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4 Retrieval Dynamics of Phase Patterns in an 

Associative Memory System Composed of 

Coupled Oscillators 

This chapter will deal with a rondomly coupled-oscillator system of associative 
memory. Phase patterns are randomly specified and embedded into coupling pa­
rameters so that the system can work as an associative memory system. Retrieval 
states and macrodynarnics of retrieving processes are investigated by a statistical 
mechanical analysis and numerical simulations. 

There are a lot of studies on a neural network model as an associative mem­
ory system composed of the linear threshold gates or their modifications.61• 76-84) 
Stationary retrieval states in a system of coupled oscillators were already investi­
gated.85) However, dynamical aspects in the coupled-oscillator system of associa­
tive memory have not been analytically studied enough; e.g., there are not any 
macroscipic equations derived for describing retrieval processes in the system of 
coupled phase-oscillators. Here, the statistical mechanical analysis is applied to 
the system to clarify the effects of the storage ratio, the coupling nonlinearity and 
the natural frequencies on the retrieval dynamics. 

The main feature of the model treated in this chapter is that the system 
has the amplification factor, which is a paremater governing the global coupling 
nonlinearity (, although the first part of this chapter will deal with the 'weak' 
nonlinear model without the amplification factor because of the simplicity for 
studying the basic characteristics of retrieval states and the effects of the natural 
frequencies on the states). It will be shown that the statistical analysis is fairly 
available in relatively 'strong' nonlinear regime where the retrieval process is 
weakly chaotic. 

The first part, section 4.1, is concerned with effects of natural frequency distri­
bution on stationary retrieval states in the coupled-oscillator system. The effect 
of the distribution on the storage capacity is clarified analytically. The effective 
frequency distribution of the oscillators is also studied. Next, in section 4.2, the 
dynamics of retrieval processes in a system composed of coupled circle maps is 
studied by means of a statistical method and numerical simulations. A param­
eter, which is an amplification factor multiplied to all the coupling strengths, is 
introduced for investigating the effect of the strength of the coupling nonlinearity 
on the behavior of the system concerned. The statistical method provides a set 
of time evolution equations representing the macroscopic behavior. It is shown 
analytically that the storage capacity is considerably enhanced by the introduced 
amplification factor. It is also shown that the system exhibits macroscopic chaotic 
oscillations when the strength of the coupling is sufficiently large. Moreover, the 
clustering and the chaotic itinerancy are observed, as in other types of the globally 
coupled nonlinear systems. 
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4.1 Effects of Distribution of Natural Frequencies on 

Stationary Retrieval States 

Storage capacities were obtained analytically in coupled phase-oscillators with­
out a distribution of natural frequencies.85) In the coupled-oscillator system 
concerned here, 86) the natural frequencies of the elementary oscillators are dis­
tributed, and coupling coefficients are set so as to make the system work as a phase 
memory. The distribution of effective frequencies, at which the elements oscillate 
(the phases rotate), will be analytically described. Note that the continuous-time 
model is treated only in this section 4.1, while all the other sections concern the 
discrete-time types. 

The model is described as 

( 4.1) 

where, <Pi is a phase of the i-th phase-oscillator, and Wi is its natural frequency. 
The natural frequency Wi is assumed to be a random variable obeying the prob­
ability distribution function 

1 (w- !1)2 
g(w) = � exp[- 2 ) .  

I 2! 
(4.2) 

The parameter !1 is the central frequency and is chosen to be zero in this study. 
The p phase patterns are stored in the system by embedding the patterns to the 
coupling coefficients { Kij, 'Pii} as 

/{ij exp(ir.pij) = � t exp[i(lit -lij)], i,j = 1, · · ·, N, (4.3) 
J.L=l 

where Bf is the i-th component of the {l-th phase pattern to be memorized. The 
memorized phase patterns are determined randomly. 86) A schematic illustration 
for the system concerned in this chapter is shown in Fig. 4.1. The overlap mJ.L, 
which is representing the similarity between the phase configuration of the system 
and the {l-th memorized phase pattern, is defined as 

1 N 
mJ.L = 

N 
?: exp[i(</>j -Bj)], 1-l = 1,···,p. 
J=l 

( 4.4) 

Let us consider the situation in which the first memorized phase pattern is re­
trieved ( m1 is of order 0( 1) ). Due to the distribution of the natural frequencies, 
the overlap m1(t) oscillates. Let m be an averaged value of m1(t) with respect to 
time. Using the self-consistent signal-to-noise analysis (SCSNA) method devel­
oped by Shiino and Fukai,83) we can determine analytically the storage capacity 
under the distribution of natural frequencies (see Appendix C·1). It should be 
noted that the natural frequencies and the memorized phase patterns are assumed 
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All to All, 
Symmetric Couplings 

Fig. 4.1: Schematic illustration of the structure of the coupled-oscillator system 
concerned in this chapter. Randomly specified phase patterns are embedded into 
the coupling parameters { Kij; 'Pij}. 
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to be statistically independent of each other. We can derive a set of equations 
describing the macroscopic stationary state as 

with 

m = 

M 

hm(x,y,w) = 

(4.5) 

( 4.6) 

(4.7) 

w2 
l- -------

m2[(x + 1)2 + y2]' 
(4.8) 

where a= pj N and the operator fm,;,-y[ · ) is defined as 

I - [ J -
1 1oo 

d 1oo 
d 1my'(x+l)2+y2 

d m ,.. • - ( )3/2 -2 
X y W 

, v ,-y 27r 10" - oo - oo -my'(x+l)2+y2 
w2 x2 + y2 

x exp( --) exp(- _ )[ · ) . ( 4.9) 
212 2a2 

In the above set of equations, m is constrained to be a real variable without loss 
of generality because of the rotaional symmetry of the system concerned. In the 

derivation, the summation over the phase-locked oscillators is replaced by the 
statistical average (see Appendix C·l). 

The solution (m, M, a) is obtained for given parameters (1, a). The storage 
capacity ac( 1) is obtained as the maximum of a for existence of the nontrivial 
solution ( m =f- 0). 

The a dependence of m is shown in Fig. 4.2. It is shown that ac and m( ac) 
decrease with increasing width of the distribution, I· The state diagram showing 
the 1 dependence of the storage capacity and the analytically obtained phase 
boundary of the retrieval state is depicted in Fig. 4.3, in which the narrowing 
of the retrieval region with increasing 1 is clearly seen. A numerical simulation 
was done to confirm the analytically obtained phase boundary. The investigated 
points are also shown in Fig. 4.3. It is found to be impossible to retrieve any 
storage phase patterns when 1 > lc ( lc "' 0.6) . The storage capacity ac(O) 
without the distribution is nearly equal to 0.038, which is the same as the value 
reported. ss) 

The analytical expression of the effective frequency distribution is also found, 

which represents the oscillatory dynamics of the overlap lm1(t)1 (see Appendix 
C·2). Let G(w ) be the distribution function, which can be decomposed into 
the phase-locked part and the unlocked part as G(w) = Gs (w) + Gv (w) . The 
distribution of the effective frequency w of the unlocked oscillators is expressed 
as 

Gn (W ) = E[g(w) �� �], (4.10) 
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I== 0.2 

I== 0.3 

I== 0.4 

I== 0.5 

0 0.02 0.04 

Fig. 4.2: The memory rate a dependences of the nonzero solutions of the overlaps 
m at various widths 1 of the distribution of the natural frequency. Solid lines 

correspond to the stable equilibrium state positions, while dashed ones do not. 
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0 0.5 1 

Fig. 4.3: The state diagram in the 1-a. plane. The shaded area under the ana­
lytically obtained phase boundary a.c( 1) is the retrieval region. Open and closed 
circles denote successes and failures in the numerically simulated retrievals, re­
spectively. The number of oscillators used in the simulation is 500. 
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where E[ · ] denotes expectation. We finally obtain the following expression by 
calculating the statistical average (see Appendix C·2): 

( 4.11) 

The locked part is expressed as 

Gs(w) = lm,;,�[1]8(w). (4.12) 

The parameters m and a- in eqs. ( 4.11) and ( 4.12) are the solutions of eqs. ( 4.5 )­

(4.7). It can be found from eq. (4.11) that the degree of the unlocking increases 
with increase of the memory rate and that the unlocking easily occurs at the 
oscillator whose natural frequency is very different from the central frequency. 
The numerical simulation is compared with the theory in Fig. 4.4. The behavior 
of the overlap is shown in (a), where the value of the constant part of the overlap 
agrees well with the theoretical prediction ( f'o.J 0.62) found in Fig. 4.2 (the position 
of a = 0.002 in the curve of 1 = 0.5). The effective frequency distributions 
obtained by the simulation and by the theory are shown in (b), in which good 
agreement between them is found. 
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w/1 

Fig. 4.4: (a) The oscillation of the overlap. (b ) The analytically calculated curve 
(thick solid line) of the effective frequency distribution of the unlocked part and 
the numerically calculated histogram of the distribution. The parameters in the 

numerical simulation are as follows: 1 = 0.5, a = 0.002, N = 500. 
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4.2 Neurodynamics In Randomly Coupled Circle Maps 

We will concern a system of coupled circle maps as a natural or intuitive 
extension of a single circle map to describe coupled oscillatory systems. 87) The 
aim of this study is to find fundamental mechanisms of oscillatory information 
process1ngs. 

In the randomly coupled circle maps, phase patterns can be memorized into 
the coupling parameters in almost the same manner as the rule often used in 
other typical neural associative memory models.76-84) 

In the spin-glass network models and in its modifications, the storage capac­
ities were already obtained analytically.76-84) However, there exists no analytical 
work concerning the coupled circle maps to have an associative memory function, 
especially in the strong nonlinear coupling regime. 

The main aim here is to clarify the dependence of the storage capacity and 
macroscopic dynamics on the coupling nonlinearity (global amplification factor 
for coupling strength) . It is shown in this study that the statistical neurodynam­
ics, which was developed by Amari,61• 78) is an effective method even in a strong 
nonlinear regime. The retrieval-nonretrieval critical line in the state diagram of 
the storage rate and the amplification factor can be obtained by means of the 
statistical neurodynamics. The critical line fairly agrees with that found numeri­
cally. It can be shown that the storage capacity is enhanced by the amplification 
factor of coupling nonlinearity. 

Kaneko studied globally coupled circle maps with mean field coupling in a 
strong nonlinear regime,63) and found various kinds of chaotic spatio-temporal 
dynamics including the clustering phenomena. Here, we will focus our attention 
on globally coupled systems, although there exist some studies concerning a sys­
tem of coupled circle maps with local (nearest neighbor) coupling in a strong 
nonlinear regime.88•89) Clustering phenomena were observed in various kinds of 
mean-field coupling systems. 59• go-gs) In the randomly coupled circle maps used in 
this study, the chaotic behavior and the clustering are also observed. 

4.2.1 A model as an associative memory system 

The system of randomly coupled circle maps is described by a set of discrete­
time evolution equations of phases of the elementary oscillators as follows: 

N 

(!Ji(t + 1) = cPi(t) +wi + f3LKiisin(c/Ji(t)- ¢i(t) + 'Pij), 
j=l 

i = 1,·· · , N, ( 4.13) 

where ¢i(t) is the phase of the i-th element at the discrete time t (t: integer). 
The parameter wi is a natural frequency of the i-th elementary oscillator. Here, 
let us consider the case of Wi = 0 fori= 1, · · · , N . The coupling paramaters Kij 
and 'Pii are determined so as to make the system work as an associative memory 
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machine: 

K;j exp(icp;j) = � t exp[i(O;- Oj)], i,j = 1, · · ·, N, 
J.L=l 

(4.14) 

where Bf is the i-th component of the j.l-th embedded phase pattern. The param­
eter (3 is an amplification factor of the coupling strength in eq. ( 4.13). 

The storage rate a is defined as the number p of the embedded patterns 
normalized by the system size N, i.e., a = pj N. The phase patterns (JJ.L = 
( Bi, · · · , B'fv), J.l = 1, · · · , p, are randomly determined and fixed. 

The model described by eq. ( 4.13) is a discrete-time version of the model 
( eq. ( 4.1)) concerned in the previous section. It should be noted that the dy­
namical behavior in the discrete-time model is quite different from that in the 
continuous-time model especially in the case of strong nonlinearity ((3 being con­
siderably large). 

4.2.2 Time evolution equations of macroscopic variables 

We will derive macroscopic time evolution equations by means of the statistical 
neurodynamics.61• 78) A macroscopic variable, the overlap mJ.L(t), reflecting the 
degree of retrieval of the jl-th embedded phase pattern is introduced as 

1 N 
mJ.L(t) = N ?= exp[i(¢>i(t) - Bf)], J.l =  1,···,p. 

t=l 
(4.15) 

Let us consider the retrieval of the 1-st pattern {B}} and assume that lm1(t)l 
is of order 0 ( 1) and I mJ.L ( t) I is of order 0 ( 1/ v'Ji) for J.l =/= 1. Without losing 
generality, we can assume as Bf = 0 for i = 1, · · · , N. Hence, the macroscopic 
variable m 1 ( t), to which will be referred simply as m( t), is expressed as 

1 N 
m(t) = N 

?= exp[i</>i(t)]. 
t=l 

(4.16) 

The macroscopic variable m(t) can be assumed to be a real variable without loss 
of generality because of a rotational symmetry in the system concerned. 

By substituting eq. ( 4.14) into eq. ( 4.13), we obtain 

where 

</>i(t + 1) = </>i(t) + (3 Im{exp[-i</>i(t)][m(t) + Zi(t)]}, 

1 �/�/ 
Zi(t) = N � � exp{i[</>i(t) + Of- Bj]}. 

J.L J 

( 4.17) 

( 4.18) 

The symbol 2::/ denotes the summation over Jl =f. 1, and 2::/ denotes the sum­
mation over j =/= i. 

The term Zi(t) can be considered as a random variable. By the central limit 
theorem, Zi(t) can be regarded as normally distributed with 

(4.19) 
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where E[ · ] denotes the expectation, and a2(t) is 'the variance of the real or 
imaginary part of the random variable Zi(t). Moreover, Zi(t) and Zj(t) can be 
assumed to be statistically independent of each other when i # j: 

E[Zi(t)Zj(t)] = 0, i # j. ( 4.20) 

For the law of large numbers, eq. ( 4. 16) can be rewritten as 

m(t) = E[exp[i</>i(t))). ( 4.21) 

Hence, the time evolution equation for m( t) is easily obtained as 

m(t + 1) E[exp[i</>i( t)) exp{ i/3Im { exp[ -i</>i( t) )[m( t) + Zi( t)]}}] 
e-f32u2(t)f2 Ff3[m(t)], ( 4.22) 

where 
Ff3(m) = E[exp[i(</>i- /3m sin </>i)]]. ( 4.23) 

In the above, it should be noted that we used the assumption that </>i(t) and 
Zi ( t) are statistically independent of each other. However, there exists a higher 
order correlation between them. The correlation has to be taken into account for 
calculating a2(t), as explained in Appendix C·4. 

The explicit expression of Ff3( m) can be obtained analytically by an assump­
tion that the phases are unimodally distributed as expressed by the following 
probability density function: 

1 
Pm(</>) = 

2n-Io(a) 
exp(a cos </>), 

where a parameter a ( = a( m)) is defined so as to satisfy 

m = 11 (a)/ Io(a). 

( 4.24) 

( 4.25) 

The functions 10( · ) and 11 ( · ) are the modified Bessel functions of the zero-th and 
the 1-st order, respectively. The assumed probability density function eq. (4.24) 
is consistent with the condition eq. ( 4.21 ). The obtained analytical expression for 
Ff3(m) is 

( 4.26) 

where b = /3m. The derivation of eq. ( 4.26) is shown in Appendix C·3. 
We can also obtain analytically the time evolution equation for a2(t) by means 

of the statistical neurodynamics, as shown in Appendix C·4. The obtained set of 
time evolution equations of the macroscopic variables m(t) and a2(t) are expressed 
as 

m(t + 1) 

a2( t + 1) 

e-f32u2(t)/2 Ff3[m(t)], 
� + e-{32 u2 ( t) { 2 G� [ m ( t)] a 4 ( t) 2 
+(F%[m(t)] + G�[m(t)])a2(t) 

1 
+ 2 a/3 G� [ m ( t)]}, 
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where o-2(0) = a/2, and the prime means differentiation with respect to m. The 
function G13(m) is given as (see Appendix C·3) 

G ( ) 
= Io(va2- b2) 

13 m 
Io(a) · 

( 4.29) 

The functions F13(m) and G13(m) are shown in Fig. 4.5. It can be seen that 
the nonlinearity of the macroscopic dynamics increases by increasing f3. The 
nonlinearity can be expected to induce oscillatory macrodynamics. However, 
the analytical consideration here cannot describe oscillatory dynamics, as will be 
discussed in later sections. 

A typical retrieval dynamics in the relatively weak nonlinear regime is shown 
in Fig. 4.6(a), in which time evolutions of the macroscopic variable m(t) is drawn 
with various initial conditions by using the analytically obtained set of eqs. ( 4.27) 
and ( 4.28). In the case of Fig. 4.6(a) where a is sufficiently small, the system can 
retrieve an embedded pattern when the initial phase configuration is sufficiently 
close or similar to the corresponding pattern (when m(O) is larger than a threshold 
value mh)· However, the system cannot retrieve an embedded pattern when 
m(O) < mh. 

Figure 4.6(b) shows the orbits of the retrieval processes in the m - o-2 space. 
There are three equilibrium points in the state space. A point which has the 
largest value of m (say, ma) and a point which has the zero value of m are 
stable, while the one between them is unstable. A variable m(t) converges to ma 
in the case of (successful) retrieval, whereas it converges to zero in the case of 
nonretrieval. The threshold value mh can be found by going back to the initial 
point ( m(O), o-2(0)) over a path which is connecting to the unstable point. 

The spin-glass network models61' 78' 80, 83) also have the characteristics men­
tioned above. In other words, the system of randomly coupled circle maps is 
basically similar to the spin-glass models. It should be noted, however, that the 
amplification factor f3 is specific for the system of coupled circle maps studied 
here. That is, a corresponding parameter does not exist in the spin-glass network 
models. The parameter f3 looks apparently similar to what is called a gain in spin­
glass network models. However, the inverse of the gain corresponds to the width 
of the natural frequency distribution in the system concerned here, although the 
width is set to zero in this study. When (3 is relatively large, the parameter causes 
oscillatory and chaotic dynamics, as will be mentioned in later sections. 

4.2.3 Retrieval-nonretrieval critical line 

The system concerened here can retrieve any embedded pattern when the 
storage rate a is smaller than the certain critical value ac. The critical value ac 
is called the storage capacity, which is dependent on the parameter (3. 

In this section, we will obtain the coupling nonlinearity amplification factor 
(3 dependence of the storage capacity ac(f3), which is the retrieval-nonretrieval 
critical line in the a - (3 plain. 
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Fig. 4.5: Functions of (a) F13(m) and (b) G13(m). 
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Fig. 4.6: Behaviour of macroscopic variables with various initial conditions. a = 

0.06 and (3 = 1.5. (a) Dynamics of m( t), (b) orbits of retrieval processes in the 
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2 space. 
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Let us concern the simple stationary macroscopic state, which means that 
(m(t + 1), 0"2(t + 1)) == (m(t), 0"2(t)). A relation 

( 4.30) 

is obtained from eq. ( 4.27). By using the above relation and eq. ( 4.28), we can 
find dependences of Q on m and (3, given by Q == a,e(m), where 

with 

L .e ( m) == ( 4 I (32) ln [ F .e ( m) I m], 
f,e(m) == (mG,e(m)IF.e(m))2, 
H .e ( m) == ( mF� ( m) I F.e ( m)) 2. 

( 4.31) 

( 4.32) 

( 4.33) 

( 4.34) 

Figure 4.7 shows ii,e(m) as a function of m. From eq. (4.30), it is found 
as F,e( m) > m because of 0"2 > 0. Hence, only the regime which suffices this 
condition is plotted in Fig. 4. 7. We can find the value of ma on a curve of a 
certain f3 by specifying a storage rate a. Two values of m are found, larger one 
of which is corresponding to ma and the other is corresponding to an unstable 
equilibrium point. Hence, it can be found that nc(f3) is the maximum value of 
the curve concerned. It is found that nc (f3) takes maximum around f3 == 2.5. 

Let us determine the retrieval criterion to judge whether the concerning mem­
orized pattern is retrieved or not. We will regard the state concerned as 'retrieved' 
if ma > 0.5 when m(O) == 0.9. When m(t) oscillates, the state will be regarded as 
'retrieved' if the time averaged value of m(t) is larger than 0.5 when m(O) == 0.9. 
The criterion will be adopted in both theoretical and numerical considerations. 
Note that the value of nc (f3) will be different from that obtained by the maximum 
of a,e( m) when f3 is large because time is discrete. 

Let us consider a critical line when f3 is sufficiently small (close to zero). There 
exists the microscopic frozen state, in which the following relation holds: 

. m+Zi 
exp(l</>i) == lm + Zil, i == 1, · · · , N. ( 4.35) 

The above equation can be obtained from eq. (4.17) under the condition of <Pi(t + 
1) == cPi(t) for i == 1, · · 

· , N. The solution which satisfies eq. (4.35) does not 
exist above the line of a == 0.038.85•86) It can be expected that the frozen state 
destabilizes when f3 is sufficiently large. Indeed, in the numerical simulation, m( t) 
oscillates or the clustering phenomenon is observed in the large f3 regime. 

4.2.4 Retrieval processes 

Figure 4.8 shows typical examples of retrieval processes in a relatively weak 
nonlinear (relatively small (3) regime. The retrieval processes in (a) fairly well re­
produces the theoretical prediction depicted in Fig. 4.6( a). Actually, numerically 
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Fig. 4.7: Plots of a.e(m) with various values of (3. 
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obtained ma is slightly larger than that obtained analytically. A response speed 
numerically observed could be slightly slower than that predicted analytically. 

Figure 4.9 shows an example of oscillatory retrieval processes observed in a 
relatively strong nonlinear (relatively large /3) regime. The oscillation is not a 
transient but a stationary phenomenon. In this case of Fig. 4.9, the oscillation 
is chaotic, which could be a high dimensional deterministic chaos. In spite of 
chaotic m(t), the successful retrieval is achieved when m(O) is sufficiently large. 
Averagingly, m(t) takes a value which is of order 0(1) in this case. 

Figure 4.10 shows return maps of m( t) in the cases of chaotic oscillations. 
Scattered points over a certain area in the m( t )-m( t + 1) indicate the chaotic 
oscillation. The cloud of the distributed points may be a projection of a high 
dimensional attractor. The chaotic dynamics may be a fluctuation due to a finite 
size effect. We investigated at N =200, 400, 500 and 700. However, differences 
of amplitudes of oscillations in these cases (with the same parameters) were not 
found. Hence, it is plausible that the chaotic dynamics is the deterministic chaos, 
although an explicit expression for the deterministic rule is not found yet. 

4.2.5 Clustering 

Figure 4.11 shows time evolutions of (relative) phase distributions when f3 is 
sufficiently large. Here, a (relative) phase 1/Ji means a relative phase to the 1-st 
embedded pattern ( 1/Ji = </>i -OJ). Note that parallel shift of the phase distribution 
( 1/Ji ---t 1/Ji + c, where c is an arbitrary coefficient) does not make sense because of 
the rotational symmetry. 

In Fig. 4.ll(a), we can see a bimodal distribution of phases, indicating clus­
tering. Here, the term clustering means self-organized grouping of phases. The 
clustering phenomenon is often observed in wide class of globally coupled systems 
composed of, e.g., phase oscillators,59• 93• 94) chaotic maps,90• 91) electrical devices92) 
and biological cells.95) In this study, two clusters, which are almost the same size 
(we will use the term 2-cl uster state to refer to this state), are observed in a 
certain area (indicated by a dashed line in the state diagram shown in Fig. 4.12). 
Each cluster has a relatively broad distribution. 

Let us consider the case of {3 = 2.5, and regard a as a bifurcation parameter. 
The 2-cluster state degrades by increasing a, as can be seen from Figs. 4.11(a) 
and 4.ll(b). Moreover, a unimodal distribution (with a slight fluctuation) re­
alizes when a is sufficiently large (as shown in Fig. 4.11 (c)). When a > ac, a 
homogeneous distribution emerges (Fig. 4.ll(d)). It should be noted that the 
boundary for the clustering state is ambiguous as mentioned above. Note that 
the macroscopic equation derived by the assumption of the unimodality of the 
phase distribution is irrelevant in the clustering regime. However, the unimodal­
ity recovers (at least) near the retrieval-nonretrieval critical line ac(f3 ) . Hence, 
the critical line obtained theoretically according to the macroscopic description 
is relevant in comparing with the critical line obtained numerically. 
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Fig. 4.8: Retrival procceses obtained numerically with N = 700. (a ) a = 0.06, 

(3 = 1.5, (b ) a = 0.09, (3 = 1.5. 
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Fig. 4.9: Oscillatory retrieval processes. a= 0.1, (3 = 2.5, N = 700. 
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Fig. 4.11: Time evolutions of. phase distribution In relatively strong nonlinear 

regime: (3 - 2.5. Phases of randomly chosen 100 oscillators from N ( =700) 
oscillators are plotted during t = 80-100. (a) a=0.02, (b) a=0.06, (c) a=0.10, 
(d) a=0.20. 



4.2.6 State diagram 

Figure 4.12 shows the state diagram (phase diagram) with respect to the 
amplification factor f3 and the storage ratio a. Symbols dotted in this figure are 
corresponding to the points investigated in the numerical simulations. 

In this study, the behaviour of m ( t) is classified into three kinds: nonoscillatory 
retrieval state, oscillatory retrieval state and nonretrieval state . The nonoscilla­
tory retrieval state is observed in the weak nonlinear regime, and the oscillatory 
retrieval state is observed in the strong nonlinear regime, as found in Fig. 4.12. 

The theoretically obtained critical line ac (f3) is also drawn. It can be found 
numerically that the storage capacity ac is considerably enhanced by increasing 
the parameter {3. However, ac decreases when f3 is larger than about 3.0. We 
can see a fairly good agreement between the theoretical line arid that found by 
numerical simulation. For 1.0 < f3 < 3.0, however, the theoretical line is slightly 
larger than that found by numerical simulation. The difference is small when f3 
is sufficiently large. The rrilcroscopic frozen state realizes when both f3 and a 

are sufficiently small (at least f3 < 1 ). In this case the theoretical prediction is 
correct. 

There exists a bifurcation (critical) line, at which a transition (bifurcation) 
between nonoscillation and oscillation occurs. This line was found numerically. 
We regard the behaviour of m( t) as an oscillation if an amplitude of fluctuation 
is larger than 0.02 (the symbol @ is chosen according to the criterion). Periodic 
oscillations are observed near the nonoscillatory-oscillatory bifurcation line. How­
ever, periodic oscillations become chaotic by deviating from the line. Transitions 
from periodic to chaotic are not so clear. Hence, a boundary concerning chaotic 
oscillations is not depicted. 

The dashed line is a boundary, inside which the clustering occurs. 
A theoretical considerations for the oscillatory-nonoscillatory bifurcation and 

the clustering are left as a future task. 

4.2.7 Information content 

This section is concerned with the information content (also called the infor­
mation capacity), which is the amount of information embedded into the system 
(coupling parameters) concerned. 

The storage ratio a, which is a number p of the memorized patterns normal­
ized by the system size of N, reflects the amount of information. However, the 
similarity between the memorized pattern to be retrieved and the retrieved pat­
tern should also be taken into account for estimating the amount of information 
carried by coupling parameters of the sys.tem concerned. 

The information content in the spin-glass network model (Hopfield model) was 
already obtained analytically including the general case of that the memorized 
patterns are correlated.96) Moreover, in what is called the Q-state clock model, 
the information content was also derived in the case of Q = 2, 3, 4 and Q � oo 
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Fig. 4.12: State diagram. Numerically investigated (N = 700, m(O) = 0.9) points 

are indicated by symbols 0, @ and • , which specify nonoscillatory retrieval, 
oscillatory retrieval and nonretrieval, respectively. A dashed line is the bound­

ary inside which the clustering state (2-cluster) is observed. A solid line is the 
retrieval-nonretrieval critical line obtained theoretically. 
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by Cook.85) 
The Q-state clock model is a generalization for the two-state spin-glass model. 

The number Q of states of an element is assigned on a circle with equal intervals. 
The interaction between elementes is similar to that in the model concerned in 
this chapter when positions on a circle are regarded as phases. Actually, in the 
case of Q � oo, the behavior of the Q-state clock model is the same as that of the 
randomly coupled-oscillator model treated here in a simple stationary condition 
(or the same as that of the X - Y spin glass model97)). Cook showed that the 
information content becomes infinity when Q is infinity. However his derivation 
was wrong in the case of Q � oo. The information content is indeed finite in spite 
of that Q is infinity, as will be shown. Hence, let us derive a correct expression 
for the information content, and compare this quantity with that of the two­
state spin-glass network model (Hopfield model) and that of the three-state clock 
model. 

In the coupled-oscillator model concerned here, the information (entropy) s 

per one element (phase-oscillator) stored in each pattern is expressed as 

s = ln 21r. ( 4.36) 

The missing entropy s
' (per one element) associtated with all possible configura­

tions which have the retrieval accuracy (overlap) m with a given pattern is 

s
' 

=- J Pm(¢) lnpm(¢)d¢, ( 4.37) 

where a is a parameter satisfying m = 11(a)/I0(a). Here, we are concerning the 
entropy in only the case of a unimodal distribution of phases. Note that the 
entropies s and s

' are meaningless in precisely speaking because the meaningless 
infinite term (which is an independent part of a probability distribution con­
cerned) arising by the limiting operation Q � oo is artificially omitted in each 
quantity. However, the difference between them has a definite meaning. The 
expression of the (total) information content Soo is 

o:.N x N x ( s - s
') 

N2ln [exp[aii(a)/Io(a)] ] 
o:. 

Io(a) 
· ( 4.38) 

A parameter a is a function of m, and m is a function of o:. and {3. Hence, the 
information content can be specified by specifying the storage ratio o:. and the 
coupling nonlinearity {3. 

While, the information content S2 of the two-state spin-glass network model 
is expressed as96) 

{ m (1 + m) 1 } S2 = o:.N2 
21n 

1
_ m 

+ 2ln[(1- m)(1 + m)) . 

The expression for S3 is as85) 
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(Note that the expression in the Cook's paper85) is wrong. Hence, let us give a 
correct one.) 

Here, let us show an example of a rough estimation of the information content 
of the coupled-oscillator system concerned here. By substituting the values: a = 

0.12, m = 0.7 (these values are possible when (3 � 3.0 as confirmed by numerical 
simulations) into eq. ( 4.38), we obtain Soo = 0.0691N2• It is found that Soo = 

0.0453N2 when a= 0.03885) and (3 � 1 (m = 0.899). Hence, it can be said that 
the coupling nonlinearity (3 brings the increase of both the storage capacity and 
the information content near the critical line. In the two-state spin-glass model, 
it is found that S2 = 0.0843N2 when a = 0.138 ( m = 0.968f6). In the three-state 
clock model, it is found that S3 = 0.222N2 when a = 0.22 ( m = 0.978)85). 

The information content of the present coupled-oscillator system even in the 
strong nonlinear regime is smaller than that of the two-state spin-glass network 
model and much smaller than that of the three-state clock model. The intuitive 
explanation for the origin of the superiority of the three-state clock model to 
others is not clear at present. Cook only showed the result obtained by the 
technique what is called the replica method.85) In order to find the method to 
enhance the information content in the coupled-oscillator system studied here, it 
must be necessary to clarify the essential reason for the superiority of the three­
state system, or the reason for the inferiority of the coupled-oscillator system, 
although it is left as a future task. 

Let us mention about a possibility of increasing an effective accuracy (in effect, 
increasing the information content) by a certain estimation method. By the 
numerical simulations, it is found that there exist chaotic retrieval processes in 
which m(t) oscillates chaotically implying a phase configuration is dynamically 
changing. It can be expected that the orbit in the phase-space moves around the 
embedded pattern to be retrieved. Hence, a certain averaging operation for the 
configuration of phases over a certain time interval could enhance the. value of 
m( t), although the operation is relatively artificial. 

Furthermore, let us mention about an another possibility for enhancement 
of the information content. It should be noted that there exists another type 
of the embedding method what is called the sparsely encoding,98•99) in which 
the patterns to be memorized are randomly generated under the constraint so 
that the number of firing neurons is very low compared to the total number of 
neurons. Theoretical consideration done by Amari98) in the system composed of 
the model neurons, which take the value of an output as '0' (non-firing) or '1' 
(firing). The ratio of the number of firing neurons (emitting '1 ') to the total 
number of neurons N is set as cN-f, where c > 0 and 0 < t < 1. The study 
clarified that the information content increased by increasing the degree of the 
sparsity t, and that the value of the information content is considerably larger 
than that of a non-sparse model. 

It can be expected that the information content in the coupled-oscillator sys­
tem concerned in the present study will be increased by the sparsely encoding 
method which is adequately modified to 'the coupled-oscillator version.' It should 
be noted that the sparsely encoding for the phase patterns means that many of 
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the phases constituting a phase pattern will be roughly aligned with each other 
because the constraint for the low firing rate in the above model is corresponding 
to the low degrees of freedom for the configuration of phases which constitute 
a phase pattern to be memorized. This phase configuration means that the os­
cillation of the elementary oscillators is relatively coherent for observers. The 
coherency can be the one of the possible explanations why macroscopic ( coher­
ent) oscillations of neurons are so often observed in biological neural systems. 

4.2.8 Chaotic itinerancy 

In different kinds of strongly nonlinear many-body systems, the dynamical 
behavior what is called the chaotic itinerancy is observed. 

In a certain neural network model, the chaotic itinerancy was found and stud­
ied by Tsuda.100-102) It was found in a system of circle maps coupled globally with 
equal strength63) and in other type of globally coupled-map system.91) The phe­
nomenon was also found experimentally in a certain optical feedback system103) 
and in a nonlinear ring resonator.104) 

The chaotic itinerancy is the complex dynamics consists of quasistationary 
high-dimensional chaotic motion, low-dimensional attractor ruins, and switching 
among them.63) In other words, the system in the state of the chaotic itinerancy 
choses one of the quasi-stable low-dimensional, i.e., macroscopic ordered states, 
and transit from one to another: the sequence of this transition seems to be 
chaotic. 

In the language of the neural network model of associative memory, it can 
be said that the chaotic itinerancy is composed of non-retrieval state, incomplete 
retrieval of one of the memorized patterns, and apparently stochastic transition 
to another one. The associative memory system in the state of the chaotic itin­
erancy searches (retrieves) the embedded patterns one after another randomly 
(chaotically). 

It was shown in a certain neural modeP01) that there exists the network of 
heteroclinic orbits which play an important role for generating the phenomenon, 
although the detailed dynamical structure is not so clear at present. It could be 
true that the heteroclinic network plays an important role on other different kinds 
of physical systems. In the neural network model of associative memory and also 
in the system of coupled circle maps concerned here, there exists a saddle point 
near a stable equilibrium point corresponding to a memorized pattern as shown 
in Fig. 4.6 (b) when a is smaller than the critical value ac. It should be noted 
that we can regard the unstable equilibrium point as a saddle point in the m- a2 
space, which is a low-dimensional projection from the high-dimensional phase 
space. The orbital structure near the unstable equilibrium point in the high­
dimensional phase space is considerably complex as in the case of a convention! 
neural network model of associative memory.61) 

In the system of coupled circle maps treated here, the orbital structure between 
equilibrium points in the high-dimensional phase space is not clarified in the 
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strong nonlinear regime. However, it can be expected that the strong (coupling) 
nonlinearity will produce a certain kind of connections between unstable or stable 
equilibrium points in the phase space. The complex behavior looks like the chaotic 
itinerancy can be observed in the model concerned here by numerical simulations. 
Figure 4.13 shows an example of the complex behavior in the relatively strong 
nonlinear regime. Considerably large fluctuation in each overlap is observed. 

In this study, the dynamical behavior of this kind is classified as a non-retrieval 
state. However, in a wide sense, it can be considered that a certain kind of re­
trieval state arises. It can be found that the memorized patterns are retrieved 
incompletely and temporarily. The phase configuration is similar to one of the 
memorized patterns temporarily: the absolute value of overlap lmJ.L( t) I (J-L is an 
arbitrary number specifying one of the memorized patterns) is close to unity 
temporarily, and the value of lmJ.L(t)l decreases. After that another one lmJ.L'(t)l 
increases (J-L' is another or the same number to specify the pattern to be retrieved). 
The selection of the memorized patterns occurs apparently stochastically. This 
apparent stochastic selection could be due to the structure of the heteroclinic net­
work connecting the equilibrium points corresponding to the memorized patterns. 
It should be noted that in the retrieval period of one of the memorized patterns, 
the overlap exhibits chaotic oscillation keeping its average value close to unity. 
Hence, the dynamical structures near the equilibrium points are considerably 
complex in the model treated here. 

The region in which the chaotic itinerancy occurs is not specified yet at 
present. The systematic investigation to specify the region and to clarify the 
dynamical structure should be done in the next detailed study in the future. 

4.3 Discussion 

In section 4.1, it is shown that the storage capacity decreases by the increase 
of the width of distribution of the natural frequencies, which also leads to an 
oscillation of the overlap m1(t). We treated the continuous-time model only in 
this section 4.1. No highly nonlinear phenomenon such as chaos arises, although 
there exist various kinds of chaotic phenomena in biological systems. Hence, the 
discrete-time model, in which the chaos could be reproduced, was investigated in 
the next section 4.2. The discrete-time model, which is also called a map system, is 
expected to be one of the mathematically simplest models aiming at reproducing 
strongly nonlinear or complex oscillatory phenomena. The model treated here is 
aiming at developing an associative momory system, in which phase patterns of 
oscillatory elements are memorized and retrieved. The introduced nonlinearity 
factor (3 is an important parameter which makes the system biffurcate from a 
simple state to complex states. Note that the continuous-time model can be 
regarded as the limitting case of (3 -t 0 in the discrete-time model. 

In section 4.2, it has been shown that the retrieval processes in the system of 
randomly coupled circle maps can be fairly well described in terms of the macro­
scopic dynamics. The retrieval-nonretrieval critical line has also been obtained 
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Fig. 4.13: An example of the chaotic itinerancy found in numerical simulations. 
N = 500, a = 0.008, (3 = 5.0 and m1(0) = 0.7. Figures (a), (b), (c) and (d) 
depict the dynamics of (absolute values of) overlaps lm1(t)l, lm2(t)l, lm3(t)l and 
lm4(t)l, respectively. 
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by the macroscopic analysis. It has been shown that the theoretically obtained 
critical line is approximately coincident with that obtained numerically. However, 
the theoretical one is slightly larger than the numerical one when 1.0 < {3 < 3.0. 
In the statistical calculation for u2(t + 1) (see Appendix C-4), we have taken 
the correlation at time t into account, and correlations before time t have been 
neglected, although the contribution of the previous correlations before the time 
t are implicitly taken into account by a time updating process. Hence, it is con­
jectured that the degree of the contribution from the former times is large when 
1.0 < /3 < 3.0, although the detailed effect of {3 on the correlation is not clear at 
present. There is an analytical study concerning the correlation arising from the 
former time steps.105) The method developed in the study may be applicable to 
our model. Another possibility leading to the difference is that the correlation of 
order 0(1) between c/>i(t) and the noise term Zi(t). We assumed that there is no 
correlation of order 0(1) between c/>i(t) and Zi(t) in the derivation for the time 
evolution equation of m(t) (eq. (4.22)). In the microscopic frozen state, however, 
there is a correlation of order 0(1 ), as explicitly expressed by eq. ( 4.35). The 
frozen state collapses when a > 0.038. In spite of that, there may be a certain 
kind of correlation of order 0(1) when {3 is in the range 1.0 < {3 < 3.0. 

Next, let us consider the oscillatory retrieval processes. As shown in the state 
diagram (Fig. 4.12), the oscillation is observed in the relatively strong nonlin­
ear regime. However, the oscillation could not be described by the macroscopic 
analysis in this chapter. A modification of the phase distribution Pm ( ¢>) may be 
necessary, because the functional form of Pm ( ¢>) directly affects the function FfJ( m) 
(and GfJ(m)) which mainly deterrnins the rule of time evolution of m(t). It is ex­
pected that the oscillation can be described in terms of the macroscopic dynamics 
near the bifurcation point in spite of the high-dimensional chaotic attractors in 
the large {3 regime (Fig. 4.10). Actually, the present degree of nonlinearity of 
FfJ( m) (and GfJ( m)) is not sufficient for leading to oscillatory instabilities. 

Here, let us discuss about the clustering phenomena. There are some stud­
ies concerning the clustering. 59• 90-95) Theoretical considerations are done in rela­
tively weak nonlinear oscillatory systems. 59• 93• 94) However, the clustering bifurca­
tion point was clarified only numerically in strong nonlinear map systems,90• 91• 95) 
which exhibit chaos. In this study, the clustering is not treated analytically, too. 
To clarify analytically the clustering phenomena, the shape of the phase distribu­
tion Pm ( ¢>) have to be extended so as to have a bimodal distribution. Moreover, 
a certain macroscopic variable must be introduced for reflecting the clustering. 
For example, 

E[exp[inc/>i ( t )]] 

/_7r7r ein¢ Pm ( ¢> )d¢>, n = 1, 2, · · · ( 4.41) 

may be relevant. The macroscopic variable mn(t) can be regarded as the n­
th Fourier component of· Pm ( ¢>), where m represents a set of variables m1 ( t), 
m2(t),- · · , which could carry a large amount of information about the phase dis­
tribution. Then, a set of equations of mn(t), n = 1, 2, · · · , is necessary. 
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Next, let us comment on the effect of the natural frequency distribution on 
the macrodynamics, which can be taken into account theoretically (see Appendix 
C·5 ) . The distribution works as an external noise, which causes the decrease of 
the storage capacity ac, as in the time-continuous system of randomly coupled 
phase oscillators.86) 

Here, we would like to discuss about an external force on the system. The ex­
ternal force can be expected to work as the support (or disturbance) for retrieval, 
or other certain functions unexpected. One of our main interests is to clarify the 
dependences of both the retrieving speed and the accuracy of the retrieval on the 
storage ratio a and the coupling nonlinearity (3 when the system is under the 
external force, especially in the strongly nonlinear regime. The modified model 
into which the external force is taken account is expressed as 

N 

¢>i(t + 1) = ¢>i(t) + wi + (3 I: Kii sin( </>i(t)- ¢>i(t) + 'Pii) 
j=l 

+J sin(Oi- </>i(t)), i = 1, · · · , N, ( 4.42) 

where the last term represents the external force, in which a parameter J means 
the strength of the external force, and oi is the i-th component of the input phase 
pattern. The input pattern {Oi} may be specified so as to be similar to one of the 
embedded patterns. The similarity m between the input pattern {Oi} and e.g., 
{ e;} will be expressed as 

m = � t exp[i(O;- OJ)]. 
t=l 

( 4.43) 

What we have to do is to investigate the dependence of the retrieving speed 
and retrieval accuracy on m, a, (3 and J. The external force is expected to be 
sufficiently small ( J � 1) so as not to change considerably the original behavior 
without it. However, when the external force is specified so that it can be regarded 
as the 'support input' for promoting retrieving processes (it means that m is 
sufficiently close to 1 ), the input can be expected to bring wider regime of the 
retrieval state especially in the case of the chaotic itinerancy. This is because the 
state of chaotic itinerancy in the system might be regarded as a certain kind of 
critical state, in which the system will obey easily the external input, as in the 
case of a ferromagnetic system which is very sensitive to the external magnetic 
field, although the essential dynamics in the system treated here is different from 
that in ferromagnetic systems. 

Lastly, let us comment on the possibility that the chaos enhances the speed of 
information processings in the present coupled-oscillator systems as an associa­
tive memory machine. A retrieving process can be regarded as a synchronization 
process in which the system state goes towards the specified phase-configuration 
to be retreived. It is obvious that the speed of retrieving should be sufficiently 
high, from the view point of engineering. (The characteristic time TR of the re­
trieving can be expected to be roughly proportional to the inverse of the coupling 
strength: TR rv (lf3Kijl)-l' although the systematic and detailed investigation is 
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left as a future task. ) Here, note that also the desynchronization speed should 

be high enough. The rapid desynchronization ( dephasing) is necessary to do the 

rapid information process for the sequence composed of many phase patterns ( , 

which might be input into the system in practical use, ) because the dephasing 

must be done before the next retrieving of a phase pattern, which is one of the 

components constituting the sequence concerned. The chaos is one of the can­

didates for promoting the dephasing and destroying a phase pattern. When the 

system is in the chaotic state the characteristic time To of the dephasing must be 

corresponding to that of the separation of neighboring orbits of the systems in an 

ensemble concerend in the phase space. If the separation can be measured by the 

Liapunov exponent .A, it can be naturaly said that To "-J .A -I. Therefore, larger 

the degree of chaos (measured by .A), smaller the dephasing time 7b or more rapid 

destroying the retrieved phase pattern. (The rapid desynchronization by chaos 

has already been discussed by Hansel et al. 54)) Whereas, another candidate is 

the noise, which will be applied to the elementary oscillators without any spatial 

correlations. The noise will lead dephasing, but it will take very long time to 

desynchronize because the separation of the orbits does not obey an exponential 

manner ( "-J exp( .At)) but a manner of power ( "-J te, � > 0) with respect to time. 
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5 Conclusions 

Nonlinear dynamics as neural activities in a certain type of coupled-oscillator 

systems have been studied. In the system studied here, a state of an each of the 
elementary oscillators is specified only by the phase. Each oscillator is affected by 

forces depending only on relative differences of phases between the one concerned 

and the others'. By investigating the dynamic behaviors of these simple systems, 

we have shown the followings. 

1: The present coupled-oscillator system of the 'natural-frequency variable type' 

can have capabilities for learning and recognition of some kinds of periodic tem­

poral signals by introducing the learning rule which changes adaptively the dis­

tribution of natural frequencies of the elementary oscillators. 

2: The above system exhibits a bifurcation from a simple ordered (or disordered ) 
macroscopic state to complex (chaotic) oscillatory states by varying parameters 

of the input signals. 

3: The system can be considered to have capabilities for recognizing degrees of 

difference between the learned pattern and the input pattern through the degree 

of complexity of the output oscillatory behavior. Transient oscillatory behaviors 

depending on paramaters of the input signals are also found. This transient be­

havior can be regarded as another way of representation for the difference between 

the learned one and the input. 

4: The coupled-oscillatory system of the 'coupling-strength variable type' can 

learn a desirable mapping from a stationary phase pattern to output an analog 

value. The main feature of the system is to have the analog output of phase­
coherency of oscillators of the output unit. The capability is realized by intro­

ducing the (modified) Boltzmann-machine learning rule which changes coupling 

strengths between oscillators. 

5: It is found that the interpolation characteristic is self-organized in the learning 

process. The characteristic means that the system can adequately respond to the 
input of unlearned pattern by emitting an adequate value of output. The output 

value is affected by the already-learned correspondings between input patterns to 

output values. 

6: It is found that the interpolation charecteristics are partially destroyed by 

introducing the distribution of natural frequencies of the elementary oscillators. 

In the destroyed regime, the system exhibits the macroscopic chaotic behavior, 

which may indicate that the system gives up the recognition of the input pattern 

because of too long distance between the input pattern and the learned pattern. 

It should be pointed out from the view point of engineering that the chaotic be­

havior may be available as the 'trigger' to start to learn the unlearned pattern. 

7: The coupled-oscilltor system of the 'associative memory machine' exhibits be­

haviors which are fundamentally similar to those of conventional neural-network 

models. The distribution of natural frequencies works as an external noise, such 

as thermal fluctuation. 

8: In the above system, macroscipic chaotic behaviors are found by increasing the 

coupling nonlinearity. The clustering phenomenon of phase distribution is also 
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found in a certain strong nonlinear regime. The nonlinearity also enhances the 
storage capacity considerably. The statistical mechanical analysis can provide a 
set of macroscopic dynamical equations which can describe retrieving processes 
and explain the enhancement of the storage capacity, although the chaotic be­
havior has not been analytically described. It is found that the maximum values 
of storage capacity and information content (capacity) are relatively smaller than 
those of the spin-glass neural network model. Therefore, it is necessary to find 
the way to improve the capacities. 
9: The dynamic behavior called the chaotic itinerancy is found when the coupling 
amplification factor is sufficiently large. One of the memorized patterns are ran­
domly selected and retrieved incompletely, chaotically and temporally. After that 
the selected pattern is forgotten and one of the other patterns is again randomly 
selected to be. 

· 

At the present paper, we have tried to clarify possibilities and limitations of 
the systems composed of phase-oscillators for modeling brain functions and for 
engineering applications such as constructing a pattern recognition system. We 
have tried to characterize the high-dimensional oscillatory system by investigating 
nonlinear responses to various input patterns, learning processes, storage capacity, 
retrieval processes, information content, and strong nonlinear complex (chaotic) 
dynamics. 

The effect of coupling nonlinearity and distribution of natural frequencies on 
the (macroscopic) oscillatory dynamics is one of the main subjects on which we 
focus our attention in the present study. It can be considered that the distribu­
tion of natural frequencies (together with a coupling effect) induces the complex 
(chaotic) oscillatory responses as a function for measuring similarity between an 
input pattern and one of learned patterns. The complex oscillatory responses 
can also be considered as a trigger signal for activating certain learning proceses 
which are expected to be existing in real biological nervous systems.14) 

Although the storage capacity and information content in the coupled­
oscillator models treated here is relatively less than those of conventional spin­
glass type neural network models, there exist certain kinds of nonlinear dynamics, 
which have not been found in conventional neuro models. One of the nonlinear 
dynamics such as complex oscillatory response can be expected to be effective 
for a system to incorporate self-decision ability to start learning. The chaotic 
response function to unlearned inputs could be considered as the "New-Pass­
Filter." 15) The chaotic retrieval dynamics in the coupled-oscillator system as an 
associative memory machine concerned here will be used for generator for random 
patterns which have the same similarities (distances) to a certain target pattern 
in a phase space defined by an adequate metric. 

The strong coupling nonlinearity is implying strong distortion of a high­
dimensional torus corresponding to the dynamical structure of the system con­
cerned. It is found that the distortion brings not only the enhancement of the 
memory capacity but the nonlinear dynamics called the chaotic itinerancy. 

The chaotic itinerancy could be utilized for memory search, although there is 
no analytically �lear evidence of superiority to a conventional random search. 
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There exist some studies concerning chaotic search in a certain neuro mod­
els.101• 106) Furthermore, the chaotic itinerancy can be regarded as a process of 
the self-organized generation of a rule which establishes certain connections be­
tween memorized patterns.101) 

The future tasks are the followings. 
( 1) To find the way for improving the storage capacity and information content. 
The sparse coding may be relevant for this purpose. 
( 2) To clarify the underlying mechanisms of nonlinear dynamics such as the 
chaotic retrieval, clustering and chaotic itinerancy. 
( 3) To find the way for engineering application of the above strong nonlinear 
dynamics by showing superiorities of the oscillatory information processings to 
conventional spin-glass type information processings or to digital processings. 
( 4) To establish the way for implemantation of the nonlinear dynamics obtained 
here to electric circuits (such as a system of PLL networks) or other types of 
physical or chemical systems (such as a system of coupled Josephson junction 
networks). It is aiming at constructing a certain new type of computer dealing 
with oscillatory information processings. 
( 5) To show the way of electrophysiological experiments in animal brains for 
making possible to compare explicitly between the results obtained in this study 
and information dynamics executed in biological neural systems. It is aiming at 
clarifying the underlying mechanisms of the oscillatory information processings 
observed in animal nervous systems. 

Next, let us mention about some directions for developing this study. There 
are some interesting remaining subjects. 

One is to investigate dynamics in the case of asymmetric couplings. The as­
sumption of symmetric coupling makes the statistical analysis easier. However, 
this assumption is quite artificial, and could not hold in real biological nervous 
systems. At first, we may try a perturbation technique in which a small asym­
metric coupling factor is taken into account as a perturbation. The assumption 
that an asymmetric factor is small may be still artificial. So, it may be necessary 
to develop a certain new method to deal with a large asymmetric factor. 

Another is to investigate effects of noise on the copuled-oscillator system. 
The effect of noise on nonlinear systems is not so simple in general cases. For 
example, the effect of multiplicative noise can change bifurcation structures.107) 

There is a phenomenon called stochastic resonance on which many researchers are 
paying their attentions. The stochastic resonance is a phenomenon wherein the 
response of a nonlinear system to a certain weak input signal is optimized by the 
presence of a particular level of noise. There are a lot of papers on concerning this 
subject in various kinds of physical systems including systems composed of many 
coupled elements108-111) and neural models.112-114) However, there is no study 
concerning stochastic resonance in a strong nonlinear coupling system exhibiting 
high-dimensional chaos. 

And, another is to investigate dynamics in the system under the chaos control. 
The technique of controlling chaos is the method for stabilizing unstable chaotic 
orbits.115) The technique and some modifications are applied various kinds of 
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physical systems including biological neural systems.11) There exist some studies 
on controlling chaos for systems composed of coupled elements or spatially ex­
tended systems.55, 116-119) However, there is no study concerning the chaos control 
in a system composed of strongly coupled circle maps. 
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Appendices 

A Supplement for Introduction 

A·l Physiological Background 

There exist various kinds of oscillatory phenomena in biological neural sys­
tems. Nonlinear oscillatory phenomena such as synchronization and chaos are 
often observed over wide range from a single neuron to a network of neurons. 
Chaotic behaviors are observed in the Onchidium neuron,5•6) the giant axon of 
a squid/·8) the transverse hippocampal slice of a rat,9-ll) the visual cortex of a 
cat, 12• 13) the olfactory bulb of a rabbit14• 15) and the electroencephalogram from 
the human brain.16) 

Various kinds of informations are considered to be carried by sequences of 
electrochemical impulses generated by neurons and transmitted by axons. In or­
der to clarify underlying mechanisms of brain functions, many researchers have 
been investigating densities of pulses in sequences to obtain functional correla­
tions among a group of neurons under consideration. The problem which may 
arise in the above conventional method is that there exists a possibility to miss 
a certain amount of important information by an average operation over a cer­
tain temporal interval. The interval for averaging may be much larger than a 
certain characteristic time-scale of the underlying chaos dynamics which may be 
playing an important role for information processings carried by the sequence of 
the impulses. However, by introducing an adequate technique to reconstruct an 
orbit corresponding to the dynamics concerned, chaotic behavior (implying it is 
a deterministic chaos ) can be observed and can be characterized quantitatively 
in some cases, which are the examples refered in the above. 

Let us explain simply some of the electrophysiological studies concerning non­
linear oscillatory dynamics. Synchronization phenomena in the visual cortex of 
a cat was found by Gray and Singer12• 13) relatively recently. They found that 
the neuronal firing pattern oscillated in the range of 40-60 Hz, and that the fir­
ing patterns in certain different areas are considerably correlated (synchronized) 
when a certain visual stimulus was given. The stimulus is the two bars moving 
the same direction on a screen in front of a cat. The synchronization did not 
occur if the moving directions are different. The above observations suggest that 
oscillations and synchronized oscillations play an important role for the visual 
information processing what is called the binding, in which the neural system 
determins whether a certain segment belongs a figure to which the cat pays at­
tention. 

A certain relationship between chaos and the pattern recognition processes 
in the olfactory system in a rabbit was found by Freeman.14• IS) in the investi­
gation of responses of the electrical activities to different kinds of smells. It is 
found that regular oscillations were observed when the learned smells were given, 
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while chaotic oscillations occured if the unlearned (unknown) smells were given. 
However, the chaotic response changed to a regular oscillation when a rabbit had 
finished learning the target smell unlearned. The above observations suggest that 
The chaotic response is a signal to show "unknown" and to activate a learning 
procedure. 

A slice sample of the hippocampus, which is regarded as a system being re­
sponsible for memorizing processes and crucial actions for survival, is one of the 
popular materials for neuro-physiologists because it is possible to do experiment in 
vitro. However, the undoubted evidence of chaotic activity in the hippocampus 
of a rat was obtained relatively recently by Hayashi et al.10) Nonlinear oscilla­
tory phenomena such as phase-locking (synchronization), noise-induced strange 
fluctuations and chaos were observed under external periodic stimulations. The 
observed chaos is low-dimensional because of strong connections. among neurons. 
Hence, the analysis for it was done relatively easily compared to that for the 
high-dimensional chaos which may exist in wide area of biological neural systems. 

Other electrophysiological studies in neural systems also shows that there exist 
various kinds of nonlinear oscillations in various time scales. 

It is important to investigate nonlinear oscillations in various specific models of 
the biological neural systems. Whereas, it is also important to construct a simple 
(mathematically solvable) model for aimig at extracting fundamental underlying 
mechanisms for oscillatory information processings. Recent technology such as 
the multi-channel optical recording makes possible to observe spatio-temporal 
neural activities in high resolution. However, at present, we do not have the 
method to interpret the reconstructed high-dimensional orbits from the obtained 
signals. Collaborations of experimental physiological studies and the studies of 
nonlinear dynamical structure in simple models are quite necessary for clarify­
ing the essential mechanisms in the oscillatory information processings in neural 
systems. 

A·2 Circle Map and Coupled Circle Maps 

A circle map was introduced as the simple mathematical model for investi­
gating universalities concerning strong nonlinear dynamics (chaos) in oscillatory 
systems23-26) such as periodic forced pendulum, the Josephson junction system, 
charge density wave system, and so on. Universal (scaling) behaviors were clarified 
theoretically by using renormalization techniques, 120• 121) and other techniques122) 

The circle map is expressed as 

<P(t + 1) = <P(t) + 21rn- I< sin ¢>(t), (A.l) 

where a certain oscillatory system under periodic perturbation is considered. The 
variable <P( t) is an angular component in a polar coordinate expanded in the 
Poincare plain which cut the orbit corresponding to the dynamics of the oscillatory 
system concerned, and the variable specifies the t-th cutting position. Note that 
t in eq. (A.l) is not a time, but it can be considered as a discrete-time in a sense. 
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The state of the system is assumed to be well characterized by one variable, i.e., 
a phase, which is the original continuous-time variable to be discretized to the 
discrete-time one: 4>( t). The parameter !1 is the ratio of the natural frequency of 
the system to that of the external perturbative force. That is !1 = w-rfw0, where 
wr is the natural (angular) frequency of the system concerned and w0 is that of 
the external force. The parameter ]{ represents the strength of the external force 
or the strength of coupling between the system and the source of the external 
force. 

, 

It was shown numerically26) that the map ( eq. (A .1)) can describe essential 
dynamics in some periodic forced systems described by a differential equation 
such as 

d24> d4> . 
-d 2 +C-d +Dsin¢=A+Bcosw0t, 

t t . 
(A.2) 

where t in the above eq. (A.2) is a continuous-time, and coefficients A, B, C 
and D are arbitrary parameters characterizing the system. Of course, a circle 
map is expected to describe dynamical behaviors in other types of periodic forced 
systems. Indeed, it was found that some critical factors obtained by the circle 
map were agree with those obtained experimentally in a fluid system such as a 
(periodic) forced Rayleigh-Benard system.123) Although the systematic method 
for reduction from eq. (A.2) to eq. (A.1) is not known at present, study of the 
circle map reveals the fundamental characteristics to produce universal behav­
iors. 23-26• 120• 121) Hence, it is intuitively expected that the fundamental dynamical 
structure of the system composed of many oscillators coupled to each other will 
be clarified by investigating a mathematically simple model as the coupled-map 
system treated in this study. 

The circle map (eq. (A.1)) describes a certain deterministic rule of updating 
of a phase specifying a position in a closed circular orbit (1-torus), which is 
the Poincare section of a 2-torus corresponding to oscillatory dynamics (such as 
quasi-periodic oscillations and chaos) in periodic forced systems. Smilarly, the 
coupled circle maps can be expected to describe a certain deterministic rule of 
updating of a set of N phases specifying a position in an N-torus, which is the 
Poincare section of an ( N + 1 )-torus corresponding to high-dimensional oscillatory 
dynamics in a certain periodic forced system. The number N represents degrees 
of freedom of the system under (external) periodic force, and N + 1 is a whole 
dimension including a freedom of motion corresponding to the external periodic 
force. Note that the external periodic force do not have to perturb effectively the 
system concerned, and in general, it will work just as a pace-maker or a clock 
which is detemining an interval of sampling the values of phases of the constituent 
oscillators. 

The oscillatory dynamics in a biological neural network system or a fluid 
system may be described by e.g., the coupled Hodgkin-Huxley equations or the 
coupled Navier-Stokes equations, which are coupled differential (continuous-time) 
equations. It can be expected that the fundamental oscillatory characteristics in 
such a sytem are well described by a system of coupled circle maps. However, the 
systematic reduction method for obtaining correspondences between parameters 
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in the circle map system and those in the original (continuous-time ) system is not 
known. Hence, one of what we can do for clarifying strong nonlinear dynamics in 
high-dimensional oscillatory systems is to investigate intensively the dynamics in 
the simple mathematical model such as the coupled circle maps63) or other types 
of simple coupled-map systems such as a system of coupled logistic maps90) or 
a system of coupled standard maps. A what is called the standard map124-128) 
contains the information on an amplitude of the oscillation in a system concerned. 
The system of coupled standard maps may be a good model in some cases. 
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B Details of Calculations in Chapter 3 

B·l Analysis of the Learning 

Here, we will show the analysis for ensuring the realizability of the specified 
mapping: </>I ---+ R. The explicit forms of the stationary conditional probabilities 
can be expressed as follows: 

-- f d</>H fs(R) d</>0 exp[-U_(</>)/T] 
f_(Ri</>I) = f d</>H f d</>0 exp[-U-(</>)/T] ' 

(B.l) 

-- -- f d</>H fs(R) d</>o exp[-U+(<I>; Rs)/T] 
f+(RI</>I; Rs) = 

f d</>H f d</>o exp[-U+(<I>; Rs)/T] ' 
(B.2) 

where f _ ( Rl</> I) is the conditional probability of finding that the system exhibits 
R = R( 4>0) when the phases of the input oscillators are specified at </>I in the 
free mode. The function f + ( Rl</> Ii Rs) is the conditional probability of finding 
that the system exhibits R = R( 4>0) when the phases of the input oscillators are 
specified at </>I and the supervisor signal is specified at Rs in the learning mode. 
The integration operator fs(R) d</>0 means the integration on the hyper-surface 

specified by the constraint R = R( <Po) in the </>0-space (the phase-space of the 
output oscillators). 

Here, we introduce the functional, 

(B.3) 

which was already shown in section 3.2.1. The aim in this appendix is to show 
that the functional F decreases monotonously by updating the connectivities ]{ij 
obeying the rule adopted here expressed by eq. (3.15). We can easily obtain the 
following relations: 

a --
2NT 

()J{ii 
lnf_(Ri</>I) = 

' f d</>H fs(R)·d</>0 cos(¢>1- </>i) exp[-U-(4>)/T] 
f d</>H fs(R) d</>0 exp[-U_( </> )/T] 

f d</>H f d</>0 cos(¢>1- </>i) exp[-U_(</>)/T] 
f d</>H f d</>0 exp[-U-(4>)/T] 

a -- --
2NT 

of<·. 
ln f+(Ri</>I; R) = 

�) 

f d</>H fs(R) d</>0 cos(¢>1- ¢i) exp[-U+(<i>; R)/T] 

f d</>H fs(R) d</>o exp[-U+(<i>; R)/T] 

f d</>H f d</>0 cos(¢1- </>i) exp[-U+(</>; R)/T] 

f d</> H f d</>0 exp[ -U + ( </>; R) /T] 
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Here, let us note that the following relation: 

U+(¢;R)- U_(¢) 
J 

= 2M L L cos( cPi-cPi) 
iEO jEO 

.- ""' ""' M .-2 -JR � � cos(c/Jj-cPi) + TJR 
iEO jEO 

= � J [R(<Po)-R]2• (B.6) 

And, by considering the fact that R( ¢0) = R during the integration process 
fs(R) d¢0, it is found that the first term of the right hand side of eq. (B.4) is 
equal to that of eq. (B.5). Therefore, the relation: 

-2NT_!_ ln f+(R�¢1;R) 
= 

8Kii f_(RI¢I) 
j d</>H j d¢o cos(¢Jj-cPi)[f+(</>o,</>HI<i>I;R)-f-(</>o,</>HI<i>I)] 

is obtained. 

(B.7) 

Here, the conditional probabilities f+(¢0,¢HI¢1;R) and f-(</>0,</>HI¢1) are 
expressed as follows: 

exp [-U _ ( </>) / T] 
f-(</Jo, </>HI¢I) = f d¢H f d¢o exp[-U_(<jJ)jT]' 

(B.8) 

. R 
_ exp[-U+(¢; R)/T] 

f+(¢o, </>HI</> I, ) - J d¢H J d</>0 exp[-U+(¢; R)/Tf 
(B.g) 

From all of the above, we obtain 
a 

-2NT ai<ii 
F 

j dR j d¢{g(R,¢1) cos(c/Ji-cPi) 

X [! + ( </> 0 ' </>HI</> I; R) -f-( ¢0' </>HI</> I)]} 
- E+[ cos(c/Ji-cPi)]- E_[ cos(¢i-cPi)]. (B.lO) 

The above equation expresses that the functional F decreases when the connec­
tivities Kij is updated according to the rule expressed by eq. (3.15). 

Next, let us consider the relation between the decrease of the functional F 
and learning of the specified mapping. It can be found that 

f+(RI¢I; R) 
-----:::-- = 

f_(RI¢I) 
J d¢H J d¢0 exp[-U_(¢)/T] 

� > 1, 
J d¢H J d</>0{exp[-U_(¢)/T] exp[-�/ (R(¢0)- R)2]} -
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by noting that 

{ � d¢0 exp[-U+(¢; R)/T] = f � d¢0 exp[-U-(4>)/T], ls(R) ls(R) (B.l2) 

which was already mentioned. It can be said that the last inequality in the right 
hand side of eq. (B.ll) indicates 

F '2. 0, (B.l3) 

by considering the fact that probabilities are positive. We can say that the eqs. 
(B.lO), (3.15) and (B.l3) mean that the funcitonal F will converge to the zero 
value by updating the connectivities. A lot of numerical simulations showed that 
the functional F approached to the zero value in most cases. The approach of 
the F to the zero value means that the ratio f+(Ri¢I; R)/ f-(RI<PI) approaches 
to the unity. We can say that the factor exp[-U_( 4> )/T] has a sharp peak at 
the position: 4> = (¢h '¢H, '4>0), where the symbol ¢I represents the specified 
input phase pattern, and the symbols 4>H and '¢0 represent the configuration 
of the phases realized when the specified pattern 4> I is input into the system 
(of course, R( '¢0) = R). The sharpness of the peak is corresponding to the 
closeness of the ratio f+(RI<PI; R)/ f_(RI4>I) to the unity, i.e., the closeness of the 
functional F to the zero. Moreover, as seen in eq. (B.l), the sharpness of the 
factor exp[-U_(¢)/T] is the degree of the possibility of realizing the specified 
output value R when the specified input 4>I is input into the system. In the 
numerical simulation, the sharpness can be recognized by looking at the result 
shown in Fig. 3-3 in section 3.2.3. 

Let us mention about the extension of the learning. We investigated about 
the mapping: the vector (phase pattern) to the scalar (phase coherency). The 
extension from the scalar output to the vector output is quite easy; i.e., we only 
have to introduce some groups of the oscillators as the output units. The analysis 
will be done without any fundamental change of the method shown here. 

B·2 Definition of the Distance and the Orbit 

Let us introduce a similarity between phase-pattterns 4> I = (<Pi) and ¢� = ( cPD 
for i E I, in input pattern-space. It seems to be natural to use the following 
expression as the definition of the similarity (a certain kind of an inner-product 
renormalized by a number of components): 

(B.l4) 

by considering that the form of the basic equation is 27r-periodic. However, the 
above difinition is not suitable to describe the similarity because the basic equa­
tion is invariant under the simultaneous exchange of all the variables cPi for <Pi+ c, 

where c is a certain arbitrary value. That is, the system concerned here is sym­
metric under rotation, which means that the system cannot discriminate between 
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a pattern</>= ( cPi) and a pattern, say, <Pc = ( cPi +c). Hence, we should reconsider 
the definition, and decided to define the similarity Jl( </> ll </>�) as 

(B.15) 

where 
(B.16) 

By calculating (8/8c)f1(¢I, </>�;c)= 0 for getting c, we can obtain the expression: 

(B.17) 

Then, we can define the distance D( </>I'</>�) by using the similarity as 

D(</>ll</>�) = V1- 112(</>ll¢�) 

1 - �2 L L cos( ,P;- <Pi- <Pi+ <Pj). 
I iEI jEI 

(B.18) 

Here, let us consider the orbit connecting between the pattern ¢�1) = ( ¢>?)) 
and the pattern ¢�2) = (¢>�2)) fori E J, and let ¢I= (cPi) fori E I represents 
the phase pattern on the orbit. By an analogy of the way for determining a 
geodesic line connecting between some certain points in the Euclidean space, and 
by considering the rotational symmetry of the system, we introduce the definition 
of the orbit, by using a parameter s specifying a position on it, as 

where 

- c ( )[( ) {1) {2)] . 
Zi - i s 1 - s zi + szi , 'l E J, 

(k) z. 
t 

exp[i(c/>i- B)], 

exp[i( ¢>�k) - (}(k))], k = 1, 2, 

and B and ()(k) for k = 1, 2 are defined as follows: 

r exp[iB] � L exp[i,P;], 
I iEI 

1 " . (k) - L-- exp[1¢>i ], k = 1, 2, 
NI iEI 

(B.19) 

(B.20) 

(B.21) 

as explained in section 3.2.3. Here, Ci( s) is a coefficient for keeping zizi = 1, 
where the suffix * is for taking a complex conjugate. It should be noted that the 
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orbit defined by the eq. (B.19) is invariant under the rotational operation, which 
is the reason for introducing the definition. From the eqs. (B.19) and (B.20), we 
can obtain 

_1 [ (1 - s ) sin( <PP) - 8(1)) + s sin( <P�2) - (1(2)) ] . 
<Pi = tan 

(1) (2) 
, z E I, 

(1 - s ) cos( <Pi - 8(1)) + s cos( <Pi - 8(2)) 
(B.22) 

where the parameter B is set at zero, and it is all right because of the rotational 
sy mmetry. The above expression (eq. (B.22)) is the desirable definition of the 
orbit. 
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C Details of Calculations in Chapter 4 

C·l Stationary Analysis 

Here, the derivation of eqs. (4.5)-(4.7) and eq. (4.11) will be shown. By sub­
stituting eq. (4.3) into eq. (4.1), we obtain 

where 

d�i . 
dt = Wi + Im[exp( -I�i)(m + Zi)], i = 1, · · ·, N, (C.l) 

1 N 
m ( = m 1) = N L exp (i �j), ( C .2) 

J=l 

Z;= �L'L'exp(i(<Pi+Of-Oj)), i=l,···,N. (C.3) 
JJ. J 

Note that we assumed OJ = 0, i = 1, · · · N, without loss of generality. Further­
more, m can be assumed to be a real variavle because of the rotational symmetry 
of the system concerned. Here, Lp.' ( = L�=2) denotes the summation over all 
the embedded patterns except the 1-st pattern, and 'L/ denotes the summation 
over all the oscillators except the i-th oscillator. The term Zi can be considered 
as a random variable statistical independent of Zj for j i= i. By the central limit 
theorem, it can be regarded as normally distributed with 

(C.4) 

where E[ · ) denotes expectaion. Let us concern the macroscopic stationary state, 
in which the following equations 

wi + Im[exp( -i�i)(m + Zi)] = 0, i E S, 

Wi + (Im[exp( -i<Pi)(m + Zi)])t = Wi, i E D  

(C.5) 

(C.6) 

hold, where S denotes a set of numbers of oscillators which phases are phase­
locked (synchronized) and D denotes a set of numbers of oscillators which phases 
are not locked ( desynchronized). The operator ( · )t means the averaging oper­
ation with respect to time over sufficiently long period. The effective (angular) 
frequency of a desynchronized oscillator Wi, i E D is defined as 

(C.7) 

We can rewrite the eq. (4.1) as 

dt; = w; +lAd sin(arg A;-</>;), i = 1, · ·. , N, (C.8) 

where Ai = m + Zi· It can be easily found that the oscillators belonging to 
the synchronized set S suffices lwi I � lAd for i E S and those belonging to the 
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desynchronized set D suffices lwi I > IAi I for i E D. Note that Ai can be considered 
as a constant value with respect to time. By eq. (C.5), we obtain 

( . ,/... ) 
Ai (· . -1 Wi ) . s exp I'f'i = 

I Ail exp 1 sin IA i l , z E · (C.9) 

Hence, eq. (C.2) can be rewritten as 

1 "' Aj (· . -1 Wj ) 1 "' ( . ) m= N � IA ·Iexp ISin IA·I + 
N !--' exp1¢j . 

JES J J JED 
(C.10) 

The second term of the right-hand side of the above equation can be expected 
to be neglected for large N. Let us replace the summation in eq. (C.10) with 
expectation under a constraint of lw I ::::;; IAI as 

(C.11) 

where E[ · llwl ::::;; I AI] means a statistical averaging with the constraint (a con­
ditional expectation). Let us describe the expectation operator in eq. ( C.11) 
explicitly as 

1oo 1oo 1 X2 + y2 1 1AI 1 w2 
m = dX dY-2 2 exp( 

2 2 ) dw �exp(--2) 
-oo -oo tra a -IAI 2tr/ 21 

m+X+iY [j(m+X)2+Y2-w2 . w ] 
x j(m+X)2+Y2 j(m+X)2+Y2 

+1j(m+X)2+Y2 ' 
(C.12) 

where X and Y are the real and imaginary part of Z, respectively. By considering 
the symmetry of the integrated function in the above equation, it is found that 
only the term 

m+X I w2 
j(m + X)2 + yz � l- (m + X)Z + Y2 (C.13) 

in the integration remains. Eventually, we can obtain the following equation by 
exchanging variables as x = X/m, y = Y/m, (J-2 = a2 fm2: 

m = 
1 1oo 1oo 1m.j(x+1)2+y2 w2 x2 + y2 

( )(3/2) �2 dx dy dw exp( --
2 2 ) exp(- 2�2 ) 

2tr /0" -oo -oo -my(x+1)2+y2 I 0" 

x + 1 w2 
X 1-------

j(x + 1)2 + y2 m2[(x + 1)2 + y2). (C.14) 

Next, we will concern the overlaps mi-L for 11 =/= 1. By eqs. (4.4) and (C.9), we 
obtain the following expression: 

1 "' ( ·e
ll-

) 
m + Xj + i}j (· . -1 W j ) m�-L = - �exp -1 · exp ISin N jES 

J j(m + Xj)2 + Yj2 j(m + Xj)2 + Yj2 ' 

11=2,···,p. (C.15) 
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Let us expand Zi as 

Zj = � I;'I;' exp[i( ¢k + Oj - 0;;)] 
1/ k 

exp(iBj)m�-L + � 2:::"2:::' exp[i( ¢>k + Bj- B�)] , 
N v k 

(C.l6) 

where the symbol "Lv" denotes the summation over all the embedded patterns 
except the 1-st and the J.L-th pattern. Let us put that 

where 

Zi = ZJ + exp(iBj)m�-t, 

zy = �L"L' exp[i(¢k + Oj- o.m 
1/ k 

Equation (C.l5) can be rewritten as follows: 

m� = �I; exp(iOj)f(Xj, Y;,wj) 
jES 

(C.l7) 

(C.l8) 

�I; exp(iOj){f(XJ, Y/, Wj ) + Re[exp(iOj)m�]/x(XJ, Yj0, w1) 
jES 

+lm[exp(iBj)m�-L]fy(XJ, }j0,wj)}, 11 = 2, · · · ,p, (C.l9) 

where 

m +X + iY (· . 1 w ) f (X, Y, w) = exp 1 sin- , 
j(m+X)2+Y2 j(m+X)2+Y2 

fx(XJ, Yj0,wj) = a:f(X, Y,w) lx�x',Y�Y', 
J J 

It is found that 

where 

J 

m� = J� I; exp( -iOj)f(XJ, Yj0,wj) ,  J1 = 2, .. · ,p, 
JES 
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(C.23) 



By replacing the summation in the above equation with a statistical averaging, 
we can obtain 

J = 

Note that Zi can be expressed as 

Zi = 2:' 
exp(iBf)mJ.L. (C.26) 

J.L 

By substituting eq. ( C.23) into the above, we obtain the following: 

Z; = J� "£' "£ exp [i( lif - lij)]f(Xj, Y; ,wj ), 
J.L ;ES 

(C.27) 

where we replaced Xj and Yj0 with Xj and Yj, respectively, because the difference 

between Xj (Yj0) and Xj (}j) is of order 0(1/ Vfi). It is found that 

Finally, we can get 

(C.29) 

Equations (C.l4), (C.25) and (C.29) are corresponding to eqs. (4.5), (4.6) and 
( 4. 7), respectively. Note that on behalf of the variable J, we used M as an 

unknown variable which is defined as 

(C.30) 
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where 

I - [. J m,cr ,"( 

(C.31) 

hm(x,y,w) = (C.32) 
w2 

l-------

m2[(x + 1)2 + y2]" 

Hence, eqs. (C.l4) and (C.29) can be rewritten as 

(C.33) 

and 
(C.34) 

respectively. 

C·2 Derivation of the Effective Frequency Distribution 

The effective (angular) frequency distribution in desynchronized oscillators is· 
expressed by the distribution function G D(w) defined as 

GD(w)D..w = 

� x (the number of oscillators sufficing W :<; W; < W + fl.W, i E D), 

(C.35) 

where ID..wl � 1. 
From eq. (C.6) and eq. (C.8), the relation 

is obtained. 

Wi = }wl- IAil2, i ED 

Equation (C.35) can also be expressed as 

GD(w)D..w = E[Prob{w[w) � w < w[w ] + D..w llwl > IAI}], 

where w is a dummy random variable, and 

w[w] = .j w2 -IAI2• 

Equation (C.37) can be rewritten as 

Gv(W) = E [g( w[W]) � d� w[W] I] , 
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(C.37) 

(C.38) 

(C.39) 



where g( w) is the distribution function of the natural frequencies defined as 

1 w
2 

g(w) = � exp( -21
2 ), 

and w is regarded as a function of w as 

(C.40) 

(C.41) 

Therefore, the explicit expression of the distribution function of the effective 

frequencies of the desynchronized oscillators can be obtained as 

The effective frequency distribution in synchronized oscillators is described by 

a function Gs(w) which is explicitly expressed as follows: 

Gs(w) .5(W) � L 1 
jES 

J m,;,-y [1 )8( W). (C.43) 
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C·3 Derivations of Fp(m) and Gp(m) 

By differentiating an equality concerning with the Bessel function: 
1 17r 

lo( J a2 - b2) = -
2 

eacos¢ cos(b sin ¢)d¢, 
7r -7r 

with respect to a and b, and combining the resultants, we get 

a+ b 1 j7r 
yl 

11(Va2- b2) =- eacos<Pcos(</J- bsin ¢)d</J. 
a2 - b2 27r -7r 

(C.44) 

(C.45) 

Here, 10( · ) and 11 ( · ) are the modified Bessel functions of the zero-th and the 1-st 
order, respectively. Hence, we can get eq. ( 4.26), by using that 

F13(m) E[cos( <P - b sin <P )] 

j Pm( <P) cos( <P- b sin ¢ )d¢ 

1 17r 
27rlo(a) -1r 

ea cos¢ cos(¢ - b sin ¢ )d¢, ( c .46) 

where b = {3m, under the condition that the phases are unimodally distributed 
as expressed by eq. ( 4.24 ). 

In Appendix C·4, G13( m) will be introduced as 

G13(m) E[cos(bsin<!J)] 

j Pm ( <P) cos( b sin ¢ )d</J 

l 17r 
eacos¢cos(bsin ¢)d¢. (C.47) 

27r Io( a) -1r 

The above and eq. (C.44) lead to eq. (4.29). 

C·4 Time Evolution Equation of a2(t) 

Here, we derive the macroscopic time evolution equation of 0"2(t). The pro­
cedure to be shown is similar to that for the spin-glass neural network model 
for associative memory. 61• 78) However, the introduction of the distribution den­
sity function of phases is necessary in our model because phases take continuous 
values. Moreover, it is also necessary to introduce an appropriate density op­
erator (which will be mentioned below) for statistical calculations of correlating 
variables. Actually, the necessity of the density operator arises from a certain 
mathematical structure of the basic equation of the system concerned. 

Let us start with the expression: 

(C.48) 
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where 
Zi)J-L(t) = exp[i( </Yj(t) + Bf- Bj)]. (C.49) 

The summation in eq. (C.48) can be decomposed into the following four types: 
(i): j = j' and 11 = 11', in which there are (N -1)(p-1) terms, and 

(C.50) 

(ii): j = j' and 11 "111', in which there are (N- 1)(p-1)(p- 2) terms, and 

( C.51) 

(iii): j =I j' and 11 = 11', in which there are (N- 1)(N- 2)(p- 1) terms, and we 
put 

(C.52) 

(iv): j =I j' and 11 "111', in which there are (N- l)(N- 2)(p- 1)(p- 2) terms, 
and we put 

w(t) = E[zi)J-L(t)zij'J-L'(t)]. (C.53) 

Let us consider the case of N � 1. Hence, we have 

2o-2(t) = a+ V(t) + W(t), (C.54) 

where 
V(t) = aNv(t), W(t) = a2 N2w(t). (C.55) 

Here, we concern v(t). Let us put as 

</>(t) = <Pi(t), <P'(t) = ¢YJ'(t), fJ = Bj, B' = Bj,. (C.56) 

From Z(t) and Z'(t) we extract the terms including fJ and()' (which are correlated 
to </> and </>', respectively) as 

where 

Z(t) = Q(t) + exp(ifJ)R(t) 

. + 
� 

exp[i( ll -ll' + ¢' ( t) )], 

Z'(t) - Q'(t) + exp(ifJ')R(t) 

Q(t) -

Q'(t) -

R(t) = 

+ � exp[i(ll' -ll + <,D(t))], 

� ����� exp[i(llj -llk + ¢k(t))], 
v k 

� 
����� exp[i(llj, -llk + ¢k(t))], 

v k 
��II 

exp[i(¢k(t) -om 
k 
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( C.58) 

(C.59) 

(C.60) 

(C.61) 



The symbol I:v'' means the summation over v -:/= 1 and v -:/= J.l, the symbol I:k' 
the summatin over k #- j, the symbol I:/' the summation over k-:/= j and k -:/= j'. 
The variables Q(t), Q'(t) and R(t) can be considered to be normally distributed 
random variables which are statistically independent of each other and satisfying 

E[Q(t)] = E[Q'(t)] = E[R(t)] = 0 , 

E[ IQ(t) i 2] = E[ IQ'(t) i2] = 2o-2(t), 

E[ IR(t) i2] = 2o-2(t)jp. 

(C.62) 

(C.63) 

(C.64) 
It should be noted that R(t) means a correlation which is of order 0(1/VN) 
between random variables¢; and (} (¢;' and B'). As will be mentioned later, a proper 
operator will be introduced for systematic consideration for this correlation. 

We have 

v(t + 1) = e-(32(72 E[ei(¢-¢'-B+B') 

x exp[i,Blm{ e-i¢[m + eiB R + �ei(B-B'+¢')]}] 
N 

x exp[i,Blm{e'�' [m + ci8' R* + �e-i(B'-8Hl]})], 
(C.65) 

where we have statistically averaged with respect to Q and Q'. By expanding 
with respect to 1/ N, and neglecting higher order terms, the expectation part can 
be written as 

E [ ei( ¢-4>' -B+B') 
x exp{i,8Im[e-i¢( m + eiB R)]} exp{i,Blm[ei¢' ( m + e-iB' R*)]}] 
+ E[ei(¢-¢'-B+B') exp{i,8Im[e-i¢m]} exp{i,Bim[ei¢' m]} 
xi,B �Im[e-i(�-�'-O+B'l]]}. (C.66) 

For calculating the above expectation, the operator 

J>.[·] = j j j j d<f>d</>'d(}dfJ'(
2
� j2 Pm( </> )Pm ( ¢/) 

x( 1 + Re-i(¢-B))(1 + R*ei(¢'-B'))[·] (C.67) 

is introduced as a substitute for taking expectations with respect to ¢>, ¢>', (} and 
(}'. The operator satisfies 

Pv[ei(¢-B)] = R, 
Pv[e-i(¢'-O')] = R*. 

(C.68) 

(C.69) 

By using the operator Pv, we can systematically take account of correlations of 
random variables for calculations of expectations. 

Let us calculate the first expectation part in eq. (C.66). By executing inte­
grations with respect to ¢; and ¢>', we obtain 

(C.70) 
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where G13( m) is defined as 

G13(m) = E[cos(j1msin </>)]. (C.71) 

Moreover, by expanding with respect to R and R*, executing integrations with 
respect to 8 and 8', and finally taking expectation with respect to R, we obtain 
the following expression for the first part in eq. (C. 66): 

'2 2 ] 
2a2 

[F13 (m) + G13(m) -. 
p 

(C.72) 

Next, let us calculate the second expectation part. By integrating with respect 
to 8' 8'' 4> and 4>'' it is found that the second part is equal to 

From all the above, we can get the following result: 

V(t+1)= 
2e-/32a2(t){(Fff[m(t)] + G�[m(t)])a2 

1 
+2aj1G�[m(t)]}. 

Next, we concern w ( t) in a similar manner. Let us put as 

Z(t) 

Z'(t) 

Q(t) 

Q'(t) 

R(t) 

R'(t) 

1 - -
Q(t) + 

N 
exp[i(8- 8 + </>(t))], 

Q'(t) + � exp(i(IJ'- 0' + �(t))], 

� I: I: exp(i(IJj-IJk+<l>k(t))] 
v(:;il,J.L) k(:;ij) 

+ exp(i8)R(t) 

� I: I: exp(i(IJ} -IJk + <l>k(t))] 
v(:;il,J.L') k(:;ij') 

+ exp(i8')R' ( t) 

� I: exp(i(</>k(t) -IJn], 
k(:;ij,i) 

1 I 

N 
2: exp[i(<i>k(t)-8� )]. 

k(:;ij',i) 
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(C.74) 

(C.75) 

(c. 76) 

(C.77) 

(C.78) 

(C.79) 

(C.80) 

(C.81) 



Variables Q(t) and Q'(t) can be regarded as normaly distributed random variables 
statistically independent of each other, and satisfying 

E[Q(t)] = E[Q'(t)] = 0, 
E[IQ(t)j2] = E[IQ'(t)j2] = 2a2(t). 

(C.82) 
(C.83) 

Variables R(t) and R'(t) are also random variables statistically independent of 
each other, and satisfying 

E[R(t)] = E[R'(t)] = 0, 
E[IR(t)i2] = E[IR'(t)j2] = 2a2(t)jp. 

(C.84) 
(C.85) 

Here, let us note that R( t) means a correlation between <P and () (or between ¢> 
and B). R'(t) means a correlation between¢/ and()' (or between� and B'). 

We have 

w ( t + 1) = e-(320'2 E[ei(<I>-<I>'+B-8-0'+8') 
1 - -

x exp{ i,Blrn[e-

i<l>(m + -ei(8-8+<1>))]} 
N 

x exp{ i,Bim[eW (m + �e-i(O'-Ii'+�l)]}, (C.86) 

where we have statistically averaged with respect to Q and Q'. For calculating 
the expectation in the above equation, the operator 

Pw[·] = 

j j j j j j j d </>d </>' dJ,dBdB' diidii' ( 2�) 4 Pm ( </>) Pm ( </>') Pm ( J>) 
x (1 + Re-i(<l>-8))(1 + R'*ei(<l>'-8')) 
x(l + R'e-i(¢-B'))(1 + R*ei(¢-8))[·] (C.87) 

is introduced as a substitute for taking expectations with respect to ¢, <P', ¢, (), 
()', B and 0'. The operator satisfies 

Pw[ei(<l>-8)] = R, 

Pw[e-i(<l>'-8')] = R'*' 
p [e-i(¢-8)] - R* w -

' 

Pw[ei(¢-B')] = R'. 

(C.88) 
(C.89) 
(C.90) 
(C.91) 

By using the operator Pw, we can systematically treat correlations of random 
variables for the calculations of expectations. 

By integrating with respect to <P and </J', the expectation part in eq. ( C.86) 
becomes 

(C.92) 
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By expanding with respect to 1/ N, neglecting higher order terms (higher than 
(1/N)2), and integrating with respect to B, B', 0, 0' and J, we obtain 

(C.93) 

Hence, the equation 

2 
W(t + 1) = 2e-,82a2(t){2G�[m(t)]o.4(t) + � F$2[m(t)]}. (C.94) 

is obtained. Finally, we get the time evolution equation of the macroscopic vari­
able a2( t) as 

(C.95) 

where the term including a2 � 1 is neglected. 

C·5 Macrodynamics with the Distribution of Natural 

Frequencies 

Let us consider the case that the natural frequencies are normally distributed 
with 

E[wi] = 0, E[wiwj] = "'?8ij, 

and that Wi is statistically independent of { Bf}. Hence, 

m(t + 1) = E[exp(iwi)]E[exp[i¢>i(t)] 
x exp{if3Im[exp[-i¢>i(t)J[m(t) + Zi(t)]]}] 
e -[r

.
2+,B2a2 (t)]/2 F,e [m( t)]. 

Similarly, the time evolution equation for a2(t) can be obtained as 

� + e-h2+,82a2(t)] 
2 
x { 2 G� [ m ( t)] a-4 ( t) 

+(F� [m(t)] + G�[m(t)])a2(t) 
1 

+2aj3G�[m(t)]}, 
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