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Abstract

Graph transformations are very common in many area of Computer Science and related
fields, especially they are used in many different kinds of non-numeric computation.
Since the early beginnings of Computer Science graphical representations have played
a fundamental role to explain complex situations on an intuitive level. On the other
hand, many people believe that graphs are only of limited use for internal machine
representation because classical graph theory offers only little help and more graph
algorithms are highly inefficient in general.

Though most graph algorithms are globally defined the basic idea of graph trans-
formations is of local nature. This means that the transformation from one graph into
another one is based on local changes where only certain subgraphs are transformed
and the complement remains unchanged. By these features, several researches about
concurrent and distributed computation based on graph transformations have been
developed. Algebraic specification techniques based on term rewriting should be ex-
tended efficiently to graph transformations. So it can be applied to the area such as
production systems, logical programming and analysis of programs. A general graph
transformation system provides not only an efficient way to develop useful tools but
also graph transformation approaches provide a new insight of algorithms about such as
a decidability problem of graph properties. In this way, there are various applications
of graph transformations.

This thesis is a collection of the theory about foundations of graph transformations.
The research goal of the foundations is a comparative study, unification of the concepts
developed in the different approaches and finding out new insights for applications.

It is well-known the “algebraic categorical approach” to graph grammars devel-



oped by Ehrig as a first algebraic fundamental theory about graph transformations.
Recently, Raoult, Kennaway and Lowe proposed other graph structures and different
but very closed formalizations of graph transformations. They proved the existence
theorem of pushout which is a basic notation for transformations. In this thesis, we
propose a categorical framework unifying several graph structures and analyz various
properties about graph transformations. Further, we implement a graph transforma-
tion system based on a symbolical object which is called a graph term and consider
their applications.

In Chapter 2, we summarize a theory of relational calculus which is a theoreti-
cal foundation in this thesis. Especially, the properties about partial functions and
pushouts which play fundamental roles of graph transformations are investigated not
only in the category of set and functions but also in the more general categories in-
cluding toposes which are models of constructive logic.

In Chapter 3, we present a categorical framework to consider several graph struc-
tures universally. We show an existence condition of pushouts in the categories. That
1s, graphs in which out-edges from a node is ordered, graphs in which out-edges from a
node is not ordered, and graphs in which do not have multiple edges between the same
nodes are treated uniformly and proved the conditions of existence of pushouts.

In Chapter 4, we developed a theory about the category of simple graphs in which
pushouts always exist so it is an adequate category for a model of graph transforma-
tions. We formalized the graph transformation and investigate the properties using re-
lational calculus. A sufficient condition for two transformations to commute is shown.
Further, we show the critical pair lemma holds like term rewriting system when we
restrict some rewriting rules and matchings.

In Chapter 5, we introduce a graph rewriting system based on a model introduced
in Chapter 4, using a symbolical object called a graph term. We precisely defined
parallel rewritings for symbolical objects and show a sufficient condition for that a
parallel rewriting is sequential simulatable. A problem finding out regular expressions
of recognized languages from a graph expressing a finite automaton is solved using
graph rewritings. Especially, we show those parallel rewritings which are not simulated
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by sequential rewritings also lead a collect answer of the problem.

In Chapter 6, we propose a more general framework for graph transformations which
is an extension of the theory discussed in Chapter 4. A hyper graph structure which
has a label with arity for each hyper edge is included as an example. We extend our
theory to the general framework and proved that pushouts always exist.

The thesis concludes with Chapter 7 in which the main results of the thesis, further

related research topics, and remaining open problems are discussed.
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Chapter 1

Introduction

There are many researches [Cou86, CM91, EKL90, EKR90, Ken87, Ken90, LE90,
Miz92b, OH91, Rao84| on graph transformations which have a lot of applications
including software specification, data bases, analysis of concurrent systems, develop-
mental biology and many others. In these one of the advantages of categorical graph
rewritings i1s to produce a universal reduction despite how to execute algorithms for
applying production rules.

At first, we introduce two illustrative examples of application of graph transforma-
tions. The first example is a small relational data base of the information processing
system of West Germany’s police [Ger83, LE90]. A simple data base is expressed by
a graph in Fig. 1.1. Nodes consists of special nodes PD(Person Data) and CD(Case
Data), person’s nodes which have an edge to PD and case’s nodes which have an edge
to CD. Edges represent relations between persons and cases. For example, edges s
means “Person p is suspected in case ¢”. A situation related over three persons or
cases expressed by a hyper edge. Operations of the data base, such as adding a per-
son(case), adding a relation of persons and cases, deleting a person(case) are given
by graph transformation rules. For example, an operation deleting a person can be
modeled by Fig. 1.2. The desired effect of object deletion is not only the removal of
the object but also the elimination of all relations referring to this object (cf. Fig. 1.3).
The graphical intuitional understanding is easy, but for discussing about properties

about effects of a combination of operations we need a precise mathematical model of
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Figure 1.1: Small Police Data Base

PD PD
®

Figure 1.2: Graph Transformation Rule for Object Deletion

graph transformations in which we can get the desired object from the operation rules.

The second example is an application of graph transformations to a network relia-
bility analysis [OH91]. A network model is a labeled graph in which each edge has a
probability of connected states called a reliability (cf. Fig. 1.4). The set of three funda-
mental reliability-preserving transformation rules [KRB77, SW85] is shown in Fig. 1.5.
They are serial reduction, parallelreduction and A-Y reduction, where P;;, P}’ is the re-

t)

liability of the edge between vertices ¢ and j, P—,’; =1= P,-’;-, z = P2+ Pa3P3y — P12 Pa3 Psy,
Yy = Py3+ P3Py — P13 Py3Psy, and z = Py + Py Pys — P12 Pa3Ps,. We can calculate the
reliability between two points applying these rules (cf. Fig. 1.6). There exist problems

about convergence and termination of transformations like a term rewriting system.

Since these properties vary with a model of transformations. We need a widely applica-
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Figure 1.3: Intended Effect of Object Deletion

Figure 1.4: An Example of Networks
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Figure 1.5: Network Transformation Rules

ble mathematical model of graph transformations which have good enough conditions
to discuss about rewriting properties.

Next, we review theories of mathematical model of graph transformations. Ehrig
et al. [ER80, EKL90] developed “algebraic approach” to graph grammars for a wide
class of graphs and functions preserving edges. It is well-known that the category
of graphs in [ER80, EKL90] is a topos [Gol79] and so it has pushouts [ML72, page
65]). In their double pushout approaches gluing conditions for existence of pushout-
complements in the category of graphs provide an essential mean of controlling the
semantics of rules. The gluing conditions are investigated by Ehrig and Kreowski
[EK79] and Kawahara[Kaw90]. As the category of graphs is considered as a functor
category over the category of sets and functions, it becomes a topos and has various
useful properties. The existence theorem of pushout complements in a topos including
the category of graph was generally proved by Kawahara[Kaw90].

Raoult [Rao84] and Kennaway [Ken87] proposed another formalization of graph
rewritings by using a single pushout and regarding production rules as partial functions
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Figure 1.6: An Example of Network Reliability Calculation



preserving graph structures. They show the condition for existing pushouts in their
models. We introduce a general framework of graph transformations which includes
their formalization as an example. Our result of the condition for existing of pushouts
contains theirs and we give another model which is pushout complete.

Recently Lowe [Low89, LE90, EKL90] studied rewritings based on a single pushout
in Sig-algebras and proved pushout completeness for restricted signatures with monadic
operator symbols only. His category of Sig-algebras can be considered as a functor cat-
egory over the category of sets and functions, so it is also a topos. We investigate the
properties of partial functions and pushout completeness not only in the category of
sets and partial functions but also in the more general category topos which is a model
of constructive logic using relational calculus. So our results of pushout complete-
ness contains Lowe’s one. Further we introduce a more general category of relational
structures which generalizes relational algebras [Bar70], Raoult’s graphs [Rao84] and
hypergraphs [Ken90] and a few properties such as pushout completeness are studied.

In Chapter 2, we summarize a theory of relational calculus which is a theoreti-
cal foundation of this thesis. Especially, the properties about partial functions and
pushouts which play fundamental roles of graph transformations are investigated not
only in the category of set and functions but also in the more general category topos.

In Chapter 3, we generalizes Raoult’s method. For an endofunctor on the category
Pfn of sets and partial functions we consider a graph structure as a function V.— T'V
from a vertex set V to T'V, where T is an endofunctor on Pfn. In the case TV = V* the
structure is the same as Raoult’s one. We prove an existence theorem of pushouts in our
general settings avoiding many kind of conditional checks and case divisions by using
the relational calculus. Our main result on the existence theorem of pushouts produces
a modification of Raoult’s result [Rao84, Proposition 5] which lacked a condition. A
counter example to his result is given.

In Chapter 4 we treat the category of (simple) graphs (with or without labeled
edges) and partial functions preserving graph structures, and present a new formal-
ization of graph rewritings by using a primitive pushout construction in the category.
Our graph rewritings can be always executed without any gluing conditions, only if a
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graph has a matching to a given rewriting rule. Moreover our formalization of graph
rewritings generalizes Ehrig’s graph derivations [EK79, EKR90] and Raoult’s graph
rewritings [Rao84] in a reasonable sense. For a pair of partial functions from a com-
mon set into graphs a primitive pushout square is constructed, which shows the cate-
gory of graphs and partial morphisms has pushouts. Moreover we give a more general
sufficient condition for two graph rewritings to commute and a critical pair lemma
of graph rewriting systems. We compare our approach with another approaches by
Ehrig[EKL90], Lowe[LE90], Kennaway[Ken90] and Okada[OH91]. Some examples re-
lated to graph rewritings are listed. In the last of the chapter, we state how to develop
our formalization of graph rewritings for graphs with labelled edges which contains
Raoult’s graphs[Rao34].

In Chapter 5, we introduce new notations for graphs and graph terms and the in-
terpretation of graph terms are given. Using the notions, we define not only simple
reduction but also a parallel reduction. The symbolical notation of graphs and reduc-
tion rules is helpful to define a reading region and a writing region precisely. These
facts contribute to clear the concept of sequentially simulatable parallel reductions. We
have a sufficient condition that holds parallel reductions are sequentially simulatable.
Some properties about sequentially simulatable reduction are discussed. Turner’s SK-
reduction machine [Tur79] guarantees every parallel reduction induce a correct result.
We define a graph rewriting rules corresponding to SK-reductions, we reconfirm the
fact of parallel reductions in our framework. For a meaningful example of non sequen-
tially simulatable reductions, we show a graph reduction system which solves equations
of regular expressions. The reduction rules are not sequentially simulatable, but it is
proved that every parallel reduction leads to the right solution of the equations.

In Chapter 6, we propose a more general framework for graph transformations which
contains the category defined in Chapter 4. A hyper graph structure which have a label
with arity for each hyper edge is included as an example. We also showed in the general
framework that pushouts always exist using the properties of partial functions. Finally,
we compare our category of relational structures together with partial morphisms to

a category of partial morphisms in the sense [RR88, Ken90] and show that they are
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isomorphic choosing a certain admissible class of monomorphisms.
In Chapter 7, we concludes our researches and discuss about several problems for

developing the research.



Chapter 2

Relational calculus

In this chapter we summarize a theory of relational calculus which is a theoretical
foundation of this thesis. In Section 2.1, we state basic notations and fundamental
properties of relation in the category of sets and functions. In the category of sets
and partial functions, we give a simple proof of existence of pushouts using relational
calculus and several properties of pushout squares are showed. In Section 2.2, we
extend the notions for topos which is a model of constractive logic and investigate the
properties of partial functions and pushouts which play fundamental roles of graph

transformations.

2.1 Basic notations

A relation « of a set A into another set B is a subset of the cartesian product A x B
and denoted by a : A — B. The inverse relation o : B — A of « is a relation such
that (b,a) € o' if and only if (a,b) € a. he composite af : A — C of a : A — B
followed by 8 : B — C is a relation such that (a,c¢) € af if and only if there exists
b € B with (a,b) € a and (b,c) € B.

As a relation of a set A into a set B is a subset of A x B, the inclusion relation,
union, intersection and difference of them are available as usual and denoted by C,

U, M and —, respectively. The identity relation idy : A — A is a relation with id, =

|}

{(a,a) € A x A | a€ A} (the diagonal set of A).



The followings are the basic properties of relations and indicate that the totality of

sets and relations forms a category Rel with involution (or shortly [-category).

Proposition 2.1.1 (I-category) Let a,0' : A — B, 8,/ : B —C andy:C — D

be relations. Then,

(1) (aB)y = a(By) (associative),

(2) idga = aidg =  (identity),

(3) o* =q, (af)! = B'a*  (involutive),

(4) If a € o and BT B, then aB C o'’ and o' C o’ (monotone).

The distributive law for relations is trivial but indispensable in our relational cal-

culus.

Proposition 2.1.2 (Distributive Law) The distributive law o([Jyep Br)7 = Lrea B2y

holds for relationsa: A — B, By: B —C (A€ A) andy:C — D.

Proposition 2.1.3 (Law of Puppe-Calenko) Ifa: A — B, §: B — C and v :

A — C are relations, then af N~ C o8 N afy).

A partial function f of a set A into a set B is arelation f: A — B with f!f C idg
and it is denoted by f : A — B. A (total) function f of a set A into a set B is a relation
f:A— Bwith fif Cidg andid4 C ff*, and it is also denoted by f : A — B. Clearly
a function is a partial function. A function f : A — B is injective if ff* = id4 and
surjective if f'f = idg. Note that the identity relation id4 of a set A is a function.
The readers easily understand our definitions of partial functions and (total) functions
are coincide with ordinary ones.

A singleton set {*} is denoted by 1 and the maximum relation from a set A into
1 by Q4 : A — 1, that is, Q4 = {(a,*)|a € A}. For a partial function f: A — B a
relation f*Q4: B — 1 and fQp: A — 1 corresponds to the image Im(f) and dom(f)

of f respectively.
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Proposition 2.1.4 Let a,3: A — B be relations. If f : X = Aand g:Y — B are

partial functions, then f(anB)g* = fag"n fB¢" and f(a — B)g" = fag" — fBg". m

Given a relation a: A — B, the domain d(a) : A — A of a is a relation defined by
d(a) = aa*Nid4. A partial function f: A — B is a function if and only if d(f) = id 4.

The following propositions are useful for manipulating domains of partial functions.

Lemma 2.1.5 Let f: A— B, g: A— B, h: B — C be partial functions.
(1) f is a total function if and only if fQp = Q4.
(2) If f C g and fQg = gQp then f = g.
(3) [fa 2B, then fla—B) = fa— fB, where a,B: B —C.

Proposition 2.1.6 Leta : A — B and 8 : B — C be relations and f : A — B a

partial function. Then
(1) d(a) C d(') iff dom(a) C dom(<’) iff a2p C a'Q2p.
(2) d(aB)d(a) = d(aB) (or d(af) C d(a)),

(3) d(fB)f = fd(B).

Proposition 2.1.7 Let a : A — A, 8 : B — B be relations and let f : A — B be a
partial function. If  C faf, then 8 = fifOfif. [

2.2 Category of partial functions

We denote the category of sets and functions by Set and the category of sets and
partial functions by Pfn. Both of Set and Pfn have all small limits and colimits, so
in particular, they have pushouts [ML72, Rao84, Ken87, Miz92b]. Nofe that Pfn is
equivalent to the category of sets with a base point (a selected element) and base point
preserving functions.

11



Fact 2.2.1 The category Pfn has pushouts.

Let ;
A — B
C — D

k
be a pushout square in Pfn. For any functions z : B — S, y : C — S satisfying

fx = gy, there exists a unique function t: D — S such that ht = z and ht =y, where

t.=hiz U kly.

There are many proofs of existence of pushouts in Pfn [Rao84, Low89, Miz92b,
KMb]. In this paper, we introduce a simple proof using relational calculus as follows.

Let B+ C be the disjoint union of B and C andig: B - B+C andi¢c : C —- B+C
inclusion functions, where iuBiB Uiucic = idp4c, iBiuc = ®pgc and iciuB = &sp. An
injective function ¢ : dom(f)Ndom(g) — A is a function which satisfies ¥ = d(f)Nd(g).
Let f = ifip, § = igic, 0 = f{gU 'S, and p = Up5ef™. Since p: B+C — B+ C is
an equivalence relation (i.e. idgyc C p, p* C p and pp C p), there exist a surjective
function e : B+ C — E with ee* = p. Let 79 = Ul where ' = {y: £ — 1: figey =
gicev}. There exists an injective function eg : D — FE with 4 = egQD. We define
h = igee} and k = iceel and prove that they make a pushout square in Pfn using

following lemma.

B
/s *'BJ'

dom(f)mdom(g) ——> A Bre e JB o g
N ]
C

Lemma 2.2.2 (1) fe = ge.
(2) d(fh) C d(f) N d(g) and d(gk) C d(f) Nd(g).

(3) fh =gk



(4) If a partial function t : B+ C — S satisfies f[ = §t, then eelt = ¢.

(6) If partial functions ¢ : B — S and y : C — S satisfies fr = gy, then there
ezists a unique partial function t : D — S such that ht = = and kt = y where

t = hiz U kby.

(8) (B — f(A)) C dom(h) and (C — g(A)) C dom(k).

(Proof.) (1) Since f and § are total functions and f'§ U §'f C ee!, we have fe
C ' fe C gee'e C ge. Similary we have e C fe and so fe = ge.
(2) fievo = fie(Usery) = User(fipey) = User(gicey) = gice(Uqery) = gicevo. So
fhQp = figeelQp = giceelQp ghQp and d(fh) = d(gk) C d(f) N d(g).
(3) Since d(fh) = d(gk) C d(f) Nd(g) = i, fh = figeeh = itifigeed = itigigeel
= gk.
(4) Since f'gf = fUfi c f and @ fi C i, we have 8 C £. If 0"7'¢ C £ then "7 C gon-1f
C 0t C t. So we have 9"t C { for any n =1,2,---,and t C pt C t.
(5) h'h U Kk = epel(thip Uibic)eed = eqeleel = idp.
(6) If there exist a partial function ¢t : D — S with ht = = and kt = y, then ¢t =
(R'h U k'k)t = h'z U k'y. Let = ¢z Usky. It is easy to check £ is a partial function.
Since fi = ifiB(iuBz U zﬂcy) = fw ="ugy = igic(iuBa: U zucy) = gi, we have ee'f = { by
(4). Since t = eget, tht = fleelegelt = flee’? = ' C ids. So ¢ is a partial function.
Before we show ht = z and kt = y, we check d(e't) C d(el) that is elegelt = elt.
Let v = €'tQs. Since figey = figeeltQs = fiptQs = giciQs = gicee!tQs = gicer,
we have v C 7o, d(e'f) C d(el) and elepe!i = e!f. Finaly we have ht = h(hlz U kly)
= iBeeg(eoe”iuBteoe"igyy) = iBeegeOef =igeell = igt = z'B(iuBa:Uiucy) = z and similary
kt =y.
(7) Let 7, = Qg — {elis f1(fQ5 — gQc) Uetil gt (gQc — fQ5)}. Since v, Nelils FI( Q5 —

9Q%c) = @, we have figey; N (fQp — gQ%c) = ¢ by Proposition 2.1.3 and figey, C

13



fQpNgQle = 120 4. So figeyi = " figev;. Similarry gicey; = i*igicev,. So we have
figey = gicey, and v, C 7.

Let v : £ — 1 be an arbitrary relation satisfying figey = gicey. Then v N
eliy f1(fQ8 — 99c) C etipfi(fisey N (fQs — gQc)) = el fH(gicey N (fB — gQc))
C el f(gQ% N (fQB — g0c)) = ¢ and we obtain v C Qg — e fH( Q5 — ¢Qc).
Similarry v C Qg — e”iucg”(gﬂc — fQB). So we have vy C v, and 7o C 7.

(8) Since p(ipf1a Uigg'Qa) C (i f1Q4 Uitg'Qa), we have ipp(iy 124 Uikg',) C
fi0,.

Since

1geflp — iBe{eniuBfu(fQB = ch) U eﬂiucgﬁ(ch - fQB)}
D ipelg — ipp{in i Uigg' )

2 QB —quAa

we obtain dom(h) D (B — f(A)). Similarly we have dom(k) D (C — g(A)).

Proposition 2.2.3 Let a square

cC — D
k

be a pushout in Pfn and lett : X — C be a function. Then the composite tk : X — D

is a function if and only if Im(¢t) N Im(g) C dom(k) N Im(g). ™

Proposition 2.2.4 Let a square

be a pushout in Pfn. If g is a total injective function, then h s a total injective

function. [
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Lemma 2.2.5 Let A, B, C and X be sets with B C Aand B C C,1: B - A
and j : B — C inclusion functions, ¢ : A — X a function. If g¢"Qly C u¥Q,,
X N(C — B)=¢ and the square

X — Y
k

is a pushout in the category Pfn, then Y = (X —g(A))Ug(B)U(C — B), where f = i*j.

2.3 Relational calculus in toposes

In this section we state a part of the relational calculus in elementary toposes, that is,
some basic properties on (binary) relations and partial functions. For the details of rela-
tional calculus the reader is referred to M.S. Calenko [Cal77, CGR84] and Y. Kawahara
[Kaw73, Kaw90].

Let E be an elementary topos [Gol79, Joh77]. A morphism f of E is denoted by
f: X — Y when it has domain X and codomain Y. The composite of two morphisms
f:X —>Yand g:Y — Z of E is written as fg : X — Z. A span (f,g) in E is a
pair of morphisms z : Z — X and y: Z — Y in E with a common domain. Given a
span (f,g) in E there exists a unique morphism h: Z — X x Y in E such that hp = f
and hq = g, where p: X xY — X, ¢: X xY — Y are projections of a product
X x Y. We denote such a unique h by zTy. By the basic property of toposes every
morphism f : X — Y can be uniquely decomposed into a composite of an epimorphism
e(f) : X — [ followed by a monomorphism m(f): I — Y up to isomorphisms. The
subsequent arguments of this paper will be carried out in a fixed elementary topos E .

A relation a from an object X to another object Y in E , denoted by a: X — Y, is
a subobject of the product X x Y. Every span (f,g) with f: R— X andg: R—>Y
induces a relation [m(fTg)]: X — Y, which will be simply denoted by [f,g]. Recall
that the subobject [m(f Tg)] of X x Y presents an equivalence class of a monomorphism
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m(fTg). It is trivial that each relation a can be written as a = [f, g] with some span
(f,g). We usually identify a morphism f : X — Y with a relation [idy, f], where idy
is the identity morphism of X. Remark that f = [idx, f] = [idx T f] since idx T f is a
monomorphism.

The composite af(= a- ) : A — C of a relation a : A — B followed by a relation
B : B — C is defined as follows: Assume that a = f,g] and 8 = [h, k]. Construct a
pullback

—_ B
and define a3 = [h'f,g’k]. Also the inverse o' : B — A of « is defined by o = [g, f].
These definitions of the composition and the inverse of relations are well-defined. It is
easy to see that (f, g] = [f,id][id, g] = fYg.

These definitions are natural extensions of composite of functions and relations in

the category Set of sets and functions.

Example 2.3.1 A relation « : A — B in Set is a subset of A x B. The inverse
relation o : B — A is a subset {(b,a) € B x A|(a,b) € a}. The composite a - 3 :
A — C of two relations « : A — B and B : B — C is a subset {(a,c)|(a,b) €
a and (b,c) € B for some b € B}. A function f: X — Y is considered as a relation
o g) € X XY |3 = [{&)} from X to Y.

Since the set Rel(A, B) of all relations from A to B coincides with the set of all
subobjects of A x B, the ordering of relations in Rel(A, B) is the same as the ordering
C of subobjects of A x B. Note that [f,g] C [f’,¢'] if and only if there exist an
epimorphism e and a morphism s such that ef = sf’ and eg = sg'.

Let f : X — Y be a morphism of E and zf = yf a pullback. Then f!f
lf, f] C [idy,idy] = idy since fTf = f(idy Tidy), and idx = [idx,idx] C [z,y]
lidy, f][idy, f] = ff* since there exists a unique morphism z such that idyx Tidy
z(zTy). We recall that a relation a : X — Y satisfies a'a C idy and idy C ac! if and

only if there exists a unique morphism f: X — Y such that o = [idx, f].
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The terminal object of E will be denoted by 1 and its initial object by 0. The
maximum relation @xy : X — Y is [idyxy] and the minimum relation Oyy : X — ¥
is [ixxv](= [ix,ir]), where jx : 0 = X is a unique morphism from initial object 0. In
particular we write Qx = Oy, (i.e. Qx = [idy,'x](='x), where 'y : X — [ is unique
morphism into terminal object 1).

We now state five fundamental properties of relations in an elementary topos with-

out proof:

2.3.2 (I-category) Leta,0': A — B, 3,8 : B — C and v : C — D be relations.
Then

(a) (@By = a(fy)  (associative),
(b) idsa = aidg = o (identity),

(c) o® =a, (af)! = B'"  (involutive),

(d) IfaC o and BC B, then aB C 'f and o T o®  (monotone).

2.3.3 (Heyting Algebra) Rel(A, B) is a Heyting algebra for all objects A and B.

That is, it is a lattice with the minimum element 04 g, the mazimum element ©4 g,

and pseudo-complements.

The infimum and the supremum of relations o, 8 : X — Y are written as aM 3 and
a U B, respectively. Also the pseudo-complement of o : X — Y relativeto 8 : X — Y

is denoted by a = .

2.3.4 (Law of Puppe-Calenko) Ifa: A — B,f: B —C andy A — C are

relations, then af M~ C a(B N a'y) is valid.

2.3.5 (Rationality) For each relation a : A — B there ezists a pair of morphisms
f: X > Aandg: X — B such that o = flg and fff Ngg" = idy.

2.3.6 (Distributive Law) Let A be a set. If E has coproducts of all A-indezed fam-
ilies of objects, then the distributive law a(Ureafy) = UrenaBy holds for relations
a:A— Bandpy: B—C (A €A).

I



The following is an elementary result of relations deduced from the last fundamental

properties.

Lemma 2.3.7 Leta: X — Y, B: X — Z be relations in E and V,W objects of E .
Then

(1) aO}’v = Oxv, and OWXQ = Owy.

(3) aQy C B8Oz if and only if a C BB a.

(5) Ifa"ﬂ =0yz and aQy Eﬁﬂz, then QZOXy.
(6) IfaQy = 0X1: then a = Oxy.

Proof. (a) Let a = [f,g]. Since E is a cartesian closed category with finite limits, the

square

0 — Y
is a pullback. Then alOyy = [; f,idoj] = [;Xl;v] =0xy.

(b) Let p: X xY — X and q: X XY — Y be projections. Then the square
p'x = ¢y is a pullback and so QxQ% = [p,q] = [idxxy] = Oxy-

(c) Firstly assume a C 38%. Then a2y C B8%Qy C BfQz. Secondly assume
afly C Q7. Then we have a = aMaByy = aM afxQ) (by (b)) C an B0} =
anBOzy (by (b)) C B(B'anOzy) (by Law of Puppe-Calenko) = 3.

(d) is immediate from (c) since afly = afly.

(e) It follows from (c) that a C B8%. Thus the result is obvious.

(f) is a particular case of (b) when 8 = Oxy. ]

A relation f: X — Y in E is called a partial function if it satisfies f'f C idy. We
denote the category of objects in E and partial functions in E by Pfn(E).
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Proposition 2.3.8 Let f,g: X — Y be partial functions in E . Then

(2) If fC g and fQy = gQy, then f = g.

Proof. (a) follows from f C ff*f (by 2.3.7(d)) C f since f*f C idy.
(b) Assume f C g and fQy = gQy. Then we have g C ff'g (by 2.3.7(c)) C fg'g

(by fE g) E f (by g'¢ Cidy). .

Let X be an object in E . A relation p : X — X is called a guard function on
X if it satisfies p C idx. Let G(X) be the set of all guard functions of X, that is,
G(X)={p: X — X | pCidx}. It is clear that G(X) is a Heyting algebra as a
subalgebra of Rel(X, X).

Proposition 2.3.9 Letp,q: X — X be guard functions on an object X of E . Then
(1) pp=p, pg=gp=pNgq and p* =p.
(2) If pix C qf2x, then p T q.
(3) If pQx = qQx, then p = q.
(4) pfix MgQlx = (pMq)Qlx.
Proof. (a) simply follows from the following short computations: pp C p C pp'p C pp,
pg EpNg=(pNg)(pNg)C pg, and p C pp'p C pl.

(b) Assume pQ2x C ¢Q2x. First note that a guard function is a partial function and
pUgq is also a guard function. We have (pU q)Q2x = pQ2x U ¢Q2x (by Distributive Law)
= ¢f2x and hence ¢ = pU q follows from 2.3.8(b).

(c) is a corollary of (b).

(d) follows from (p N q)Qx C pRx M ¢Qx C p(2x N pigQlx) (by Law of Puppe-

Calenko) = pp'qQix = pgfdx = (pM¢)Qx. n

Throughout this paper the negation operator will be used only for guard functions.
That is, for a guard function ¢ on Y, —¢ denotes the negation of ¢ in G(Y), i.e.
-q = (¢ = Oyy) Nidy. For example, -idy = Oyy and —0yy = idy.
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In the rest of the paper we will assume that all of the morphisms, relations, partial

functions and guard functions are those in a fixed topos E .

Lemma 2.3.10 Let a: X — Y be a relation and q: Y — Y a guard function. Then
aq = Oxy if and only if a(—q) = a.

Proof. Assume aq = 0. Then we have a*aMidy C —g¢ from (afaNidy)Mq C ofaq = 0.
Hence a = aMa C a(alaMidy) C a(—-q) C a and so a = a(—q). Conversely assume

a = a(—q). Then it is immediate that ag = a(-¢)q = 0. .

For every relation o : X — Y, there exists a monomorphism ¢ : D — X in E
such that ¢!Qp = a2y (= %Qx) from Rationality. Such a monomorphism z is called
a domain monomorphism of a. It is trivial that i*i is a guard function on X, that
is, 2 C idx. We define the kernel k(a) of a to be a guard function k(a) = —()
on X and the domain d(a) of a to be a guard function d(a) = —-k(a) on X. Note
that the definitions of kernels and domains do not depend on the choice of domain

monomorphisms, that is, i*s = aaf Midy.
Proposition 2.3.11 Let a,3: X — Y be relations. Then
(1) d(a) = —k(a), k(a) = ~d(a) and k(a)MNd(a) = 0x .
(2) k(idx) =0xx, d(idx) = idx, k(Oxy) = idx and d(Oxy) =Oxx.
(3) If p is a guard function on X, then k(p) = -p and d(p) = —~—p.
(4) If f: X = Y is a morphism in E | then k(f) = 0xx and d(f) = idx.
(5) If a C B, then k(8) C k() and d(a) C d(B).

Proof. The statements (a) - (d) are trivial.
(e) Let ¢ and j be domain monomorphisms of a and S, respectively. Then k(a) =
=(*2) and k(B) = =(j%j). The statement follows from afdy C By = %0y C j4iQy

= &% C j'j (by 2.3.9(c)) = k(B) C k(a) = d(a) C d(). .

Note that k(a) U d(a) # idx in general, because of the basic properties of Heyting

algebras.



Lemma 2.3.12 Leta: X — Y be a relation and p: X — X a guard function. Then

Mot o Yol el et e T
(1) pa=0xy.
(2) (mp)a=a.
(3) p C k().
(4) ==p C k(a).
(5) (——p)a = Oxy.

Proof. Let i be a domain monomorphism of a. Then aQy = #iQy. The proof
follows from the following equivalences: a = (-p)a & o = of(-p) (by applying f and
2.3.9(a)) & ofp =0 (by 2.3.10) & (a) pa =0 & pifiQly = pafly =0 (by 2.3.7(c)) &
piti =p' =0 & (c) pC (&) = k(a) & (d) -=p E (") = k(a) (by p C —-p)

& (e) (m-p)a = 0. [ |
Theorem 2.3.13 Let a: X — Y be a relation. Then

(1) k(a)a = Oxy, that is, k(a) is the mazimum element of a set {p € G(X) | pa =

Gzl
(2) d(a)a = a.
(3) k()= idy (ord(a)= Oxx) if and only if a = 0.
(4) For every relation 7: W — X, ta = Owy if and only if Tk(a) = .

Proof. (a) and (b) easily follow from 2.3.12.

(c) From 2.3.11(b) it suffices to show that d(a) = 0 implies @ = 0. But if d(a) =0
then a = d(a)a (by (b)) =0.

(d) Let ¢ be a domain monomorphism of a. Then k(a) = —(i%i). Hence rk(a) =7

& 7(i%) = 0 (by 2.3.10 and k(a) = —(i")) & Tafly = 7(%)Qx =0 & Ta = 0. [

Corollary 2.3.14 Let a: X — Y be a relation and p : X — X, q: Y — Y guard
functions. Then the following statements are equivalent:
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(1) pa(—q) = Oxy.

(2) (=p)a(—q) = a(—q).

(3) pa(==q) = pa.

(4) (=-p)a(—q) = Oxy.

(5) (=-p)a(-=q) = (=-p)e.
(6) p C k(a(=q)).

Proof. From 2.3.12 it is easy to see (a) & (b) & (d) & (f), and 2.3.10 implies (a) <
(c) and (d) & (e). (]

Proposition 2.3.15 Let A, B be objects in Pfn(E), A+ B the coproduct of A and B
i E, whereiy : A— A+ B andig : B — A+ B are inclusions andi%iAl_liuBiB = ida4 B,
iiliB = O4p and i%iA = O©pa. Then, A+ B is also the coproduct of A and B in Pfn(E).

That is Pfn(E) has coproducts. |

We showed the pushout costruction in the category Pfn(Set) in Fact 2.2.1. Our
method of Fact 2.2.1 and Lemma pfn:lemma:po using relational calculus needs only a

properties about relations, so it is considered in the category Pfn(E).

Proposition 2.3.16 If E has the following properties:

(1) the set Sub(A) of subobjects of an object A is a complete lattice by inclusion,

(2) the distributive law (cf. 2.1.2) of relations holds,

then Pfn(E) has coequalizers. That is Pfn(E) is cocomplete. ™

Proof. Let f: A — B and g : A — B be partial functions in E, ¢ : dom(f)Mdom(g) —
B an inclusion. Since E is cocomplete there exist a coequalizer e : B — F in E . By
condition (1), there exist a union of subobjects D where the inclusion ip : D — FE
satisfies fit) = git). Let Dy be the union and v : Dy — E an inclusion. It is easy to

show ey! : B — Dy is a coequalizer of f and g using similar relational calculation in

Lemma 2.2.2. -

(3]
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Chapter 3

Graph structure over Pfn

In this chapter we present a categorical framework unifying several graph structures.
For an endofunctor on the category Pfn we consider a graph structure as a function
V — TV from a vertex set V to TV, where T is an endofunctor on Pfn. In the
case TV = V™ the structure is the same as Raoult’s one [Rao84]|. In section 3.1,
we demonstrate many known graph structures are considered as examples and give
the conditions for existence of pushouts in our general framework. The result on
the existence theorem of pushouts produces a modification of Raoult’s result [Rao84,
Proposition 5] which lacked a condition. The amended proposition and a counter

example to his result is given in section 3.2.

3.1 Graphs over Pfn

In this section, we introduce an abstract definition of a category which represents
graphs and graph homomorphisms. Graph rewritings are defined by using a single
pushout in the category. We prove a necessary and sufficient condition for existence of
pushouts. Some concrete categories of graphs including Raoult’s|[Rao84] definition are
shown.

Let T : Pfn — Pfn be an endofunctor. A graph constructed by T is a pair (A,a)
of a set A and a total function a : A = TA. A graph morphism f : (A,a) — (B,b) is a

partial function f: A — B satisfying fb = d(f)aT f. The graph category G(T') is the



category of graphs and graph morphisms associated with 7.

Lemma 3.1.1 Let T : Pfn — Pfn be a functor, a : A - TA, b: B - TB and
c: C — TC total functions and f : A - B and g : B — C partial functions. If
fo=d(f)aT f and gc = d(g)bTg then fgc = d(fg)aT(fg). That is G(T) is in fact; a

category.
(Proof.) It follows from a simple relational computation:

fge  fd(g)bTyg
d(fg)fbTg  (Lemma 2.1.5)
d(f9)d(f)aTfTg  (fb=d(f)aTf)
d(f9)aT(fg)  (d(fg)d(f) = d(fg))-

Choosing a suitable functor T', we consider the several kinds of graph structures.

Example 3.1.2 (Kleene functor) We define the Kleene functor * : Pfn — Pfn as
follows. Let A, B be sets and f : A — B a partial function. *A = A* is the set of finite

strings over A. We define xf(= f*) : A* — B* as follows:

fr(w) (where w = aja; - - - a, € (dom(f))*), and
f*(e) €.

An object of G(*) can be seen as a kind of directed graph and a morphism of G(*)
is a node-mapping which preserves out-edges but not in-edges. The category G(*) is

equivalent to what is considered by Raoult[Rao84].

Example 3.1.3 (Powerset functor) We define the power set functor P : Pfn —
Pfn as follows. Let A, B be sets and f : A — B a partial function. P(A) is the set of
all subsets of A and Pf: P(A) —» P(B) is defined by Pf(X) = f(X), for all X C A.
An object of G(P) is a kind of directed graph in which the out-edges of a node are not
orderd and there cannot be multiple edges between the same nodes.

24



Example 3.1.4 A set N* of functions from A to the set N = {0,1,...} of natural
numbers is defined by N4 = {f : A - N|Z,c4f(a) is finite.}. We define the functor
W . Set — Set as follows. Let A, B be sets and f : A — B a partial function.
W(A) = N4 and Wf : N4 = N8B is defined as W f(a)(y) = Z{a(z)|f(z) = y,z € A},
(a € N4,y € B). An objects of G(W) are a type of edge-weighted directed graph.

We can treat labeled graph structure choosing a functor like next two examples.

Example 3.1.5 (L-labeled Kleene functor) We fix a set L of labels for edges. We
define a functor (L x —)* : Pfn — Pfn as follows. For a set A, (L x A)* is the set of
finite strings of pairs of a label and an element of A. Other definition of the functor
is similar to Example 3.1.2. An object of G((L x —)*) is similar to the closed term

hypergraph of Kennaway [Ken90].

Example 3.1.6 (L-labeled powerset functor) We similarly define a functor P(L x
—) : Pfn — Pfn like Example 3.1.3 and Example 3.1.5.

Theorem 3.1.7 Let f : (A,a) — (B,b) and g : (A,a) — (C,c) be morphisms in G(T).

If the square

f
A — B

cC — D
k

s a pushout in Pfn, then there exists a unique partial function

such that hd = d(h)bTh, kd = d(k)cTk. When that is so, the square (2)

(i) "L NG

1 @ [

(C’C) T’ (Dsé)

is a pushout in G(T') if and only if § = (R*Th) U (k*cTk) and § is a total function.



(Proof.) We first show fd(h)bTh = gd(k)cTk.

fd(R)bTh = d(fh)fbTh

= d(fh)d(f)aT fTh

= d(fh)aT fTh

= d(gk)aTgTk

= d(gk)d(g)aTgTk

= d(gk)gcTk

= gd(k)cPk
Since the square (1) is a pushout in Pfn, there exist a unique partial function d : D —
T D such that hd = d(h)bTh and hd = d(k)cTk, where d = (h*6Th) U (k*Tk), by
Fact 2.2.1. Assume the square (2) is a pushout. Graph morphisms h and k satisfys
hé = d(h)bTh and hé = d(k)cTk. Since h*d(h) = h*, k*d(k) = k" and (R*AUK*k) = idp,
we have § = (h*hUkYk)d = (R*6Th)U(k*cTk). Conversely, assume 8§ = (h*6Th)U(k*cTk)
is a total function. Let (S,s) be an object in G(T),and z : B - S,y : C — S
morphisms in G(T') satisfying fz = gy. Since the square (1) is a pushout in Pfn,
there exist a unique partial function ¢t : D — S such that ht = z and ht = y, where
t = h'z U k'y, by Fact 2.2.1. We only need to show that ¢ is a graph morphism.
Since hfzQs = h*'d(h)d(z)Qp = A*d(z)hQp and k'yQs = k'd(y)kQp, we have d(t) =
h*d(z)h U k*d(y)k. Since

hid(z)héTt = h*d(z)héTt

= h*d(z)d(h)bThTt

= h'd(z)d(h)bTz

= hM'd(h)d(z)bTz

= h'd(h)zs

= f'as
and k*d(y)kéTt = k'ys, we obtain d(¢)6Tt = h'zs U k*ys = ts. That is ¢ is a graph
morphism. So the square (2) is a pushout in G(T').
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Corollary 3.1.8 Let f : (A,a) — (B,b) and g : (A,a) — (C,c) be morphisms in
G(T). If the square

cC —
k

is a pushout in Pfn, then the following conditions are equivalent:
(1) d = (h*Th) U (kK*cTk) is a total function.
(2) b(dom(k)) C dom(Th) and ¢(dom(k)) C dom(Tk)
(3) dom(h) C dom(bT'h) and dom(k) C dom(cT'k)

(Proof.) If b*hQp C ThQrp then hQp C bB*AQp C bThQrp. If hQp C bThQ7p
then b*AQp C b*6ThQrp C ThQrp. We have 'kQp C TkQrp if and only if kQp
C cTkQ2rp. So we have shown that (2) and (3) are equivalent.
Next we show the equivalence of (3) and (1). Assume hQlp C bThQrp and kQp
C cTkQrp. Since h*h U k*k = idp by Lemma 2.2.2, we have Qp C (h*hQp) U (k*kQ2p)
C (R*ThQrp) U (K*cTkQrp) C dQ7rp. This means d is a total function. Conversely,
assume d is a total function. Since hd = d(h)bTh means d(h) = d(h) N d(bTh), we
have d(h) C d(bTh). Similaly d(k) C d(cT'k).
||
We note that if 7' = P, T = Wand T = P(L x —),then Tf : TA - TB is a
total function for any partial function f: A — B. This property is very convenient for

existence of pushouts.

Corollary 3.1.9 The categories G(P), G(W) and G(P(L x —)) have pushouts.

3.2 Observations

In this section, we provide the proof of Raoult’s proposition 5 in a view point of our

framework.

o
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Let f: A— Band g: A — C be partial functions. We define a relation ['(s,) :
A — 1byT(s, =U{a: A— 1|ffla = a and gg*a = a}, that is [, is the maximum

relation satisfying ffﬂr(f'g) = ['(y4) and gg”[‘(/_g) S I

Lemma 3.2.1 Let

(C) — (D,d)
be a pushout in G(T). Then [(;4) = fhQp(= gkQp).

(Proof.) It is obvious ffifrQp = fAQp and g¢* fhQp = fhQlp. Asuume a relation
a: A — 1 satisfies ff'a = a and g¢'a = a. Since fla: B — 1 and ¢g!a: C — 1 are
partial functions and D is a pushout, there exist a unique function §: D — 1 such
that k3 = fla and kB = g'a hold. We obtain fhQp O ffla = a. So fhQp is the
maximum relation.

We note that [y, = fhQlp means f~'(dom(h)) = {a € Al(a,1) € T'(;4}. By
Lemma 2.2.2, dom(h) = (B — f(A)) U f(A") where A’ = {a € A|(a,1) € (s}

Lemma 3.2.2 Under the situation of Theorem 3.1.7, consider the functor T *.

Then following five conditions are equivalent:
(1) B(f(A4)) C dom(Th)(= (dom(h))"),
(2) c(g(A")) C dom(Tk)(= (dom(k))"),
(3) Tf(a(A")) C (dom(h))",
(4) Tg(a(A")) C (dom(k))", and
(5) a(4') C (4",

where A’ = {a € Al(a,1) € [(y0)}



(Proof.) Since d(f)aTf = fband d(f)f = f, wehave b* ffhQdp = (T f)*a" fAQ2g. This

means b( f(A")) = T f(a(A’)). So (1) and (3) are equivalent. (3) and (5) are equivalent

by (Tf) '(dom(h)*) = (A’)". Similarly, (2),(4) and (5) are equivalent, because of
Fildy = ghiflp.

|

Using the last lemma, condition (2) in Corollary 3.1.8 is replaced to the form in the

next proposition. The next proposition which was originally proved by Raoult [Rao84,

Proposition 5] is a special case of Theorem 3.1.7.

Proposition 3.2.3 Let the square

is a pushout in Pfn. A commutative diagram

i a) s )

| [

(C,C) _k—) (Dad)

in G(x) is a pushout in G(x) if and only if the following conditions (1), (2) and (3)
hold:

(1) 6(B — f(A)) C (dom(h))",
(2) e(C —g(A)) C (dom(k)), and
(3) a(A') C (A)",

where A" = {a € Al(a,1) € T4}

The next example is a counter example of Raoult’s proposition 5[Rao84] which lack

a condition (3) of Proposition 3.2.3.

Example 3.2.4 Let A = {z; — z5,2z3}, B = {y1 — 32} and C = {z; — 2z} be
graphs. Define graph morphisms f: A - Band g: A — C by f(z\) = 5, f(z3) =
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X1 YREE XD

X2 X3 Y2=f (X2) =f (X3)
g
Z21=g(X1)
/ k U=h (Y1) =h(Y2)
=k (21)=k(22)
22=q(X2)

g(X3) :undefined

Figure 3.1:

f(z3) = y2, g(z1) = 21 and g(z;) = 2z2. The value of g(z3) is undefined(cf. Figure 3.1).
It is easy to check A’ = {z;}. and the condition in Proposition 3.2.3(3) does not hold.

Consider the pushout

I
A — B

in the category Pfn. Since D is a one point set, A and k are not graph morphisms.
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Chapter 4

Relational graph rewritings

In this chapter, we treat the category of (simple) graphs (with or without labeled edges)
and partial functions preserving graph structures, and we present a new formalization
of graph rewritings by using a primitive pushout construction in the category. We
show the main subjects of this chapter in Section 4.1. For a pair of partial functions
from a common set into graphs a primitive pushout square is constructed, which shows
the category of graphs and partial morphisms has pushouts. Moreover we give a more
general sufficient condition for two graph rewritings to commute and a critical pair
lemma of graph rewriting systems. In Section 4.2, we compare our approach with an-
other approaches by Ehrig[EKL90], Lowe[LE90], Kennaway[Ken90] and Okada[OH91].
Some examples related to graph rewritings are listed in Section 4.3. In Section 4.4,
we state how to develop our formalization of graph rewritings for graphs with labelled

edges which contains Raoult’s graphs[Rao84].

4.1 Rewritings for simple graphs

A (simple) graph < A,a > is a pair of a set A and a relation a : A — A. A partial
morphism f of a graph < A,a > into a graph < B, >, denoted by f :< A,a >—<
B, B >, is a partial function f: A — B satisfying d(f)af C f3. It is easily seen that
a partial morphism among graphs is a partial function preserving edges on its domain

of definitions.
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Let f:< A,a >>< B, > and ¢ :< B, >—>< C,y > be partial morphisms of
graphs. Since d(f)af C f3 and d(g)Bg C g, we have d(fg)afg = d(fg)d(f)afg (by
2.4(a)) C d(fg)fBg = fd(g)Bg (by 2.4(b)) T fgv. Hence the composite of two partial
morphisms of graphs is also a partial morphism of graphs. Thus we have the category

G, of (simple) graphs and partial morphisms between them.

The following theorem constructs a primitive pushout for a pair of partial functions

from a common set into graphs.

Theorem 4.1.1 If < B,8 > and < C,~y > are graphs and if the square

o
A — B

cC — D
k

is a pushout in Pfn, then h :< B,8 >—>< D,6 > and k :< C,y >—>< D,§ > are
partial morphisms of graphs, where § = h*Bh U k*yk. Moreover, if b’ :< B, 3 >—<
D' & > and k' :< C,yv >—>< D',§ > are partial morphisms of graphs satisfying
fh' = gk', then there ezists a unique partial morphism t :< D,6 >—< D', §' > of

graphs such that b’ = ht and k' = kt.

(Proof.) First we see that h :< B, >—>< D,§ > and k :< B, >—>< D,§ > are
partial morphisms of graphs. It simply follows from d(h)8h T hh*Bh (by d(h) =
hhinidg) C hé (by 6§ = A*BhUK"yk). Next assume that A’ :< B, >—< D', 6 > and
k' :< C,y >>< D', § > are partial morphisms of graphs satisfying fh’ = gk’. Then
we have d(h")Bh' C h'é" and d(k')yk' C k'6’. As (1) is a pushout in Pfn, there exists a
unique partial function t : D — D’ such that A’ = ht and k' = kt. It suffices to prove

that d(¢)ét C té’. But it follows from

d(t)6t T t(hIBh U Kiyk)t (d(t) =ttt Nidp)
t(t*h*Bht Utk ykt) (by (2.1.2))
th"BR U k"yk') (K = ht, k' = kt)
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(R d(h)BR U K d(k")yk') (B = d(R)R', K = d(k')K)
LR RS UK K'Y (d(h)Bh' T K6, d(k')vk' T k'6")
C t(&'uéd) (KW Cidp, K"k Cidp)
té'.
This completes the proof.
]

Note that the graph < D,é§ > is unique up to isomorphisms. The following is

exactly a corollary of the last theorem.
Corollary 4.1.2 G, has pushouts. [ |

A partial morphism f :< A;a >—< B, > is said to be a morphism of graphs if
f:A— Bis afunction. It is trivial that the composition of two morphisms of graphs
is also a morphism of graphs and so one can consider the category Gof graphs and

morphisms between them.

Definition 4.1.3 A rewriting rule p is a triple of two graphs < A,a >, < B,8 >
and a partial function f : A — B. (Note that f need not to be a partial morphism
of graphs.) A matching to p is a morphism g :< A,a >—< G,£ > of graphs. Then

construct a pushout

Jf
A — B

in Pfn and define n = hA*BhU k(€ — g'ag)k. The graph < H,n > is the resultant graph
after applying a production rule p along a matching g, and denoted by < G,{ >=,,,<

H,n >. A square
f
<Aja> — <B,f>

<G¢>-7f Sl gl is

is called the rewriting square for a rewriting rule p along a matching ¢g. (Note that
the rewriting square is not necessarily a pushout in the category of graphs and partial

morphisms.)
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Proposition 4.1.4 Let g :< A,a >—< G, > be a matching to a rewriting rule
p=(<A,a>< B,f>f:A— B). Iff:< Aja >>< B, > is a partial morphism

of graphs, then the rewriting square

f
<A,a> — < B,f>

for p along g is a pushout in G.

(Proof.) By the virtue of 4.1.1 it suffices to show that n = h*gh U k*k. First note

that flaf C f'fB C B since d(f)af C fB. Thus we have

n h*Bh U k(€ — gtag)k
O hflafhu ki€ — glag)k
Kglagk U k(€ — g'ag)k
K {glag U (€ — g'ag)}k

Kiek.
and

n RBhU K (€ — g*ag)k U k*Ek

hEBh U kik.

This completes the proof.

The last proposition suggests that our graph rewritings coincide with those of
Raoult [Rao84] if a production rule is a partial morphism of graphs. It is easy to
understand that analogous results to Raoult’s work [Rao84] about the confluency and
concurrency of graph rewritings are valid in our case. We state a general sufficient

condition for two graph rewritings to commute (or to be strongly confluent).
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Theorem 4.1.5 Let py = (< Ax,an >, < By,0y >, fn : A\ — B\) be rewriting
rules, gy 1< Ay, ay >—< G,€ > matchings to py and < G,§ >=p,/4,< H\,n\ > for
A=0,1. If f\ :< Ay, ay >—< By, B\ > s partial morphisms of graphs (A = 0,1) and
Im(go) M Im(g;) E dom(ko) M dom(ky). then there exist matchings ¢\ :< A,ay >—<
Hi_x,m-x> (A =0,1) and a graph < H,n > such that < Hy_x,n1-x >=p, /g, < H s

(A=0,1).

(Proof.) As fg, g0, fi and ¢, are partial morphisms of graphs, we can construct the
following three pushouts in the category of graphs and partial morphisms between

them by 4.1.2:

fo
<A0,(10> _ <Bo,ﬁo>

gol (O) lho

< A,o > - & (G5l > k—0> < Hgy,no >
Al (1) [ (2) I
< By, 5 > 't <l > T» s 0>
Set ¢\ = gaki—x (A = 0,1). Then we can deduces that g§ (A = 0,1) is a function
because of 2.2.3, and so ¢} :< Ax,ay >—< H;_),n;_) > is amatching top) (A =0,1).
Since two squares (0)+(2) and (1)+(2) are pushouts in the category of graphs and
partial morphisms between them, we have < Hy_x,m-x >=p,/g < H,n > (A = 0,1)

by means of 4.1.3, which proves the theorem.

In the rest of this section we observe the critical pair lemma [KB70, Rao84, OH91]
in our graph rewriting system. A basic idea using a single pushout construction was
initiated by Raoult [Rao84]. Our approach is an extension of his method. We restrict
no rewriting rules but a matching as an injective graph morphism. An essential point
of our formulation is due to Proposition 2.2.4 stating that a pushout in our category
of graphs preserves injective graph morphisms. In what follows, we assume that a
rewriting rule is a morphism of graphs, and a matching is a (total) injective graph
morphism.

35



Definition 4.1.6 Let < Ay, a) >, < By, A\ > and < [,0 > be graphs, (< Ay, ay >, <
By, By >, fr 1 Ay — B,) a rewriting rule, and i) :< [,0 >—>< Ay, @\, > an injective
morphism of graphs (A = 0,1), where 0 is the empty relation. A pair (¢g: S — Ty, ¢, :
S — Ti) of morphisms defined by the following squares is called a critical pair formed

from (fo, f1) by (0,%1)-

10

<[,0> — <Agpoan> s < Bo, o >
i PO s PO [ o
< Ay, o > LB, < Sl B T < Tpy, 6o >
| PO e

<B1,ﬂ1> h—’ <T1,61>
1

We note that if Ay and A; are finite sets, then the set of critical pairs of ( fy, f1) is
finite. A function f: I — A is always a graph morphisms f :< [,0 >—< A,a > for

any graph < A,a >.

Lemma 4.1.7 Let < G,{ >=f,/40< Ho,m0 > and < G,£ >=>, /5, < Hy,m > be graph

rewritings and a square
1)
I —— A

i,l B J'go

Al =) G

2
be a pullback in Set. If (to :< S,0 >—>< Ty, 70 >,t; :< S,0 >=< 1,71 >) s a

critical pair formed from ( fo, f1) by (i, %1) and squares

< Ay ay > =T < By,B >
| PO [
o o L» L I TS
l PO Jhg
<G, &> —a = Hy,ny >
A
are pushouts in G, , then hyh\ = h'\, where s :< S,0 >—>< G,{ > 15 a unique
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morphism satisfying syxs = g\ and a square

/
<Ay, ay> — < By, B>
gxl PO I

< G,€E> e < Hy,m >
A

is a pushout in G, (A =0,1).

(Proof.) Since the square

<I[,0> — < Ap,a>
ixl PO 130
81

<A1,Q1> = <S,6>

is a pushout, there exist a unique morphism s :< S,0 >—< G,£ > satisfying s\s = ga

also a pushout, so we have hyhy = A} (A =0,1).
|
We call a critical pair (¢ :< S, 0 >—>< Ty, 79 >,t; :< S,0 >>< Ty, 1 >) confluent
if there exist rewriting rules f, f{ such that two graphs < Ty, 79 >,< Ty,7y > are
rewritten to a same graph < T,7 >. That is there exist a graph < 7,7 > and

rewriting rules fy (A = 0,1) such that a square

is a pushout in G, and oty = ¢1t].

Theorem 4.1.8 (Critical Pair Lemma) A graph rewriting system s confluent, if

every critical pair is confluent.

(Proof.) Let a square

/
i > ftr o B Oy
| PO I

<G, t> i < Hy,my >
A
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be a pushout (A =0,1). By Lemma 4.1.7, there exist a critical pair (t5:< S, 0 >—<

To, 70 >,t; :< S,0 >>< T, >) and pushouts

I
<Ay > — < B),0 >
le PO lhx
<S, 0> — <Th,n>
sl PO lh:\'
<G,€> — <H/\a77/\>
k)

in G, satisfying sys = g¢» and hyh\ = R (A = 0,1). Since every critical pair 1s
confluent, there exists a graph < T,7 > and rewritings < T, 7\, > = < T,7 >. By

making the following pushout

t
<Th,m> — <T,7>

| PO |
D L B by 5

we have < Hy,ny > =5 < Hy,nyx > (A =0,1). Since the composition

2 S M=

!

<G, > — < Hyn >

of pushouts squares ST\G H) and T\T H\H, is also a pushout (A = 0,1) and oty = ¢},

we have < Ho,no >=< Ho, 7o >. This completes the proof.

4.2 Observations

We first compare our category of graphs with Lowe’s one [LE90]. Let < A,a > be a
graph in our sense. We have two functionsi,p: @ - Aand 1,9 : @ — A, where i, : a —
A x Ais an inclusion function and p: Ax A — A and q: A x A — A are projections.
Then (a, A, 14p. 14q) is naturally considered as a Sig-algebra with Sig = {s,¢t: £ — V'}
in the sense of Lowe [LE90]. Exactly a graph in our sense corresponds to a Sig-algebra
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...............................................................................

Figure 4.1:

(Gg, Gy, s%,t%) such that a function (s%,t%) : Gg — Gy x Gy is injective. A partial
Sig-algebra morphism from < A,a > to < B, > is a tuple (< A',a’ >,14,t;) of a
subgraph < A’, @’ > of < A,a >, an inclusion function ¢y :< A’,a’ >—>< A,a >, and a
(total) graph morphism t; :< A’,a’ >—=< B, >. It corresponds to a notion of partial
morphism [RR88, Ken90] over G. But Ghas pushouts which are not heredetary, so the
category of partial morphisms constructed from Gis not pushout complete [Ken90].
Figure 4.1 illustrates a pushout which is not hereditary. Let f :< A,a >—< B, >
be a partial graph morphism in our sense. We have the domain A’ of partial function
f A — B, an inclusion function ¢y : A" = A and a function t; : A" — B such that

Ji= i"ftf. Define o’ by constructing a pullback

o 1 AxA
l PB li,xi,

a — AxA

la

in Set. Sinse d(f)af C fp, it follows by assumptions that ¢y :< A',a’ >—=< A,a >
and ty :< A', o’ >—=< B, 3 > are graph morphisms. But there may be many subgraphs
< A'Ja" > of < A,a > such that t; :< A’ a® >—< B, > is a graph morphism. This
is a difference between our partial graph morphisms and Lowe’s graph morphisms.
Figure 4.1 indicates that Lowe’s pushout construction is not closed under th subclass
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of our graphs and so it is meaningful to prove the pushout completeness of the category
G, in our sense(cf. 4.1.2).

Lowe [Low89, LE90] showed the pushout completeness of the category of Sig-
algebras whose signature contains monadic operator symbols only. In this case the
category of Sig-algebras is equivalent to a functor category over Set which is a topos
[Gol79]. So his result is also lead from our Proposition 2.3.16.

Kennaway [Ken90] showed that if E satisfying the condition (a) of Propositon 2.3.16
has hereditary pushouts, then Pfn(E) has pushouts. Every pushout square in E of

Proposition 2.3.16 is also a pushout of Pfn(E), that is it is hereditary.

Next we consider Ehrig’s double pushout approach [EKL90] in our category G, that
1s, assume that the following two squares are pushouts in Gand that m is an injective

function. y
m
<Aa> —— <D,6> < B, B>

<G, (> —— <Eje> T» £ o n >
Then ém C ma, 6s C se, §f T fB, £ = g'ag U n'en and 5 = ABh U k'ek by 4.1.1.

Since nn! = idg by the pushout property it is easy to see that s'és C e and

(ng'agn® U nnfenn?) — nglagn' (by 2.1.4)

(ng*agn® Ue) — nglagn® (nn! =idg)

[Epwe,

Hence n(£ — glag)nt Ustés C e. Now put é = n(€£ — g*ag)nf U s'és. From nfen — glag =

nin(nfen — glag)nin (by 2.1.7) = n(e — ng'agn®)n (by 2.1.2) and nn! = idg, we have

dagUnt(e — ng'agn®)n U n's'ésn

glag U (n'en — glag) U ntstésn
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Thus é : E — E is the least relation such that s%6s C é and ¢ = g'ag U n*én. Hence it

i1s reasonable to assume that € = €. In this case we have

n R*Bh U k'n(¢ — g*ag)n'k U k*s*6sk
R'BR U K'n(¢ — dlag)n'k U R fISfR  (fh = sk)

RIBh U kin(€ — gag)ntk  (f16f C B).

This shows that é : £ — FE is the least relation ¢ which makes the above squares
pushouts. In our category of graphs Gthe pushout complement is not always exist
and not unique (cf. 4.3.1). If there exists a pushout complement, our rewriting using
single pushout is coincide to the rewriting using double pushout which uses the least
pushout complement.

Finally we consider the boundary graphs (or B-graphs) due to Okada and Hayashi
[OH91] in G. If a matching g :< A,a >—=< G, >top= (< A,a><B,3>,f:
A — B) is an injective morphism of graphs such that deg(g(a)) = deg(a) for each

a € A on which f is undefined, then the rewritings coincides with those of B-graphs.

4.3 Examples of graph rewritings

In this section a few examples related to graph rewritings are listed. The first example

shows that pushout-complements are not unique in G.

4.3.1 Let a,83,7 : A — A be relations with a € v C . Then because of 4.1.1 the

square

< Aa>

S T S A
1d 4
is a pushout in the category of graphs and morphisms between them. Therefore the
square is a pushout for any choice of v satisfying &« C 4 C . The choice of € in 4.2

means the most economical way to have pushout-complements.
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Figure 4.2:

Next we present two simple examples of graph rewritings to which conventional

graph rewritings cannot be applied.

4.3.2 In Figure 4.2 g is a neat morphism of graphs with respect to theories of Ehrig
[EKL90], Raoult [Rao84] and ours. But f is not a morphism of graphs and it is not
worth to be a rewriting rule in the sense of Raoult [Rao84]. On the other hand f means
a fast production in the double pushout aproach of [EKL90] but unfortunately the
necessary pushout-complement does not exist since the gluing condition is not satisfied.

However we have the bottom right resultant graph by applying our formalization.

4.3.3 In Figure 4.3 g is a morphism of graphs and f is a partial morphism of graphs
in all theories of Ehrig [EKL90], Raoult [Rao84] and ours. However graph rewritings of
Ehrig [EKL90] and Raoult [Rao84] does not work again because the gluing conditions
are not valid. In this case the resultant graph given by our graph rewritings is one

point graph without edges.

The final example indicates a reason why matchings must be morphisms of graphs

in the definition 4.1.3 of graph rewritings.

4.3.4 Recall that matchings to rewriting rules are defined to be morphisms of graphs
but not partial morphisms (Cf. 4.1.3). We now observe what happens when matchings
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g(1)=g(2)

Figure 4.3:

are allowed to be partial morphisms of graphs. First we note that any couple of
rewriting rules being partial morphisms of graphs commute, because rewriting squares
are pushouts in the category of graphs and partial morphisms by 4.1.4. Hence every set
of rewriting rules consisting of partial morphisms of graphs is strongly confluent, which
seems to exceed. Let p = (< A,a >, < B, >,f: A — B) and assume that f(A) = B
and there exists @ € A such that f is undefined on a and a has no loops. (This rewriting
rule p is not so special.) For any vertex v of an arbitrary graph < G,€ >, define a
matching ¢ :< A, >—>< G,£ > such that g(a) = v and undefined otherwise. Then g
is in fact a partial morphism of graphs. The resultant graph H after applying p along
g 1s a graph obtained by subtracting from G the vertex v and all edges connected with
v. Thus this claims that any finite graph is reduced into the empty graph by iterating

applications of p. Therefore these graph rewritings are nonsense.

4.4 Rewritings for graphs with labeled edges

In this section we first define graphs with labeled edges and partial morphisms between
them, and a primitive pushout construction similar to 4.1.1 is stated for graphs with

labeled edges. The readers may easily understand analogies with results in the section
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4.1 are also valid in this case.

Let ¥ be a set of labels. A graph < A,a > with ¥-labelled edges is a pair of a set
A and a collection a = {a, : A — A | 0 € £} of relations indexed by . A partial
morphism f of a graph < A, a > with ¥ -labeled edges into a graph < B, 3 > with
Y-labelled edges, denoted by f :< A,a >—< B, >, is a partial function f: A - B
satisfying d(f)a, f C ffB, for all o € E.

Similarly we have the category of graphs with ¥-labelled edges and partial mor-
phisms between them. The following theorem constructs a primitive pushout for a pair

of partial functions from a common set into graphs with labeled edges.

Theorem 4.4.1 If < B,3 > and < C,~v > are graphs with ¥-labelled edges and if the

square
f

A — B
(1)

C — D

is a pushout in Pfn, then h :< B,8 >—>< D,§ > and k :< C,y >—>< D,6 > are
partial morphisms of graphs with $-labelled edges, where §, = h*B,h U k*y,k for each
o € ¥. Moreover, if b :< B, >—< D", §' > and k' :< C,y >—< D', § > are partial
morphisms of graphs with Y-labelled edges satisfying fh' = gk’, then there ezists a
unique partial morphism t :< D,§ >—< D', 8 > of graphs with -labelled edges such
that b’ = ht and k' = kt.

Similarly we have the following corollary from the last theorem.

Corollary 4.4.2 The category of graphs with ¥-labelled edges and partial morphisms

between them has pushouts.

Remark. A graph < A,a > with of = o is just an undirected graph. Hence almost

all results in this note are also valid for undirected graphs.

Example 4.4.3 Let ¥ = N be the set of natural numbers. A graph < A,a > with
L-labelled edges satisfying the following conditions:
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(1) «;is a partial function for any i € N, i.e. ool =idy,
(2) a; C o, for any: < j (¢, € N),

is equivalence to Raoult’s graph < A, 64 > whereé4 : A — A*(84(a) = ai(a)--- ai(a)---).
Since Raoult’s graph morphisms are graph morphisms in G, Raoult’s category of graphs
is a subcategory of G. Raoult showed an sufficient condition for existence of pushouts

which corresponds to the pushout closedness.
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Chapter 5

Graph rewriting system using

graph terms

In this chapter, we introduce a graph rewriting system based on a model introduced
in Chapter 4, using a symbolical object called a graph term. In Section 5.1, new no-
tations for graphs and graph terms and the interpretation of graph terms is given. In
Section 5.2 we extend a graph term to contain a graph which have node label. We
expand the graphs to infinite trees and regard a graph as an intermediate object be-
tween terms and infinite trees. Using the theory of infinite trees and finite automata,
an expanded graph is charactereized as an infinite tree accepted by an tree automa-
ton defined by the graph itself. In Section 5.3, we define using the notions not only
simple rewritings but also parallel rewritings. The symbolical notation of graphs and
rewriting rules is helpful to define a reading region and a writing region precisely which
contribute to clear the concept of sequentially simulatable parallel rewritings. We show
a sufficient condition that parallel rewritings are sequentially simulatable. Examples
of graph rewriting systems which contain Turner’s SK-reduction machine [Tur79] are
given in Section 5.4. We reconfirm in our framework that the fact of parallel rewrit-
ings of the SK-reduction is sequentially simulatable. In Section 5.5, we show a graph
rewriting system which solves equations of regular expressions as a meaningful exam-
ple of non sequentially simulatable reductions. The rewriting rules are not sequentially

simulatable, but it is proved that every parallel reduction leads to the right solution of
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the equations. Examples of executions of the rewritings are given in Section 5.6.

5.1 Symbolic graphs and graph terms

We define the graph as a symbolical objects. A symbolical graph is defined a finite set
of symbolical graph terms. The interpretation of these symbolical objects correspond

to E-labeled graphs defined above. Let S be a set of identifiers.

A graph term is defined as follows:
(1) If s € S, then s and s[] are graph terms.

(2) If so€ S, €y,--,e, € E and ty,---,t, are graph terms, then sole;:¢;, -, e, :t,]

is a graph term.

A graph term is called simple, if it is defined by (1) or defined by (2) when every ¢, is

an element of S.

Definition 5.1.1 For a graph term t, we define the root identifier rt(t), the set 1d(t)
of identifiers, the set Int(t) of internal identifiers, the set Ot of leaf identifiers, and the
incidence relation € (t) : [d(t) — Id(t) for each e € E.

(1) If s € S, then rt(s) = s, Id(s) = (s}, Int(s) = ¢, s = (s}, &(s) &,
ri(s]) = s, 1d(s[]) = {s}, Int(s[]) = {s}, Os[] = {s}, and &(s[) = 4.

(2) Ifso€ S, €1, -,e, € E and t,,-- -, t, are graph terms, then
So

=1

s o) U U Tne(e)

E

i=]

{(s0,Tt(t:))]e = e} U Q St -



For a finite set X of graph terms, the set {rt(z)|z € X} of all root identifiers of
X is denoted by Rt(X). An interpretation |X
E-labbeled graph | X| =< Rt(X),£(X) >, where £.(X) = Usex €e(t).

of a finite set X of graph terms is an

A finite set G of simple graph terms is a symbolic graph if it satisfies following

conditions (1),(2) and (3):
(1) If z # y then rt(z) # rt(y) for any z,y € G,

(2) If 2 = soler:s1,€2:82, -, €n:8.) € G, there exists y; € G such that s; = rt(y;)

forallz=1,---,n,

Since every element of a symbolic graph G has a different identifier, we can uniquely
define the simple graph term expg(s) for s € Rt(G) satisfying expg(rt(z)) = z for all
r € G. A pointed symbolic graph is a pair <rt(z),G > of a symbolic graph G and an

element rt(z) € S for some z € G.

Definition 5.1.2 For a graph term t we define a finite set G(t) of simple graph terms

as follows:
(1) If s € S, then G(s) = {s} and G(s[]) = {s[]}.
(2) Ifso € S, €1,---,e, € E and ty,---,t, are graph terms, then

G(soler:ty, -+ en:ty]) = {soler:rt(t1), -, en:rt(ts)]} U LjJ G(t;).

For any graph term ¢, a finite set G(t) of graph terms is not always a symbolic
graphs. So we restrict some more conditions for the graph term.

We define a strict (graph) term as follows:
(1) If s € S, then s is a strict term,

(2) If ey,---,en € E, 59 € S — UL, Int(t;) and t,,---,t, are strict terms such that

Int(t;) N Int(t;) = ¢ for i # j, then so[(e1:t1), -, (€n:ts)] is a strict term.

We note that if ¢ is a strict term, then G(t) is a symbolic graph.
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Definition 5.1.3 For a graph term t and a function g : A — B such that [d(t) C A C

S and B C S, we define a graph term g*(t) as follows:
(1) Ifs €S, then g(s) = g(s) and g"(s(]) = g(s)[]

(2) Ifso€ S, e1,- e, € E and ty, - ,t, are graph terms, then

The next proposition guarantees that we can construct the rewriting graphs using a
symbolical substitution of graph terms. The element of the set Jt operates a variables

in the rule of term rewritings.

Proposition 5.1.4 Let t be a strict term and let B, C and X be symbolic graphs
with B C G(t) and Rt(B) C Rt(C), i : Rt(B) — Rt(G(t)), 7 : Rt(B) — Rt(C)
inclusion functions and g : Rt(G(t)) — Rt(X) a function. If expgge(y) (97 (Int(t))) C
X, expg(;)(0t) C B, 99"Qrycry C 1"Qruc(y), 9(R(X)) N (RH(C) — Rt(B)) = ¢ and

the square

|G(2)]

o|

is a graph rewriting square, then then
< H,1>2 |(G = expagyqo (Int(t))) Uexp, s)(9( BHB)N Int(1))) Uexpe (R(C) — RH(B))],
where f = 5.

|
We note that if B = G(t) then g¢"Qryc()) C iiuQRt(G(t)). We only treat the case

B = G(t) in the graph reduction system defined in Section 5.3.

Definition 5.1.5 Let G be a symbolic graph. we define a subset Pg(z,y) of E* for

z,y € Rt(G) as follows:

(1) € € Pathg(s,s) for any s € Rt(G),
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(2) e; € Pathg(s,si) (1 =1,2,---,n) for a simple graph term sle, : $1,€3 : Sg, -+, €p :

sa) € G.

(3) Ifa € Pathg(z,s) and b € Pathg(s,y) then ab € Pathg(z,y) for anys € Rt(G).
We call an element of Ps(z,y) a path from z to y.

Definition 5.1.6 A pointed symbolic graph < s,G > is reachable if Pathg(s,z) # ¢

for any z € Rt(G).

Proposition 5.1.7 If a pointed symbolic graph <s,G> is reachable then there exists

a g-term t satisfying SG(t) = G and Rt(t) = s.

Example 5.1.8 Let E = {a, b} and S = N. Then {1[a:2, b:2], 2[a:1, b:2]} isa

symbolic graph (cf. Fig. 5.1).

Figure 5.1: An ezample of graph

Example 5.1.9 Let E be a one point set {x} and S = N (a set of natural numbers).

We omit to denote an element of E.
o G ={0[1,2],1[2],2[]} is a symbolic graph.
& Bathi(0, 1 == Rl A = fooreis |, BN =, E VDb, k=
{*}.
o <0,G> is reachable. <1,G> is not reachable.
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mt(1[2]) = {1}, Rt(1[2)) = {1,2} and G(1[2]) = {1(2)}.

t = 0[1[2],2[]] is a strict term. G(t) = G and rt(t) = s.

graph term t = 0[1[2(]], 2[] is not strict but SG(¢t) = G.

graph term u = 0[1[2],2] is strict and |t| = |u].

A set H = {0[1],0[2],1[2]} of simple graph terms is not a symbolic graph and

|H| = [{o{1], 1[]}].

Example 5.1.10 General terms are ezpressed by graph term or symbolic graph as
follows. We assume S = N. Let E = N + F + C where F' and C are a set of function
symbols and a set of constant symbols, respectively. A constant(function) a is ezpressed
- =9 . % . because it is convenient to share it. We omit denoting a label in N when
it is clear from the position of the term in the expressions. For erample, 0[z,y] and

0(3(f:4],5] means 0[1:z,2:y] and O[1:3[f :4],2:5], respectively.
Term f(b, g(b,c)) is expressed by O[1(f :4],2[9(b:11]), 3[5(g :8], 6[9], 7[10[c: 12]]]].

f(b, g(b, c))

11 10
y

12

Figure 5.2: An example of g-term ezpressing a term
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5.2 Graph terms and tree automata

In thie section, we extend a graph term to contain a graph which have node label.
We expand the graphs to infinite trees and regard a graph as an intermediate object
between terms and infinite trees. Using the theory of infinite trees and finite automata,
an expanded graph is charactereized as an infinite tree accepted by an tree automaton
defined by the graph itself.

Let ¥ and g be sets. We call these sets the set of labels for nodes and the set of la-
bels for edges, respectively. Let the set of identifiers S be A/ the set of natural numbers.
We assume Spc is the set {(,),[,],:, L} of special symbols. For a technical reason, we
assume Xy and Xg do not intersect with Spc (i.e.Xny N Spc = ¢ and g N Spe = ¢).

Let k be a positive integer. The integer k bounds the maximum branches of graphs.

Definition 5.2.1 We define simple graph ezpressions bounded to k branches as fol-

lows:
(1) Forso € S andz € LN, (so: z) is a simple graph ezpression.

(2) Fors;€ S (1=0,---,n),a;, EXg (i=1,---,n) and z € En, (so: z)[a;: s1,a;:

S2y 4 an t Sn) (1 < n < k) is a simple graph ezpression.
(3) Nothing else is a simple graph expression unless it is defined by (1) and (2).

We denote the set of all simple graph expression by SGF). we say a simple graph
expression X = (so : z) defined by (1) has no argument. On the other hand, for a
simple graph expression X = (so : z)[a; : s1,a2 : Sz, ,a, : S,] defined by (2), we
say X has n arguments a; : sy, a; : S3,-+,a, : ;. For a simple graph expression X

defined by (1) or (2), we call s¢ the identifier of X and denote it by Id(X).

Definition 5.2.2 A finite subset G of SGEy is a graph bounded to k branches if it

satisfies the following conditions:

(1) Forany X, YE€G (X #£Y), Id(X) # Id(Y),



(2) For any X € G and any argument a s of X, there exists Y € G such that
s ="4d(¥").

We denote by Graph, the set of all graphs bounded to k& branches. The union set
UxGraphy is denoted by Graph.
For a graph G, we use the notation Id(G) for the set {Id(X)|X € G}. Since every

element of G has a different identifier, we can define the function Eg from Id(G) to G

which satisfies Fg(Id(X)) = X for any X € G.

Example 5.2.3 Let Ty = {z, y}, Ze ={a, b}. {(1:2)[a:2, 6:2], (2:y)la:1, b:

2]} is a graph bounded by 2 branches.

Definition 5.2.4 A pair < s, G > of an element of S and a graph is a pointed graph
if there exists an element X of G such that 1d(X) = s. We denote the set of pointed

graphs by Graph;,

Definition 5.2.5 We define a relation on Graphj. Forelements < s, G >, < t, H >,
<s, G> < <t, H> holds if there ezists an injective map f : I1d(G) — [d(H)

satisfying the following conditions:

(1) f(s) =t

(2) If X € G has arguments, then X and  Ey(f(Id(X))) have the same number of
arguments.

(3) If X = (so : z){ay : 81, a3 : S2, ***, G, : Sn| then there exist a bijection

T {1a2a"'an} S {1’2""377‘}) such that EH(f(Id(X))) — (f(SO) : :B)[af(l)
f(sr))s @r@) # f(82(2))s s @r(n) © f87(n))]-
It 1s easy to check that the relation < is a preorder. We denote by ~ the equivalence

relation induced by the preorder <. That is, X ~ Y ifand only if X <Y and Y < X.

We denote by Graphj/ ~ the quotient set of Graph; by the relation ~.

Proposition 5.2.6 For pointed graphs < s,G > and < t, H >, if < s,G ><< t, H >
and Eg(s) = (30 : z)[a1 : 81,89 : s9,-+,an : 8] then < 8,G > < < f(s;),H >
(P=1,2,4 "~ mn). ]
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Let ¥ be a set with £z N Spc = ¢. We call Er the set of function symbols. Gen-
erally every function symbol has an arity which determines the number of arguments.
In this paper, we ignore arities. Any function symbol is assumed to have arbitrarily

many but less than k arguments.

Definition 5.2.7 We define terms bounded to k branches as follows:
(1) If f is an element of X, then f is a term.

(2) [fg € EF and fl; f2) -y fn (1 S n S k) are terms) then g[flvf?v"'afn] s a

term.

(3) Nothing else is a term unless it follows from a finite number of applications of

(1) and (2).

We denote by Termy the set of terms bounded to k branches.

In the rest of this section, we assume Yz = A. We consider the relation between
Term, and Graphy. At the first step for embedding terms into Graphy, we prepare
the algorithm Emb.

[t is easy to check the termination of the algorithm Emb using the structural induc-
tion of the definition of terms. We define the function Embed : Termy — Graph}/ ~
by Embed(t) =< s,G >, where Emb < S,t > = < 5,G,Sp >. The algorithm Emb
has an ambiguity of choosing the identifier s from S;, but it is not essential. If we
have Embed(t) =< s, G > by one choosing algorithm and Embed(t) =< s';, G’ >
by another choosing algorithm, it always holds < s,G >~< ', G’ >. Furthermore, if
t # t' then Embed(t) £ Embed(t').

Let 84 = {1,2,---,k} be a set which contains k symbols, and Ty = ¥} be the set
of strings over ¥x. We denote by € an empty string. The set ¥ is the set of labels.
In this paper, we assume £, = S U {L}. We note L ¢ Xf in the beginning of this
paper. The infinite k-ary tree over ¥, is the function t : Ty — ¥. The set of all
k-ary tree over ¥ is denoted by SZ". The set ¥ has the structure of flat semilattice.

That is, ¥ has an order relation <. For r,y € £, it holds ¢ < y iff £ = L. We can
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Algorithm Emb

Input: < S, t> : aset of identifiers and a term

Output: < s, G, Sp > : an identifier, a graph and a set of identifiers.

If ¢t € ¥ Then choose an element s € S;
return < s, {(s:t)}, S—{s} >

Else t=g[fi,f2 ", fal
<$1,G1,5 >=Emb< S, fi >
< Sg,Gg,SQ >= Fmb< Sl,fg >

< 87, Gy Sy >= Emb < Spq, fu >

choose an element s € S,

return < s, {(s: g)[1 : 81,2 : 82, -, 1 : 8y}
UU,‘G{,Sn — {S} >

extend this order into £]* naturally. For elements t and s in ¥, we define t < s iff

t(w) < s(w) for any w € Tk.

Definition 5.2.8 We define a function Inc: Termy — Z{" as follows:

(1) Forte Xf ,

Inc(t)(e) t

Inc(t)(mw) 1

Inc(t)(e) g
Tinle (W) (@o)iy. iy i
Inc(t)(mw) (f )22)
Al n < m.

[t is easy to check that Inc is a monomorphism. We can induce an order < in

i . .
Termy from £;* using the monomorphism.

20



Algorithm Exp

Input (1,< s,G >) a positive integer and a pointed graph.

If ::.=1 Then Ezp(l,<s5,G >)=1=2
where Eg(s) = (so: z)[l : s1,-,n : su).

Else Fzp(i,<s,G>)
= z[Ezp(i — 1,< 51,G >),Exp(i — 1,< s55,G >),
- Ezp(i — 1,< 5,,G >)]
where Eg(s) = (so: z)[l:s1, - ,n: Sp).

Proposition 5.2.9 Emb: Term, — Graphj is an order preserving function. [

Lemma 5.2.10 (1) For any directed sequence (z1 < 3 < ---) of £, there ezists a

supremum V; x;.

(2) For any directed sequence (t; < t, < ---) of £, there exists a supremum \/; t;.

|
Definition 5.2.11 We define the subset [Termy of E{" as follows:
ITermy = {\/ Inc(t;)|t;is a directed sequence ofTermy}

Since (t <t <t < --)is a directed sequence, using the monomorphism Inc, we
can consider Termy as the subset of /Term, naturally. At the first step for defining a
function from Graph} into ITerm,, we prepare a function Exp : N'x Graph; — Term;

using the algorithm Fzp.

Proposition 5.2.12 For a positive integer i and a pointed graph < s,G >, Fzrp(1, <
5,G >) < Ezp(i + 1,< s,G >). That is, {Fzp(,< s,G >)|1 < i} is a directed

sequence. B

Definition 5.2.13 The ezpanding function Ezxzp : Graph; — I[Term; 1s defined by
Frp(< s,G>) =V, Ezp(r,<s,G >) for a pointed graph < s,G >.
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Proposition 5.2.14 (1) For any pointed graph < s,G > and < t, H >, if < 5,G >
< < t,H >, then Exzp(< s,G >) < FEzp(< t,H >). So Ezp is an order

preserving function.

(2) For any pointed graph < s,G > and < t,H >, if Frp(< s,G >) < FEzp(<

t,H >), it does not always hold < s,G ><< t,H >.

(Proof) (1) Let the order < s,G > < < t,H > is determined by a function f :
1d(G) — Id(H). We first note that for any element X = (so: z)[1 : 51,2 : 55, ,n : 5,)
in G, it holds Ex(f(Id(X))) = (f(so) : )1 : f(s1),2 : f(s2),+++,n : f(s,)] by the
correspondence of edge labels. We show Fzp(i,< s,G >) = Ezp(i,< t, H >) for any
positive integer ¢ using the induction on . Ezp(l,< s,G >) = Ezp(l,< t,H >) is
trivial. By the hypothesis of the induction and Proposition 2.1.1, we have EFzp(i —1, <
$i,G >) = Ezp(i—1,< f(si), H >). So weobtain Fzp(i,< s,G >) = Ezp(i,< t, H >).

(2)Let G={(1:2)[1:2,2:1),(2:2)[1:1,2:1]} and H = {(1 : 2)[1:1,2:2],(2
z)[1 : 1,2 : 1)} (cf.Figure ref fig : gh.). We assume a relation < 1,G ><< 1, H > is
determined a function f : Id(G) — Id(H). By the definition of the order, f(1) =
We compare the X = (1:2)[1:2,2:1] € G and Ey(f(Id(X)))=(1:z)[1:1,2:2].
By the correspondence of edge labels, an bijection 7 : {1,2} — {1,2} must be an
identity function. But this bijection 7 does not hold the condition of the order. So
there is no map f : Id(G) — Id(H) which satisfies the order condition. That is
< s,G >L< t,H >. Similarly we obtain < t,H >¥< s,G >.

We show Ezp(i,< 1,G >) = Ezp(i,< 1,H >) = Ezp(i,< 2,G >) = Ezp(i, <
2, H >) for any positive integer ¢ using the induction on z. If ¢ = 1 then Ezp(l, <
1 Go) = Blop(15 = ), WS = B ap (1SS 220G 3 08p(1, < 2, H >)=a:

Ezp(i,<1,G >) =z[Fzp(i — 1,< 2,G >),Ezp(i — 1,< 2,G >)]

Ezp(i,<2,G >) = z[Fzp(i — 1,< 1,G >),Ezp(i — 1,< 1,G >))

Ezp(i,<1,H >)=z[Ezp(i —1,< 1,H >),Ezp(i — 1, < 2, H >)]

Ezp(i,<2,H >)=z[Ezp(i —1,< 1,H >),Ezp(i — 1, < 1, H >)]

By the hypothesis of the induction, we have Ezp(i,< 1,G >) = Ezp(i, < 1, H >
)= Ezp(1.< 2,G >) = Ezp(r,< 2, H >). [
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Figure 5.3:

Definition 5.2.15 A finite k-ary tree automaton is a quintuple M = < S, £, 8, sq

bl

F >, where
(1) S is a finite set of states,
(2) 6 is a transite function § : S x ¥ — S¥, where S* is the k-fold product of S,
(3) so is a state in S called the initial state,

(4) F is a subset of S, called the set of final states.

Definition 5.2.16 Lett : Ty — L be a k-ary tree over ¥p. A run of M on t is a

function ry : Ty — S such that ry(e) = so, (r4(1lz),7e(22),- - -, 1 (kz)) = 6(re(2),t(2)).

We note that r is defined uniquely by ¢t. We say ¢ is accepted by M if r,(Tx) C F.
We note this acceptance condition is the sense of Cy — acceptance [6].

The set L(M) of k-ary tree over ¥ is defined as L(M) = {t € ST*|t is accepted by
M}. For asubset L C £2* if L = L(M) then we say L is accepted by M.

Definition 5.2.17 A restricted k-ary tree automaton is a k-ary tree automaton M =<

S, %,6,s0, E > which satisfies the following conditions:

(2) S contains special states T and F,
(3 £ =8—{F},
(4) ,E > foranya € T,
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(5)ub(THel) el (T s il 3
(6) For 6(s,a) =< 81,82, -,k >, tf s; =T then s; =T for any j > 1.

(7) For any s € S and a € &, if §(s,a) =< 81,89, , 8k > #< F,F,--- [ F > then
s, # K Jorr any ¢

(8) For any s € S (s # F), there exists only one element a, € ¥, such that
0(4,8s) F AL P P o rand 8(s, @p=< F F )5 | F >for any @ ¥a,.

The set of all restricted k-ary tree automata is denoted by RAuty.

For a restricted k-ary tree automaton M, there is a unique k-ary tree accepted by

M. That is, L(M) is a singleton set {tys}.

*

Proposition 5.2.18 There is a one-to-one correspondence between RAut, and Graphy.
Further, if a restricted k-ary tree automaton M corresponds to a pointed graph <
s,G >, then the k-ary tree tp; accepted by M s equal to Exzp(< s,G >). That is, the

tree accepted by M is Ezp(< s,G >).

(Proof) First we define a function ¥ : RAuty — Graph;. Let M = < S,%,6,s09, E >
be a restricted k-ary tree automaton. For an element s € S (s # F'), there exists an
element a, € ¥, such that 8(s,q,) #< F,F,---,F >. We define a graph expression
X, for any s € S. If 8(s,as) =< T,T,---,T > then we put X, = (s : a,). Otherwise
we define X, = (s : az)[l : s1,--,n : s,] where é(s,a,) =< s1,-+-,8 > and n is a
maximum integer satisfying s, # T. The pointed graph ¥(M) =< s,G > is defined
by s =sgand G = {X,|s € S—{T, F}}.

It is easy to check Fxp(W¥(M)) is accepted by M.

Next we define a function ® : Graph; — RAut;. Let < so,G > be a pointed
graph, S = [d(G) U {T,F}, and s € [d(G). If Eg(s) = (s : a,) then we define
6(s,as) =< T,T,---,T > and §(s,a) =< F,F,---,F > for any a # a,. If Eg(s) = (s:
as)[l: sy,--+,n: s,) then we define 8(s,a,) =< sy, +,8,,T,-+-, T > and §(s,a) =<

F F,--- F > for any @ # a,. The definition of §(T,a) and é6(F,a) for a € ¥ is
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determined by conditions of a restricted tree automaton. So we complete the definition
of ®(< s0,G >) =< 5,%,8,50, E >.
[t is clear that W(®(< s9,G >)) =< s9,G > for any pointed graph < so, G > and

®(VU(M)) = M for any restricted tree automaton M. [

5.3 Graph rewriting system

A function o : D — S is called an assignment for a strict term ¢ if Rt(G(t)) C D C S.
A procedure Match is defined for an assignment o for ¢t and a pointed symbolic graph

< s,G >, as follows:

Procedure Match
Input: a strict term ¢,
a pointed graph < s,G >,

and an assignment o for ¢.

Case t of
t=s(s€eSs):
{If s = o(t) Then success Else failure }
t=s[](s€S):
{If expg(s) = o(t)[] Then success Else failure }
t = sglerity, -+, enitn):

{If expg(s) = o(to)[€1:81, -+, €n:8n) and
Match(t;, < s;,G >, 0) succeeds
forany: =1,---,n.

Then success Else failure }

When the procedure Match(t,o,< s,G >) succeeds, we say a strict term ¢t matches
to a pointed symbolic graph < s,G > by the assignment o. In this case, we can
consider o(t) C G.
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Example 5.3.1 Let E be a one point set and S = N. We omit to denote an element
of E. We consider a graph term t = 0[1(2]], a symbolic graph G = {0[1],1{0]} and
an assignment o = {(0,0),(1,1),(2,0)} for t. Then all of Match(2,0,< 0,G >),

Match(1[2],0,< 1,G >) and Match(t,o,< 0,G >) succeed.

Definition 5.3.2 A reduction rule is a pair T =< to, {t1, -+, tn} > of a strict term ¢,
and a non empty finite set of simple graph terms {t,,---,t,} which satisfies rt(t;) & dt,

fori=1,---,n.

Let T =< to, Ty > be a reduction rule. For a graph G and an assignment o, if the

conditions

(1) The procedure Match(ty,o,< s,G >) succeeds for an element s € G.

(3) o(rt(t;)) € Rt(G) for any rt(t;) & Int(to).
satisfies then we can construct a symbolic graph
H = (G — {expg(Rt(c(t)))i=1,---,n})U{c(t)t =1, ---,n}.

We say that the graph G is reduced to the graph H and denote <G, s>—71/,, H. We
abbreviate G —r1/, H when we need not concerning s.

Let t = to, C = (G(t) — {expg(y(rt(t:))li = 1,---,n}) U {t;]s = 1,---,n} and
B = (G(t) — {expgy(rt(t:)))|i = 1,---,n}) U {ti|rt(t;) € Rt(G(t)),i = 1,---,n}. The
above conditions correspond to that of Proposition 5.1.4. So the interpretation graph
|H| is uniquely determined in the category of graphs.

We define the reading region Rd(G —1 H) = o(Int(to)) and the writing region
WHG —r H) = {o(rt(t;))ls = 1,---,n}.

Definition 5.3.3 A graph reduction system is a triple < S, E, R >, where S is a set

of identifiers, E is a label set for edges, and R is a set of reduction rules.
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We note that the set R of reduction rules may be an infinite set.
Next, we define the parallel reductions. Let T7 =< . A =4 l,---,m) are

reduction rules. For a graph G if the conditions

(1) G is reducible to the graph H7 by reduction rules T? (< G,s? >—r,/,, H7).

(2) For any jl # jg, Wt(G —*le/gn Hh) th(G _>TJ2/aj2 H“) = ¢ (jhj?
1,---,m).

satisfies then we define a symbolic graph
H =G — (Ui{expg(Rt(* ()i = 1,--,n;}) U (Ui {a(&)li = 1,---,n;}).

We say that the graph G is parallel reduced to the graph H and denote G — (71 ... rmy H.
Roughly speaking, the condition of the parallel reduction is equivalent to the con-
dition of the single reduction by a rule T =< to,Ty > where tq = thé and Ty = UjTg.

The statement is not perfectly exact, because t; may not be a strict term.

Definition 5.3.4 A parallel reduction G — (1. rmy H is sequentially simulatable iff

there exists an biyection 7 : {1,---,m} — {1,---,m} and graphs Gy, --,G_1 such

Proposition 5.3.5 For reduction rules T? =< t}, {t], - ,t{b} > (j=1,---,m), the
parallel reduction G — (1. rmy H s sequentially simulatable, of Rd(G — 1, H') N
Rd(G — 1., H?) = ¢ for any ji # ja.

(Proof) We show the special case of m = 2. Let H; = {o’(t})]i = 1,---,n;} and E;
= {expg(rt((ci(t)))|i = 1,---,n;}. Since Wt{(G - H') N"WHG —12 H?) = ¢, we

H G- (E\UE;)U(H, U Hy)
(G — Ey — By)U H U Hy
(G—E— E3)U(H — E2) U H,y

(G- Ey)U Hy) — E,U Hy

62



Let Gy = G — Ey U H,. Since Int(ty) N Int(t) = ¢ and Match(ti, 0%, < s%,G >)

succeeds, the procedure Match(t2,0?, < s?, G| >) succeeds. So we obtain G —p1 G,

The cases of m > 2 are similarly showed. ]

5.4 Examples of graph reduction systems

In this section we show three kinds of examples. These examples show interesting

properties of graph reduction systems such as parallel computabilities.

Example 1

We can simulate a term rewriting system using the graph reduction systems easily. At
first, we show that a famous example of term rewriting system, append, can be denoted
by a graph reduction system.

¥y contains special symbols C, A, and N. C and A stand for function symbols cons
and append, respectively. N expresses the Nil, the null list. We assume g = {1, 2}.
We omit denoting elements of ¥g when it is clear from the position of the term in the

expressions. The reduction rules (o, {t;,ts,...,t,}) for append are defined as follows:

to 0[1[C : 3],2[z,4[5[A : T],6[8(N :9],y]]]]

tl 2[:8,1/]

to 0[1[A : 3],2[4[5(C : 7], 6[z, y]], 2]]

oo 0[5,2)
ty 2(z,4]
ta 4(1, 6]
ta 6[y, 2]

We consider parallel executions of the calculation of append. For any reduction

G —1, H, Rd(G —1, H) = Wt(G —1, H). By Proposition 9, any parallel reduction of
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Figure 5.4: example 1

T, is sequentially simulatable. Further for any matching of 77 and T3, reading regions
are disjoint. This fact guarantees any parallel reduction of the deduction system is

sequentially simulatable.

Example 2

The second example is sorting. We put a sequence of numbers into the nodes of a graph
which has only one edge. The system exchanges the numbers in two nodes adjoined
by an edge, to increasing order. This algorithm is based on the famous bubble sorting.

Using our argument of disjointness of reading regions, we guarantee the correctness of
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Figure 5.5: example 2

parallel execution of the sorting algorithm.
Let ¥y = AN and g = {1}. Since ¥g is a one element set, we omit to denote an

element of the set.

For any natural numbers z and y, maz(z,y) (resp. min(z,y)) represents the max-
imum (resp. minimum) element of z and y.

For any natural numbers z and y,

¢ to O[L[X : 3],2[4[Y : 5], u]]
; { 0[1,2] fX <Y
0(4,2] otherwise
2[4,u] fX <Y
‘o { 2(1,u] otherwise

For any reduction G —r H, Rd(G —r H) = Wt(G —r H). Hence any parallel

reduction of T is sequentially simulatable.

Example 3 (SK-reduction rules)

Let £ ={1,2,5,K,I,B,C,Y,P} and S = NU {f,g,h,z,y}. We omit denoting 1, 2
of £ when it is clear from the position of the term in the expressions. For example,
0(z,y] and O[3[S : 4], f] means O[1 : 2,2 :y] and O[1 : 3[S : 4],2 : f], respectively. We

define rewriting rules as follows. We write t and ¢,’s separately for a reduction rule
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(1) Rule for Sfgz — fr(gz):

= 0[1[2(3[5:4], f], 9], 2]

o =
t, = l[fv .’I)]
tz = Q[Q’x]

(2) Rule for Kzy — z:
t = O[1[2[3[K :4],z],y], 2]
th = 0[$’Z]
(3) Rule for Iz — z:
t = o[1[2(I:3],z],¥]
th, = O[m,y]
(4) Rule for Bfgz — f(gz):
t = 001[2(3(B:4], f,9] 2]
th = O[fal]
t2 = 1[g,.’l)]
(5) Rule for Cfgz — fzg:

t = 0[1[2(3[C:4], f],g],z]

ty = 0[1’9]
o = 1[f,27]
(6) Rule for Yh:
t = O[L[Y:2],A]
ty, = 0[h,0]

Since reading reagions are disojoin for any two matchings, it always holds the
condition of Proposition 5.3.5. We note that every parallel reduction of this example

is sequential simulatable.
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Figure 5.6: SK-reduction rules
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Figure 5.7:
Example 4

The last example shows the difference of behaviors between a term rewriting system
and a graph reduction system.

We consider the term rewriting system defined as follows:

(1) A(z) — B(z,2),
(2) B(C,D)— F,
(3) C—D,
4) D—C.

We can simulate the term rewriting system by a term rewriting system like Example
1. Let ¥x contains special symbols A, B, C and D. We define £g = {1, 2}, and we

omit to denote the elements. Reduction rules are defined as follows:

(T,)  to  O[1[A:2],q]
ti O[L[B:2],z,z]
(T)to O[1[B :2),3[C : 4],5[D : 6]]
B 0[F : 1]
(Ty)  to  0[C:1]
i O[D:1]
(T,) to 0[D:1]

ty Bc’ b

In the term rewriting system, the term A(C) has a normal form F. But the graph
expression A[C] can not be reduced to F. Because we do not reduce an only one
argument in the graph expression B[C,C], to D. We first forecast that the Church-
Rosser property of a term rewriting system guarantees the correctness of simulation
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Figure 5.8: Example 4
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Figure 5.9:

using a graph reduction system. But above example of a term rewriting system has the
Church-Rosser property. It is an open problem that what property of a term rewriting
system guarantees the coincidence of behaviours between a term rewriting system and

its graph reduction simulation.

5.5 Calculation of regular expressions

In this section, we construct a graph reduction system which solves equations of regular
expressions. Let A be an alphabet set F set of all regular expressions over A and S =
{F,z,y,zi,y; ( = 1,---)}. This symbol F express the final state of an automaton
graph which is defined later. We put Ls(s) = Pathg(s, F).

Definition 5.5.1 A symbolic graph G is an automaton graph iff G contains a simple

graph term F.

Proposition 5.5.2 For any element sla;  s1,a2 @ Sz, ,an : Sn] € G, Lg(s)

For an element s[a; : s;,a; : s2, -+, a, : s,] € G, we can construct an equation of
regular expressions, W = U;a;W;, where W and W; (: = 1,2,---,n) stand for sets of
regular expressions. Proposition 5.5.2 means that Lg(s) and Lg(s;) (z = 1,2,---,n)
is a solution of the equation. We consider solving these equations constructed by G,

using a graph reduction system.



Definition 5.5.3 We define three kinds of reduction rules. Assume a,a;,b; € E.

(R) Reducing rule for x:

For any n, 1 <t < n and any reqular expressions (a, -, ay,),

to

(E) Ezpansion rule for y:

For any n,m, 1 <i < m and any regular expressions (ay, -+, an, b1, - -, by),

(C) Combination rule for y:

For anyn, 1 <i < j <n and any regular expressions (a1, ,am),

3 Tlay i yn, @ity G Y, Gt Y

Proposition 5.5.4 For any automaton graph G, there exists an automaton graph H
which is reduced from G applying a finite number of reduction rules such that any
reduction rules can not apply to the graph H. That s, for a suitable application of

reduction rules, there exists the reduction strategy to the normal form of the automaton

graph.

(Proof) At first, we note that we can not apply any reduction rules (R), (£) and (C)
for a graph expression F. For another graph expression z[a; : s1,a2 : S2,-- -, ap : Sy, if
r has an argument r itself, then first we apply the reduction rule (C) for z and next we
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a E y
O
k=1,...n
j=1,..,i-Li+l,..m
Cy

k=1,...i-1..i+1,..j-1j+1,..m k=1,.0i-1,.i+1,..,j-1,j+1,..m

Figure 5.10: Automaton graph reductions

apply the reduction rule (R) for z. For any graph expression which has an argument
z, we apply the reduction rule (C) for z and next apply the reduction rule (E£) for z.
Since z itself does not have an argument z, the result of reduction does not have an
argument z. Then we can eliminate the all incoming edges to . So we can not apply
any rules for z. Since G has finite element, by applying these processes to all graph
expressions in (G, we can get the normal form of the automaton graph. That is, we can

not apply any reduction rules for any elements of G. [

Proposition 5.5.5 For any reduction rules T, if G =1 H, then Lg(z) = Ly(z) (for

any z € Rt(G)).



ab

ba ba

ab

Figure 5.11: Parallel is not always sequentially simulatable

(Proof) We consider the set of equations of regular expressions, discussed after Propo-
sition 5.5.2. Lg(z) and Ly(z) are solutions of the equation constructed by G and H,
respectively. It is clear that each reduction rule does not exchange the solution of the
equations. So we can conclude that Lg(z) = Ly(z) for any z € Rt(G). [

For an automaton graph G, we choose the suitable reduction procedure and get
the normal form H of the automaton graph. Each element of H has the form z or
z[w : F]. So we know that the set Ly(z) easily ¢ or w respectively. That is, the
procedure of reducing an automaton graph to the normal form is corresponds to the
process of solving the equation of regular expressions constructed by the automaton
graph.

For any reduction G —g H and G —¢ H, there hold Wt(G —r H) = Rd(G —p
H) and Wt(G —¢ H) = Rd(G —¢ H). Using the Proposition 5.3.5, we have a parallel
reduction of (R) and (C) is a sequentially simulatable.

It is not always true that W¢(G —g H) = Rd(G —g H). The next figure shows

an example of a parallel reduction which is not sequentially simulatable.

Theorem 5.5.6 For any parallel reduction G — 4, ¢, ...y H, it holds Lg(z) = Ly(z)
(for any r € Rt(G)).
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( Proof) Reduction rules are corresponding to the transformation of equations. For any
reduction rules, it is obvious that a solution of the equation before a transformation
is a solution of the equation after the transformation. So Lg(z) is a solution of the
equation constructed by the graph H. We know that a solution of equations of regular
expressions is unique. Then we have Lg(z) is the unique solution of the equation

constructed by H. That is, Lg(z) = Ly(z) for any = € 1d(G). (]

5.6 Examples of executions

Followings are examples of executions of graph reduction system solving equations of
regular expressions discussed in Section 5.5.

The first example is solving a equation,

Xl = bX1+aX2
Xy, = bX1+aX;+e.

We input equations directly. The system automatically translate an equation to
the corresponding graph. For a practical reason, a displayed graph expression have a
different form from an expression using in this paper. For example, a graph expression
1[(b: 1,a : 2] is displayed as (1.X1) = (b: (1.X1),a : (2.X2)). By typing a reduction
rule and an identifier, the system checks matching procedure for the reduction rule.
And if it succeeds, the system reduce the graph applying the reduction rule. Applicable

nodes for each reduction rules are always displayed before waiting for a command input.

$ (rules — test)

Graph Expression Test Program (rules).
Input Equations. (Q = End)

X1 =Db X1 +a X2

X2 =b X1 + aX2+e

Q

(2 X2) = (b:(1  X1), a:(2  X2), e:(0  F))
@ X9 = (b L XO18) Pt (2 X2))

(o F) = O

Combinable Nodes.

NIL



Expandable Nodes.
NIL
Reducible Nodes.

CEB X2 g X1))

Command (C [n]),(E [n]),(R [n]), A or Q) > (R 2)

(2 . $) = (axb: (1 .
s X1) = (B: (3 -

(0. F) =0
Combinable Nodes.
NIL

Expandable Nodes.

QLS GP )
Reducible Nodes.
(i i B L)

X1), a*x:(0 .

X1 RSl (DL

F)
$))

)

Command (C [n]),(E [n]),(R [n]), A or Q) > (E 1)

2run ) = laxk: (1.
. Xou= (bl

(0. F) =20
Combinable Nodes.
((1 . Xx1))

Expandable Nodes.
NIL

Reducible Nodes.
Chh ST

X1), ax:(0 .

F)

X1), (a*xb):(1 .

)

2o 2EEAS(0)

Command (C [n]),(E [n]),(R [n]), A or Q) > (C 1)

(2 . $) = (axb: (1 .
(1 . X1) = (b+a(ax*b):(1 .

(0. F)=0
Combinable Nodes.
NIL

Expandable Nodes.
NIL

Reducible Nodes.

YLD PR (O
X1), aa*:(0 . F))

F)

)

Command (C [n]),(E [n]),(R [n]), A or Q) > (R 1)

{C1 - KD

(2 . $ = (a*b:(1 .
a. ¢ =

(0. F) =0

Combinable Nodes.
NIL

Expandable Nodes.
€2 ;- "8
Reducible Nodes.
NIL

$), axi(0 .
((b+a(axb))*aax*: (0 .

F))
F))

Command (C [n]),(E [n]),(R [n]), A or Q) > . 2)
(2 . $) = (axb((b+a(a*b))*aax):(0 .
(1 . $) = ((b+a(a*b))*aax:(0 .

F))
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F))
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(0. F)=20
Combinable Nodes.
(2 . %N
Expandable Nodes.
NIL

Reducible Nodes.
NIL

Command (C [n]),(E [n]),(R [n]), A or Q) > (C 2)

2. §$) =
g . 3=
RO E) -2 ()

Combinable Nodes.
NIL
Expandable Nodes.
NIL
Reducible Nodes.
NIL

(axb((b+a(a*b))*aa*x)+a*: (0 .
((b+a(a*b))*aa*x:(0 . F))

The next example is solving a equation,

F))

Xl aX2+bX3+E

X2 GX3+bX1 +e€

By the command ’A’, the system automatically apply the reduction rules according

to the strategy discussed in Proposition 4.5. And it terminates with its normal form.

$ (rules-test)

Graph Expression Test Program (rules).
(Q = End)
a X2 +b X3 + e;

Input Equations.
X1

X2 = a X3 +b X1 + e;

X3 = (at+b)X3;

Q

(8 X3) = (a+b:(3 X3))

(2 X2) = (a: (3 by il
(1 X1) = (a:(2 XA W&
(0 F) = O

Combinable Nodes.

X1), e: (0 F))
X3), e: (0 F))



NIL

Expandable Nodes.

NIL

Reducible Nodes.

038 . X3 2. %oy (1. X))

Command (C [n]),(E [n]),(R [n]),A or Q> A

F))
F))

F))
F))

(3 X3) = (a+b:(3 . X3))

2 o X)) = (E2 (@ =GR DD seaa (@ *
(L . X1) = (a:42 . X2), B:(3 . X3), "e:(0
. F)=0

Reduce

(3 $) =0

(2 X2) = (a: (3 $), b:(1 X1), e: (0
(1 X1) = (a:(2 X2), b: (3. $), e:(0
(o F) = O

Expand.

B. $ =0

20 5 2Dk = @BRIGEme Xa)E, ekl F))

(1 X1) = (a:(2 . X2), e:(0 . F))

(0 F) = QO

Reduce.

(3 $ =0

(2. $) = (b:(1 . X1), e:(0 . F))

(1. X1) = (a:(2 . $), e: (0. F))

F))

Expand.

(3 $) =0

(2 $) = (b:(1 . X1), e:(0 . F))
(1. X1) = (ab:(1 . X1), a:(0 . F), e:(0 .
(0. F)=20

Combine.

(3 $) = 0O

(2 $) = (b:(1 . X1), e:(0 . F))

(14 . X1) = (ab: (1 . X1), a+e: (0 . FE»
(o. F)=0

Reduce.

(8 $) =0

(2 $) = (b:(1 X1), e:(0 . F))

(1 $) = ((ab)*(a+e): (0 F))

(0 F) = O

Expand.

3 $) = 0O

(2 . $) = (b((ab)*(a+e)): (0 F), e:(0 .
(1 $) = ((ab)x(a+e): (0 F))

(0 F) = O

Combine.

B. & =0

-]
=3

F))



(2
(1
(0
NIL

$)
$)
F)

(b((ab)*(a+e))+e: (0 .
((ab)*(a+e):(0 . F))
O

F))



Chapter 6

Transformations of relational

structures

In this chapter, we propose a more general framework for graph transformations which
contains the category defined in Chapter 4. In Section 6.1, extended notions of rela-
tional graph structures and examples which contain a hyper graph structure which have
a label with arity for each hyper edge are showed. We also proved in the general frame-
work that pushouts alway exist using the properties of partial functions. In Section 6.2,
the main results of this chapter is proved. We introduced a notion of partial morphisms
of relational structures and show an existence theorem of primitive pushouts which en-
able us to more generally formalize rewritings of relational structures. In Section 6.3,
we compare our category of relational structures together with partial morphisms to a
category of partial morphisms in the sense of [RR88, Ken90] and show that they are

isomorphic choosing a certain admissible class of monomorphisms.

6.1 Relational structures

In this section we introduce a basic notion of relational structures which generalizes

relational algebras [Bar70], simple graphs' [MK91], labelled graphs® [MK91] and hy-

'Chapter 4, Section 4.1
2Chapter 4, Section 4.4
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pergraphs [Ken90|, and a few properties on the category of relational structures are
studied.

A frame < w: S — R,A: T — R >, on which relational structures are defined,
consists of three functors S, T, R : C — Set and two natural transformations w : $ —

R, A\: T —> R.

Definition 6.1.1 A relational structure < a,a > over a frame < w : § — R, :
T — R > is a pair of an object a of C and a relation a : aS — aT such that
a-al C aw. A morphism f from a relational structure < a,a > into a relational
structure < b, 3 >, denoted by f :< a,a >—>< b, >, is a morphism f : a — bin C

satisfying - fT C fS - .

o

aS —— aT aS —— S

N |

aw aR al) al —— T O
Vil

Let f :< a,a >>< b, > and g :< b, >—< ¢,7 > be morphisms of relational
structuresovera frame<w:S - RA: T - R>. Asa-fTC fS-fand B-gT C ¢S-v

we have
a (fg)T=a-fT-gTC fS-B-gTC fS-gS-v=(fg)S -,

which shows that the composite fg :< a,a >—< ¢,y > is a morphism of relational
structures. Also it is clear that id, :< a,a >—>< a,a >, where id, i1s the identity
morphism of a. Thus relational structures and their morphisms over < w: S — R, A :
T — R > form a category C < w : S — R, A : T — R >, called the category of
relational structures and their morphisms.

When a functor R : C — Set is a constant functor into a singleton set 1(= {0}),
that is, aR = 1 for any object a of C, the condition & - aA C aw is void. In this case
we write C < S, T >forC<w:S—- R, A: T —- R>.

Now some examples of relational structures are given in the following:

Example 6.1.2 (Relational algebras [Bar70]) Let T': Set — Set be a functor. A
relational T-algebra < A,a > is a pair of a set A and a relation @ : 4 — A. A
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T-algebra homomorphism f from a T-algebra < A,a > into a T-algebra < B,3 > is

a function f: A — B suchthata- fC fT-f.

e
AP = B
la
A — B
f

[t is trivial that the category of relational T-algebras and T-algebra homomorphisms
coincides with the category Set < T,Id > of relational structures, where /d denotes

the identity functor of Set.

Example 6.1.3 (Simple graphs) A (simple) graph < A, a > is a pair of a set A and
a relation a: A — A. A graph homomorphism f from a graph < A, a > into a graph

< B,B > is a function f: A — B such that - f C f - f.

i
A — B
A — B
ofi

It is obvious that the category of graphs and graph homomorphisms is identical with

the category Set < Id, Id > of relational structures.

Example 6.1.4 (Labelled graphs) Let ¥ be a set of labells. A X-labelled graph
< A,a > is a pair of a set A and a family a = {a, : A — A | 0 € I} of relations. A
¥-labelled graph homomorphism f from a ¥-labelled graph < A, a > into a ¥-labelled

graph < B, > is a function f: A — B such that a, - fC f- 3, for any o € .

f
A — B
A — B
i

A X-copower functor ¥ - (=) : Set — Set is a functor which assigns to each set A
a coproduct(disjoint union) ¥ - A = [[,ex A of ¥ copies of A and to each function
f:A— Bafunction ¥-f:¥-A — ¥- B mapping o-th component A into o-th
component B by f: A — B for any 0 € ¥. Then it is easy to check that the category
of ¥-labelled graphs and X-labelled graph homomorphisms is equal to the category
Set < ¥ (=), Id > of relational structures.
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Example 6.1.5 (Hyper graphs [Cou89, Ken90]) Let A be a set of function symbols
with an arity function arity : A — N, where N is the set of all positive integers. For
a set A we denote by At the set of all nonempty tuples of members of A and by
Asize : At — N the size function of tuples. A hyper graph < A,a > over A is a pair

of a set A and a relation a : A — A% such that o - Asize C arity.

a

A — At
e
arity N  Asize
For a function f : A — B a function f* : At — Bt is defined by a trivial way
[Rao84]. Thus we have a functor (—)* : Set — Set, called nonempty Kleene functor.
A homomorphism f from a hyper graph < A,a > into a hyper graph < B,8 > is a

function f: A — B such that o - f* C 8.

A A

At —, B+t
f+
A functor const, : Set — Set denotes the constant functor with values A and id,.
The arity function arity : A — N can be seen as a natural transformation arity :
consty, — consty. At last the category of hyper graphs over A is identical with the

category Set < arity : const, — consty,size : (—)* — consty > of relational

structures.

Example 6.1.6 Let < A,a > be a relational structure of Set < const;, (=)t >,
where 1 = {0}. When < A,a > satisfies that for each a € A there exists exactly one
w € A" such that (0,aw) € a, it can be regarded as a graph in the sense of Raoult
[Rao84]. (Where A is the set of all finite strings of A including the empty string.) Let
< B, B > be another such relational structure and f :< A,a >—< B, > a morphism

of Set < const,, ()" >.



[t is easy to verify that a condition a - f* € 3 is the same as a condition for graph
morphisms in [Rao84]. Thus the category of graphs treated by Raoult is a subcategory

of Set < const;, (=) >.

In the rest of this section we assume that a fixed frame < w:S —- R A: T - R >
is given and we will write C < w,A > for<w:S — R,A: T — R >. The forgetful

functor V : C < w, A >— C is defiend by a trivial way.

Theorem 6.1.7 (1) The forgetful functor V : C < w,\ >— C creates colimits.

(2) If R: C — Set preserves limits, then V : C < w,A >— C creates limits.

Proof. (a) It is sufficient to show that V creates coequalizers and coproducts. Let
f:<z,0; >><y,a, >and g :<z,0, >>< y,, > be morphisms in C,e:y > ua
coequalizer of f and g in Set and o, = eS*-a, - eT. We show € :< y,a, >—>< u, a, >
is a coequalizer of f and g in C.

Since a, - ul = eS*-a,-eT-ul = eS* a,-yr-eRC eS* yw-eR = eS*-eS - uw C uw,
we have < u,a, > is a relational structure. By a, - €T C €S - eSt. iy e JE @S @l g
we obtain e :< y, oy >—< u,a, > 1s a morphism of C.

Let p :< y,ay >—>< v,, > is a morphism with fp = gp. Since e is a coequalizer
in Set, there exists a unique morphism ¢ : © — v such that e¢ = p. By «a, - tT
=eS'a, eTtT C eS*pS-a, = eS*-eStS-a, C tS-a,, wehave t :< u, a, >>< v, @, >
1s a morphsim of C. So e:< y,a, >—=< u,a, > is a coequalizer of f and g in C.

Let z + y be a coproduct of z and y in Set with inclusions 7, : £ — z + y and
:y — z+y. It is similarly easy to show that < z 4+ y,7,S* -, -3, T U7, S* o, -1, T >
is a coproduct of < z,a, > and < Y,y > in C with inclusions :; and 1.

Then V' creates coequalizers and coproducts so it creates colimits.

(b) Let zxy be a product of z and y in Set and p; : Xy — z, p, : TXy — y projections.
Let wpsy = (PSS < @ - p=T% N (pyS - ay - pyT“). It is trivial that azxy - pzT E p:S -z
and Gy - Prd L Py S dy:

We note that if R preserves limits then (p;R - p,R") N (p,R - p,R') = id(zxy)r- So
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we have

trxy (2 XY)A B (oS- 0z pT" (2 xy)A) N (pyS - oy - p,T" - (x x y)A)
C (peS-az-zh-p RN (p,S - ay-y\-p,R")
C (psS-aw-p.R) N (p,S - yw - p, R
((z X y)w - pzR - pR*) N ((x X y)w - py R - p, R")
(z x y)w((p=R - p=R*) N (py R - p, R"))

(z X y)w.

These show that < z X y, azxy > is a relational structure and p; and p, are morphisms
of C.

Let f; :< u,a, >>< z,a,; > and f, :< u,a, >—=< y,a, > be morphsims of C.
Since z x y is a product in Set there exists morphisms ¢ : ¥ — z X y such that tp, = f,
and tp, = f,. We have a, - tT C a, - tT - p,T - p. T = - foT -p.T' C fS - o, - p, T"
=tS-p.S-a; p,T" and similarly e, - tT C ¢S -p,S - a, - p,T". So we obtain a, - tT
CtS-((peS-az-p: TN (pyS -y -pyT")) =tS - azxy. These indicates that V' creates
products.

[t is similarly to show that V' creates equalizers. So V' creates limits. [

The following is a standard corollary of the last theorem.

Corollary 6.1.8 (1) If C has colimits, then C < w, A > has colimits.

(2) If C has limits and R : C — Set preserves limits, then C < w, A > has limits. O

Notice that every functor T : C — Set naturally induces a natural transformation

TX: Tt — consty.

6.2 Partial morphisms of relational structures

In this section we introduce a notion of partial morphisms of relational structures

to discuss single-pushout rewritings of relational structures and show an exsistence
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thoerem (Cf. Theorem 6.2.4) of primitive pushouts, which enables us to more generally
formalize rewritings of relational structures.

First we recall a notion of partial morphisms 1n a general cateogry. A class M
of monomorphisms of a category C is called admissible [RR88, Ken87] if it contains
all isomorphisms and is closed under composition and inverse images. (Exactly, M is

closed under inverse images if m € M implies n € M whenever a square

is a pullback in C.) Let C be a category with inverse images of an admissible class
M of monomorphisms of C. A partial morphism f :a — bin C is a pair (m : d —
a,f’": d — b) of a monomorphism m in M and a morphism f’ in C. (Formally, it is
an equivalence class of such pairs: fo = (mg : dy — a, f§ : do — b) is equivalent to
fi = (my:dy — a,f] :di — b)if and only if there exists an isomorphism ¢ : dy — d,

making the diagram

do
mo N So
a li b
my N\ %
dy

commute.)

The composite of a partial morphism f = (m:d — a,f :d — b): a — b followed
by a partial morphism g = (n:e — b,¢': e = ¢) : b — cis defined by fg = (n'm, f"q’),
where a square (2) below is a pullback (an inverse image of n € M).

n’ m

p — d — a

rlo@ |

e —— b



Thus we have the category P fn(C, M) of partial morphsims with respect to M.

A functor S : C — Set is admissible with respect to M if it transforms monomor-
phisms of M into injective functions and preserves inverse images of monomorphisms
of M. Notice that every functor S : C — Set preverving pullbacks is admissible with
respect to any admissible class of monomorphisms. Both products and copruducts of
admissible functors are also admissible. Trivially the identity functor /d : Set — Set,
a copower functor £ - (—) : Set — Set, (nonempty) Kleene functor (—)* : Set — Set,
and a constant functor const, : Set — Set are admissible (with respect to the class

Mon(Set) of all monomorphisms of Set).

Lemma 6.2.1 Let M be an admissible class of monomorphisms of a category C.

(1) An admissible functor S : C — Set with respect to M can be extended into a
functor S : Pfn(C,M) — Pfn.

(2) If S,T : C — Set are admissible functors with respect to M and w : S — T is a
natural transformation, then fS -bw C aw - fT holds for every partial morphism
f:a—bin Pfn(C,M).

Proof. (a) For a partial morphism f = (m:d — a, f' : d — b) with m € M define a
partial function fS :aS — bS by fS = mS*. f'S. We will show that this definiton
e e R 5 2 B WP = DB o Hiiis bl et iacs bhaspaae e
(fg)S = fS - gS for all partial morphisms f : @ — b and g : & — c. Assume that
f=(m:d—a,f :d—>bandg=(n:e—byg :e— c), where m,n € M, and

construct a pullback

in C. Then we have f'S . nS* n'S*. f"S, since S preserves inverse images of

monomorphisms in M, and so

fS-gS mS"- f'S-nS". ¢'S



(m'n)S*- (f"g')S
(f9)S.
(b) Assume that f = (m :d — a,f" : d — b) with m € M. From the naturality

of w:S — T it follows that f'S . bw = dw - f'T and dw = mS - aw - mT" (by

mT - mT" = idgr). Hence

fS - bw mS!. f'S . bw

mS* - dw - f'T
mS'-mS - aw-mT" - f'T

C aw -mT' f'T

aw- fT. O

In what follows we assume that there is given a frame <w:S - R, A:T —- R >
in which functors S, T, R: C — Set are admissible with respect to an admissible class

M of monomorphisms of C.

Definition 6.2.2 Let < a,a > and < b, 8 > be relational structures over < w: S —
R, A: T — R >. A partial morphism f :< a,a >—< b, 8 > of relational structures is

a partial morphism f : a — b of Pfn(C) such that d(fS)-a- fT C fS-B.

Assume that f :< a,a >—>< b,8 > and g :< b,8 >—< ¢,y > are partial mor-
phisms of relational structuresover < w : S = R, A: T — R >. Asd(fS)a-fTC fS-8
and d(gS) - B -gT C ¢S - v, we have

d((f9)S)-a-(f)T  d(fS-gS)d(fS) - fT-gT

C d(fS-¢5)-f5-B-9T
fS-d(gS)-B-gT

C f5-95v
(f9)S -7

Hence the composite of partial morphisms is also a partial morphism and so relational
structures and partial morphisms over < w: S — R, A : T — R > form a category
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Pfn(C)<w:S = R, A: T — R >, called the category of relational structures and
partial morphisms. When C = Set we write Pfn < w: S - R, A: T — R > for

Pfn(Set)<w:S >R, A\:T > R>.

Lemma 6.2.3 Letx: B — X and y : C — X be partial functions between sets and a

square
f

A — B

C — D

k
a pushout in Pfn. If a (total) function z: D — X satisfies hz C x and kz C y , then

z = hlz U kby.

Proof. First we show that 2’ = hfz U k%y is a partial function, that is, "2’ Cidx. But
hh! C hzz'h* C zz" because of the totality idp C zz* of 2, and similarly k&' C yy" and

hk* C zy". Hence we have

On the other hand A'h U k*k = idp since the above square is a pushout in Pfn, and
so z = h'hz U kbkz C h'z U k'y = 2’. Therefore 2’ C 2282’ C 222’ C 2, which proves

Zh=1%, @O

Theorem 6.2.4 Assume that the eztended functor S : Pfn(C, M) — Pfn preserves
pushouts. If < b, > and < ¢,y > are relational structures over < w: S — R A: T —

R > and if a square

is a pushout in Pfn(C, M), then h :< b, 8 >>< d,8§ > and k :< ¢,y >—>< d,6 >

are partial morphisms of relational structures, where § = hS* - 3- hT U k5" - v - kT.
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Moreover, if ' :< b, >—>< d 8 > and k' :< c,y >—=< d',8 > are partial morphisms
of relational structures satisfying fh' = gk’, then there exists a unique partial morphism

t:<d,b6 >><d,8 > of relational structures such that h’' = ht and k' = kt.

Proof. First we must see that < d,é > is a relational structure, that is, § - dA C dw. A

square
I
aS —— bS

gSl lhs

cS —— dS
kS

is a pushout in Pfn by the assumption and hAS - dw C bw - hR and kS - dw C cw - kR
by Lemma 6.2.1(b). Remark that dw is a (total) function. Hence dw = hAS* - bw - AR U

kS*. cw - kR by the last lemma and

5-d\ hSY. B-AT -dANUKSY v kT - d)
C AS" B-bA-hRUKSY - y-c)-kR
C AS' - bw-hRUKS" cw- kR

dw.

Next we see that h :< b, >—< d,6 > and k :< b, >—< d,6§ > are partial

morphisms of relational structures. It simply follows from
d(hS)-B-hT T hS-hS"-B-hT (by d(hS)=hS - hS*Nids)
C_bS .6 (by § = AS*- 8- hT U kS - v - kT).
Finally assume that A’ :< b,8 >—>< d',§ > and k' :< ¢,y >—>< d',§ > are partial
morphisms ofs satisfying fh’ = gk’. Then we have d(h'S) -3 - h'T T A'S - ¢ and
d(k'S) -y - KT CK'S-§. As (1) is a pushout in Pfn(C, M), there exists a unique

partial function ¢t : d — d' such that h’ = ht and kK’ = kt. It suffices to prove that
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d(tS)-6-tT' CtS -4 But it follows from

d(tS) -6 -tT C tS-tS”-(hS“-ﬂ~th_J/cS“~'y-kT)-tT

- (¢Sh-hSY . B AT - 4T L1 tSP. kSH -y kT -#T)
(K'S'-B-KTUKS" v k'T)

S-(K'S" d(K'S)-B-KTUKS" d(k'S)-v-k'T)
tS(h’S“ KS-§UKS" kS §)

S.(8'Ué)

(I]

Cr)

£S ab'.

This completes the proof. O

Note that a relational structure < d,6 > in the above theorem is unique up to

isomorphisms. The following is exactly a corollary of the last theorem.

Corollary 6.2.5 If the extended functor S : Pfn(C, M) — Pfn preserves pushouts,
then the category Pfn(C) < w:S — R,A: T — R > of relational structures and

partial morphisms has pushouts. O

The identity functor Id : Pfn — Pfn, a copower functor ¥ - (=) : Pfn — Pfn,
and a constant functor const, : Pfn — Pfn preserve pushouts. Hence we obtain the

following

Corollary 6.2.6 The categories Pfn < Id,Id >, Pfn < ¥-(=),Id > and Pfn <

arity : const, — consty,size: (—)* — consty > have pushouts. O

6.3 A comparison theorem

This section is devoted to state that the category Pfn(C) < w,A > of relational
structures together with partial morphisms is isomorphic to a category of partial mor-
phisms of C < w,A > with respect to a certain admissible class of nomomorphsims of

C < w, A > in the sense of [Ken87, RR88|.
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Proposition 6.3.1 A morphism m :< d,§ >>< a,a > in C < w, A > is a monomor-

phism if and only if m : d — a s a monomorphism in C.

Proof. It is immediate that m :< d,6 >—< a,a > is a monomorphism if m : d — a is
a monomorphism. We have to show its converse. Assume that m :< d,6 >—>< a,a >
is a monomorphism and two morphisms z,y : ¢ — d in C satisfies zm = ym. Define
y=2S-6-2T'NyS-6§-yT*". Then z,y :< ¢,y >—< d,6 > are morphisms of relational

graph structures and so z = y since m :< d,6 >—>< a,a > is a monomorphism. O

A monomorphism m :< d,6 >>< a,a > 1n C < w,A > 1s called full if §

mS -a-mT*"
Lemma 6.3.2 The class F of all full monomorphisms in C < w, A > is admissible.

Proof. Trivially F contains all isomorphisms im C < w,A > and is closed under

compsition. We show that F' is closed under inverse images. Assume that a square

n
<ee> — <b B>

<¢6>-7? <a,a>
is a pullback in C < w,A > and m :< d,§ >—< a,a > is a full monomorphism. First
note that § = mS-a-mT* and BC B-hT - hT* C hS - a - hT*. Hence
kS-§- kT kS-mS - a-mT"- kT
nS-hS-a-hT"-nT"
3 @S-Fnd™

On the other hand e = nS-8-nT*MkS-6-kT* by the pullback construction in Theorem

2.6 and so ¢ = nS - B-nT" This complets the proof. O

Theorem 6.3.3 The category P fn(C) < w, A > of relational structures together with

partial morphisms between them is isomorphic to the category of partial morphisms
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Pfn(C < w,A > F) of C < w, A > with respect to the class F of all full monomor-
phisms, that us,

Pfn(C) <w,A>= Pfn(C < w,A >, F).

Proof. Fisrt we construct a functor ¢: Pfn(C) < w,A >— Pfn(C < w,A >, F). Let
f:< a,a >>< b, > be a partial morphism in Pfn(C) < w,A >. By the definition
a partial morphism f :a — bin Pfn(C) is represented as f = (m :d — a, f': d — b),
where m is a monomorphism in C and f’ is a morphism in C. Define a relation é : dS —
dT by 6 = mS-a-mT". Then m:< d,§ >—< a,a > is clearly a full monomorphism in
C < w, A >. Also, since d(fS) = mS*-mS, mS-mS" = idys and d(fS)-a-fTC fS-83,
we obtain - f'T C f'S- 3. Thus a functor ¢ : Pfn(C) < w,A >—> Pfn(C <w,A >, F)
is defined by ¢(m:d - a,f': d - b) = (m :<d,§ >><a,a>,f :<d,d >><b, (>
). Obviously ¢ is an embedding. To prove that ¢ is an isomorphism of categories it
suffices to see that if f = (m :<d,§ >><a,a>,f :<d,§ >><b,F>)is a partial
morphism in Pfn(C < w,A >, F), then f = (m :d — a,f" : d — a) is a partial
morphism in Pfn(C < w,A >, F). Now assume that f = (m :< d,6 >>< a,a >

,f':<d, 6 >>< b,8>) is a partial morphism in P fn(C) < w, A >. Finally we have
d(fS)-a-szmS"-mS-a-mT”-f’T:mS"-é-f’TEm5”~f’5-ﬂ=f5-6,

which completes the proof. O



Chapter 7

Conclusion

In this thesis, we proposed a general categorical framework for several graph structures
and analyzed properties about graph transformations using relational calculus. Several
graph structures such as graphs with ordered edges [Rao84], simple graphs, graphs
with weighted edges and labeled graphs are abstracted to coalgebra-like objects. The
result clarifies the relationship between these graph structures and gives an essential
properties for pushout constructions. We obtained that when we choose a suitable
functor which construct a graph structure we can formulate a graph transformation in
which we are able to apply any rewriting rules without any restrictions such as gluing
conditions.

We extended the theory of (binary) relations for the foundation of the theory of
graph transformations. Especially, westudied the theory of partial functions and gave a
general pushout constructions which is applicable to topos a model of constructive logic.
Using relational calculus, simple calculations gave many valuable properties about
graph transformations. Known results which have complicated proofs were reexamined
by simple calculations and further we provided some insights and answers for advanced
problems such as commutativity of two transformations and critical pair lemma.

For a particular example of calculations using graph transformations, we demon-
strated the problem finding out the language accepted by a finite automaton which
corresponds to solve equations of regular expressions. In the formulation of graph

rewriting system using graph terms, we proved not only termination of rewritings but
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also any permitted parallel rewritings lead the correct answer. The result gives u
a new insight into parallel executions. We are inclined to consider only sequentially
simulatable parallel executions, because it is difficult to consider the behavior of a non-
sequential simulatable parallel executions. But precise theory of graph transformations
gives a meaningful semantics of parallel executions. The example is a first trial for this
parallel execution approach.

We are going to continue researching about relational structures and to produce a
general graph rewriting system based on our theory of graph transformations as a kind
of functional programming languages like DACTL[GKS87, GHK*88]. In the applica-
tions of the language, we will face another problems of our model. We will formulate
these problems in our framework and solve it by choosing suitable graph structures
and restricted conditions. A known problem is a treating the operations about node
duplications which is difficult to characterize in pushout approaches. For this problem,
Lowe introduced pullout a combination of pushouts and pullbacks approach but his
method is so much special that it does not harmonize with pushout approach in his
framework. We would like to try reducing these kinds of problems into a single pushout

approach choosing a suitable relational structures.
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