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In this pap r w stud y th Dirichlet boundary val u' problem c-lssoci<lt eel \\'it II 

quasilincar elliptic systems (1.1)-(1.2) of which elli pticity is violc1tecJ nt poillts 

wher lui - 0. N. �. Urc1 rts va [25] showed the existence of I Jc)lclc�r cc)l}( ittuous 

weak solutions for the type (1.1) with only pri 11 cipa l part. m1cl yd a � . .J ut.J· 

T.Ik be- Y. Ohara [11] treat d a single equation of the lyp' (1.1) which lw.s <l 

non-negative solution. For the singl' cquHiiou whose solution is !lot IH'('CSS<ll'­

i l y non-n egative, Y.Mizutani [19] shov.red the existence r (\ l l oldcr COllt itlUOUS 

solution . K.Hayasida-Y.Yokoi j13] considered the conti !luil y of solutions ad­

jace nt to the boundar y. 1.Araki !3] treated a s ystcrn of the type ( 1.1) with 

the coeffi cients aL a·ij, b; bJ which h·:1s uon-ncgaLiv' soluLio!ls. For the 

s ystem whose solutions arc not necessarily uon-n 'gativc, i\raki-fkcbc- 1i;:utnni 

[5] sho-wed the existence of IIolcJcr continuous weak solutions. 'vVc'; hc'rc , cotl­

sider the system whose coefficients a�j (1:, u) e1ncJ b�-(J·, u) rnay b J cJi ffcn�nt with 

respect to!, and construct th H old r continuous \\eak solutions of the s ystcrn 

(1.1)-(1.2). Chc1 pt r 1 is devoL d to prelirninarics . In Section l, our cquc-1Lions 

are introduced. InS ction 2, rnain theorcrn a.nd r :�gularizcd problems arc gi vctl. 

In Section 3, some auxi Jiary Jcrnmas arc prepared to get th' Tlolcl 'r c:stirrwtcs 

of the so]u Lions. ,haptcr 2 is devoted to prov' Lh' Lheor 'rrl for 0 < T � L. I 11 

Sect ion 4, some integral in equalities arc pre par •d Lo usc the auxi I iary lcrnrrws 

in the proof of the thcorcrn. In Section 5, the ·1uxil ic-1r y lernnws arc applied 

Lo the solutions of Lhc r gulctrizcd problmn, aud the llolder estimates of tlw 

solutions a.r' obtained by the rnethod which is greatl y owed io L·tdy:�.hcnskaya­

U ral tscva. j15] and . . T. U raJ 'ts •va [25 J. ln Scc lio11 6, the w 'ak solu Lions of' 

our probl m are constructed and the rna in Lhcorcrn is proved . Chaptnr �) is 

de\ oLcd Lo prove the theor m for T 2:: 1 in th sante way a.s ill C'rw ptcr 2. 
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CHAPTEH 1 

1. INTRODUCTION 

Let f2 b a bounded d01nain in Rn with C2 .0-class bounde:1.ry dO. \ Vc 

consider the following Dirichlet problem for qu asi-linea.r cl lipt ic syste1ns: 

-b�(x, u(x)) 0 in n 

for l = 1 ,  · · · , - , with nonhmnogeneous boundi:l.ry con eli Lions 

u(:£) - 1/J(x) on an 

( l. 1) 

( 1.2) 

where u(x) = (u1(x), · · · ,uN(x)) 1/J(x) = ('¢1(:1;) · · · ,·1/J ' (1.·)) E !-?/''. u�r:J 
au' I Bx.f and th coeff] i nts a�:i (X' u) i b�-( x, u)' u� (.r, u) arc a] 1 reel] fu llC'L ions. 

The coefiicients aL ( x, u) Si:l tisfy the fol J owiug coudi tions: 

n 

Colu1Tiel2:::; L aL(x, u)�.i�.J:::; C0 1lu1Tiel2 for T > 0, (A,) 
·i,j-1 

for any (x, u, c;) E tl x RN x Ft�, where C0 is a positi ve co11stant, i.e., the 

systerns ( 1.1) admit d generacy of their llipticit.y at points where lui 0. 

There are two typical types of deg n rate quasihnear elliptic c�quc-1t io11s Hs 

follows: 

(i) V(IVuiP 2\lv.) f (p > 1), (ii) V(lv·ITVu) I . . 
· f (T > 0) , 

i.e., the equation (i) is degenerate if p > 2 i:lnd singular jf < p < 2 at 

points where IVuJ 0, and the equati u(ii) is d 'generi:lLC c-lt points where 

JuJ - 0 a.nd n => d to have lower order t ::�rrns because of the rcHson : Jv.JTVu 
1/(l I T)\l(Jv.JTv.). The equation (i) repres 'nts, for example, cl sLC'ady state of 

non-\" ewt on ian fluid. The eq un Lion (j i) , we here c:onsicJC'r this t YP(': n'J JI'('�C'I J t� . 

for exarnple, a steady staLe of the flow of liquids in porous media whC'rr' 'U is 

the density of the gas or the concentrc1t.ion of the 1 iquid, and the degenerate 

1 



order Tis a positive nurnber: for exa.rnple, T 1 for thin si::ltur8tcd regions iu 

porous rnedia [22], T 3 for thin liquid filrns spreading under gravity [8], c1.11cl 

T - 6 for radiative heat transfer Y!arshak wav s [l6J. 1\ steady state or· nwt hc­

matical model of ecology is represented by a systern of the type (ii). Thcr {ore. 

it is us ful to understand the degenerate lli ptic equations in order to do 1 h 'ir 

parabolic v rsions. The c1uthor was interested in not only 1 he beh<:1vior o!' so­

lutions in the sense of nat ural phenornenon , but the int rinsic n wtllc'Jlla t i('nl 

interest \\ hether, if the coefficients of quations nrc tnorc' generalized, if' tl1c' 

equations have lower order terms, and if Lhe solutions cU'C not neccssH rily noll­

negative, the equation hav a Holder continuous solution (cf. J2.5 ll, .=>J). In 

Conlplex Analysis of several v·:tlues, the poLenUal theory or d cgcl }('['(1 t ( ' c'll i pt i(' 

equations is wanted to be studied . In · umericcll Ancllysis. LhC' le1ck of' I J()] c l ( 'l' 

continuity of solution leads to difficulti 'S to 'sLiinclte the prccisic)ll o!' <lpprox­

imaie solutions. H is an irnportant n1atter whether the degenc�re1tc c�llipti<· 

system have a Holder continuous solution or not. T'here ·1rc rnauy rcslllts 011 

the Ilolder continuity of viscosity solutions f'or degenerate quasilitW<:ll' ('qwl­

Lions, but th y ar not available to show these f'or systems. In Lhis p·1pc�r 

we sha.Jl constru t a Ilolder continuous weak solution. We first make a series 

of uniformly elliptic equations which approxirnate our systern (1.1)-(1.2): <:1nd 

show that the solutions of these reguralized equations ·:tre llolder con tinuous by 

using the auxiliary lemmas ofLady:0h nskc1ya-Ural'tseva (cL [l.c:i. 2.lJ). And our 

solution are gained as Lh' lirnit of the series of i:lbov solutions . V/c co11sicJ( r 

this problem only in the framework of Lhe L2-theory. 

Th notations of function spaces cue usual ones ( cf. [ 1.] J). 'vVc set a J lbldcr 

norm: 

for a smooth cjJ d 'fined on a. con1pact set K of l{''-, where o E (0: l). 

2. ASSUMPTION AND THEOREM 

Vve assurne that the boundary an Satisfies the f'ollowillg condition: 
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for any ball k-p of radius p ( ::;Po) with the center on an, where Po and Oa c1rc 

sorne positive c onstants (cf. [15, 25]). In Lhis connection. under th( \\'Cclkcr 

condition than the above, Hayasida- Yokoi l r�j showed the ll()]clcr ('Ollt inuity at 

the boundary for weak solu Lions of degenerate quasi-li uear elli pti<' cq ual ious. 

Moreover we assurnc that the co �fficicnts aL(1·, u) belong to (\.o (0, x l?/') n 

Co,o(f2 x RN) (0 <a 1), bj.(x, u) and bb(1:, u) b log to e0.0 (n x Hx). c1nd 

th y satisfy th) following conditions: 

for (.r.u) En X R 1\
' 

whcr' C1 and C� are sorne positive coustants, and 

N 
- L b6Cr, u)u1 ::; -C2Iul2 I c�3 for ( :1:1 u) En X l?:�· ( \J 

1 1 
where c2 and c3 arc sornc positive constants. 

The functions ·lj/(x), whcr 1/J = ('l/J1(x), · · · ,v/''(.r)) from Uw bouncJm·y 

conditi n ( 1.2)' belong to c2,o (n) and satisfy the conditions : 

1 1 ( :r) 1 ::; \!!' ou an 

w here JV!' is a positiv constant and l 1, · · · , _ '. 

Tow, we shall define a \vea.k solution of the problem (1.1)-(1.2). 

DEFl I TlO . A vector valued function u(1;) = (u1(1;), . .. , uN ( .1:)) 1s 

called a weak solution of Lhe problern (1.1)-(1.2), if the fol lowing conditions 
ar fulfilled; 

luiT/2 , ' u'luiT/2 E [;{ld U2)' 

ulan 1/J, 

a.nd Lhe f oll owing intcgra.l identity holds : 

f [ � aL(x,u){(ulluiT/2)x- T u1(1 IT/211)} 1 ('·) Jn ·i:Yl [u[T/2 J ( T 2) � U XJ I.P:c> .1 

I 
� b�(x, u) { ( u.'[u[rf2) . - T 

2) lvu
.1
1 ( luiT /2 j 1 ):c) }r.pl (J;) .� luiT/2 x] ( T I 

I u6 ( 1;, u) <p1 ( 1.:)] d:r 0 
0 

for any <p1 (1:) EWd(D) and l l, · · · , .\. 

(1) 

(2) 



The 1nain result of this paper is the following : 

HEO REM. Under Lhe abo've conditions, l.hen; c.r:is Ls a bounded II i5ldeT 

continv.ov,s weak sol'uLion u(2.:) of the ])irichleL p roblern (i.l)-(1.2). 

In order to prove the theorein, \\C rnakc c:-regularized Hpproxinwted syst<'rns 

of our problem (l.l)-(1.2), that is, we consider the following uniforlll ly ellipti(' 

systmns dep nding on th"' pan-uneter E E IO: l]: 

-b�(x, u(x)) 0 in n 

where l - l, · · · , , with th b oundary condition 

(2. 1) 

(2.2) 

where CL�·ij(.r, u(J:)) = c:6.ij I J�(lul)aL(:L:, u), b.ij is Kronecker's delta, alld r (!) 
is non-decreasing and twice continuously differ ntiable function defined for 

t 2:: 0; 
if 0 � L < (E/1l)11'�, 
if L > (c:/2)11'�. 

Froin (2.3) and the condition (A1), the following estirnate is vHlid; 

for (x,u) En X F{ I and any real v ctor � = (6,· . . ,(,t). 1 ow it is cllrcclly 

known th3.t for every E > 0 ther ' exists a soJuL ioll u�" (1: ) of the c:-reguJari;;,c�cJ 

probl m (2.1)-(2.2), whose component s 11,�(1:) are in c2.o(n) and satisfy the 

following estirna.tes: 

where l l, · · · , .1. and the constant J\111 = rnax{rnax80 11/JI, (C'3/ rn iu (l : C'2) 1'2}. 
thc1t is, the esti r na t es <:lre unifonnJy bounded with respect to c:. (cf. i l;:J I p/121) 



3. AUXILIARY LEMMAS 

In this section, we prepare sev raJ lenunas to se � that <:1 bounded fu11ct ion 

in vVl(fl) satisfies the Ilolder estimat) (cf. /1'1: 15. 25/). Let l\-P be an open 

ball of radius p in n. For a. bounded function ./ (.r ) on n, we dcnot c by J \k.p 

and Bk,p the sets {1: E Kp: f(x) > k} and {.1; E f{P: ./(.r) < k} rcspC'C'tivcly. 

and denote by oscK p ./ the essential oscillation of ./ ( .r) on l\-p. 

LEMMA 3.1. ([15]) Let ./(1;) E 11\121Ul) satisfy !.he following ine(rualit1:es 

for sorne positi11e constants J\1[ and C; 

/f(:r)/::; J\!1, c).l) 

l .. 
P 

l\7f(xWC2(x)d1: � C L .. p {([(1:)- k)2l\7 (JW I (2(;:)}rl;· (:�.'2) 

for any ball Kp C n, for any ((.1:) E C0 '(Kp) and for an:ij n'arnber k such Lhal 

where f5 is a constant : 0 < b < 1. Jvf oreo11er, lcL 

hold where 1 is a constant.: 0 < I' 1. Then, there e.Tists a posit,i'ue TJ/u.rnber s 

depending only on \if, C, f5, and I' s11.ch that either 

or 

osc [( p /1 ./ ::; ( 1 - 21 .<; ) osc j( p f 

holds where the balls K p/
2
, K PI 4 are concentric with K P. 

c).6) 

LE 1MA 3.1'. (j15]) let. f(J:) E vVJ(rl) satisfy /.he ./(Jllowin.rJ ineq'/J.aliLies 

for sorn,e positi'L e constants �![ and C: 

/f(1:)/::; "\!1: (Tl)' 

/ j \7 ./ ( �r ) /2 ( 2 ( r) d:r ::; C / { ( ./ ( 1;) - k) 2/ \7 ( ( :r ) j2 I ( 2 ( J; ) } riJ · ( T 2) ' 
j B�;,r> }l:h ,p 
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for any ball KP C n, for any((�:) E C0 '(Kp) and for any rw.rnber k s·uch !.hat 

k :=:; inf f t �lose,,.- f 
f{p 

P· 

where 8 is a constant: 0 < b < 1. Moreo1 er, let 

rr1 s{x E Kp/2: .f(::z:) � i1�f.f I DoscgP.f} � /In'sA-p2 (T I)' 
p 

hold where r is a constant: 0 1 1. Then the sarne estirna!,e as !.hat of 

Lernrna 3.1 holds. 

LEMMA 3.2. ([25]) Let. j'(1.:) E \;{/21 ( D) be bo·u.ndcd, i.e .. 1./(.r)l :=:; .\11 ./(n 

son1e positi've constant \If. For any positi'ue cons rants (1, � and /, it is possible 

to pick a positive nurnber s depending only on C, 15 1 s'u.ch that: if ./(1·) .<;a/.i.<;jies 

the inequalities: 

1. 1' 
2 2 2 2 ' I \7 f ( ::z:) I ( ( .T) d1_: :=:; C { ( f ( x) - k) I \7 ( ( :r) I I ( 2 ( .r) } rl.r 

Bk,p \Bh,p Bk,p 
c�.7) 

for any ball Kp c n) for any ((::z;) E Co (Kp) and for any nv.rnbers h, k; S'U.ch 

that 

(TH) 

and 

mes{::z; E Kp/2 : .f(::z;) � iNf .f I Doscf(pf} � /1lncsf(p;2, C3.�J) 
p 

then either 

or 

OSC K P 4 ./ :=:; ( l - 2 I s ) OSC f{ P 
f 

holds where the balls .f(p;21 Kp;4 are concentric with Kp. 

C3.1 o) 

C3.11) 

LE 1M 3. 3. r 15] Let f ( �r) = ct ( :D) ' . .. 'IN ( J;) )  be a 1Jecf.OT-'Ualv.ed func-

t.ion on nPo KPo n n. S'u.ppose that for any np = Kp n n where (J :=:; fJo, 

that is) f{P is concentric with KPo! there exists a fv:nclion .f1(1(1;) in the fanz,ily 

{±f1(x), ···.±fA (::z;)} , i.e.) Lp E (1, · · ·, .V), sv.ch that 
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holds and at least one of the following ineqv.alil.ies holds: 

(:3.1 1) 

where 51, Ct and 0 are sorne posilive constants, also 0 < 1, and l.he ball A-P 1 

is concentric with Kp. Then, Lhere exisl.s a co·nsLanl. (11 (0 c/ 1) dependin.() 

on l'l and 0 such LhaL for an:y positi'l e nv.rnber p (:S Po). 

./or all l E ( 1 , · · · . . \-) 

holds, where the constant c depends on o/, 

(T l.l) 

B r the proofs of these lemmas, we refer to LernrnRs 6.1, 6.2 clllcl 7.1 of' 

Chapt r 2 in [15] and [25]. 

Remark. For any ualJ KP with the center on an, Lernrn as T l, T 1'. c111d 

3.2 rerna.in also valid 011 np = Kp n n, if we assurne Lhe following aclcJiLiOlli:ll 

conditions: 

sup f :S sup f- 6oscnnKpf 
annKp nnKp 

(in Lemma 3.1), 

(in Lernrnas :-�.1', T2), 

since the above assumpLions and Lhe boundary conditio11 (A) in secLion 2 yield 

the conditions on th inequaliti s (3.2),C).2)' and (:).7), an J Lhc conclitio11s 

(3.4), (3.4)' and (1.9) in Lemrn·:1. �).1, �3.1' a.n l 3.2, rcspccti vcly. 
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CHAPTER II 

This chapter is concerned with the degenerat ' rder 0 < T :::; 1. 

4. INTEGRAL INEQUALITIES 

( 

Let us multip]y the equal i on (2.1) by -.p(.r) EI�"21U2), cllld i11tc:gnliC' it 0\'('1' 

n, then we have 

n 

L b:i ( :r, U�c-)u�x/P l b�l ( :r, u, ) 'P }d.r 
. i=1 

We prepare the following integra] inqualitie..s for 0 < T :::; 1. 

0 . ( !. 1) 

LEMMA 4.1. Let. u"- ( :r) - ('u.�(:1:): · · · ,u�' (:r)) be a solution of/he s-

regularized problem (2.1)-(2.2) satisfying (2.!1). Then1 Lhe .f1nuJions ±u�(.r) 

satisfy the .following integral inequalities: .for any ( (Y) E (�0 '(Kp) where }\.P c 

nand for any k: inf/(p u�:::; k:::; supKp u1_ where IE (1, . . . ) /v')) 

��:.: (c I l u n ll>k 
IVu� l2(2dx 

::; c(l) ���(c I l u, 17) l:>k { ( u� - k )21 \7 (12 I (2 }d:J.:' (1 .2) 

i1Jf (c- I iu .. -IT) i 1Vv.�l2(2d:r 

::; c(2) ��.�(c I lu,IT) 1
:
<>{(u�- k)2IV(I2 I (2} cb: , Wll 

Where the constants C(l) and C(2) depend only on T, n, f\f, J\!h, C1, (..1�, (,12 and 

C3. The sets Ak,p = {x E Kp: u� > k} 1 Bk,p- {.1: E KP: v.� < k} and Lhe set 

B denote 1-h.p or Bk,p - Bh,p in ( 4.�3). 

Proof for sirilphdty, uc (1;) and ±u.�(:1;) cHe denoted by u(1:) and v. Cr) . 

respectiveJy. As a test function cp(1:) in (11.1), we tak' Lhc following ollc: 

" 

cp 1 ( 1;) = rna.x { u ( 1;) -
k, 0} ( 2 ( 1;) E W} ( n) 

fork: infKp u.:::; k:::; supKp u, then we hc1ve 

8 



( I. 1) 
j l 

AppJying the conditions (A�) e::UKl (A
2) to (1./1). we hen" 

�Co 1>,, (s 1 lun 1Vul2(2rh 

:::; 1.>k{2C[J1(E Ju/T)/V'u //V'(/(u-k)( � nC\/u/T/2/V'v.J(v.-k) 2 I c� (u-k)(2}dr. 

Using Young's inequaJi ty, we have 

:::; c41>)(E + /u/T)(u - k)2/V'(/2 I {(v,- k)2 I (v.- k)}(2Jd.r. 

This yields ( 4.2), since 'U is bounded and 0 < T :::; 1. 
ext, as a test func t ion <p(x) in (4.1), w taketh foJio\ving ou ': 

<p2 ( :1:) = mclX { k - u ( �r) , 0} ( 2 ( 1:) E I�!} ( [ 2) 

for k : infKp u :::; k :::; supKp v., then we have 

n 

I-Lb�·UxJ·(k- u )(2 l-b6(k-u)(2/d:J: 0. 
j 1 

Applying the conditions (A�) and (A
2) Lo (4.5), we have 

�Co 1<k (c I lul7) 1Vul2(2d,J; 

(11 .. 5 ) 

:::; 1.<k{2Co 1 (t: I JuJT)JV'ui/V'(J(k-v.)( I nC1JuJT/2JV'u J(k-'u)(2 I C� (k-v.)(2}cL.r. 

Using Y ung's in quality, we ha.v' 

1 T 2 2 2 2 :::; Cs ·u<k [(c- I /u/ )(k - v.) /V'(/ I {(k- v.) I (k- u )}( ]rh:. 

This yieJds ( 4.3) for Bk.p and JJk,p - Bh.p, since v. is bou11decJ alld () < T :::; 1. 
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5. HOLDER ESTIMATES 

LEMMA 5.1. Let uE ( .r) be a solution of the �-regularized problern (2. 1 )-

(2.2) satisfying (2.4) where uE ( x) - ( v.! (:_c) , · · · . 1/'' ( .r)) and u.� ( 1·) E ( \�.o ( n) 
for I - 1, · · ·, . Then there exist. sorne positi?Je consl.anL'> C6 and ,:3 E (0. o ) 
which are ind pendent of� sv.ch that. 

where I · lo,n denotes a Holder nornL wilh exponent fJ inn. 

Lemma 5.1 follows from L m1na 3.3 and the following 1 •nnna. 

( .�. 1 )  

LEMMA 5.2. Let. uE ( :r) be a solv.Lion of Lhe E:-regularized problem. (2. 1 ) -

(2.2) satisfying (2.4), and consider Lhe .following fv.ndion8 from. !.he cornponen!s 

of iL,· 

for 1,· · · ,N. (.l.2) 

Then, .for any ball KP C D, Lhere exists at least one fu.ncLion sa!.isffJing the 

prernises of Lernrna 3.3 in the family (5.2). 

Pr'Oo.f We fix an arbitrary ball Kp c D. Frorrl ev •ry pair of functions 

±u� ( :r) , we keep only ih fun tions for which the grea.ier parts of these oscil­

lation in Kp fall in th domain of positive values; without loss of gencrct.lity W(� 

d -note these functions by v.
z (1:) , \Vith regard to which w know t.hat 

inf v.' 
Kp 

w' 
2 

�0 

where w1 = osc Kpv.l [or/. 1, · · · , Let lM E (1, · · ·, l'/) b' th e� ntunucr stJCh 

tha L u./ M - max , L, ... , , w1. We indica Lc a const·u1t q ( > 0) dct.cnnincd exclu­

sively by C0 and Tin the condition (AI) c1..s Gclc w. Jt is sufficient Lo consider 

the following three cases for the fcunily { v.
1

, ... , uN }; 

ase I : Vv.' : 

ase JI : -::Jv.' 0 : 

10 

for all IE (1, · · ·, .\i), 

for sorn ' 10 E ( 1, · · · , .\'). 



Case III : 
u./l'vl 

. f I ln l<..'p v . .  < - -

2q 
for some I� E (1. · · · . .  \"). 

At first, we consider ase l, in this case the assertion of this lc�mnw 1s 

proved for v.1""1• The following r lations hold: 

w1 < w1tvr for a]] l E (1. · · · ,  .V) . 

[\' 
sup lui :S; L I sup v.' - inf v.' I inf v.' I 
Kp 1-1 Kp Kp I<p 

(.�. I) 

w1M 1 
< c_jM -1 -- - �(1 I -)w1M < 2/'v·wl.rvt (q > 1). (EJ .. S) 

2q 2q 
From (5.4),  the premis (3.13) of Lernma 3.3 holds with 61 l. 

LeL k0 = supKp u1M - w1M /4 and Ak,p = {:r E f(P : ·u1·'"1 (1·) > k}. l•'or clll 

k : k < k < sup . v.1 M we have 0 - - I<p ' 

Hence, from (5.5) and (5.6) w have 

sup Jul :S; 8/V inf lui 
Kp Ak,p 

w'M 

2 

w1M w1·H 
- > -

4 -
. 

for k : k0 :S; k :S; sup u1M. 
Kp 

(.S.G) 

(5.7) 

Frorn (5.7), as w]] as from inequality (4.2), for ·u1M(1;) we arrive aL Uw in-

quality (3.2) of Lerr1ma 3.1 with C 8 -for a.ny k 2:: ko = supi<P v.1rvt - u./�'v1 11. 

xt, l et Lake h a.ud k such that w1M /2s :S; h :S; k :S; �3h and JJk.p = {.1; E 

Kp: u1M(x) < k} where sis a. number indicated in Lernrna 3.2. Theu we twvc 

(.5.8) 

Hence, frorn (5.5) and (5.8) we have 

(.S.9) 

frorn (5.9), as w ll as fror r 1  inequality (4.�3),  for v.1·'��1 (1;) we arrive at the irJequal-

iLy C3.8) of Lemma 3.2 with C 28 1 for any h. 2:: u/M 128 and k E [h,��hl. 
oreover, i L is appar nt that one of Lhe followi11g two rcla t i ons is true: 

11 



(b) 

If the ase (a) is true, the vaJuc ko = sup1\-p ul" - u./·" l obeys post uleltc's 

C3.3) and (3.4) of Lemrna 3.1 with the constants I' l -1,1 1 2. hc11cc' the 

assertion of Lennna 3.1 follows for v/1"'1. If the case(b) is true, the vc1luc k0 obeys 

postulates (3.9) and C3.10) of Lcrnrna 3.2 with the constants I' :� ·1, 1 2. 

hence the assertion of Lemrna 3.2 fo llows for v.' M. Let s be the lc:1rger one of' 

the two numbers dictated by Lemma 3.1 and Lenurw :).2, then Lclllmn :).1 cllH1 
Lemma 3.2 guarantee the prernise (3.14) or (3.1.� ) of Lcm nw :).:) for u1" (.r). 

Secondly, we consider Cas' I I, iu this case the assert ion of this lctllillcl 1s 

proved for u1M too. The following relations hold; 

sup /u/ :=:; i nf /u/ i 
Kp Kp 

w1M < (i1}f /u/ w1t-.' ) , 
I\ P 

1 1 
inf /u/ 2:: - (inf /u/ + inf /v.1o/) 2:: -(inf /u/ 
Kp 2 Kp Kp 2 Kp 

Ilene , vvc have, for all k : infKp v,1M :=:; k :=:; supKp u1·'v', 

sup /u/ :=:; 2q' 1 
Kp 

(."J.10) 

(.5.11) 

(.=J. 12) 

l�rorrl (5.12), as w::�]] as frorr1 in quality (4.2) or (4.3), we arri ve at Lhe inequality 

(3.2) of Lernma 3.1 or (3.2)' of Lernrna 3.1'. Since �iLher co ndi tion ( a) or (6) 
is true, the premis (3.14) or (3.15) of Lemma 3.3 is gu ·1ranteeJ for u1M(1:). 

Lastly, we consider Case III, in this case the of assertion of this Lcrnrnc-1 is 

proved for u'·. From th condition (5.3) we ha ve the cstinwtc: 

w1M w1 
w'- > -- > -- for I 1, · · · , · .  

- 2q 1 - 2q l 

1. . , ul. sc1tisfi s the prerr1ise (:3.13) of Lcrnrna �).:) wit h b1 2 9 1. 

Let k� = supKp v.z. - w ' · /4 (> w'· /4) and Ak,p = {:r E f(p: ru.'· (L ) > k}. 'l'hc� 

following relation holds for k : k� _:=:; k _:=:; supgp uz.; 

1 1 
inf /u/ 2:: - ( inf /u/ -1 in f / uL /) 2:: - ( inf /u/ 
A�,,p 2 A�,,P Ak,p 2 .r1k,p 

k�) 2:: � (inf /u/ 
2 Kp 

Ilcnce, from ( .J.lO ) and (.5.14) w) have 

sup /u/ _:=:; 2q '2 _'\- iuf /u/ 
Kp A�c,p 

for k : k� _:=:; k :=:; sup u.'· . 
1\(J 
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Let k� = infKP rut. i u/· 12q 1 ( < -wl . 2q_, 1 ) and l3;.,p = { J' E l\-p : u1• ( 1· ) < 

k }. The following re lation holds for k : inf Kp v.1• ::::; k ::::; k�: 

1 l 
inf JuJ � - ( inf JuJ I inf Ju"J) � - ( inf JuJ 
BJ..-,p 2 Bk,p BJ..-,p 2 Bk,p 

1 
Jk /) � -(i1}f JuJ 

2 [<,,(> 

Hence, from (5.10) and (5. 16) we have 

sup JuJ ::::; 2q 1 2 N inf Ju/ for k : inf v.1• < k < k�. 
Kp Bk,p Kp - -

�..� .. /-
-) (FJ.l 6) 'J/1 · I . 

(f'J.l7) 

It is also apparent that one of the following two rela tions is ve1licl: 

( rL
' ) 

( t/) 

Frorn (5. 15) or (5. 17), as weJl as frorn inequa]j Ly (4.2) or (L1.�)), \\'C arrive' e1t ()](' 

inequality (3.2) of Lemrna 3. 1 or (3.2)' of Lerruna �3.1', and hencC' t.hC' pn�mis(' 

(3. 1!1) or C3.15) f Lemma. �3.3 is gua.rant )ed for ru1• (T ) . This completes the 

proof of Lemma 5.2. 

Considering Lemma. 5.2 and Lemma 3.3, we obt ain the interior est i rna Les of 

ru� ( 1.:) \Vhich are uniform on E E [0, 1] for I l, · · · , . App]yi ng the conc]j L ions 

(A) and Remark in 'ection 3 to the above argu rnent, we obtain the esLirnatc�s 

of v.�(x) in the region adjacent to the boundary. C:ousequeutl y, we have the 

estimates: 

for I 1, · · · , · 

(.�. 1  H) 

for some constants c7 and {3 E (0, a) which ':lre independent of E. This proves 

Lemma 5. 1 for 0 < T::::; 1. 

6. PROOF OF THEOREM FOR 0 < T ::::; 1 

L L u� (x) E C2,o (fl) be Lhe solutions of th"' s--regulari�:ed proiJ!crn (2. 1 )- (2.2) 

sa.tis{ying (2.4 ), then by virtue of (.5.1) we have 

(6.1) 

13 



) 
w here the constants c6 and f3 are independent of E. Since u.� ( .r ) - �,I (J') E II '21 
(D), from (4.1) we have 

n 

{ [ "' a�--l·J· (:1', U.- )11.�-x ( 71.�-x - l'� ) Jn G '- . 1 1 · 1  

i.j 1 
n 

I{Lb_1i(1:,uc)v.�x1 I b�(:l:,uJ}(v.�-v1)jd:J· 0 . 
.i 1 

By the usc of assumptions (A�), (A2) and (2.4), we have 

r (E I luciT) L 1Vv.�l2ch·:::; c�8 Jn 
1 1 

(6.2) 

where a onstant C8 is indcpcnd nL of E. Consider the following fllnct ions: 

for l 1, · · · , A, and we have the foJJowiug cstirnat s: 

N N 
l�x11-l(1 I �)lu.-IT/2 1 L:u;v.�xjl:::; (1 I �)lu�:IT/2(L 1Vv.:·l2)1 2, 

-r -1 ...., .,. I 

(G.:s) 

N 
1\/' I -lu.l lu-IT/2 I !...v. l_ lu--IT/2- 2 "'v.'�u. ·� I< (1 I !_)lu IT/2("' 1Vv.'"I2)I/2. E Xj EXj 1: ? - '- G 1:. ,- Xj - 2 t: G -.... -r 1 .,. 1 
Irene , frorn (6.2) we d duce Lh' uniforrn bound 'dncss of the integrals: 

N 
r {1\�-Xj 12 I L IV/Cj l2}dx:::; Cg for j l' . . . ) n (6. 1) Jn 1 1 

where a onstant C9 is independent of E. On the basis of the estimates (6.1) 
and (6.4), there exists a subsequence {v.1P} of {u�} such tbc-lt ds Ep ---7 0, 

( \1, p ) X J ---7 \I'C j 
(\l)p).'Cj ---7 \(:) 

wc·1kJy Ill f.-2(f2), 

weak ]y Ill /.12 ( f2) : 

(6 .. =:i) 

(6.G) 

(f).7) 

where sornc 'u1(1.:) E Co,p(D), \1(:1;) = luiT/2 1 and \11(1·) = v.'luiT/2 for I 

1, · · ·, 1\-. Therefore th) functions v/ (.1:) E Co.p(f2) sati sfy the iden tity C�) for 
0 

any cp1 E Wl(D) , sine the functions v.i-P satisfy the same integral identity as 

(3) derived from the E-r gulari%ed equations (2.1)-(2.2) c-u1d it is possible to 

pass the limit as Ep ---7 0 in this forrn. This cornplelcs the proof of 'J'heormn 

for 0 < T:::; 1. 

14 



CHAPTEH liJ 

This chapter is concerned with Lhe degenerate order T � l. 

7. INTEGRAL INEQUALITIES 

0 

LeL us multiply the 'quation (2.1) by VJ(.r) EHT21(n) c-111cl integrate it over 

n, and we have 

n 

L b� ( 2:. uf-)vLr:i VJ I b�J ( 1·. u.) lfJ }rl.r 
j 1 

( )  (7.1) 

where l 1, · · ·, .1\T. lifom this, we have the following integrc1l inequalities. 

L EMMA 7.1. Let.u.(x) = (u1(x),···,V.�1(:r)) be a solv.t.ion of!.he E-

regularized problem/ (2.1)-(2.2) satisfying (2.4). \!Ve consider !.he following '2,\' 

functions for T � l ,· 

(7.2) 

Then these functions satisfy the following integral ineqv.alities for any ( ( J:) E 

Co (Kp) where Kp c n, and for any nv.rnbers k and h : inf/{p { I :S h. :S k :S 

sup U1· Kp ' 

(i) if k > h � 0, t.hen 

inf (E -J /uE/T) l /V'U1/2(2dJ.: 
BJ..-,p Bh,p }13�-.- , p I:h,p 

:; C(l) ���(o I lu, n ln,,
p 
{ ( k - I 'nv 12 

I 
2 }rh, (?:l) 

(ii) if k < 0, then 

:; q2) ��.�( E I lu, 17) l
k,p { ( k - I 1)21\7(12 

I (2 }d1, (7. 1) 

(iii) �/ k > 0, Lhen 

1.5 



:::: Cc:JJ ��.�(c 1 /u,rJ L
k,p 

{(11 - k)2/'V(/2 1 (2}dr . (7 .. !) 

where Ak.p = {:r E KP: U1(:r) > k} . 1-h.p = {1· E A.P: l'1(1·) < k} . and /h(' 

consLanLs c(l)) c(2) and C'(3) depend only on T; n, .\-. J1[. C\. (1�. (12 and e:l-

Proof For sinlplicity. Uc:- ( j_' ) i.:Ul :l ±u�.(.r) i.:)f(' ucnotecl by u(J ') cUld u ( .r) . 

respectively. f.'or a number k, w define the nu r nb cr 11 such thc1t k J;JuJT 1• 

1. ) . , 7/ kJkJCl T)/T, then k > k' implies u > u' where k' u'J,/JT 1. c111cl vice 

versa.. 

Firstly, as a test function c.p(x) in (7.1), we take the folJowi11g one:: 

,-, 

c.p1(x) = Jvi2T 2 ma.x{v- v, (:r) , 0}(2(x) El�'2
1(n) 

where 11: infKp 
v, � v � supgp 

u, then w) have 

n 
+ L b_�j'IJ,x1 JuJ2T 2(v - u)(2 I b�JvJ2T 2(v - v.)(2Jd:r 0. (7.6) 

j=l 

Appl ying the conditions (A�) an :l (A2) w) have 

�Co r (c: I luJT)lvl2T 2JVuJ2(2cb; .) Ju<v 
� / {2C0 1 (c: t-JuJT)JVull\7(llvJ2T 2(u- u)( Ju<v 

Using Young 's inequality, we have 

1<v (c: I JuJT) JvJ2T 2JVuJ2(2d:r 

� csf._<)(E 1luJT)lvl2T 2(v-v,)2JV(J2 I {JvJ2T 2(v-v,)2 I JuJ2T 2(u-v,)}(2jdJ·. 

(7. 7) 
where C5 is a positive constant. By virt ue of the iuequc-lliLy: 

w have (7 . .3) from (7. 7) provided that k > h 2:: 0, since u is bound(�d a11d 

T2::l. 
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Secondl y, as ·l test function �( x) in (7.1), we ta.kc the foll owing o11c: 

'/1. 

II 

<p2(T) rni:lx{l/ll/I2T 2- v.(J.:)Iv.(J")I2T 2, 0}(2(1·) E ll\ "

2
1(f 2) 

L b.�uxJ (vlvi2T 2 - v.lui2T-2)(2 I b6(l/ll/12T 2- ul'ai2T 2)(21dJ· 0 . 

.f I 

Applying the conditions (A�) and (A2), we have 

:S: 1<)2Co J ( c -1 lui') IV'uiiV (I ( vlvl2' 2 - v,lv,l2' 2) 

n lluiT12IV·ul (vlvi2T 2- ului2T 2)(2 I c� (l/lui2T 2 - ul'ai2T 2)(2 }dJ·. (7.H) 

Appl ying the fo lloYving inequality: 

and using Young's inequality we have (7.4) from (7.8), since u is boullde l e111J 

T�l. 

Lastly, as a test function <p(2.:) in (7.1), we Ltke the f JJowjng one: 

I) 

<p3(1.:) = ll/I2T 2 max{v.(2.:) - l/, 0}(2(1;) E I!V2'U2) 

then we have (7.5) in the sarne way as the first one. 

8. HOLDER ESTIMATES 

L E M fA 8.1. LeL uE(x) = (u�(x), · · · ,v.�(.1;)) be a sol11.Lion of Lhe ::-

regularized problern (2.1)-(2.2) saLisf!Jing (2.11) and u�_(:r) E ('2.o (fl) Jar I 

1, · · · :  /\-. Then, Lhere exisL sorne po ·iLi11e consLanLs (3 E (0, o: ) and C'c> which 

are independent of c: sv.ch that. 

(�.1) 
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where 1 . /,LJ.n denotes a !!older norn� with exponent ; inn. 

L nuna 8.1 follows frorn Lernmcl 3.3 and the following lc'lllllW. 

LE fMA 8.2. Let uc (:r) = (u](1;), · · · ,  v.�· (.r)) be a solution oft.he �-

regu larized problern (2.1)-(2.2) satisfying (2."l ) , and consider l.he followin.q func­

tions for T 2:: 1 ,· 

for l' " . ' .\. (H.2) 

Then, for any ball Kp c n, there e.Tists a!. least. one fu:nc/,ion ;;a/.isf!jin_q !he 

pren1ises of Len1n1a 3.1 fro n1 the f arnily ( 8.2) . 

Proof We fix an arbitrary ball KP c n. Fro m every pair of 1 he fullc! io11s 

±u�/v.:/7 L, w keep only the function for which the greater part of its oscillel­

tion on Kp fall in the domain of posiUve \alues· without loss of' gcncrc-1lity we 

denote this function by U' ( x) , with regard to which we kuow that 

w' 
inf U1 I - 2:: 0 
1\p 2 

where w1 = oscKp U1 for l 1, · · · , . Let L111 E ( 1, · · · , ) be Lhe number such 

thc1t w11111 max1-1, ··.N w1. We indicate a constant q (> 0) d 'L 'nnin -"d cxcl u­

sively by C0 and Tin th conditioll (A1 ) as below. It is sufficient to consider 

the following three cases for Uw family {U1 (x) , . . . , [JN (:r)}; 

Case I : \;j [ I : 

Case JI : 3{ 10 : 

Case ill: 3l ' · 

w'M 
/infK U1/< -p - 2q 

infgP 
( 1o 

inf U'· Kp 

w/ 11" 
> -

2q 

w'M 
<- -

2rJ 

for all I E ( l, · · · , .I\.), 

r r sorne lo E (1, · · · , ,\') · 

for sornc I� E ( 1, .. ·, N). 

For the vector-valu d functions u = (u!, ... , v.�) ancJ U _ (l 1: . . . ,{! · ) . 

the following relations hold; 
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Firstly, we consider Case I, in this cas� the c:lssert ion oft his lernrrw is proved 

for U1M. I�or U1M, th premjse (3.12) ofLernrna �$.3 holds with 61 l. 'l'hc\ 
following relation holds; 

1\. u../·'1 
sup JUJ � L J sup L 1- inf L 1 I iuf l 'I � .Yw1·'1 I _\'( 'J.q ) < '2.\'v./·'1 (q I). 
Kp 1 1 Kp f(P {(P -

(� .. =J) 
Let k0 = supf(P 

lJ1tvt - w1'H/4 and Ak,p = {:1· E 1<..-P: { 1A·t ( .r ) > h:}. For clll.Y 
k : ko � k � supKp [ 1M: we have 

Hence, frorn (8.5) and (8.6) we have , for k : ko � k � supKp lJ1M, 

sup JUJ � 8N inf JUJ, 
Kp Ak,p 

or sup JuJr � 8/\ (r I)/:2 inf JuJr. 
Kp AA-,,., 

(8.b) 

(�.7) 

Prom (8.7), as v.rclJ as from inequ<:tlity (7.5), for lJ1"v1(J.:) we arrive at the' 

inequality (3.2) of Lernrna 3.1 with C 8 (r J)f2C(j) for any k > ko = 

sup1< U1M - wLM I 4. p 
ext, let us take h and k : wLM /2 

· � h � k � 3h, and Bk,p = { :1: E 
KP: U1M (x) < k}, where sis a number indicated in Lernrrw 3.2. Then we have 

(8.8) 

lienee, from (8.5) and (8.8) we hav 

or supJuJr�28""1N(r+I)/:2 i11f JuJr. 
Kp f:h,p Bh,p 

(8.9) 

Frorn (8.9), as well as from inequality (7.3), for {)1lvt (:.�:) we� arrive H.t Lhc; 

inequc lity (3. 7) of Lernma. 3.2 with c� 28 t 1 N(r t r)f2C�(l) for any h 2 w1 !vJ 28 

and k E Jh, 3h]. 

Iv:Ioreover, iL is apparent that one of the following two rclaLious is Lruc: 
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If th case ( a) is true; the value ko = supK(l 
[ 1"'�- �..u'·'1 1 obeys postule:ltC's 

(3.3) and (3.4) of Lernu1a 3.1 with the constants b 1 1.1 1 2. hc)IWl' t IH' 

assertion of Lernrna �).1 follows for U1M. [f Lhc cHsc (b) is true. t l1e vnluc ko o l l eys 

postulates (3.8) and (3.9) of Lernrrw �).2 with the conste:1nts !' �� 1. l 2. 

hence the assertion of Lenuna �).2 follows for l rf,vr. Let 8 be Lhe lcugcr OIW of' 

the two numbers dictated by Lemma 3. 1 and Lernma 1.2, then Lcmrrw T 1 e:1ncl 

Lemma 3.2 guarantee Lhe premise (3.1�3) or (:�.14) of Lemma T�3 for [11"' ( .r) . 

Secondly, we consider Case II, in this case the assertion of t hi. lcnHlW is 

prov d for U1M too. The following r lations hold; 

Hence, for any k: inf Kp U1 tvr :::; k :::; sup K p [ 1M, w have 

w'M 

2q ) . 

T /2 iuf / u/T /\k,p ' 

'T/2inf' /u/T. H�.:,p 

(�.1 0) 

(8 .11) 

(8. j 2) 

Prom (8.12), as well as fr·orn inequality (7.-1) or (7.5), we curivc at the in )qU<llity 

(3.2) of Len1rna 3.1 or (3.2)' of Lemnw. 3.1'. Since either the concJition (a) or 

(6) is true, the prernis � (3.13) or (1.14) of L )rnrna 3.3 is guaralliecd for r 1M ( .r) . 

Lastly, we consider Cas Ill, in this case the assertion of this lernrna Is 

prov d for uz.. From the condition (8.3) w have the sLirnate: 

1 ... 
' i (8.1�3) 

I.e. l '· (2:) satisfies the prernise (3.12) or L )rmna 3.�) with () , 2 fJ. 1. 

Let k� - supKp U'· - wl. /!l (> wl. jcl) aud J\k,p = { :r E f(P : l/1· (.r) > k}. 
Th fo J J owing relation holds for any k : k� :::; k :::; supg

(J 
[)1·: 

IIence fr m (8. 1 0) , (8.13) and (8.14) we have 

sup /u/T :::; 2q 2
.'\ 

T12 inf /u/T for k: k.� :::; k:::; sup {/1". 
Kp Ak,p 1<,) 
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L t k� = infl\p U" I u../· I 2q 1-1 ( -w1• /2Cf. I) dlld Lh.p = {.r E l\-p : [ '1• (.r) < 

k}. The following relation holds for any k : inf Kp [ t. :::; k :::; k�; 

1 1 
inf jUJ 2 -(inf JUJ I inf j[ z. j) 2 -(inf JUJ 
Bk,p 2 Bk,p Bk,p 2 B�,:,fl 

lienee, from (8.10), (8.13) a.nd (8.16) we have 

1 i is also appar ni thai one of the following l wo rel a Lions is Vcll icl 

1 
mes{1; E Kp;2 : uz. (1) :::; k�} 2 2rncsKp/2, 

mes{x E KP/2 : Ui. (1:) 2> k;} 2> �rncsKp/2. 

uf 
2([ I I ) . 

(H.l6) 

(H.l7) 

( (l/ ) 

( t/) 

From (8.15) or (8.17), as well as from inequality (7.1!) or (7.5) . we c-uTivc clt the 

inequality (3.2) of Lernmcl �3.1 or (3.2)' of Lenuna �).1', and bene' LhC' fJl'C'rnisC' 

(3.1�3) or (3.14) of Lcrntna �3.3 is guaranteed for U1• (:1:) . Tr1is cornpletes the� 

proof of Lemma 8.2. 

Considering Lemrrw 8.2 and Lemma 3.3, we obtain the interior 'stirnates of' 

U1(1 : ) which arc uniforrr1 onE E [0, 1] for l 1, · · · , . Applying the c ncJitions 

(i\) and Rernark in Section 3 to the above argurr1ent, we obtain Lhc cslirnatcs 

of u;(1.�) in the region adjacent to the boundary. Cons 'quenLly, we have the 

estimates: 

for I 1 . . . 
r 

' i (R.lH) 

for sornc 'Onsta.nis j3 (0 j3 l) and C7, c� which arc independent of c. This 

proves Lcrnma 8.1 for T 2 1. 

9. PROOF OF THEOREM FOR T 2 1 

Let v,�(x) E c2,o. (D) be the solutions of lhc E-rcgulari;.;;ecJ pro blem (2.1)-(2.2) 

satisfying (2.4), then by virtue of (8.1) w hav' 
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\Vhere the c onstants c6 and fJ arc independent of E. Since 7J.� (1·) - �,I ( .r ) E 
0 

[;f/1 ( fl) , from ( 7 .l) \VC ha V 

n 

1. [ "' a�- ( �:. u,-)vL .. (u�- -.. - lf-�) I. _ G t) I ' ·''] ·'· ? ' '1 

t,.J I 

n 

I {L b_�(1:, uE)v.�-xJ -1 o6(2·. u.,)}(v.�-- ·v1)]d.r 0. 
)=1 

By the usc of assurnptions (A'1), (A2) an J (2.1). we hav' 

where a constant C8 is independent of E. Consider the following funct icms: 

for l - l, · · · , V, and we have the following csLi1na tcs: 

N r 

/( \l_)xj/ - /(1 I �)/uE/.,12 1 Lu;u�.xj/ ::=; (1 I �)/uEj.,12(L/Vv.·�·/2)112, 
.:.../ T 1 ......, .,. I 

N I 

I (V;Jx, I = lu�x; lu,lr/2 I �u: lu, lr/2-2 I>,ru;x; I ::; (1+ �) lu,lrf2(L 1Vv:l2) 1/2 
T 1 T 1 

Hence, from (9.2) we deduce the uniform boundedncss oft he integrals: 

wh rc a constant C9 is independent of E. On the basis f the csLirna.tes (9.1) 

and (9.4), there exists a subsequence { u�p} of {v.�} such LbaL, as Ep ------7 0, 

l v. __ P 
------7 u' 

( \ t-P ) .7: j ------7 Vx J 

( \// ) . ------7 v' tp x1 x1· 

Ill Co,p(D), UJ.S) 

w akly Ill r.12 (n), (9.6) 

wca.kly In l-�2 (n), UJ. 7) 

where sornc u' (x) E C'o,p(D), \l (x) = /u/7/211 and V1(1;) = v.1juj712 for I 

l, · · · . Therefore, the functions ul ( 1:) E Co.p (D) satisfy the inL0gri:ll idcnt i ty 
0 

(3) for any cp1 EWl(D), since the func b ons v.�.p satisfy the sarn �integral ide11tity 

as (3) derived from Lhe E-regula.ri6cd cquatious (2.1)-(2.2) ancl it is possilJlc tu 

pass the limit as Ep ------7 0 in this forrn. This completes the proof of 'J'bcun�rn 

for T 2:: 1. 
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