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Preface 

The concept of majorization concerns the diversity of the components of a vector. 

Although the basic idea of majorization is simple, it has been used as a useful and powerful 
tool for deriving inequalities in many areas of mathematics and statistics. Moreover, the 

derivation of an inequality by methods of majorization is often very helpful both for 
suggesting a unified theoretical framework and for providing a deeper understanding. 
Marshall and Olkin (1979) offer a comprehensive introduction on this topic. 

In this paper we shall study n1ajorization in multivariate distributions on hyperplanes 

with a location vector parameter and give their applications to testing problems. Let 

us consider the probability that a random vector having a multivariate distribution on 
a hyperplane with a location vector parameter takes the values in a certain set. Then, 
under some conditions it is shown that the probability can be compared through ma­
jorization order of vector parameters. The infimum and the supremum of the probability 
on a given parameter set can be evaluated by the largest of all para1neters 1najorized 
by the parameter set and the smallest of all parameters majorizing the parameter set, 

respectively. Therefore we shall propose a general method to seek such parameters . By 
applying this method to t sts for approximate equality of several location parameters we 
can construct robust tests and discuss their powers. These are done from both parametric 
and nonparametric situations. 

Chapter 1 pres nts a basic theorem of majorization inequalities concering a radom 

vector with exchangeable components who sum is constant. The result is used to ob­
tain a stochastic ordering result for certain linear functions of order statistics. Then 

applications to the detection of outliers are discuss d, and some unbiasedness properties 
of certain t sts are giv n. 

Chapter 2 presents vector parameters (called least favorable parameter configurations) 

which attain the infimum and the supremum of a probability depending on the parameter. 
Unl ss l ast favorable param ter configurations are available, vector parameters which 
give a low r and an upper bounds as close as posible are obtained by using majorization 
methods on hyperplanes and the majorization result in Chapter 1. To certain robust 
testing problems of location para1neters, thes results are used to determine the critical 

values of certain tests and to valuate their powers. 

Chapt r 3 presents the asymptotic testing problems of k-sample approximate equality 
and gives k-sample robust rank tests with truncated scores for th proble1ns. When 



underlying distributions vary in gross error neighborhoods by Rieder (1978), lower and 

upper bounds for limiting values of the probability that k-sample rank statistics take the 

values in a certain set are quite effectively obtained by using majorization methods on 

hyperplanes in Chapter 2. These bounds enable us to construct asymptotic level a rank 

tests and to give lower bounds of their asymptotic minimum powers for the problems. 

Based on these lower bounds robustness of k-sample rank tests is also studied. 
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CHAPTER 

1 

A Majorization Inequality for Distributions 

on Hyperplanes and Its Applications 

to Tests for Outliers 

A theorem related to a random vector with exchangeable com­

ponents whose sum is constant is established. The theorem is applied 

to obtain a stochastic ordering for certain linear functions of order 

statistics. It is seen that a number of test statistics for outliers of k 

location parameters are of these types. The unbiasedness properties 

of the tests based on such statistics are given. The theorern concer­

ing distributions on hyperplanes plays an important role similar to 

Marshall and Olkin's (1974) theorem. 

1.1. Introduction. 

The concept of majorization concerns the diversity of the components of a vector and 

it has b en used as a fundamental tool for deriving inequalities in mathematics and 

statistics. A comprehensive introduction of the theory and applications of majorization 

is given in Marshall and Olkin (1979), and also Tong (1980). 
Let X be a random vector taking values in the Euclidean k-space R k and D a subset 

of R k. For each () E R k let '1/J( 0) = Pr {X + () E D} denote the probability of X + () 



taking values in D. Here (} denotes a location parameter. Based on majorization theory 
Marshall and Olkin (1974) obtained a fundamental theorem that if the density f of X 

is Schur-concave and D is Schur-convex, then '1/J( ()) is Schur-concave in (}. From this 
theorem, various inequalities can be constructed by evaluating values of functions at 
points ordered by majorization. The Marshall and Olkin's (1974) theorem weakens the 
condition of a special case of Mudholkar's (1966) theorem which is a generalization of 
Anderson's theorem (1955). Mudholkar assumes that f is permutation invariant and 
convex unimodal, and that D is permutation invariant and convex. The Marshall and 
Olkin's w aker condition has significant advantage of being checked more easily than 
the convexity. 

In this chapter we shall consider majorization in distributions of a random vector 
Z = (Z1, ... , Zk) with exchangeable components whose sum is zero, and show that a 
Marshall-Olkin type theorem also holds for z on the hyperplane n = {J.L = (I-ll' ... '/--lk) I 
L::=l 1-li = 0}, the k - 1 dimensional hyperplane of R k, that is, if the density of 

( Z1, ... , Z k-l) is Schur-concave and D is Schur-convex, then ;f;(J.L) = Pr { Z + J.L E D} 
is Schur-concave function of J.L on 0. An extension of the Marshall-Olkin and Kimura­
Kakiuchi theorems (1989) (Theorem 1.2) from the point of view of linear transforn1ations 
was given by Dean and Verducci (1990). 

In Section 1.2, the Marshall-Olkin theorem in addition to definitions used through­
out this paper is presented. A theorem related to a random vector with exchangeable 

components whose sum is constant is established. These two theorems are our starting 
point. From this theorem we can derive a stochastic ordering for certain linear functions 
of order stati tics. It is e n that a numb r of test statistics which appear in testing 
problem of outliers of k location parameters are of these types. 

In S ction 1.3, the unbiasedness properties of the tests to the detection of outliers based 
on such statistics are given. The theorem concering distributions on hyperplanes enables 
us to compare their powers at points ordered by majorization. It plays an important 
part similar to Marshall and Olkin's (1974) theorem and gives broad applications of 
majorization inequalities in statistics. 

1.2. A majorization inequality for distributions on hyperplanes. 

Definitions. (i) A vector x E Rk 
IS said to be majorized by a vector y E Rk, 

writ ten in symbol x --< y, if 

and 
i=l i=l 

r r 

i=l i=l 

r = 1, . . .  , k- 1, ( 1.1) 

wh r X[l] 2::: · · ·  2::: X[k] and Y[l] 2::: · · ·  2 Y[k] denote the components ofx = (x1, ... ,xk) 
and y = ( y1 , . . . , y k) in decreasing order. 

(ii) A r al valued function '1/J is said to be Schur-concave (Schur-convex), if 

x--< y => 1/;(x) 2::: (:::;) '1/J(y). 
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A nonnegative function 7� on Rk is said to be centrally symmetric if �(x) = �( -x) for 
all x. A nonnegative function � on R k is said to be convex unimodal if for every c > 0, 
the set { x I �( x) ;::: c} is a centrally symmetric convex set. A nonnegative function � 
on R k is said to be logconcave if for every x, y E R k and for every a E (0, 1) 

A nonnegativ function � is said to be permutation invariant if �(x) = �(gx) for all 
permutations g and all x E R k. 

(iii) A set D of R k is said to be Schur-convex, if 

y E D and y >- x =} x E D, ( 1.2) 

that is, if the indicator function of D is Schur-concave. A set D C R k is said to be 
centrally symmetric if x E D =} -x E D. A set D is said to be shift invariant if 
D = D + a1k with 1k = (1 ... , 1) E Rk and a E R. A set D is said to be permutation 
invariant if g D = D for all permutation g. 

Theorem 1.1 (Marshall and Olkin, 1974). Suppose that XI,· .. ,Xk are ex­
changeable random variables with a joint density f that is Schur-concave. If D C R k 

is Schur-convex, then Pr {X + () E D} is a Schur-concave function of(}, where X = 
(XI, ... , Xk) and()= (BI, ... Bk) · 

Theorem 1.1 was obtained by weakening the conditions for a special case of Mud­
holkar's (1966) generalization of Anderson theorem (1955). Mudholkar (1966) assumes 
that f is permutation invariant and convex unimodal, and that D is permutation invari­
ant and convex. We note that if f is permutation invariant and convex unimodal, then 
it is Schur-concave and that if D is permutation invariant and convex, then it is Schur­
convex. As pointed out in Marshall and Olkin (1974), the weaker condition of Theorem 
1.1 have th following advantag s: It is often much easier to check than convexity, and 
the convexity condition is strong for certain applications. 

The following result, which are useful in deriving various probability inequalities for 
distributions on hyperplan s is derived fron1 Theorem 1.1. 

Theorem 1.2. Let ZI, ... , Zk ( k ;::: 3) be exchangeable random variables satisfying 
2:7=I Zi = 0 such that (ZI, . . . , Zk-I) has a Schur-concave density. Let D C Rk be 
Schur- convex. Then, Pr {Z + J..l E D} is a Schur-concave function of J..L, where Z = 

(ZI , ... , Zk) and J..l = (f.-li, .. . ,f.-lk)· 

Proof. Let J..l = (f.-li, ... , I-lk) and jL = (P,I, ... , P,k) be any vectors such that J..L -< jL. 
Then it is sufficient to show Pr{Z + J..L ED};::: Pr{Z + jL ED}. By Muirhead's result 
(Marshall and Olkin, 1979, p.21) J..L can be derived fron1 jL by successive applications of 
a finite number of T-transfonnations. A T-transformation is a linear transfonnation 
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whose matrix has the form T = )..J + (1- >..)Q, where 0:::;)..:::; 1, I denotes the identity 
matrix and Q denotes a permutation matrix that just interchanges two components. 
Note that the vector derived from jL by an application of a single T-transformation is 
different from jL in at most two components and majorized by {1. Thus we can assume 
without loss of generality that J-L and jL differ in two components only. Since k � 3, 
there exists at least one common components of J-L and {1. We can take J-lk = fJk without 
loss of generality. 

Let h: Rk ---+ Rk-1 be the projection defined by h(xi,··· ,xk) =(xi,··· ,Xk-1)· 
Then the restriction of h to n = {x I z=:=l Xi = 0} is a bijection from n to R k-l. 
Letting D' = D n 0, then we have 

Pr {Z + J-L ED}= Pr {h(Z) + h(J-L) E h(D')}. (1.3) 

Now we shall show that the set h(D') is Schur-convex. Let v E h(D') and u -<( v. 

Then their uniquly exist x E 0 and y E D' such that u = h(x) and v = h(y), i.e., 
d . k s· ""'k-1 ""'k-1 Ui = Xi an Vi = Yi, z = 1, ... , "'- 1. 1nce L...ii=l Ui = L...ii=l Vi, we can see Xk = Yk· 

Thus x -<( y follows from u -<( v. As D satisfies (1.2), we have x E D and hence x E D'. 
This implies u E h(D'). 

Since the density function of h(Z) is Schur-concave by the assumption, it is seen from 
Theorem 1.1 that the righthand side of (1.3) is Schur-concave in h(J-L). It is also clear 
that h(J-L) -<( h(jL) follows from J-L -<( jL and I-Lk = fJk. Hence we obtain 

Pr{Z + J-L ED}� Pr{Z + jL ED}. 

This completes the proof of the theorem. 0 

Corollary 1.1. Let Z and D be as given in Theorem 1.2 and let V be a posztzve 
random variable independent of Z. Then Pr {(Z + J-L)/V E D} is a Schur-concave 
function of J-L. 

Proof. Since Z and V are independent, we have 

Pr {(Z + JL)/V ED} = J Pr {Z + /L E vD} F(dv ), 

where F is the distribution function of V. It is easy to see that vD is Schur-convex for 
every v E R. Hence, from Theorem 1.2 it follows that Pr{Z+J-L E vD} is Schur-concave 
in J-L for every v E R. This implies Corollary 1.1 holds. 0 

Examples. The following is examples of Schur-convex sets D()..) for each real >... 

r 

D 11· ( )..) = { x I L x [ i] :::; ).. } , r = 1, . . . , k - 1, 
i=l 

4 
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r k 
D2r(-A) ={xI max (L X[i]1- L X[i] ) �A}, r = 1, ... , k- 1, (1.5) 

rl 
i=1 i=k-r+1 

k 

D3r1 r2(A) = {x I L X[i] - L X[i] �A}, 

k 

i=1 i=k-r2+1 

r1, r2 = 1, ... , k - 1, r1 + r2 � k - 1, 

D4(-A) = {xI L x7 �-A}, 
i=1 

( 1.6) 

(1. 7) 

where x = ( x1, .. . ,xk) and X[1] 2:: ... 2:: X[k] denotes the components ofx in decreasing 
order. 

Theorem 1.2 is applicable to obtain some results concering a stochastic ordering. 

Corollary 1.2. Let Z and V be as given in Corollary 1.1. Let ¢ be a measurable 

Schur-convexfunction on Rk. Then) Pr{¢(Z+JL) �A} and Pr{¢((Z+JL)/V) �-A} are 

Schur-concave functions in JL for a real number A. 

Proof. Let D = { u I ¢( u ) � A}. Then D is Schur-convex. By Theorem 1.2, Pr { Z + 
JL E D} = Pr { ¢( Z + JL) � A} is Schur-concave in JL. This fact and Corollary 1.1 prove 
the rest of the theorem. D 

Corollary 1.2 says that if JL-< [l, then ¢(Z + JL) and ¢((Z + JL)/V) are stochastically 
smaller than ¢(Z + jl) and ¢((X+ [l)/V) respectively. 

The following theorem shows how the random vector Z on the hyperplane n can be 
obtained from X on R k. 

Theore1n 1.3. Suppose that X1, ... , Xk( k 2:: 3) be exchangeable random variables 

with a joint density f and let zi =xi -X i = 1 . . . 'k. Then the following statements 
hold. 

(i) z1' ... 'zk ( k 2:: 3) be exchangeable random variables with L-: 7=1 zi = 0. 
(ii) Iff is Schur-concave) then (Z1, ... , Zk_1) has a Schur-concave density . 

(iii) Iff is logconcave) then (Z1 ... , Zk-d has a logconcave density. 

(iv) Iff is centrally symmetric) then ( Z1, ... , Z k-d has a centrally symmetric den­

sity. 

Proof. (i) The assertion is obvious. 
(ii) Let g be the density of (Z1, ... , Zk_1,X) and h the density of (Z1, ... , Zk_I). 

Then 
( 1.8) 
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and 

( 1.9) 

where l(zl, · .. , zk-l, x) = (zl + x, . .. , Zk-1 + x, - ���: Zj + x) and K is a positive 

constant. Let ( z1, ... , Zk-1) -< ( z;, ... , zZ_1 ). Then for every x we have 

Hence, it follows from the Schur-concavi ty of f that for every x 

This implies 

Thus h is Schur-concave. 

(iii ) The logconcavity of g is easily obtained from the logconcavity off and (1.8). 
Hence from Theorem 2.16 of Dharmadhikari and Joag-dev (1 988) it follows that h is 
logconcave. 

(iv ) The assertion is an immediate consequence from (1.8) and (1.9). D 

1.3. Applications to tests for outliers. 

As applications of the previous results we are concerned with unbiased properties of 

testing problems of k location parameters. The following is a list of the problems and 
relevant test statistics. 

Let X1, ... , Xk be exchangeable random variables distributed with a joint density 
a-k f( ( x- B )/ a) , where f is Schur-concav and()= (81, ... , Bk)· We are interested in 

testing the null hypoth sis 

where (} is unknown. 

H0 : Bi = B, i = 1, ... , k, 

6 
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(i) O" is unknown but an independent estimator of O" is available. 

r 
T1r = L(X[i] - X)/V, r = 1, ... , k- 1, 

i=l 

r = 1, ... , k- 1, 
rl k 

T3r1 r2 = L(X[i]- X)jV- L (X[i] - X)/V, 
i=l i=k-r2+l 

r1, r2 = 1, ... , k - 1, r1 + r2 :::; k- 1, 

(1.1 1) 

(1.12) 

(1.1 3) 

where V is an estimator of 0"2 independent of X 1, ... , X k, X[ i] is the i -the order statis­

tics of x1' ... 'X k in decreasing order and X = k-1 2:7=1 Xi. 

(ii) O" is known. 

T;r = T1r with V replaced by O", 

T�r = T2r with V replaced by O" 

T�r1 r2 = T3r1 r2 with V replaced by (J. 

(1.14) 

(1.15) 
(1.16) 

The statistics T1 r and T{ r are used for r upper outliers. On the other hand, the remaining 
statistics are used for both-sided outliers. T2r and T�r are statistics for r lower and r 
upper outliers. T3r1 r2 and T�r1 r2 are statistics for r1 lower and r2 upper outliers (see 
Barnett and Lewis, 1984, section 6.3). In particular, when r = r1 = r2 = 1, these 
statistics reduce to 

Tn = max (Xi - X)/V, 1<i<k 

Consider the following test: 

c.p = 0, 1 according as T :::; A or T > A, 

where T is a statistic and A i a real constant. We call such c.p a test based on T. 

( 1.17) 

Theore1n 1.4. Each of the tests ofH0 based on the statistics {1.11)-{1.17) is unbi­
ased for the alternative K1 : ei = e for at least one i (1 :::; i :::; k ). 

Proof. Let 

Zi =(Xi- X)- (ei- B), i = 1, ... , k, 
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where B = ( 1 I k) 2.:::7=1 ()i. It is clear from Theorem 1.3 that z1' ... ' z k satisfy all the 
assumptions in Theorem 1.2. For each 8 let f.li(8) = ()i- B, i = 1, ... , k. Then we have 

E9<pi(X) = Pr {Ti > ,\} = 1- Pr {(Z + JL(8))/V E Di(,\)}, i = 1, 2, 3, (1.18) 

where <pi, i = 1,2, 3, denote the tests based on Ti given by (1.1 1), (1.12) and (1.1 3), 

Di, i = 1, 2, 3 are given by (1.4), (1.5) and (1.6), Z = (Z1, ... , Zk) and JL(8) = 

(1-11(8), ... ,f.1k(8)). By Theorem 1.2, the power functions (1.18) of the tests <pi based 

on Ti are Schur-convex in JL(8). It is easy to see that 2.:::7=1 f.1i(8) = 0 holds for every 
8 E R k and JL( 8) = 0, which is minimu1n, is equivalent to that all ()i are equal. Thus 
the assertion holds for the test <pi, i = 1, 2, 3. The assertion for the tests based on Tf 
given by (1.1 4), (1.1 5) and (1. 1 6) are shown in the same way. D 

Ren1.ark 1.1. Let us consider the tests of H0 based on the types of the statistics 
<P(X1- X, ... , Xk- X) and <P((X1- X)/V, ... , (Xk- X)/V ) according as e7 is known 
or unknown, where <P is a Schur-convex function. Then, in the same way as Theorem 
1.4 we can easily get the unbiasedness properties of a variety of tests which are given by 
changing ¢J. 
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CHAPTER 

2 

Majorization Methods on Hyperplanes 
and Their Applications 

to Robust Testing 

Let Z be a k('?. 3) dimensional random vector with exchange­
able components whose sum is zero, D a Schur-convex subset of the 
Euclidean k-space R k, and 0 the k - 1 dimensional hyperplane of 
R k consisting of all vector parameters whose components sum up to 

zero. Let -0(J.L),J.L E 0, denote the probability of Z + J.L t�ing values 

in D. The present chapter derives parameters at which '1/J attains its 
infimum and supremum on a given r c n or takes their approximate 
values. This is achieved by using majorization methods. The results 
are applied to robust testing of several location parameters. 

1. Introduction 

In this chapter we shall further develope the study of majorization in distributions on 
hyperplanes which was started by Kimura and Kakiuchi (1989). 

Let Z = ( Z 1, . . . , Z k) be a random vector with exchangeable components whose sum is 

zero, D a subset of the Euclidean k-space Rk and 0 = {J.L = (f.J-1, . .. ,f.-lk) I '2:7=1 J.-li = 0} 

the k - 1 dimensional hyperplane of R k. Then we showed in Section 1.2 of Chapter 1 
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that if the density of ( Z1, ... , Zk-l) is Schur-concave and D is Schur-convex, then 

{;(p) = Pr { Z + J.L E D} is a Schur-concave function of J.L on 0. 
For a given subset r of 0 we are interested in evaluating the infimum and supremum of 

{; on r. To this end we need parameters J.L L FC E 0 (called least favorable configurations) 

at which (/; attains its infimum and supremum on r. Unless J.LLFC are available, we shall 

instead want para1neters J.LM and J.L8 in 0 at which (/; takes a lower and an upper bound 
as close as possible to the infimum and supremum on r, respectively. The purpose of this 
chapter is to seek these parameters J.LLFC, J.LM and J.L8 by using majorization methods 
on hyperplanes and to give their applications to robust testing. 

In Section 2.2, for any general r we shall propose a new majorization method for 
constructing J.L M and J.L 8• The parameters J.L M and J.L 8 are the best ones in the sense 
that they can no longer be improved by majorization. This majorization method is very 
useful and powerful when J.L LFC are not available. 

In Section 2.3, we shall treat six special parameter forms of r to seek J.LLFC or their 

candidates. In order to obtain J.LLFC we shall make use of Theorem 1.2 in Section 1.2. 

Let X be a randotn vector taking values in the Euclidean k-space R k. For each 8 E R k 
let 7/;(8) = Pr {X +8 ED}. Marshall and Olkin (1974) obtained a fundamental theorem 
that if the density f of X is Schur-concave and D is Schur-convex, then '1/J( 8) is Schur­

concave in 8. 
In Section 2.4, under the shift invariance of D we shall consider majorization in non­

singular distributions, that is, the majorization problem with Z, r and 7/J replaced by 
X, 8 and 7/J, respectively, where 8 is a subset of R k. By the argun1ents similar to Sec­
tions 2.2 we shall get 8M and 88 for a general 8. The problem of seeking least favorable 
configurations 8LFC for special sets 8 was treated by Giani and Finner (1991), Chen, 

Lam and Xiong (1993), Finner and Raters (1993), and Kakiuchi and Kimura (1994). 
In order to obtain 8LFC they applied the Mudholkar's theorem or the Krein-Milman's 
theorem (see Lemma 1 in Chen et al., 1993) which require D to be convex and/or f 
to have monotone likelihood ratio. In the same way as in Sections 2.3, under weaker 
conditions we shall obtain some of their results n1ore easily and more systematically. 

In Section 2.5, we shall give so1ne applications of our majorization results on hyper­

planes to certain robust testing problems of sevral location parameters. It is seen that 
the parameters J.LLFC, J.LM and J.L8 are effectively utilized for constructing robust tests 

and for evaluating their powers on a parameter set r induced from 8. These applications 
reveal that our majorization methods are useful and powerful. 

2.2. Majorization n1ethod for general paran1eter sets. 

k Let r be a nonempty and bounded subset of 0 = {J.L I L":i=I /-li = 0}. Let O:r and f3r 
( r = 1, ... , k) be defined by 

r r 

(2.1) 
i=l i=l 
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By using these ar and f3n we define two particular parameters J.LM and J.L8 whose r-th 
components 11� and 11: are respectively given by 

11!:! = f3r-/3r-t, r = 1, . . . , k (2.2) 

and 

8 { ar -ar-t' 
llr = as ---

k- s ' 

r = 1, . . .  , s 

r=s+1, ... ,k, 
(3.3) 

where ao = f3o = ak = f3k = 0, -oo < ar � f3r < +oo and s(1 � s � k) is some fixed 
integer. 

Note that the relation J.Lk 
>- J.Lk-t >- · · · >- J.Lt >- Ok holds, where Ok = (0, ... , 0) E Rk. 

We consider the following conditions: 

Condition 1. 

f3r-f3r-t � f3r+t-f3r, r = 1, . . . ,k -1. 
Condition 2. 

ar-ar-t � ar+t -an r = 1, ... , s-1 
as -a 8 -t � a r+ t -a r, r = s, . . . , k -1. 

Then the following lemma is basic. 

Lemma 2.1. The following statements hold. 

(i) J.L--< J.LM holds for every J.L E r. 

(ii) If Condition 2 is satisfied) then J.L8 -< J.L holds for every J.L E r. 

Proof. For every 11 E r, 

r 

i=t 

r r 

i=t i=t 
and I:7=t Jli = I:7=t 11!;1 = 0. These imply the assertion (i). 

Assume Condition 2. Then, 
r r 

L/l[i] � ar =(at-ao) + · · · + (ar-ar-t)= Lll[i]' r = 1, ... ,s, 
i=t 

r 
> � 8 
- L...,. 1-L[ i]' 

i=t 

i=t 

r = s + 1, . . . , k- 1, 
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i. • 

because 

and 
1 

a1 -ao > · · · >a -a -1 > ---a . 
_ _ s s _ k-s s 

Hence, the assertion (ii) follows from 2:.::7=1 J-li = 2:.::7=1 f-li = 0. 0 

The following lemma suggests that in the sense of preordering of majorization J-L M is 
the smallest of all the parameters majorizing r and J-L 8 is the largest of all the parameters 
majorized by r. 

Here we mean by J-L -/< v (J-L, v E 0) that J-L is not majorized by v, that is, J-L -/< v if 

and only if there exists an integer r* ( 1 ::; r* ::; k - 1) such that 2:.::�:1 J-l[ i] > 2:.::�:1 V[ i]. 

Lemn1a 2.2. The following statements hold. 

(i) Suppose that Condition 1 holds. If J-L1 E 0 satisfies J-LM -/< J-L1) then there exists 

J-L E r such that J-L -/< J-L1• 
(ii) Suppose that Condition 2 with s = k holds. If J-L1 E 0 satisfies J-L1 -/< J-L\ then 

there exists J-L E r such that J-L1 -/< J-L. 

Proof. To show the assertion (i) let J-L1 E n be such that J-L M -!< J-L1• Then, by the 

definition of -/< there exists r* such that 2:.::�:1 11 [ i] < 2:.::�:1 11tj. By Condition 1 we 

have 2:.::�:1 11tj = f3r•. Hence, by the definition of f3r• there exists J-L E r such that 

2:.::�:1 11(iJ < 2:.::�:1 J-l[i]. This implies the assertion (i). 

The assertion (ii) is similarly verified. 0 

The following th orem is an immeadiate consequence of Theorem 1.2 in Section 1.2 
of Chapter 1 and Lemma 2.1. 

Theoren1 2.1. Let Z1, ... , Zk (k 2:: 3) be exchangeable random variab les satisfying 

2:.::7=1 zi = 0 such that (Z1, ... 'Zk-1) has a Schur-concave density and let denote z = 

(Z1, . . . , Zk) and J-L = (111, ... , J-lk)· Let D C Rk be Schur-convex. Then the following 

hold. 

(i) Pr{Z + J-L ED} 2:: Pr{Z + J-LM ED} for every J-L E r. 
(ii) If Condition 2 is satisfied) then 

P r { Z + J-L E D} ::; P r { Z + J-L s E D} for every J-L E r. 

12 
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Similarly we have the following corollary from Corollary 1.1 in Section 1.2 and Lemma 
2.1. 

Corollary 2.1. Let Z and D be as given in Theorem 2.1 and let V be a positive 
random variable independent of Z. Then the following statements hold. 

(i) Pr {(Z + J-L)/V ED} � Pr {(Z + J-LM)/V ED} for every J-L E r. 

(ii) If Condition 2 is satisfied, then 

Pr {(Z + J-L)/V ED} � Pr {(Z + J-L8)/V ED} for every J-L E r. 

We call the inequalities (i) and (ii) of Theorem 2.1 and Corollary 2.1 majorization 
inequalities. 

We now defin M(r) by 

r 

M ( r) = { J-L I a r � L fL [ i) � f3r' r = 1' . .  . ' k} . 
i=l 

Then Lemmas 2.1, 2.2, Theorem 2.1 and Corollary 2.1 remain true for r replaced by 
M(r). We note that M(r) :::) r is the largest parameter set such that the majorization 
inequalities are valid. It is not guaranteed that the parameters J-LM and J-L8 are in M(r). 
However, it is easily seen that J-LM and J-L8 are in M(r) under Conditions 1 and 2 with 
s = k, respectively. 

Re1nark 2.1. 

1. The assertion ( i) of Lemma 2.1 is a generalization of the idea in Corollary 4 of 
Kimura and Kakiuchi (1989). 

2. The assertion (ii) of Lemma 2.1 is a new idea. Kimura and Kakiuchi (1989) did 
not treat a lower bound of a parameter set r in the sense of partial order of 
majorization. 

3. Although Condition 2 seems to be eccentric and lirnited, it is reasonable and 
not limited. Condition 2 requires that every vector of r has a certain degree 
of diversity of its components. For exan1ple, see (2.29), Problems C and D in 
S ction 2.5. 

4. Since our majorization m thod i valid for any r and for any Schur-convex set 
D, Theor m 2.1 and Corollary 2.1 have broad applicability. In particular, it can 
be effectively applied to obtain probability inequalities for asymptotic joint dis­
tributions (singular normal distributions on hyperplanes in Rk ) of k-sample rank 
statistics when underlying distributions vary in some shrinking neighborhoods. 
In this case we encounter another problern of determining r. See Chapter 3 for 
d tails, and also Kakiuchi and Kimura (1995). 

2.3. Least favorable configurations for special parameter sets. 
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First we consider the following two special forms r 01 and r 11 of r : 

ro1 = {JL E n I f-L[1] - f-L[k] ::; 8}, r 11 = {JL E n 1 f-L[1J - f-L[kJ 2: 8}. 

where 8 is a specified positive real nun1ber. We define 

( (k- r)8 (k-r)8 r8 r8) 
ILo 1 ( r) = 

k ' . . . ' k ' - k' . . . ' - k ' 
r-times (k-r)-time 

r=1, ... ,k-l. 

(2.4) 

(2.5) 

The following th ore1n gives the candidates of the least favorable configurations for r 01. 

Theoren1 2.2. Let Z1, • . •  , Zk( k 2: 3) be exchangeable random variables s atisfying 

2::::: 7=1 Zi = 0 and let ( Z1, ... , Zk-l) have a logconcave density. Let D c R 
k be Schur­

convex. Then 

inf Pr{Z+�-tED}= min Pr{Z+�-to1(r)ED}. 
J.LErot 1:s;r::;k-1 (2.6) 

Furthermore) if the density of (Z1, ... , Zk-d and D are centrally symmetric) then 

inf Pr { Z + JL E D} = min Pr { Z + 1Lo1 ( r) E D}. 
J.LErot 1::;r:s;[k/2] 

(2.7) 

Proof. We note that convex unimodality follows frorn logconcavity and that convex 

unimodality together with permutation invariance implies Schur-concavity. Thus the 

density of (Z1, ... , Zk-1) is Schur-concave. 

Let JL be any nonzero parameter of ro1· We can let /-Ll 2: ... 2: /-Lk without loss of 

generality. Let v = (v1, . • •  , vk) = (81T)JL, where T = f-L1- /-Lk ::; 8. Then, we have 

IL-< v and v E ro1, where ZJ1 �, ... '� lJk and ZJ1 -ZJk = 8. From L: 7=1 Vi= 0, we have 

8 I k ::; v1 ::; ( k - 1 )8 I k. Hence v1 = 8 I k or v1 E ( ( k - r - 1 )8 I k, ( k - r )8 I k] for some 

r (1 ::; r ::; k -2). 
First assume ZJ1 E ((k- r-1)8lk, (k-r)81k] and define a parameter vr(rJ) E ro1 by 

r-times (k-r-1)-times 

wh re rJ = -{rv1 + (k- r- 1)vk}, (0::; rJ::; 1). Then we have v-< vr(rJ) and hence by 

Th or m 1.2 in Section 1.2 

Pr {Z + JL ED} 2: Pr {Z + vr(rJ) ED}. (2.8) 

We can easily s e that 
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where J..Lo1 ( r) (1 :::; r :::; k - 1) are given by (2.5) and 

A= { (k-r)8/k- v1}/ ( 8/k), (0:::; A:::; 1). 

Let h: Rk --+ Rk-1 be the projection defined by h (x1, ... ,xk) = (x1, . .. ,xk- d · Then 

the restriction of h ton= {xI 2:::7=1 Xi= 0} is a bijection from n to Rk-1. Letting 
D' = D n 0, then we have 

Pr {Z + vr(7J) ED} 
= Pr{h(Z) + h(vr(17)) E h(D')} 
= Pr {h(Z) E (1- A)(h(D')-h(J..Lo1(r))) + A(h(D')-h(J..Lo1(r + 1)))} 

� { Pr {h(Z) E h(D')-h(J..Lo1(r))}} 
1-,\ { Pr {h(Z) E h(D')- h(J..Lo1(r + 1))}}" 

�min { Pr {Z + J..Lo1(r) ED}, Pr {Z + J..Lo1(r + 1) ED}}. (2.9) 

The above first inequality follows from the fact that the distribution of h(Z) is logcon­
cave. We note that by Theorem 2 in Pn§kopa (1973) the logconcavity of the den­
sity implies the logconcavity of the probability measure, where a probability mea­
sure P is said to be logconcave if for every nonempty set A, B C R k and for every 

a E (0, 1 )  P(aA + (1- a)B) � [P(A)]a[P(B)p-a. 
Next let us consider the case of v1 = 8/k. Then we have v = J..Lo1(k - 1 ) . Hence, from 

(2.8) and (2.9) it follows that 

Pr { Z + J..l E D} � min Pr { Z + J..Lo 1 ( r) E D}. 
1 <r<k-1 

Noting that this inequality holds for J..l = 0 and that J..Lo1 ( r) E r 01, r = 1, ... , k - 1,  we 
obtain th first assertion of the theorem. 

To show the second assertion of the theorem we first note that J..Lo1 ( r) = -J..Lo1 ( k -r), 
r = 1, ... , k -1. Since D and the density of (Z1, ... , Zk-d are centrally sy1nmetric, we 
hav 

Pr{Z+J..Lo1(r) ED} =Pr{-Z-J..Lo1(r) E-D} 
=Pr{Z+J..Lo1(k-r)ED}, r=1, ... ,k- 1. 

This implies the second assertion of th theorem. D 

Retnark 2.2. W hen we do not know which one of J..Lo1 (1 ), ... , J..Lo1 ( k - 1) is the 
best, w rnay be int rested in the smallest paran1eter that majorizes all of these k -1 
parameters. This smallest parameter is seen to be J..LM defined by (2.2) with r = rol' 
wh re the r-th con1ponent of J..LM is given by 

M (k- 2r + 1)8 
J.Lr = k , T = 1 ,  ... , k. 
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By Theorem 2.1 we have 

1nin Pr {Z + J.Loi(r) ED}� Pr {Z + JL
M ED}. I�r�k-I (2.11) 

The following theorem gives the least favorable configuration for r II. 

Theore1n 2.3. Let ZI, ... , Zk( k � 3) be exchangeable random variables satisfying 

:z=7=I zi = 0 and let ( ZI' ... ' zk-I) have a centrally symmetric and logconcave density. 

Let D C R 
k 

be centrally symmetric and Schur- convex. Then 

where 

sup Pr { Z + JL E D} = Pr { Z + JL11 E D}, 
p.Er11 

(2.1 2) 

( 2.13) 

Proof. Since the density of ( ZI, ... , Zk-I) is Schur-concave by Theorem 1.2 in 

Section 1.2 Pr { Z + JL E D} is Schur-concave in JL. 
Let J.L be any parameter of r 11. We can let I-ii � ... � /-ik without loss of generality. 

Let v = (vi, ... , vk) = (8/T)J.L, where T = /-ii - f.ik � 8. Then we have JL >- v and 

v E r 11' where VI � ... � Vk and VI - Vk = 8. Let 

VI + Vk VI + Vk 
e = ( VI, V k, - k , .. . , - k 

) . 
� -2 -2 

Th n, clearly we see e -< v and hence e -< JL. Therefore, by Theorem 1.2 in Section 1.2 

Pr { Z + e E D} � Pr { Z + JL E D}. (2.14) 

Let h and D' be as given in the proof of Theorem 2.2. Then we have 

Pr {Z + e ED}= Pr {h(Z) + h(e) E h(D')}. (2.15) 

It is easy to se that h(D') is centrally symn1etric and Schur-convex. Let GI be a 

group of all pern1utations of the components of x and let G2 = {g2I, g22} be a group 

of two transfonnations such that g2I(x) = x and g22(x) = -x. Let G be the direct 

product group of GI and G2. Th n the density function of (ZI, ... , Zk-d and h(D') 
are G-invariant. Let go E G be a transfonnation such that go(xi, x2 x 3, ... , Xk-I ) = 
( - x 2 , -xi, -x3, ... , -xk_I ) . Then we can see 

h(ii) = � ( h(�) + g0( h(e))), where jl = ( 0/2, -0/2, 0, ... , 0). 
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Hence, from the logconcavity of the density of h(Z) it follows that 

Pr { h(Z) + h(�) E h(D')} 

� [Pr {h(Z) + h(e) E h(D')}r12[Pr {h(Z) + go(h(e)) E h(D')}]
112 (2.16) 

= Pr {h(Z) + h(e) E h(D')}. 

Therefore, from (2.14), (2.15) and (2,16) it follows that 

Pr { Z + � E D} = Pr { Z + 1111 E D} � Pr { Z + J1 E D} for every J1 E r 11· 

This fact and J111 E r 11 imply the theore1n. D 

Next, we consider the least favorable configurations for the following four parameter 
sets: 

k k 

ro3 = {J1 E 0 I L lf-li l ::; 8}, r 13 = {11 E o 1 L lf-li 1 � 8}. 
i=1 

Let J1ij E rij (i = 0, 1,j = 2, 3) be defined by 

(8, ... ,8, -8, ... '-8), 
"--v--' ..____,_., 

k/2-times k/2-times 

k is even 

/102 = 

( 8, . . .  ,8 ,0,-8, ... ,-8), kis odd 
"--v--' ..____,_., 

(k/2]-times (k/2]-times 

8 8 
1112 = ( 8'-

k- 1' 
... 

'- k- 1 
), 

( k -1 )-times 

8 8 
/103 = 1111 = (2, � '-2), 

(k-2)-times 

(k-l)-time l-times 

i=1 

(2.17) 

(2.18) 

(2.19) 

(2.20) 

Theore1n 2.4. Let Z and D be as given in Theorem 2.1. Then the following state­
ments hold. 

( i) inf Pr { Z + J1 E D} = Pr { Z + J1o2 E D}. 
J.LEro2 

(ii) sup Pr {Z+J1 ED} =max{Pr {Z+1112 ED}, Pr {Z -1112 ED}}. 
J.LEr12 
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(iii) 

Furthermore, if the density of ( Z1, ... , Z k-d and D are centrally symmetric, 
then 
sup Pr { Z + J-L E D} = Pr { Z + J-L12 E D}. 

J.LEr12 
inf Pr {Z + J-L E D}= Pr {Z + J-Lo3 E D}. 

J.LEro3 

( i v) sup Pr { Z + J-L E D} = max Pr { Z + J-L 13 ( l) E D} . 
J.LEr13 I::;t::;k-1 
Furthermore, if the density of (Z1, ... , Zk_1) and D are centrally symmetric, 
then 
sup Pr { Z + J-L E D} = max Pr { Z + J-L13 ( l) E D}. 

J.LEr13 I::;t::;[k/2] 

Proof. By Theorem 1.2 in Section 1.2 it is sufficient to show that J-Loj >- J-L holds for 
every J-L E roj (j = 2, 3), that at least one of J-L12 -< J-L and -J-L12 -< J-L holds for every 
J-L E r 12 and that at least one of J-l13 ( l) -< J-L, l = 1, ... k - 1, holds for every J-L E r 13. 

(i) For any nonzero J-L E ro2 let max1<i<k 11-lil = T(:s; 8) and v = (8/T)J-L. Then we 
see v >- J-L and v E r02, where max1::;i::;k JvJ = 8. Clearly, for l = 1, ... , [k/2] we have 

l l 

L V[i] :s; l8 = L /102[i] 
i= l i=l 

and 
l 

L V[k-i+l] 2:: -l8. 
i=1 

Also, since l 2:: [k/2] + 1 implies k- l :s; k/2, we have for l = [k/2] + 1, ... , k- 1 

l k-l l 
L V[i] = - L V[k-i+1] :s; ( k- l)8 = L /102[i]. 
i=1 i=1 i=1 

This implies v -< J-Lo2. Thus J-L -< J-Lo2 holds for every J-L E r 02 (note 0 -< J-Lo2). 

(ii) As in the proof of (i), for every J-L E r12 there exists v E r12 such that v-< J-L and 
max1::;i::;k lvil = 8. If V[1] = 8, then J-L12 -< v follows from ( -8/(k -1) ... , -8/(k -1))-< 
(v[2]1 ... 'V[kj)· If V[k] = -8, then -J-L12 -< V. Hence, for every J-L E rl2 at least one of 
J-L12 -< J-L and - J-L12 -< J-L hold. The second assertion is easily shown from the symmetry 
condition. 

(iii) For any nonzero J-L E ro3 1 t :z=:=1 11-lil = T(:s; 8) and v = (8/T)J-L. Then we see v E 

ro3 such that v >- J-L and :z=:=1 lvil = 8. Hence we have :z=iEM Vi= 8/2 and :z=iEMc Vi= 
-8/2, where M = {j I Vj 2:: 0}. This implies v -< J-Lo3· Thus J-L-< J-Lo3 holds for every 
J-L E ro3· 

(iv) As in the proof of (iii), for every J-L E r13 there exists v E r13 such that v -< 

J-L and :z=:=l I vi J = 8. Let l denote the number of negative components of v. Then 
k l k 

J-l13 ( l) -< J-L follows from :z=i:1 V[i] = - L:i=k-l+1 v[i] = 8/2. Hence, at least one of 
J-L13(l) -< J-L, l = 1, ... , k - 1, holds for every J-L E r13. The second assertion is easily 
shown fro1n J-L13(l) = -J-L13(k- l), l = 1, . . . , k- 1. 0 

Re1nark 2.3. Let V be as given in Corollary 2.1 and let J-Lij(i = 0,1,j = 1,2,3) 
denote the least favorable configurations for the special parameter sets r ij in Theorems 
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2.2, 2.3 and 2.4, respectively. We note that if Z + it and Z + itij in Theorems 2.2, 2.3 
and 2.4 are replaced by (Z + it)/V and (Z + itij)/V, respectively, then all the theorems 
rernain tru . 

2.4. Majorization for nonsingular distributions. 

Let X 1, ... , X k be exchangeable random variables with a joint density f and let D 
and 8 be subsets of R 

k. The problem is to seek least favorable configurations 6LFC for 
'ljJ(6) = Pr {X+ 6 ED} on 8 or parameters 6M and 68 at which 'ljJ takes a lower and 
an upper bound close to its infimum and supremum on 8, respectively. In this section 
we assume that D is shift invariant. In this case, since D is shift invariant, we have 

Pr {X +  6 ED}= Pr {X +  it(6) ED}, (2.21) 

where X = (XI, ... 'Xk), it(6) = 6- Blk and iJ = (1/k) z:=l ei . This fact implies 
that the problem on e is reduced to that on r(e) = {it(6) I 6 E 8}, a subset of n. 
Therefore we can use the results in previous sections to achieve our purpose. 

As for least favorable configurations let us consider the following six special parameter 
sets 

eo1 = {6 1 d1(6):::; 8} and e11 = {6 1 d1(6) � 8 }, i = 1,2,3, 
- k -

where dl(6) = e[l]- e[k], d2(6) = maxl � i � k IBi- Bland d3(6) = Li=l IBi- Bl. We note 
that r( eij) = r ij ( i = 0, 1 j = 1, 2, 3), where r ij are given in Section 2.3. 

Theorem 2.5. The following statements hold. 

(i) Iff is Schur-concave and Dis Schur-convex then {i) and {ii) in Theorem 2.1 with 
z, r ,  it, itM and it8 replaced by X, e, 6, 6M and 68 holds) where 6M and 68 
are defined by {2.1)) {2.2) and {2.3) with r replaced by r(e). 

(ii) Iff is logconcave and D is Schur-convex then {2. 6) in Theorem 2. 2 with Z, r01 
and it replaced by X, 8o1 and 6 holds. Furthermore) if f and D is centrally 
symmetric) then (2. 7) in Theorem 2. 2 with Z, r 01 and it replaced by X, 801 
and 6 holds. 

(iii) If f is centrally symmetric and logconcave and D is centrally symmetric and 
Schur-convex) then {2.12) in Theorem 2. 3 with Z r u and it replaced by X, 8u 
and 6 holds. 

(iv) Iff is Schur-concave and D is Schur-convex) then (i), (iii) and the first assertions 
of (ii) and (iv) in Theorem 2.4 with Z, rij (i = 0, 1,j = 2, 3) and it replaced by 
X, eij and 6 hold. Furthermore) iff and D are centrally symmetric) then the 
second assertions of (ii) and (iv) in Theorem 2.4 with Z, r ij and it replaced by 
X, eij(i = 0,1,j = 2,3) and 6 hold. 
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Proof. The assertion (i) follows frotn (2.21), Theorem 1.1 in Section 1.2 and Lemma 
2.1. 

The assertions ( ii) and (iii) are proved by using ( 5.1) and Theorem 1.1 in a similar 
way to Theorems 2.2 and 2.3, respectively. 

The assertion (iv) follows from (2.21), Theorem 1.1 and the fact that J-lij, i = 0, 1,j = 

2,3, defined by (2.17), (2.18), (2.19) and (2.20) are the smallest or the largest in rij, or 
their candidates, as shown in Theorem 2.4. 0 

Ren1ark 2.4. 

1. The result (i) of Theorem 2.5 gives majorization inequalities for nonsingular dis­
tributions, which are new results. 

2. The results (ii) and (iii) of Theorem 2.5 correspond to Theorems 2.1 and 2.2 of 
Giani and F inner (1991) and weaken their conditions. In particular, the convexity 
of D is replaced by the Schur-convexi ty of D. 

3. The results in (iv) of Theorem 2.5 are more general and simpler than those of 
Chen, Lam and Xiong (1993, Theorems 1, 2 and the results in Section 2.4) and 
Finner and Roters (1993, Theorems 3.1 and 3.2). 

Ren1ark 2.5. The majorization inequalities and the least favorable configurations 
for Pr {(X+O)/V ED} on the parameter sets 8 and 8ij (i = 0, 1,j = 1, 2, 3) are given 
by the same parameter vectors as in Theorem 2.5, respectively, where V is a positive 
random variable independent of X. 

2.5. Applications to robust testing. 

We consider robust testing of k location parameters as some applications of our ma­
jorization methods on hyperplanes. 

Let X1, ... , Xk be exchangeable random variables distributed with a joint density 
f(X- 0), where f is Schur-concave. For each parameter 0* =(a;, ... ,az) E Rk let 

J( (}*) = ( -E +a;, a� + E ] X . .  
· X ( -E + ak, ak + t] 

be a k-dimensional interval with the center 0*, where E is a given positive constant. For 
each subset 8 * of R k let 

1(8*) = u J(O*). 
0*E0* 

We are interested in the following type of testing problems of a1, ... , ak: 

Ho: 0 E 1(8�) vs. H1 : () E 1(8�) 
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where E>� and E>� are subsets of Rk, and J(E>�) n J(E>�) =¢.Since each vector()* is 
accompanied by the interval J( ()* ), the problem (2.22) is regarded as a robust version 
of 

Ho : () E E>� vs. H 1 : () E E>�. (2.23 ) 

Note that when E = 0, the problem (2 .22) reduces to the proble1n (2.23 ). We treat the 
following four cases of the proble1n (2.22): 

A. E>�A = {B* I()*= B; + al, a E R}, E>�A = {B* I()*= B; + al, a E R}. 

B. E>�B = {B* I()*= al,a E R}, E>�B = {B* I 8[11- B[k] > ry}, 1J 2:: 4E. 

c. E>�c = {B* I()*= al, a E R}, E>�c = {B* I e�] -B[i+1] > 1}, i = 1, . . . 'k -1}, 

1J 2:: 2E. 

D. E>�D = {B* I B* = al,a E R}, E>�n = {B* I 8[1]-8[2] 2:: ry}, 1J 2:: 4c. 

The set E>�B ( = E>�c = E>�D) is a special case of E>�A with ()0 = 0, and the null hypothesis 
Ho : () E J(E>�B) expresses approximate equality of 81, . . .  'ek. The sets E>�c and E>�D 
are subsets of E>�B· Since the problems A, B, C and Dare shift invariant, it is natural to 
consider the following tests based on a maximal invariant statistics (X1 -X, . . .  , Xk -X) 
and D(A) : 

(yQ(X) = 0, 1 if (X1-X, ... ,Xk-X)E, rJ_D(A), (2.24) 

where X= (X1, ... , Xk), X= (1/k) 2::7=1 Xi and D(A) is a Schur-convex set depending 
on a real number A. The A usually 1neans a critical point. Let 

Zi =(Xi - X)- (Bi-B), i = 1, . . . , k, 

where B = (1/ k) 2::7=1 Bi. By Theorem 1.3 in Section 1.2 of Chapter 1, Z1, ... , Zk satisfy 
all the assumptions in Th orem 1.2 of Section 1.2. 

For every () * E R 
k the maximum size and the minimum power of (yQ on J ( () *) are given 

by 

a((yQ, B*)= sup Eo(yQ(X)=1- inf Pr{Z+J-LED(A)}, 
OEJ(o•) J-LEr(o•) 

{3((yQ, B*) = inf Eo(yQ(X) = 1- sup Pr {Z + J-L rJ_ D(A)}, 
9EJ(O•) J-LEr(O•) 

where r(B*) = {J-L(B) = (81- a, . . . 'ek-B) I() E J(B*)}. The ar and f3r in (2.1) with 
r = r(B*) become 

(()*) = �(B *. _ B*) _ 2r( k- r )c 
ar L...t [l] k ' 

i=1 

a (B*) = �(B* _ B*) 
2r(k- r)E 

}Jr L...t [z) + k · 

i=1 
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Then J.L� and J.L: in (2.2) and (2.3) are reduced to 

M(8*)=(B* -B*) 2(k-2r+1)c 
J.Lr [r] + 

k ' 

JL�(8*) = 
[r] k ' 

r=1, . . . ,k, (2.26) 

r=1, ... ,s l (B* -B*)- 2(k-2r+1)c 

_ _ 
1_ { � s (B*. _ B*) _ 

2s ( k -s) E } 
k -S L..... z=l [z] k ' r=s+1, ... ,k. (2.27) 

Let J.LM(8*) = (p,fl(8*), ... ,p,f((8*)) and JL8(8*) = (p,f(8*), ... ,p,%(8*)). By ( i) of 
Theorem 2.1 we have 

a(<p, 8*):::; 1- Pr {Z + JLM (8*) E D(A)}. (2.28) 

If Condition 2 holds, then by (ii) of Theorem 2.1 

f3(<p,8*) � 1- Pr {Z + J.L8(8*) E D(A)}. (2.29) 

We note that f3r( 8* ), r = 1, ... , k satisfy Condition 1 and that Condition 2 is expressed 
as 

a* 8* 4E 1 1 [r) - [r+l] � k' 1 = '· · · 'S-

Bis I -B ir+ 11 ?: :E ( r -s + 1), r = s, . . . , k -1. 
(2.30) 

Problem A. We first note that r(8i) = r(BiA) holds fori= 0, 1. Let Aa be a real 
number such that 

(2.31) 

Then, by (2.28) the test <p based on D( A0) is of level a. If Condition 2 holds, then the 
minitnum power !3( <p, 8;) satisfies 

(2.32) 

We see that J.LM(8�)-< J.L8(8;) is a sufficient condition for the unbiasedness of <p. When 
Condition 2 with s = k holds, J.LM(8�)-< J.Lk(8t) if and only if 

�{(B* 8-*) (B* -*)} 4r ( k - r ) E 
L I[i] - 1 - o[i]- Bo � k ' 
i=l 

r = 1, ... , k-1. 

0 

Problem B. We assurne the additional conditions that f is centrally symrnetric and 
logconcave, and D is centrally symmetric. 
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First we note 

It is clear that r(8�8) = rol with 8 = 2E and r(8�B) = r�l ( the interior of ru) with 
8 = "7/2, where r01 and r11 are given by (2.4). Since we treat continuous distributions, 
we can id ntify r�l with ru. Let a(�)= SUPOEJ(E>�B) Eo{�(X)} be the maximum size 

of� on J(8�8). Then 

a(�)= sup a(�,8*)=1- inf Pr{Z+J.LED(-\)}. 
o• EE>* 1-LEro1 OB 

Let Aa be a real number such that 

1- min Pr {Z + J.Lot(r) E D(-\a)} =a, 
ts;rs;(k/2) 

(2.33) 

where J.Lot (r) is given by (2.5) with 8 = 2E. Then, by Theorem 2.2 � based on D( Aa) 
is of level a. If Condition 2 holds, then a lower bound for the local minimum power 
j3( �' 8*) of� on J( 8*), 8* E 8�8, is given by the right hand side of (2.32) with 8; = 8*. 
The minimum power j3( �) of� on J( e�B) is expressed as 

j3(�) = inf {3(�,8*) = 1- sup Pr {Z + J.L E D(-\a)}. 
o• EE>� 1-LEr11 

Hence, from Theorem 2.3 it follows that 

where 
J.L* = ( "7/4, 0 . . . l 0, -1]/4). 

Problem C. We as ume that f is logconcave. 

D 

First we note that the critical point Aa of a level a test � is determined by (2.33) in 
which minimum rang s over i = 1, ... , k. It is easy to see that every 8* E ere satisfies 
Condition 2 with s = k. Hence, from (2.29) it follows that for every 8* E 8�c 

j3(�, 8*) 2:: 1- Pr {Z + J.Lk(8*) E D(-\a)}, 

where J.Lk(8*) is d fin d by (2.27). Let B* be a parameter whose components satisfy 
B[rJ - B[r+l] = 1], r = 1, ... 'k- 1. Then we have 0* E E>�c (the closure of e�c) and 

J.Lk(B*)-< J.Lk(8*) for every 8* E 8�c· It is readily checked that 

k - 1 2 
f-lr(8*) = 2(k- 2r + 1)"7- k(k- 2r + 1)E, r = 1, . . .  , k. 
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Hence, from Theorern 1.2 in Section 1.2 we obtain 

Letting J-LM(o) be given by (2.26) with 8* = 0, we can see J-to1(r)-< J-tM(o)-< J-t
k

(O*) for 
r = 1, ... ,k and 17 � 2E, where J-to1(r) is given by (2.5) with 8 = 2E. Thus i.p is unbiased 
for every D(Aa ). 0 

Problen1 D. We assume that f is logconcave. The critical point Aa is the same 
with that in problem C. As easily seen, Condition 2 with s = 1 is satisfied for every 
8* E E>�n· Hence, �-t

1
(8*) -< J-t(8*) holds for every 8* E E>�n· Let 0* be a parameter 

whose components satisfy B[l] - 1] = B[
2J 

= ... = B[k
J
• Then we have 0* E ern' and 

J-t
1
(0*)-< �-t

1
(8*) holds for every 8* E ern, where 

A k-1 
J-Li(8*) = -

k
-(17- 2c) 

1 A
* 

1 
J-lr(8 ) = -k(ry- 2c), r = 2, ... , k. 

Therefore, from (2.29) we obtain 

We can get various tests by changing Schur-convex sets D(A). Let us consider 

k 

D1(A) ={xI L x; ::; A}, 
i=l 

0 

Let �Pi denote the test (2.24) based on Di(A), i = 1, 2. Then �.p1 denotes a test based on 

I:7=l (Xi- X)2, and i.p2 d notes a t  st based on the range X[l] -X[k]· When f(x- 8) is 
a normal density with m an 8 and covariance matrix (]'2 I, where I is the k x k identity 

matrix and (]'2 is known, ( 1 /(]'2) I:7=1(Xi -X)2 has the noncentral X2-distribution with 

k -1 degrees of freedom and noncentrality param ter (1/(]'2) I:7=1(Bi-B)2. Hence we 
can asily see that the minimum in (2.3 3) with D1(A) is attained by J-to1([k/2]). Giani 
and Finner ( 199 1) and Chen, Lam and Xiong ( 199 3) showed that under some additional 
conditions off th minimum in (2.3 3) with D2( A ) is also attained by J-tor([k/2]). Also, 
let us consider the test i.p3 based on D3(A) = {x I max1�i�k lxil ::; A}. The i.p3 based 
on the statistic max1s;is;k !Xi-XI is a test for a single outlier (Problem D). A list of 
Schur-convex sets D which produce various tests for outliers is given in Section 1.2 of 
Chapter 1. 
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Finally, let us consider robust testing of location pararneters with an unknown scale 

parameter. Let X1, ... , Xk be exchangeable random variables with a joint density 

CJ-k f((x-8)/CJ) where f is Schur-concave and CJ > 0 is unknown. Let V be an estimator 
of CJ independent of X. We wish to test the problems A, B, C and D. To this end it is 

natural to use the following tests <p based on ((X1- X)/V, ... , (Xk-X)/V) and D(A): 

cp(X, V) = 0, 1 if 
X1-X Xk-X 

( 
V 

' ... ' 
V 

) E, � D(A), (2.34) 

where D(A) is Schur-convex. It is easy to see that when Z + J1 is replaced by (Z + J-L)/V , 
all the results for the problems A, B, C and D are valid. 
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CHAPTER 

3 

Robustness of Rank Tests 
for k-Sample Approximate Equality 

in the Presence of Gross Errors 

The probabilities that k-sample rank statistics take the values in 

an arbitrary specified Schur-convex set in R k are considered under a 

k-sample local asymptotic gross error model. When the underlying 

distributions vary in gross error neighborhoods shrinking at the rate 

of n-112, lower and upper bounds for limiting values of the proba­

bilities are obtained by using majorization methods on hyperplanes. 

These bounds enable us to construct asymptotic level a rank tests for 

k-sample approximate equality whose acceptance regions are Schur­

convex sets, and to give lower bounds for their asymptotic minimum 

powers. Robustness of rank tests is studied based on the lower bounds 

and a measure of asymptotic efficiency is proposed. A number of rank 

tests are obtained from various choices of the Schur-convex sets. 

3.1. Introduction. 

Rieder (1981) extended the classical nonparametric hypotheses of symmetry and 

equality of distributions to hypotheses of approximate symmetry and approximate equal­

ity by allowing for gross errors described by t:-contamination and total variation neigh-
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borhoods. He investigated asymptotic properties of sequences of one- and two-sample 

rank tests in his local framework (Rieder 1978). His results reveal that the classical op­
timum rank tests are sensitive to the deviation from the assumptions of rather stringent 
symmetry and quality, and henc their use are dangerous for practical situations wher 
the deviation may occur. 

In this chapter, we shall extend the classical nonparametric hypotheses of k-sampl 
equality to hypothes s of k-sample approximate equality in Rieder's (1981) way, and ex­
plore asymptotic properties of sequences of rank tests under a k-sampl local asymptotic 
gross rrors model. Because we have to treat k gross error neighborhoods simultane­
ously, there aris some difficulties unlike one- and two-sample cases such as asymptotic 
maximum sizes and minimum powers of k sample rank tests are not obtained. To cop 
with th se difficulties, w shall try to apply the majorization methods on hyperplanes in 
Section 2.2 of Chapter 2. In these applications it is seen that the majorization methods 
are quite effectively utilized for constructing asymptotic level a rank tests and giving the 
lower bounds for thier asymptotic 1ninimum powers. Based on these bounds we shall con­
sider robustness of rank tests and propose a measure of asymptotic efficiency (=ARE*). 
The consideration show that ARE* is similar to asymptotic relative efficiency in one­
and two-sample cases and rank tests with truncated scores are recommendable for prac­
tical use. We should point out that new ideas and devices of majorization developed 
in this paper are essential for overcoming some peculiar difficulties arising in k-sample 
case. 

In section 3.2 we shall present a k-sample asymptotic model. The gross error neigh­
borhoods described in terms of E-contamination and total variation shrink at the rate of 
n -l/2. It is shown that the limiting multivariate normal distribution of k-sample rank 
statistics is detern1ined by the limit of centering vectors. 

In section 3.3 we shall obtain the limiting values of probabilities that k-sample rank 
statistics take the values in an arbitrarily specified Schur-convex set in R k under the 
asymptotic n1odel. We wish to get a lower and an upper bounds for the limiting prob­
abilities when the underlying distributions range over gross error neighborhoods. It is 
seen fro1n Theorem 1.2 (Kimura and Kakiuchi 1989) in Section 1.2 of Chapter 1 that 
the limiting probability is Schur-concave in the limiting centering vector. Therefore, the 
probl n1 i to seek a vector (a sn1aller one is better) majorizing the set of all the limits 
of cent ring v ctors and a v ctor (a larger one is better) majorized by the set. To this 
end, w shall apply the majorization methods on hyperplanes in Section 2.2. 

In ction 3.4 w shall fonnulate a ymptotic testing problems of k-sample approximate 
equality and consider rank t sts whose ace ptance regions are Schur-convex. A number 

of rank tests ar obtain d from various choices of the Schur-convex sets. The use of the 
results in Section 3 enabl s us to construct a ymptotic level a rank tests and to get lower 
bounds for their asymptotic minimum powers. Based on these lower bounds we shall 
study robustness of rank tests which includes ARE*. The consideration shows that the 
results similar to one- and two- a1nple cases are derived and rank tests with truncated 
scores are recommendable. 

The Appendix presents the proofs of Lemmas 3.1 and 3.2. 
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3.2. Framework of asymptotic study. 

Let Xi1, ... , X in be independent random variables distributed with continuous distri­
bution functions Gi1(x), ... ,Gin(x) fori= 1, ... ,k, respectively. Let Rij be the rank 
of Xij among all N(= kn) random variables X11,X12, ... ,Xkn· 

We consider the following k-sample rank statistics 

i = 1, ... 'k, (3.1) 

where the scores a N ( r) are generated by a function a :  (0, 1) � ( -CXJ, +CXJ) in either one 
of the two ways, 

r = 1, ... ,N, 
(3.2) 

r = 1, ... ,N, 

where uj;) denotes the r-th order statistic in a random sample of size N from the 
uniform distribution on (0, 1). The scores generating function a is assumed to satisfy 
the following conditions throughout this chapter: 

(i) a is nondecreasing and nonconstant, absolutely continuous inside (0, 1) and 

(ii) a is Lipschitz bounded of order 1 on [t0, 1- t0], concave on (0, t0) and convex on 
( 1- t0, 1) for some t0 E (0, 1/2). 

Let {Fe I e E e} be a parametric family of continuous distribution functions, whose 
parameter space E> is a subset of R and contains zero in its interior, and which satisfies 
the following conditions: 

(i) Fe is absolutely continuous with respect to Fo for every 8 E E>. 

( ii) There exists a function A E L2 ( dF0) such that 

fl/2 
- 1 1 e � -A in L2(dF0) as 8 � 0, 

e 2 

where fe denotes the density of Fe with respect to F0. 

Let M c denote the set of all continuous distribution functions on R, and let 

Q(x) = ((1- E)Fe(x) + E + 8) 1\ 1, 

G( x) = ( ( 1 - E) Fe ( x) - 8) + , 
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where a/\ 1 =min (a, 1), t+ =max (0, t) and E?:: 0 and 8?:: 0 are such that c+8 > 0. The 
following gross error neighborhood P( 8; E, 8) of Fe is a generalization of €-contamination 
and total variation neighborhoods: 

P(8;c,8) = {G E Me I G(x) � G(x) � Q(x) for every x E [-oo,+oo] }. 

Let a probability measure G be identified with its distribution function, that is, 

G( x) = G( ( -oo, x ]). The symbol 0f=1 0j=1 Gij stands for the stochastic product 
of G11, G12, ... , Gkn, which denotes the joint distribution of X11, X12, ... , Xkn, and we 
put 

The k-sample local asymptotic gross error neigbhorhood p(N)(On;En,8n) shrinking at 

order n -l 12 is defined by 

where On= (8nl,··· ,enk), En and 8n are given by 

e · - -l/2e · ( · - 1 k) nz - n t z - ' ... ' ' 

for all positive integers n and 8i E 8. 

Let us define 

where 

JlNi = /_:= a(GN(x))dGn;(x), 

A� = [ (a(t)- a)
2 
dt , 

1 
n 

Gni(x) = - L Gij(x), 
n j=l 

i = 1, ... 'k, (3.6) 

(3.7) 

a= 11 
a(t) dt. 

Th following theoretn of asymptotic normality of k-sample rank statistics under 
W N E p(N)(On; En, 8n) is basic. 

Theorem 3.1. For every WN E p(N)(On;En,8n)) the statistics 
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has the limiting normal distribution with mean vector zero and covari ance matrix :E = 

(a-ij)) where 
k-1 

k 
1 
k' 

i = j = 1 , ... ,k 
(3.8) 

i -:fj;i,j = 1, ... ,k, 

Proof. For every Gij E P(Bin;E,8n) and Ght E P(Bhn;E,8n), i,h = 1, ... ,k;j,l = 

1, .. . ,n, we have 

lin1sup n1/2 sup I Gij(x)-Ght(x) I< oo .  n-oo x 

By Theorem 2.4 of Hajeck (1968) and Theorem 1 of Hoeffding (1973 ) (also see Corollary 
2.5.3 and Theorern 2.6.1 in Puri and Sen, 1985 ) it is easy to see that for every nonzero .A = 

(-A1, ... ,-Ak)' and for every W N E P(B; En,8n) the distribution of n1/2 2.:.::7=1 Ai(TNi­
f-LNi)/Aa converges in law to the normal distribution with mean zero and variance .A':E.A. 

This implies that the theorem holds. 0 

We are interested in the class of all asymptotic distributions of the statistics 

(3.9) 

when WN ranges over p(N)(Bn;En,8n)· By noting that 

n112(TN1-a, ... 'TNk-a)/Aa 
= n112(TN1 -/-LNl' ... 'TNk-f-LNk)/Aa + n112(P.Nl -a, ... 'f-iNk-a)/ Aa, 

we obtain from Theorem 3.1 that the asymptotic distribution of (3.9) entirely depends 
on the limiting vector of 

1/2( - -)/A n !1-Nl - a, . · · 
, f-iNk-a a 

and we wish to seek the smallest of all vectors majorizing 0 ( ()) and the largest of all 

vectors majorized by 0( B) in the sense of majorization preorder. Since 2.:.::7=1 f-LNi = ka, 
we have 0(0) C 0 , where 0 is the k- 1 dimensional hyperplane i.e.) 

k 
0 = {JL = (J-Ll' ... '/-Lk) E R k I 'L f-Li = 0 } . 

i=l 
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Hence, to obtain such the smallest and the the largest vectors, we can make use of 
majorization methods on hyperplanes in Section 2.2 of Chapt r 2. 

3.3. Majorization inequalities for k-san1ple rank statistics. 

Let :1 ( m) be the family of all subsets of the set J 

elements and let A(m) E :J(m). We put 
{1, · · · , k} consisting of m 

where 

m k- m --1 
I(n(t) = kt + k Gn,J-A(m) (Gn,A(m)(t)), 0 < t < 1, 

Gn,A(m)(x) = � L Gn;(x), 
iEA(m) 

1 
Gn,J-A(m)(x) = k _ m L Gni(x), 

iEJ-A(m) 

Gni(x) = ((1- En)FenJx)-8n)
+ 

+(En+ 8n)A+oo(x), 

Gni(x) = ((1- En)FenJx) +En+ 8n) A 1, 

(3.10) 

(3.11) 

(3.12) 

(3.13) 
(3.14) 

for any x E [ -oo, +oo] and i = 1, ... , k and A+oo(x) has the point mass 1 at x = +oo. 

We obtain the following two lemmas. Their proofs are given in Appendix. 

Len1ma 3.1. It holds that 

sup { L /1Ni I W N E p(N)(Bn; En 8n)} = m [ a(Kn(t)) dt. 
iEA(m) 0 

Le1nma 3.2. It holds that 

(i) lim n112sup{ L (J-LNi-a)IWNEP(N)(8n;En,8n)} n-+oo 
iEA(m) 

[ 1 n"L(k-m) 
= L (Bi- iJ) Jo A(F0-1(t))a(t)dt + k 

( E + 28) (a(1) - a(O)), 
iEA(m) 0 
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(ii) lim n1/2 in£ { � (P,Ni- a) I w N E p(N)(On; En, bn)} n-+<Xl � iEA(m) 
[1 m(k-m) 

= L (8i- B) Jo A(F0-1(t))a(t) dt- k (c + 2b)(a(1)- a(O)), 
iEA(m) 0 

- 1 k 
where a(O) = a( +0), a( 1) = a(1 - 0) and 8 = I I:i=1 ei. 

When a is unbound d, 0( 0) is not bounded. Therefore, we assume that a is bounded, 

and use majorization methods on hyperplanes in Section 2.2 of Chapter 2. 

Let us define <:Xi and /3i, i = 1, ... ,k, by 

t r1 ·ck .) 
a;= L(B[j] -1J) Jo A(F0-1(t))a(t) dt- z ; z (t + 28)(a(1)- a(O)), 

j=1 
0 (3.15) 

(3.16) 

where 8[1] � · · · � e[kJ denote the components of 0 in decreasing order. Also, let J-L� ( 0) 
and J-L�(O), s = 1, . . . ,k, be defined by 

Let p,� ( 0) and 1-l�i( 0) denote the i-th con1ponents of J-L� ( 0) and J-L� ( 0), respectively. 

Then we have 

p;;{ (l}) = (B[iJ -1i) [ A(F0-1(t))a(t) dt 

+ �(k- 2i + 1)(t+28)(a(1)- a(O)), i = 1, . . .  ,k, (3.17) 

(8[i]- B) j01 A(F0-1(t))a(t) dt 

- �(k- 2i + 1)(t + 28)(a(1)- a(O)), i = 1, . . . ,s 

1 
s - r1 ( -1 ) - k _ 8 L:1=1 (8[jJ - 8) Jo A F0 (t) a(t) dt 

s +k(c + 2b)(a(1)- a(O)), i = s + 1, ... , k. 

(3.18) 

According to Lemmas 2.1 and 2.2 in Section 2.2, J-L� ( 0) and J-L� ( 0) are the smallest 

of all parameters majorizing 0( 0) and the largest of all parameters majorized by 0( 0), 
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respectively, if Conditions 1 and 2 in Section 2.2 are satisfied. The following condition 

corresponds to Condition 2. 

Condition I( s): 

(8[iJ- 8[i+1J) j01 A(F0-1(t))a(t) dt 

2 
-k(E + 28)(a(1)- a(O)) � 0, i = 1, ... , -1, 

(8[s]- 8[i+lJ) f01 A(F0-1(t))a(t) dt 

-�(i-s+ l)(e+ 2.S)(a(l)-a(O))::;, 0, i = s, . . . , k -1 

where s ( 1 :::; s :::; k) is some fixed integer. 

This condition I( s) implies that J01 A(F0-1(t))a(t) dt � 0. Hence, Condition 1 is satis­

fied whenever Condition I ( s) holds. 

Theorem 3.2. Let D C R k be a Schur- convex set and let {Dn} be a sequence of 

subsets of Rk converging to D as n--+ oo . Let a random vector Z = (Z1, ... , Zk) sat-

isfying L:�=l Zi = 0 have the normal distribution with mean vector zero and covariance 
matrix� given by {2.8). If - oo < a(O) < a(1) < +oo, then it holds that 

( i ) for every W N E p(N)(On; En, 8n), 

lim Pr { n112(TNl -a, ... , TNk -a)/ Aa E Dn} � Pr {Z + JL� ( 0)/Aa E D }, n-+oo 

( ii ) if Condition I{s) are satisfied, then for every W N E p< ) (On; En, 8n) 

lim Pr {n112(TNl- a, . . .  , TNk-a)/Aa E Dn} :::; Pr {Z + JL�(O)/Aa ED}, n-+oo 

where JL�(O) and JL�(O) are given by {3.17) and {3.18), respectively. 

Proof. Let W N E p(N)(On; En, 8n)· Then it follows from Theorem 3.1 that 

lim Pr {n112(TNl-a, . . . , TNk-a)/Aa E Dn} n-+oo 

+ n112(f.LNl-a, .. . '/-LNl - a)/Aa E Dn} 

= Pr { Z + (f.Ll,· .. ,f.Lk)/Aa ED}, 

where Z has norn1.al distribution with n1.ean vector 0 and covariance matrix �' and 

/-Li = limn-+oo n112(f.LNi -a), i = 1, ... 'k. Since zl, ... 'zk are exchangeable with 
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2::=1 Zi = 0 and (Z1, ... , Zk_r) has a Schur-concave density (see Marshall and Olkin, 
1979, page 300), it follows from Theorem 1.2 in Section 1.2 of Chapter 1 that Pr {Z + 
(p,1, ... , P,k)/Aa ED} is the Schur-concave function of (p,1, ... , P,k)· Hence, from The-
orem 2.1 in Section 2.2 of Chapter 2 we obtain the theorem. 0 

3.4. Asymptotic testing problems for k-sample approximate equality. 

Let T E (0, +oo) be a constant satisfying 

(3.19) 

for given constants E � 0 and b � 0 such that E + b > 0. Here we note that 8[1] - 8[k] � T 

implies that 

P(8ni; En, bn) n P(8nj; En, bn) = ¢ 

holds for at least one pair ( i, j) and sufficiently large n, which is an asymptotic disjoint­
ness condition (see Rieder, 1978). For each 8 E Rk, let 

W(8) = {(WN) I WN E p(N)(8n;En,bn) for n = 1,2, ... }. 

For some specified constant �0 � 0 let us consider two special parameter sets: 

8o = { 8 I 8(1] - 8[k] :::; �o} and 81 is a subset of { 8 I 8[1] - 8[k] � �0 + T }. 

We are interested in the following asymptotic testing problem: 

Ho: (WN)E U W(8) vs.  H1 : (WN)E U W(8). (3.20) 

9E0o 

W hen �0 = 0, we have 8o = e� = { 8 I 81 = ... 
= 8k}· Hence the null hypothesis 

Ho expresses an asymptotic approxin1ate equality of k sarnples. Also, when �o > 0, H0 
represents an extended asymptotic approximate equality of k samples. 

For the problem (3.20) we consider the following sequences ( <.p N,a) of k-sample rank 

tests based on TN1, ... , TNk and Schur-convex sets D( AN,a) E R 
k: 

The AN,a usually means critical values of i.pN,a· The maximum size an(IPN,a; 8) and the 
minimum power f3n(IPN,a; 8) of IPN,a at each 8 E 8o and 8 E 81 are defined by 

an ( <.p N, a ; 8) = SUP { Ew N ( <.p N, a) I W N E P ( N) ( 8 n ; En , b n)} , 
f3n(IPN,a; 8) = inf {EwN(<.pN,a) I W N E p(N)(8n; En, bn)}. 
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By investigating limiting values of an(I.PN,a; 8) and f3n(I.PN,a; 8) we can construct asymp­
totic level a rank tests ( I.{J N,a) and evaluate their asymptotic minimum powers. 

3.4.1. Deter1nining critical values. 

By the definition of (I.PN,a) and (i) of Theorem 3.2, we can immediately obtain the 
following lemma. 

Le1nn1a 3.3. If AN,a ----* A a and D( AN,a) ----* D( A a) as n ----* oo) then for every 

8 E 80 it holds that 

(3.22) 

where Z and J.L;;! ( 8) are given in Theorem 3. 2. 

When �0 = 0, we have 

J.l:i = �(k- 2i + l)(H 26)(a(l)- a(O)), i = 1, . , k. (3.23) 

Also, when eo > 0, by Theorem 2.2 in Section 2.3 of Chapter 2 we have 

inf Pr {z + J.L�(8)/Aa E D(Aa)} = n1in Pr {z + J.L�(8o(l))/Aa E D(>..a)}, 
OEE>o 1 �l�k-l 

where 

Hence 

8 (l) = ( ( k - l)�o ( k - l)eo - zeo 
-

l�o) 
0 k ' ... ' 

k ' k 
' 
..

. 
' k 

' l = 1, ..
. 
'k- 1. 

I-times (k-l)-times 

lim sup an(I.PN,a;8):::;1- min Pr{Z+J.L�(8o(l))/AaED(>..a)}. n-+CXJ OEE>o 1�l�k-1 

For a E ( 0, 1) let ).. a, a be detern1ined by 

1- Pr {z + J.L:/Aa E D(>..a,a)} =a, when eo= 0 
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1- min Pr{Z+JL';!(Bo(l))/Aa ED(-Aaa)} =a, when�o >0. 
1<l<k-1 ' (3.25) 

The following theorem shows that an asyrnptotic level a rank test ( <p N,a) for the problem 
(3.20) can be constructed by (3.24) and (3.25). 

Theorem 3.3. Let (<pN,a) be the sequences of (3.21) with the values AN,a satisfying 
limn--+oo AN,a = Aa,a and limn--+oo D(AN,a) = D(-Aa,a), where Aa,a is given by (3.24) or 
(3.25) according as �0 = 0 or �0 > 0. Then it holds that 

lim sup an('PN,a; B):::; a. 
n--+oo 

OEE>o 

The asymptotic critical value Aa,a in (3.24) is independent of F0 because JL�/ Aa is 
independent of F0. This means the asymptotic distribution freeness of ( <p N,a) with Aa,a 
in ( 3. 24). On the other hand, JL ';! ( () 0 ( l)) /A a depends on F0 and hence we can determine 
Aa,a in (3.25) only when Fo is known. 

4.2. Evaluating asytnptotic tninimum powers. 

Let es be the set of all 8 satisfying Condition I(s). Clearly, we have 81 => 82 · · · => 
E>k. The following lemma is an immediate consequence of (ii) of Theorem 3.2, which 
gives a lower bound for the asymptotic minimum power of ( <p N,a) at every () E 81 n 88. 

Lemtna 3.4. Let ( <p N,a) be as given in Theorem 3. 3. Then, for every () E 81 n 88 
it holds that 

where J-L�(B) is given by (3.18). 

Now we consider the following condition 

r1 2 } 
0 

A ( F0-1 ( t)) a ( t) dt � k 77 (a ( 1) - a ( 0)) ; 

For each s ( 1 :::; s :::; k) let er s be the set of all 8 satisfying 

er iJ - er i+ 1J � T, i = 1, . . . , s - 1 

( t + 28) 
17 = . 

T 

(1[s]- (1[i+1] � (i + 1- s )T, i = S, . .. , k- 1. 
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We note that 8i'1 :) 8i'2 :) · · · :) 8i'k· Then the following lemma is obvious. 

Lemtna 3.5. If the condition (3. 27) zs satisfied, then 88 
s = 1, ... ) k. 

8�8 holds for each 

In what follows, we treat asymptotic level a rank tests ( c.p N,a) in case of 8 0 = 8� 
and 81 = { 8 I 8[1] - B[k] > T } and investigate their asymptotic minimum powers on the 

subset 8i'8 of 81. Let p,�* = (f.L��, .. . , 1-L�'k) be defined by 

8* 1-Lai = 

(k- 2i + 1){ � {1 A(F0-1(t))a(t) dt 
2 Jo 

-
( H

k 
25) (a( 1) - a( 0)) } , i = 1, . . . , s 

-s{ � {1 A(F01(t))a(t)dt 
2 Jo 

-
( E � 25) 

(a( 1) - a( 0)) } , i = s + 1, . . . , k 

( 3.29) 

Theorem 3.4. Let ( c.p N,a) be the sequences of (3.21) with the values AN,a satisfying 
limn--+oo AN,a = A0 a and limn--+oo D().. ,a)= D(>..a,a) where A0,a is given by (3.24). If 
the condition (3.27) is satisfied, then it holds that 

lim inf f3n(tpN,a; 8) � 1- Pr {Z + p,�* /Aa E D(>..a,a)}. n--+oo 9 EE>� � 
(3.30) 

Proof. Let 81 be a parameter such that B[i] - B[i+1] = T, i = 1, ... , s - 1, and 

8[8]- B[i+1] = (i + 1- s)T, i = s, ... , k- 1. Then it is easy to see that p,�* = p,�(81)-< 
J-t� ( 8) holds for every 8 E 8i'8 where p,� ( 8) is given by (3.18). Hence, the thorem follows 

from Theorem 1.2 in Section 1.2 and Lemma 3.4. D 

Now 1 t us consider the following stronger condition than (3.27). 

{1 4 
Jo 

A(F0-1(t))a(t) dt � k17(a(1)- a(O)). (3.31) 

Then we can obtain the following th orem which states the asymptotic unbiasedness of 

( tpN,a) for the problen1 (3.20) with 8o = 80 and 81 = 8i'k· 

Theorem 3.5. Let (c.pN,a) be as g'wen zn Theorem 3.4. If the condition (3.31) is 
satisfied, then it holds that 
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Proof. By (3.24) and Theorem 3.4 it is sufficient to show that J-L�* >- J-L� holds, 
where J-L�* is given by (3.29) with s = k. It is easy to see that J-L�* >- J-L� is equivalent to 
the condition (3.31 ). 0 

3.4.3. Robustness of k-sample rank tests. 

For the problem (3.20) with 8o = 80 and 81 = 8�k we consider to find a scores 
generating function a which makes the righthand side of (3.30) with s = k as large as 
possible. 

Without loss of generality, we assume that J0
1 a(t) dt = 0. Let us define a truncated 

scores generating function a* by 

(3.32) 

where truncation points d0 and d1 are real numbers determined by 

(3.33) 

It follows from the disjointness condition (3.19) that d0 and d1 uniquely exist for k 2:: 4. 
Clearly, d0 and d1 are decreasing and increasing in k, respectively. When k = 3, we may 
not have the solutions d0 and d1 of the equation (3.33) for given values TJ = (E+28)/T. In 
this case, to get do and d1 we have to take a larger value T such that 0 < 4ry /3 < J A+ dF0. 
Moreover, to guarantee that the conditions (i) and (ii) of scores generating function in 
Section 3.2 are satisfied by this a*, we assume the conditions (5.12) and (5.13) in Rieder 
(1981 ). 

Lemma 3.6. For any scores generating function a it holds that 

Proof. We note that the i-th component of the vector (J-L�* - J-L�) /A a is 

( k- 2i + 1)� { [ A(F0-1 (t))a(t) dt- �'7( a(l) - a(O))} /A •. 
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It follows from (3.32) that 

[ A(F0-1(t))a(t) dt 

= [ a(t)a*(t) dt + [ a(t)(A(F0-1(t))- a*(t)) dt 

:':: AaAa• + a(l) [ (A(F0-1 ( t )) - d1) + dt- a(O) [ (do - A(F0-1 ( t))t dt. 

Hence, from (3.33) we obtain for any scores generating function a 

We can easily see that the i-th component of the vector (J.L!!- J.L�· )/Aa• is (k- 2i + 
T . 1)2Aa•, which completes the proof of the lemma. D 

The righthand side of (3.30) with s = k is written as 

(3.34) 

The directions of vectors J.L� and J.L!* - J.L� are the same if (3.31) is satisfied and the 

sums of their components are zero. As the size condition (3.24) holds for every scores 

generating function a, we can regard the magnitude II (J.L!*-J.L�) / Aa II of the vector (J.L!*­
J.L�)/ Aa as a measure of th magnitude of the lower bound (3.24), where llxll2 = 2::=7=1 x;. 
As llxll2 is a Schur-convex function of x, Lemma 3.6 implies that a* is recomendable. 

Ther fore, und r the condition (3.31), a a measure of asymptotic efficiency of ('PN,a) 
relative to ( c.p N,a• ), w propose the following quantity 

This definition of ARE* is based on the lower bounds of asymptotic minimum powers 

and it is different from that of the classical Pitman-Noether efficiency. 

Note that 

{1 4 
A�. = Jo 

A(F0-1(t))a*(t) dt- k17(a*(l)- a*(O)) 
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holds by (3.32) and (3.33). Then we have the following theorem. 

Theoren1 3.6. If the condition (3.31) is satisfied) then 

Exan1ples. Let us consider normal distributions with a location parameter B such 
that Fo(x) = <I>(x- B) fore, X E [-oo, +oo). It follows from (3.19) that 0 < 7] < 1/.Ji;. 
The truncated normal scor s rank tests ( 'PN,a•) are given by the scores generating func­
tion 

wher d1 is uniquely determined by the equation 

4 
0 < k7]:::; 1/.Ji; 

because the right hand side of the above equation is decreasing in d1. Then the condition 

(3.31) is written by 2iP(d1)- 1 2: �ryd1, which is satisfied by all nonnegative d1. We 

note that A�. = 2iP( d1) - 1 - �ryd1. 
Wilcoxon type scor s rank tests ( <.p N ,a) are based on the scores generating function 

4 
a(t) = 2t- 1. In this case, it is easily seen that the condition (3.31) is k7]:::; 1/2Jff. 

From Theorem 3.6 it follows that 

(3.35) 

4 - - - -

Let kfj = �.p(d)- d(1- <I>(d)), where d is the unique solution of d = ft(2<I>(d)- 1). 
4 

As k7] ---+ 1/2ft, the ARE* first increases until 77 = fj, it attains a unique rnaximum 

of value (3/d)(1/ft- 8ij/k) at 77 = fj and then it tends decreasingly to 0. The ARE* 
in (3.35) corr sponds to AREmx for one-sample in Rieder (1981, page 261), that is, 

4 
the forn1 r is obtained by replacing 77 with k7] in the latter. This suggests that ARE* 
can be r garded as k-sample version of AREmx. As a numerical example, we have 
- 4 

d = 1.56336, kfj = 0.02533 and then ARE* = 0.985450. 

We note that our ARE* is valid for any Schur-convex set D. By changing Schur-convex 
sets D we can get various tests with the scores generating function a* . Th followings 

40 



are important examples of D for the problen1 (3.20) with 80 = 8� and 81 = 8�k· 

k 
D1(,\) = { x I I: x7 ::; ,\}, 

i=1 

The tests (3.21) based on Di(\:l',a), i = 1, 2, are based on the statistics 2::7=1 (TNi -

a? and the range TN[1] - TN[k], where TN[i] denotes the i-th largest statistic among 

TN1, ... , TN k. A list of Schur-convex sets D which produce various tests for outliers is 

given in Section 1.3 of Chapter 1. 

We have argued that a* is recommendable in case of 80 = 8� and 81 = 8�k· The 

scores generating function a* see1ns to be also recommendable for general 8o and 81. 
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Appendix 

1. Proof of Le1nma 3.1. 

Let 

1 1 Gn,A(m)(x) = 

m 
L Gni(x) and Gn,J-A(m)(x) = 

k 
_ 

m 
L Gnj(X ), 

iEA(m) jEJ-A(m) 

where Gni( x) = � �j=1 Gij( x ). Then we see that 

j+oo m k- m L /-LNi = m a( kGn,A(m)(x) + k Gn,J-A(m)(x)) dGn,A(m)(x) 
iEA(m) -oo 

[1 
m k- m 

= m Jo a( kt + k 
Gn,J-A(m)(G�.�(m)(t))) dt. 

Also we see that 

1 
--1 

c�,A(m)(t)::; Gn,A(m)(t) 
Gn,J-A(m)(x)::; Gn,J-A(m)(x) 

for all t E (0, 1 ) , 

for all x E [ -oo, +oo) 

where Gn,A(m)(x) and Gn,J-A(m)(x) are given by (3.11) and ( 3.12 ) , respectively. Since 

a is increasing function, it follows that 

Let 

1 """" [1 
1n k - m --1 

m 
� /-LNi ::; Jo a( kt + k Gn,J-A(m) ( Gn,A(m)(t))) dt 

iEA(m) 0 

= [ a(Kn(t)) dt. 

( A.1) 

Gn,b,A(m)(x) = � L Gni,b;(x) 
iEA(m) 

and 
1 

Gn,b,J-A(m)( X) = k L Gn),bj (X), 
-m jEJ-A(m) 
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where 

Gni,bi(x) = ((1- en)Feni(x)- 8n)+ +(en+ 8n)A(bi,bi+1)(x), 
Gnj,bi(x) = ((1- en)Fen1(x) +(en+ 8n)A(-b1-1,-b1)(x)) /\1 

and A(a,b) denotes Lebesgue measure on (a, b). The Gn,b,A(m)(x) and Gn,b,J-A(m)(x) 
denote continuous distribution functions approximating Gn,A(m)(x) and Gn,J-A(m)(x). 
Then we shall show that th righthand side of (A.1) can be approximated arbitrarily 
close by 

[
1 

m k-m --1 
Jo a(kt+ 

k 
Gn,b,J-A(m)(Gn,b,A(m)(t)))dt. 

Assume that bi > 0 are so large and satisfy 

Let 
b = 1�i�k bi, t1 = Gn,b,A(m)( -b) and t2 = Gn,b,A(m)(b). 

Then b ---+ +oo implies t1 ---+ 0 and t2 ---+ 1 - (en+ 8n)· We see that 

Hence, 

Gn,A(m) (X) = Gn,b,A(m) (X) for every X E ( -oo b], 

Gn,J-A(m)(x) = Gn,b,J-A(m)(x) for every X E [-b, +oo). 

[
1 

[
1 

m k- m --1 
Jo a(I(n(t)) dt-Jo a( kt + 

k 
Gn,b,J-A(m)(Gn,b,A(m)(t))) dt 

f t 1 { (m k- m --1 ) = Jo a kt + 
k 

Gn,J-A(m)(Gn,A(m)(t)) 
(m k-m -1 )} - a  

k 
t + 

k 
Gn,b,J-A(m) ( Gn,A(m)(t)) dt 

11 { (m k-m --1 

+ a 
k 

t + 
k 

Gn,J-A(m)(Gn,A(m)(t))) 
t2 (m k-m --1 )} -a kt + 

k 
Gn,J-A(m)(Gn,b,A(m)(t)) dt. 

(A.2) 

--1 --1 
Since 0 :::; Gn,b,J-A(m) ( Gn,A(m)(t)) :::; Gn,J-A(m) ( Gn,A(m)(t)) for every t E (0, t1), it 

follows that th first integral of (A.2) is nonnegative and it is bounded from above by 

(A.3) 
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Noting a E L2 ( dt) and t
1 

---+ 0 as b ---+ +oo, we obtain from the dominated convergence 

theorem that the righthand side of (A.3) converges to 0 as b---+ +oo. 
--1 --1 Since Gn,b,A(m)(t) ::; Gn,A(m)(t) for every t E (t2, 1), the second integral of (A.2) is 

nonnegative and it is bounded from above by 

1

1

{ 

(m k-m --1 ) (m k-m 

�
)} a kt + 

k 
Gn,J-A(m)(Gn,A(m)(t)) -a kt + 

k 
Gn,J-A(m)(b) dt 

t2 

1

1 

{ 

m k-m (m k-m 

� ) } ::; a( kt + 
k 

) -a kt + 
k 

Gn,J-A(m)(b) dt 
t2 

k 

!

1 k 

J

T+
k

k
rn

Qn,J-A(rn)(b) 
= - a(t) dt-- a(t) dt. 

m rn 
+ 

k-rn m rn k-rn G (b.) Tt2 � Tt2+� _n,J-A(rn) 

This upper bound converges to 0 as b---+ +oo because a E L2( dt), and t2 ---+ 1- (En+ 8n) 
and Q n, J _A ( m) (b) ---+ 1 as b ---+ + oo. 

Therefore, (A.2) converges to 0 as b---+ +oo, which completes the proof of the lemma. 
0 

2. Proof of Lemma 3.2. 

In order to prove the assertion (i), from Lemma 3.1 it is sufficient to show that 

lim n1 12 { 1 {a ( ]{ n ( t)) -a( t)} dt n-oo Jo 
1 

1

1 k-m 
=- L (Bi-B) A(F0-1(t))a(t) dt + (E + 28)(a(l)-a(O)). 

m 0 k iEA(m) 

The assertion (ii) readily follows from the assertion (i) and th fact that 

inf { L (1-lNi-a) I WN E P(On; En, 8n)} 
iEA(m) 

=- sup{ L (P,Nj-a)IWNEP(On;En,8n)}. 
jEJ -A(m) 

In order to show (A.4) we verify the following (A.5) and (A.6): 

sup II<n(t)-ti = O(n
-112) 

O<t<1 

sup II<n(t)-t-Bn(t)i = o(n-112) 
an �t�1-a�� 
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where I<n(t) is given by (3.10), 

1 ""' - it ( -1 ) 
k- m 

Bn(t) =- m 6 (8ni- Bn) A F0 (s) ds + 
k 

(En+ 28n), 
iEA(m) 0 

1 G
- ( . -1 ( 1 -En -8n )) an = 1 - n A ( m) m1n F0 . . ' 1�i�k nt l-En 

--1 
Since Gn,A(m)(t) is continuous for 0 < t < 1- (En +8n), it follows that 

k- 1TI --1 - --1 J(n(t)-t = 
k {Qn,J-A(m)(Gn,A(m)(t))- Gn,A(m)(Gn,A(m)(t))}, 

k� L L {Qnj ( c:.�(m)(t)) -Gni( c:.�(m)(t))} 
jEJ -A(m) iEA(m) 

for 0 < t < 1 -(En + 8n)· Noting that 

0, x=+oo 

we see that 

We note that 

(A.7) 

where II Fz - Fj II denotes supnorm between Fz and Fj, and p-1 ( s) = -oo for s :S 0, 
p-1 ( s) = +oo for s � 1. Since (3.3) entails 

II Feni- Fo II= O(n-112) fori= 1, . .. ,k, 
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it follows that 

sup I I<n(t)-tl 
O<t<an 

1 
L L { 

8n 
::; -k 

(1- En) max ( + II Fe 1 -Fe . II)+ En+ 8n} 
�m l<L<k l-En n nJ 

jEJ -A(m) iEA(m) -
-

k-m 
:=:; {2(1-En) max II Fe 1 -Fo II +En+ 28n} m l�l�k n 

= O(n
-1/2) . 

Similarly, 

suP I I< n ( t) - t I 
1-a�<t<1-En-On 

l 
L L { ( 

. 1 1 -En - bn 
) ::; -k 

1- (1-En)Fe . ( m1n Fe- ( ) )-Dn }  
m 

nt 
1 <l<k nl 1 - En jEJ-A(m)iEA(m) --

k 
< - """ """ { ( 1 - En) min II Fe 1 - Fe . II + En + 28 n} m � � 1<l<k n nt 

jEJ -A(m) iEA(m) -
-

k-m 
::; k {2(1- En) max II Fe 1 -Fo II +En+ 28n} 1 <L<k n 

Next, for an ::; t ::; 1 -a� it holds that 

f{n( t)- t 

k� L L ( (1 �En){ Fo.; ( c:.� (m)( t)) � Fo •• ( c:.�(m)( t) ) } + En+ 28n) . 
jEJ -A(m) iEA(m) 

It follows from ( 3. 3) that 

--1 

j

c

n,A(m)(t) 

-(Bnj- Bni) -oo A(x)dFo(x)l = o( n
-112) 

and since A 2 E L2 ( dF0), it follows that 

--1 

j

c

n,A(rn)(t) jpo-l(t) 

I -oo A(x)dFo(x)- -oo A(x)dFo(x)l2 

- 2 1 2 
j+

oo 

::;11 Fo-Gn, A(m) II -oo A (x) dFo(x) = O(n- I ). 
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Hence, for an ::; t ::; 1 - a� 

k -m 1 + 
k 

(cn+28n)+o(n-1 2) 

1 "' - rt ( -1 ) 
k -m 

-1/2 
m 

L (Bni-Bn) Jo A F0 (s) ds+ 
k 

(cn+28n)+o(n ), 
iEA(m) 0 

= Bn(t) + o(n-112). 

Finally w consider the case of 1 -(En +On) :S: t < 1. Since Kn( t) = 7 t + k � m, it 

holds that 

Therefore we obtain (A.5) and (A.6). 
Now we shall show the formula (A.4). We consider the following division of the integral 

n 1 I 2 [ {a ( /{ n ( t)) -a ( t)} dt 

= n 1/2 { [" + l-en 
+ 1 �

en 
}{a ( [{ n ( t)) -a( t)} dt (A.8) 

and furthermore we split the second integral of ( A.8), in view of the absolute continuity 

of a, 

wher 

n112l-c" {a(Kn(t)) -a(t)} dt 

11-c
n a (I\ (t)) a(t) 

=n112 (I<n(t)-t){ � 
-

-a'(t)}dt 
Cn J\.n(i)-i 

+ n112 r1-Cn 
(I(n(t)- t- Bn(t))a'(t) dt 

len 

+ n1/211-c
n 

Bn( t)a'( t) dt 
Cn 

Cn = sup ji<n(t)- tj 
O<t<1 

(A.9) 

and we note Cn = O(n-112) by (A.5). The first integral of (A.8) is bounded frorn above 

by 

n112 1c" {a( t +en)- a( t)} dt :S: n112cn { a(2cn) -a(O)} -> 0 
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and it is bounded from below by n112en{a(O)-a(en)}---+ 0. H nc , it holds 

n112 1 cn 
{a(Kn(t))- a(t)} dt--> 0 as n--> oo. 

For the third integral of ( A.8) it follows from the same argument that 

n112 1�
cn 

{a(Kn(t)) -a(t)} dt--> 0 as n--> oo. 

As for th second integral of (A.8), the formula (A.9) are ernployed. 
At first, in order to show that the first integral of (A.9) converges to zero, we divide 

the interval [en, 1 -en] of this integral into the following five parts according to the 
assumption (ii) of a, 

(A.10) 

The absolute value of integral over (en, to -en) is bounded from above by 

n112 sup II(n(t)-ti·l 
rto

-

C
n 

{a'(t + �(I(n(t)-t))-a'(t)} dti, 0 < � < 1. 
O<t<l len 

B cau a'(t) is nonincreasing on (0, t0), 

lo
-
cn 

{a' ( t + � ( Kn(t)-t)) - a'(t)} dt 

is bounded from above by 

a(to-2en)-a(O)- {a(to-en)-a(en)}---+ 0 

and bounded from below by 

a(to)-a(2en)-{a(to-en)- a( en)}---+ 0. 

Hence, the first integral of (A.10) over (en, t0 -en) converges to zero. Applying the same 
argument in view of the nondecr asingness of a on (1- t0, 1), the fifth integral of (A.10) 
over (1- to+ en, 1- en) also converges to zero. The second and fouth integrals of (A.10) 
over (to-en, to+ en) and (1- to-en, 1- to+ en) obviously converge to zero. By virture 
of Lipschitz boundedness of a on [ t0, 1 - t0] and the dominated convergence theorem, 

11-to-cn a(l(n(t))-a(t) 
' { }/ ( ) 

-a ( t)} dt ---+ 0 
to+cn 

\.n t -t 

and cons quently, the third integral of (A.10) over (to + en, 1- to -en) converges to 

zero. 
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Next, as for the second integral of (A. 9), we also divide the interval (en, 1 - en) of the 
integral into (en, an), (an, 1- a�) and (1- a�, 1- en)· By (A.5) and (A.6), it is bounded 

from above by 

0(1){a(an)- a(en) + a(1- en)- a(1- a�)}+ o(1){a(1- a�)- a(an)}. 

As an= O(n-112) and a�= O(n-112) by a monotony argument using (A.7), this bound 
tends to zero. 

Finally, let us consider the third integral of (A.9). It follows from A 2 E L2( dF0) and 

the integration by parts that 

n112 { 1 -cn Bn(t)a'(t)dt 
len 

= n112{Bn(1- en)a(1- en)- Bn(en)a(en)} 

1 r1-Cn 
- n 1 I 2 { -

m 
L (en i - (] n) J r 

A ( Fo-1 ( t)) a ( t) dt} 
iEA(m) Cn 

� L (Bi-B) [ A(F0-1(t))a(t)dt + k � m ( E + 28)(a(l)- a(O)) + o(l). 
iEA(m) 

Therefore we obtain ( A.4 ), which completes the proof of this lemma. 
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