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Abstract 

This study is concerned with the numerical simulation of high-temperature plasma 
flows in a low-power DC arcjet thruster. Nonequilibrium behavior of the gas and its 
impacts on the thruster performance are of primary interests. 

By examining essential features inherent to arcjet flows, the flow field equations 
are constructed for gaseous flows that are in thermochemical nonequilibriurn, rep­
resenting the conservation of global mass, momentum, global energy, mass of each 
chemical species, and internal energy considered. This equation set is further coupled 
with l\!Iaxwell's equations that describe the electric field. Physical models associ­
ated with a series of chemical reactions, internal energy exchanges, and transport 
phenomena are then consistently modeled and incorporated in the con1putation. 

These equations are discretized in space by using a newly proposed finite volume 
approach for axisymmetric problems and solved by applying sophisticated numerical 
methods developed to date . Efforts are made so as to relieve the numerical stiffness 
arising from strong nonlinearity of the equation system. Some strategies enhancing 
the convergence property of the algorithm are also proposed. 

Computations are performed for a typical thruster geometry in a range of op­
erating conditions with nitrogen as propellant. The distributions of physical prop­
erties inside the thruster are then presented for both thermally equilibrium and 
nonequilibrium models and the effect of nonequilibrium phenomena on the thruster 
performance is revealed by comparing with experimental data. 
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Chapter 1 

Introduction 

1.1 DC Arcjet Thruster as an Electric Propulsion 
Device 

The practical interest of the space development program to date has been on the 
near-earth activity, but recently shifting to deep-space researches including the inter­
planetary flights. To realize such long-range and/ or long-time missions, conventional 
chemical rocket systems involve much disadvantages in terms of efficiency, and the 
use of electric propulsion has been recognized as the most reliable and promising 
strategy instead. 

Here we define the electric propulsion as [1) 

The acceleration of gases for propulsion by electrical heating and/ or 
by electric and magnetic body forces. 

The primary attraction of the application of electric propulsion for future spacecrafts 
lies in their possibility of highly efficient utilization of propellant mass. As will be 
discussed in the next chapter, it is not the thrust itself but the specific impulse 
that determines the efficiency and feasibility of propulsion system for a specified 
mission and, indeed, the specific impulse required for any interplanetary mission 
is readily attainable by using thrusters employing electrostatic and electromagnetic 
interactions. 

The use of electric power for thrust has an advantage that the thruster per­
formance is not limited by the inherent chemical properties of the propellant. In 
conventional chemical rockets, the thrust is obtained by nozzle expansion of a pro­
pellant previously heated by its own chemical reaction. Therefore the attainable 
exhaust velocity is inevitably limited by the intrinsic energy available in the chem­
ical reaction and convertible to chamber enthalpy of the gas. This is not the case 
for electric propulsion since the energy is essentially supplied as volumetric heat­
ing of the electromagnetic field, which is independent of chemical properties of the 

1 
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Anode 

Cathode Arc column 

Figure 1.1: Schematic of a typical arc jet thruster 

propellant itself. t 
In general, the electric propulsion can be categorized into the following three 

types regarding the accele:ration mechanism: 

1. Elect1othermal p1opulsion: the propellant gas IS heated electrically and ex­
panded in a nozzle to produce thrust. 

2. Elect1ostatic p1opulsion: the propellant IS accelerated by the application of 
electric body forces to ionized particles. 

3. Elect1omagnetic p1opulsion: the ionized propellant is accelerated by electro­
magnetic body forces produced by interactions of external and internal mag­
netic fields with electric currents driven through the stream. 

The arcjet thruster belongs to the electrothermal device. The schematic of a typ­
ical arcjet thruster is shown in Fig. 1.1. Arcjets utilize an arc generated between 
electrodes to heat the propellant gas. The propellant is injected and passed through 
the arc before being exhausted through a nozzle at one end of the device. Arcjets 
normally employ a constricted design in which the arc initiates at the tip of a cath­
ode, extends through the constrictor (throat), attaches in the diverging section of 
the nozzle, which also serves as the anode. The arc core is at temperatures of more 

t Even in this case, however, the unrecoverable energy deposition in the internal mode of the 
gas, referred to as frozen loss, can degrade the thruster performance. Quantitative estimation of 
this phenomenon is a main purpose of this study and will be discussed hereafter. 
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than 10,000 K. Therefore there is practically no flow inside the arc, which can be 
thought of as an effective fluid plug; this reduces the flow, without reducing the 
pressure integral, this leads to the high specific impulse. 

Typical thruster properties for each electric propulsion system are cataloged in 
Table 1.1 [2]. Arc jets occupy an intermediate place in the specific impulse scale, 
and become advantageous for missions where there is some preminu·m on short-burn 
duration (note that lower specific impulse implies higher thrust for a given power) , 
or on thrust over only a portion of the orbit. Hence arcjet thrusters are expected 
to be utilized mainly as a north-south stationkeeping function for geosynchronous 
satellites. 

1.2 H istorical Background and Current Trends 

Classically, the idea of using electric power for propulsion was proposed by Robert 
H. Goddard for the first time at the beginning of the 20th century, in 1906 [3] . After 
that, Herman Oberth included a chapter on electric propulsion in his classic book 
on rocketry and space travel in 1929 [4]. Their ideas were, of course, not realized at 
that time and it was after the World \/'var II , in 1948, that the first serious feasibility 
studies of a space vehicle employing electric propulsion were performed [5]. In 
Ref. [3], Stuhlinger presents a detailed histrical review of the electric propulsion 
development including his personal experiences. 

The first study on the application of arcjets to propulsion was conducted during 
the late 1950's by Giannini in the United States [6]. Since then! several models 
of the thruster were developed for space testing around 1960 in accord with the 
fie ld becoming a major component of the space industry. Many works such as the 
performance of correlated ground tests in large vacuum tanks, the development of 
suitable power supplies and power conditioning equipment, and the detailed analysis 
of missions appropriate to electric propulsion were required necessarily and have in­
creased the number of research and development laboratories including the Giannini 
Scientific Co., Avco Co., and General Electric Co. in the United States, and many 
research facilities in the former USSR. 

The primary focus of the arcjet thruster development in the United States was 
on providing primary propulsion on major NASA missions and started in the mid-
1950's. Most of the effort at that time was focussed on the development of devices 
that operated at the 30 kW power level and used hydrogen as the propellant. This 
is because the programs in this period planned to utilize the space-based nuclear 
power systems and cryogenic hydrogen storage. Some of the resources were directed 
toward the 2 k W range and these efforts resulted in the fabrication of a 1 k W flight 
system designed which was expected to be accepted for the Space Electric Rocket 
Test (SERT) program. Unfortunately, ground tests of this unit encountered design 
problems and the system was shelved. Other propellants including ammonia were 
tried using hardware from the 1 kW program with little success a11d, after all, the 
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Table 1. 2: Application of arc jet to operational/ experimental flight [2] 
Launch Vehicle type/Experiment Propellant Kilowatts Sponsor /builder 

1987 Shadow Cs 1.5 TsNIIMash 
1993 Telstar-4 N2H4 1.8 LM/OAC 
1996 GE-l N2H4 2.0 LM/OAC 
1998 AM SAT NH4 0.7 AMSAT/IRS 
1999 ARGOS/ESEX NH4 26.0 USAF /TRW + Primex 
2000* DRTS N2H4 1.8 MELCO/NASDA 

* Planned date 

program was terminated in the mid-1960s. These progress were reported by Wallner 
and Czika in 1965 [7]. 

The advantage and the feasibility of arcjet systems were, however , recognized 
again after the evolution of commercial communication satellites. Since the 1980's, 
low power arcjet research efforts have been directed worldwidely toward the devel­
opment of a system to replace the state-of-art resistojet and hi-propellant systems 
in use for north-south stationkeeping on geosynchronous communications satellites. 
In fact, some efforts have resulted in actual application for practical satellites or ex­
periments as listed in Table 1.2. A more detailed account can be found in Ref. [8]. 
In the United States, high power arcjet propulsion technology was demonstrated in 
the Air Force-sponsored Electric Propulsion Space Experiment (ESEX), and the 26 
kW ammonia arcjet system was launched as part of ARGOS on February 23, 1999 
[9]. Major ESEX experiment objectives were to demonstrate the performance of the 
arcjet in space, to identify any impa.cts of the operation arcjet on spacecraft sys­
tems, and to collect data necessary for comparison to ground results. The thruster 
performed as expected in flight (787 seconds specific impulse and 1.93 N thrust). 

On the other hand, in Japan, the National Space Development Agency (NASDA) 
has a plan to launch an arcjet-onboard satellites named Data Relay Test Satellite 
(DRTS) [10]. 1.8 kW and 250 mN class hydrazine arcjet thrusters were delivered 
from Primex Aerospace Company (PAC) in the U.S. to Mitsubishi" Electric Corpo­
ration (MELCO) for integration into the DRTS. Work is presently underway as well 
in Ishikawajima-Harima Heavy Industries Co., Ltd. (IHI) to develop a 1 kW DC 
arc jet system [11]. A 100 hours firing test was conducted successfully using the en­
gineering model of thruster, gas generator, power processor and domestic hydrazine. 
A flight type system of the 1 kW DC arcjet has been designed and manufactured 
by reflecting the test result. 

From these trends, it can be confirmed that arcjet thrusters are now in the midst 
of a rapid transition from experimental to practical device. 
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1.3 Review of Arcjet Modeling 

As outlined in the previous section, studies on electric propulsion have been per­
formed for many years. This is also evident from the fact that the international 
electric propulsion conference (IEPC) has been held since the late 1960's and is al­
ready 26th in 1999. However, basic development of the arcjet system was associated 
with experimental works at the beginning and theoretical and analytical approach 
gave few guidelines to designers.tThis is because reproduction of basic physics inside 
the thruster, interaction of the fluid motion, chemical reactions, transport phenom­
ena, and electromagnetic effect, are extremely difficult to perform, but indispensable 
to predict the thruster performance correctly. Thus until recently, there was little 
hope of being able to construct comprehensive models of the complete device and 
the design process was inevitably forced to be empirical and intuitive. 

The situation is now rapidly changing owing to the combination of highly de­
veloped computational resources and the accumulation of plasma information via a 
new generation of plasma diagnostics. This leads to a possibility that the thruster 
development by means of experimental efforts can be replaced by more sophisticated 
approaches including the numerical prediction of thruster performance by using the 
computational fluid dynamics (CFD). 

Since the late-1980's, many attempts have been made to model and simulate 
the plasma flow inside the arcjet thruster. The main issues of the· arcjet modeling 
published in the past are listed in Table 1.3 and discussed in detail by the following. 
This review is basically coincident with the excellent report of Martinez-Sanchez 
and Miller [12], but includes additional literatures published recently and limited to 
two-dimensional computations. 

One of the first two-dimensional arcjet calculation was that of Okamoto and 
Nishida [13], [14]. They performed a computation for a 1 kW class thruster with 
argon as propellant . Viscosity, heat conduction, and finite rate chemistry were 
consistently modeled and incorporated. Fairly good thrust and efficiency predictions 
were obtained in comparison to experiment. 

In Ref. [15], King and Butler developed a numerical code called KARNAC (Ki­
netic Arc N onequilibrium Analysis Code), that can deal with hydrogen, nitrogen or 
mixtures . Their code is based on the Arbitrary Lagrangian-Eulerian (ALE) method, 
so that computaions are advanced in time by two phases, namely Lagrangian phase 
and Eulerian phase. The advantages of this method are threefold: 1) the solution 
can withstand steep gradients and extreme transients; 2) the method is indepen­
dent of the Mach number regime; 3) separate modules can be developed to simulate 
specific physical processes. Results showed qualitative agreement with experimental 
data, but severely overpredicted the input power and specific impu)se. 

t "Like many other practical devices, arcjets for space propulsion have evolved largely on the 
basis of a series of intuition-guided empirical developments, with theory providing at best a general 
background, and very little detailed help to the designer." [12] 
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Table 1.3: Examples of numerical analysis 
Author Affiliation/ Country Model References 

Okamoto and Nishida Kyushu Univ.jJapan 1T,CNE [13], [14] 
King and Butler RRC/USA 1T, CNE . [15] 
Rhodes and Keefer UTSI/USA 1T/2T, CE [16], [17] 
Ciucci et al. CENTROSPAZIO /Italy 1T, CNE [18] 
Babu et al. Ohio State Univ.jUSA 1T,CNE [19] 
Miller and Martinez-Sanchez MIT/USA 2T,CNE [20], [21] 
Fujita and Arakawa Univ. Tokyo/Japan 1T/2T, CNE [22] ' [23]' [24] 
Megli et al. Univ. Illinois/USA 2T, CE/CNE [25]' [26] ' [27] 
Auweter-Kurtz et al. IRS/Germany 3T,CNE [30] 
Boyd Cornell Univ.jUSA 3T*, CNE [28], [29] 

* DSMC calculations 

The computation of Rhodes and Keefer employed the SIMPLE (Semi-Implicit 
Method for Pressure-Linked Equation) algorithm as a flow field solver. In Ref. [16], 
they assumed chemical equilibrium an.d this led to severe underprediction of electron 
outside the arc, requiring an artificially elevated value for electrical conductivity, 
sometimes referred to as conductivity floor, to maintain discharge. This work was 
later extended to thermochemical nonequilibrium flow field [17] , and the results 
underpredicted the thruster performance compared to experimental data. 

Other works associated with the thermal equilibrium assumption include that of 
Ref. [18] and Ref. [19]. . . 

The most successful computation with respect to performance prediction may 
be the work of Miller and Martinez-Sanchez [20], [21]. They abandoned the single­
temperature assumption and separated the electron temperature from the heavy 
particle temperature (two-temperature model) . This requires solving electron energy 
equation separately from the total energy equation, and enables us to describe the 
rates of ionization and recombination, ambipolar diffusion, and ultimately current 
attachment path outside the arc core more accurately. Hydrogen was employed as 
propellant, and the predictive accuracy of their model is excellent: the discharge 
voltage calculated is within 1-10 % of experimental measurements, and predicted 
specific impulse is within 5-10 %. 

The two-temperature computations were also performed by Fujita and Arakawa 
[22], [23], [24], and Megli et al. [25], [26], [27]. In Ref. [23], Fujita developed an 
electrode sheath model to evaluate the voltage drops at anode and cathode. The 
calculated electron and heavy particle temperatures were similar in magnitude and 
distribution to those of Ref. [21], but the predicted voltage was consistently low 
compared to experimental data. Martinez-Sanchez [12] attributes this trend to the 
assumption of equi-potential anode, which is expected to shift the arc attachment 
area more upstream. 

In turn, Megli et al. developed a numerical model for nitrogen/hydrogen mix-
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tures. The flow field equations are solved using a compressible form of the pressure­
based pressure implicit with splitting of operators (PISO) algorithm. They assumed 
chemical equilibrium at first [25], and then extended to chemical nonequilibrium 
[26] . An important thing to note is , for calculations including nitrogen, the use of 
low inelastic loss factor 6 (see following chapter) leads to increase electron tern pera­
ture excessively near the anode, which results in severe underprediction of voltage. 
Furthermore, in Ref. [27] , they evaluated the 6 by solving the Boltzmann transport 
equation and incorporated into their model. The results confirmed the strong energy 
dependent of 6, which, unfortunately, led to predict much lower voltage compared to 
experimental data in turn. This implies the difficulty of estimating intermolecular 
effects on computations assuming thermal nonequilibrium. 

The most complicated computations employing the three-temperature (3T) model 
is presently underway by the working group of Institut fur Raumfahrtsysteme (IRS) 
in Germany [30] . Unlike 2T computations, their 3T model further splits the heavy 
particle temperature into translational-rotational and vibrational temperatures. This 
requires additional modeling of the equation representing vibrational energy conser­
vation and accompanying physical phenomena. Although involving a number of 
computation burden, they succeeded to reproduce the plasma flow inside the high­
power hydrogen arcjet thruster named HIPARC-R. 

The computational challenge also goes to the field of rarefied gas dynamics. In 
Refs. [28] and [29] , Boyd developed a numerical method to model the nozzle and 
plume flows of a hydrogen arcjet by using t he direct simulation Monte Carlo (DSMC) 
technique. Starting from a continuum solution of the flow just downstream the 
constrictor, computations were performed with nonequilibrium chemistry, thermal 
relaxation, and Ohmic heating taken into consideration. The results were compared 
with measurements and quite good agreement was obtain d for thruster perfor­
mance, indicating the Monte Carlo method becoming a viable approach to simulate 
arcjet flow fie lds . 

1.4 Motivation and Scope of the Present Study 

The limitations of ground-based experimental facilities and the rapid improvements 
of digital computers and numerical solution algorithms have meant that computa­
tional fluid dynamics has been becoming a useful design tool for electric propulsion 
developments. In fact, computational codes for the solution of supersonic and hy­
personic flow are now in routine use in the field of aeroplane or spacecraft design 
processes. Adding this, accumulated information of the physical p~operties includ­
ing finite-rate dissociation/ionization rates , collision frequencies required to evaluate 
the transport properties , and thermal relaxation rates have brought us to construct 
more accurate and reliable models which describe high temperature plasma gases. 

The motivation of the present study stems from some long term goals to develop 
a suitable numerical algorithm and associated computer code for the prediction of 
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thruster performance and ultimately to complete the CFD code as a tool for the 
design of practical arcjet thrusters. This dissertation follows the numerical works 
reviewed in the previous section to a certain extent, but do supply deeper insight 
for both physical and computational aspects. 

It is now evident that we need to construct equation systems that describe the 
flow field with at least two-dimensional assumption: the radial flow structure is ex­
tremely nonuniform so that one-dimensional models must have serious limitations 
concerning the details of the gas physics and flow dynamics. Furthermore, it is in­
evitable to employ quite complicated physical models to describe plasma properties. 
Arcjet thrusters are electrothermal devices, and the flow structure is maintained by 
complicated physics including a series of chemical reactions. This is in contrast to 
hypersonic computations such as blunt-body flows with strong shock wave, where 
the flow structure is basically determined by fluid dynamics itself and so-called real 
gas effectst play supplementary roles. 

One of the main purpose of the present study is to investigate the effect of ther­
mochemical nonequilibrium phenomena on the prediction of thrus~er performance. 
This is because accurate evaluation of flow chemistry in the nozzle is of particular 
importance. It is well known that the latent chemical energy contained in the exit 
flow is a main cause of thruster degradation, which is referred to as frozen loss. 
Thus an analysis that includes thermochemical nonequilibrium is required to accu­
rately predict this phenomena. This requires high-resolution, robust, and efficient 
CFD algorithms capable of solving large systems of conservation laws with very 
stiff source terms. Computational difficulties inherent in the arcjet physics such 
as Ohmic heating, convergence deterioration subject to low Mach number region, 
and very diffusive nature of the flow field must be overcome as well. Therefore a 
first step toward achieving the stated long term goals includes the development of 
sophisticated, reliable, and accurate solution algorithms that enable us to obtain 
converged data within allowable computational time. 

1.5 Organization of the Thesis 

The outline of the thesis is as follows. Basic theories on electric propulsion, key 
features of physics inherent in the arcjet flow, and expected numerical problems are 
discussed as a general discussion in the next chapter, Chapter 2 . . 

In Chapter 3 , the basic governing equations are constructed for both flow field 
and electric field by combining existing theories on the assumptions introduced. 
Expressions for convective and viscous flux, transport properties, and the terms 

tHere we use the term real gas effects as a meaning of high temperature effects including 
dissociation, ionization, vibrational excitation, etc. This sometimes leads to confusion with the 
case where the so-called Van der Waals force becomes important. Hence, to what follows, the term 
high temperature effects is used instead [31]. 
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representing interactions among various energy modes are then consistently modeled. 
Physical boundary conditions introduced are discussed in detail as well. 

Chapter 4 is concerned with providing complete and comprehensive descrip­
tions of the numerical algorithms employed and the expression of their practical 
implementations. Key issues include: 1) the newly proposed finite volume formula­
tion for axisymmetric problems, 2) the construction of approximate Riemann flux 
combined with monotonous reconstruction of physical properties, 3) time-integration 
algorithms including the treatment of stiff thermochemical source terms, and 4) an 
efficient algorithm to solve elliptic equation for electric field by using the generalized 
minimal residual (GlVIRES) method. 

Computations are performed in a range of operating conditions employed in 
the previously conducted experiments with nitrogen as propellant. Computational 
results are then presented and compared with the experimental data in Chapter 5. 
The effect of thermal and chemical nonequilibrium on the thruster performance are 
cleared and discussed therein. 

Finally, Chapter 6 includes a few conclusions for the results ohtained and some 
recommendations for future work. 



Chapter 2 

General Discussion 

2.1 Definitions and Fundamental Argument 

As expected, rigorous demonstration of potentialities on the use of electric propulsion 
requires a number of detailed analysis for specific missions, which is difficult to 
perform. The essential concept, however, can be illustrated by the following basic 
dynamical arguments. Generally the flight of a space vehicle is described simply by 
the differential equation of motion in one-dimensional manner as [1], [32] 

mu = mue (2.1) 

where u and m denote the rate of change of rocket speed (i.e. acceleration) and 
that of mass by propellant exhaustion (i.e. mass flow rate), respectively.tue is the 
exhaust velocity relative to the vehicle. The term on the right hand side is commonly 
identified as the thrust of the vehicle, 

(2.2) 

and the total impulse It can be defined as the integral of thrust over the operating 
time. 

(2.3) 

For constant thrust this reduces to 

(2.4) 

tActually, the difference between the exhaust pressure and the ambient fluid pressure has an 
influence on the thrust and is called pressure thrust. This contribution is, however negligibly small 
compared to the right hand side of Eq. (2.1), momentum thrust, as far as the electric propulsion 
is concerned and thus omitted here. 

11 
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where flt = t 1 - t0 . By assuming that the thruster operates at constant U e for a 
specified mission, the time integrals of Eq. (2.1) leads to 

mo 
flu= Ueln-

mf 
(2.5) 

In Eq. (2.5), flu is interpreted as a maximum velocity increment by the ejection of 
the propellant by flm from the initial mass m0 . Thus m 1 = m0 - ~m includes the 
mass of the engine , power supply system, tankage, etc., plus useful payload. The 
ratio of m 1 to m0 is sometimes referred to as mass ratio, and its explicit expression 
can be derived by solving Eq. (2.5) for m 1 /m0 . 

mf = exp (-flu) 
mo Ue 

(2.6) 

Eq. (2.6) implies that, since flu is automatically determined by the mission require­
ment, a larger Ue can decrease the propellant mass, which inversely increases the 
payload mass brought to the final velocity. 

In turn, the specific impulse Isp is defined as the total impulse per unit weight 
of propellant 

rtf 

- ito Tdt 
fsp = tf 

go r mdt 
ito 

(2.7) 

where g0 = 9.8066 m/sec2 is the standard acceleration of gravity _at sea level. By 
combining with Eq. (2.3) for a constant thrust and mass flow rate, Eq. (2. 7) reduces 
to 

T Ue 
fsp = -.- =-

mgo go 
(2.8) 

Thus the exhaust velocity is directly related to the specific impulse by a factor of 
approximately 10 in mks units. Since long-range and/ or long-time missions such 
as interplanetary flights or maintenance of satellite position and orientation are 
characterized by correspondingly large flu, it is now apparent that the higher specific 
impulse is the most responsible factor for the choice of propulsion devices. 

Thruster efficiency 7] is defined conventionally as the ratio of the kinetic energy 
rate contributes to the thrust (axial component) to the total electrical power supplied 
plus kinetic energy rate of incoming propellant. 

(2.9) 
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where P = IV is the electric power input to the thruster and the subscript "in" 
denote the inlet . Thruster efficiency accounts for all the energy losses, including 
anode/ cathode heat conduction loss, viscous dissipation, thermal/ chemical frozen 
loss, and losses due to radiation. 

2.2 Simple Performance Analysis 

As noted previously, more than two-dimensional analysis is inevitably required for 
the accurate prediction of the thruster performance. However, focussing on essential 
flow features, we can roughly estimate the thrust and specific impulse in the following 
way [12]. Although the accuracy might not be enough to be useful for practical 
applications, this can at least give us fundamental guidelines for the construction of 
more complicated models. 

We model the flow within the constrictor as composed of two _regions, namely 
arc core and the cold gas surrounding it (Fig. 2.1). From the viewpoint of fluid 
dynamics, it is apparent that pressure in the radial direction is almost constant. On 
the other hand, the temperature inside the arc can be more than 10,000 K, whereas 
of the order of 1,000 Kat most for the cold gas. This implies that very little mass is 
carried inside the arc; the high temperature corresponds to low density at the same 
pressure. Hence the flow is essentially carried in the cold gas region, the area of 
which can be expressed as A- Aa (A and Aa are the cross section of the constrictor 
and the arc column, respectively). Since the flow chokes at (or near) the constrictor 
exit, the mass flow rate can be expressed as 

m PoutUout (A - Aa) 
PoutCout(A- Aa) 

RTout 
rPout (A - Aa) 

Cout 

(2.10) 

where the subscript "out" denotes the outer flow property with c = -/1JIT being 
the speed of sound. In turn, the familiar mechanical interpretation of a rocket's 
thrust states that this thrust arises from the lack of a reaction surface for Pout in the 
area of the throat . -

(2.11) 

Cp is a nozzle coefficient of order 1-2 , accounting principally for the pressure forces 
on the diverging nozzle bell. Accordingly, the specific impulse is given by 

T CpCout 
fsp = -- = ------

mgo r9o(1- Aa/ A) 
(2.12) 

Equation (2 .12) contains crucial implications in developing more than two-dimensional 
models which is required for the accurate prediction of thruster performance: 
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Figure 2.1: 1vlodeling of arc jet flow in the constrictor region 

1. The temperature distribution in the cold gas region must be predicted well. 
This also implies that, although much emphasis is placed on the reproduction 
of discharge phenomena inside the arc core, its complicated physics plays only 
a secondary role on the performance prediction. 

2. The area ratio of the arc column to the constrictor (Aa/ A in Eq. (2.12)) affects 
directly on the specific impulse, raising a requirement that the size of the arc 
at the constrictor exit must be predicted accurately. Since a series of transport 
phenomena including diffusion and thermal conduction are mainly responsible 
for radial arc growth, these properties must be precisely modeled. 

Keeping the above mentioned in mind, we try to construct the two-dimensional 
models that can reproduce the arcjet physics including the arc column without 
relying on simplifications as introduced in the present section. 

2.3 Key Issues on Arcjet Physics 

We next concern some important physics that must be taken into account in the 
model. It is true that, despite its relatively simple configuration, the flow field in­
side arcjets involves so much of different physical mechanisms. They range from the 
well-known fluid dynamical effects to more complicated one associated with high­
temperature gas dynamics, some of which are crucial and others may be neglected. 
The key issues are then illustrated in Fig. 2.2. The following discusses these phe­
nomena for the purpose of the physical explanation as well as the examination of 
their relative importance on arcjet computations. Several excellent texts consider 
various aspects of these topics in detail (e.g. (33]); here we select only a few critical 
points. 
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Figure 2.2: Key features of arcjet physics 

2.3.1 Dissociation/ionization processes 

15 

For a gas composed of molecular species, dissociation may take place at a given 
circumstance. As an example, for nitrogen gas at 1-atm pressure, the dissociation of 
N2 begins when the temperature reaches 4,000 K and almost completes at 9,000 K. 
This reaction is mainly triggered by the collision of generic particles to the molecul 
considered. 

AB+M ~ A+B+M (2.13) 

The reverse reaction can also occur and is referred to as three-body recombination. 
In turn, at sufficiently high temperatures an atom or molecule may lose one or 

more electrons and becomes ionized. This becomes important at a temperature more 
than 10,000 K for 1-atm nitrogen. Various ionization processes can be considered, 
but the most responsible one is the electron impact ionization for atomic species as 
far as arcjets are concerned.t 

(2.14) 

This reaction is categorized as a special case of inelastic collision. From the knowl­
edge of elementary mechanics, it is verified that the kinetic energy of a colliding 
particle is transmitted to the other particle sufficiently only if the masses of the two 
particles are nearly equal [34]. Thus the orbits of the electrons in an atom are readily 

t Other processes include the photo ionization, field ionization, and charge-exchange ionization. 
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transferred by a collision of free electron with sufficient energy, which may result in 
ionization at some extents. In the exchange, the collision causes the free electron to 
slow down to an extent equivalent to the ionization energy. This indicates that the 
most of the ionization energy for the electron-impact ionization is subtracted from 
the free electron. 

The dissociation and ionization can have an impact on the evaluation of ther­
mochemical properties of gas mixture such as specific heats or gas constant. It is 
well known that these properties for ideal gas can be described by two of three 
state properties, namely density, pressure, and temperature. For chemically react­
ing gases, however, they also become a function of each species density considered. 
This results in a change of the equation of state, and ultimately, a change of flow 
properties. It should also be noted that these reactions occur endothermically, hence 
the reaction energy must be supplied from other energy sates. 

2.3.2 Transport phenomena 

The essence of transport phenomena lies in the random motion of gas-constituent 
particles. When the gas is out of equilibrium by virtue of a nonuniform spatial 
distribution of some macroscopic quantity, the particle moves irreversibly from one 
location to another, carrying with it a certain momentum, energy, and mass associ­
ated with the particle itself. The transport of these properties due to the random 
particle motion gives rise to a series of transport phenomena; viscosity, thermal 
conduction, and diffusion, correspondingly. 

It is known empirically that for a large class of irreversible phenomena and under 
a wide range of experimental conditions, the irreversible flows can be expressed 
phenomenologically as linear functions of the thermodynamic forces (35]. Thus, for 
example, Fourier}s law for heat conduction expresses that the components of the 
heat flow are linear functions of the components of the temperature gradient. 

8T 
q=-k­ax 

Similarly the expression of viscosity becomes 

au 
T=M­ax 

(2.15) 

(2.16) 

Fick }s law establishes a linear relation between the mass diffusion flow for species A 
and its concentration gradient as 

(2.17) 

where binary diffusion is assumed for simplicity. A difficulty comes from that we need 
to evaluate the coefficients k, M, and D for multi-component gas mixture assuming 
thermal nonequilibrium. This will be further discussed in the next chapter. 
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As discussed in the previous section, success of arcjet computations depends 
on how we can accurately predict the energy distribution outside the arc column. 
Regarding this, transport phenomena play a crucial role since the convection has 
basically nothing to do with the arc growth: there is essentially no radial velocity 
components in the constrictor with the pressure remaining almost constant verti­
cally. Hence accuracy of the transport coefficient is directly related to accuracy of 
the performance prediction. 

2.3.3 Ohmic heating 

In arcjets, energy input occurs in the arc column as a volumetric heating, which 
is termed Ohmic heating. tif the electric current passes thorough the area S by the 
distance 6.x and consequently the electric potential decreases to ·6. V, the energy 
contained in the volume S 6.x must equal to the corresponding potential energy, 
jS6.V, where j is the current density. Hence the input energy per unit volume 
becomes j 6. V / 6.x. Considering that 6. V / 6.x represents the electric field, the 0 hmic 
heating rate SJoule is finally expressed as an inner product of the current density 
vector j and the electric field vector E . 

SJoule = j · E (2.18) 

The Ohmic heating can also be interpreted as a result of collision between lectri­
cally accelerated electron and other particles. Hence the Ohmic heating excite the 
electron/ electric energy first, and the excited energy is transferred to heavy par­
ticles via elastic/inelastic collisions. This implies that we need to add the Ohmic 
heating terms to both the electron energy equation and the total energy equation 
constructing the equation system. 

2.3.4 Chemical nonequilibrium 

In general, the local speed of chemical reactions is directly related to number density 
of the gas considered (rather than mass density since a series cf reaction takes 
place as a result of collision between particles, and mass of particles plays only a 
secondary role itself). The rate of chemical reaction, in fact, increases very rapidly 
with increasing the number density at a given temperature. Therefore we may 
encounter circumstances where the characteristic time of chemical reactions is the 
same order of that of the flow field due to low density, which is called chemical 
nonequilibrium. To discuss further, we define Damkohler number Da as the ratio 
between the flow residence time and the time required for completion of chemical 
reactions [34). 

D = Flow residence time T f 

a Time required for equilibration Tr 
(2.19) 

t Sometimes called Joule heating as well. 
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Using this parameter, we can classify the flow state regarding chemical reaction into 
three types: 

1. Equilibrium flow: wherein TJ >> Tr· In this case, chemical reactions complete 
instantaneously so that local chemical composition of gas can be determined 
only by thermodynamic properties at that location, namely temperature and 
density (or pressure). 

2. Nonequilibrium flow: wherein TJ rv Tr · In this case, chemical composition of 
gas can become a function of location as well as thermodynamic properties. 

3. Frozen flow: wherein TJ << Tr· In this case, the fluid element zips through the 
flow field before any chemical changes can take place and therefore chemical 
composition remains almost constant throughout the flow field. 

For arcjets, the flow may be in chemical nonequilibrium inside the nozzle where 
the density is relatively low due to expansion. The atomic recombination processes 
occurring in the nozzle are three-body recombination, as discussed previously, and 
their rates are roughly proportional to the square of gas density p, whereas flow res­
idence time in a nozzle is proportional to the length of the nozzle L [36]. Therefore, 
the Damkohler number in the nozzle is proportional to p2 L. This become a criterion 
of the choice of chemical models. 

2.3.5 Thermal nonequilibrium 

Here we concentrate on the microscopic nature of a gas. For ionized gases, a molecule 
has several modes of internal energy, as follows (see Fig. 2.3): 

1. Translational energy: the energy associated with the spatial motion of particle. 

2. Rotational energy: the energy associated with the molecule's rotational veloc­
ity and its moment of inertia. 

3. Vibrational energy: t he energy associated with the molecule's linear motion in 
bonding direction and the potential energy due to intermolecular force (sym­
bolized by the spring). 

4. Electron energy: t he energy associated with the spatial motion of free electron. 

5. Electronic excitation energy: the kinetic/potential energy of the electron in 
orbit. 

The property "temperature" can be defined for each energy mode if their energy dis­
tributions follow Maxwellian [33], and commonly termed as translational temperature 
Ttr rotational temperature Trot, vibrational temperature Tvib, electron temperature Te , 
and electronic excitation temperature Tex, correspondingly. The results of quantum 
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Figure 2.3: Modes of molecular energy 

mechanics have shown that each of the above energies is quantitized, i.e., they can 
exist only at certain discrete values. This leads to breakdown of classical treatment 
of mechanics, such as the application of the energy equipartition principle [33], and 
can make the analysis extremely complicated. 

The term thermal nonequilibrium is defined such that these energy modes can 
not be described by an _unique temperature. In this case, additional equations 
for the conservation of each energy are required, and subsequently, corresponding 
energy relaxation mechanisms must be modeled and incorporated in the equations. 
Thermal nonequilibrium can have an impact on the evaluation of chemical reaction 
rates and transport properties and becomes important for low density and/ or high 
temperature flows as is the case of chemical nonequilibrium. 

2.3.6 Frozen losses 

For arcjets, the degree of thermochemical nonequilibrium influences directly on the 
thruster performance. This is based on the fact that chemical reactions absorb or 
release much energy than other flow mechanisms. The dissociated or ionized parti­
cles are expected to recombine in the nozzle due to rapid decrease of temperature, 
hence the energy used to dissociate/ionize the gas in the arc column is recovered to 
kinetic energy which contributes to the thrust at some extent. However, if the den­
sity in the nozzle is low and thus chemically frozen, the gas does not substantially 
recombine before it leaves the nozzle and an amount of chemical energy is left in 
the flow, which results in the degradation of thruster performance. This kind of loss 
mechanism is referred to as chemical frozen loss. 

As well, if the interno..l energy discussed in the previous subsection is not suffi­
ciently equilibrated with translational energy in the nozzle, the subtracting energy 
does not contribute to the thrust and become a mechanism of thruster deterioration, 
which is termed thermal frozen loss. 
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Previous studies have shown that these frozen losses are the most responsible for 
thruster degradation and need to be predicted well. 

2.4 Numerical Problems Expected 

As will be discussed in the next chapter, the flow field inside DC arcjet thrusters can 
be described by the N a vier-Stokes equations that have been extended to thermal 
and/ or chemical nonequilibrium gases plus Maxwell's equations that describe the 
electric field. To solve these equations, time-marching algorithms have been widely 
used since they can apply to both inviscid and viscous flows and can be used in 
conjunction with virtually any spatial discretization. Although it has been becoming 
feasible to solve the equation set numerically owing to the advance of numerical 
methods, we still encounter a number of computational burden that is hard to 
overcome. These problems are associated with physics inherent in arcjet flows and 
then arise inevitably. Key issues of them are discussed in detail by the following. 

2.4.1 Low-Mach number effects 

The flow speed inside the thruster can vary from subsonic at the inlet to supersonic 
in the nozzle, so that the compressible equations must be used throughout. When 
the magnitude of the flow velocity is small in comparison with the acoustic speed, the 
convection terms of the eq_uations become stiff and time-marching methods converge 
very slowly. 

It is well known that a time-marching method works best when eigenvalues of the 
Jacobian matrix for the equation system A are clustered. If we employ the so-called 
density based method (DBM), A becomes u, u + c, or u - c for one-dimensional 
inviscid flows, where u and c are the local flow speed and the speed of sound, 
respectively. Therefore for cases u << c, the eigenvalues can differ severely and the 
rate of convergence becomes considerably small. 

Adding this, in the arc core, the flow is subsonic but is nota9ly compressible 
because of density changes induced by volumetric heat addition, namely Ohmic 
heating. In this region, the temperature is of the order of 10,000 K and consequently 
the speed of sound becomes high, which lowers the local Mach number even when 
the flow speed is relatively high. Since the pressure term is of order 1/ M 2 while the 
advective term is of order unity in the nondimensional momentum equations, low 
Mach number sometimes causes the singularity for the pressure gradient terms and 
may smear the pressure field. 

2.4.2 High-temperature effects 

High-temperature effects involve many computational problems as well. Although 
we assume thermal and/ or chemical nonequilibrium, the characteristic time of chem-
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ical reactions tends to be much smaller than that of fluid motion. This influences in 
the way that terms associated with high-temperature effects (i.e. mass production 
terms and thermal relaxation terms) may become much larger than convective terms 
or diffusive terms at the initial stage of computation. Furthermore, since these terms 
are in general strongly nonlinear for the species density and temperature, a bit of 
numerical fluctuation can change these terms significantly and sometimes leads to 
breakdown of the computation. 

These problems become serious especially in the prediction of electron properties. 
As far as arcjets are concerned, the behavior of electron determines the basic flow 
structure such as the arc column and needs to be predicted accurately. However, the 
mass of electron is by many orders of magnitude smaller than that of other particles 
and hence computation of the electron density/ energy distribution is much liable to 
be suffered from numerical error. 

Due to these trends, allowable time increment to integrate the flow field equations 
is forced to be prohibitively small and enormous amount of iterations are required 
to obtain steady state solutions. 

2.4.3 Diffusive nature of the flow field 

Typically, the scale of the arcjet thruster is of the order of millim~ter, which is in 
contrast to many kinds of computations for hypersonic chemically reacting flows 
(typically order of centirneter or meter). In this case a series of transport phenom­
ena become dominant as well as convective fluid motions and the flow field tends 
to be considerably diffusive. This implies the flow field becomes parabolic/ elliptic 
rather than hyperbolic in nature and this can be a problem from the computational 
point of view. For time-marching algorithms associated with the compressible flow, 
allowable time increment i:lt is basically determined by the so-called CFL condi­
tion. Unfortunately, i:lt determined by this criterion is too small to perform the 
computation efficiently for the region where diffusive phenomenon is dominant, and 
consequently the scheme converges very slowly. 

On the other hand, it is well known that the restriction of i:lt becomes extremely 
severe if the parabolic terms are treated explicitly for more than two-dimensional 
problems (37]. Thus these terms sh<;:>uld be discretized and solved in an implicit 
way. However, for solving large equation systems, direct formulation of the implicit 
scheme on diffusive terms involves accurate estimation of the Jacobian matrix, which 
requires considerable numerical operation and additional efforts to couple with the 
convective term. Actually it is expected to be quite expensive to solve the equations 
implicitly for both convective and diffusive terms within a category of time-marching 
algorithm, although not impossible to implement . An efficient solver which replaces 
the rigorous implicit formulation is thus required. 
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2.5 Summary 

In this chapter, fundamental theories on electric propulsion, key features of arc jet 
physics, and expected numerical problems are discussed. Also, from the simple per­
formance analysis, it has been shown that accurate reproduction of the arc column 
and consequently accurate evaluation of radial energy distribution are crucial for the 
performance estimation using the computational fluid dynamics technique. Compu­
tations of the arcjet flow tend to be difficult in the sense that detailed physics such 
as chemical reactions can have a serious effect on the basic flow structure and the 
thruster performance. Actually as discussed, the flow field in arcjets contains many 
independent phenomena which are difficult to model but indispensable to take into 
account. In the next chapter, basic governing equations that describe the themo­
chemical nonequilibrium plasma flow in the arcjet thruster are formulated and the 
basic physics discussed in this chapter is consistently modeled in detail. 



Chapter 3 

Modeling 

3.1 Problem Setting 

Actual arcjet thrusters can be operated in a broad range of input power, typically 
from several hundreds to more than 100 kW classes. Relatively high-power arc­
jet thrusters, such as HIPARC-R in IRS, Germany, have been developed recently 
to obtain both high specific impulse and high thrust levels for the application of 
manned interplanetary missions, to Mars for example. As opposed to these high­
power thrusters, in the present study, we consider a low-power DC arcjet thruster 
which is expected to be utilized for north-south stationkeeping (NSSK) of satellites. 

As for the propellant, hydrazine (N2H4 ) or ammonia (NH3 ) is expected to be used 
for the practical thruster application because of their advantages in terms of specific 
heat and thermal conductivity, attainable exhaust speed, and storability. In this 
study, however, nitrogen (N2 ) is selected as a preliminary step for more complicated 
models. The main motivations are as follows: 

1. Many numerical works employ hydrogen as propellant, but few employ nitro­
gen. 

2. Accounting of hydrazine or ammonia can make the model extremely com­
plicated: e.g., for hydrazine, we need to assume the gas consists of at least 
11 chemical species and 48 elementary reactions to take into account the de­
composition only [38], and much are required for the inclusion of ionization. 
Furthermore, there are few available data for collision cross sections that are 
required to evaluate the transport properties with respect to these gas con­
stituents. 

3. For nitrogen, quite reliable experimental data and chemical models are avail­
able for wide range of conditions, most of which are derived from studies 
associated with hypersonic flows. Note that nitrogen is a constituent of air. 

23 
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Table 3.1: Operating conditions of a typical low-power arc jet thruster 
Propellant Mass flow rate (kg/s) Current (A) Power (kW) Specific power* (kJ /kg) 

N2 10 10 0.5 5, 000 

* Defined by a ratio of input power to mass flow rate 

Typical operating conditions of a low-power DC arcjet thruster ar·e set and shown 
in Table 3.1. 

Within the range of these conditions, the temperature is expected to be of the 
order of 20,000-30,000 K inside the arc column, and the pressure of 100 kPa at the 
inlet. These assumptions have been in fact verified from many experimental works. 

3.2 Basic Assumptions 

In order to construct the equation system, physical phenomena discussed in the 
preceding chapter must be modeled in detail. Needless to say, it is impossible to 
take into account all the physics that can be considered, and the model must be 
developed by balancing its accuracy with the practical limitation of computational 
resources. Now we examine how the model can be simplified without losing essential 
features regarding the state of the flow in the thruster and the physical processes 
involved. 

3.2.1 Flow model 

First and foremost, the flow is assumed to be steady and axisymmetric. It is conceiv­
able that the arc column might constrict in three-dimensional fashion and attaches 
to the anode via spokes with being rotating periodically in the azimuthal direction 
[12]. This must change a series of energy exchange mechanisms between the fluid 
and the electrode wall, and then influence the prediction of thruster performance. 
To simulate this, we need to construct a three-dimensional equation system and to 
solve it by a time-accurate algorithm, which is of course prohivitively expensive. 
The steady and axisymmetric assumption is valid as long as we are interested in 
the fundamental flow structure and the effect of three-dimensional arc constriction 
is expected to be relatively minor. 

On the other hand, the flow in the azimuthal direction, called swirl flow, must 
be taken into account in some cases. This flow component has an effect that the 
arc column is constricted well in the c·onstrictor and consequently stabilized. In this 
case, unlike three-dimensional computations, we only need to add the momentum 
conservation equation for azimuthal direction to the equation system with omitting 
all azimuthal derivatives. This kind of formulation is sometimes referred to as "two 
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and half-dimensional" model and the computational time becomes the same order 
with that for purely two-dimensional cases. In fact many previous numerical works 
employed this model (e.g. [21], [24]) , but difficulty may arise that how we set the 
azimuthal velocity component at the inlet, which can not be determined from the 
operating conditions and forced to be somewhat intuitive. In the present study, the 
swirl flow is assumed to have little influence on performance prediction and therefore 
neglected. · 

Next we discuss the continuity of the flow field. Specifically, the N a vier-Stokes 
equations of continuum gas dynamics fail when gradients of the macroscopic vari­
ables become so steep that their scale length is of the same order as the average 
distance traveled by the molecules between collisions, or mean free path [39]. The 
ratio of the mean free path ).. to the characteristic length L defines the Knudsen 
number K n i.e., 

).. 
Kn=­

L 
(3.1) 

The necessary condition for the validity of the continuum approach is that the 
Knudsen number be small compared with unity. Therefore, a question arises as to 
whether the Knudsen number is sufficiently small at the nozzle exit. To examine 
t.his, we conventionally evaluate the Knudsen number for perfect gas flow in the 
following way. 

From the classical kinetic theory, the mean free path for an arbitrary gas is 
expressed as 

(3.2) 

where d is the diameter of a gas particle, particularly d = 3. 75 A for the nitrogen 
molecule. We now need to evaluate the number density n at the nozzle exit. This 
can be done by applying the well-known quasi-one-dimensional isentropic relation 
between the throat and an arbitrary nozzle section. 

A __1__ [ 1+ y M2 rG~'l) 
A* M ill 

2 

(3.3) 

p r 7~1 r~ 
p* 1 + :r=l.M2 

2 

(3.4) 

T 

T* 
[ 7+1 ] 

1 + 7;-1 M2 
(3.5) 

where the superscript * denotes the value at the throat. For typical arcjet thruster 
configurations, the nozzle area ratio A/ A* becomes order of 100. Further assuming 
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that T* = 300 K and p* = 1 atm, we can solve Eqs. (3.3) to (3.5) and obtain the 
exit number density of n = pjkT ~ 1.2 x 1023 m-3 . Substituting this into Eq. (3.2), 
,\ becomes 1.3 x 10-5m. Since the characteristic length for a typical arcjet thruster 
is of the order of mm, corresponding Knudsen number becomes 0(10-2), which is 
the critical order above which the continuum assumption breaks down. Hence it 
may be preferable to solve the nozzle flow by the molecular approach, whereas the 
continuum approach can be available upstream the constrictor wherein the local 
density is considerably high. This implies that we need to solve the flow field by 
using the NS-DS fC hybrid scheme, and its implementation belongs to the sate-of­
art works at the present (e.g. [40]). Therefore, to simplify the analysis, we roughly 
assume that the continuum approach is valid through the entire flow field. Because 
of the parabolic nature of the flow field inside the nozzle, free molecular effects are 
expected to be relatively minor. 

Finally, the flow field is regarded as laminar. This is a reasonable assumption 
since the local Reynolds number at the constrictor exit becomes order of 104 at 
most, and further decreases in the nozzle due to expansion. 

3.2.2 Chemical nonequilibrium 

Suppose that we employ the chemical equilibrium model for the present. In this 
case, chemical composition of the gas is determined locally by applying the law of 
mass action, and there is no need to solve additional equations which represent the 
mass conservation for each gas species considered. In fact, many codes that compute 
the equilibrium composition of various gases are available (e.g. [41]) and, by using 
them, the number of equation becomes the same as the perfect gas computations, so 
that the CPU time required is expected to be almost the same order as well. This is, 
of course, preferable from the computational viewpoint.tNevertheless, in the present 
study, the assumption of chemical equilibrium is abandoned and the entire flow field 
is assumed to be in chemical nonequilibrium. There are two main reasons regarding 
this. 

First, needless to say, we must simulate the discharge phenomena as well as 
the flow field itself. Assuming chemical equilibrium, however, we tend to predict 
extremely few electrons outside the arc column where the temperature is of the 
order of 1, 000 K and hence the ionization does hardly take place. Since the electron 

tThis is not equivalent to that the scheme accordingly becomes robust. From the author's 
personal experience, it has been found that a numerical scheme employing a chemical equilibrium 
model tends to be rather fragile compared to nonequilibrium cases. This is because chemical 
reactions are assumed to be completed instantaneously: a bit of fluctuation of flow properties 
can change the chemical composition of the gas drastically, which affects the energy distribution 
through the flow field and sometimes leads to breakdown of the computation. On the other hand, 
the stiffness can be somewhat relieved for nonequilibrium computations by treating the associated 
source terms implicitly. It should be noted that reduction of the computational time does not 
always correspond to simplicity of the computation. 
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density and electrical conductivity are essentially zero outside the arc in this case, no 
mechanism exists for current to reach the anode. Previous computations remedied 
this problem by setting an artificial minimum value to the electrical conductivity 
(referred to as conductivity floor) [16], but it should be determined recursively so 
that the total voltage computed are equal to experimental data. In other words, it 
is impossible to specify the reasonable value before the computation. Therefore the 
chemical equilibrium computations may involve additional difficulties in spite of its 
simplicity. 

Second, as discussed in the preceding chapter, evaluation of the frozen losses (or 
flow chemistry in the nozzle) is critical to predict the thruster performance. Since 
it is apparent that the flow inside the nozzle is in chemical nonequilibrium due to 
low density, there is little hope that the chemical equilibrium model can predict the 
nozzle chemistry accurately. 

For these reasons, the assumption of chemical nonequilibrium is essential for 
arcjet computations. 

3.2.3 Thermal nonequilibrium 

The temperature can be defined only if the energy distribution for each energy 
mode is in accord with the Maxwell-Boltzmann distribution (or simply Maxwellian). 
Strictly speaking, the distributions of charged particles considerably deviate from 
the Maxwellian due to the externally applied electric field [42]. In this case, the 
energy distribution must be_ described by the multienergy models rather than mul­
titemperature models, indicating that we must discard the approach based on the 
classical mechanics and solve the master equation in the state-to-state fashion with 
taking into account the quantum effects [43]. These approaches are, of course, far 
from the practical flow computations and hence we are forced to assume that the 
Maxwell-Boltzmann distribution is veJid for all energy modes without verification. 

Under this assumption, the most detailed and complicated model treats each 
temperature discussed in the previous chapter separately, consists of translational, 
rotational, vibrational, electron, and electronic excitation temperatures. Conse­
quently we need to solve additional energy conservation equations associated with 
these temperatures. Such a model is referred to as multi-temperature model, and 
practically implemented and performed in the field of hypersonic problems by Can­
dler and MacCormack [44], [45]. Since the chemical reactions depend on the ther­
mal nonequilibrium state strongly, accuracy of the computations is expected to 
be enhanced by assuming thermal nonequilibrium. However, a question arises as 
to whether it is truly worthwhile to increase the number of the internal energy 
modes. As an example, in Ref. [45], the vibrational temperatures of each molecu­
lar species are calculated independently as well as electron temperature, resulting 
in a five-temperature model. In order to do so, the vibration-vibration energy ex­
changes among the molecules are required to be accounted for, as well as the coupling 
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among the electron translational mode, electronic excitation mode, and the transla­
tional/rotational modes. Since these energy transfer rates are not known accurately 
a fair amount of conjecture must be inevitably used. Generally speaking, this implies 
that not only does the model require more computing time but also it may introduce 
unnecessary uncertain factors associated with the energy transfer rates. Therefore a 
thermal model must be constructed so that the additional computational efforts are 
compensated by the enhancement of accuracy in terms of the simulation of detailed 
physics. 

In the present study, the rotational temperatures for each molecular species 
are assumed to be equal to the translational temperature. This is becaus there 
is no simple and reliable relaxation model associated with this energy mode and 
also the rotational mode is considered to be equilibrated with the translational 
mode rapidly. tFurther, electronic excitation energy mode are not taken into account 
because this is negligibly small in general. 

On the other hand, the electron temperature must be separated from other tem­
peratures. This is because, as discussed before, the mechanisms of arc attachment to 
the anode are involved so much with the electron temperature distribution outside 
the arc . The ionization processes and ambipolar diffusion become a strong function 
of the electron temperature and play a crucial role for the discharge phenomena. 

The effect of vibrational energy nonequilibrium must have an impact for the 
fundamental physics of arcjets. This is because the dissociation rate is expected to 
be a function of both the vibrational excitation of the diatomic molecule and the 
translational temperature of the impacting heavy particle. However , the previous 
computational work has found that the energy exchange models regarding the vi­
brational nonequilibrium are insufficient to simulate the discharge phenomena for 
arc jet computations [48], although they can reproduce the energy state behind the 
strong shock fairly well. Thus we abandoned the inclusion of vibrational nonequilib­
rium models for the time being and the vibrational temperatures for each diatomic 
species are assumed to be equilibrated with the translational-rotational tempera­
ture (to what follows, we simply call this temperature as heavy particle temperature 
in contrast to the electron temperature). The possibility of applying the three­
temperature model is discussed in the subsequent chapter. 

We finally summarize that the thermal state of the flow field concerned is as­
sumed to be expressed basically with only two temperatures, namely the heavy 
particle temperature and the electron temperature. 

tThe behavior of rotational temperature is of importance concerning the backflow of plume. 
It has been argued that the degree of backflow are essentially dictated by the internal energy of 
the plume constituent, which consists mostly of the rotational mode [46]. Note that the DSMC 
computation can readily include the rotational nonequilibrium by applying the Borgnakke-Larsen 
statistical model [47] and in fact the compu~ations in Ref. [28] and [29] concern this . 
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3.2.4 Magnetic field 

The existence of magnetic field may change the equation system and the accompa­
nying physical properties in the following way: 

1. The magnetic body force to the gas j x B, commonly known as Lorentz force , 
appears in the momentum conservation equation. 

2. Terms representing induced electric field, Hall effect, and ion slip appear in 
the Ohm's law. 

3. The applied field drastically curves the trajectory of charged species, so that it 
affects the bulk property of the gas such as the electrical conductivity, some­
times shifts the nature from scalar to tensor. 

Although effects of the magnetic field must be consistently incorporated for MPD 
computations since the magnetic effects are expected to be dominant through the 
flow field, they appear to be of little importance for arcjets due to relatively small 
currents. This is examined as follows. 

Conventionally, the intensity of the magnetic acceleration process is scaled by 
the magnetic interaction parameter f3 defined as 

uB2 L 
{3--

pu . 
(3.6) 

It can be verified that f3 becomes of the order of unity in the range of practical 
interest for ideal MPD thrusters [1]. To construct a numerical estimate for arc jets, 
we presume the velocity u, gas density p, electrical conductivity u, and characteristic 
length L to be 103 m/s, 10-2 kg/m3 , 102 mhos/m, and 10-3 m, respectively. The arc 
current I under consideration is typically 10 A, from which the magnetic flux density 
B becomes approximately B ~ J..Lof /2n L = 2 x 10-3 Wb/m2

. Finally we estimate 
the magnetic interaction parameter f3 = 4 x 10-8 , indicating that the magnetic body 
force is negligibly small for low-power arcjets. 

In turn, collision-free charged particles moving in the electromagnetic field show 
a spiral drift motion with gyro frequency, 

(3.7) 

For dense plasma, collisions change the orbit of charged particles as well, and in this 
case the ratio of the gyro frequency w 8 to the collision frequency Vc distinguishes the 
response of the particle swarm to the applied electromagnetic fields. If w B / Vc >> 1, 
the particles execute many cycles of their cycloidal drift motion before they are 
disturbed by collision, whereas if w 8 / Vc << 1, they seldom complete one cycle of the 
drift motion before collision, and develop little cross-field motion. Thus the primary 
component of the charged particle swarm is parallel to the electric field, with only 
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a small deflection caused by the magnetic field. The ratio w B I ve is popularly called 
the Hall parameter, and we can generally neglect the effect of Hall current, ion 
slip and other factors associated with the drift motion when wBive << 1. In most 
cases where the density are sufficiently high, one is tempted to neglect ion currents 
entirely because of the large inertia of these particles compared to electron. Hence 
w B I ve << 1 with respect to electron is the necessary condition for neglecting these 
cross-field effects. In a similar fashion to the estimation of the magnetic interaction 
parameter, we evaluate Eq. (3.7) for electron and obtain wB = 3.5 x 108 , whereas 
we roughly estimate Ve = 0(1011

) 1ls at most. Thus the Hall parameter becomes 
order of 10-3 and it is found reasonable to neglect the effects of the magnetic field 
on the mobility of charged particles. 

3.2.5 Others 

Other assumptions required to simplify the computation are briefly discussed here. 
The plasma is assumed to be macroscopically neutral, so that the electron number 
density must be equal to the sum of the each charged heavy particle. All energy loss 
mechanisms associated with radiation are neglected because the escape coefficients 
are considerably small as far as arcjets are concerned. The mean velocities of each 
species are assumed to be identical, although the thermal velocities are different for 
heavy particles and the electron. The individual species are assumed to obey the 
ideal gas law, so that the equation of motion for the multi-component gas mixture 
can be described as a sum1nation of partial pressure expression of each species via 
Dalton's law of partial pressures. 

3.2.6 Summary of assumptions 

It is confirmed again that the aforementioned assumptions are valid as far as we con­
cern the low-power DC arcjet thruster with nitrogen as propellant under operating 
conditions of Table 3.1. Finally main issues are briefly summarized as follows. 

1. The flow field is steady, axisymmetric, continuum, and laminar. 

2. Swirl flow can be neglected. 

3. The flow is in chemical nonequilibrium. 

4. Thermal state of the flow field can be described by the heavy particle temper­
ature and the electron temperature. 

5. All magnetic effects can be neglected. 

6. The plasma is macroscopically neutral. 

7. Radiation losses can be neglected. 
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3.3 Flow Field Equations 

In order to carry out numerical computation, one must first derive a set of equations 
that correctly account for the physics discussed so far, based on the assumptions 
introduced in the previous section. Within the continuum approach, the flow field 
in arcjet thrusters can be described by coupled time-dependent partial differential 
equations for the conservation of mass, momentum, and energy. These become 
the Navier-Stokes equations that have been augmented to include an equation for 
each gas species and internal energies considered. The purpose of this section is to 
construct the equation set with relevant arcjet physics taking into account. It must 
be pointed out that the present formulation owes substantially to the work of Lee 
[49] and we would like to obey his derivations unless any alternation is obliged to. 

3.3.1 Mass conservation equation 

The conservation law for a flowing gas states that the various average quantities 
(¢s) per unit particle are conserved for a volume element as 

[Time variation of (¢s)] [Difference of inflow and outflow of (¢s)] 

+ [Production rate of (¢s)] 

(3.8) 

The limit of Eq. (3 .8) reduces to the differential expression of th conservation 
equation as 

(3.9) 

where n8 is the number density of species s, (v~) is the average value of the jth 
component of particle velocity v~, and S( (¢s)) represents the rate of change in (¢s) 
due to interactions among various speceis. Thus the mass conservation equation for 
species s is obtained by identifying (¢s) with the species mass m 8 • The source term 
in this case is the mass production rate of species s due to chemical reactions and 
denoted by w s. 

a P s a [ ( j vj)] _ . -a + -a . Ps uo + s - Ws t xJ 
(3.10) 

where Ps = msns is the mass density of species s and the summention Ls Ps equals 
to the total density p. u 0 is the mass-averaged velocity component given by 

(3 .11) 

s 



3. 3 Flow Field Equations 32 

where u~ = (v1) is the mean ve_locity of the species, Cs = Psi p the mass concentration 
of species s, and V/ = u~ - uh is the diffusion velocity of the species. 

The summation of Eq. (3.10) over all species yields 

8 """' 8 l"""' j """' j l """' . 8t L:Ps + 8Xj L:PsUo + L:Ps~ = L: W 8 (3.12) 

Since I:s W8 and I:s Ps V/ must be zero by definition , we obtain the expression of 
total mass concervation as 

8p + 8(pub) = o 
8t 8xJ 

(3.13) 

3.3.2 Momentum conservation equation 

The momentum conservation equation for each species is obtained by denoting (¢s) 
as m8u~. In this case, S(m8u~) consists of the interaction _force due to collisions 
J\~t,s> the electric field force Fi;,s, and the magnetic force Fk ,s· No.te that Fk,s and 

Fk,s act on the charged particle only. Consequently, the ith momentum equation 
for species s becomes 

8 ( i ) 8 ( i j ) 8 ( i vj j vi) ~ PsUs + ~ PsUoUo + ~ PsUo s + PsUo s ut uxJ uxJ 
8ps 8T;j pi pi i 
+~ - ~ = int s + E s + Fs s uX1 uxJ ' ' ' 

(3.14) 

where Ps = Ps (c;) /3 is defined as the average pressure over the normal components 
of the thermal momentum flux, and ~ is the random thermal velocity component 
with respect to uh. The viscous stress T;j = -[p8 (c~c~) - 6ijPs] is defined as the 
negative of the thermal momentum with the pressure Ps subtracted from the normal 
components, and 6ij is the Kronecker delta. The total momentum equation is thus 
obtained by summation Eq. 3.14 over all species. Since I:s Ps V/ = 0 and Ls Fint,s = 
0, this results in 

8 . 8 . . 8p 8Tij L . L . 
~(pu~)+~(pu~uh)+~=~+ F};;s+ F1s ut uxJ uX1 uxJ ' ' 

(3.15) 
s s 

where p = Ls Ps is the total static pressure. Under the hypothesis of Stokes, the 
overall viscous shear stress Tij = Ls T;j can be expressed as 

(3.16) 

where J.L is the viscosity of mixture. 
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3.3.3 Energy conservation equation 

The energy conservation equation for species s is obtained by identifying ( ¢s) with 
the total energy of the species s, that is, m5 u;/2 + (Eint,s), where ms.u;/2 is the aver­
age kinetic energy, and (Eint,s) is the average internal energy associated with transla­
tional, rotational, vibrational, electron-electronic, and chemical energy mode. The 
source term S((¢s)) consists of the rate of work done by the electric/magnetic field 
on charged particles (F1,s + F1,Ju~, the rate of energy supplied in elastic/inelastic 
collisions Sint, and the volumetric heating rate by the electric field on electron, (i.e. 
Ohmic heating) SJoule· Thus 

a [ ( 1 2 i vi )] a [ j ( 1 2 )] aq~ at Ps 2Uo + Uo s + es + axj PsUo 2Uo + es + axj 

a [ 1 ( 2 vj j i vi) J a ( i ) a ( i ij) +ax) 2Ps Uo s + UoUo s + axi UoPs - ax) UoTs 

= (F~,s + F1,Ju~ + Sint,s + SJoule 
(3.17) 

where e5 is the total thermodynamic energy per unit mass of species, 
q~ = ns(c1) [(1/2)ms(c;) + (Eint,s)] is the heat flux component due torandom motion. 
The explicit expression of Sint,s is not shown here. Note that the Ohmic heating 
rate SJoule must be addect only for the case s = e. The overall energy conservation 
equation is now obtained by summation over all species, that is, 

a [ ( 1 2 ) ] a [ j ( 1 2 ) ] aqj at p 2 Uo + e + axj fYUo 2Uo + e + axj 

+ a~i (u~p) - a~j (u~Tij) = I)FJ,. + FB,s)u: + SJoule 

s 

(3.18) 

where e is the overall thermodynamic energy per unit mass defined bye= :z=s C5 e8 , 

and qJ = :z=s q~ is the overall heat flux component. The summation of Sint,s vanishes 
by definition, whereas S1oule still remains because of the above mentioned. 

The flux of energy through a multicomponent gas is a result of temperature 
gradient and diffusion. In the present flow, there are three temperature gradients , 
namely translational-rotational, vibrational, and electron temperature gradients. By 
considering these contributions to energy transport, the jth component of the overall 
heat fl. ux vector qJ can be expressed as the sum of four terms as follows 

· 8T aTe L · 
q1 =-(A+ Avib)-a . - Ae-a . + Pshs Vj 

xJ xJ 
(3.19) 

s 

where hs is the enthalpy of species s and A = Atr + Arot , Avib , and Ae are the 
frozen thermal conductivities of heavy particles, vibrational energy, and electrons, 
respectively. 
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3.3.4 Simplification to the equation system 

The species momentum equation Eq. (3.14) is rewritten in terms of electron as 

a ( i) a ( i j) a ( i vj j vi) 
at PeUe + axj PeUoUo + axj PeUo e + PeUo e 

ape aT~j pi pi p i +-a · - -a · = int e + E e + B e x' xJ , , , (3.20) 

Although not necessary to be solved, this equation is used to simplify the other 
equations. Since the mass of the electron is very small compared to that of a heavy 
particle, Eq. (3.20) can be significantly simplified. 

If we take the ratio of the dynamic pressure of the electron gas to the electron 
pressure and assume that the electron speed and temperature are about the same 
as the bulk gas, we have 

2 M 2 M 2 PeUe _ eUe r-v eUe r-v M M2 -----r-v--r-v! e 
Pe ~Te ~T 

(3.21) 

where 1 Me is of the order of 1 o-6 and for conditions of interest, the square of the 
Mach number will be of the order of 102 at most. Therefore we can neglect the 
electron dynamic pressure relative to the electron pressure. In this case, we may 
neglect the inertial terms, i.e. the first, second, and third terms of the left hand 
side of Eq. (3.20). Since the viscous stress owing to electron is generally negligible, 
the fifth term is also neglected, as it was by Sutton and Sherman [32]. Further we 
assume that there is no conduction current and magnetic effect in the pres nt flow 
field and this leads to Fint ,e = FB,e = 0. Thus, Eq. (3.20) becomes 

ape =pi 
axi E,e 

(3.22) 

For electron, the electric field force per unit volume is given by 

(3.23) 

where e is the electronic charge and Ei is a component of the electric field. Now Eq. 
(3.22) is rewritten for Ei as 

(3.24) 

Physically, Eq. (3.24) implies that the electric field Ei can be induced by the 
electron pressure gradient even if the charge separation does not occur. Now the 
overall momentum conservation equation (3.15) can be rearranged by means of the 
electron momentum equation (3.24) as 

a i a i j ap aTij _ ( nr) ape 
-a (puo) + -a . (puouo) + -a . - -a . - 1 - - -a . t xJ X1 xJ ne X1 

(3.25) 
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where n1 is the number density of ionized particles and must be equal to ne when the 
plasma is assumed to be macroscopically neutral. In this case, Eq. (3.25) becomes 
equivalent to the standard momentum conservation equation for perfect gases. 

In turn, the electron energy equation takes a form 

(3.26) 

This must be solved if we need to obtain the electron energy distibution independent 
of the heavy particle energy distribution. Substituting Eqs. (3.23) and (3.24) into 
Eq. (3.26) with neglecting the terms associated with kinetic energy of electron, we 
obtain a simple form of the electron energy equation as 

(3.27) 

As well, the overall energy conservation equation (3.18) can be rearranged by means 
of the electron momentum equation (3.24). By letting u~ = ub for all particles and 
neglecting the term associated with the magnetic effect, Eq. (3.18) can be written 
as 

(3.28) 

Again , the first term of the right hand side vanishes if we assume the plasma to be 
neutral. 

3.4 Electric Field Equations 

In the magnetohydrodynamics, we need to construct the equation system by relating 
the flow field with the electromagnetic field. Generally the electromagnetic field is 
induced as a result of interaction between the electric field and magnetic field, and 
its reciprocal relation can be described by the Maxwell's equations. These equations 
are derived theoretically from the empirical law of Faraday, Ampere, and Gauss. 
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We would like to quote them as an axiom and thus without derivation here. 

8B 
\i'xE+ 8t =0 

H 
. 8D 

V'x =J+ 8t 

Y'·B=O 

\7. D = (}e 
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(3 .29) 

(3.30) 

(3.31) 

(3.32) 

It should be noted that the last two statements are directly derivable from the first 
two. The electric displacement field vector D and the magnetic induction field vector 
B are correspondingly related with the electric field vector E and the magnetic field 
vector H as follows. 

D = EoE 

B = J-LoH 

(3.33) 

(3.34) 

where Eo and J-Lo are the electric permittivity and the magnetic permeability of free 
space, respectively. 

Comparing the curl of Eq. (3.29) with the partial derivative of Eq. (3.30) yields 
an equation for E: 

2 .. 
\7 E = EoJ-LoE (3.35) 

Equation (3.35) is a well-known wave equation and implies that free space can 
support propagation of plane electromagnetic waves with a phase velocity 

1 
co=--

ftOiiO 
(3.36) 

This is equivalent to the speed of light by definition. Thus time variation of the 
electric field is scaled as the speed of light. Considering that the time scale of 
the flow field is many order of magnitude longer, it is not practical to solve the 
electromagnetic equation in a time-marching fashion. Fortunately, since we are only 
interested in the steady state of the flow field, we can omit the time-derivative terms 
of Eqs. (3.29) to (3.32) and solve them as an elliptic system of equations. 

Assuming that the magnetic field is negligibly weak, we don't need to solve Eq. 
(3.30). Omitting time-derivative terms of Eqs. (3.29) and (3.30), we obtain 

\i'xE 

\i'xB 

0 

J 

Equation (3.37) implies there exists a scalar function such that 

\7 X (\7¢) = 0 

(3.37) 

(3.38) 

(3.39) 
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Hence we define the electric potential ¢ as 

E= -V¢ (3.40) 

The divergence of Eq. (3.38) yields the conservation of current density j 

v ·j = 0 (3.41) 

In turn, the current density is directly related to the electric field by an Ohm's 
law. 

j = aE (3.42) 

If the gaseous medium is in motion relative to the frame of reference in which the 
fields are specified, Maxwell's equations remain valid, but certain modifications are 
required in Eq. (3.42). These may be rigorously derived from considerations of 
relativistic invaliance, or rationalized by empirical argument, in the form 

(3.43) 

where jH and j 1 are possible contributions from Hall current and ion slip that are 
discussed in the previous section in this chapter. The electron pressure gradient 
term denotes the electric field derived from the electron momentum equation (see 
the previous section). Equation (3.43) is referred to as generalized Ohm's law. Under 
the assumption of negligibly weak magnetic field, this reduces to 

j =a (E + -
1-Vpe) 

ene 
(3.44) 

Substituting Eq. (3.44) with (3.40) into Eq. (3.41), we finally obtain the basic 
governing equation for the electric field as 

(3.45) 

The above equation is an elliptic equation with respect to ¢. Note that Eq. (3.32) 
is not used explicitly in the derivation of Eq. (3.45). 

The electric field and the fluid field are related each other via the Ohmic heating 
SJoute, which can be expressed as 

·2 

SJoule = j · E = :}___ 
(J 

(3.46) 
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3.5 Chemical Reaction Model 

3.5.1 Chemical species 

With nitrogen as a working gas, we consider the gas mixture to be made up of 
four components: neutral molecules, neutral atoms, singly ionized positive ions, and 
electrons with 5 species (N2 , N, Nt, N+, e-). We also specify s as an index of each 
species by denoting that s = 1: N2 , 2: N, 3: Nt, 4: N+, and 5: e-. 

3.5.2 Reaction rates 

As stated previously, it is assumed that the chemical reactions proceed at a finite 
rate, hence the production rates of each species must be evaluated. Here we consider 
nr elemental reactions in the chemical system involving ns species (X1 , X2 , · · · , Xns) 
of the general form 

(3.4 7) 

where vs,r and v~ , r are the stoichiometric coefficients of the reactants and products 
of species s in the reaction r, respectively. Note that the above formulation involves 
all chemical species, and therefore if a given chemical species Xs does not occur on 
one side or the other of the equation, . then the corresponding value of v5 or v~ must 
be zero. 

The evaluation of the rates of chemical reactions, commonly called chemical 
kinetics, is a complex and difficult science, both experimentally and theoretically. 
Although a number of knowledge has been accumulated, the field is still an in­
complete state of development, and no general theory exists. It is in fact doubtful 
whether we can estimate the rates correctly at any cases with only using macroscopic 
parameters such as temperature or density. However, it has been verified that the 
phenomenon can be simulated quite satisfactorily by taking up the simplest of the 
several theories, namely the so-called collision theory and we employ this with taking 
into account the effects of thermal nonequilibrium. 

In the framework of this theory, the rate of formation of any one of the products 
in the reaction r can be expressed by an equation of the form 

(
d[Xs)) = v' k [X Jv1,r [X Jv2 ,r ... [X ]vns,r 

dt 
s,r f ,r l,r 2,r ns,r 

f,r 

(3.48) 

where [Xs] = Psi kfs is the mole density of species s. The stoichiometric coefficient 
v~ is included explicitly, since the change in the number of moles of a given species as 
a result of the reaction must be in proportional to its stoichiometric coefficient. The 
so-called rate coefficient for a forward reaction r, kr ,r, is assumed to be a function of 
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the temperature only. Similarly, the rate of disappearance of any one of the reactants 
is given by 

( d[Xs]) = 1/ kb [Xl ]ll~,r [X2 ]ll~,r ... [X ]ll~s,r 
dt s,r ,r ,r ,r ns,r 

b,r 
(3.49) 

where a negative sign is included since the coefficient Lls,r is positive by definition. 
Thus the net mass production rates of species s, W8 in Eq. (3.10), can be evaluated 
by combining Eq. (3.48) and (3.49) and summing over all reactions r, which results 
in 

nr 

Ws = !Vfs I.:)v~,r - Lls,r) (Lr,r - Lb,r) (3.50) 
r = l 

where 

Lf,r kf,r IT ( :J.) llj ,r 

j=l J 

(3.51) 

ns ( ) v'-
Lb,r = kb,r II Z.. J ,r 

j=l J 

(3.52) 

A question then arises how we estimate the forward/backward rate coefficient k 
with respect to temperature. Regarding this, before any theory was constructed, it 
was recognized on experimental grounds that for many reactions a plot of ln k versus 
1/T gives an essentially straight line of negative slope, which leads to a relation of 
the form 

k = CTs exp( -Br /T) (3.53) 

where the constant C, 7], and E are independent ofT. The factor T 17 is multiplied 
to take into account the slight deviation of the ln k versus 1 /T from the straight 
line. This equation is commonly called Arrhenius equation, and Br ·has a dimension 
of temperature and then called the characteristic temperature of reaction r. 

In turn, by applying Eq. (3.50) at equilibrium condition and invoking the law of 
mass action, we can rewrite Eq. (3.50) as 

kr,r = Keq (3.54) 
k r b,r 

Here K~ is the equilibrium constant in the law of mass action applied to the reaction 
(3.47), namely 

IT (j ) vj ,r 

j =l J 
Keq=-----

r IT (j)llj,r 
j=l J 

(3.55) 
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where the superscript *denotes the equilibrium state. Note that K~ is a function of 
temperature only. With Eq. (3.54), the backward rate coefficient can be rewritten 
as 

(3.56) 

3.5.3 Reaction model for nitrogen 

In nitrogen at sufficiently high temperature, the molecular species can dissociate 
through the collision between other heavy particles or free electrons. In turn, elec­
trons are produced first by the associative ionization process and the ion so produced 
then transfers its charge to other neutral particles through the charge exchange reac­
tion. When the resulting density of the electrons reaches a certain threshold value, 
the collision of electrons with neutral atoms begins to contribute significantly to the 
ion production. To describe these phenomena correctly, one must know the rate 
coefficients for the 5 types of reactions, total of 8 elemental reactions as [52] 

1) Heavy particle impact dissociation/recombination: 

(3.57) 

where M is an unspecified heavy particle, i.e. M = N2 , N, Ni, N+. 

2) Electron impact dissociation/recombination: 

(3.58) 

3) Associative ionization: 

(3.59) 

4) Charge exchange: 

(3.60) 

5) Electron impact ionization: 

(3.61) 

Since the 1950's, a great deal of experimental data associated with these reactions 
has been gathered in the field of hypersonic reentry problems and the rate coefficients 
have been determined subsequently. These coefficients so derived are, unfortunately, 



3. 5 Chemical Reaction Model 41 

reliable typically up to 15,000 K and hence we are obliged to extrapolate them at 
higher temperatures. Recently, in Refs. [34] and [54], Park determined the rate 
coefficients for the aforementioned reactions from analysis of an up-to-date exper­
imental data base. His model reproduced the experimental data of the radiation 
behind a strong shock wave at least quantitatively for nitrogen [52]", and appears to 
be quite reliable at higher temperatures. 

According to this, the expression of forward/backward rate coefficients Eq. (3.53) 
are extended to more generalized form as 

kr,r (Tr,r) 

kb,r(Tb,r) 

CrTf~; exp( -Br/Tr,r) 

kr,r(Tb,r)/ K~(Tb,r) 

(3.62) 

(3.63) 

where Tf,r and Tb,r are the effective temperature for the reaction r. Both the for­
ward and reverse rates of the reactions (3.58) and (3.61) are determined only by Te, 
whereas those of reaction (3.60) are probably determined only by T. For reaction 
(3.59), the forward rate is determined by the T, whereas the reverse rate is deter­
mined by Te. The values of the constants Cr, sr, and Br are obtained from Ref. 
[54)t and tabulated in Table 3.2 for each reaction with the effective temperature. 

For the dissociation reaction (3.57), which is most important in terms of the 
energy involved, the reverse rate is dictated by T. But the expression for the forward 
rate coefficient is presently indeterminable because it is likely to be affected by both 
T and Tvib· It is well known that the dissociation rate of thermally nonequilibrium 
flows becomes substantially smaller than that under thermal equi_librium. This is 
because the dissociation occurs mostly from high vibrational levels close to the 
dissociation limits. Under the present assumption discussed in Section 2, there is 
no room to take into account these effect and hence we inevitably assume that this 
reaction is simply expressed by T. 

The equilibrium constants K~ are, as discussed previously, functions of temper­
ature only and curve-fit formula of [53] are employed in the present computation 
as 

(3.64) 

where Z = ln(104/T). The coefficients A 1,r, · · · , A6 ,r are taken from [53] and tabu­
lated in the appendix. 

tit should be mentioned that there is a typographical error for the nitrogen ionization rates 
(r = 8 in Table 3.2) in the famous textbook of Park, Ref. [34]. If we use the tabulated value 
of [34] without modification, the reaction rate is underpredicted one order of magnitude [54]. 
Unfortunately, since this textbook is widely accepted without being recognized this fact, a number 
of previous computations employed his model must involve numerical error associated with this. 
Regarding arcjet computations, the computation of Ref. [26] used this wrong expression and thus 
must have underpredicted the electron production rate considerably. 
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Table 3.2: Properties of reaction model for nitrogen 
r Reactants Products Cr Sr Br Tr,r Tb,r 
1 N2 + 2 

____lo. N+ + l 2 7.0 X 1021 -1.60 113,200 T T .,-

2 N2 + N ____lo. 

l +N+N 3.0 X 1022 -1.60 113,200 T T .,-

3 N2 + + ____lo. N + N + Nt 7.0 X 1021 -1.60 113,200 T T 2 .,-

4 1 2 + ·+ ____lo. N+ + N+ 3.0 X 102:2 -1.60 113,200 T T .,-

5 N2 + e- ____lo. N + N + e- 1.2 X 1025 -1.60 113,200 Te Te .,-

6 N + 1 
____lo. Nt + e- 4.4 X 107 1.50 67,500 T Te .,-

7 N2 + N+ ____lo. 

Nt + N 1.0 X 1012 0.50 12,200 T T .,-

8 N + e- ____lo. N+ + e- + e- 2.5 X 1034 -3.82 168,600 Te Te .,-

3.6 Thermodynamic Relations 

3.6.1 Thermodynamic properties 

For a gas, if the partitioning of energy for all modes can be described by the Maxwell­
Boltzmann distribution at each temperature, then the energy per unit mass of species 
s in the gas can be expressed as 

(3.65) 

where Cv,s is the specific heat at constant volume for species s and .6.e~ is the energy 
of formation of species s at temperature Tref· Tref is a reference temperature and 
taken to absolute zero in the present study. Similarly, the enthalpy per unit mass 
of species s is expressed as 

(3.66) 

where Cp,s = Cv,s + Rs is the specific heat at constant pressure and .6.h~ is the 
enthalpy of formation of species s at temperature Tref, which becomes .6.h~ = .6.e~ 
here. 

Although tabulated values and polynomial curve fits for Cp,s and hs are readily 
available (e .g. [51]), we explicitly express them in terms of each energy mode. This 
is required in order to take into account the effect of thermal nonequilibrium and 
high temperature effects such as the vibrational excitation. 
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For diatomic species, each energy mode of species s can be expressed as follows 

es etr,.c + erot,s + evib,s + 6..h~ 
hs es + RsT 

etr,s ~RT 2 s 

erot,s RsT 

Rs8vib s 
evib,s 

, 

exp(8vib,s/Tvib) - 1 

So that the specific heats for each energy mode of species s become 

Cv,tr,s 

Cv,rot,s 

c . -v,v1b,s -

Similarly for atomic species, 

For electron, 

Cv,tr,s + Cv,rot,s + Cv,vib,s 

Cv,s + Rs 

Oetr,s = ~R 
8T 2 s 

Oerot,s _ R 
8T - s 

Oevib,s = Rs [ . ( 8vib,s/2Tvib) ] 
2 

OTvib Slnh(8vib,s/2Tvib) 

3 
etr,e = 2 ReTe 

5 
ee +ReTe= 2ReTe 

C -~D v,tr,e -
2 

.J.. t.e 

5 
Cve + Re = -Re , 2 

(3.67) 

(3.68) 

(3.69) 

(3. 70) 

(3.71) 

(3. 72) 

(3.73) 

(3.74) 

(3. 75) 

(3. 76) 

(3. 77) 

(3. 78) 

(3. 79) 

(3.80) 

(3.81) 

(3.82) 

(3.83) 

(3.84) 

Values for 6..h~, lvf8 , and other physical constants for the 5 species considered herein 
are presented in Table 3.3. 
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Table 3.3: Species data 
Species M 8 , kg/mole 8vib,s 1 K tJ.h~) J /kg ED,s, Jjkg Er,s, Jjkg 

N2 28 X 10 3 3,353 0 3.365 X 107 

N 14 x 10-3 3.364 X 107 1.002 X 108 

N+ 2 28 x 10-3 3,129 5.372 X 107 

N+ 14 X 10-3 1.339 X 108 

e 5.486 X 10- 7 0 

3.6.2 Equation of state 

For a gas under the assumption of thermochemical nonequilibrium, the partial pres­
sure of species s is defined by 

(3.85) 

where s represents a species of heavy particle. Similarly for free electron, 

(3.86) 

Therefore the total static pressure p is derived from the application of Dalton's law 
of partial pressure as 

P = LPs = L PsRsT + PeReTe = pRT + Pe (3.87) 
s s:/:-e 

where the gas constant of gas mixture except for the electron energy mode R is 
defined by 

(3.88) 

Here we consider the specific heat of ·species s except for the contribution of vibra­
tional/ electron energy mode as 

c~,s 

c~,s 

Cv,tr,s + Cv,rot,s 

Cp,tr,s + Cp,rot,s 

(3.89) 

(3.90) 

It s~ould be noted that C~,s and C~,s are related with Rs as C~,s - C~,s = Rs. Similar 

to R, the specific heat of mixture gas are defined by 

c' LPsc' (3.91) v p v,s 
s:/:-e 

c' LPsc' (3.92) p p p,s 
s:/:-e 
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Hence we obtain c~ - c~ = R. Further defining the ratio of specific heat of mixture 

by ;y = C~/C~ , we have 

P = (;y- 1)pC~T + Pe (3.93) 

On the other hand, the total energy of the gas flow per unit volume E is a summation 
of the internal energy and the kinetic energy of the flow , so that 

s 

where q2 = UjUj. Combining Eq. (3.94) with Eq. (3.93), we obtain 

p = (9 -1) [ E- Ev;b- Ee- ;;=Ps!'.h~- ~pq2] + Pe 

(3.94) 

(3 .95) 

where Evib = 2:: Psevib,s and Ee = Peee. Conversely, E can be expressed for p as 

E p - Pe E E L AhO 1 2 = -_......-- + vib + e + PsD s + -pq 
{-1 2 

s 

(3.96) 

These relations are used in demand. 

3. 7 Thansport Properties 

3. 7.1 Chapman-Enskog procedure 

As stated in Chapter 2, Sec. 3, the basic mechanism of the transport phenomena 
is dominated by the random motion of the particles, so that they must be treated 
from the microscopic point of view. Necessarily, we need to describe the phenomena 
starting from the Boltzmann equation 

arr;:) + c a~~) = n2 !! [f(c')j(()- f(c)j(~)] gad0.d~ (3.97) 

and solve it independently from the flow field equation itself. This is, of cource, 
practically impossible and an approximate method that enables us to evaluate the 
phenomena using only macroscopic properties is required. This can be realized 
by assuming that all the transport phenomena arise by slight deviation from the 
equilibrium velocity distribution. In this case, the velocity distribution function f 
may be expressed in the form of the power series as 

f = fo(1 + <P1 + <P2 + · · ·) (3.98) 
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where fa is an equilibrium function known as the J\!Iaxwell distribution , and <I>i 

is the perturbation term assumed small. Analytical solutions of the Boltzmann 
equation with taking only the first perturbation term (i.e. for f = / 0 (1 + <I> 1)) were 
found independently by Chapman and by Enskog, and commonly referred to as 
the first Chapman-Enskog approximation. Their methods differed widely but gave 
identical results (In Ref. [55], we can find an interesting historical summary of the 
development of the theory). 

The Chapman-Enskog method is characterized by extreme mathematical com­
plexity and then only an outline of the procedure is described below. Substituting 
Eq. (3.98) into Eq. (3 .97) and keeping the perturbation terms up to first-order, the 
nonlinear Boltzmann equation can be transformed to a linearlized equation for <I> 1 . 

To solve this equation, it is assumed that the perturbation is proportional to the 
various gradients of composition, pressure, temperature, etc. with the coefficients 
of proportionality (i.e . transport coefficients) being unknown functions of molecular 
velocities. Then we need to find these functions, each one of which satisfies a linear 
integrodifferential equation obtained from the linearlized Boltzmann equation. To 
do this, the functions are expanded as power series in the component of the molec­
ular velocities by using Sonine polynomials. When these expansions are substituted 
back into the integral expressions for the transport coefficients, it turns out that 
each transport coefficient is exactly equal to just one of the expansion coefficients. 
The detail of the procedure can be found in [55] and [56]. 

When the Chapman-Enskog theory is applied to a mixture of monoatomic gases, 
we obtain the expression of the viscous stress Tij, heat flux qJ, and diffusion velocity 
Vj for species s as 

(3.99) 

(3.100) 

n
2 ~ D dj _ D'{8lnT 
~ffiTSTr a· n 8 p p xJ 

T 

(3.101) 

where 

dj _ ~ (ns ) + (ns _ Ps ) 8lnp _ Ps (Fj _ ~ Pr Fj) 
s 8xJ n n p 8xJ p s ~ p r . 

T 

(3.102) 

Dsr and D'[ are referred to as the multicomponent diffusion coefficients and multi­
component thermal diffusion coefficients, respectively. The expression of the viscous 
stress and the heat flux are identical to Eqs. (3.16) and Eqs. (3.19) respectively, 
except for inclusion of the third term in the right-hand side of Eq. ( 3.100), repre­
senting the thennal diffusion. The expression of d~ is discussed in the subsequent 
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subsection. It can now be verified that the substitution of these relationship into 
the Maxwell's transport equations gives rise to the familiar N avier-Stokes equations 
[39], indicating that the flow field equations can be derived from the rigorous kinetic 
theory as well. 

It should be mentioned that the form of the phenomenological transport equa­
tions, (i.e. Eq. (2.15) to (2.17) in Chapter 2, Sec. 3) does not follow automatically 
from a mathematical solution of the Boltzmann equation. In our derivations, we 
take for granted that the phenomenological equations are correct, and seeks "nor­
mal" solutions of the Boltzmann equations that lead to these eq1:1ations, ignoring 
the many other possible types of solutions. The solutions are, in other words, forced 
into the desired form [57]. 

The Chapman-Enskog procedure is also available for obtaining the transport 
properties of a gas mixture from the molecular constituent species. In this case, for 
example, formulas for both the viscosity p, and translational component of thermal 
conductivity Atr of a gas mixture are of the general form 

An Alv x1 
p,(l) or .\~;) = -

Avl Avv Xv 
/IAijl (3 .103) 

x1 XLI 0 

where Xi is the mole fraction of the ith species, v = ns is the total number of species 
present in the mixture, and the matiix elements Aij are different for viscosity and 
thermal conductivity. Other transport properties including diffusion coefficient and 
electrical conductivity can be derived in the similar fashion. Although these rigorous 
equations describe the transport properties of gas mixtures very well, the expressions 
are cumbersome and practical calculation is extremely expensive. To alleviate this, 
various approximate formulas that replace Eq. (3.103) have been proposed. Among 
them, if the approximations of Ref. [58] to [60] are employed, relatively simple 
formula that reproduce the results of Eq. (3.103) to within a fraction of a few percent 
in most cases can be obtained [61]. These approximations are further extended for 
thermal nonequilibrium cases in Ref. [49], [62], and [53] and employed in the present 
study. 

3. 7.2 Expression of transport coefficients 

By following Ref. [53], the viscosity, thermal conductivity, and the binary diffusion 
coefficient for gas mixture in thermal nonequilibrium can be described as follows. 
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Mixture viscosity: 

miXi meXe 

L xj~lJ(T) + x.~l~j(T.) + L xj~i~](r.) (3.104) 

j 

Thermal conductivity: 

Translational component of thermal conductivity in a mixture exc~pt for electrons: 

(3.105) 

Rotational component of thermal conductivity in a mixture: 

(3.106) 

Vibrational component of thermal conductivity in a mixture: 

(3.107) 

Thermal conductivity of electrons: 

(3.108) 

j-j.e 

Electrical conductivity: 

(3.109) 

j-j.e 
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Binary diffusion coefficient: * 

D ·· t) 

vij 

where 

f1 ~1) (T) 
t,] 

f1(2! (T) 
t,] 

Collision cross section: 

kT 

pf1~1) (T)' 
t,] 

kTe 
(1) ' 

pf1 . · (Te) 
t,] 

Pi 
Mt 

for i=/-e and 

for z=e or 

8 [ 2mimj ]
112 

n(1,1) 

3 nkT(mi+mj) 7r i,j 

16 [ 2mimj ]
112 nn~2:2) 

5 nkT( mi + mj) t,J 

j=/:-e 

J=e 

1 + _[1_-_(_m_d_m---=-j........;:._)]-'---[0_.4_5 _-_2_.5_4(_m_i/_m---=-j___;:__)] 
[1 + (mi/mj)F 
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(3.110) 

(3.111) 

(3.112) 

(3.113) 

(3.114) 

(3.115) 

Th 11. . . n(1,1) d n(2,2) h . h d f h e co 1s1on cross sections 7rHi,j an 7rHi,j are t e we1g te averages o t e cross 
sections for collisions between species i and j, which are defined as 

(3.116) 

where CJi,j=CJi,j (x, r) is the differential scattering cross section for the collision pair i­
j, x the scattering angle in the center-of-mass system, r=[mimj/(2(mi+mj)kT)]ll2g 
the reduced velocity, g the relative velocity of the colliding particles. 

If the symmetrical equality is postulated, there are 15 possible binary interactions 
for nitrogen with 5 species, and corresponding cross section data are required. These 
values have been curve-fiG in Ref. [53] using the following relations 

(3.117) 

(3.118) 

They are given by the following function of temperatures in the unit of A 2 . The 
coefficients A ?TD(L,.s), B ?TD(L,s), C ?TD<L •. s), and D ?TD(l,.s) are tabulated in the appendix. 

t,J t,J t,J t,J 

*Note that the binary diffusion coefficient is obtained from the complete first Chapman-Enskog 
approximation [56]. 

tThere is a mismatch for the evaluation of Vij in Ref. [53]. The unit of the pressure p must be 
in [dynjcm2

] rather than atmospheres. 
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For the pair of species for which both are ions, the above collision cross sections 
must be corrected for the given electron pressure Pe by multiplying the following 
factor: 

ln A(pe) = ~ ln [2.09 X 10-2 
( T 114 ) 

4 

+ 1.52 ( T 114 ) 

813

] 
2 1000pe 1000pe 

(3.119) 

where Pe is the electron pressure in atmospheres. Similarly, for the pair of species 
for which both are electrons or a combination of electron and ion, the above collision 
cross sections must be corrected by multiplying the following factor: 

[ ( ) 
4 ( ) 8/3] 1 _2 Te Te 

ln A(pe) = -ln 2.09 X 10 
114 

+ 1.52 1; 4 2 1000pe 1000pe 
(3.120) 

3. 7.3 Diffusion velocity 

Effective diffusion coefficient: 

The evaluation of diffusion velocity for a multi-component gas mixture involves a 
peculiar operation compared to that of other transport properties. For arguments, 
Eqs. (3.101) and (3.102) are written again here. 

V j = n 
2 
"" D dj _ D'{ 8ln T 

s ~ ffir sr r ~ · nsp p uxJ 
r 

(3.121) 

dj _ ~ (ns) + (ns _ Ps) 8lnp _ Ps (Fj _ "" Pr Fj) 
s fJxJ n n p fJxJ p s ~ p 

r 

(3.122) 

Equation (3.121) indicates that there are four driving factors that induce the micro­
scopic transport of mass: (i) the gradient in concentration (referred to as ordinary 
diffusion), (ii) the gradient in temperature (thermal diffusion), (iii) the gradient in 
pressure (pressure diffusion), and (iv) the gradient in external forces Fj (forced dif­
fusion). Of the four, thermal and pressure diffusion are second-order effects that 
are only important when there are large differences between the a,tomic masses of 
the constituent species (also note that these effects are proportional to the gradient 
in the logarithm of p and T rather than the gradient of themselves). Hence we can 
neglect these effects for the condition of interest and accordingly the third term of 
Eq. (3.100) vanishes. Furthermore, the effect of external forces such as those due 
to existence of the electric field are neglected for the time being. In this case, Eqs. 
(3.121) and (3.122) can be rewritten as 

vj 
n2 . 
-LmrDsrd~ (3.123) s nsp r 

dj s 8 Cs) 
fJxJ n 

(3.124) 
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For certain hydrodynamics applications it is sometimes convenient to replace the 
relations given in Eqs. (3.123) and (3.124) by [56] 

~ nsnk CV.j _ VJ) = ~ (ns) 
L....t n 2 D k s 8xJ n 
k=l sk 

(3.125) 

Hence the multicomponent diffusion coefficients Dsk are related to the binary diffu­
sion coefficients Dsk· Also it must be noted that there is a relation for each species 
diffusion velocities as 

ns 

LPsVJ = 0 (3.126) 
s=l 

Since the diffusion velocities are defined relative to the net momentum of the mix­
ture, they are constrained to carry no momentum. Calculating V} requires solving 
Eq. (3.125) subject to the constraint in Eq. (3.126) . This requires the inversion 
of ( ns x ns) matrix, so that the operation count scales as ( ns )3 , facing with the 
problem of the high computational cost. 

To alleviate this, in Ref. [63], Jones and Boris proposed an efficient algorithm 
which requires no matrix inversion to solve Eq. (3.125). The. idea is that we rewrite 
the diffusion velocity in a perturbation expansion form as t 

2-
j _ p- Ps n Ds [.r A A A ] j 

Vs - - ( ) Usk + sk + sl lk + · · · dk 
p n- ns ns 

(3.127) 

where 

ns (3.128) 

k=l 

(3.129) 

Hence rewriting Eq. (3.1:27) as 

vj = vj + 6Vj + 62Vj + ... s sO s s (3.130) 

we obtain the zeroth order velocity 

(3.131) 

tThe convergence of this expansion is verified in [63]. 
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subsequently for the first and second order 

6Vj = (f Askd{) Vjo 
k=l 

(3.132) 

0
2
Vj = ( ~ ~ AskAkldJ) V10 (3.133) 

etc. In the numerical evaluation of Eq. (3.127), none of the indicated multiplication 
has to be performed and the computational cost reduces to order of ( ns )2

. Obviously 
the accuracy of the algorithm depends on how to truncate the expansion term. In 
the present study, only the zeroth order expression is employed and other higher­
order terms are discarded. Although it is argued in [65] that Eq. (3.127) may not 
even give correct sign for the diffusive flux unless the terms are kept up to at least 
first order (i.e. remain the Ask term), the truth is still doubtful and no example is 
reported in [65]. Above all, it should be noted that the zeroth order expression Eq. 
(3.131) is totally identical to the famous formula of Curtiss and Hirschfelder [64], 
that is, 

Vj = _ 1 - Cs _1_ 8Xs 
s L Xj/DskXs8xJ 

(3.134) 

k-=f=s 

Since it has been confirmed that the formula of Curtiss and Hirschfelder can explain 
the diffusive phenomena quite well, we employ this without any modification and 
examination of the higher-order correction should be addressed in the future. Hence 
if one defines the effective diffusion coefficient Ds as 

D = · 1- Cs Cs 
s - L Xk/Dsk Xs 

k-=f=s 

finally the diffusion velocity of species s is given by 

Diffusion coefficient of ion: 

(3.135) 

(3.136) 

Electrons have higher thermal velocities and tend to diffuse faster than ions. A 
positive charge is then left behind, and an electric field is set up as to decelerate 
electrons and to accelerate ions. Thus, the diffusions of ions and electrons are linked 
by the electric field . In the present work, this effect is approximately considered by 
assuming ambipolar diffusion. In this case, the diffusion coefficients for ions can be 
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approximated by 

Da = (1 + Te) D 
s T s 

(3.137) 

where Ds is the effective diffusion coefficient of ionic species in the absence of electric 
field. 

Diffusion coefficient of electron: 

The effective diffusion coefficient of electron can be obtained by equating the mass 
averaged diffusion velocity of ions and that of electron as follows: 

(3.138) 

3.8 Elastic/Inelastic Losses 

The effect of the energy loss due to elastic and inelastic collisions appears in the 
electron energy conservation equation Eq. (3 .27) as Sint,e and must be modeled. 
As is the case for the evaluation of the transport properties, rigorous treatment of 
these effects is extremely complex, sometimes we may be obliged to start from the 
quantum mechanical approaches and naturally both theoretical and computational 
tasks become tedious . As long as we formulate Sint,e in conjunction with the flow 
field equations, a simple model that describes the phenomenon from the macroscopic 
viewpoint is necessary. 

In Ref. [66], Appleton and Bray constructed an electron energy equation that 
includes elastic/inelastic interaction terms by assuming Maxwellian velocity distri­
bution for the electron energy mode . . In the present model, we extend their formu­
lation to include some relevant mechanisms that are important for diatomic species 
such as nitrogen. 

Aside from the elastic collisions between electron and heavy particles, the elec­
tron loses its energy by the electron-impact dissociation/ionization reactions. This 
is a main inelastic loss mechanism for atomic gases, but additional effects must be 
taken into acc~unt for a plasma composed of molecular species. It is· well known that 
molecular gases, particularly N2 , can readily absorb collisional energy from the free 
electrons into their vibrational modes, so that the energy source term representing 
this effect must be modeled. The energy exchange rate between the electron and 
the rotational modes may become important in some occasions as well. In turn, a 
series of radiative effects can be neglected for arcjet computations as discussed in 
Section 2. 
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Consistently incorporating these mechanisms, now we can show the explicit ex­
pression of Sint ,e as 

Sint,e = QT- e + QR-e - Qe- V + Q~ + Q~ 

where Q is the electron energy transfer rate per unit volume due to: 

QT-e = elastic collisions with heavy particles 
QR-e = collisions with diatomic species 
Qe-v = vibrational excitations by the electron impact 
Q~ = electron-impact dissociation/recombination 
Q! = electron-impact ionization/recombination 

These terms are modeled independently and described below. 

3.8.1 Translation-electron energy exchange 

(3 .139) 

The rate of the translational energy transfer between heavy particles and electrons 
QT-e is given by 

(3 .140) 

where Ve,s the collision frequency between electrons and other particles [66]. For an 
ionic particle s, the interaction is described by the well-known Coulomb potential, 
and then the effective collision frequency is expressed in SI units as 

Ve,s 

A 

3.64 x 10-6n 8 ln(A/T-;12
) 

1.24 X 107 (Te/ne) 112 

For neutral species, the following expression is used. 

(3.141) 

(3.142) 

(3.143) 

where the effective electron-neutral energy exchange cross section is defined by a 
curve fit of the form [62] 

(3.144) 

and the constants a8 , b8 , and Cs are presented in Table 3.4. 
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Table 3.4: Constants for curve fits of ae,s 

s 
7.5 X 10 20 

5.0 X 10-20 
5.5 X 10 24 

0 
-1.0 X 10 28 

0 

3.8.2 Rotation-electron energy exchange 

55 

The energy transfer between the rotational energy mode and electron energy mode 
should be also considered. This is because electrons interact with the molecular 
multi poles produced by deformation of electron cloud in the formation of molecular 
bonds [67]. Using an energy loss factor, 9rot,s, the energy transfer rate is written as 

(3.145) 

The factor 9rot,s is the ratio of QR-e to QT-e for molecular species s. In the present 
work, we assume 9rot,N2 = 10 [68]. The rotational excitation for molecular positive 
ions is governed by the long-range Coulomb interaction, so that the large excitation 
cross section is expected. Two theoretical results are cited in Ref. [69], but it 
is uncertain whether the calculated values are quantitatively valid in the present 
conditions. In this analysi:s, it is assumed that 9rot N+ is equal to those for the 

' 2 
corresponding neutral molecules. 

3.8.3 Electron-vibration energy exchange 

It is well known that the nitrogen-electron coupling is much stronger than the cou­
pling between the electron and other molecules [70] and thus should be taken into 
account . In Refs [71] and [72], Lee calculated the cross section and relaxation time 
for the vibrational excitation of the nitrogen molecules by electron-impact applying 
a quantum mechanical treatment, which is based on the concept that the vibra­
tional excitation occurs through the formation of an intermediate negative ion state 
(compound resonant state). The calculated cross sections are in very good agree­
ment with the experimental data, hence the relaxation time is fairly reliable. Using 
the relaxation time TN

2
-e, the e-V energy transfer rate is given by the following 

conventional fonn: 

e~b 
2 
(Te) - evib,N 2 (Tvib) 

Qe-V = PN2 ---'-'-------­
TN2-e 

(3.146) 
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The relaxation time is evaluated using the following curve fit equation:§ 

( ) { 
3.91Z2 

- 30.36Z + 48.90, 1, 000:::; Te :::; 7, OOOK 
log1o PeTe = 1.30Z2 - 9.09Z + 5. 70, 7, 000:::; Te :::; 50, OOOK (3.147) 

where 

(3.148) 

and Pe is the electron pressure in atmospheres. 

3.8.4 Electron energy loss due to chemical reactions 

In both electron-impact dissociation and ionization, dissociation/ionization energy 
is mainly extracted from the electron energy [34], so that the loss of the electron 
energy due to these reactions may be written as 

En,N2w~2 
Er,NW~ 

(3.149) 

(3.150) 

where wN-2 and wN- are mass production rate of N2 and N due to electron impact 
dissociation and ionizaticn, respectively. 

3.9 Summary of Governing Equations 

Finally, the basic governing equations for both the flow field and the electric field 
are summarized in conjunction with the expressions of transport phenomena and 
elastic/inelastic source terms developed so far as follows. 

Total mass conservation equation: 

(3.151) 

Momentum conservation equation: 

(3.152) 

§There is a deficiency in the original expression of Eq. (3.143): if the coefficients in [72] are 
used without modification, a discontinuity arises at Te = 7, 000 K. To prevent this, we shifted the 
original value of 5.58 to 5.70 in Eq. (3.147). 
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Total energy conservation equation: 

a E a a [ or aTe] 
8t + 8xj [(E + p)uj] = 8xj (.A+ Avib) 8xj + Ae 8xj 

+~ (p f h,D, 8X,) + ~ [uif..L ( 8ui + 8uj) - ~Uif..L 8uk oij] + )jEj 
axj s=l axj axj axj axi 3 axk 

(3.153) 

Species mass conservation equation: 

Bps 8(psuj) _ ~ ( D 8Xs) . 
~ + 8 - 8 p s 8 + Ws 
U& Xj Xj Xj 

(3.154) 

Electron energy conservation equation: 

BEe+ 8(Eeuj) = ~ (Ae aTe)+~ (PheDe 8Xe) 
at axj axj axj axj axj 

8uj Q Q Q Qe Qe . E -pe-
8 

+ T-e + R-e- e-V + D + I+ ]j j 
Xj 

Equation of state: 

P = L PsRsT + PeReTe 
sf=e 

Electric field equation: 

where 
ns 

E L a 1 Etr + Erot + Evib + Ee + Ps6.hs + 2pujUj 
s=l 

Etr 
3 

L 2PsRsT 
sf=e 

Erot LPsRsT 
s=M 

Evib '\' PsRs8vib,s 
~ exp( 8vib,s/T) - 1 

Ee 
3 
2PeReTe 

(3.155) 

(3.156) 

(3.157) 

(3.158) 

(3.159) 

(3.160) 

(3.161) 

(3.162) 
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Here we make a comment on the above equations. Since :Z~~ 1 Ps = p holds, 
we can consider two approaches regarding the construction of the ~quation system. 
One is to solve the total mass conservation equation and omit the one of ns species 
mass conservation equations. In this case, if the nth species equation is excluded, 
the species density Pn can be computed as Pn = p- :Zs~n Ps· Assuming charge 
neutral, we can further omit one additional equation for ionized species or electron 
conservation. Another is to omit the total mass conservation equation and evaluate 
the global density as p = :Z~~ 1 Ps· These approaches reduce the number of the 
governing equation and thus seems to be computationally efficient. 

However, in the present study, all species mass conservation equations are simul­
taneously solved as well as the total mass conservation equation. This formulation 
makes the equation system redundant and also makes the Jacobian matrix indeter­
minate. In spite of them, this approach is employed because of the following: 

1. If one of the species variables is expressed as a combination of others, the nu­
merical errors acquired in each computing step, is accumulated in that species, 
and 

2. Conservation of the total mass is of particularly importance for internal flow 
computations: if the global density is calculated as the sum of all the species, 
we may be suffered from numerical errors associated with the treatment of the 
source terms or diffusive terms in the species mass conservatio-n equations [73]. 

In addition, although the redundancy may result in a discrepancy in which the sum 
of all species concentrations does not satisfy the overall mass conservation due to 
numerical errors, this was remedied by multiplying each species consentration values 
by the same factor, that is, 

ns 
(3.163) 

thereby satisfying the total mass conservation that is free from numerical errors 
included in the solution of species conservation equations [7 4]. 

Although a question remains that the Jacobian matrix can become singular in 
this formulation and hence the characteristic theory may break down, there is no 
mathematical contradiction only if we do not explicitly use the physical constrain of 
2:~~ 1 Ps = p in constructing the Jacobian matrix. This is further discussed in the 
appendix. 



Chapter 4 

Implementation 

4.1 Introductory Remarks 

Needless to say, we can not analytically solve the equation system developed in the 
previous chapter , and hence need to find the approximate solutions in a numerical 
way. Since both the flow field and the electric field are described by partial differ­
ential equations , they must be discretized in space and suitable methods must be 
applied to each term considering their mathematical natures. In solving the equa­
tions in a time-marching manner, the inviscid terms of the fluid field equations must 
be discretized by taking into account the hyperbolic nature, so that one needs to 
construct the numerical flux in an upwind fashion. On the other. hand, all terms 
associated with the transport phenomena have parabolic properties and thus they 
must be solved in a diffe:-ent manner from the inviscid terms. This is also true for 
the electric field equation which has an elliptic nature. The source terms repre­
senting the thermochemical nonequilibrium effects and the heat addition due to the 
Ohmic heating are, furthermore, tend to be extremely nonlinear with respect to flow 
properties, requiring some strategies to enhance stability of computations. 

Since the late 1980's, many attempts have been made to solve the flow field 
that is in thermal and/ or chemical nonequilibrium. These efforts have been directed 
mostly to resolve the strong nonlinear phenomena such as shock wave without im­
posing excessive numerical dissipation, which might degrade the accuracy of the 
computation for viscous flow fields. A number of time-evolution algorithms that en­
able us to obtain converged solutions within satisfied computational cost have been 
proposed with great success. 

These numerical methods can also be applied to the arcjet computations, but 
additional efforts may be required to get rid of numerical difficulties associated 
with the physics inherent to arcjet thrusters as discussed in Chapter 2, Sec. 4. 
It should be kept in mind that a numerical scheme does not always reflect the 
physical model as expected. In other words, no matter how we construct a physical 
model completely, it will lose its completeness if accuracy of the employed numerical 

59 
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scheme is insufficient. Commonly, numerical method involves intrinsic error which 
is accompanied in return for stabilization of the code, and numerical algorithms 
must be constructed in order to enhance the stability with imposing less numerical 
dissipation. 

The purpose of the present chapter is, therefore, to describe how we should 
implement the physical model developed in the previous chapter with efforts be­
ing directed to enhance both accuracy and computational efficiency. Key topics 
discussed are as follows: 

1. Finite volume discretization of the equation system 

2. Construction of the numerical flux for convective terms 

3. Construction of the numerical flux for diffusive terms 

4. Implementation of the time-integration algorithm 

5. Solution method for the electron energy equation 

6. Solution method for the electric field equation 

Care is taken so that the numerical algorithms are described in a way that the 
reader can construct the program directly from the expressions presented. The 
motivation is based on the author's personal opinion that the description of the 
numerical algorithm must be practical even at the expense of simplicity. Hence it is 
mentioned in advance that the expressions in the present chapter can be somewhat 
complicated although it might not always be necessary. 

4.2 Finite Volume Formulation 

Application of the computational fluid dynamics ( CFD) to practical flow field owes 
much to introduction of the generalized curvelinear coordinates, originally proposed 
by Steger [75]. In this case, we transform the equation system from the physical 
domain (x, y, z) to computational domain (C 7], ()where the partial derivative terms 
a I a~, a 1 a77 , and a 1 a( can be discretized as a finite difference method in the same 
manner as Cartesian mesh. This enables us to compute the flow field for a com­
plicated geometry where it is difficult to impose boundary conditions if we use the 
conventional orthogonal meshes. However, although the idea of generalized coor­
dinate system is very useful for most cases, recent numerical methods have been 
becoming very close to finite volume methods in nature. This is apparent if we 
employ the cell-centered scheme as indicated in Fig. 4.1. The physical properties 
Pi,j are all defined at the center of the each computational mesh. On the other 
hand, in the recent sophisticated numerical schemes, fluxes are defined at the cell 
interface denoted by the subscript 112. Hence even though the space derivative are 
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• • • i-l. j+ I i, j+ I i+ I, j+ I 

• • • i-1 ' j i , j i+ I, j 

Boundary Boundary 

~ 
;.: 

• • • 
im a:c-2, j ima:c-1 , j im a:c, j 

"/ 

Figure 4.1: Finite volume mesh 

evaluated in a finite difference fashion (e.g. ( 8P I a~)i+l/2 = pi+l- Pi) ' the scheme is 
very similar to finite volume methods in the sense that we evaluate the difference of 
inflow and outflow of the physical properties by the flux defined at the cell interface. 
For these reasons, we term the discretization algorithm described subsequently as 
finite volume formulation. 

To begin with, it is convenient to rewrite the flow field governing equation system 
Eqs. (3.151) to (3.155) in conservative form as 

( 4.1) 

where Q = [p, pui, E, p5 , Ee]t is the vector of conservative variables to be solved 
and F is the inviscidlviscous fluxes . The source vector W may include the Ohmic 
heating term, the mass production terms, and the thermal relaxation terms. Fur­
ther Ak denotes the k-component of the area vector A and V is the volume of the 
control volume. Now we apply the finite volume formulation taking into account 
the axisymmetric condition. For a conventional numerical scheme, one transfers 
the equation system from Cartesian coordinates ( x, y, z) to cylindrical coordinates 
( T, e' z) and set the azimuthal derivatives a I ae to zero. This results in an equation 
set composed of two-dimensional equations and additional source terms which rep­
resent the axisymmetric effect. In the present computation, instead of using above 
approach, we discretized the governing equations in a three-dimensional fashion for 
an infinitely thin control volume under the axisymmetric assumption [76]. The ad­
vantage of this discretization is that the scheme becomes rigorously conservative (i.e. 
the free stream can be captured without the error associated with the treatment of 
metrics terms) . This is desirable for internal flow computations, especially for cases 
where the energy conversion processes are of interest. 

Generally, in a finite volume method, the governing equation Eq. ( 4.1) is dis-
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X 

Figure 4.2: Quasi three-dimensional control volume 

cretized for an arbitrary control volume by the following formula: 

v 
!:1tf1Q + L(FkAk)j = v. w 

j 
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(4.2) 

where the subscript j denotes the index of the adjacent control volume and Fj is 
the numerical flux defined at the cell interface. We consider here a control volume 
P, so that the cell 1-2-3-4 on x - y plane is rotated by 2B around x axis as shown in 
Fig. 4.2. The physical properties are all defined at the center of the control volume. 
The area vector (A.;)±, (A 17 )±, and (A()± can be expressed as 

(A.;)+ = (y3 + Y2)B[(y3- Y2), -(x3- x2), 0] 
(A.;)- = (y4 + yi)B[(Y4- yi), -(x4- x1), 0] 
(A 17 )+ · = (y3 + y4)B[-(y3- Y4), (x3- x4), OJ 
(A 17 )- = (y2+yi)B[-(y2-Yl), (x2-x1), 0] 
(A()± = S[O, =t=B, 1] (4.3) 

where S denotes the cross section of the control volume and can be evaluated as 

( 4.4) 

Applying Pappus-Guldinus theorem, we can evaluate the volume of P as 

V = B[ (Yl + Y2 + Y3)1(xl- x2)(y1- Y3)- (Yl- Y2)(x1- x3)! 

+ (Yl + Y3 + Y4)1(xl- x3)(y1- Y4)- (Yl- y3)(x1- x4)1 ]/3 (4.5) 
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Fi-112.j 

Figure 4.3: Finite volume cell system 

Substituting Eq. ( 4.3) into Eq. ( 4.2) yields 

where 

0 
0 

-p + Tyy- Tzy 

H = 2BS ( Tyy- Tzy)v 

0 

0 
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(4.7) 

We have assumed here e << 1. Since all the terms of Eq. (4.6) are multiplied bye, e 
can be set to 1 without losing generality. The expression of the axisymmetric source 
terms H is much simpler than that for the cylindrical coordinate system, hence the 
~esent f~rmulation is also efficient from the computational standpoint (note that 
F v and Gv are defined at the cell interface, whereas H should be evaluated at the 
center point). . 

Now we evaluate the actual expression of Eq. (4.6). To do this, the finite volume 
cell is rewritten in terms of grid index as shown Fig. 4.3. The index ( i, j) is defined 
at the center of the control volume for physical properties, whereas at the node in 
the right top of the cell for grid points and hence the cell Pi,j is constructed by the 
four nodes, i.e. (i, j), (i, j-1), (i-1, j), and (i-1, j-1). In this cell system, Eq. (4.3) 
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can be rewritten as follows: 

(Yi,j + Yi,j-I)[(Yi,j- Yi,j-1), -(xi,j - Xi,j-1), OJ 

[2y(y17 , -x17 , 0) ]i+1/2,j 

(A~)- (Yi-1,j + Yi-1,j-1)[(Yi-1,j- Yi-1,j-1), -(xi-1,j- Xi-1,j-r), OJ 

(4.8) 

[2y(y17 , -x17 , O)]i -1/2,] ( 4.9) 

(A17 )+ (Yi ,j + Yi- 1,])[-(Yi,j- Yi-1 ,j), (xi,j - xi-1,j), OJ 

[2y( -y~, X~, O)]i ,j+1/2 (4.10) 

(A17
)- (Yi,j-1 + Yi-1,]-1)[-(Yi,j-1- Yi-1,j-1), (xi,j-1- xi-1,]-1), OJ 

[2y(-y~ , x~, O)]i,j -1/2 (4.11) 

where, for example, Yi+1/2,j = (Yi,j + Yi,j-l) /2. Substituting Eqs. ( 4.8) to ( 4.11) into 
Eq. (4.6), we obtain 

~,jt1Qi,j+ [2:9(F-Fv)] . . - [2:9(F-Fv)] . . 
Di t+1/2,J t-1/2,] . 

+ [2:9 (c- cv)] - [2:9 (c- cv)] + Hi].= (V. W) .. 
i,j+1/2 i,j-1/2 I t,J 

( 4.12) 

where 

( 4.13) 

(4.14) 

F, G, F v, and Gv, ~e !he ~nviscid[viscous fluxes in Cartesian coordinate. The 
actual expressions of F , F v, G, and G v are 

F= 

pU 
puU + y1]p 
pvU- x 17 p 
(E + p)U 

P1u 

0 
Y17Txx - X7]Txy 
y17 Tyx - X17 Tyy 
y17 f3x - x 17 /3y 

-y1Jl1,x + X17 l1,y 

-y7]lns,x + x7]lns,y 
-y1]qe,x + x1]qe,y 

( 4.15) 
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G= 

pV 
puV- Yr,P 
pvV + Xr,P 
(E + p)V 

P1V 

PnsV 
EeV 

U and V are the contravariant velocity defined as 

0 
-yr,Txx + Xr,Txy 
-yf,Tyx + Xr,Tyy 
-yr,f3x + xr,{3y 

Yr,ll,x - Xr,ll,y 

Yr,lns,x - Xr, lns,y 
Yr,qe,x - Xr,qe,y 
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(4.16) 

( 4.17) 

and in this case each term associated with transport phenomena can be defined as 
follows: 

Txx ~11 (2au- av- :z') 
3 ax ay y ( 4.18) 

Tyy ~ 11 (2av _au_ :z') 
3 ay ax y ( 4.19) 

Txy Tyx 11 (au_ av) 
ay ax ( 4.20) 

Tyz Tzy ( av v) 
1-l 2 ay - y ( 4.21) 

Further, 

8T aTe ns axs 
f3x UTxx + VTxy + (,\ + Avib) ax + Ae ax + p L hsDs ax (4.22) 

s=l 

8T aTe ns axs 
{3y uTxy + vTyy + (,\ ~ Avib)a + Aef) + p L hsDsa ( 4.23) 

Y Y s=l Y 

ls,x -pD axs 
sax ( 4.24) 

ls,y 
axs 

-pDs ay ( 4.25) 

qe,x 
aTe axe 

- Ae ax - pheDe ax ( 4.26) 

qe,y 
&Te axe 

-Ae ay - pheDe ay ( 4.27) 
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Finally all metrics are defined at each cell interface as 

(xE)j+l/2 Xi,j - Xi-l,j ( 4.28) 

(YE)j+l/2 Yi,j - Yi-l,j ( 4.29) 

(x77 )i+l/2 Xi,j - Xi,j -l ( 4.30) 

(y7])i- l/2 Yi ,j - Yi,j-1 (4.31) 

From the above definitions, for example, x 71 at the cell interface j + 1/2 can be 
evaluated as (x77 )j+l/2 = [(x77 )i+l/2,j + (x77 )i-l/2,j + (x77 )i+l/2,j+l + (x77 )i-l/2,j+l]/4. 

4.3 lnviscid Flux 

4.3.1 Recent progress on inviscid numerical flux for com­
pressible flows 

As widely recognized, the existence of strong shock wave with large density gra­
dients is one of the distinctive characteristics of the hypersonic flow environment 
and numerical computation of weak solutions to flow problems with such a strong 
discontinuity necessitates special consideration. To date, many computational meth­
ods associated with hypersonic chemically reacting flows have been proposed and 
the development is still one of the state-of-art works. They are briefly overviewed 
below. 

To reproduce shock waves both accurately and stable, one needs to discretize 
the convective terms by taking into account their hyperbolic nature. This implies 
that the solution of hyperbolic conservation laws must be based on exploiting the 
information obtained by considering .a sequence of so-called Riemann problems in 
which we need to solve the locally one-dimensional Euler equations for discontinuous 
neighboring states, that is, 

if X< 0 
if X> 0 

( 4.32) 

where Q and F denote conservative vectors and flux, respectively. The group of 
schemes known as flux difference splitting (FDS) methods evaluate the inviscid nu­
merical flux by solving the Riemann problem exactly or approximately. Among 
them, the Roe scheme [77] solves Eq. ( 4.1) approximately by linearlizing the prob­
lem and evaluates the numerical flux in a simple form. This can be applied for various 
compressible flow computations with great success, but accuracy of the scheme is 
the first order and there is no room to extend to higher accuracy. Hence another 
approach to obtain more than second order accuracy was required. 

In Ref. [78] Harten advocated the idea of total variation diminishing (TVD), 
whereby a scheme is constructed under the condition that the variation of the nu­
merical solution does not produce any new extremum. This concept, when applied 
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to central schemes , leads to particular forms of artificial viscosity without empir­
ical constants and prevents the generation of numerical oscillations if the scheme 
is extended to higher-order accuracy. The group of schemes based on the idea of 
Harten is generally referred to as TVD scheme, and have widely applied in broad 
range of high-speed compressible flow computations. Essential contributions in these 
directions are summarized in [79] . 

Although the higher-accuracy FDS methods such as the TVD scheme can resolve 
shock waves clearly, sometimes they are liable to capture a series of unphysical solu­
tions including the carbuncle phenomenon for blunt-body flows, oscillations behind 
slow-moving shocks, and the expansion shock at sonic points [80]. This is mostly due 
to the fact that the Riemann problems are solved approximately in -one-dimensional 
manner. Since these trends become notable with increasing Mach number , their 
application to hypersonic problems have been cumbersome. 

On the other hand, the group of schemes called flux vector splitting (FVS) 
methods divide the flux vector F into positive and negative parts as 

( 4.33) 

which gives the numerical flux at cell interface between the states Q L and Q R 

(4.34) 

This can be possible since· the in viscid flux vector has a homogeneous nature , 
F = AQ, where A denotes the Jacobian matrix with respect to the conservative 
variable Q . In the FVS scheme, the interaction of neighboring states is accomplished 
through mixing of pseudo-particles that move in and out of each cell according to a 
given velocity distribution. Hence we can interpret the FVS scheme as we solve th 
Boltzmann equation omitting the collision term. The scheme of Steger and Warming 
[81] , van Leer [82], and Hanel [83] belong to this splitting method. Although these 
schemes are first-order accuracy for themselves, we can readily extend to higher 
accuracy by applying the MUSCL (Monotone Upstream-centered Scheme for Con­
servation Laws) methods proposed by van Leer [84], [85]. The FVS schemes are very 
robust and less liable to cause unphysical phenomena for higher Mach number flow 
computations compared to FDS schemes. However, in return for robustness, we are 
much suffered from the excessive numerical dissipation and they are not suitable to 
viscous computations. 

Recently, there have been another approach to develop less-dissipative upwind 
schemes in which the surplus dissipation of the FVS is reduced by introducing the 
flavor of FDS into FVS schemes. In [86], Liou and Steffen proposed a promis­
ing scheme named Advection Upstream Splitting Method (AUSM), in which the 
cell-face advection Mach number is appropriately defined to determine the upwind 
extrapolation for the convective quantities. The AUSM can capture a stationary 
discontinuity with no numerical dissipation and is robust enough to calculate the 
higher Mach number flows. Owing to success of the AUSM , many efforts have been 
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moved towards the construction of the FDS/FVS hybrid scheme and the AUSM­
class schemes are becoming a mainstream of the compressible flow computations 
replacing FDS or FVS. In the present study, we employ a kind of FDS/FVS hybrid 
scheme, AUSM-DV, proposed by Wada [87), to evaluate the numerical flux for in­
viscid terms and they are subsequently discussed in detail. While maintaining the 
same level of accuracy, AUSM+MUSCL approach is much robust and efficient than 
FDS and less suffered from numerical dissipation than FVS. These characteristics 
are preferable even when there exists no strong nonlinear phenomena such as shock 
waves in the flow field. 

4.3.2 MUSCL 

The purp£se of the pr~ent section is to derive the high-accuracy numerical flux de­
noted as Fi+l/2,j and Gi,j+l/2 in Eq. ( 4.12). Based on the finite volume formulation 
discussed in the previous section, accuracy of the numerical flux becomes first order 
at most if the distribution of the physical properties inside the cell shown in Fig. 
4.2 are assumed to be piecewisely constant, and additional methods are required in 
order to obtain more than second order accuracy. This can be achieved by applying 
the Monotone Upwind Scheme for Conservation Law (MUSCL) of van Leer [84], 
[85]. The essence of the method is a one-dimensional Lagrangean scheme that may 
be regarded as a second-order sequel to Godunov's method, and the basic idea is 
summarized as follows: 

1. The second-order accuracy is achieved by reconstructing the distributins of 
the state quantities inside the· cell to be linear, rather than uniform as in 
Godunov's original method [88] that is first order. 

2. Several monotonicity algorithms are applied to ensure positivity, monotonicity 
and nonlinear stability. 

3. The Riemann flux is applied to obtain the numerical flux at the cell interface 
where there may exist a discontinuity. 

In the present MUSCL approach, physical properties at a cell interface can be eval­
uated by reconstructing the distributions of the physical properties inside the cell 
adjacent to the interface, which is equivalent to extrapolating the cell-center values 
toward the cell interface. Care must be taken to maintain the monotonicity of the 
distribution and to prevent numerical oscillations by introducing the limiter. These 
efforts yield the expression of newly defined physical properties at the cell interface 
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for the present finite volume formulation as [89] 

q~1/2 
l · 

qi + ~ minmod ( /J.i, tJ.t) 

l· 1 t+ . d(!J. + 6.- ) qi+1 - 2 m1nmo i+1, i+l 

l· 
qj + iminmod(/J.j, tJ.j) 

, lj+l . d( A+ A- ) qj+l - -
2
-m1nmo Dj+l, Dj+l 

where 

minmod( a, b) max[O, min{a · sgn(b), b · sgn(a)}]sgn(a) 

tJ.+ 2(qi+l - qi) 
t 

(li + li+1) 

6.-: 
2( qi - qi-d 

t 
(li-1 + li) 

6.~ 
2(qj+l- qj) 

] (lj + lj+l) 

6.-: 
2(qj - qj-1) 

] (lj-l+lj) 

li [ ( J X~ + Y€)i,j+l/2 + ( J X~+ Y€)i,j-1/2] /2 

lj [ ( J X~+ Y~)i+l/2,j + ( J X~+ Y~)i- 1/2,j] /2 

Note that l implies the length of the cell. 
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( 4.35) 

( 4.36) 

( 4.37) 

( 4.38) 

( 4.39) 

( 4.40) 

( 4.41) 

( 4.42) 

( 4.43) 

(4.44) 

(4.45) 

A question remains how we select the property q to be reconstructed. There are 
at least two choices regarding this, namely conservative variables [p, pu, fYU, E, Ps]t 
and primitive variables [p, u, v, p, Ps]t. As pointed out by Yee [79], the choice of 
the dependent variables on which limiters are applied plays an important role in 
the stability and convergence rate. In fact, many previous studies have pointed out 
that selecting primitive variables are marginally better than selecting conservative 
variables, and we determine to follow them. Since the stability problem is mostly 
associated with the numerical oscillations around the shock wave, this choice of the 
dependent variables is expected to be relatively minor for shock-free problems. 
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4.3.3 AUSM-DV scheme 

To what follows, we try to construct the two-dimensional inviscid numerical flux F 
for perfect gases in Cartesian coordinates at the cell interface i + 1/2, i.e. 

( 4.46) 

and we simply express it as F 1; 2 . The physical properties defined at the control 
volume (i , j) and (i + 1, j) are denoted as L and R , respectively. Extension to 
thermochemical nonequilibrium flow cases in the present finite volume formulation 
is straightforward and discussed later. 

The essence of the AUSM is to split F 1; 2 into advection contribution F~;2 and 
pressure contribution Ff12 as F1;2 = F~;2 +Ff12 . The two contribu_tions are treated 
separately. The numerical flux for the advection term is constructed in an upwind 
manner as is the case for . FDS methods, so that 

( 4.47) 

where w = [1, u, v, H]t. On the other hand, the pressure flux is split in the same 
manner as FVS me.thods, hence 

pP . = [ P~/2] 
1/2 0 

0 

( 4.48) 

The interface mass flux (pu) 1; 2 and the interfac~ pressure p1; 2 are expressed in terms 
of sets of polynomials in Mach number, defined as · 

ULjR 
ML/R = -­

c1/2 
( 4.49) 

It is important to note that ML and MR are defined by a common speed of sound 
c1/2· In this case, c1; 2 is simply defined by 

( 4.50) 
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To evaluate the interface values, we use the following three sets of Mach number 
polynomials 

r~) 
M±IMI 

2 
(4.51) 

{ (M ± 1)2 
IMI < 1 r~) ± 4 ' 

r~)' otherwise 
( 4.52) 

{ (M ± 1)2(2 =t= M) 
IMI < 1 r~) = j 

(1/M)r(l)' otherwise 
( 4.53) 

The numerals in the subscripts of Eqs. ( 4.51) to ( 4.53) indicate the degree of the 
polynomials. With these, (pu)I;2 and p1;2 are defined as 

(pu)l/2 = PLu! + PRUR_ = c1;2 (PLmi12 + PRm~12) ( 4.54) 

Pl/2 = f~)(ML) · PL + f~)(MR) · PR (4.55) 

where 

u+ + ( 4.56) L C1j2ffi1;2 
uR_ c1;2m~12 ( 4.57) 

+ 
ml/2 f0)(ML) + a.L [r~)(ML)- f0)(ML)] ( 4.58) 

ml/2 f0)(MR) + a.R [r(;)(MR)- f0)(MR)] ( 4.59) 

and 

CY.L 
2(p/ p )L 

( 4.60) 
(p/ P)L + (p/ P)R 

CY.R = 
2(p/ P)R 

( 4.61) 
(p/ P)L + (p/ P)R 

Since the above scheme discretize all the advection terms by the upwind differencing, 
this is classified as a group of "AUSM-D" methods [87], where "D" ·denotes the flux 
Difference splitting biased scheme. 

Owing to the second terms of Eqs. ( 4.58) and ( 4.59), the AUSM-D scheme is 
less suffered from numerical dissipation compared to conventional FVS schemes. To 
examine this, we consider a stationary contact discontinuity where uL = uR = 0; 
PL = PR· By substituting Eqs. (4.56) to (4.59) into Eq. (4.54), we can readily 
confirm that the mass flux (pu)I;2 becomes zero as it should be. Normally this 
condition is not satisfied for any FVS schemes and this is a main cause of producing 
the excessive numerical dissipation. 
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Although the AUSM-D scheme can be used as an independent scheme, as is the 
case for other FDS schemes, we sometimes encounter numerical instabilities if there 
exist strong shock waves or rapid expansions. The idea of the AUSM-DV method 
is, therefore, to combine the above AUSM-D scheme with a kind of flux vector 
splitting method which is much more robust than FDS. We conventionally term this 
FVS-class scheme as "AUSM-V", where "V" implies the FVS. 

For the AUSM-V, the term (pu2)1;2 in the x-momentum flux can be expressed 
as 

( 4.62) 

where u! and uR_ are the same as Eqs. ( 4.56) to ( 4.57). Whereas for the AUSM-D, 

( 4.63) 

The (pu2)1;2 of the AUSM-DV method is thus expressed as a combination of (pu2)f;2 
and (pu2)i/2' 

( 2)DV ( 1 ) ( 2 D ( 1 ) 2 V · pu 1/2 = 2 - s pu ) 1/2 + 2 + s (pu h;2 ( 4.64) 

In Ref. [87], Wada determined the blending parameter s in a numerically experi­
mental way, which results in 

( 4.65) 

Now we summarize the AUSM-DV scheme as follows. 

( 4.66) 

It should also be noted that the energy flux of Eq. ( 4.66) Fe~ergy can be expressed 
in terms of the mass flux F~ass as 

( 4.67) 

The above relation implies that the AUSM-DV scheme can rigorously conserve the 
total enthalpy, which should always be satisfied from the physical viewpoint but 
sometimes fails for a certain numerical scheme. This property is favorable for com­
putations where the energy transfer phenomena should be simulated accurately, such 
as the case for arcjet flows. 
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Finally we apply the AUSM-DV numerical flux to the present finite volume 
formulation with the MUSCL procedure. For Fin Eq. (4.12), 

-
F1;2 = 

(pU)1;2 
(puU)f/~ + (Y17 P) 1/2 

(Phj2(VL + VR)- l(pU)I;2I(vn- VL)- (x 17 p)I/2 
(pUh;2(HL + Hn) -l(pU)I;2I(Hn- HL) 

(Ph;2(Cl,L + C1,R) -l(pU)I;2I(Cl,L- C1,R) 

(pU)I;2(Cns,L + Cns,R) -l(pU)I;2I(Cns,R- Cns,L) 
(pU)I;2((Ceee)L + (Ceee)R)- l(pU)I;2I((Ceee)R- (Ceee)L) 

( 4.68) 

where, for example, VL = v~112 and VR = vH- 112 , whose values are obtained from 
Eqs. ( 4.39) and ( 4.41). Further, 

(pU)1;2 

(puU)f;2 

(puU)i;2 

PLut + PRUR_ 
1 2 [(pU)I;2(uL + UR) -j(pU)I;2j(uR- uL)] 

ut(pu)L + UR_(pu)R 

Similarly for G, 

-
G1;2 = 

(pV)I;2 
(pV)I;2(uL + un) -l(pV)I;2I(un- uL)- (YE.Ph/2 

(pvV)f/~ + (XE,P)I/2 
(pV)I;2(HL + Hn) -l(pV)I;2I(Hn- HL) 

(pVh;2(C1,L + C1,R) -l(pV)I;2I(Cl,R- C1,L) 

(pV)I;2(Cns,L + Cns,R) -l(pV)I;2I(Cns,R- Cns,L) 
(pV)I;2((Ceee)L + (Ceee)R)- l(pV)I;2I((Ceee)R- (Ceee)L) 

(4.69) 

(4.70) 

( 4. 71) 

( 4. 72) 

where, for example, uL = v;+l/2 and uR = vj+ 112 , whose values are obtained from 
Eqs. (4.42) and (4.43). And, 

(pV) 112 

(pvV)f;2 

(pv V) i/2 

PLVl+PRVR 
1 2 [(pV)Ij2(vL + VR) -j(pV)Ij2j(vR- VL)] 

Vl(pv)L + v;(pv)R 

( 4. 73) 

(4.74) 

( 4. 75) 

ML; R in Eq. ( 4.49) is evaluated by U or V. The velocity components u and v should 
not be confused with the contravariant velocities U and V. 

4.3.4 Entropy-fix procedure 

Although the AUSM-DV method appears to be robust and accurate for most prob­
lems, it sometimes permits the formation of stable expansion shocks near sonic points 
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and converges to aphysical solutions. This becomes serious if a strong expansion is 
present in the flow field. From a physical perspective, the formation of expan­
sion shocks can be interpreted as being related to the linearlized representation of 
expansion waves by the approximate Riemann solver [80]. The propagation of a 
rarefaction wave is characterized by the leading and trailing characteristics of the 
fan. Especially at sonic points, the leading and trailing characteristics of rarefaction 
waves propagate in opposite directions and thus the solution changes associated with 
the waves are propagated in both directions. Since the group of FDS schemes only 
approximately simulate its propagation in one-dimensional manner, sometimes they 
may fail to correctly predict the direction of the propagation, which result in the 
generation of unphysical phenomena such as expansion shocks. 

As a remedy for these difficulties, in the present study, the entropy-fix procedure 
is employed [87]. There are two cases where an expansive sonic point is found across 
the cell interface: 

Case A: U£- C£ < 0 and uR- cR > 0 
Case B: u L + c L < 0 and u R + c R > 0 

Thus the entropy-fix is applied when a single expansion wave is detected. The 
procedure are depicted in Algorithm 4.1. When the procedure is applied to Eq. 

ALGORITHM 4.1: Entropy-fix procedure 

if ( A anci B ) then 
no modification 

elseif ( A ) then 
F1;2 := F1;2- C6:..(u- c)6:..(p'll) 

elseif ( B ) then 
F1;2 := F1;2- C6:..(u + c)6:..(p'll) 

else 
no modification 

endif 

where 6:..( ) = ( )R- ( )L, C = 0.125. 

(4.68) or (4.72), the velocity u is replaced by the contravariant velocity U or V. It 
is apparent that the AUSM-DV scheme keeps the enthalpy conservation property 
even though the entropy-fix method changes the original form. 

4.3.5 Preconditioning 

As with most upwind methods, the cell-interface values of the inviscid numerical flux 
for AUSM-DV can be expressed as a combination of the central difference terms and 
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the artificial dissipation terms. Since the AUSM-DV method splits convective terms 
into the advective contribution and the pressure contribution, we can generally write 
them as 

(pu)1/2 

P1;2 

1 
2[(pu)L + (pu)R + <P1;2] 

1 

2[pL + PR + W1;2] 

( 4. 76) 

( 4. 77) 

where <P and W represent the artificial dissipation. Various upwind splitting methods 
can be classified as to how they evaluate the dissipation terms at the critical location 
such as sonic or stagnation points. It is widely recognized that the AUSM-class 
schemes lose their accuracy and robustness with decreasing Mach number, and this 
is because the dissipation term is scaled by the speed of sound. In Ref. [90], it is 
verified that the AUSM splitting tends to smear the velocity field solution severely 
when the Mach number becomes low due to the excessive dissipation for the pressure 
splitting. Moreover, the original AUSM-DV scheme is sometimes suffered from the 
even-odd decoupling phenomena as the Mach number is lowered, showing central 
difference discretization behavior. To remedy them, we modify the original A US M­
DV scheme by applying the preconditioning technique.tThe basic idea is that the 
diffusive contributions should be scaled by the velocity magnitude rather than by 
the speed of sound as the local Mach number decreases [90]. 

In the present preconditioning, the interface speed of sound c1; 2 in Eq. ( 4.50) is 
preconditioned as 

where the quantity f 1; 2 is given as 

J (1 - Mr2ef) M{/2 + 4M:ef 
!1/2 = ---------­

(1 + M;ef) 

Then ML/R is replaced by 

~ -
By using ML;R, the cell interface Mach numbers M L/R are defined as follows: 

~ [ (1 + M;.r)M~L + (1 - M;ef )M~R] 

~ [(1 + M;.r)M~R + (1- M;er)M~L] 
-------------------

( 4. 78) 

( 4. 79) 

( 4.80) 

( 4.81) 

( 4.82) 

tNote that the present preconditioning is applied to the inviscid numerical flux itself, and this 
should be distinguished from the time-derivative preconditioning technique [91]. 
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By this, the dissipation term <I> can be scaled with the velocity magnitude rather 
than the speed of sound, and hence we can alleviate the difficulty mentioned above. 

In turn, to prevent even-odd decoupling, the mass flux terms (pu h;2 can be 
preconditioned for the split Mach numbers m~12 in Eqs. ( 4.58) and ( 4.59) as 

( 4.83) 

( 4.84) 

4.4 Viscous Flux 

In a time-marching scheme, all diffusive terms associated with the transport prop­
erties, i.e. viscosity, heat conduction, and mass/ energy diffusion indicate parabolic 
nature [92). From the physical viewpoint, this implies that time-evolution of physi­
cal state depends on every direction with the same degree of influence, as opposed 
to hyperbolic problems where there exist limited zones of influence and thus space 
derivative terms should be treated in an upwind way. Therefore, in order to cor­
rectly implement this trend in the computation, all the diffusive terms should be 
discretized in a central-difference fashion. 

We need to evaluate the viscous flux of the form 

( ~ ) Fv = 
i+l/2,j 

0 
YTJTxx - XT]Txy 

YTJTyx - XT]Tyy 

YTJf3x - xTJ{3Y 

-yTJJl,x + xTJJl,y 

-yT]lns,x + xT]lns,y 

-yT]Qe,x + XT]Qe,y 

( ~ ) Gv = 
i,j+l/2 

i+ l/2 ,j 

0 
-y(Txx + X(Txy 

-y(Tyx + X(Tyy 

-y(f3x + x({3y 

Y(ll,x - x(Jl,y 

Y(lns,x - x(lns,y 

Y(Qe,x - X(Qe,y 
i,j+l/2 

( 4.85) 

Obviously the space derivatives appear in the above viscous flux should be evaluated 
separately for Fi+l/2 and Gj+l/2 since they are defined in the different cell interface; 
namely at i + 1/2 and at j + 1/2. With this in mind, we express the discretized 
forms of these terms in detail below. 
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For simplicity, we denote 8uj8x as ux, and so on. We evaluate the spatial 
derivatives with respect to the computational domain ( ~, TJ) instead of the physical 
domain ( x, y). In this case the spatial velocity gradients can be evaluated as 

Ux ~xU~ + TJx UTI ( 4.86) 

Uy ~yU~ + T}yUT/ ( 4.87) 

Vx ~x V~ + TJx VT/ ( 4.88) 

Vy ~yV~ + T}yVT/ ( 4.89) 

Note that the following relations hold 

~X J. YTI ( 4.90) 

~y -J. XT/ (4.91) 

T}y J. X~ (4.92) 

TJx -J. y~ ( 4.93) 

J 1/(x~yT/- xT/y~) ( 4.94) 

With these, each stress tensor can be expressed as 

2 
Txx J · 31-L [2(yT/u~- y~uT/)- (-xT/v~ + x~vT/)- vj(y · J)] (4.95) 

2 
Tyy J · 31-L [2( -xT/v~ + x~vT/)- (yT/u~- y~vT/)- vj(y · J)] (4.96) 

Txy J · J-L ( -xT/u~ + x~uT/ + yT/v~ - y~vT/) ( 4.97) 

Putting Eqs. ( 4.95) to ( 4.97) into Eq: ( 4.85), we obtain 

(YryTxx - XryTxy)i+l/ 2 = (J !L)i+l/2 [ ( / + ~~) U1;- (f3 + Yi;:ry) Ury 

- xT/yT/ v~ - (c - x~yT/) vT/ - ~ yT/v] 
3 3 . 3 yJ i+l/2 

( 4.98) 
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[ ( 
X~YTJ) x~y~ 

( -y~Txy + X~Tyy) j+l/2 = ( J f-L) j+l/2 - E - -3- U~ - -3-UTJ 

( 2) ] X~XTJ X~ 2 X~V - (!3 + --) v~ + a+- vTJ- --
3 3 3 yJ j+l/2 

where 

a x2 + y2 
~ ~ 

j3 X~XTJ + Y~YTJ 

' 
x2 + y2 TJ TJ 

E X~YTJ - XTJY~ 

On the other hand, the mass diffusion flux can be expressed as 

Thus, 

-D 8Xs 
sax 

-D 8Xs 
s 8y 

( -yTJJs,x + xTJJs,y)i+l/2 

(y~Js,x - x~Js,y)j+l/2 

( J Ds)i+l/2 [rXs,~ - f3Xs,TJL+l/2 

(J Ds)j+l/2 [-f3Xs,~ + aXs,TJ]j+l/2 

The heat flux can be expressed in the same form. For energy flux, 

(yTJf3x- XTJj3Y)i+l/2 = [u (yTJTxx- XTJTxy)]i+l/2 + [v (yTJTxy- XTJTyy)L+l/2 

(4.101) 

(4.102) 

(4.103) 

( 4.104) 

(4.105) 

(4.106) 

(4.107) 

( 4.108) 

(4.109) 

(4.110) 

+ (J( ).. + Avib))i+l/2 [rT~- f3TTJL+l/2 + (J:>..e)i+l/2 [rTe,~- fJTe,TJ]i+l/2 
ns 

+ L (J Ds)i+l/2 [rXs,~- f3Xs,TJL+l/2 (4.111) 
s=l 

Similarly, 

( -y~f3x + X~j3Y)j+l/2 = [u (-y~Txx + X~Txy)]j+l/2 + [v ( -y~Txy + X~Tyy)]j+l/2 
+ (J(:>.. + Avib))j+l/2 [-j3T~ + aTTJ]j+l/2 + (J:>..e)j+l/2 [-f3Te,~ + aTe,TJ]j+l/2 

ns 

+ L (J Ds)j+l/2 [-f3Xs,~ + aXs,TJ]j+l/2 (4.112) 
s=l 
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The derivatives for computational domain a I a~ and a I aTJ are defined separately 
for the cell interface i + 112 and j + 112, e.g. for u , 

(uc;) i+1/2 

( UTJ )i+1/ 2 

(uc;)) +1/2 

( UTJ) j +1/ 2 

Ui+1,j - Hi, j 

~ ( ui ,j+J ; u i,J- 1 + ui+! ,J+ ! ; u i+ l ,j-1) 

- t ,] t ,] + t ,] t ,] 1 (U ·+1 ·- U·-1 · U·+1 "+1 - U· - 1 "+1) 

2 2 2 

(4.113) 

(4.114) 

(4.115) 

(4.116) 

Finally the cell interf&ce values of the transport coefficients for the viscosity and 
thermal conductivity are estimated in the following formula: 

(4.117) 

(4.118) 

If the coefficient at i or i + 1 is zero, the averaged value at i + 112 must be zero. 
The above formula prevents evaluating excessive diffusion speed if there exist large 
gradients [93] . However, this is not recommended for diffusion coefficients. This is 
because, say, if (Ds)i =f. 0 and (Ds)i7-1 = 0, (Ds)i+1; 2 becomes zero by definition 
and the diffusion mechanism would never carry the mass from i to i + 1, which is 
apparently unreasonable from the physical viewpoint. Therefore the cell interface 
values for each diffusion coefficient are evaluated by the simple arithmetic averaging 
as 

(Ds)i + (Ds)i+1 

2 
(Ds)j + (Ds)j+1 

2 

4.5 Time-Integration Scheme 

4.5.1 Implicit m ethod 

(4.119) 

( 4.120) 

In a time-marching method, we need to update the solution in time and obtain a 
steady state solution as an asymptotic solution for large time steps. Based on Eq. 
( 4.12), a time-marching scheme can be described in generalized form as 

\li ,j ~Q - ~ . 
~t i,j - ,] (4.121) 
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where !).Qi,j = Q~j 1 - Q~J and the solution is updated as Q~j 1 
= Q~J + 6.Q~j· 

Further, 

~,j = - [2y (F - F v) J . . + [2y (F - F v) J . . 
t+ 1/2,] t - 1/2,) 

- [2y (c- Gv)] . . + [2y (c- Gv)] . . - Hi,J + (V · W) i,J 
t ,J + 1/ 2 t ,J - 1/ 2 

(4.122) 

is a right-hand residual vector for the control volume ( i , j) and should equal zero for 
steady state problems. Hence a time-rnarching method can be characterized how we 
treat the residual term with respect to time. If we evaluate R for time step n where 
all properties are already known, we can construct a series of explicit scheme. In 
this case, we can obtain the value of Qi,J at n + 1 step as Q~j 1 

= Q~J + 6.t~ ,JR~J ' 
so that we require no additional computational operation other than evaluate R~J. 

In fact, early efforts in the development of temporal discretization methods focused 
on explicit schemes such as multistage Runge-Kutta schemes combined with conver­
gence acceleration techniques as local time-stepping or implicit residual smoothing 
method. Every explicit methods has an average that they are easy to implement, 
vectorize/parallelize, and require only limited memory storage. However, the allow­
able time increment 6.t for an explicit scheme to be performed stable is prohibitibly 
small for more than two-dimensional problems in high-Reynolds number compress­
ible flows, so that the rate of convergence for large-scale problems and especially for 
the solution of the N a vier-Stokes equations is very poor. This trend is more evident 
for flows that include very low Mach number region but are compressible, as al­
ready discussed in Chapter 2, Sec. 3. It should be noted that , in order to obtain the 
time-evolution solution at a control volume, the explicit scheme uses the information 
only for its adjacent control volumes, being unable to represent parabolic/elliptic 
nature of the equation system in which the solution depends upon the entire physical 
domain. 

An alternative approach is to evaluate ~,J at the time step ~ + 1, i.e. R~j1 . 
Since the properties at n + 1 are not known explicitly, we need to approximately 
evaluate the value of R~j1 by linearlizing it in time. 

R":-T-1 ~ Rn. + 6.t ( a~,J) n 
t,J t,J at 

R": . + 6.t (a~,J)n (aQ)n 
t,J aQ at 

R": . + (a~,J) n 6.Q": . 
t ,J aQ t,) 

( 4.123) 

The term a~,j I aQ represents symbolically the Jacobian matrix. It involves the 
linearization of both inviscid and viscous flux vectors. Substituting Eq. ( 4.123) into 
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Eq. ( 4.121) , we obtain 

(4.124) 

where 

(4.125) 

Hence 6.Qn can be obtained by inverting the right-hand-side matrix [L.H.S.J in Eq. 
(4.124), which results in a group of implicit schemes. It is apparent that Eq. (4.124) 
reduces to the standard Newton's method for solving a system of nonlinear equations 
as 6.t tends to infinity. Newton's method is known to have a quadratic convergence 
property, so that the scheme Eq. ( 4.124) is expected to converge fast if large 6.t is 
allowed. Note that the Jacobian matrix 8Ri,j I aQ (which should be distinguished 
from a~,j/8Qi ,j) is a matrix of the derivatives of ~,j for Qat each control volume 
(1 ::; i ::; imax, 1 ::; j ::; jmax), implying that the time-evolution of Q depends on 
the entire domain and hence representing the parabolic/ elliptic nature correctly. 

However, two additional difficulties arise for constructing the implicit scheme. 
First, explicit formulation of the Jacobian matrix resulting from the exact lineariza­
tion of the second-order numerical flux for both inviscid and viscous terms are ex­
tremely complicated to derive and expensive to compute, if not impossible to per­
form. Second, direct inversion of the L.H.S. matrix is enormously expensive since 
the Jacobian matrix is composed of ( neqns x imax x jmax )2 elements. To alleviate 
these difficulties, we first consider the implication of Eq. ( 4.124) by rewriting in the 
following [94] 

[Numerics]6.Q~j = [Physics] (4.126) 

The term on the right-hand-side, [Physics], represents a accurate approximation 
to the complete governing equations, i.e. the residual vectors evaluated by the 
second-order numerical flux as discussed in the previous sections. On the other 
hand, the role of the left-hand-matrix, [Numerics), is just to lead the solution to 
convergence. Since the left hand side vanishes to zero for steady state problems, 
the Jacobian matrix itself has nothing to do with accuracy of the solution finally 
obtained. Therefore, we can reconstruct the left hand side in more liberal way 
so that the Jacobian matrix is approximated to more convenient form from the 
computational viewpoint. To what follows, we try to approximate the left hand side 
for the present equation system containing thermochemical source terms. 

4.5.2 Point-implicit procedure 

The implicit treatment of the thermochemical source terms is particularly important 
since these terms introduce an additional stiffness into the equation set causing, the 
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algorithm to be unstable except for very small flt. The explicit solution algorithm 
is widely regarded as unsuitable for the computation of thermochemical nonequilib­
rium flows. This comes from the fact that the time scale associated with chemistry 
tends to be very small compared to the time step required for an effective calculation. 
Hence, Wi,j in Eq. ( 4.122) is treated implicitly here. The point-implicit method, 
firstly proposed by Bussing and Murmann [95], eliminates the stiffness problems and 
allows the solution to be updated with a time step dictated by the CFL condition. 
In this method, L.H.S. in Eq. ( 4.125) is approximately factored as 

[L.H.S.] = 

( 4.127) 

----where H = aw I 8Q. Since the first factor of Eq. ( 4.127) is ( neqns X neqns) 
matrix, it can be inverted directly. In order to relieve strong nonlinearlity of W, H 
should be evaluated without any approximation. Although quite complicated, this 
is possible for the present chemical model and described in the Appendix. 

4.5.3 LU-SGS method 

Modern implicit methods are characterized by how they approximate the L.H.S. 
and among them, in the present study, we employ the Lower- Upper Symmetric 
Gauss Seidel (LU-SGS) method since it is robust and efficient. We now describe the 
practical implementation of the method below. 

To begin with, we try to derive the expression of the Jacobian matrix without 
explicitly differentiating Eq. ( 4.122) with respect to Q. For convenience we first go 
back to Eq. ( 4.12) and rewrite it as 

Linearizing this in time and taking consistency with Eq. ( 4.127), we obtain 

(I- tJ.tH· ·) t,) 

X [J+ flt ([2f)(A-Av)]~ - [2y(A-Av)]n v: . t+112 t-112 t,) 

+ [2f) (iJ- Bv)]n - [2f) (iJ- Bv)]n )] flQn = ~t Rfj 
J + 1 12 J - 112 vi ,j 

(4.129) 
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R is given in Eq. (4.122). And, 

A 
8F 

yTJA- xTJB - -
8Q 

(4.130) 

A v 
8Fv 

yTJAv - XTJ B v -- -
8Q 

(4.131) 

~ ac 
B - - -y~A + x~B 

8Q 
( 4.132) 

~ 8Gv 
B v -- -y~Av + x~Bv 

8Q 
(4.133) 

H 
aw 
--
8Q 

( 4.134) 

where A, B , A v, and B v are the Jacobian matrices in Cartesian coordinates. The 
contribution of Hi ,j is neglected in Eq. ( 4.129) because this is relatively minor. 

The cell-interface values of inviscid terms A and B are evaluated by applying 
the first-order FVS scheme as 

(A)i+1/2 (A)t + (A)i+1 ( 4.135) 

(A)i-1/2 (A)i + (A)T-1 ( 4.136) 

(B)j+l/2 (B)j + (B)j+1 ( 4.137) 

(B)j - 1/2 (B)j + (B)j_1 ( 4.138) 

where A and B are split into A± and B± according to the signs of their eigenvalues. 
In Ref. [96), Jameson and Yo on proposed an approximate formula of evaluating A± 
and B± as 

x± = ~[X± ,Ba(X)I] ( 4.139) 

where X is A or B, CT(X) is the spectral radius of X , which is given by 

CT(X) = m?JC[I/\1] ( 4.140) 
t 

). represents eigenvalues of X, and {3 is a constant that is larger than unity. Stability 
and convergence can be controlled by adjusting {3 either manually or automatically. 
In the pr~sent st~dy, {3 = 1.1 is set throughout the computation. The actual expres­
sions of A and B are described in the appendix. 

In turn, since the elements of the viscous flux F v and Gv contain space derivatives 
a I axj for primitive variables, evaluation of the Jacobian matrices A v and B v is 
somewhat cumbersome. For convenience, we express the viscous flux F v and G v in 
the following form 

(4.141) 
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B v = [~~"- a~i (:g:J] + a~i (:g:J (4.142) 

The subscript xj denotes the space derivative with respect to }-components. In the 
above equations, the first terms of the right hand side include only the secondary 
terms associated with derivatives for transport properties or metrices and is thus 
expected to be comparatively small. On the other hand, although we can explicitly 
express the second terms in an analytical form, they are still complicated and then 
replaced by a diagonal matrix with the spectral radius of 8Fvf8QxJ or 8Gv/8QxJ 
[97], i.e. 

~ ~ ( 8Fv) ~ 8P 
axj 8Qxj ax 

~ ~ (8Gv) ~ 8P 
axj 8Qxj 8y 

p 2~-t I 
p 

Hence the viscous Jacobian matrices become 

y17 P x - x 17 P y 

~ · -y~Px + x~Py 

( 4.143) 

( 4.144) 

( 4.145) 

( 4.146) 

(4.147) 

The space derivatives P x and P y can be discretized in the same procedure as used 
in Section 4 with omitting the cross-derivative terms for simplicity, which results in, 

(Av)i+1/2 

(Bv)j+1/2 

(1rP~)i+1/2 = (1r)i+1/2 (Pi+1,j- Pi,j) 

(JaP77 )j+1/2 = (Ja)j+1;2 (Pi,j+1- Pi,j) 

( 4.148) 

( 4.149) 

Substituting Eqs. ( 4.130) to ( 4.139) into Eq. ( 4.129) and further simplifying, we 
finally obtain 

(4.150) 

where 

D I ~t [Yi+1/2 + Yi-1/2 {a(A .. ) + 2(J P) . ·} + V: . 2 t,J I t,J 
t,] 

+ Yi+l/
2

; :1/j-t/2 {CJ(B;,j) + 2(JaP);,j}] 

-~t [Yi-1/2 (A.++ J.1P). . + Yj-1/2 (iJ+ +laP) . . ] t-1,] t,J-1 
L 

~t [Yi+1/2 (A.-- lrP) . . + Yj+1/2 (iJ+- laP) . . ] 
t+1,J t,J+1 

u 

(4.151) 
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ALGORITHM 4.2: Point implicit + LU-SGS procedure 

Solve (I- ~tii) (D + L)D- 1(D + U)~Qn = Rn. 

1. Point implicit: (I - ~tii) ~Q(1 ) = R 
For i = 2, imax- 1, step= 1, do: 
For j = 2, jmax- 1, step = 1, do: 

(1) ( _......_ )-
1 

n ~Q .. = I- ~tHi 1· R .. 
t ,] ) t ,] 

EndDo 
2. Lower sweep: (D + L )~Q (2 ) = Q( 1) 

Fori = 2, imax- 1, step= 1, do: 
For j = 2, jmax- 1, step = 1, do: 

~Q~2) = n-:-1 (~Q~l) _ L~Q~2) . _ L~Q~2) ) 
t ,] t,] t ,J t-1,] t,J - 1 

EndDo 
3. Upper sweep: (D + U)~Qn = DQ(2

) 

Fori= imax- 1, 2, step= -1, do: 
For j = jmax- 1, 2, step = -1, do: 

~Q~j = ~Q~J - Di,} ( U ~Q~~l ,j + U ~Q~J+1) 
EndDo 
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The matrices D , L, and U represent the diagonal, strict lower, and strict upper 
matrix, respectively. In the L U-SGS scheme, the second factor of Eq. ( 4.150) is 
approximately factored as 

( 4.152) 

Finally the resulting equation can be solved as illustrated in ALGORITHM 4.2. Note 
that D reduces to a scalar diagonal matrix, so that no matrix inversion is required 
to obtain ~Q(2 ) or ~Qn in Steps 2 and 3 of ALGORITHM 4.2, reducing a great 
amount of operating time . In the present algorithm, all boundary conditions are 
treated explicitly and hence ~Q are set to zero for each boundary point. Although 
the original L U-SGS algorithm takes the sweep direction as i + j = const. oblique 
lines, conventional sweep procedure shown in ALGORITHM 4.2 is employed. This is 
simple to implement and do not degrade the convergence property of the algorithm 
as far as vector processor is not utilized. 

It is also possible to implement the LU-SGS algorithm without separating W 
from the inviscid/viscous Jacobian matrix [~. This approach, however, may cause 
numerical instability since the inversion of H must include the factorization error 
coming from the approximation of (D + L + U). If one employs the point implicit 
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procedure, inherent numerical error associated with the matrix inversion is of the 
order of round-off error at most. This difference is critical for cases where chemical 
source terms becomes extremely stiff. 

4.6 Electron Energy Equation Solver 

Assuming thermal nonequilibrium flow, we must solve the electron energy equa­
tion to obtain the electron energy distribution. Unfortunately, the equation system 
becomes extremely stiff when the electron energy is coupled with the flow field 
equations. This is because of the following: 

1. Electron thermal conductivity becomes very large for highly ionized plasma, 
sometimes scales as r:/2

. 

2. The energy exchange rate between the electron and vibration_al mode and the 
energy loss rate due to electron impact dissociation/ ionization (48] tend to be 
extremely stiff. 

3. Since Te is evaluated from the electron energy defined as Ee = 3/2peReTe, it 
tends to fluctuate severely: both Ee and Pe are normally very small compared 
to other flow properties, and they are liable to be suffered from numerical 
error. 

To remedy them, we uncouple the electron energy equation from other flow field 
equations and solve with respect to the electron temperature. This is in spirit the 
same idea as [99] where they iteratively solved the electron energy equation in steady 
form . In the present algorithm, instead of obtaining a converged solution at each 
time step, we rewrite the equation in delta form. In this case, we do not need to 
obtain converged solutions of Te for each time step, but need to obtain updating 
value f1Te required for global convergence of the flow field equations. The residual 
vector for the electron energy equation Re is linearized with respect to Te, which 
results in 

A~Te = Re (4.153) 

where A is the Jacobian matrix defined as A 8Re/ 8Te. We derive the actual 
expression of Re and A for completness. 

(Re)· · =- [2fj (Fe- Fev)] + [2fj (Fe- Fev)] 
t,] ' i+ 1/2 ' i-1/2 

- [2f} (ce - Ge,v) J . + [2f} (ce - Ge,v) ] . 
J+l/2 J-1/2 

+ [ V · ( -Pe ~~~ + QT-e + QR-e- Qe-v + Qi) + Qf +)tEl) h;-154) 
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Instead of directly differentiating Eqs. ( 4.68) and ( 4. 72) with respect to Te, we 
simply evaluate the convective contribution of A as an first-order upwind manner 
as 

(A.6Te)~jnv = (A~ .6Te)i,j - (A~ .6Te)i-l,j +(A; .6Te)i+l,j - (A; .6Te)i,j 

where 

+ (B: .6Te)i,j - (B: .6Te)i,j-1 + (B; .6Te)i,j+l - (B; .6Te)i,j 

(4.155) 

A±=~ R vu' ± IU'I 
e 2Pe e 2 ' ( 4.156) 

U' =~xU+ ~yV, (4.157) 

In turn, we evaluate the viscous contribution of A by differentiating the discretized 
form of the electron energy flux with omitting the cross-derivative contributions, 
which results in 

(A.6Te)vis t,J 
-~ -~ 

- Ai+l/2 ( .6Te,i+l,j - .6Te,i,j) + Ai_ 1; 2 ( .6Te,i,j - .6Te,i-l,j) 

-AJ+l/2 (.6Te,i,j+l- .6Te,i,j) + AJ_ 1; 2 (.6Te,i,j- .6Te,i,j-1) 

( 4.158) 

where 

( 4.159) 

The terms associated with the diffusion are omitted from the above equation for 
simplicity. The source terms are rigorously differentiated for Te and we obtain 

where 

(A.6T )so.urce = A~o.urce .6T. .. 
e t,J t,J e,t,J 

A~o.urce = R 8uj + QT-e + QR-e _ 3 (T _ T.) ~(1 + )R 8ve,s 
t,J Pe e ax . T _ T. Pe e L..,; 9rot,s s aT. 

J e 
8 

e 

1 ( +- p 
TN2,e 

( 4.160) 

The electron temperature derivatives of ve,s, T 2 ,e, WN
2

, and wN can be obtained by 
differentiating Eqs. (3.140), (3.146), (3.149), and (3.150), respectively. 

For the same reason discussed in the preceding section, we do not need to invert 
A exactly and hence Eq. ( 4.153) is solved approximately at each time step by using 
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the standard line relaxation method. Combining Eqs. ( 4.155) to ( 4.161), we rewrite 
Eq. ( 4.154) for ( i, j) as 

A.6Te,i ,j-1 + B.6Te,i,j + C.6Te,i,j+1 = Re,i,j - D.6Te,i-1,j- E.6Te,i+l,j ( 4.162) 

where 

B+ AT] 
- i,j-1 - j-1/2 A 

B 

c 
D 

E 

A+ A- + B+ B - + A-~ + A-~ + A-TJ + A-TJ- + Asource 
i,j - i,j i,j - i,j i+1/2 i-1/2 j+1/2 j-1/2 i,j 

B+ AT] 
i,j+l - j+1/2 

+ -~ 
- Ai- 1,j - Ai-1/2 

- -~ 
Ai+l,j - Ai+1/2 

Note that the time derivative term is not included in Eq. (4.162). Equation (4.162) 
consists a scalar tridiagonal system of equations and hence can readily be solved 
implicitly in the j-direction for .6Te by using the Thomas algorithm [92]. 

The line relaxation methods can further be subdivided into Gauss-Seidel (GS) 
and non-Gauss-Seidel (NGS) methods [100]. For the GS methods, .6Te,i- 1,j and 
.6Te,i+l ,j in the right hand side of Eq. ( 4.162) are evaluated using the latest available 
values. This is preferable if exact solutions of Eq. ( 4.162) are required since changes 
in the solution propagates quickly, but the equation must be solved iteratively. In 
contrast, .6Te,i - l,j and .6Te,i+l,j in NGS methods are computed using previous time 
step values even if values of the current level are available for some lines. We employ 
this approach because only approximate solutions of Eq. ( 4.162) are required, and 
further set as .6Te,i- l,j = .6Te,i+1,j = 0. Many practical computational works have 
verified that this approximation does not affect the final results [101]. In this case, 
only one iteration is required to obtain .6Te for all points and thus very efficient. 

Furthermore, to prevent excessive variation of Te, .6Te is limited by the following: 

( 4.163) 

where I.6Telmin = 100 K is found to work well. 
As for boundary conditions, zero electron temperature gradient is imposed for 

all boundaries including the electrode wall, i.e. 

8Te=O 
an ( 4.164) 

This condition is simply implemented as (Te)i ,l = (Te)i,2 at the cathode wall for 
example. . 

To initiate the calculation, we firstly solve the flow field assuming thermal equi­
librium (one temperature calculation), then the converged solution is used as an 
initial condition for the two temperature calculation. 
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4. 7 Electrc Field Solver 

4. 7.1 Basic discretization 

As for the electric field, we need to obtain a converged solution of Eq. (3.157) per 
time step of the flow field computation to evaluate the Ohmic heating term in the 
energy conservation equation of Eq. (3.153) or Eq. (3.155). Since this term plays a 
critical role to determine flow structure including the arc column, Eq. (3.157) must 
be solved with good accuracy. Adding this, it is not the electric potential cjJ itself but 
the space derivatives of cjJ (which is more sensitive to accuracy of the solution) that 
determines the Ohmic heating. If we evaluate this term by the electric potential 
distribution with poor accuracy, it tends to fluctuate severely and the flow field 
equation will never converge. Hence developing an efficient electric field solver for 
faster convergence is crucial. 

Since Eq. (3.41) represents the conservation law with respect to the electrical 
density j, we can apply the finite volume approach described in Section 2, that is, 

[2fl(Yrdx - x17jY) ]i+1/2 - [2y(y17jx - X17jY) ]i-1/2 

+[2y(-y~jx + x~jy)]j+1/2- [2y( -y~jx + x~jy)]j-1/2 = 0 (4.165) 

Considering that the above equation is elliptic in nature, we evaluate Jx and ]y in a 
central difference form as 

Jx = CJ ( -c/Jx + -
1 

Pe,x) ene 

CJ [-(~xcP~ + TJxcP17) + -
1 (~xPe,~ + TJxPe,17)] ene 

J CJ [- (y17 c/J~ - y~¢77) + -
1
- (Y77Pe,~ - Y~Pe,17 )] 

. ene 
.( 4.166) 

]y CJ ( -c/Jy + -
1
-Pe,y) ene 

CJ [-(~yeP~+ 'r/ycP17) + -1-(~yPe,~ + 'r/yPe,17)] ene 

J CJ [ -( -Xry</>~ + x~</>ry) + e~e ( -XryPe.~ + X~Pe,ry)] (4.167) 

From Eqs. (4 .165) to (4.167), we have 

[A(-~¢~ + f)cjJ17) L+1/2 - [A(-~¢~+ f)¢17) L-1/2 

+ [ A(f)cjJ~ - acjJ17) L~1/2 - [ A(f)cjJ~ - acjJ17) L-1/2 = Fi,j ( 4.168) 
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where A= 2yJa , and 

(¢E) i+1/2 

( ¢T] )i+1/2 

( ¢E)j+1/2 

( ¢T])j+1/2 

¢i+1,j - ¢ i,j 

~ ( r/J;,j+l ; ¢ i,j-1 + ¢i+l ,j+l ; ¢i+l ,j-1) 

~ ( ¢i+l ,j; rPi - l ,j + ¢i+l ,j+l ; rPi - l ,j+l) 

¢i,j+1 - ¢i,j 
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(4.169) 

(4.170) 

(4.171) 

( 4.172) 

The metrics terms J, a, {3 , 1, and the cell-interface values of a are evaluated in the 
same way as the viscous terms. Fi ,j represents the term associated with the electron 
pressure gradient 

- [ A ( !Pe,E - f3Pe ,T] )] + [ A ( !Pe,E - f3Pe ,T] )] 
ene i+1/2 ene j+1/2 

- [ A ( -f3Pe,E + CXPe,T))] + [ A ( -f3Pe,E + CXPe,T])] ( 4.173) 
ene j+1/2 ene j - 1/2 

and is treated as a constant in the present solver. Pe,E and Pe,TJ are discretized in the 
same fashion as ¢E and ¢TJ. 

Finally the total current I can be evaluated by the following formula 

jmax-1 

I = L Ii/(jmax - .1) 
j=1 

imax-1 

i=2 

(4.174) 

4. 7.2 GMRES method 

Equation ( 4.168) results in a linear system of the equations with respect to ¢ of the 
form 

A ¢=F (4.175) 

where A is the ( imax x jmax )2 coefficient matrix, ¢ and F are the ( imax x jmax) 
vectors whose component are ¢i,j and Fi ,j, respectively. The ( i, j) component of the 
product A¢ is equivalent to the left hand side of Eq. ( 4.168). As opposed to the 
flow field solver , we need to invert A exactly to obtain the solution of Eq. (4.165), 
but the direct inversion is enormously expensive. Hence one commonly uses a series 
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of relaxation scheme such as Gauss-Seidel, SLOR (Successive Line Over Relaxation) , 
or ILU (Incomplete LU factorization) method. These algorithms solve Eq. (4.175) 
iteratively. Unfortunately, a significant number of iteration is required to obtain 
converged solutions , especially if severe convergence criterion is imposed. Since Eq. 
( 4.175) must be solved at each time step of the flow field computation , an efficient 
algorithm is required. 

In this study, A is inverted by the Generalized Minimal RESidual (GMRES) 
method of Saad and Schultz [102]. This is a generalization of the conjugate gradient 
method for solving a linear system where the coefficient matrix is not symmetric 
and/or positive definite. The use of GMRES combined with preconditioning tech­
niques is becoming widespread in many fields. We describe the basic procedure of 
the algorithm below. 

First, we set initial guess of the solution vector as ¢ 0 , then . the first search 
direction becomes 

(4.176) 

where r 0 = F- A¢0 is the initial residual. We now find an approximate solution 
of Eq. (4.175) as 

m 

¢=¢0 + Lakvk 
k=l 

( 4.177) 

In Eq. (4.177), vectors vk constitute a basis for them-dimensional Krylov subspace 

( 4.178) 

and coefficients ak are chosen so as to minimize the residual norm 

J = IIF- A¢11 = llro- Azll (4.179) 

where z = LZ"=1 akvk. Once the first search direction is specified, m-orthonormal 
basis vectors vk can be recursively generated through the Arnoldi process [102]. Set 
hi,j as 

( 4.180) 

then the next search direction Vj+l can be obtained through the Gram-Schmidt's 
orthogonalization procedure as 

j 

Vj+l = Avj- L hi,jVj (4.181) 
i=l 

Further setting 

(4.182) 
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ALGORITHM 4.3: Preconditioned GMRES method 

r 0 = F- A¢0 

V1 = ro/llroll 
For j = 1, 2, · · · , m, · · · until satisfied do: 

P -1 
Xj = Vj 

Wj = Axj 

Fori= 1,j do: 
hi ,j = ( w j ' vi) 

End Do 

Vj+1 = Wj- L{=1 hi,jVi 

hj+1,j = llvj+111 
Vj+1 = Vj+11 hj+1,j 

a= min ll,6e1- Hall 
if IIF- A¢11 < E exit 

EndDo 
z = L:1 aivi 

6.¢ = p-1 z 

<P = <Po + 6.¢ 

initial residual 
define initial Kry lov 

preconditioning 
matrix-vector product 

set Hessenberg matrix 

Gram-Schmidt step 

define Kry lov vector 
least squares solve 
convergence check 

preconditioning 
find solution 
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we obtain Vj+ 1 as Vj+ 1 = Vj+ 1/ hj+ 1,j· Next we want to solve the least squares 
problem of Eq. (4.179). It is easily verified that Eq. (4.179) is equivalent to 

(4.183) 

Here, ,6 = llroll and the vector e1 is the first column of the (m + 1) x (m + 1) 
identity matrix. Hm is the upper (m + 1) x m Hessenberg matrix whose entries are 
hi,j. Minimization of Eq. ( 4.183) with respect to a is a well known least squares 
problem and can be readily solved through QR algorithm. 

In case the residu~l norm Eq. ( 4.183) does not drop to a tolerable value, we set 
m ----+ m + 1 and seek the additional search direction through the Arnoldi process 
described above. 

GMRES works best when the eigenvalues of matrix A is clustered. To realize 
this we apply the preconditioning technique. For reasons described in [103], we 
choose the right preconditioning of the form · 

( 4.184) 

The preconditioning matrix P is an approximation of A and clusters the eigenvectors 
of A around unity. It is worth noting that the only information we need for P is the 
products a = p- 1b and this corresponds to that we solve Aa = b approximately. 
Hence we can consider a number of relaxation schemes as a preconditioner and we 
applied the Gauss-Seidel line relaxation algorithm here. 
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The overall algorithm is summarized in ALGORITHM 4.3. For the practical 
implementation, it is comfirmed that the matrix-vector product Av can be evaluated 
at each point (i,j) by Eq. (4.168) with¢ being v. The 12-norm llrll is evaluated 
as 

imax jmax 

llrll 2 = ~ ~ r;,j (4.185) 
i=1 j=1 

The detail of QR algorithm to solve the least squares problem Eq. ( 4.183) is found 
in Ref. [102]. Finally, the actual formulation of the preconditioning step a = p - 1b 
can be described as follows: 

where 

Aai,j-1 + Bai,j + Cai,j+1 = D 

A -(A!)j - 1/2 

B (Aa)i+1/2 + (Aa)i-1/2 + (Ar)j+l/2 + (A!)] -1/2 

c -(A r)j+1/2 

D bi,j + (Aa)i-l/2ai-l.j + (Aa)i+l/2ai+1,j 

+ (A;3)i-1/2(ai,j+1- ai,j - 1 + ai-1,]+1- ai- 1,] - 1)/4 

- (A;3)i+l /2 (ai,j+l- ai,j-1 + ai+1,j+1- ai+1,j -1 )/4 

+ (A;3)j - 1/2(ai+1,j- ai-1,j + ai+1 ,j-1- ai-1,) - 1)/4 

- (A/1)j+1/2(ai+l,j- ai-1 ,j + ai+l ,j+1- ai-1,]+1)/4 

( 4.186) 

The tridiagonal equation system Eq. ( 4.186) can be solved for ai,j by the standard 
Thomas algorithm. 

Shown in Fig. 4.4 is the comparison of the present GMRES + Gauss-Seidel 
algorithm and the conventional Gaus~-Seidel line relaxation method applied to the 
present electric field equation. The use of GMRES technique dramatically reduce 
the computational time. It has been shown that the residual is dropped to 10- 5 

with only 9 search directions or less. 
It is also possible to apply GMRES in Eq. ( 4.150) to solve the flow field equa­

tions. However, this is less efficient since the time increment 6.t is inevitably limited 
to small due to the strong nonlinearlity of the thermochemical source term. The 
application of G NIRES becomes advantageous only if the additional computational 
cost is compensated for by a reduction of the error associated with the approximate 
factorization for the L U-SGS scheme. In the case 6.t is sufficiently small, the ap­
proximate factorization works well since the error is basically rounded of the order 
of (~t) 2 . Hence the advantage of GMRES will be lost. 
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Figure 4.4: Comparison of residual histories using the preconditioned GMRES and 
Gauss-Seidel algorithms 

4. 7.3 Electric field boundary conditions 

As for the boundary conditions on the electric field, no currents are allowed to pass 
through the inlet and the nozzle exit . This condition is implemented in the electric 
field solver so as to rigorously conserve the total current inside the computational 
domain, 

( 4.187) 

hence, 

[/3¢~- a¢1] + -
1
-( -f3Pe,~ + CXPe,T})] = 0 

ene i,j+l/2 
( 4.188) 

where i = 1 for the inlet and i = imax for the nozzle exit. To treat the boundary 
conditions implicitly, Eq. ( 4.188) is included in the linear system of equation Eq. 
( 4.175) and solved simultaneously with the electric field equation itself. 

Mirror-condition is applied at the axisymmetric line, i.e. ¢i,l = ¢i,2 . 

Both anode and cathode are assumed to be at equi-potential, so that 

{ 
V (on the anode surface) 

¢ = 0 (on the cathode surface) 

and V can be evaluated from the total current. 

( 4.189) 


