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Preface

The concept of majorization concerns the diversity of the components of a vector.
Although the basic idea of majorization is simple, it has been used as a useful and powerful
tool for deriving inequalities in many areas of mathematics and statistics. Moreover, the
derivation of an inequality by methods of majorization is often very helpful both for
suggesting a unified theoretical framework and for providing a deeper understanding.
Marshall and Olkin (1979) offer a comprehensive introduction on this topic.

In this paper we shall study majorization in multivariate distributions on hyperplanes
with a location vector parameter and give their applications to testing problems. Let
us consider the probability that a random vector having a multivariate distribution on
a hyperplane with a location vector parameter takes the values in a certain set. Then,
under some conditions it is shown that the probability can be compared through ma-
jorization order of vector parameters. The infimum and the supremum of the probability
on a given parameter set can be evaluated by the largest of all parameters majorized
by the parameter set and the smallest of all parameters majorizing the parameter set,
respectively. Therefore we shall propose a general method to seek such parameters. By
applying this method to tests for approximate equality of several location parameters we
can construct robust tests and discuss their powers. These are done from both parametric
and nonparametric situations.

Chapter 1 presents a basic theorem of majorization inequalities concering a radom
vector with exchangeable components whose sum is constant. The result is used to ob-
tain a stochastic ordering result for certain linear functions of order statistics. Then
applications to the detection of outliers are discussed, and some unbiasedness properties
of certain tests are given.

Chapter 2 presents vector parameters (called least favorable parameter configurations)
which attain the infimum and the supremum of a probability depending on the parameter.
Unless least favorable parameter configurations are available, vector parameters which
give a lower and an upper bounds as close as posible are obtained by using majorization
methods on hyperplanes and the majorization result in Chapter 1. To certain robust
testing problems of location parameters, these results are used to determine the critical
values of certain tests and to evaluate their powers.

Chapter 3 presents the asymptotic testing problems of k-sample approximate equality
and gives k-sample robust rank tests with truncated scores for the problems. When
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underlying distributions vary in gross error neighborhoods by Rieder (1978), lower and
upper bounds for limiting values of the probability that k-sample rank statistics take the
values in a certain set are quite effectively obtained by using majorization methods on
hyperplanes in Chapter 2. These bounds enable us to construct asymptotic level a rank
tests and to give lower bounds of their asymptotic minimum powers for the problems.
Based on these lower bounds robustness of k-sample rank tests is also studied.
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CHAPTER
1

A Majorization Inequality for Distributions
on Hyperplanes and Its Applications
to Tests for Outliers

A theorem related to a random vector with exchangeable com-
ponents whose sum is constant is established. The theorem is applied
to obtain a stochastic ordering for certain linear functions of order
statistics. It is seen that a number of test statistics for outliers of k
location parameters are of these types. The unbiasedness properties
of the tests based on such statistics are given. The theorem concer-
ing distributions on hyperplanes plays an important role similar to
Marshall and Olkin’s (1974) theorem.

1.1. Introduction.

The concept of majorization concerns the diversity of the components of a vector and
it has been used as a fundamental tool for deriving inequalities in mathematics and
statistics. A comprehensive introduction of the theory and applications of majorization
is given in Marshall and Olkin (1979), and also Tong (1980).

Let X be a random vector taking values in the Euclidean k-space R* and D a subset

of R*. For each 8 € R* let 4(0) = Pr{X + 8 € D} denote the probability of X + 8




taking values in D. Here 6 denotes a location parameter. Based on majorization theory
Marshall and Olkin (1974) obtained a fundamental theorem that if the density f of X
1s Schur-concave and D is Schur-convex, then () is Schur-concave in 8. From this
theorem, various inequalities can be constructed by evaluating values of functions at
points ordered by majorization. The Marshall and Olkin’s (1974) theorem weakens the
condition of a special case of Mudholkar’s (1966) theorem which is a generalization of
Anderson’s theorem (1955). Mudholkar assumes that f is permutation invariant and
convex unimodal, and that D is permutation invariant and convex. The Marshall and
Olkin’s weaker condition has significant advantage of being checked more easily than
the convexity.

In this chapter we shall consider majorization in distributions of a random vector
Z = (Z,,...,2Zy) with exchangeable components whose sum is zero, and show that a
Marshall-Olkin type theorem also holds for Z on the hyperplane @ = {g = (p1,... , i) |
Zle i; = 0}, the &k — 1 dimensional hyperplane of R*, that is, if the density of

(Zy,...,2Zk-1) is Schur-concave and D is Schur-convex, then 1@(“) = Pr{Z + p € D}
is Schur-concave function of g on . An extension of the Marshall-Olkin and Kimura-
Kakiuchi theorems (1989) (Theorem 1.2) from the point of view of linear transformations
was given by Dean and Verducci (1990).

In Section 1.2, the Marshall-Olkin theorem in addition to definitions used through-
out this paper is presented. A theorem related to a random vector with exchangeable
components whose sum is constant is established. These two theorems are our starting
point. From this theorem we can derive a stochastic ordering for certain linear functions
of order statistics. It is seen that a number of test statistics which appear in testing
problem of outliers of k location parameters are of these types.

In Section 1.3, the unbiasedness properties of the tests to the detection of outliers based
on such statistics are given. The theorem concering distributions on hyperplanes enables
us to compare their powers at points ordered by majorization. It plays an important
part similar to Marshall and Olkin’s (1974) theorem and gives broad applications of
majorization inequalities in statistics.

1.2. A majorization inequality for distributions on hyperplanes.

Definitions. (i) A vector x € R is said to be majorized by a vector y € R*,
written in symbol x <y, if

k k T r
Zaji:Zy,‘ and Zx[i]SZy[i], kY g S e (1.1)

i=1 i=1 i=1 i=1
where ;) > -+ > 24 and yp) = - -+ 2 ypx) denote the components of x = (zy,... ,z«)

and y = (y;,... ,yx) In decreasing order.

(i1) A real valued function % is said to be Schur-concave (Schur-convex), if

X <y =P(x) > (<) by).
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A nonnegative function ¥ on R* is said to be centrally symmetric if 1 (x) = ¥ (—x) for
all x. A nonnegative function 1 on R* is said to be convex unimodal if for every ¢ > 0,
the set {x | ¥(x) > ¢} is a centrally symmetric convex set. A nonnegative function 1
on RF is said to be logconcave if for every x, y € R¥ and for every a € (0,1)

Plax + (1 —a)y) > [b(x)]*[%(y)]' ™.

A nonnegative function 9 is said to be permutation invariant if ¥(x) = ¥(gx) for all
permutations ¢ and all x € RF.

(iii) A set D of R* is said to be Schur-convex, if
yeD and y>x=x€D, (1.2)

that is, if the indicator function of D is Schur-concave. A set D C R* is said to be
centrally symmetric if x € D = —x € D. A set D is said to be shift invariant if
D =D + al; with 1; =(1,...,1) € R* and @ € R. A set D is said to be permutation
invariant if gD = D for all permutation g¢.

Theorem 1.1 (Marshall and Olkin, 1974). Suppose that X;,... , Xy are ez-
changeable random variables with a joint density f that is Schur-concave. If D C R*
18 Schur-convez, then Pr{X + 6 € D} 1s a Schur-concave function of 6, where X =
(_Yl,. NE ,.Yk) and 6 = (91,. o )‘gk)-

Theorem 1.1 was obtained by weakening the conditions for a special case of Mud-
holkar’s (1966) generalization of Anderson’s theorem (1955). Mudholkar (1966) assumes
that f is permutation invariant and convex unimodal, and that D is permutation invari-
ant and convex. We note that if f is permutation invariant and convex unimodal, then
it is Schur-concave and that if D is permutation invariant and convex, then it is Schur-
convex. As pointed out in Marshall and Olkin (1974), the weaker condition of Theorem
1.1 have the following advantages: It is often much easier to check than convexity, and
the convexity condition is strong for certain applications.

The following result, which are useful in deriving various probability inequalities for
distributions on hyperplanes, is derived from Theorem 1.1.

Theorem 1.2. Let Zy,... ,Z; (k > 3) be exchangeable random variables satisfying
Zk 1 Zi = 0 such that (Zy,...,Zk-1) has a Schur-concave density. Let D C R be

Schur-convex. Then, Pr{Z + p € D} 18 a Schur-concave function of p, where Z =
(Z1,...,2Z;) and p = (uq,...,puk).

Proof. Let g = (py,...,ux) and fr = (jfiy,...,fix) be any vectors such that g < fu.
Then it is sufficient to show Pr{Z + p € D} > Pr{Z + it € D}. By Muirhead’s result
(Marshall and Olkin, 1979, p.21) g can be derived from ft by successive applications of
a finite number of T'—transformations. A T—transformation is a linear transformation




whose matrix has the form T = A + (1 — A\)@Q, where 0 < X\ < 1, I denotes the identity
matrix and () denotes a permutation matrix that just interchanges two components.
Note that the vector derived from g by an application of a single T'—transformation is
different from fz in at most two components and majorized by f. Thus we can assume
without loss of generality that g and g differ in two components only. Since & > 3,
there exists at least one common components of g and f&. We can take py = i without
loss of generality.

Let » : R¥ — R*~! be the projection defined by h(z1,...,zx) = (21,...,Tx_1).
Then the restriction of h to @ = {x | Zle z; = 0} is a bijection from € to RF71.
Letting D' = D N Q, then we have

Pr{Z +peD}=Pr{h(Z)+ h(pn) € h(D")}. (1.3)

Now we shall show that the set h(D') is Schur-convex. Let v € h(D') and u < v.
Then their uniquly exist x € @ and y € D’ such that u = h(x) and v = h(y), i.e.,
w; =%; and vy = y;, i1 =1,...,k ~ 1. Since Zf:_ll S = Zfz_ll v;, We can see Ty = Y-
Thus x < y follows from u < v. As D satisfies (1.2), we have x € D and hence x € D'.
This implies u € h(D').

Since the density function of hA(Z) is Schur-concave by the assumption, it is seen from
Theorem 1.1 that the righthand side of (1.3) is Schur-concave in h(g). It is also clear

that h(p) < h(ft) follows from p < 1 and pr = jix. Hence we obtain
Pr{Z+peD}>Pr{Z+ nc D}.

This completes the proof of the theorem. @

Corollary 1.1. Let Z and D be as given in Theorem 1.2 and let V' be a positive
random wvariable independent of Z. Then Pr{(Z + p)/V € D} is a Schur-concave
function of p.

Proof. Since Z and V are independent, we have
Pr{(Z +pn)/V eD} = /PI‘{Z + p € vD} F(dv),

where F' is the distribution function of V. It is easy to see that vD is Schur-convex for
every v € R. Hence, from Theorem 1.2 it follows that Pr {Z + p € vD} is Schur-concave
in p for every v € R. This implies Corollary 1.1 holds. O

Examples. The following is examples of Schur-convex sets D(\) for each real A.

DIT(A):{XIZI[,-]SA}, S T ) (1.4)
=il
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7 k

D, (A) = {x| ma.x(z S Z .r[i]) EXxle 7=kt Bk (1.5)

1=1 i=k—r+1
T k
Diryry(A) = {x| Zl‘[i] w Z Bl = 2 (1.6)
i=1 i=k—ry+1
T, Ry = ]., ,k—l,?‘l + 72 S k — 1,
k
D)) = {x| ) z? <A}, (1.7)
1=
where x = (zy,... ,x) and ;) > ... > 2 denotes the components of x in decreasing

order.

Theorem 1.2 is applicable to obtain some results concering a stochastic ordering.

Corollary 1.2. Let Z and V be as given in Corollary 1.1. Let ¢ be a measurable
Schur-convez function on R¥. Then, Pr{¢(Z + p) < A} and Pr{¢((Z+ p)/V) < A} are

Schur-concave functions in p for a real number \.

Proof. Let D = {u| #(u) < A}. Then D is Schur-convex. By Theorem 1.2, Pr {Z +
n € D} =Pr{é(Z+ p) < A} is Schur-concave in p. This fact and Corollary 1.1 prove
the rest of the theorem. a

Corollary 1.2 says that if g < f1, then ¢(Z + p) and ¢((Z + p)/V') are stochastically
smaller than ¢(Z + f1) and ¢((X + )/ V), respectively.

The following theorem shows how the random vector Z on the hyperplane €2 can be
obtained from X on RF.

Theorem 1.3. Suppose that X, ... ,:X'k(k > 3) be exzchangeable random wvariables
with a joint density f and let Z; = X; — X, 1 =1,... ,k. Then the following statements
hold.

(1) Zy,...,Zx (k> 3) be ezchangeable random variables with Z,'k:1 Hr=1
(1) If f 1s Schur-concave, then (Zy,... ,Zx—1) has a Schur-concave density.
(ii1) If f 18 logconcave, then (Z,,... ,Zr_1) has a logconcave density.

(iv) If f 18 centrally symmetric, then (Z1,...,Zk—1) has a centrally symmetric den-
sty.

Proof. (i) The assertion is obvious.
(ii) Let ¢ be the density of (Z,,...,Z;_;,X) and h the density of (Z;,...,Zr_1).
Then
g(Zl, St G Zk_l,.f?) = I\"f(l(zl, ves 9%k—1, .’1_,')), (18)
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and

lul % ot ,zk_l):/g(zl,... oL E ldao, (1.9)

_ . = k—1 = S on
where {(zy,... ,2p-1,Z) = (21 + &,... ,z4—1 + I,—Z]«:I zj + ) and K is a positive

constant. Let (z1,...,2x-1) <(27,...,25_;). Then for every z we have
ERIPREN T 3 T ¢ RSN -3

Hence, it follows from the Schur-concavity of f that for every
gl vy @I Pl v o B 10 8) -

This implies

Blzpg. o s Bpa ) 2 BEg s s 20 4 B

Thus h is Schur-concave.

(111) The logconcavity of ¢ is easily obtained from the logconcavity of f and (1.8).
Hence from Theorem 2.16 of Dharmadhikari and Joag-dev (1988) it follows that h is

logconcave.

(iv) The assertion is an immediate consequence from (1.8) and (1.9). a
1.3. Applications to tests for outliers.

As applications of the previous results we are concerned with unbiased properties of
testing problems of & location parameters. The following is a list of the problems and
relevant test statistics.

Let X,,...,X; be exchangeable random variables distributed with a joint density
o~ Ff((x — @)/0), where f is Schur-concave and 8 = (6,,... ,6;). We are interested in
testing the null hypothesis

1 " e kL (1.10)

where 6 1s unknown.




(1) o 1s unknown but an independent estimator of o is available.

T

Ty, =) (X -X)/V, r=1,...,k-1, (1.11)
i=1
% k
Lay = AT {Z(X[i] — XV, - Z Xfi] = X)/V } (1.12)
t=i] i=k—7r+1
¥ =1 bl
T k
Torr, =Y (Xg-X)/V- ) (Xy-X)/V, (1.13)
=1 i=k—ro+1

Py = lso5e ,k—l, (27 A Sk—l,

where V' is an estimator of 02 independent of X, ... , X, X[y 1s the i—the order statis-
tics of X1,... , X4 in decreasing order and X = k! Zle Xy,
(11) o is known.
Ty = Ty with V replaced by o, (1.14)
oL = 15 with V' replaced by o, 1.15
T3’r1rz T3, with V replaced by o. (1.16)

The statistics T}, and T}, are used for r upper outliers. On the other hand, the remaining
statistics are used for both-sided outliers. T, and T, are statistics for r lower and r

upper outliers. T3, ,, and T3, ,, are statistics for 71 lower and r; upper outliers (see

Barnett and Lewis, 1984, section 6.3). In particular, when r = r; = ro = 1, these
statistics reduce to

L= b (Xi-X)/V, Ty= A |Xi — X|/V and Ty1y = (X — X))/ V-

Cousider the following test:
@ =20, 1 accordingas T'< X or T > A, (1.17)
where T is a statistic and ) is a real constant. We call such ¢ a test based on T.
Theorem 1.4. Each of the tests of Hy based on the statistics (1.11)-(1.17) 1s unbi-
ased for the alternative Ky : 6, = 6 for at least one 1 (1 < < k).

Proof. Let
Zi=(Xi=X) = (0 =), i=L.-..k
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where 8 = (1/k) Zle 8;. It is clear from Theorem 1.3 that Z;,..., Zy satisfy all the
assumptions in Theorem 1.2. For each 0 let p;(8) =6, — 6, 1 =1,... ,k. Then we have

Fopi(X) =Pr{T, > A} =1—Pr{(Z+u(0))/V € D;(N)}, i=123  (1.18)

where ¢;, © = 1,2,3, denote the tests based on T; given by (1.11), (1.12) and (1.13),
D;, : = 1,2,3, are given by (1.4), (1.5) and (1.6), Z = (Z;,...,2Zx) and p(0) =
(u1(0),...,1x(0)). By Theorem 1.2, the power functions (1.18) of the tests ; based
on T; are Schur-convex in u(8). It is easy to see that Zikzl 1:(8) = 0 holds for every
6 € R* and u(6) = 0, which is minimum, is equivalent to that all §; are equal. Thus
the assertion holds for the test ¢;, ¢ = 1,2,3. The assertion for the tests based on T}
given by (1.14), (1.15) and (1.16) are shown in the same way. O

Remark 1.1. Let us consider the tests of Hy based on the types of the statistics
d(X1 —X,..., Xy —X)and ¢((X; — X)/V,... , (X — X)/V) according as ¢ is known
or unknown, where ¢ is a Schur-convex function. Then, in the same way as Theorem
1.4 we can easily get the unbiasedness properties of a variety of tests which are given by
changing ¢.




CHAPTER
2

Majorization Methods on Hyperplanes
and Their Applications
to Robust Testing

Let Z be a k(> 3) dimensional random vector with exchange-
able components whose sum is zero, D a Schur-convex subset of the
Euclidean k-space R¥, and Q the k — 1 dimensional hyperplane of
R* consisting of all vector parameters whose components sum up to
zero. Let J)(u), n € €, denote the probability of Z + p taking values
in D. The present chapter derives parameters at which ) attains its
infimum and supremum on a given I' C € or takes their approximate
values. This is achieved by using majorization methods. The results
are applied to robust testing of several location parameters.

1. Introduction

In this chapter we shall further develope the study of majorization in distributions on
hyperplanes which was started by Kimura and Kakiuchi (1989).

Let Z = (Z;,...,Zk)be a random vector with exchangeable components whose sum is
zero, D a subset of the Euclidean k-space RF and @ = {p = (g1, ... , i) | }:le w; =0}
the k — 1 dimensional hyperplane of R*. Then we showed in Section 1.2 of Chapter 1

9




that if the density of (Z,,...,Zk_1) 1s Schur-concave and D is Schur-convex, then
(p) = Pr{Z + p € D} is a Schur-concave function of u on 2.

For a given subset I of 2 we are interested in evaluating the infimum and supremum of
¥ on I'. To this end we need parameters u=“¥C € 2 (called least favorable configurations)

Jplae

at which 1 attains its infimum and supremum on I'. Unless pu are available, we shall

instead want parameters u™ and p® in Q at which i takes a lower and an upper bound
as close as possible to the infimum and supremum on I', respectively. The purpose of this
chapter is to seek these parameters ¢ uM and p* by using majorization methods
on hyperplanes and to give their applications to robust testing.

In Section 2.2, for any general I' we shall propose a new majorization method for
constructing ™ and p®. The parameters ™ and pu® are the best ones in the sense
that they can no longer be improved by majorization. This majorization method is very
useful and powerful when pFC are not available.

In Section 2.3, we shall treat six special parameter forms of I' to seek p
candidates. In order to obtain ¢ we shall make use of Theorem 1.2 in Section 1.2.

Let X be a random vector taking values in the Euclidean k-space R¥. For each § € R¥
let ¥(0) = Pr{X +6 € D}. Marshall and Olkin (1974) obtained a fundamental theorem
that if the density f of X is Schur-concave and D is Schur-convex, then (8) is Schur-
concave 1 6.

In Section 2.4, under the shift invariance of D we shall consider majorization in non-

LFC o their

singular distributions, that is, the majorization problem with Z, I' and ¢A’ replaced by
X, © and 1, respectively, where @ is a subset of R*. By the arguments similar to Sec-
tions 2.2 we shall get 8% and 8° for a general ®. The problem of seeking least favorable
configurations %€ for special sets ® was treated by Giani and Finner (1991), Chen,
Lam and Xiong (1993), Finner and Roters (1993), and Kakiuchi and Kimura (1994).
In order to obtain 8LFC they applied the Mudholkar’s theorem or the Krein-Milman’s
theorem (see Lemma 1 in Chen et al., 1993) which require D to be convex and/or f
to have monotone likelihood ratio. In the same way as in Sections 2.3, under weaker
conditions we shall obtain some of their results more easily and more systematically.

In Section 2.5, we shall give some applications of our majorization results on hyper-
planes to certain robust testing problems of sevral location parameters. It is seen that
the parameters ulFC uM and p® are effectively utilized for constructing robust tests
and for evaluating their powers on a parameter set I' induced from ®. These applications
reveal that our majorization methods are useful and powerful.

2.2. Majorization method for general parameter sets.

Let T be a nonempty and bounded subset of @ = {yu | ZLI pi = 0}. Let a, and B,
(r=1,...,k) be defined by

o
—
~

ap =inf{Y pp | p€T}, Br=sup{) puy |pmel} (2.

=1 =l
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By using these a, and f3,, we define two particular parameters ™ and p® whose r-th
components uM and ;8 are respectively given by

=Br = Br—1, T=1...,k (2.2)
and
ar — Qr_jq, = 1L S
= s 3.3
. =t ) r=s+1,...,k (3.3)
k—s
where ag = fy = ax = fr = 0,—00 < ar < B, < 400 and s(1 < s < k) is some fixed
integer.

1

Note that the relation p* = pf=! = ... = u! = 04 holds, where 0y, = (0, ... ,0) € RF*.

We consider the following conditions:

Condition 1.

Br—=Br=12Br41 =B, T=1,...,k—1.
Condition 2.

A —Qpy 2 Qpp1—apy, T=1,...,5—1

Qg — Qg1 2 Qrp1 —Qp, T =235,...,k—1.

Then the following lemma is basic.

Lemma 2.1. The following statements hold.

(i) < M holds for every w € T.
(1) If Condition 2 s satisfied, then p® < p holds for every p € T.

Proof. For every p €T,

Zﬂ[z]<ﬂr—ﬁ1 Bo) + -+ +(Br — Bro1) = Z s_z 1,... k=1,

and Z =i M = Zi;l M = 0. These imply the assertion (i).
Assume Condition 2. Then,

Z/I[z]zarz(al_a0)++( _al—-l Z/J[]v T:]-a"'asa
o=l

T

Z"[i] = (a1 —ap) + -+ (s — as-1) ( Z/«t[z] +#[q+1]> + Z H[a]
=1

1=8+2

ZZ;L[S,-], r=s+1,...,k—1,

11




because

: 1
((Z/L[s] - 0y )+ Plata]s Blat2]s - aﬂ[k]) iy (—k - S)(Gs,--- , Q)

e (k—s)-times

and

@ty ] 2 e 2y = Wl 2

Hence, the assertion (i1) follows from Ele fb; = E‘F:l i = iy O

The following lemma suggests that in the sense of preordering of majorization u™ is

the smallest of all the parameters majorizing I and p* is the largest of all the parameters
majorized by T.

Here we mean by u £ v (p,v € Q) that g is not majorized by v, that is, p £ v if
and only if there exists an integer r*(1 < r* <k —1) such that Y ._, K > Drerg V(q)-

Lemma 2.2. The following statements hold.

(i) Suppose that Condition 1 holds. If u' € Q satisfies u™M £ ', then there ezists
p €T such that p £ p'.

(ii) Suppose that Condition 2 with s = k holds. If ' € Q satisfies u' 4 pk, then
there ezists p € T' such that p' £ p.

Proof. To show the assertion (i) let g’ € € be such that u™ £ u'. Then, by the
definition of £, there exists r* such that > ._ ,ufi] % P u[%. By Condition 1 we
have Y7_, ,u[lt./]l = fB,-. Hence, by the definition of g,. there exists u € I' such that
er;l '“'Ei] < Z:;] p(i)- This implies the assertion (1).

The assertion (i1) is similarly verified. O

The following theorem is an immeadiate consequence of Theorem 1.2 in Section 1.2
of Chapter 1 and Lemma 2.1.

Theorem 2.1. Let Z,y,... ,Zy (k > 3) be exchangeable random variables satisfying
ZLI Z; =0 such that (Zy,... ,Zk—1) has a Schur-concave density and let denote Z =

(Z1,...,Zt) and = (py,... ,ux). Let D C R¥ be Schur-convez. Then the following
hold.

(i) Pr{Z+upmweD}>Pr{Z+uM cD} for every peT.
(11) If Condition 2 13 satisfied, then
Pr{Z+peD} <Pr{Z+ pu’ €D} foreverypue€Tl.
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Similarly we have the following corollary from Corollary 1.1 in Section 1.2 and Lemma
2.1.

Corollary 2.1. Let Z and D be as given in Theorem 2.1 and let V be a positive
random variable independent of Z. Then the following statements hold.

(i) Pr{(Z+u)/V €D} >Pr{(Z+uM)/V D)} foreveryuecrTl.
(11) If Condition 2 is satisfied, then
Pr{(Z+pn)/VeD})<Pr{(Z+p’)/V €D} forevery peT.

We call the inequalities (1) and (ii) of Theorem 2.1 and Corollary 2.1 majorization
inequalities.

We now define M(I') by
M(T)={pula, SZN[,'] S Ppor =k . plh.
1=1

Then Lemmas 2.1, 2.2, Theorem 2.1 and Corollary 2.1 remain true for I' replaced by
M(T'). We note that M(I') D I' is the largest parameter set such that the majorization
inequalities are valid. It is not guaranteed that the parameters u™ and p® are in M(T).
However, it is easily seen that ™ and p® are in M(T') under Conditions 1 and 2 with
s = k, respectively.

Remark 2.1.

1. The assertion (1) of Lemma 2.1 is a generalization of the idea in Corollary 4 of

Kimura and Kakiuchi (1989).

The assertion (i1) of Lemma 2.1 i1s a new idea. Kimura and Kakiuchi (1989) did

not treat a lower bound of a parameter set I' in the sense of partial order of

majorization.

3. Although Condition 2 seems to be eccentric and limited, it is reasonable and
not limited. Condition 2 requires that every vector of I' has a certain degree
of diversity of its components. For example, see (2.29), Problems C and D in
Section 2.5.

4. Since our majorization method is valid for any I' and for any Schur-convex set
D, Theorem 2.1 and Corollary 2.1 have broad applicability. In particular, it can
be effectively applied to obtain probability inequalities for asymptotic joint dis-
tributions (singular normal distributions on hyperplanes in R*) of k-sample rank
statistics when underlying distributions vary in some shrinking neighborhoods.
In this case we encounter another problem of determining I'. See Chapter 3 for
details, and also Kakiuchi and Kimura (1995).

o

2.3. Least favorable configurations for special parameter sets.
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First we consider the following two special forms I'g; and I'y; of T':
Loy ={ne| K1) — Kk S 6}, Fn={peq| 1) — Mk 2 6}. (2.4)

where 6 is a specified positive real number. We define

(k—1)6 (k=r)d ré ré
= — ., —— .., —— Pl s kL 2.5
H’OI(T) ( ]\7 ) ) k ) ’1‘ ’ ) l\ ) U 9 9 ( )

= ric '+
r-times (k—7)-times

The following theorem gives the candidates of the least favorable configurations for I'g;.

Theorem 2.2. Let Z,,... ,Zx(k > 3) be exchangeable random wvariables satisfying
Zle Zi =0 and let (Zy,... ,Zk_y) have a logconcave density. Let D C R* be Schur-
conver. Then

#1€r}fm Pr{Z+peD}= lsl%nkl_l Pr{Z + po:(r) € D}. (2.6)

Furthermore, if the density of (Z,...,Zk—1) and D are centrally symmetric, then

Mienrfm Pr{Z+peD} = 15?2[2/2] Pr{Z + po:(r) € D}. (2.7)

Proof. We note that convex unimodality follows from logconcavity and that convex
unimodality together with permutation invariance implies Schur-concavity. Thus the
density of (Zy,...,Zk—1) is Schur-concave.

Let g be any nonzero parameter of I'g;. We can let uy > ... > ux without loss of
generality. Let v = (vq,...,vx) = (8/7)p, where 7 = p; — pp < 6. Then, we have
p<vandv €'y, where vy >,... . > v and v — v = 6. From Zle v; = 0, we have
6/k <vy < (k—-1)6/k. Hence vy = 6/k or vy € ((k—r —1)6/k,(k — r)é/k] for some
r(l<r< k—2).

First assume vy € ((k—7 —1)é6/k,(k —r)é/k] and define a parameter v,.(n) € T'y; by

A e T e WM g o 580 0
r-times (k—r—1)-times
where n = —{rv; + (k —r — 1)vx},(0 < 5 < 1). Then we have v < V(1) and hence by

Theorem 1.2 in Section 1.2
Pr{Z+p €D} >Pr{Z +v,.(n) € D} (2.8)
We can easily see that

Ur(n) = (1= MNpor(r) + Apor(r + 1)

14




where po1(r) (1 <r <k —1) are given by (2.5) and
A= {(k—=r)o/k—v1}/(6/k), (0<A<1).

Let h : R* — R*~! be the projection defined by h(ay,... ,2x) = (21,... ,2k—1). Then
the restriction of h to = {x | Zle z; = 0} is a bijection from € to R¥~1. Letting
D' = DN N, then we have

Pr{Z + v,(n) € D}

= Pr{h(Z) + h(.(n)) € h(D')}

= Pr{h(Z) € (1= A)(A(D") = h(po1(r))) + A(A(D') = h(por(r +1)))}

> { Pr{h(Z) € h(D') — h(po1 (1))} }' " { Pr{h(Z) € h(D') = h(por(r + 1))} }

> min { Pr{Z + po,(r) € D}, Pr{Z + po:(r + 1) € D}}. (2.9)

A

The above first inequality follows from the fact that the distribution of h(Z) is logcon-
cave. We note that by Theorem 2 in Prékopa (1973) the logconcavity of the den-
sity implies the logconcavity of the probability measure, where a probability mea-
sure P is said to be logconcave if for every nonempty set A, B C R* and for every
a €(0,1) P(aA + (1 —a)B) > [P(A)]*[P(B)]'°.

Next let us consider the case of v; = §/k. Then we have v = o (k —1). Hence, from
(2.8) and (2.9) it follows that

PriZ+peD} 2 min | Pr{Z+ pn(r)€D}.

Noting that this inequality holds for g = 0 and that poy(r) € Loy, 7 =1,... ,k — 1, we
obtain the first assertion of the theorem.

To show the second assertion of the theorem we first note that po(r) = —poi(k —1),
r=1,...,k—1. Since D and the density of (Z;,...,Zy_;) are centrally symmetric, we
have

PRLZ -faoy lr)-E Dl == P LTl i D)
=Pr{Z+ po1(k—-r)eD}, r=1,... k-1

This implies the second assertion of the theorem. O

Remark 2.2. When we do not know which one of po;(1),...,po1(k — 1) is the
best, we may be interested in the smallest parameter that majorizes all of these & — 1
parameters. This smallest parameter is seen to be u™ defined by (2.2) with I' = 'y,
where the r-th component of u™ is given by

i = ——————, m = 1405 k. (2.10)




By Theorem 2.1 we have

]<n'21k1 1 Pr{Z + po,(r) € D} > Pr{Z + uM € D). (2.11)

The following theorem gives the least favorable configuration for I'y;.

Theorem 2.3. Let Z,,... ,Zy(k > 3) be exchangeable random variables satisfying
Zle Z; =0 and let (Z,,... ,Zk-1) have a centrally symmetric and logconcave density.
Let D C R¥ be centrally symmetric and Schur-convez. Then

sup Pr{Z+p e D} =Pr{Z+ p;; € D}, EN 1)
HET 1,

where

P11 = (

| o
o
o
|

Proof. Since the density of (Z,...,Zk—-1) 1s Schur-concave, by Theorem 1.2 in
Section 1.2 Pr{Z + p € D} is Schur-concave in pu.

Let g be any parameter of I';;. We can let uy > ... > up without loss of generality.
Let v = (vy,... ,vx) = (6/7)p, where 7 = py — ux > 6. Then, we have p > v and
v eTly, where vy > ... > vy and v) — vp = 6. Let

V1 + Vi V F Vi
&= (v1,vk, —— - ).

k—2'""" k=2

Then, clearly we see £ < v and hence £ < pu. Therefore, by Theorem 1.2 in Section 1.2
Pr{Z+€¢€eD}>Pr{Z+ pe D}. (2.14)

Let h and D’ be as given in the proof of Theorem 2.2. Then we have

Pr{Z + & €D} =Pr{h(Z)+ k(&) € h(D")}. (2.15)
[t is easy to see that h(D') is centrally symmetric and Schur-convex. Let G; be a
group of all permutations of the components of x and let Go = {g¢21, 922} be a group
of two transformations such that ¢s;(x) = x and g¢92(x) = —x. Let G be the direct
product group of G, and G,. Then the density function of (Z;,...,Zx_1) and h(D’)
are G-invariant. Let g9 € G be a transformation such that go(z;, 29, z3,... ,24-1) =
(—z2,—21,—23,... ,—Zk—1). Then we can see

v ! o
h(l’") & 5 (h(E) =+ gO(h(e)))v where M = (6/23 _6/23 et O)
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Hence, from the logconcavity of the density of h(Z) it follows that

Pr{h(Z) + h(p) € h(D")}
> [Pr{h(Z) + h(&) € (D)) [Pr {h(Z) + go(h(€) € DY]'*  (216)
=Pr{h(Z) + h(€) € H(D")}.

Therefore, from (2.14), (2.15) and (2,16) it follows that

Pr{Z+p€eD}=Pr{Z+p, €D} >Pr{Z+ peD} forevery p€ .

This fact and gy € 'y imply the theorem. O

Next, we consider the least favorable configurations for the following four parameter

{ l ISiS“’-| II }’ { l ISI.SN| I }

k k
Los={pe | |pl<6}, Lis={peR|) |ul>6}

Let pi; € I';; (2 =0,1,5 = 2,3) be defined by

(6,...,6,=06,...,=06), k is even
S S —
k/2-times  k/2-times
= 2.17
Ho2 =19 (6,...,6,0,—6,...,-8), kisodd cid
—— S— O —
[k/2]-times [k/2]-times
o 1)
=0, ——...,—— 2.1
Hi12 (1 ]\"—1’ ’ ]\—1)’ ( 8)
(Ak—1)-times
)
Koz = p11 = ( ,0,---’0,—;), (2.19)
D1 N 2
(k—2)-times
o, U ) 0 o
s fl) = 1 NV JURURIIRLE, | O S T
:‘Z(k—-l) 2(1;—1)1 21 21 (2.20)

-~

(k—0)-times I tipmes

Theorem 2.4. LetZ and D be as given in Theorem 2.1. Then the following state-
ments hold.
(1) inf Pr{Z+p € D} =Pr{Z+ py, € D}.
n€lo2

(ii) sup Pr{Z+ p € D} =max{Pr{Z+u12 € D}, Pr{Z — 5 € D}}
rET 12
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Furthermore, if the density of (Zy,...,Zr_1) and D are centrally symmetric,

then
sup Pr{Z+ p € D} =Pr{Z+ p;, € D}.
HET 12
(1i1) lé}‘f Pr{Z + p € D} =Pr{Z + po3 € D}.
A 03
(iv) sup Pr{Z+p e D} = max Pr{Z+ p3(l) € D}.
HET 3 Iigked
Furthermore, if the density of (Zy,... ,Zx_1) and D are centrally symmetric,
then
Pr{Z D} = <« Pr{Z l) € D}.
e o B S T B AR

Proof. By Theorem 1.2 in Section 1.2 it is sufficient to show that po; > p holds for
every u € I'gj (7 = 2,3), that at least one of p12 < p and —p1, < p holds for every
p € T2 and that at least one of py3(l) <, | =1,... %k — 1, holds for every p € I'y3.

(1) For any nonzero pu € Ty, let max;<i<k || = 7(< 8) and v = (6/7)u. Then we
see v > p and v € Tgy, where 111ax1§i§k|—z/i_| = 6. Clearly, for { = 1,... ,[k/2] we have

! !
v SI6=) poary  and Y wigy > 16

=1l

M-

—

1

Also, since [ > [k/:

SV

] + 1 implies k — I < k/2, we have for [ = [k/2] +1,... k-1

l Nl l

Z i} =— Z Vik—i+1]) S (k=1)6 = Z/~‘o2[i]-

This implies v < poy. Thus g < g2 holds for every p € T'yz (note 0 < peg2).

(11) As in the proof of (1), for every p € I'y, there exists v € I'j5 such that v < g and
max<i<k |vi| = 6. If vp) = 6, then py < v follows from (—6/(k—1),... ,=6/(k—1)) <
(1/[2],... Y V[k])- If Yk = —6, then —pyo < v. Hence, for every pu € I'j5 at least one of
M2 < p and — 12 < p hold. The second assertion is easily shown from the symmetry
condition.

(111) For any nonzero pu € I'g3 let Zle |pil = 7(<éd)and v = (6/7)p. Then we see v €
I'p3 such that v > p and Zle |vi] = 6. Hence we have ) ;¢ vi = 6/2 and 3, pjc vi =
—6/2, where M = {j | v; > 0}. This implies v < pg3. Thus p < po3 holds for every
p € Los.

(1v) As in the proof of (i), for every pu € I'y3 there exists v € I'y3 such that v <

p and Zle lvi| = 6. Let | denote the number of negative components of v. Then
w13(l) < p follows from Zfz_ll vy = _Zfzk—1+1 v = 6/2. Hence, at least one of
pmis(l) < p,l =1,...,k —1, holds for every p € I')3. The second assertion is easily
shown from py3(1) = —ps(k = 10),1=1,... ,k = 1. O

Remark 2.3. Let V be as given in Corollary 2.1 and let u,;(z = 0,1,5 = 1,2,3)
denote the least favorable configurations for the special parameter sets I';; in Theorems
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2.2, 2.3 and 2.4, respectively. We note that if Z + p and Z + p;; in Theorems 2.2, 2.3
and 2.4 are replaced by (Z + p)/V and (Z + p;)/V, respectively, then all the theorems
remain true.

2.4. Majorization for nonsingular distributions.

Let X,,...,Xt be exchangeable random variables with a joint density f and let D
and © be subsets of R*. The problem is to seek least favorable configurations 82F¢ for
»(0) = Pr{X + 60 € D} on © or parameters 8 and 8* at which ¢ takes a lower and
an upper bound close to its infimum and supremum on @, respectively. In this section
we assume that D is shift invariant. In this case, since D i1s shift invariant, we have

Pr{X+6 D} ="Pr{X+ pu(8) €D}, (2.21)

where X = (X;,...,Xs), w(8) = 6 — 61 and 9 = (1/1«)2:‘21 6;. This fact implies
that the problem on @ is reduced to that on I'(@) = {u(0) | 8 € O}, a subset of Q.
Therefore we can use the results in previous sections to achieve our purpose.

As for least favorable configurations let us consider the following six special parameter
sets

©p; = {0 | dj(0) < ¢} and Oui=10 | dil@)=é);, 5=1 23

where d,(8) = 6] — Oi), d2(0) = max;<i<k |0; — 6| and d3(8) = Zle |6; — 8|. We note
that I'(®;;) =T;; (: =0,1,5 = 1,2, 3), where I';; are given in Section 2.3.

Theorem 2.5. The following statements hold.

(1) If f 18 Schur-concave and D 1s Schur-convez, then (i) and (11) in Theorem 2.1 with
Z, T, u, p™M and p® replaced by X, ©, 6, 8M and 6° holds, where OM and 6°
are defined by (2.1), (2.2) and (2.8) with T replaced by T'(O).

(1) If f 18 logconcave and D 13 Schur-convez, then (2.6) in Theorem 2.2 with Z, T,
and p replaced by X, Oy, and 0 holds. Furthermore, if f and D 13 centrally
symmetric, then (2.7) in Theorem 2.2 with Z, Ty and p replaced by X, O
and 0 holds.

(1) If f 18 centrally symmetric and logconcave and D 138 centrally symmetric and
Schur-convez, then (2.12) in Theorem 2.8 with Z, 'y and p replaced by X, Oy,
and 0 holds.

(iv) If f 18 Schur-concave and D 13 Schur-convez, then (i), (iii) and the first assertions
of (i1) and (iv) in Theorem 2.4 with Z, I';; (2 = 0,1,5 = 2,3) and p replaced by
X, ©;j and 0 hold. Furthermore, if f and D are centrally symmetric, then the
second assertions of (ii) and (iv) in Theorem 2.4 with Z, I';; and p replaced by
X, ©;;(t=0,1,7 =2,3) and 0 hold.
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Proof. The assertion (i) follows from (2.21), Theorem 1.1 in Section 1.2 and Lemma
2.1,

The assertions (ii) and (ii1) are proved by using (5.1) and Theorem 1.1 in a similar
way to Theorems 2.2 and 2.3, respectively.

The assertion (iv) follows from (2.21), Theorem 1.1 and the fact that p;;, ¢ = 0,1,7 =
2,3, defined by (2.17), (2.18), (2.19) and (2.20) are the smallest or the largest in I';;, or
their candidates, as shown in Theorem 2.4. 0O

Remark 2.4.

1. The result (i) of Theorem 2.5 gives majorization inequalities for nonsingular dis-
tributions, which are new results.

The results (i1) and (ii1) of Theorem 2.5 correspond to Theorems 2.1 and 2.2 of
Giani and Finner (1991) and weaken their conditions. In particular, the convexity

N

of D is replaced by the Schur-convexity of D.

3. The results in (iv) of Theorem 2.5 are more general and simpler than those of
Chen, Lam and Xiong (1993, Theorems 1, 2 and the results in Section 2.4) and
Finner and Roters (1993, Theorems 3.1 and 3.2).

Remark 2.5. The majorization inequalities and the least favorable configurations
for Pr{(X+86)/V € D} on the parameter sets ® and ®;; (¢ =0,1,5 = 1,2, 3) are given
by the same parameter vectors as in Theorem 2.5, respectively, where V' is a positive
random variable independent of X.

2.5. Applications to robust testing.

We consider robust testing of k location parameters as some applications of our ma-
jorization methods on hyperplanes.

Let Xi,...,X be exchangeable random variables distributed with a joint density
f(X = 86), where f is Schur-concave. For each parameter 8* = (67,... ,6;) € RF let

J(0) =[—€e+67,0] +€] x - x[—e+6;0; +¢€]

be a k-dimensional interval with the center 8*, where € is a given positive constant. For
each subset @* of R* let

nery= | 5o

6*coO*
We are interested in the following type of testing problems of 6, ... , 6x:
Hy:0 € J(©®]) vs. H;:60¢€ J(O]) (222)
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where @f and ©% are subsets of R*, and J(®%) N J(O%) = ¢. Since each vector 8* i
accompanied by the interval J(6*), the problem (2.22) is regarded as a robust version
of

Hy:0€0; vs. H;:0¢c0O]. (2.23)

Note that when e = 0, the problem (2.22) reduces to the problemn (2.23). We treat the
following four cases of the problem (2.22):

A. on ={0" 16" =65 +al,ac R}, O, ={6"|6" =0} +al,acR).
B. oB = {07 16" =al,a € R}, OIg ={0" [0, -0 >n}, n2=de

C. Oypc=1{6"|0"=al,ac R}, O ={0" |6 —Ofisy > 1=1,... Jhk—1},
n > 2e.

D. O)p={6"|0"=dal,ae R}, O] ={0"] 9[*1] = 9[*2] >n}, n>4e

The set Ofg(= Ofjc = Ofp) is a special case of @F, with 85 = 0, and the null hypothesis
Hy : 0 € J(©OFy) expresses approximate equality of 8;,... ,0;. The sets @f¢ and OF
are subsets of ®]g. Since the problems A, B, C and D are shift invariant, it is natural to
consider the following tests based on a maximal invariant statistics (X; —X,... , Xy —X)

and D(\) :

@X)=0,  Trewdf =X 0 K S e @D, (2.24)

where X = (X,...,Xy), X = (1/k) Zle X; and D() is a Schur-convex set depending
on a real number A. The A usually means a critical point. Let

Zi=(X;i—X)—(6,—-8), i=1,....,k,

where 6 = (1/k) Zle ;. By Theorem 1.3 in Section 1.2 of Chapter 1, Zy,... , Z; satisfy
all the assumptions in Theorem 1.2 of Section 1.2.

For every 8* € R* the maximum size and the minimum power of ¢ on J(8*) are given
by

a(p,0") = sup Egp(X)=1-— inf Pr{Z+pe D(N)},
0cJ(6*) rer(e*)

Blp,0*) = inf Egp(X)=1— sup Pr{Z+ pu ¢ D(N\)},
6cJ(6*) p€T(6*)

where ['(8*) = {u(0) = (6, —6,...,6, —0)| 8 € J(6*)}. The a, and B, in (2.1) with
I' =Ef\8* ) become

- o 2r(k—r
ar(8%) = Y (6 — %) - 2

= (e —
8.8 = 3205 - 07 + 2




Then uM and p? in (2.2) and (2.3) are reduced to

2k —=2r+1)e
k ’

= 2(k—2

9)—H(1‘ kr—i—l)e, o SR

1 e
e PG b b SRR b L R

ue' (6%) = (6 — 67) + r=1....k (2.26)

(0f) —

Let uM(6%) = (1}1(6%),... , 1} (6%)) and p*(8*) = (ui(6*),... ,u3(8%)). By (i) of

Theorem 2.1 we have
a(0,0%) <1 —Pr{Z+ u™(6*) e D(\))}. (2.28)
If Condition 2 holds, then by (ii) of Theorem 2.1
Blp,0%) 21 =Pr{Z + p°(0") € D(N)}. (2.29)

We note that 3,.(0*),r =1, ...,k satisfy Condition 1 and that Condition 2 is expressed
as
4 N 4e | 1
9[1_]—6[7,4_1]2?, 7'—1,...,8—1
(2.30)

4e
9[81 9[r+1] k(r—s+1), r=s,...,k—1.

Problem A. We first note that I'(8}) = I'(®7, ) holds for : = 0,1. Let A, be a real
number such that

1 —Pr{Z+ p™(6:) € D(\a)} = a. (2.31)

Then, by (2.28) the test ¢ based on D(\,) is of level a. If Condition 2 holds, then the
minimum power 3(y, 07) satisfies

B(,67) > 1—Pr{Z + pu'(87) € D(\s)}. (2.32)

We see that uM(63%) < u*(8}) is a sufficient condition for the unbiasedness of . When
Condition 2 with s = k holds, p™(83) < u*(07) if and only if

- N - 4r(k —1r)e
L{(el[] ) (%[q‘%)}Z%, r=1,...,k—1.

Problem B. We assume the additional conditions that f is centrally symmetric and
logconcave, and D is centrally symmetric.
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First we note

* ¢ * Ui

It is clear that I'(®gg,) = Lo; with 6§ = 2¢ and I'(O}g) = I‘;l (the interior of I'y;) with
6 = n/2, where I'y; and I'j; are given by (2.4). Since we treat continuous distributions,
we can identify Fcl)l with T'y;. Let a(p) = SUDge j(@:,) E¢{¢(X)} be the maximum size
of ¢ on J(OF). Then

alp)= sup a(p,0*)=1- inf Pr{Z+ p e D(N)}.
6% €O}, 1€lor

Let A\, be a real number such that

s 1511%1[12/2] Pr{Z + poi(r) € D(A\y)} = a, (2.33)

where po,(r) is given by (2.5) with é = 2e. Then, by Theorem 2.2 ¢ based on D(A,)
is of level a. If Condition 2 holds, then a lower bound for the local minimum power
B(p,8%) of o on J(8*), 8* € OFy, is given by the right hand side of (2.32) with 87 = 6*.
The minimum power 3(¢) of ¢ on J(®]y) is expressed as

Ble) = inf B(p,0%)=1~ sup Pr{Z+p € D(Aa)}.
6" co; neln

Hence, from Theorem 2.3 it follows that
Ble) =1-Pr{Z + p* € D(Xa)},

where
ur=(n/4,0,...,0,—n/4).

Problem C. We assume that f is logconcave.

First we note that the critical point A, of a level a test ¢ is determined by (2.33) in
which minimum ranges over ¢ = 1,... ,k. It is easy to see that every 8* € O} satisfies
Condition 2 with s = k. Hence, from (2.29) it follows that for every 8* € ],

Bp,8%) 2 1~ Pr{Z + pu*(8%) € D(Xa)},

where pu*(6*) is defined by (2.27). Let 6* be a parameter whose components satisfy
9*] - 9[*r+1] =n,r = 1,... ,k — 1. Then we have 8* € @7 (the closure of ®}¢) and

[r

pk(8*) < p*(6*%) for every 6* € ®7c. It is readily checked that

p 1 ¢
pr(0%) = 5(k—2r + 1)y — TE-EThe el k.
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Hence, from Theorem 1.2 in Section 1.2 we obtain
B(e) 2 1—Pr{Z + pu*(8*) € D(Xa)}.

Letting 1™ (0) be given by (2.26) with 8* = 0, we can see g () < u™(0) < uk(é*) for
r=1,...,k and n > 2¢, where po;(7) 1s given by (2.5) with é = 2e. Thus ¢ 1s unbiased
for every D(\,). O

Problem D. We assume that f is logconcave. The critical point A, is the same
with that in problem C. As easily seen, Condition 2 with s = 1 is satisfied for every
0* € ©7. Hence, p'(6*) < p(6*) holds for every 8* € ©}. Let 8* be a parameter

whose components satisfy 9[*1] —-n = 6[*2] =10 == 6[*k]' Then we have 8* € ®%p, and

pn'(6*) < u'(6*) holds for every 8* € ®F, where

Therefore, from (2.29) we obtain

Bp) > 1—Pr{Z+ p'(8*) € D(\a)}.

We can get various tests by changing Schur-convex sets D(A). Let us consider

Di(\) = {x| Y 22<A},  Dy()) ={x|ap — a2 < A}

Let ¢; denote the test (2.24) based on D,;(A),2 = 1,2. Then ¢; denotes a test based on
Zf:l (X; — X)2, and ¢, denotes a test based on the range Xy — Xy When f(x—6) is
a normal density with mean 6 and covariance matrix 021, where I is the k x k identity
matrix and o2 is known, (1/0?) Zf:I(X,- — X)? has the noncentral X2-distribution with
k — 1 degrees of freedom and noncentrality parameter (1/0?) Zf=1(9i — 6)%. Hence we
can easily see that the minimum in (2.33) with D()) is attained by pe;([k/2]). Giani
and Finner (1991) and Chen, Lam and Xiong (1993) showed that under some additional
conditions of f the minimum in (2.33) with D,()) is also attained by po;([k/2]). Also,
let us consider the test @3 based on D3(\) = {x | max;<;<k|z;| < A}. The @3 based
on the statistic max;<;<x |X; — X| is a test for a single outlier (Problem D). A list of
Schur-convex sets D which produce various tests for outliers is given in Section 1.2 of
Chapter 1.
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Finally, let us consider robust testing of location parameters with an unknown scale
parameter. Let X;,...,X; be exchangeable random variables with a joint density
o~ *f((x—8)/0) where f is Schur-concave and ¢ > 0 is unknown. Let V be an estimator
of o independent of X. We wish to test the problems A, B, C and D. To this end it is
natural to use the following tests ¢ based on ((X; — X)/V,...,(Xx = X)/V) and D()):

4X’1 — X ‘X'k = ‘);r

WX, V)=0, 1 if (Fmya, 2

)€, ¢ D(N), (2.34)

where D(\) is Schur-convex. It is easy to see that when Z + p is replaced by (Z +p)/V,
all the results for the problems A, B, C and D are valid.




CHAPTER
3

| Robustness of Rank Tests
for k-Sample Approximate Equality

in the Presence of Gross Errors

The probabilities that k-sample rank statistics take the values in
an arbitrary specified Schur-convex set in R* are considered under a
k-sample local asymptotic gross error model. When the underlying
distributions vary in gross error neighborhoods shrinking at the rate
of n~1/2, lower and upper bounds for limiting values of the proba-
bilities are obtained by using majorization methods on hyperplanes.
'1 These bounds enable us to construct asymptotic level a rank tests for

k-sample approximate equality whose acceptance regions are Schur-
convex sets, and to give lower bounds for their asymptotic minimum
powers. Robustness of rank tests is studied based on the lower bounds
and a measure of asymptotic efficiency is proposed. A number of rank
tests are obtained from various choices of the Schur-convex sets.

3.1. Introduction.

Rieder (1981) extended the classical nonparametric hypotheses of symmetry and
equality of distributions to hypotheses of approximate symmetry and approximate equal-
ity by allowing for gross errors described by e-contamination and total variation neigh-
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borhoods. He investigated asymptotic properties of sequences of one- and two-sample
rank tests in his local framework (Rieder 1978). His results reveal that the classical op-
timum rank tests are sensitive to the deviation from the assumptions of rather stringent
symmetry and equality, and hence their use are dangerous for practical situations where
the deviation may occur.

In this chapter, we shall extend the classical nonparametric hypotheses of k-sample
equality to hypotheses of k-sample approximate equality in Rieder’s (1981) way, and ex-
plore asymptotic properties of sequences of rank tests under a k-sample local asymptotic
gross errors model. Because we have to treat k gross error neighborhoods simultane-
ously, there arise some difficulties unlike one- and two-sample cases such as asymptotic
maximum sizes and minimum powers of k sample rank tests are not obtained. To cope
with these difficulties, we shall try to apply the majorization methods on hyperplanes in
Section 2.2 of Chapter 2. In these applications it is seen that the majorization methods
are quite effectively utilized for constructing asymptotic level a rank tests and giving the
lower bounds for thier asymptotic minimum powers. Based on these bounds we shall con-
sider robustness of rank tests and propose a measure of asymptotic efficiency (=ARE*).
The consideration shows that ARE* is similar to asymptotic relative efficiency in one-
and two-sample cases and rank tests with truncated scores are recommendable for prac-
tical use. We should point out that new ideas and devices of majorization developed
in this paper are essential for overcoming some peculiar difficulties arising in k-sample
case.

In section 3.2 we shall present a k-sample asymptotic model. The gross error neigh-
borhoods described in terms of e-contamination and total variation shrink at the rate of
n~'/2. It is shown that the limiting multivariate normal distribution of k-sample rank
statistics is determined by the limit of centering vectors.

In section 3.3 we shall obtain the limiting values of probabilities that k-sample rank
statistics take the values in an arbitrarily specified Schur-convex set in R* under the
asymptotic model. We wish to get a lower and an upper bounds for the limiting prob-
abilities when the underlying distributions range over gross error neighborhoods. It is
seen from Theorem 1.2 (Kimura and Kakiuchi, 1989) in Section 1.2 of Chapter 1 that
the limiting probability is Schur-concave in the limiting centering vector. Therefore, the
problem is to seek a vector (a smaller one is better) majorizing the set of all the limits
of centering vectors and a vector (a larger one is better) majorized by the set. To this
end, we shall apply the majorization methods on hyperplanes in Section 2.2.

In section 3.4 we shall formulate asymptotic testing problems of k-sample approximate
equality and consider rank tests whose acceptance regions are Schur-convex. A number
of rank tests are obtained from various choices of the Schur-convex sets. The use of the
results in Section 3 enables us to construct asymptotic level a rank tests and to get lower
bounds for their asymptotic minimum powers. Based on these lower bounds we shall
study robustness of rank tests which includes ARE*. The consideration shows that the
results similar to one- and two-sample cases are derived and rank tests with truncated

scores are recommendable.
The Appendix presents the proofs of Lemmas 3.1 and 3.2.




3.2. Framework of asymptotic study.

Let X;1,...,X;, beindependent random variables distributed with continuous distri-
bution functions G;1(z),... ,Gin(x) for 2 = 1,... , k, respectively. Let R;; be the rank
of X;; among all N(= kn) random variables X;;, Xi9,... , Xin.

We consider the following k-sample rank statistics

n

1
i == ij ) B ety B L |
Tyi=—Y an(Ry), i (3.1)

, =

where the scores an(r) are generated by a function a : (0,1) — (—o0, 400) in either one

of the two ways,
-

, ~=1,...,N,
N+1) 7 (3.2)

an(r) = E(a(U{"), r=1,....N,

an(r) = a(

where l'fl(vr) denotes the r-th order statistic in a random sample of size N from the
uniform distribution on (0,1). The scores generating function a is assumed to satisfy
the following conditions throughout this chapter:

(1) a is nondecreasing and nonconstant, absolutely continuous inside (0, 1) and

1
/ t1/2(1 — t)}/? da(t) < oo.
0

(i1) «a is Lipschitz bounded of order 1 on [tg,1 — t¢], concave on (0, ty) and convex on
(1 —tg,1) for some ty € (0,1/2].

Let { Fp | 6 € ®} be a parametric family of continuous distribution functions, whose
parameter space © is a subset of R and contains zero in its interior, and which satisfies
the following conditions:

(1) Fy is absolutely continuous with respect to Fy for every 6 € ©.
(i1) There exists a function A € Ly(dFy) such that

1/2
-1 1
g 7 —>5A in Lo(dFy) as 6 —0, (3.3)

where fg denotes the density of Fy with respect to Fj.

Let M. denote the set of all continuous distribution functions on R, and let

G(z)

G(z)

(1 —€e)Fg(x) +€e+68) A1, (3.4)
(1 - e)Fo(x) - )™, (3.5)
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where aA1l = min(a, 1), t+ = max (0,¢) and € > 0 and § > 0 are such that e+6 > 0. The
following gross error neighborhood P(6; ¢, 6) of Fy is a generalization of e-contamination
and total variation neighborhoods:

P(;e,6) = {G € M| G(z) < G(z) < G(z) for every z € [—00, +00] }.

Let a probability measure G be identified with its distribution function, that is,

G(z) = G((—o0,z]). The symbol @ j=1 Gij stands for the stochastic product

of G11,G12, ..., Gin, which denotes the joint distribution of X1, Xi2,... , Xkn, and we
put

Wy = ®f:l ®Jn'=1 Gij'

The k-sample local asymptotic gross error neighhorhood PN)(8,,;¢€,,6,) shrinking at
order n™1/2 is defined by

P (0,;6n:65) = { Wi | Gij € P(Onii€n,6n), t=1,... k5 =1,... ,n},
where 0,, = (6n1,... ,0nk), €, and 6, are given by
O =n" %0, 1=1,... SR g = n~% &, =n"12%,

for all positive integers n and 6; € ©.

Let us define

+oo

KN =/ a(GN(CL‘))dGm(I), = 1,... ,k, (36)
1

Aiz/ (a(t)—&)th, (3.7)
0

where
1 1
Gmm—;;Gu(z), G(@) = 3 Goo), a=/0 () dt

The following theorem of asymptotic normality of k-sample rank statistics under
Wy € P(N)(Gn; €n,0n) 1s basic.

Theorem 3.1. For every Wy € PWN)(0,: €, 6,), the statistics

n'/*(Tny — pn1, -, TNk — fNk)/Aa
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has the limiting normal distribution with mean vector zero and covariance matrizc ¥ =

(0i5), where
k-1 o L
_ t=7="..1.%
k (3.8)

i #Gi6i=1...,k

Oij =

1
k’

Proof. For every Gij € P(bin;€,6n) and Gpi € P(Ohn;€,6,), t,h =1,... ,k; 5,1 =
1,...,n, we have
limsup n'/?sup | Gylw)—Eafla) |€ =o.

n—oo

By Theorem 2.4 of Hajéck (1968) and Theorem 1 of Hoeffding (1973) (also see Corollary
2.5.3 and Theorem 2.6.1 in Puri and Sen, 1985) it is easy to see that for every nonzero A =
(M,..., )" and for every Wy € P(0;€,,6,) the distribution of n'/? Z:.c:l Ai(Tn; —
inNi)/ A, converges in law to the normal distribution with mean zero and variance A’ .
This implies that the theorem holds. O

We are interested in the class of all asymptotic distributions of the statistics
nM?(Tyy —@,... ,Tnk — @)/ Aq (3.9)
when Wy ranges over PN (8,.: €n,6,). By noting that

711/2(TN1 —a,... ,I'nk —(-1)/‘40
= nM% Ty = vty Tvg = pine)fAe + 02 (ury = 8y .o,k — 8)/ A,

we obtain from Theorem 3.1 that the asymptotic distribution of (3.9) entirely depends
on the limiting vector of

711/2(#1\/1 AR NS EL)/Aa
under Wy € PIN)(8,,;¢,,6,). Hence, we let

Q(0) ={ lim n1/2(,uN1 —@,...,unk—8) | Wy € PN)(0,;€,,6,),n=1,2,...},

and we wish to seek the smallest of all vectors majorizing ©(6) and the largest of all
vectors majorized by §2(8) in the sense of majorization preorder. Since z:;l pni = ka,
we have Q(0) C Q , where €2 is the & — 1 dimensional hyperplane :.e.,
k
Q = {I_], :(/.[,1,... ’ll,k) 6 Rk I Z'uz :O}

=l
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Hence, to obtain such the smallest and the the largest vectors, we can make use of
majorization methods on hyperplanes in Section 2.2 of Chapter 2.

3.3. Majorization inequalities for k-sample rank statistics.

Let J(m) be the family of all subsets of the set J = {1,---,k} consisting of m
elements and let A(m) € J(m). We put

k— -
M) %t 4 ngn,J_A(m)(Gn;(m)(t)), 0<t <1, (3.10)
where
N i )

G == i 3

n,A(m)(l) 3 Z Cnl(‘r)» (3 11)
t€A(m)
1l
Gn,J—A(m)(I) - k—m Z Gni(-r)a (312)
1€J—A(m)

Gni(z) = ((1 — €n)Fa, (2) — 62) " + (€n + 6n)Asoc(2), (3.13)
Gnl(l): ((1_€n)F9n,($)+€n+6n)A1» (314)

for any ¢ € [—00,4+00] and ¢ = 1,... ,k, and Ao (z) has the point mass 1 at z = +oo0.
We obtain the following two lemmas. Their proofs are given in Appendix.

Lemma 3.1. [t holds that

1
sup { Z un: | W € P(N)(On; Gy B i} = m/ a(R,(t)) dt.
i€EA(m) -

Lemma 3.2. [t holds that

(i) lim 711/2sup{ Z (,LLN,'—d)|WN€77(N)(9n§€m5n)}
1€EA(m)

=3 (®-9 / A ®)at dt + "E (4 26)(a(1) - a(0).

1€EA(m)
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(i) lim n'2inf { Y (uni—a)| Wy € PN (85 €n,80))
1€EA(m)

= 3 -0 [ A - " ek 26)(a(1) - al0),

1€A(m)
where a(0) = a(+0), a(1l) = a(l —0) aend 6 = ¢ Zle B

When a is unbounded, §2(8) is not bounded. Therefore, we assume that a is bounded,
and use majorization methods on hyperplanes in Section 2.2 of Chapter 2.

Let us define o; and 8;, 1 =1,... ,k, by

B o B . ik —1i)
‘“—ZWUJ—O)/O A(FyY (1)) a(t) dt — = (e +26)(a(1) — a(0)), (3.15)

j=1
" L LI i(k — i)
B; = Z(em - 6)/ A(Fy ' (t))a(t) dt + - (e +26)(a(1) — a(0)), (3.16)
j=1 0
where 9[1] > -+ > 0) denote the components of 8 in decreasing order. Also, let nM(6)
and p3(6), s =1,... ,k, be defined by
pa'(0) = (B~ Po, B2 — Br,... , Bk — Br-1),
Qg Qg
[1,2(0) = ((11 — XDy v ,as—as_l,—k_s,... ’—k‘—s).

Let uM(6) and p2,(8) denote the i-th components of M (8) and p(8), respectively.
Then we have

WM (8) = (6 — 0) / AFS () alr) dt

(k= 2i + 1)(e + 26)(a(1) — a(0)), i=1,...,k (3.17)

?**lr—*

(B — 8) [y A(FS'(1))a(t) dt

1
—E(k — 2+ 1)(e +268)(a(l) —a(0)), i=1,...,s
pai(0) = I (3.18)
ol 5 ‘Z] 105 = fo A(Fg(1))a(t) dt
+E(e—+—26)(a(1)—a(0)), t=s+1,...,k
According to Lemmas 2.1 and 2.2 in Section 2.2, u(0) and u2(6) are the smallest
of all parameters majorizing §2(6) and the largest of all parameters majorized by §2(8),
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respectively, if Conditions 1 and 2 in Section 2.2 are satisfied. The following condition
corresponds to Condition 2.

Condition I(s):

(61 = Bpizn) fy A(Fy'(2))a(t) dt
2 ) .
—r(e+26)(a(1) —a(0)) 20, i=1....,s-1,
(8(s) = Opix1)) Jy A(F5'(2))a(t) dt

—%(i—s+1)(e+26)(a(1) —a(0)) >0, i=s,..., k=1

where s (1 < s < k) is some fixed integer.

This condition I(s) implies that fol A(FO_I(t))a(t)dt > 0. Hence, Condition 1 is satis-
fied whenever Condition I(s) holds.

Theorem 3.2. Let D C R* be a Schur-convez set and let {D,} be a sequence of
subsets of RY converging to D as n — oco. Let a random vector Z = (Zy,...,Z;) sat-

18fying Zle Z; = 0 have the normal distribution with mean vector zero and covariance
matriz ¥ given by (2.8). If —oo < a(0) < a(1l) < o0, then it holds that

(i) for every Wy € PWN)(8,;€n,6,),

lim Pr{n'/*(Tny —a,... ,Tnix — @)/Aq € Dy} > Pr{Z + uM(6)/4, € D},

(i) if Condition I(s) are satisfied, then for every Wy € PN (0,: €, 64)

lim Pr{n'%*(Tn, —a,... ,Tni — @)/Aq € Dy} < Pr{Z + p3(8)/A, € D},

where pM(6) and ps(0) are given by (3.17) and (3.18), respectively.
Proof. Let Wy € PN)(0,,:¢,,6,). Then it follows from Theorem 3.1 that

lim Pr{n'*(Tn1 —a,...,Tnk — @)/4s € Dy}

n—00

= lm Pr{n,l/Q(TNl — UN1y--- s INE — UNK)/Aa

n—oo

+711/2(;LN1 —a,...,ptn1 —a)/A, € D,}
=Pr{Z+ (t1,... ,ur)/As € D},

where Z has normal distribution with mean vector 0 and covariance matrix X, and
pi = limp—oon!/?(uni —a), i = 1,... k. Since Z,,...,2Z; are exchangeable with
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Zle Z; =0and (Z;,...,Zr_1) has a Schur-concave density (see Marshall and Olkin,
1979, page 300), it follows from Theorem 1.2 in Section 1.2 of Chapter 1 that Pr{Z +
(ft1, ... ,px)/Aqa € D} is the Schur-concave function of (py,... ,ux). Hence, from The-
orem 2.1 in Section 2.2 of Chapter 2 we obtain the theorem. )

3.4. Asymptotic testing problems for k-sample approximate equality.

Let 7 € (0,400) be a constant satisfying

€+ 26

T

0<

< /A+ dFy (3.19)

for given constants € > 0 and 6 > 0 such that e+ 6 > 0. Here we note that 0[1] — G[k] >
implies that

p(enz‘; enaén) N p(enj; €n, 671) o QS

holds for at least one pair (z, 7) and sufficiently large n, which is an asymptotic disjoint-
ness condition (see Rieder, 1978). For each 8 € R*, let

W)= {(Wn)| Wy e PN (0, €6,,6,) forn=1,2,...}.

For some specified constant £, > 0 let us consider two special parameter sets:
Q) ={6| 0) — Ox) < &) and ©, is asubset of {8 | Oy — Oy > &0 + 7}

We are interested in the following asymptotic testing problem:

Ho : (Wyn)e [ W) vs. H, : (Wy)e | w(o). (3.20)
6€0, 6€0O,
When £ = 0, we have ©®g = Of = {0 | 6, = --- = 6;}. Hence the null hypothesis

H, expresses an asymptotic approximate equality of k samples. Also, when & > 0, Hy
represents an extended asymptotic approximate equality of & samples.

For the problem (3.20) we consider the following sequences (¢x ,) of k-sample rank
tests based on Tn1,. .., Tnx and Schur-convex sets D(Ay ,) € R*:

eNa(TN1y.-. ,Tnk) =0, 1 if n%(Tny —G,... ,Tnk —a)/Ae €, ¢ D(AN.a). (3.21)

The Ay, usually means critical values of ¢ ,. The maximum size a, (¢ N q;6) and the
minimum power Bn(¢¥n,q;80) of o N, at each 8 € @y and 6 € O, are defined by

an(‘roN,a;o) = sup {EWN(‘PN,a) l WN € 7)(N)(en;fna 671)}7
ﬁn((roN,aQO) = inf{EWN(‘PN,a) ’ Wy € P(N)(Orﬁ 6naén)}'
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By investigating limiting values of a,(¢nN,q; ) and Br(¢ N ¢;0) we can construct asymp-
totic level a rank tests (pn o) and evaluate their asymptotic minimum powers.

3.4.1. Determining critical values.

By the definition of (¢n ) and (i) of Theorem 3.2, we can immediately obtain the
following lemma.

Lemma 3.3. If ANa — Aq and D(An,.) — D(X,) as n — oo, then for every
0 € ®g it holds that

hm a,(¢nq;80) <1—Pr{Z+puM(0)/A, € D(\.)}, (3.22)

n—oo

where Z and pM(8) are given in Theorem 3.2.

When £, = 0, we have

im an(¢ne;8) <1—-Pr{Z+ p;/A, € D(A.)},

where p* = (pky,... , 1) = pM(0) is given by

% ey T

Hai = Tk =204 1)(e +28)(a(1) — a(0)), i=1,....k. (3.23)

Also, when & > 0, by Theorem 2.2 in Section 2.3 of Chapter 2 we have

inf Pr{Z+ uM(@)/4, € D))} = min Pr{Z+ uM(80(1))/4. € D(\.)},

6€0, 1<I<k—1
where
(k= 1)é (k=D& & 1€y
Nl =2 . o2 2 = N=1. e 8= 1
00( ) ( k 9 9 A ) k ) ) ]\ ) ) 1
l-times (k=1)-times
Hence

lim sup an(pne;d)<1— min Pr {Z +uM(8,(1))/A, € D().)}-
n—o0 9@, 1<I<k—1

For a € (0,1) let Ay o be determined by

1 —-Pr{Z+ pi/As € D(Xa.)} = a, when £ =0 (3.24)
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1- l<11n<i’1c1 1 Pr{z + puM(60(1))/Ae € D(Xa,a)} = @, when & > 0. (3.25)

The following theorem shows that an asymptotic level a rank test (¢ n,q) for the problem
(3.20) can be constructed by (3.24) and (3.25).

Theorem 3.3. Let (pn,a) be the sequences of (3.21) with the values An o satisfying
lims 0o AN,a = Ng,q @nd limpseo D(An,a) = D(Naa); where Aq,o 18 given by (9.24) or
(3.25) according as £ = 0 or €y > 0. Then it holds that

lim sup an(pn,e;8) < a.
n—oo eeeo

The asymptotic critical value Ay, in (3.24) is independent of F because p)/A, is
independent of Fj. This means the asymptotic distribution freeness of (¢ o) With Ay 4
in (3.24). On the other hand, M (6¢(1))/A, depends on F, and hence we can determine
Aa,a 10 (3.25) only when Fj is known.

4.2. Evaluating asymptotic minimum powers.

Let ®° be the set of all 8 satisfying Condition I(s). Clearly, we have ®! > ©%... >
@*. The following lemma is an immediate consequence of (ii) of Theorem 3.2, which
gives a lower bound for the asymptotic minimum power of (¢n ) at every 8 € ©; N O°.

Lemma 3.4. Let (pn,q) be as given in Theorem 3.3. Then, for every 8 € ©; N OF
it holds that

lim Bp(¢nN,e;0)=>1—-Pr {Z +pn(0)/A, € D()\a,a)}, (3.26)

where p3(0) 18 given by (9.18).

Now we consider the following condition

y 2 26
/ A(F;())a(t)dt > Zn(a(l) —a(0)); ) = s ) (3:2)
" ; T
For each s (1 < s < k) let ®F, be the set of all 8 satisfying
O — Gy > = §=
(2] [i+1] _T,. =l ,ls.. 1 (3.28)
9[3]—9[i+112(2+1—3)ﬂ U =255 wlEs
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We note that @7, D ©], D --- D OF,. Then the following lemma is obvious.

Lemma 3.5. If the condition (3.27) s satisfied, then ©° = ©OF, holds for each
8= L. .5 ok

In what follows, we treat asymptotic level a rank tests (¢n o) in case of @y = OF
and @, = {0 | 6;) — 0}y > 7} and investigate their asymptotic minimum powers on the

subset OF, of ©;. Let pud* = (u3%,... ,p13%) be defined by
1
(k =20+ 1){ g/ A(FO_I(t))a(t) dt
= Jo
‘)
_(E +]\.H6 (a(1) — a(O))}» P Jp . up 8
Hai = a0 | (3.29)
~s{5 [ A ®)att)a
0
26
_(6: )(0(1)—(1(0))}, i=s41, ...k

Theorem 3.4. Let (on,q) be the sequences of (3.21) with the values Ay, satisfying
lim, oo AN,a = Aa,e end lim, oo D(An,o) = D(Aq.,0), where Ay o 18 given by (8.24). If
the condition (8.27) s satisfied, then 1t holds that

lim oie%f Bl ¥ a78).21 — Pt {Z Fpt A, € D(/\o,,a)}. (3.30)
n—oo Ie
Proof. Let 6; be a parameter such that 6j; — 6;1;) = 7,1 = 1,...,5 — 1, and

O — biv1) = (¢ +1—35)r, i =3,... ,k— 1. Then it is easy to see that p* = p3(8;) <
p3(8) holds for every 8 € ®F, where pu3(8) is given by (3.18). Hence, the thorem follows
from Theorem 1.2 in Section 1.2 and Lemma 3.4. O

Now let us consider the following stronger condition than (3.27).

1
/0 A(Fy'())al(t)dt > %n(a(l) —a(0)). (3.31)

Then we can obtain the following theorem which states the asymptotic unbiasedness of
(@N,e) for the problem (3.20) with ®¢ = ©§ and ©, = OF,.

Theorem 3.5. Let (pn,q) be as given in Theorem 8.4. If the condition (3.81) s
satisfied, then it holds that

li by B ;0) > a.
im élé;kﬂ(soN,a ) >«

n—oo @
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Proof. By (3.24) and Theorem 3.4 it is sufficient to show that u** = u* holds,
where pX* is given by (3.29) with s = k. It is easy to see that u** = p* is equivalent to
the condition (3.31). ]

3.4.3. Robustness of k-sample rank tests.

For the problem (3.20) with ®y = O and ©; = O], we consider to find a scores
generating function a which makes the righthand side of (3.30) with s = k as large as
possible.

Without loss of generality, we assume that fol a(t)dt = 0. Let us define a truncated
scores generating function a* by

a*(t) =do V A(F; (1)) Ady, (3.32)
where truncation points dy and d; are real numbers determined by

/ (do — AFF ) dt = Eg = / (AE (@) - di)* (3.33)
0 k 0

It follows from the disjointness condition (3.19) that dy and d; uniquely exist for £ > 4.
Clearly, dy and d; are decreasing and increasing in k, respectively. When k£ = 3, we may
not have the solutions dy and d; of the equation (3.33) for given valuesn = (e+26)/7. In
this case, to get do and d; wehave to take a larger value 7 such that 0 < 4n/3 < [ AT dFy.
Moreover, to guarantee that the conditions (i) and (ii) of scores generating function in
Section 3.2 are satisfied by this a*, we assume the conditions (5.12) and (5.13) in Rieder

(1981).

Lemma 3.6. For any scores generating function a it holds that

pir —pr  pkr— .
< .
A, '

Proof. We note that the i-th component of the vector (u** — u*)/A, is

(k—2i+1)%{/0 A(Fo—l(t))a(t)dt—%n(au)-a(O))}/Aa.
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It follows from (3.32) that

1
/ A(F;'(1))a(t) dt

JO

1 1
:/ a(t)a*(t)dt—i—/ a(t)(A(Fy ' (t) — a*(t)) dt

J O

1 1
s/uAm+aup/(MEﬂU»—dJ*m—aw)/<%—nuﬂ”u»ﬁdt

0 JO

Hence, from (3.33) we obtain for any scores generating function a

1
{/0 A(Fo_l(t))a(t)dt—%n(a(l)—a(O))}/Aa

4

1
¥ a(O){/ (do — A(FO_I(t)))+dt - E?]}/Aa
" ;

= Ao

We can easily see that the i-th component of the vector (pufr — p*.)/A.- is (k — 2 +

3
1)§Aa', which completes the proof of the lemma. O

The righthand side of (3.30) with s = k is written as
1—Pr{Z + p}; /A0 + (b5 — p3)/Aa € D(Aaa)}- (3.34)

The directions of vectors p? and ph* — p* are the same if (3.31) is satisfied and the
sums of their components are zero. As the size condition (3.24) holds for every scores
generating function a, we can regard the magnitude ||(p** — p*) /A, || of the vector (puX* —

p*)/A, as a measure of the magnitude of the lower bound (3.24), where ||x]|> = Zle .
As ||x]|? is a Schur-convex function of x, Lemma 3.6 implies that a* is recomendable.
Therefore, under the condition (3.31), as a measure of asymptotic efficiency of (¢ n,q)

relative to (¢n 4+ ), We propose the following quantity

‘ 2

k* *
* Ko — “‘a) ‘4ﬂv
ARE (pva) £ (o)) = fofis =S5 2

2"

This definition of ARE* is based on the lower bounds of asymptotic minimum powers
and it is different from that of the classical Pitman-Noether efficiency.
Note that

1
A2, =/0 A(F;N(8))a*(t) dt — %77(0,*(1)—0*(0))
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holds by (3.32) and (3.33). Then we have the following theorem.

Theorem 3.6. If the condition (3.51) 18 satisfied, then

2

4
{3 ACFy ' (t))a(t) dt — 1(a(1) — a(0)) }
A2 A2,

ARE*((QPN.(L) : (SQN,H‘ )> =

Examples. Let us consider normal distributions with a location parameter 6 such
that Fp(z) = &(z — ) for 6, x € [—o0, +00]. It follows from (3.19) that 0 < n < 1/v/2m.
The truncated normal scores rank tests (¢n o+ ) are given by the scores generating func-

tion
a*(t) = (=dy) Ve '(t) A d,

where d; is uniquely determined by the equation

o) —di(1-8(dy)) = 0, 0< 7w S 1V

k’?»
because the righthand side of the above equation is decreasing in d;. Then the condition
(3.31) 1s written by 2®(d;) — 1 > %77(11, which is satisfied by all nonnegative d,. We
note that A%, = 2®(d;) -1 — %77(11.
Wilcoxon type scores rank tests (¢n q) are based on the scores generating function
a(t) = 2t — 1. In this case, it is easily seen that the condition (3.31) is %77 <1/2\/x.
From Theorem 3.6 it follows that

(v3/77—428\/§77/k) ’ 0< 2

| W~

ARE*((¢n,a) : (¢N,ar)) = n<1/2ym (3.39)

>~

4 . = = &
Let Eﬁ = p(d) — d(1 — ®(d)), where d is the unique solution of d = /7(2®(d) — 1).

4 . : : . . .
As =1 — 1/2y/m, the ARE* first increases until n = 7, it attains a unique maximum

k A
of value (3/d)(1/\/m — 8)/k) at n = 7 and then it tends decreasingly to 0. The ARE*

in (3.35) corresponds to ARE, for one-sample in Rieder (1981, page 261), that is,
4
the former 1s obtained by replacing n with 7 in the latter. This suggests that ARE*

can be regarded as k-sample version of ARE, . As a numerical example, we have

s 4
d = 1.56336, —n = 0.02533 and then ARE* = 0.985450.

We note that our ARE* is valid for any Schur-convex set D. By changing Schur-convex
sets D we can get various tests with the scores generating function a* . The followings
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are important examples of D for the problem (3.20) with @y = ®f and ®, = OF,.
k
Di(\)={x|> 22<)},  Dy())={x|ay —ap <A}
1=1

The tests (3.21) based on D;(As,),2 = 1,2, are based on the statistics Zle(TNi —
a)? and the range Tnpy) — Ty, where Tip;) denotes the i-th largest statistic among
Tniy--- s INnk. A list of Schur-convex sets D which produce various tests for outliers is
given in Section 1.3 of Chapter 1.

We have argued that a* is recommendable in case of @y = ©F and ®; = OF,. The
scores generating function a¢* seems to be also recommendable for general ®¢ and ;.
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Appendix

1. Proof of Lemma 3.1.

Let
1
Cn A(m) Z Cnl(x and Gn,J—A(m)(‘T) = = ‘ Z G"](l‘)v
zEA (m) JEJ—A(m)
where G,;(z) = 1 Z] 1 Gij(z). Then we see that
+ oo
m k—m )
Z IN: = 771/ G(IGH,A(W)(Q:) Sl TGH J - 4(m)( )) dGn,A(m)(I)
i€EA(m) =52 '

1 b —
= 771/ a(%t+ Tm"CnJ A m)(G;A m)( )))dt
0 ;

Also we see that

=l

G, A(m)( ) £ Gy am)(1) for all t € (0,1),

G g-am(®) =G

"3 f}l

Ly — A(m)( ) for all z € [—oo’ +OO]

where Gy, a(m)(z) and G, j—a(m)(a) are given by (3.11) and (3.12), respectively. Since
a is increasing function, it follows that

1 5 o k—m p ]
= 3 /vLN«'S/ a( Tt + ——Gu 1 am)(Graom (1)) dt (A1)

m 0
1€EA(m)

= /1 a(K,(t)) dt.

0

Let

=~ 1 . 1
G b, a(m)(T) = = Z Grip,(2) and  Gupy-am)(z) = — Z Grjb; (),
i€A(m) J€J=A(m)
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where

Gni,b-‘(x) = ((1 — el (2) — 5")+ + (€n + 6")/\(bi»bi+l)(‘r)’
Grijb; (2) = ((1 — €n)Fo,; () + (€n + 6n)A(—p; —1,-5,)(z)) A 1

and A(,4) denotes Lebesgue measure on (a,b). The G, a(m)(z) and G, 4 J—a(m)(T)

denote continuous distribution functions approximating Gn,A(m)(:c) ad G, J- Ay (2]
Then we shall show that the righthand side of (A.1) can be approximated arbitrarily

close by
e

1 m k—m
/ a(?t + TGn,b,J—A(m) (Gn,b,A(m)(t))) dt.
5 , :

Assume that h; > 0 are so large and satisfy

(1 —€n)Fp,,(—=bi) =6, <0 and (1—e€,)Fy,(bi)+e+6n > 1.

Let

b= mjgk (e e — C_?n,b,A(m)(—lA)) and t; = én,b,A(m)(b).

Then b — 400 implies t; — 0 and t3 —» 1 — (€, + 6,,). We see that

~

Gn,b,A(m)(l') for every x € (—o0, b],
Gn,J—A(m)(I) = Gn,b,J—A(m)(x) for every z € [—E),-Foo).
Hence,

——1

: ; ' m k—m
/ a(K (1)) dt—/ a(f“r Tgn,b,J—A(m)(Gn,b,A(m)(t)))dt
0 0 ' '

t m k—m _—1 :
2/0 {G(FML TGn,J—A(m)(Gn,A(m)(t))> (A.2)
m k—m -

= a(—k—t aF Tgn’b,\]_/‘(m)(GniA(m)(t))> } dt

1

! m k—m ==
4 ) {a(?t - TGn,J—A(m)(Gn,A(m)(t)))
m k—m ——1
= a(rt aF TGn,J—A(m) (Gn,b,A(m)(t)))} dt.

i, |
Since 0 < G, 4 J— A(m)(Cn A(m)( B =< Gn - A(m)(CnA m)( )) for every t € (0,1,), it
follows that the first integral of (A.2) is nonnegative and it is bounded from above by

= m

i k—m =
/ {a(_t + k G"»J“A(m)(Gn,A(m)(t))) Sy (L _t)} dt

nJ A(m)( b) k. Ttl

” m/ a(tydt —— [ a(t)dt. (A.3)

nJ A(m)( b) o 0
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Noting a € La(dt) and t; — 0 as b=> +o00, we obtain from the dominated convergence
theorem that the righthand side of (A.3) converges to 0 as b — +oo.

Since G, , a(m)(t) < G, a(m)(t) for every t € (f2,1), the second integral of (A.2) is
nonnegative and it is bounded from above by

/11 {a<%t 4 k—_kTGn,J—A(m)(é;,lA(m)(t))) = a(ft + : _km G J—A(m) (i’)> } dt
2

< /,:{a(%w - ) -e(Ft+ L_Tmc’" s-amB) )

k . k % + Gn J=A(r :,1”’)
ol = a(t)dt — — a(t) dt.

t?+—k_ m

B+ 522 Gy m a(m)(B)

This upper bound converges to 0 as b — 400 because a € La(dt),and ta — 1 —(€n + 6p)
and G, j_ Am)(b)—>1 as b — +o00.

Therefore, (A.2) converges to 0 as b — +o0, which completes the proof of the lemma.
O

2. Proof of Lemma 3.2.

In order to prove the assertion (i), from Lemma 3.1 it is suflicient to show that

1
lim 711/2/ {a(K,(t)) —a(t)} dt
0

n-—00

1 . ' B—n
=2 (9,»-9)/0 A () alt) dt 4+~

i€EA(m)

(e426)(a(l) —a(0)). (A.4)

The assertion (ii) readily follows from the assertion (i) and th fact that

inf{ Y (tni— @) | Wn € P(8; n, 6n))
tEA(m)

= —sup { Z (unj—a) | Wn € P(8ni€n,bn)}.
JEJ—A(m)

In order to show (A.4) we verify the following (A.5) and (A.6):

sup |Kn(t) — t| = O(n~'/?) (A.5)
()2l

sup  |RKn(t)—t — Ba(t)| = o(n~1/?) (A.6)
a, <t<l—a
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where I,(t) is given by (3.10),

1 ~ ! k — i ~ .
Balt) = = 3 (Bui— ) [ AR ) dst T (en + 200), By =070,
1€EA(m) 0

- o
20 ( ERe— )
(473 n,A(m) 1??3)1 9""( 1-— fn,) ’

= ) 1 —€, =0
= 1= G (9, Fal (=2 ).
=0 n

4 :
Since G, 4(m)(t) is continuous for 0 <t < 1 — (en + 65), it follows that

k—m ey o =

Ky(t)—t = : {Gr,g—am) (G am) (1)) = G a(m) (G agmy (1))},
-

= L Z Z Gn] nA(m)( )) Gni(én,/l(m)(t))}

km
JEJ—A(m)i€EA(m)

for 0 <t<1-—(e,+ 6n). Noting that

Gj(z) — Gri(a)

on
(1 —en)Fy,;(z) + €n + 6n, r < Fp (i)
6n it ]- n"—én
_ ) =) (Fay ey - Pl +ea 42, ) Ses RIETET)
iy b=y =
1— ((1—€n)Fy,;(z) = 6,), Fy T )<z < 400
0, T = +o00

we see that

2 1 R
sup |Knp(t) —t| < o Z Z {(1—€n)Fs,, ((m 1<?Sxk anl(1 = ) + €n + 60}

0<t<an JEI—A(m) i€EA(m)

We note that

=
~—

Filt- | = F; ) < Fr'(8) S Fj'(e+ ||y = F5 ), (A

where || F; — F; || denotes supnorm between F; and Fj, and F~!(s) = —oo for s < 0,
~1(s) = 400 for s > 1. Since (3.3) entails

| Fo; — Fo l|I= O(n™'/?) fori=1,... k,
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it follows that

sup |IK,(t) — ¢
0<t<an

|

Sm Z Z {(1-¢€,) 1llax(16

JEJ—A(m)i€EA(m)

+||F9 _Fn_, H)+6n+6n}

k—=m

m

{2(1 = ea) max || Fo,, — Fo || +en + 265}

= 0(n~?),
Similarly,

sup | () — t|

I=als <t<iit—iey, =6

<= Y {1 ((1-en)Fo(min F(ATmT 0500

~ km , W b 1<I<k Ot 1—e€, "
JEJ—A(m)i€EA(m)

k
!

Z Z {(1—e, mln || Fy,, — Fp,, || + €n + 265}

JEJ—A(m)i€EA(m)

k—m
r {2(1 — €a) 2 | Fo,, — Fo || +en + 265}

— O(n—l/Z')

Next, for a,, <t <1 — dal, it holds that

n(t) =
o ki Z by ( 1 - €){Fa,; (G, A(m)( ) = Fo,..(Goaimy (1)} + € + 26n).

JEJ—A(m)i€A(m)
It follows from (3.3) that

=i i1
Sup ng ( e A(m)( )) i Fgm. (Gn,A(m)(t))
0<t1

€, agmn )
—(9nj—9n,-)/ Az)dFy(z)| = o(n~1/?)

and since A? € L?(dFy), it follows that

—=—1

Gn,A(m)(’) Fo—l(t)
|/ A(a:)dFo(z)—/ A(z) dFy(z)|?

— o0 o0

+oo
<|| Fo = Goao | / (2) dFo(z) = O(n~/?).

46




Hence, for a, <t <1-ad!,

t
» e ,‘
K,(t)—t= gy Z ' Z (1—en)(8n]-—9m)/0 A(FO (o)) ds
JEJ—A(m) 1EA(m)
+ k; (en +26,) +o(n™'/2)
1 N g k— =
e Z (9ni—9n)/ A(FyY(s)) ds + km(fn+25n)+0(n 1/2),
iEA(m) AL
* = B,(t) + o(n”'/?).
| : : . : m Koo |
Finally we consider the case of 1 — (¢, + 6,) <t < 1. Since I, (t) = ?t + PR it
holds that ’ :
k — k—m

(€n + 6n) = O(n™1/?).

(K] = L~ 4=

Therefore we obtain (A.5) and (A.6).

1 Now we shall show the formula (A.4). We consider the following division of the integral

711/2/. {a(K,(t)) —a(t)}dt
T 1—cp 1
= n!/2 a(l, —a dt A8
7+ [ ] M) o) (4.5)

and furthermore we split the second integral of (A.8), in view of the absolute continuity

of a,
; nl/? /Cn— n{a(Kn(t)) —a(t)}dt
Eg a(Kp(t)) — alt) ,
- n‘/"‘/cn (K ,(t) —t){ ( \K,,(t; g (t)} dt (A.9)
1—c¢cq

—+—nl/2/ (Kn(t) —t — Ba(t))d'(t)dt

4 nll? /I_C" Ba(t)a(t) dt
where

J cn = sup |LK,(t) —t|
‘ 0<t<1

| and we note ¢, = O(n~'/?) by (A.5). The first integral of (A.8) is bounded from above
| by
| n!/? / ’ {a(t + cn) —a(t)} dt < n'/?¢,{a(2¢,) — a(0)} — 0

0
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and it is bounded from below by n'/%¢,{a(0) — a(c,)} — 0. Hence. it holds
77.1/2/ {a(Kn(t)) —a(t)}dt -0 as n — oo.
0

For the third integral of (A.8) it follows from the same argument that

1
77.1/2/ {a(Kn(t)) —a(t)}dt -0 as n —oo.
1—cpn

As for the second integral of (A.8), the formula (A.9) are employed.
At first, in order to show that the first integral of (A.9) converges to zero, we divide
the interval [c,,1 — ¢, ] of this integral into the following five parts according to the

assumption (ii) of a,

1—cp, to—cCn to+cn 1—to—cn 1—to+cn 1—cn
n1/2/ :n,l/?(/ +/ +/ +/ +/ ) (A.10)
Cn En to—cn to+cn 1—to—cqn 1—to+cn

The absolute value of integral over (c,,to — ¢, ) is bounded from above by
to—cn
n'/? sup |Ka(t)—t|- | / {a'(t +E(Ku(t)—t)) —d'(t)}dt], 0<E<1.
<<l St
Because a'(t) is nonincreasing on (0, tg),

/O_ n{a'(t + E(Kn(t) —t)) —d'(t)} dt

n

is bounded from above by
alto — 2en) — al0) — {alto — ca) — a(ca)} — 0
and bounded from below by
alto) = a(2cq) — {alto — cn) — alca)} — 0.

Hence, the first integral of (A.10) over (¢,,ty — ¢, ) converges to zero. Applying the same
argument in view of the nondecreasingness of a on (1 —tg, 1), the fifth integral of (A.10)
over (1 —tg+c¢n,1 —c,) also converges to zero. The second and fouth integrals of (A.10)
over (to —cn,to+¢n) and (1 —tg —cn, 1 —tg + ¢, ) obviously converge to zero. By virture
of Lipschitz boundedness of @ on [tg,1 — tg] and the dominated convergence theorem,

—a'(t)}dt -0

/1"'“" (En(0) — a(t)
b Ka(t) —t

and consequently, the third integral of (A.10) over (to + cn,1 — tg — ¢, ) converges to
zero.
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Next, as for the second integral of (A.9), we also divide the interval (¢,, 1 — c,) of the
integral into (¢n,an), (an,1—a)) and (1 —aj,,1 —c,). By (A.5) and (A.6), it is bounded
from above by

O(1){a(ay,) —a(cn) + a(l —cp) —a(l —al)} + o(1){a(l —al,) — a(an)}.

As a, = O(n™"/?) and @', = O(n~'/?) by a monotony argument using (A.7), this bound
tends to zero.
Finally, let us consider the third integral of (A.9). It follows from A% € L?(dF,) and

the integration by parts that

l—cp
nl/?/ B (t)d'(t) dt

= 77,1/2{Bn(1 —cp)a(l —c,) — Bn(cn)a(cn)}

1 il l—Cn
e e =" -1
n!/?{—— Y (b en)/ A(F7H(t))a(t) dt)
i€EA(m) Cn
1 2 IF i k—m
=— > (6:=6) | A(F'(1)a(t)dt + (e +26)(a(1) — a(0)) + o(1).
m L
1t€EA(m)
Therefore we obtain (A.4), which completes the proof of this lemma. O
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