. In section II-4 we obtain the effective coagulation rate and show 

that there is a correction tenn to Smoluchowski's classical theory even for d = 3. We also 

show the existence of the logarithn1ic correction in two din1ensional coagulation systems. 

In section II-5 we calculate the scaling form for the scattering function and compare our 

results with experimental data for binary fluid mixtures[18]. In section II-6 we present the 

concluding remarks on this chapter. 

In Appendices we present supplen1entary explanations to the text [4,5]. In Appendix 

A we derive coagulation rate constants for diffusion-controlled case and shear-induced case 

within the framework of classical theory. We also derive a correction term to the classical 

theory using an effective 1nediun1 theory. In addition, we discuss the effects of interaction 

among droplets. In Appendix B, we illustrate exact solutions of Smoluchowski's rate 

equation (!.1.2), where reaction kernels are J(ii = 1[3,4], i + j[19] and ij [7] in a certain 

unit. 

§ 1-2. Coagulation in Phase Separations 

In this section, we g1ve a brief review of phase separation. We clarify the role of 

coagulation in phase separations. 
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Phase separation is the ordering process undergoing a first-order phase transition [20]. 

In a typical situation, a systen1 is rapidly quenched from a one-phase equilibrium state to 

a nonequilibrium state inside the coexistence curve. Such a quenched system gradually 

evolves from the nonequilibriun1 state to an equilibrium state consisting of two coexisting 

phases. Phase separation is clearly a nonequilibrium and a highly nonlinear phenomenon. 

Since the pioneer work by Cahn and Hilliard (21], phase separation in binary alloys has 

been studied extensively. As a result, we have almost understood the mechanism of coars-

ening processes . In the n1icroscopic approach, Kawasaki dynamics (22] which involves ex-

changes between nearest-neighbor atoms. On the other hand, in a semi-phenomenological 

approach we use the tin1e-dependent Ginzburg and Landau (TDGL) equation which is 

given by 

8S(r, t) 
= L\12 

6F 
(( ) 

8t 6S( r, t) 
+ r, t ' (1.2.1) 

where S( r, t) is the local order para1neter which is the local concentration difference be-

tween species A and B. We usually use a free energy functional F{S} describing the excess 

energy of mixture 

F( {S}) = J dr[�('V S)2 + r; 52+ uS4- hS], (1.2.2) 

where ro = (T- To)/To with the mean field critical temperature T0 and u is a positive 

constant. The external field h ensures the off-critical quench in which the minority phase 

has spherical forms (droplets). (( r, t) represents a Gaussian thermal noise, which satisfies 

the fluctuation-dissipation theorem 

< ( ( r, t) > = 0 and < ( ( r, t) ( ( r 1, t 1) > = -2 k BTL V 2 6 ( r - r
1) 6 ( t - t1), 

where kn is the Boltzmann constant. 
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In contrast to the kinetic Ising n1odel (Kawasaki dynamics) the derivation of TDG L 

equation contains a coarse-grained picture. When we discuss dynamics of phase transitions, 

the coarse-grained picture is more effective way[23) than microscopic pictures, because the 

correlation length is n1uch larger than inter-atomic distances. In the late stage of phase 

separations, we can si1nplify the discussion using an interfacial approach [24) in which a 

further coarse-grained picture is used . In this stage the excess energy is accumulated in 

interface regions and dynatnics can be characterized by the motion of interfaces. Kawasaki 

and Ohta[24] developed a systetnatic method to derive the interface equations of motion 

from TDGL equation. 

In the late stage of phase separations one distinguishes between two different types 

of instability. The first is an instability against finite amplitude localized (droplet-like) 

fluctuation which is produced by a quench into the metastable region (off-critical quench). 

The second is an instability against infinitesimal amplitude, nonlocalized (long wave length) 

fluctuation which is produced by a quench into the unstable region (critical quench). The 

interfacial approach is applicable to both processes. Although we know that there is no 

sharp distinction between 1netastable and unstable states, the characteristics of dynamics 

is quite different with each other. In this thesis we n1ainly focus on the decay of metastable 

states, because coagulation of droplets plays an important role during coarsening processes. 

In the final stage of the decay of a metastable state (off-critical quench) the growth 

of droplets due to condensation-evaporation process occurs, known as Ostwald ripening 

[25). During the coarsening process the critical droplet radius grows with titne where its 

growth law is represented by Rc(t) rv t113. In such a process small droplets shrink, while 

large droplets grow where n1ass transport takes place due to the Gibbs Thomson effects at 
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droplets' surface. Lifshitz and Slyozov (and also Wagner) [25] analyzed this process based 

on a classical picture like Sn1oluchowski's coagulation theory. Recently, modern theories 

(26-28] have been developed. The niodern theories clarify the followings: (i) Ostwald 

ripening can be described by the equation of interfacial motion which is derived from 

TDGL equation (1.2.1) (23]. (ii) LSW (Lifshitz, Slyozov and Wagner) theory[25] is only 

valid for the dilute litnit of volutne fraction ¢. In reality, there is a correction term of the 

order ¢>(d-2)/2 [26]. (iii) There is the logarithn1ic dependence on the volume fraction for 

two din1ensional Ostwald ripening [27,28]. The logarithmic correction which includes time 

does not disappear in finite ti1ne (28]. These results suggest that the classical theory in 

coagulation can not be applied to finite volume fraction case of droplets. 

Kawasaki dynamics[24] and TDGL equation (1.2.1) contain a strong assumption in 

which atomic exchanges occur in a short distance as compared to the coarse-grained dis-

tance which defines the local order parameter. This assumption is satisfied in usual hi-

nary alloys, while it cannot be satisfied in more complex systems [29). For instance, de 

Gennes[30) suggested that the transport coefficient has a nonlocal structure in phase sep-

arations of concentrated polyn1er tnixture. Hayakawa and his colleague[31] proposed a 

generalization for a long-range exchange model. We can see a nonlocal effect in phase sep-

aration in binary fluid tnixtures. Here a local concentration exerts a force which generates 

convective flow, which in turn, affects the local concentration a long distance away. Thus, 

we can regard this tnechanistn as an effective long-range exchange of fluid molecules. In 

fact, we can write down the equation for a viscous binary fluid mixture[32] 

8S(r·,t) 
Jd 1 ( 1 { }) 8F 

( ) 
at 

=- r W r,r; S 
SS(r1,t) 

+( r,t, 
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with 

< ((r,t) >= 0 and < ((1·,t)((1·',t') >= -2knTW(r,r';{S})b(r-r')o(t-t'). (1.2.5) 

For fluid mixtures W is given by 

W(1·, r'; {S}) = VS(r)T(r - r')V'S(r')- LV2b(r- r'), 

where T( r) is the Oseen tensor[33] 

T(r) =
-1_r 2 + rr

1 81r17 r3 

(1.2.6) 

(1.2. 7) 

which incorporates a long-range exchange of n1olecules. In the case of a critical quench the 

characteristic length grows as l(t) "'0.1(u/7J)t (11] where u and 7] are the surface tension 

of interfaces and the v iscosity of fluid, respectively. This growth law is complete different 

from the Lifshitz and Slyozov rnechanism for solid [25]. Thus, we can expect more exotic 

feature in fluid mixtures than that in solid systems. 

For the decay of a Inetastable state in solid systems we know that Ostwald ripening 

is the do1ninant process in the late stage of coarsening. Coagulation plays a role only 

in the tniddle stage of coarsening [10]. In off-critical quench of fluid mixtures the con-

densation evaporation process excited by fluid is canceled out[24]. Therefore, we cannot 

observe the growth law l(t) "' (a)17)t like that in critical quenches. However, coalescence 

among droplets beco1nes in1portant for fluid systems, because thermal fluctuation of liquid 

n1olecules produces the Brownian n1otion of liquid droplets. In the next section we show 

that the n1ean droplet radius grows R(t) "' t113 with time for fluid mixtures. Although 

both growth laws for Ostwald ripening and for coagulation have the same time dependence, 

Siggia[11] pointed out that coagulation is the dominant process when the volume fraction 
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of the n1inority phase (droplets) ¢> is larger than 0.01. Ohta[34] also estimated that the 

cross over from Ostwald ripening to coagulation occurs at the ¢> = 0.021 by the comparison 

of the growth rates of n1ean droplet radius. Therefore, to investigate coagulation process 

is important for study of phase separations in fluid mixture. 

§ 1-3. Scaling Concepts in Coagulation 

In this section we introduce a key concept, dynamical scaling. we apply it to coagu­

lation and extract essential feature of coagulation. 

Dynamical scaling[lO] is one of key concepts in nonequilibrium physical processes. 

There is a relevant length scale (the characteristic length ) in the system. If we rescale sta­

tistical quantities with the help of the characteristic length we obtain self-similar structure 

in rescaled quantities. For exan1ple, in a phase separation the interval between interfaces 

is the characteristic length and it grows with time obeying a power law of time. In the case 

of coagulation, the mean droplet radius is the characteristic length in the system. Even in 

the mean field type of kinetic equation (1.1.2), we know that the equations only for three 

types of rate constant, ICi = 1 [3], i + j(19] and ij [7] in a certain unit, can be solved 

exactly (see Appendix B). Therefore, we cannot expect to get exact solutions in physical 

realistic situations. In such cases the concept of dynamical scaling gives a strong support 

understanding physical processes. 

In literature vanous different fonns for J(;j are used to describe different physical 

processes. Simple exan1ples of derivations of rate constants are presented in Appendix 

A. These different forms have one property in common, namely that always [{ij is a 
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homogeneous function of the sizes i and j [35]. For this reason we can express 

f{ (a i, a j) = a>. f{ ( i, j) (1.3.1) 

for ho1nogeneous kernels, where A is the degree of homogeneity. When we consider homo­

geneous kernels, the size distribution which has the scaling form 

ca(t) = Ms(t)-r F(s/s(t)), (1.3.2) 

where M = I: a sc3 is the total Inass of clusters or droplets and s( t) is the mean cluster 

size, satisfies the rate equation (1.1.2). It is easy to show that the exponent r is r = 2 

in non-gelling systen1s, i.e. there is no singularities in moments of size, because M is a 

constant in time. Note that in source-enhanced coagulation processes[17 ,36,37] which lead 

to asymptotic power laws of size distribution the exponent r is not equal to 2 due to the 

increase of total n1ass of clusters. Another important property is the power law growth of 

mean cluster size. Substituting (1.3.1) and (1 .3 .2) into (1.1.2) we obtain 

s(t) <X t1f<t->.) (1.3.3) 

for -1 < A < 1. In the case of A = 1 like coagulation in shear flow the mean cluster size 

grows exponentially in ti1ne [5]. 

In this paper we focus on diffusion-controlled coagulation process. Smoluchowski[3] 

obtained the classical rate constant (Appendix A and section Il-l) as 

(1.3.4) 

for d = 3 where Dij = Di + Dj is the relative diffusion constant and Rij = R; + Rj is the 

reaction radius between i and j -n1er. In the case of suspensions in fluid or binary fluid 
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mixtures, the diffusion coefficient is given by D, rv knT/17�. Therefore, the growth law 

of mean cluster size is 

s(t)cxt (1.3.5) 

because of Ra ex s113 and Da ex R; 1. The mean field theory discussed by Smoluchowski [3] 

can be generalized for d-dituensional systems, where the growth law (1.3.5) is valid because 

of J(ij ex Daj Rfj-2 and D3 ex R;-d. 

§ 1-4. Modern Theory of Coagulation: Beyond Stnoluchowski's Theory 

In this section we explain trials for constructing a coagulation theory beyond Smolu­

chowski's theory [3] . 

It is clear that Stnoluchowski's theory [3] is based on a kind of mean field idea, because 

it is assumed that the probability of coalescence is proportional to the concentrations of 

colliding clusters. Usually tuean field theories are violated for low dimensional systems. Let 

us consider a one dimensional coagulation system as an example of violation of a mean field 

idea. It is clear that the coagulation rate is not proportional to the multiplication of mean 

concentrations of sizes of colliding clusters, because clusters collide their nearest-neighbor 

clusters. The validity of the 1nean-field theory is related to the recurrent probability of 

random walkers. In addition, Stnoluchowski's approach does not contain spatial correlation 

and shape of droplets. The analysis for Ostwald ripening suggests that coagulation theory 

has a correction of finite density of droplets to the classical theory. It is natural to try to 

improve the classical theory by Stnoluchowski (3] . 

Several at tempts have been carried out. One is to take into account fluctuation in size 

distribution in a finite systen1 [38,39] . This method is based on the idea of van Kampen's 
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0-expansion method [40] which is a systematic expansion of the master equation in powers 

of inverse syste1n size. Although Ernst and van Dongen[38] developed this method, one
. 

cannot consider the spatial correlation within their framework, which is more important 

in realistic systems. In addition, they regarded the coagulation kernel as an independent 

variable both of spatial correlation and dimension. This is not true. Therefore, it seems 

meaningless that van Dongen [39] suggested the violation of mean field theory even for 

d--+- 00. 

The other approach is n1ore realistic and effective. This approach is based on the Fock 

space fonnalism proposed by Doi[16], which is a formal second quantization of classical 

particles. The Fock space formalism[16,41] has been applied to many stochastic models 

such as the epidemic model[42], reaction-diffusion chemical processes including the contact 

process[43] and diffusion-controlled annihilations (44]. Hayakawa(12,17] generalized the 

original formalism to apply it to coagulation processes. In this approach we begin with 

the Liouville equation like that in gas dynamics. Our approach is equivalent to the Fokker 

Planck equation, namely , ours is a stochastic approach. The Liouville equation leads to 

the hierarchical equations for correlation functions like BBGKY hierarchy in usual many 

body problems. It is not difficult to show that the critical dimension is two (see also [45]) 

, i.e. in systems for d > 2 the classical theory is applicable in the dilute limit of density of 

clusters. However, llayakawa[12] shows that the rate constant has finite density correction 

to Smoluchowski's classical one[3] even for d = 3. We can discuss the size distribution and 

correlation function or structure factor (scattering function) using our approach. 

In the next Chapter which is the central part of this paper we develop the coagulation 

theory using the Fock space fonnalisn1. We start from the Liouville equation to construct 
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the hierarchical equations for correlation functions. Using a mean-field type approximation 

we derive the effective rate constant which is identical to Smoluchowski's one in the dilute 

limit and has correction of the order of ¢112 for d = 3, where ¢J is the volume fraction of 

droplets. From the straight-forward calculation we predict the scaling form for scattering 

function and compare it w ith an experimental result [18]. 
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Chapter II. Fluctuation Effects in Coagulation Processes 

Abstract of this chapter 

We study diffusion-controlled coagulation processes in the system of finite density 

of droplets using the Fock space formalism. We find that the effective reaction rate has 

correction to Smoluchowski's classical rate constant for three dimensional systems. We also 

predict the scaling fonn for the scattering function and find that our results qualitatively 

agree with experimental results. 
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§ 11-1. Introduction 

Coagulation [1] is an irreversible' process in which basic units (monomers) stick to­

gether to form clusters or droplets. This process takes place in many fields of science such 

as polymer physics [2] , colloid chenlistry [3] , aerosol physics [4,5] , phase separations [6-8] and 

astrophysics [9 ] . In contrast to siinulations [10] and experiments [1,3] theoretical description, 

basically, remains at the classical level by Smoluchowski [11] . Several attempts (12-14] clarify 

that the classical theory for diffusion-controlled coagulation is valid for three dimensional 

systerns in dilute limit. The classical theory, however, does not contain the spatial correla­

tions and the validity of the classical theory for finite density cases is not clear. Therefore, 

we need a n1odern theory of coagulation processes. 

Let us consider a phase separation of binary liquids [15] . In the low volume fraction 

case, the time evolution of phase separation is determined by the competition between 

Ostwald ripening [16] and Brownian coagulation. Siggia [6] pointed out that coagulation is 

the dominant process when the volume fraction of droplets ¢J is larger than 0.01. Although 

several authors [7,8,17] predicted scaling forn1s for the scattering function and their volume 

fraction dependence for binary fluid mixtures, it seems that these theories remain at phe­

nomenological and classical levels. We should construct a theory for coagulation processes 

from the first principle. 

First, we give a brief explanation of the classical theory. Let us consider the situation 

that a test droplet of i-mer which consists of i 1nonon1ers stays at the origin and coalescence 

process takes place between i-1ner and j-mer. Let wu ( r, t) be the concentration of j-mer at 

a point r relative to the test droplet of i-mer. Smoluchowski [ll] assumed that coalescence 
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process can be described by the diffusion equation 

where D;i = D; + Di is the relative diffusion constant. The boundary condition is 

w;i ( r, t = 0) = c; for r - I r I > R;i = R; + Ri 

W;j ( r, t) = 0 at 

(11.1.1) . 

(11.1.2) 

Since the flux of i-mer arriving at the reaction surface r = R;i is proportional to the 

gradient of Wij ( r, t) at the reaction surface, the flux current is given by 

(II.1.3) 

fort � R;i / D;i. We assume that the time evolution of size distribution is governed by a 

simple mass balance equation 

(11.1.4) 

This equation is well-known as Smoluchowski's rate equation [11] . Smoluchowski [11] solved 

the rate equation with the approximation Dii Rij rv const. Friedlander and Wang [5] adopt 

the scaling ansatz 

(11.1.5) 

where s( t) is the mean droplet size and F3 ( x) is the three dimensional scaling function for 

droplet size distribution. They nurnerically solved (II.l. 3), (II.l.4) and (11.1.5 ) and found 

the followings: (i) Smoluchowski's approximation which is equivalent to F3(x) = e-x is 

not bad for large cluster sizes, while the scaling function tends to zero for x ---+ 0. (ii) The 

mean droplet radius R and the nun1ber density of droplets p obey power laws in time as 
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and t-1 p rv 
' (11.1.6) 

where they assumed that coagulation occurs in liquids. For fluid mixtures the diffusion 

coefficient Di is given by 

knT 
Di = 5 R' 7r7J i 

(ILl. 7) 

where T is the temperature, kn is the Boltzmann constant, and 7J is the viscosity of the 

background fluid. The classical theory predicts Jij rv Dij Rtj- 2 Ci for ad-dimensional system 

where the diffusion coefficient for a fluid system is scaled as Dij rv 
R?i

-d. 

Although the classical theory seems plausible, there are several critical questions. The 

above approach is a kind of effective two-body approximation in which reactions among 

surrounding droplets are not taken into account. Such an approximation is analogous to 

LSW (Lifshitz, Slyozov and Wagner) theory[16] in Ostwald ripening. As well-known[18-20] 

LSW theory is only valid for dilute limit for three dimensional systems, while a screening 

length plays an important role for finite density systems. In addition, Smoluchowski's 

theory cannot be applied to two dimensional coagulation [12-14,21]. In this case the 

finiteness of number density of droplets is essential. Therefore, we should consider the 

finite density effect in coagulation processes. 

In this chapter we show the the mass current Jij has correction due to finite density. 

For spherical droplets for d = 3 the explicit form of the current is given by 

(II.l.8) 
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where 

(11.1.9) 

is the square of inverse of the screening length. From the result of (II.l.8) and (I1.1.9), it is 

easy to obtain the scaling fonn for scattering function and its volu1ne fraction dependence. 

We compare our theoretical results with experimental results for fluid mixtures. 

The arrangement of this chapter is as follows. In section II-2 we formulate coagula-

tion processes based on the Fock space formalism which is a method to describe dynamics 

of classical particles. In section II-3 we develop a perturbative expansion using the di-

agrammatic method. In section 11-4 we obtain the effective coagulation rate and show 

that the effect of finite density of droplets is important in both two and three dimensional 

syste1ns. In section II-5 we predict the scaling form of the scattering function based on the 

droplet picture. vVe compare our results with experiments for binary fluid mixtures[15] 

and previous phenomenological theories[7,8,17]. In the final section we present concluding 

remarks. 

§ 11-2. Basic Fortnalisnt 

In this section we show the outline of the Fock space formalism (22-25]. Doi[22] 

has proposed the Fock space forn1alism which is a formal second quantization procedure 

to describe various stochastic processes. In particular, diffusion controlled reaction pro-

cesses[12,22,26,27] are good subjects for this formalism. Hayakawa[14] generalized the 

original formulation to apply it to coagulation processes. Our stochastic approach [14] is 

applicable to any din1ensional systems even in d = 1. Here, we present the formulation 

based on the argutnent in  llef. (14 ] . We assume that each droplet has a spherical form 
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and the relaxation frorn a collision of two droplets to a large spherical droplet is fast. We 

neglect the backflow effects of fluids during the relaxation. 

In our formalism the state vector of each size of droplets is independent. Therefore 

the state vector I<I>(t) > is norntal product of the state vector of each size as j<I>(t) >= 

®,I<I>,(t) >.The tirne evolution of a state vector j<I>{t) >is described by 

8j<I>(t) > 
= Lj<I>(t) >, 

8t 

where L is the Liouvillian and it consists of two parts as 

L = Lo +Lint· 

The free part La in {II.2.2a) represents diffusion 

L0 = 2:.::/ dra!(r)D, \72a,( r) 
3 

(11.2.1) 

(II.2.2a) 

(11.2.2b) 

with the diffusion coefficient D 3 of s-mer, while the interactive part Lint describes the 

coagulation process 

In (11.2.2) a!{ r) and a, ( r) are creation and annihilation operators, which satisfy the Bose 

commutation relations 

[ai(r),aj{r')] = [aJ(r·),aJ(r')] = 0 and [a;(r), aJ(r') ] = 8;j8(r- r'). 

For simplicity we assume that the reaction rate is given by 
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where B(t) is the step function, that is, B(t) = 1 for t > 0 and B(t) = 0 fort < 0. In our 

model reactions occur within the capture radius Rij. 

In this formalis1n the nun1ber det1sity of s-mer and the pair correlation function be-

tween i-mer and j-mer are respectively given by 

c,(r, t) = < sumla!(r)a,(r)I<I>(t) > /V =< a!(r)a,(r) > /V =< a,(r) > /V, (11.2.5) 

where V is the volume of the system, and 

(11.2.6) 

In (11.2.5) and (11.2.6) the state I sum > is produced from the null (vacuum) state IO > as 

isum >= exp{L J dra[(r)}IO > .  

• 

(11.2. 7) 

To obtain the final expressions in (11.2.5) and (11.2.6) we have used 

a,(r)lsum >=!sum>. (11.2.8) 

From (11.2.1) to (11.2.8) we obtain the time evolution of the number density of droplets as 

8c,(r,t) 2 ( ) 1 """' J 1 ,. ( 1 ) ( 1 ) Bt = D, 'V c, r, t +- � dr Aij r-r 9ii r, r ,  t 2 .. •+J=• 

- fj dr'K,j(r-r')g,i(r,r',t). 
i=l 

(11.2.9) 

Similarly 9ii ( r, r1, t) obeys the equation which contains the three body correlation function. 

These equations are analogous to the BBGKY hierarchy in usual many body problems. 

Equation (11.2.9) corresponds to Smoluchowski's rate equation. Since we are interested 

in the spatial homogeneous case, c, ( r, t) and 9ij ( r, r1, t) are respectively written as c, ( t) 

and 9ij ( r- r1, t). The classical theory is the result of the approximation 

(11.2.10) 
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for d = 3. Although the validity of this approximation in dilute limit cases has been 

already discussed, we do not know whether (11.2.10) is still valid in finite density cases. In 

the proceeding discussion we show that (11.2.10) should have correction when we consider 

the systems in finite density of droplets. 

Let us rewrite (11.2.9) as 

for the spatial ho1nogeneous case. The effective reaction rate J(t/ 1 satisfies 

where Iii ( r) is identical to Wii ( r) / Ci in section Il-l and is defined by 

( 9ii(r,t) ( ) Iii r, t) = ( ) ( ) = 1 + hii r, t , Cj t Ci t 

(11.2.11) 

(11.2.12) 

(11.2.13) 

where the spatial correlation disappears a long distance away, i.e., hij (r-+ oo) -+ 0. Thus, 

the problem is reduced to obtaining lii(r). 

The correlation function Iii ( r ) or hii ( r) is also an important quantity to predict the 

functional form of the scattering function. Ohta[7) presented the formula for the scattering 

Iq ( t) = L:S2 c, ( t) \fT d ( qR, )2 + � ij c; ( t)ci ( t) \fT d( qR;) \fT d ( qRi) J dr[fii ( r, t) - l]e;qr 
ll 1,) 

(11.2.14) 
ll i ,j 

where i = ( 4/3)7r Rf for d = 3 and i = 1r R[ for d = 2. iw d (x) is the structure factor for a 

single spherical droplet of i-n1er in d-din1ensional space and its form is 

W J ( X ) = 3 Sl n X -
X COS X 

x3 (11.2.15a) 



ford= 3 and 

(11.2.15b) 

ford= 2, where Jl(x) is the Bessel function. In (11.2.14) hij(q) = hij(jql) is the Fourier 

component of hij ( r) and has relations 

hii(r) = y-l L,'hii(q)eiqr 
q 

and (11.2.16) 

The prime on the sununation in (II. 2.16) indicates that the summation is performed over 

all k except fork- lkl = 0. To obtain the scattering function we need to know both hii (q) 

and Ci (t). In the derivation of (Il.2.14) we neglect the overlapping of droplets. Therefore, 

(11.2.14) is valid for the volu1ne fraction cjJ � cPc where cPc is the percolation threshold of 

the minority phase. 

§ 11-3. The Diagraintnatic Perturbation 

In this section we develop the perturbative expansion to calculate J(t/ 1 and /ii ( r ). 

Using the Fourier transforn1 as 

(11.3.1) 

(II.2.9) can be rewritten as 

For simplicity we use the san1e notations both in the real space and Fourier space. 

Introducing the interaction representation with a, ( k, t) = exp( -L0t)a,(k) exp(L0t) 

we have the Liouville equation 

8lcP(t) > - -
at = L;nc(t)I<I>(t) >, 
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where Lint(t) = exp(Lot)Lint e xp(-Lot) and l�(t) >= exp(Lot)I<I>(t) >. Thus the corre-

lation in (11.3.2) can be rewritten as 

< a;(k)ai(-k) >=< su•nlai(k,t)ai(k,t)U(t,t0 = O)l�(t0 = 0) > 

=< ai(k, t)iii (k, t)U(t, 0) >o (11.3.4) 

with the evolution operator 

U(t, to)= Texp[/. t 
L;nc(t')dt'], 

Co 

(11.3.5) 

where T is the time ordering operator. The method for the perturbation is analogous 

to that in finite te1nperat ure systen1s for solid state physics. We perform the perturba-

tive expansion by expanding U(t, 0) into the products of the propagator which is defined 

through 

< Ta J(k,t)ai(k',t') >a= s,ib(k- k')G?(k-k',t -t') 

= 6ii6 (k- k') exp( -Dik2(t- t'))B(t- t'), (11.3.6) 

where B(t) is the step function. 

We summarize the Feyrunann rule (see Figs.Il-1 and 11-2) on the perturbation ex-

pansion as follows. The thin line (Fig.II-l(a)) is the free propagator where the arrow 

represents the direction of ii1ne. The zigzag line (Fig.Il-1 (b)) corresponds to the "con-

densate" nutnber of s- Iner N3(t) =< a3(k = 0) > and the dashed line (Fig.II-l(c)) is 

1 =< a!{k = 0) >. There are two kinds of bare vertices, where the three point vertex 

(Fig.ll-2(a)) is r?i-i+i(k, k'; k + k')/2V = f(;i(k)/2V and the four point vertex (Fig.II-

2(b)) is r?i-ii(p, q;p+ k, q- k)/2V = -J(1i(k)/2V. At the vertices the momentum and 

frequency are conserved. Thus, the problem of obtaining J(t/ 1 is reduced to the calculation 
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of the correction of the three point vertex function rii -i+i (k) ( Fig.II-2(c) ). Note that a 

four point vertex is identical to a three point vertex except for its sign when one of legs is 

< a!(O) > = 1. We count irreducible diagrams in terms of the standard rule to calculate 

the correction to the vertex. Let us note that there are only retarded propagators and no 

branched vertices, because the propagator vanishes for t < 0. 

Figure 11-1 - Figure 11-2 

In the previous paper[14] we show that the classical theory which corresponds to 

the ladder approximation is valid in dilute limit. Here we discuss the volume fraction 

dependence on the effective reaction rate I<t'/ 1, where we adopt the self-consitent mean-

field approximation in the level of the ladder. In this approximation the real propagator 

of droplets (Fig.II-l(d)) defined in 

Gii (k, t- t ' ) = < Ta] (k, t)ai (k, t')U(t, o) >o 

obeys the Dyson equation as 

G ij ( k, Z ) = G? ( k, Z ) Dij + L G? ( k, Z ) Ea m ( k, Z ) G m ,j ( k, Z ) , 

m 

(11.3. 7) 

(11.3.8) 

where G(k, z ) = J000 e-ztG(k, t)dt and Eam(k, z) ::: Eam(O, 0) is the self-energy. The real 

propagator and the self-energy have, in general, nondiagonal (i, j) elements [14], because 

coagulation during its propagation tnakes the size of droplet increasing. 

In low density case we can neglect nondiagonal terms from the following reasons. Let 

us consider a three ditnensional systetn. In low density case the self-energy (Fig.ll-3) can 

be represented as 

Eij(O,O)::: [cj-iJ(i��-i- Dij Lcmi<,c�]/2, (11.3.9) 
m 
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where J(icj = 47r Dij Rij is the classical coagulation rate calculated by Smoluchowski(11]. It 

is clear that the value of the second tenn which exists only in diagonal elements is much 

larger than that of the first term in the right hand side of (II.3.9), because the summation 

runs over all possible sizes. Since we can ignore nondiagonal terms in the self-energy and we 

only consider the reaction of ( i, j) pair, the problem is essentially reduced to the problem 

of the diffusion-controlled pair annihilation process(22,26]. It is interesting that in the case 

of diffusive annihilation with two kinds of particles off-diagonal terms are important (27], 

while they are irrelevant for coagulation cases. The situation in two dimensional systems 

is sin1ilar to that in three ditnension. The value of the diagonal elements for three point 

vertex function which contains the sun1mation of all possible sizes is much larger than that 

of the off-diagonal one. 1 herefore, the contribution from off-diagonal elements to vertex 

functions is negligible. 

Figure 11-3 - Figure 11-4 

The effective coagulation rate is obtained in the integral equation for the vertex func-

tion fii(k) = rii-i+i(k, -k; 0) which satisfies (see Fig.II-4) 

(11.3.10) 

where 

(11.3.11) 

Note that uij
1 is the screening length of diffusion field of (i,j) pair. This approximation is 

identical to the Ilartree-Fock approxitnation in quantum mechanics. In the limit of k--+- 0 

we obtain the reaction rate. Frotn (11.2.16) hij(k) is related to the vertex function as 

(11.3.12) 
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Therefore, to obtain r ij ( k) = r ij (I k I) is a key problem. 

§ 11-4. The Effective Reaction Rate 

We now solve the self-consistent equation (11.3.10). After the inverse Fourier transform 

(11.3.10) can be rewritten as 

where I<aj(r) = J(ii(lrl) is given in (II.2.4) and Z;j(r) is defined by 

Note that Z;j ( r) satisfies 

From now on, we present the analysis both for d = 3 and d = 2. 

{a). Three Diinensional Case 

{11.4.1) 

{11.4.2) 

{11.4.3) 

First we calculate the effective reaction rate in a three dimensional system. The 

spherical symn1etric solution of (11.4.3) for r < R;j is 

Z .. ( ) _ A 
sinh(J-laj r) /(0 

•J r -
3 + 2 ' 

r J-l;j 

where Aa is the constant detennined by (11.3.11) and J-l[j -

integral in (II.3.10) is carried out as 

(11.4.4) 

o}i + /{0/ D;j. Thus, the 



4n1(ocr�. 
f;j (k) = 2 k3'1 (sin(kR;j)- kR;j cos(kR;j )] 

J-lij 

4� �;oAa 2 ) [JL;j cosh(p;; R;j) sin( kR;j) - k sinh(JL;j R;j) cos( kR;i )]. (II.4.5) 
D;i k + J-l;i 

From (II.4.4) and (11.4.5) with the low density condition Uij R;j � 1, we obtain the constant 

Aa as 

(11.4.6) 

in the order of u;i R;j, where 

(11.4. 7) 

represents the strength of reaction. In this approximation the first term in the right hand 

side of (II.4.5) is negligible. Hence the effective reaction rate is reduced to 

(11.4.8) 

where Uij is given by 

(11.4.9) 

Equations(II.4.8) and (II.4.9) contain familiar results. For rapid coagulation (Aaj � 1) 

(11.4.8) is reduced to 

{11.4.10a) 

where 

(II.4.10b) 

For fluid systen1s the first tenn in the right hand side of (11.4.10a) ( u(1)) is n1uch larger than 

the second term (u(2)), because the first tenn can be estitnated as u(l) rv pR(t) rv t-213 
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while the second tern1 is cr(2) r-v 1/t, where we have used (II.1.6) and (11.1.7). From now 

on, we neglect the second term in (11.4.9) and (II.4.10b) when we discuss three dimensional 

coagulation. In zero density litnit ( cri·j Rij � 1), (II.4.10) is identical to Smoluchowski's 

result. On the other hand, if a droplet of radius R is immobile except for monomers 

(diffusion coefficient D), i.e. R1m � Rm and Dlm = Dij = D, the reaction rate (II.4.10) is 

reduced to 

(11.4.11) 

This expression is identical to that for Ostwald ripening obtained by Marqusee and Ross 

[18]. Note that the expression in (11.4.10) can be obtained by the extension of conventional 

theory (Appendix A). 

For the slow reaction ( A;j � 1) we reproduce the chemical kinetics 

}.-eff- 81r}, R3 '-ij - 3 \o ij (11.4.12) 

which corresponds to chen1ical kinetic process. Note that (II.4.12) is independent of the 

volume fraction, at least, in the level of the present approximation. The reaction rate in 

(11.4.12) is equivalent to that in the shear flow[4], where ](0 corresponds to the shear rate 

(Appendix A). Therefore, the Inean droplet size s(t) grows as s(t) f"V exp[f(oif>t] with time. 

It is interesting to cmnpare our result with the experimental results for the reaction limited 

aggregation (RLA) of colloidal particles. In experimental situations, colloidal aggregates 

form fractal clusters. Then s1nall clusters can stay in the fjord region of a large cluster 

where the distance between the centers of mass of two clusters is shorter than the reaction 

radius. Although the cluster shape is restricted to the sphere in our model, the overlapping 

of clusters is permitted for slow reactions because of the definition of the reaction rate 
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(11.2.4). This situation is similar to that in the experitnental one for RLA, where we 

observe the exponential growth of mean cluster size[28] as time goes on. 

The functional fonn of the correlation function h;j ( r ) or h;j ( k) in (II.2.13) can be 

derived from (11.3.14) and (11.4.5). We obtain the pair correlation function h;j(k) in 

(11.3.12) as 

. . __ 41T-f{o[l + (]'ijRii(l- tanhA;j/A;j)][. (kR .. ) _ kR;j tanhA;j cos(kR;j)] h,;(k)- Dijk(k2+(]'[j)(k2+f(o/D;j) sin •J A;j . 

In the rapid coagulation case hij ( k) is reduced to 

h .. (k) "-J _ 47r sin( kR;j) 
'J - k( k2 + o}i) · 

Then the real part hij ( r ) = h;i ( 11' I) is given by 

for r < Raj and 

h ( ) exp( -O';j R;j) . 
h( ) ij r � - s1n u ij r 

O'ij r 

exp( -u .. r) hii ( r ) � - '1 sinh( O'ij R;j) O';j r 

(11.4.13) 

(11.4.14) 

(11.4.15) 

(11.4.16) 

for r >Raj· Note that h;j ( r ) � -1 for r < R;j and h;j(r) � -R;i/r for r > R;j in 

low density li1nit. Our results ensure that the correlation disappears within the reaction 

region. These results correspond to the classical argument by Smoluchowski[11]. 

(b). Two Dimensional Case 

Now we discuss the effective reaction rate in two dimension. Although the procedure 

is parallel to that in three ditnensional case, we cannot use the density expansion in two 

dimensional case. Therefore, the effective reaction rate can be determined only in a self-

consistent form. 
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We c01ne back to (11.4.3). The spherical symmetric solution for r < Rij is 

(11.4.17) 

wher e A2 is a constant and I o( x) is the first-order tnodified Bessel function. Thus, the 

integration of (11.3.10) is 

(11.4.18) 

where Jt(x) and J0(x) are the Bessel functions and /1 ( x ) is the first order modified Bessel 

function. In the low density case, Uij Rij � 1 and J.lij Rij =:: Aij, we obtain the constant A2 

as 

(11.4.19) 

Substituting (I1.4.19) into (11.4.18) we obtain the effective reaction rate 

(11.4.20) 

where Uij satisfies a self-consistent condition 

(11.4.21) 

In this case the both tenus in the right hand side of (11.4 .21) are the same order. Due to 

the existence of the second tenn the scaling is violated and has the logarithmic correction 

through the reaction rate in (II .4.20). These results are also generalization of results in 

two dimensional Ostwald ripen ing(29]. 

From (II.4.18) and (II.4.19) we obtain hij(k) as 

h,i(k) 
= _ 27r[kRiiJt(kRij)Io(Aij) + AijJo(kR,i)/1(;\ii)J. 

Aij /1 (Aij )lln(uij Rij )l(k2 + u[i) 
(11.4.22) 
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Note that the derivation of (II.4.20),( 11.4.21) and (11.4.22) are independent of strength of 

the reaction defined in (11.4.7). For rapid coagulation cases (Aij � 1), the contribution 

from the first term in the numerator in (11.4.22) is negligible, because the first order 

modified Bessel functions have asymptotic forms JI().ii) rv I0().ii) rv exp().ii )/ � for 

).ii � 1. Therefore hii ( k) is reduced to 

(11.4. 23) 

The real part of the correlation function has the form 

(II.4.24) 

for r > Ri and 

(II.4.25) 

for r < Rii. In low density li1nit, hii ( r ) has an asymptotic form hii ( r) 

for r > Rii and hii ( r ) :::::: -1 for r < R;i. These results ensure no correlation within the 

reaction region. 

3 II-5. Scaling in the Scattering Function 

In this section we calculate the scaling forn1 for the scattering function and compare 

our results with an experi1nental results[15]. 

Dynamical scaling is one of key concepts in nonequilibrium physics. In the late stage 

of phase separation and the coagulation of suspensions, dynamical scaling laws are often 

observed. Adopting the scaling ansatz[5,30] of the size distribution of droplets (11.1.5) is 

rewritten as 

(II.5.1) 
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where s(t) is the mean droplet size. The scaling function Fd(x; </>), in general, depends 

on the spatial ditnension d and the volume fraction of droplets </> which is defined by 

� = I:., sc.,(t). We assutne that the scaling function Fd(x) satisfies the normalization 

conditions as 

(11.5.2) 

The correlation function also can be scaled as 

(11.5.3) 

with Q = q[3s(t)/47r]lfa ford = 3. Hd(Q; x, y) in (II.5.3) is the scaling function where x 

andy are x = i/s(t) andy = jfs(t), respectively. The factor ¢-1 comes from hij(q) ex:</> 

in the lin1it q � 0. For sin1plicity, we restrict our interest to the three dimensional rapid 

coagulation case in the proceeding discussions. 

Substituting (11.5.1) and (11.5.3) into (11.2.14) we obtain the scattering function for 

d=3 

(11.5.4) 

where R = [3s(t)/47rjlfa is the n1ean droplet radius. The factor ¢(1- </>) comes from the 

nonnalization condition of the scattering function 

I 
dq 

¢>(1- </>) = (21r)alq(t). 

Fron1 (11.2.14) the scaling function fa( Q) in (11.5.4) is given by 

A 1 
Ia(Q) = [0(Q)- xB(Q)] 1_ ¢' 

(11.5.5) 

(11.5.6) 

where X is the adjustable constant to satisfy fa( Q) � 0 for Q � 0 because of the total 

conservation law. Strictly speaking, the scattering function satisfies lq(t) � s(t = 0) for 
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q � 0, which is not equal to zero and the scaling is violated in low q region. However, we 

can approxi1nate f3( Q -t 0) � 0 taking into account the power law growth of mean droplet 

size. From (11.5.4) and (11.5.5) it is easy to show that the scaling function f3(Q) satisfies 

(11.5. 7) 

From (11.2.14) and (11.5.1) 8(Q) in (11.5.6) is given by 

(11.5.8) 

where w3(x) is defined in (11.2.15a), while the functional form of 3(Q) in (11.5.6) is given 

by 

(11.5.9) 

Substituting the functional fonns of w3(x), F3(x; ¢) and H3(Q; x, y) into (11.5.6), (11.5.8) 

and (11.5.9) we obtain the scaling function ]3( Q) of (11.5.6). If we obtain the exact form 

of H3(Q;x,y) and F3(x;¢) the adjustable parameter x should satisfy x = 1. Therefore, to 

check the value of x is a good test of the validity of our treatment. 

To obtain the scattering function we need to know the functional forms of H3( Q) 

in (11.5.3) and F3(x; ¢) in (11.5.1). In the system of binary liquid mixture the diffusion 

coefficient in three ditnensional systen1s is given by (ILl. 7). Since we are interested in the 

low volume fraction case, we neglect the fraction effect in the size distribution function 

E(x; c/J) where F3(x; ¢) = F3(x; 0) + E(x; ¢). This approximation may be justified because 

the pair correlation function hij contains the effect of 4> and E ( x; 4>) is the higher order 

correction of cjJ in (11.5.9). For the classical model Friedlander and Wang[5] numerically 

obtain 

with c == 2.13, (11.5.10) 
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and an interpolation fonnula[5, 7) for the scaling function for size distribution. The explicit 

form of the interpolation fonnula for Fa(x; 0) is given by 

( . A. = 0) = 0.915(xl.06 + 0.5558). [-0 95 -b 2/3 b 1/3_1 275 -1/3] (11.5.11a) F3 x, 'f' x 1. 06 ex p . x 1 x + 2 x . x 

with 

bl = 0.9754, 

bl = 0.9963, 

b2 = 2.009 for x < 0.5 

b2 = 1.897 for x > 0.5. (11.5.11b) 

The expression (11.5.11) ahnost recovers the original nu1nerical result in Ref. [5] . We intro-

duce the moment of size distribution as 

(11.5.12) 

where the normalization conditions (11.5.2) satisfies with 98% accuracy, i.e. M0 � 0.98 

and M1 ::: 1.00 [8]. 

The functional form of If3(Q; x, y) in {11.5.3) is determined by {11.4.13). Since we are 

interested in a diffusion controlled case, we restrict our interest to the case for )..ij � 1. 

From the scaling ansatz it is easy to show 

(11.5.13) 

where x = ifs(t) andy= jfs(t). Frotn (11.4.10) and (11.1.7) the self-energ y can be scaled 

as 

{11.5.14) 

where the scaling function v ( x, y) is 

(11.5.15) 
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with M1;3 � 0.90 and M_1;3 � 1.23. Substituting (11.5.13) and (11.5.14) into (11.4.13) 

with the help of (11.5.3) we obtain 

.- 3</> sin [Q(xl/3 + yl/3)] 
li3(Q; x, y) � 

Q[Q2 + <f> v (x, y)] 
. (11.5.16) 

When we compare our result in (11. 5 . 16) with the previous discussions[7,8], our expression 

contains the size dependence which was neglected in the previous theories. 

The adjustable para1neter x in (11.5.6) is detennined by the condition !3( Q--+- 0) --+- 0, 

which is equivalent to 

1oo 1oo xyF3(x)F3(y)(x1f3 + ylf3) 
M2 = 3x dx dy 

( ) o 0 v x,y 
(11.5.17) 

where we use 'l13(x --+- 0) --+- 1. Substituting (11.5.11) into (11.5.17)and performing the 

numerical integral we find that the fitting parameter has the value 

X� 1.68, (11.5.18) 

where we use M2 � 1.94. The above result is far from the desired result x = 1. The 

discrepancy mainly arises fron1 the size distribution function (11.5.11) which is an approx-

imated fonn for 4> --+- 0. In fact, if we adopt the approximation F3( x) = e-z as in Ref. [8], 

the fitting parameter can be esti1nated as x � 2.13 which is worse than (11.5.18). 

The final expression of the scaling forn1 of the scattering function is obtained from the 

numerical integration of (11.5.7) and (11.5 . 9) with the help of (11.5.11) and (11.5.16). Instead 

of the scaling function f3(Q) defined in (11.5.6) we use S(x) which is defined through 

where Qm is the peak position of the scattering function. 
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Figure II-5 

We show the scaling function S( x) for several values of¢> in Fig.II-5. When the volume 

fraction increases, the function S ( x) becomes higher and narrower. Such properties can 

be seen in Figs.II-6 and II-7 for the peak height and the full width of half maximum, 

respectively. Our scaling results are similar to those obtained by Ohta[7] and Tomita[8] 

which were based on the Brownian coagulation model . 

Figure II- 6 - Figure II-7 

Figure II-8 displays the mon1ent ratio < x2 > / < x >2, where < x
n > is given by 

n 
fooo dx X 

n S ( X ) 
< x >= 

fooo dxS(x) 
(11.5.20) 

We also compare our results with the experiment by Knobler and Wong[15]. In our re-

sults the shape of scaling function is broader than that obtained by the experiment. The 

experimental data is norn1alized in the interval from x = 0.3 to x = 3.0. Therefore, the 

discrepancy between our theory and the experiment is not serious. 

Figure II-8 - Figure II-9 

Our scaling function satisfies the Porod's law (Fig.II-9) for large wave number. The 

tail is dominated by the single droplet part 8( Q) in (11.5.8). This tail part is related 

to the interface area density. Noting 8( Q) � 3( Q) for Q � 1 we can estimate f3( Q) � 

127rQ-4 J000 x213 F3(x; 0) cos2(x113Q) r-v 17 /Q4 where we use< x213 >r-v 0.91 and cos2(z) = 

1/2. Note that our theory contains the oscillatory tail as for the monodisperse case[17]. 

3 II-6. Concluding Re1narks 

In this chapter which is the central part of this thesis, we forn1ulate the coagulation 

process using the Fock space formalis1n. We find that the screening length plays an impor-
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portant role in coagulation processes. Therefore, the correction to Smoluchowski's theory 

is important. In the low volun1e fraction case, the correction due to the finite density 

can be treated as a small perturbation for d = 3, while the logarithmic correction does 

not disappear for d = 2. These situations are common in all kinds of diffusion controlled 

reaction such as Ostwald ripening [18-20,29) . 

Our theoretical work is far from complete, because our theory contains a fitting param­

eter to predict the scaling forn1 for the scattering function. In addition, we do not obtain 

quantitative agreement with the experiment. The problem arises from the following three 

points. (i) First, we neglect the volume fraction dependence of size distribution during our 

calculation of the scattering function. In the scattering function the contribution from the 

correction to the size distribution may not be small. The correction can be obtained by 

a numerical method and the results will be discussed elsewhere. (ii) The second, we use 

the mean-field approximation to obtain the effective reaction rate. Although we obtain 

the correction of the order <jJ(d-2)/2
, our result may not be exact in this order. In Ostwald 

ripening there is contribution from the soft collision process [19,20] . We believe there is 

the effects from soft collision even in coagulation sy stems. The soft collision enhances the 

scattering function in Ostwald ripening [31] . The discrepancy between the experiment and 

our theory may be improved when we consider the soft collision effect. (iii) Finally, in 

experimental situations of binary fluid mixtures, there is competition between Ostwald 

ripening and the Brownian coagulation. When we compare our results with the exper­

iment, the effects from Ostwald ripening should be considered. Recently, Enomoto and 

Okada [32) have presented an interesting paper in which they discuss the size distribution 

of droplets in the competition between Ostwald ripening and Brownian coagulation. We 
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need to develop their arguments furthermore. In future we should improve the points 

mentioned above and construct a 1nore reasonable theory. 

In conclusion, we present the statistical theory of Brownian coagulation based on the 

Fock space formalism. We obtain the finite density correction to Smoluchowski's classical 

theory. Using our formalisn1 we predict the scaling form for the scattering function. Our 

results qualitatively agree with the experimental results for binary fluid mixture. 
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Figure Captions 

Fig.II-1 The Feynmann diagran1s for propagators; (a) the free propagator, (b) the zigzag line 

which corresponds to the nu1nber of droplet N3(t) =< a3(0, t) >, (c) < a!(t) >= 1, 

and (d) the real propagator which contains the effect of interaction. 

Fig.II-2 The Feynmann diagrams for vertices; (a) the three point bare vertex function, (b) the 

four point bare vertex function, and (c) the renonnalized vertex function. 

Fig.II-3 The Dyson equation where the renormalized vertex is calculated in the zero density 

limit of droplets. 

Fig.II-4 The self-consistent equation (11.3.9) where the renormalized vertex is determined by 

Fig.II-3 and thick lines are the real propagators. 

Fig.II-5 The volume fraction dependence of scaled scattering function. The solid line, the 

dashed line and the broken line correspond to the results of ¢; = 0 .03 , <P = 0.08 and 

¢; = 0.15, respectively. 

Fig.II-6 The volume fraction dependence of the peak height of scaled scattering function y = 

S(x). The curves (a),(b),(c) and (d) represent the theoretical predictions in the present 

thesis, Ref. [7], Ref[8 ] and Ref. [1 7]. The vertical lines display the experimental results 

in Ref. [15]. The n1ethod for the nonnalization of experimental data and theoretical 

curves follows that in Ref. [8] . 

Fig.II-7 The volume fraction dependence of the full width of half maximum of the scaled 

scattering function S(x). The details are the same as in Fig.II-6. 

Fig.II-8 The volume fraction dependence of the moment ratio < x2 > / < x >2 which de­

fined in (11.5.20). The curves (a) ,(b) and (c) correspond to the theoretical results 

by the present theory, Ref. [7] and Ref. [17]. The vertical lines show the experimental 
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results[15]. 

Fig.II-9 The Porod's plot of the scaled scattering function S( x ) , where the Porod function is 

given by y = x4 S( x) . The flat part represents the interfacial density. 
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Fig.II-1. 
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Appendix A: Classical Theory of Coagulation Processes 

In Appendix A, we review the classical theory in coagulation processes. We obtain rate 

constants both for diffusion- controlled coagulation and shear-induced coagulation based 

on the classical picture. \Ve also e stirnate the effect of forces a1nong droplets within the 

classical level. Exact solutions of S mol uchowski 's rate equation with special rate constants 

will be discussed in Appendix B. 

§ A-1. Diffusion-Controlled Coagulation 

First, we present the original description for diffusion-controlled coagulation developed 

by Srnoluchowski[l]. A brief explanation can be seen in section Il-l. The discussion in this 

section follows that by Chand rasekhar [2] . 

Let us consider the situation that a test droplet of i-mer which consists of i monomers 

stays at the origin and coalescence process takes place between i-mer and j-mer. Let 

Wij ( r, t) be the coHc ntratioH of j - r uer at a point r relative to the test droplet of i-

rner. Sn1oluchowski(l] assutned that coalescence process can be described by the diffusion 

equation 

(A.l.l) 

where D;j = D; + Dj is the relative diffusion constant. We use the diffusion coefficient 

(11.1.7) for fluid rnixtures or D� = kBT/61r17R� for suspensions, where 17 is the viscosity of 

the background fluid. The boundary condition is 

Wij ( 1', t = 0) = c; 
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at r = �i· (A.1.2) 

\Vhen we assun 1e that the systern depends only on the relative distance r, (A.l.l) is reduced 

to 

(A.1.3) 

The solution of this equation with the condition (A.l.2) is 

(A.1.4) 

Fro1n (A.l.4) the current arriving at the surface r = Rij is given by 

(A.1.5) 

Note that there is the correction term to the classical result in (11.1.3) in the above ex-

pression, where the tenn �0 = ('�r Dij t)112 can be regarded as a kind of screening length. 

However in 1nost cases of practical interest the collision interval tlt satisfies tlt � R?i / Dij. 

vVith this consideration we obtain the classical coagulation rate 

(A.l.6) 

Frorn this type of discussion we can show the existence of the screening length, where 

the Laplace equation in a steady lirnit is replaced by the Helmholtz equation. We illustrate 

an effective 1nediun1 theory to derive correction to the classical coagulation rate. This 

discussion is given by the present author. 

Let us consider a systern with finite density of droplets. The size distribution function 

obeys the rate equation (1.1.2). The local concentration field Wij(r, t) considered in the 

above discussion obeys 

(A.1.7) 
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where 

00 

Dij�;j2 
= L LJ(lmWlm (A.l.8) 

l=i,j m 

is a sink ter n1 for the concentration field and 

(A.1.9) 

is a source tenn. The local concentration field is identical to the concentration of clusters 

a long distance away frotn a test Jroplet. The a tnbiguity of choosing a test droplet appears 

in the sun unation of /. U nJer the steady condition 8wij / 8t = 0, the effective coagulation 

rate is obtained fro1n the solution of (A.l.7) with a self-consistent condition (A.l.8), 

Let us consider a situation sitnilar to that in the derivation of the classical theory. To 

obtain the steady solution, the source ten n  and the sink term must be balanced as 

(A.l.lO) 

Thus, in the steady state, we have 

(A.l.ll) 

where 8wii ( 1') = Wij ( 1�) - Cj. This equation is the Helmholtz equation where �ij plays 

a role of the screening length. The solution of (A.l.ll) with the boundary condition of 

(A.l.2) is given by 

(A.l.12) 

Thus, the total current arriving at the reaction surface is given by 

(A.l.13) 
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Substituting this into (A.l.8) we find the screening length �ij 

-2 27r � � �ii = D·· � �D,mRlmcm, 
.'1 l=i,j m 

(A.l.14) 

where we take into account the double count of Wim to replace it by Cm. 

The expressions in (A.l.l3) and (A.l.14) are the same as those in (11.1.8) and (11.1.9) 

or in (11.4.10). This surprising result is essentially due to the mean-field treatment in 

Chapter II. 

§ A-2. Shear-Induced Coagulation 

In this section we discuss shear-induced coagulation which is one of most exciting 

subjects in the field of cotnplex fluids [3-5] . We present the classical theory to obtain the 

coagulation rate of suspensions in shear flow. The discussion in this section follows that 

in Ref. [6]. 

Droplets in unifonn shear flow collide with each other due to their relative motion. 

vVe assutne that droplets Inoves with straight trajectories. For simplicity, we neglect the 

eloHgatioll of clusters or droplets under the influence of shear flow (velocity u ) . Therefore, 

all droplets have spherical forrns. 

Figure A-1 and Figure A-2 

Look at Fig.A-1 to derive the coagulation rate constant. This figure shows that a 

droplet with its radius Ri interacts with another droplet of radius Rj under shear flow. 

Let x be the vertical axis in Fig.A-1. The velocity of the vertical component for a droplet 

at x is given by xS = x( du.j dx) where S is the shear rate. Therefore, the current arriving 

at the shell with the width dx is gi ven by 

(A.2.1) 
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where the droplet Ri exists at the origin in Fig.A-2. In (A.2.1) the terms [xS] and (Ri + 

Rj) sin Bdx represent the relative velocity and the cross section in the shell dx, respectively. 

Noting x = (Ri + Ri) cos() and dx = .:....(Ri + Rj) sin ()d() the total flux is given by 

(A.2.2) 

where Jij = -4 J01f I 2 d() jij ( ()) . The first coefficent 2 is the freedom of the direction of shear 

flow, and the second 2 represents two integrals for (). Therefore we obtain 

J(�.hear = �S(R· + R· )3 I) 3 a } • 

This is the classical result of shear-induced coagulation. 

(A.2.3) 

It is easy to obtain the growth law of shear-induced coagulation. Using the discussion 

in section 1-3 the hotnogeneity of coagulation kernel under shear flow is .-\ = 1. Therefore, 

the growth law is 

s(t) "'exp(const.St), (A.2.4) 

where s( t) is the Inean droplet size. 

§ A-3. The Effect of Force Field to Brownian Coagulation 

If there is a force field an10ng clusters, the fonn of coagulation rate is changed. The 

tnost itnportant force fielJs are the van der \Vaals force and the Coulo1nb force. In this 

section we discuss the effect of the Coulomb force field to the rate constant in the Brownian 

coagulation within the fratnework of the classical theory. The argu1nent in this section is 

based on that in Ref. [6). 

Let us consider the case that a droplet with its radius Ri stays at the origin and a 

droplet with radius Rj diffuses under the effect of the potential field Uij ( r) , where r is the 

66 



relative distance between i and j. The flux of j -Iner to i-mer can be estin1ated as 

. 8wij 1 oUij ( r) 
)ij(r) = -Dij 

-8-- -(.. 8 
Wij(r), 

.. r •J r 
(A.3.1) 

where (ij is the friction constant and Wij (r) is the concentration of j-Iner at r. In a steady 

state the flux passing through reaction radius r = Raj is constant. Then we have 

J 1 2 . ( ) 4 2D ( 8wij Wij 8Uij ( r)) ij = _, 7fT )ij r = 7rr ij 8r + knT 8r 
, 

where we use (ij = kn T/ Dij. The solution of this equation is given by 

· · ( · ) _ . [ U,J(r)] Jii exp[-UiJ(1·)/knT] 1r exp[U,i(r)/knT]d w, J  1 - cJ exp - k T + 4 fl.. 2 x, 
B 7r tJ � X 

(A.3.2) 

(A.3.3) 

where Cj is the concentration at r ---+ oo .  Using the condition for Wij ( r = Ri + Rj) = 0 the 

final expression of current is given by 

(A.3.4) 

Therefore, the coagulation rate has correction in the form of Aii. 

Now we esti1nate the effect of the Coulomb force. It seems contrastive the Coulomb 

field to our model in Chapter II, because the Coulotnb force is long ranged, while ours is 

short ranged. vVe show that the effect of the Coulo1nb field is not crucial, at least, for 

weakly charged systen1s. The potential fonn in a Inediuxn with the dielectric constant E is 

(A.3.5) 

where e is the the eleiHentary electric charge, and z, and Zj are charges of i and j -mer, 

respectively. Substituting (A.3.5) into (A.3.4) we obtain 

1 A ii = -(exp(Yii) -1), Yii 
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where 

(A.3.7) 

represents the ratio of the electric potential energy to the thermal energy. In the case of 

neutral droplets, i.e. Yii = 0, the correction term is 1. The correction term is in the region 

of 0.8 :::; Aij :::; 1.3 for -0.5 :::; Yii :::; 0.5 [6]. Therefore, the contribution fro1n the Coulo1nb 

force is srnall, at least, for weakly charged cases. 
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Appendix B: Exact Solutions of S1noluchowski's Rate Equation 

In Appendix B, we illustrate exact solutions of Smoluchowski's rate equation (1.1.2). 

As Illentioned in the text, we know only exact solutions for Srnoluchowski's rate equa-

tion, which are J(ii = 1 [l], i + j[7] and ij(8] in a certain unit. It is possible to solve 

the equation where the kernel i the linear cornbinations of exact solved kernels [9]. For 

si1nplicity we restrict ourselves to the cases of J(ii = 1 [1], i + j(7] and ij(S]. 

§ B-1 Exact Solution for f(;i = 1 

First, we discuss the case of size independent kernels[1,2]. This situation can be in-

terpreted as an approxin1ated description of diffusion-controlled coagulation. Substituting 

the classical kernel (A.1.6) into (1.1.2) we obtain 

(B.l .l) 

Assu ming the diffusion constant (11.1.7) the coagulation kernel depends on the following 

form 

(B.l.2) 

A nutnerical solution of (B.l.l) with (B.l.2) was given by Friedlander and Wang[lO]. In 

spite of a sitnplification to derive the above, it is itnpossible to solve (B.l.l) analytically. 

Stnoluchowski[1] tnade an additional assun1ption to solve (B.l.l) as 

DiRi =DR= canst., (B.l.3) 

and he also added another assu1nption 

R, = Ri = R. (B.l.4) 
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Of course, (B.1A) is not satisfied in real systetns. Frotn (B.1.3) and (B.1.4) we have 

(B.1.5) 

If we introduce the scaled tintc T = lG1r DRt, then (B.l.1) is reduced to the sin1plified fonu 

(B.l.6) 

Thus, the problen1 is reduced to that with the kernel J(ij = 1. Although such a sim-

plification cannot be justified, it is useful to know analytic properties of Smoluchowski's 

equation. 

It is easy to solve (B.l.6). Let (B.1.6) sum over all sizes s we obtain 

8Mo _ �M OT - 2 °' 
(B.l.7) 

where M0 = I:, c., is the number density of droplets. In this section we use the notation 

Mn = L., sn c.,. The solution of this equation is sitnply given by 

Mo(T = 0) Mo( T) = 1 + M0(0)T /2 · 
(B.1.8) 

Using (B.l.8) we can successively obtain the solution of c.,. Considering the equation for 

c1 we have 

in other words 

8c1 
= -c !II = _ 

c1 Mo(O) 
OT 

1 1 1+M0(0)T/2' 

Mo(O) 
c1 

= (1 + M0(0)T/2)2 · 
(B.l.9) 

Proceeding in this Inanner we can prove by induction the following size distribution 

(Af0(0)T/2)"-1 c., = At! a[ (1 + M0(0)T /2)"+1 ]. 
(B.l.lO) 
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This is an exact solution of Sn1oluchowski's rate equation. 

vVe illustrate a scaling fonn of (B. l .l) . For sin1plicity we assurne the n1onodisperse 

initial conJition, i,e. c3 ( r = 0) = 831 ·and M0(0) = Mt( r) = 1. For large size of clusters 

and larger, the solution (B.l.lO) has an asy1nptotic fonn as 

2 
C3 � ( - ) 2 exp[-x), 

r 
(B.l.ll) 

where x = s/(r/2). Considering lvf2/M1 = r/2 we can interpret r/2 as the n1ean cluster 

size. Thus, (B.l.l) is the standard fonn of scaling solution (1.3.2) where the scaling function 

isF(x)=e-x. 

\Vhen we cornpare (B.l.ll) with the nu1nerical result[lO], we find the followings: (i) 

The asyrnptotic fonn of nurnerical scaling function F( x) can be approximately represented 

by F(x) � 0.915e-0·95x for x � 1, which is also an approxirnated expression for x > 0.5. 

This functional fonn is si1nilar to e-x in (B.l.ll). {ii) The asymptotic form of numerical 

scaling function for x << 1 tends to zero. Therefore, the above approximated method 

cannot be useful for stuall clusters. In spite of simplification (B.l.4) the analytic method 

give a qualitative a gree 1 nent with a nurnerical n1ethod[lO). 

§ B-2 The Exact Solution of the Rate Equation for ICi = ij 

In this section we consider the rate equation for J(;j = ij [8]. This is a model equation 

of polyt n erization. 

Polynterization is a typical xarnple of reaction lirnited aggregation {RLA). Flory(ll) 

estitnated the sticking probability of two contacted polymers as 10-13. Flory assumed 

that polytners have loopless structures. Let f be the functionality of each monomer. A 

loopless s- 1ner has 7"3 = (/ - 2)s + 2 reactivity. Assuming the interpenetrativity of two 
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contacted polytners, the coagulation rate is proportional to the possible number of reactive 

sites. Therefore, we can use the kernel J(ii = [(/ - 2)i + 2] [(/- 2)j + 2] which reduces to 

f(ii "" /2 ij for large f. In the last decade, we find that the solution of the rate equation 

with this kernel displays a gelation transition [8) . 

\Ve illustrate the gelation as a solution of the rate equation. Although Spouge [9) 

analytically solved the rate equation with J(ii = [(/ - 2)i + 2) ((/ - 2)j + 2) assuming 

the tnonodisperse initial condition, it would lead to needless complications. Therefore, we 

restrict ourselves to a sitnple case I(j = ij in this section. Let us consider the following 

(B.2.1) 

with the choice of a suitable unit. It is easy to detnonstrate the gelation using (B.2.1) 

l'vlultiplying s2 to (B.2.1) and surnrning overs we obtain 

The solution is sin1ply given by 

8M2_ 
M2 

8t - 2. 
(B.2.2) 

(B.2.3) 

where Af2(t) diverges at t = ljl\12(0). We can interpret this singularity as an emergence 

of an infinite cluster. 

The size distribution of (B.2.1) can be obtained. For si1nplicity, we assume the 

lllOUOdisperse initial condition, i.e. c., ( t = 0) = Osl· vVe introduce the generating functions 

as 

g(x, t) = L c.,(t) exp( -sx ) and f(x, t) = L sc8(t) exp( -sx). 
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vVc Jcnote the initial values of generating functions as u(x) = f(x, 0) =-e-x and v(x) = 

g(x, 0) = e-x. 1\tlultiplying ( B.2.1) with se-3x and su1n1ning over s we obtain a partial 

differential equation for f(x, t) as 

Dj(x, t) = 8j(x, t) [l _ /( t)] Dt Ox 
x' ' (B.2.5) 

where we use /(0, t) 1. Introducing the inverse function x = X(/, t), (B.2.5) can be 

reduced to 

8.X�(f,t) _1_ /( ) 8t - x, t ' (B.2.6) 

where we use 8//Dx = 1 /(D./Y/8/) and (8f/8t) = -(8X/8t)/(8X/8f). The solution of 

(B.2.6 ) with the initial condition f(x, 0) = u(x) is 

x = u-1(/)- tf + t, (B . 2.7) 

where u-1(/) =x is the inverse function off= u(x). For later conveniences we adopt the 

para1netric forn1 as 

x = s- tu(s) + t; f(x, t) = u(s). (B.2.8) 

Once the generating function f(x, t) is obtained, the size distribution can be found by 

the expansion of the exponential part. vVe introduce F(z, t) and U(z) as 

00 00 

F(z, t) = f(x, t) = L sz3c3(t) and U(z) = u(x) = L sz"c.,(O). 
3=1 

Using the notations in ( B.2.9 ) , (B.2 . 8) can be rewritten as 

z = yexp
[-tU(s) + t]; F = U(y) , 

(B.2.9) 

(B.2.10) 

where y = e-". vVe introJuce Lagrange's expansion
[
12] of F(z,t) in powers of z- Zo as 

( � (z- zo)3 [( d )3-t '( Y- Yo) "] F(z, t) = U y) + G 1 -d U y) (  ( ) ) Jt=Jto· 
3 = t 

s. y z y - zo 
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To obtain the size distribution we expand F(z, t) about z0 = 0 and Yo = U(yo = 0) = 0 

Thus, we obtain 

(B.2.12) 

Using u(x) =-e-x and U(z) = -z we obtain the fin al expression of c, as 

c.,(t) = t"-1s'-2 exp(-st )/s!, (B.2.13) 

where the -solution is valid only fort ::; 1. In the li1nit of t --+ 1 the asymptotic solution for 

s � 1 is given by 

(B.2.14) 

where we use the Stirling fonnula. 

The solution of (B.2.13) and (B.2.14) describe gelation at t = 1. In fact, there is a 

net n1ass flux to an infinite cluster. T he n1ass flux is defined by 

L 

J( ) I. ""' oclt(t) t = 1111 � s {} . 
L-+oo t 

a=l 

(B.2.15) 

It is clear that J(t) = 0 in the usual state. When there is a negative current, the missing 

Inass is absorbed in an infinite cluster. That is nothing but gelation. Substituting (B.2.13) 

into (B.2.15) we find 

J(t) = -1. (B.2.16) 

Then the gelation occurs at t = 1. 

In physical cases, polytners are not interpenetrative. Therefore, the above discussion 

is only an approxirnatecl description of poly1nerization. 

Appendix B-3: Exact Solution for J(ii = i + j 
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The final exactl y solved model is the rate equation with J(;j = i + j [7]. This problen1 

can be transfonned into that of I(;i = ij[13]. 

The rate equation with J(ii = i +. j can be written as 

8c,(t) "' . 

ot 
= � zc;(t)cj(t)- sc3(t)Mo(t)- c3(t). 

i+j=a 

Introducing new variables 

r = 1' dt' M0(t') and n, ( r) = c, (t)/ M0(t), 

the rate equation (B.3.1) is reduced to 

(B.3.1) 

(B.3.2) 

8'�;r) 
= s-1 L i(ij)n;(r)nj(r)- sn,(r) = � L (ij)n;(r)ni(r)- sn,(r) f jnj(r), 

i+i=a i+j=a j=l 
(B.3.3) 

where we use 8Mo/8t = -lvf0. Equation (B.3.3) is identical to (B.2.1). For the monodis-

perse initial condition, r is given by r = 1 - e-t. Therefore, the critical time r = 1 as in 

Appendix B-2 becotnes t -+ oo .  Since n3 is identical to (B.2.13), the explicit form of size 

distribution is 

c,(r) = (1- r)(sr)a-l exp[-sr]/s!. (B.3.4) 

This solution was directl y  obtained by Scott[7]. 

75 



Ileferen ces 

[1]. j\tf.von Stnoluchowski, 1 hysik Z.17 (1916) 585. 

!vl.von Srnoluchowski, Z.Phys.Chem,.92 (1918) 129. 

[2]. S.Chandrasekhar, Rev.A1od.Phys. 15 (1943) 1. 

[3]. A.Ouuki, Phys.Rev.Lett.62 (1989) 2472; J.Phys.Soc.Jpn.59 (1990) 3427. 

[4]. E.Ilelfand and G.ll.Fredrickson, Phys.Rev.Lett.62 (1989) 2468. 

[5). T.Ohta, II.Nozaki and rvl.Doi, J. Chem. Phys.93 (1990) 2664. 

l'vl.Doi and T.Ohta, J. Che1n.Phys. in press. 

[6). S.K.Friedlander, Snwke, Dust and 1/aze ( Wiley, New York 1977). 

(7). vV.I.Scott, J.Atnws.Sci.25(1968) 54. 

[8]. It. !vl.Ziff, l'vl.H.Ernst and E. !vl.I lendriks, J.Phys.A 16 ( 1983) 2293. 

[9). J . L . Spouge , J . Phys . A16( 1983) 767. 

[10]. S.K.Friedlander and C.S.vVang, J. Co//oid Interface Sci. 22 (1966) 126. 

(11). P.J.Flory, Principles of Poly 1 ner Che1nist1·y ( Cornell Univ.Press, New York 1953). 

[12). l'vi.Abratnowitz and l.Stegun, Handbook of A.fathematical Functions (Doover, New York 

1974). 

[13]. E.j\tl.Hendriks, ItJvl.Ziff and M.II.Ernst, J.Stat.Phys. 31 (1983) 519. 

76 



Figure Captious 

Fig.Al: An illustration of a collision of droplets under shear flow. The lower droplet movers 

faster than the upper one. Then they collide each other. 

Fig.A2: A Geometric rcaltion of shcar-inJuced coagulation. The flow is perpendicular to the 

paper. The center of droplet Ri is at the origin. 
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