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Asymptotic behavior of solutions to the compressible Navier-Stokes equation
around a time-periodic parallel flow

Jan Brezina *

Abstract

The global in time existence of strong solutions to the compressible Navier-Stokes equation around
time-periodic parallel flows in R™, n > 2, is established under smallness conditions on Reynolds number,
Mach number and initial perturbations. Furthermore, it is proved for n = 2 that the asymptotic leading
part of solutions is given by a solution of one-dimensional viscous Burgers equation multiplied by time-
periodic function. In the case n > 3 the asymptotic leading part of solutions is given by a solution of
n — 1-dimensional heat equation with convective term multiplied by time-periodic function.

Mathematics Subject Classification

Keywords. Compressible Navier-Stokes equation, global existence, asymptotic behavior, time-periodic,
viscous Burgers equation.

1 Introduction

In this paper we study the stability of solutions around a time-periodic parallel flow to the compressible
Navier-Stokes equation with time-periodic external force and time-periodic boundary conditions.
We consider the system of equations

97p + div (pv) = 0, (1.1)
PO+ - V) — pAT — (u+ p)Vdive + VP(p) = pg, (1.2)

in an n dimensional infinite layer €, = R"~! x (0, /):

Q = {T="(.7n);
¥=T(2,..., 1) eER"L 0< 7T, </}
Here, n > 2; p = p(Z,t) and & = T(¥*(Z,1),...,9"(Z,t)) denote the unknown density and velocity at time

t > 0 and position Z € Q, respectively; P is the pressure, smooth function of 7, where for given p, > 0 we
assume B
P'(p.) > 0;

pand g/ are the viscosity coefficients that are assumed to be constants satisfying p > 0, 2+ ¢/ > 0; div, V

''n

and A denote the usual divergence, gradient and Laplacian with respect to . Here and in what follows -
denotes the transposition.
In (1.2) g is assumed to have the form
g = T(al(ina%/)v 0,..., 0,§n(§n)),
with §! being a T-periodic function in time, where 7 > 0.
The system (1.1)—(1.2) is considered under boundary condition
z,—0 = Vi(t)er, Blz,—¢ =0, (1.3)
and initial condition
(5, 0)l=o = (Po, Vo), (1.4)

where V! is a T-periodic function of time and e; = 7'(1,0,...,0) € R™.
Under suitable conditions on g and V!, problem (1.1)-(1.3) has smooth time-periodic solution @, =

T (Pp: Up) satisfying
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Pp = Pp(Tn) > p1, Z/o Pp(Tn) dTp = ps,

Oy =T (0 (T, 1),0,...,0), Vp(Tp,t+7) =Th(Tn,t),
for a positive constant p;.
The aim of this paper is to give an asymptotic description of large time behavior of perturbations from

u, when Reynolds and Mach numbers are sufficiently small.
To formulate the problem for perturbations, we introduce the following dimensionless variables:

~ ~ ! - ~
z=Vlx, t= Vt’ v=Vuv, p=pswp, P=p VP,
with v
B=Vu, d=pyte VI =VV, g=Lo0g
where
P'(p.) 2 _ _
= V= pu {|3EV1|CO(R) + |91|CO(]R><[O,Z])} + |V com > 0.

In this paper we assume V > 0. Under this change of variables the domain €, is transformed into Q =
R ! x (0,1); and g*(z,,t), V1(t) are periodic in ¢ with period T > 0 defined by

v
T=—r.
77
The time-periodic solution %, is transformed into u, = 7(p,, v,) satisfying

1
pp = pp(xn) >0, /0 pp(@n) don =1,

vp = T(U;(mn,t),o, ..., 0), U;(mn,t +T)= vzl)(;cn,t).

It then follows that the perturbation u(t) = T (¢(t), w(t)) = T (v2(p(t) — pp),v(t) — vp(t)) is governed by
the following system of equations

s + vy, ¢ + 7 div (ppw) = £°, (1.5)
Opw — - Aw — %Vdivw + 0y 0w + (Dz, v )W" €1

Lo 4 P (o) (1.6)

“rm(aznvp)gbel +V (472; ¢) =7,
wlag =0, (1.7)
(¢)7 w)|t=0 = (¢07 U]Q), (18)

where f and f = T(f!,---, f*) denote nonlinearities, i.e.,
[0 = —div (gw),
vo 97 vy ve? 02 v}
70y ) PR+ 0) P

vo Vdi o) v P /(Pp) ) 1 v(P" 2 P ; ;
d » ¥ 8&8 I
Pp (’VQPp +¢) v 'VQPP ( "/2pp 274PP (Pep)e") (P )

~ 3 \v4 P// > 2
Py(0p:6,0:0) = sitmmmzarsy VEWD) + 21y, 00y

P

>V (P (pp))
_v4pi(vzpi+¢) - 274(721pp+¢)V(¢3P3(pp,¢))7

with L
Py(pp ) = /O (1 0)2P" (626 + py)db.



Here, div,V and A denote the usual divergence, gradient and Laplacian with respect to z; v, v’ and v are
the non-dimensional parameters:

/

— H [ L
p LV’ p LV’

~ /
Vv=Vv-+v.

We note that the Reynolds number Re and Mach number Ma are given by Re = v~! and Ma = ~7 1,
respectively. See [1] for the derivation of (1.5)—(1.8).

In the case g* and V! do not depend on ¢, problem (1.1)—(1.3) has a stationary parallel flow. The stability
of stationary parallel flows were studied in [5, 6, 7, 11]. It was shown in [6] and [7] that the stationary
parallel flow is asymptotically stable under sufficiently small initial perturbations in H™(Q) N L'(Q) with
m > [n/2] + 1, provided that Re < 1, Ma < 1 and density of the parallel flow is sufficiently close to a
positive constant. Furthermore, the asymptotic behavior of perturbations from the stationary parallel flow
is described by n — 1 dimensional linear heat equation in the case n > 3 ([6]) and by one-dimensional viscous
Burgers equation in the case n = 2 ([7]).

The case of time-periodic parallel flows was considered in [1, 2] for Re < 1 and Ma < 1. In [1, 2] the
authors investigated the linearized problem, i.e., (1.5)—(1.8) with (f°, f) = (0,0), which is written as

&gu + L(t)u = 0, ’U)|zn:071 = 0, U|t:s = UgQ. (19)
Here, u = T (¢, w) and L(t) is operator of the form

, t)0z, 'YQdiV (Pp *)

Up
L(t) = P (py) ) 5 o
v (e ) ~ AL, — ZVdiy

(1.10)

0 0
+ .
( A/zyp% 5;%”1)11,(75)61 v},(t)(?m[n + (8xnv11)(t))elTen )

Note that L(t) satisfies L(t) = L(¢t + T).
In [1, 2] spectral properties of the solution operator U(t, s) for (1.9) were studied by using Fourier transform
with respect to 2/ € R"~1. The Fourier transform of (1.9) can be written in the form:

d - ~
dtu+L§/( Ju=0,t>s, U=s= Uo, (1.11)

where @ denotes the Fourier transform of u in #’; and ¢’ is dual variable to /. For each £ € R"~! and for
all t > s there exists a unique evolution operator Ug (¢, s) for (1.11).

Since Egz (t) is T-time periodic, the spectrum of (75/ (T,0) plays an important role in the study of large
time behavior. It was shown in [1] that the spectrum of [A]g/(T, 0) satisfies the following inclusion

{T UM <@} (€<,
(A <ar} (1" =),

AT

o(Ue(T,0)) € {

for a constant 0 < g1 < 1 and 0 < 7 < 1. Here, € is the simple eigenvalue of lAfgr(T, 0) and A\er =
—ikoll — k1€ — K"[E"12 4+ O(|¢']?) with kg € R, k1 > 0, k” >0 and & = T(&,£"), & = (&2,...,6n_1).

In [2] spectral properties of 175/ (t,s) were investigated for |£'| < r by using the Floquet theory. A family
{P(t) }+cr of bounded projections on L?(Q2) was constructed to represent P(¢)U (¢, s) as

P(t)U(t,s) = 2 (t)e =91 P (). (1.12)

Here, et = .7~ X ere't.F with frequency cut off function ¥y : x1(&) = 1 (|¢'| < 7), X1(¢') =0 (|¢'] > r),
and 2(t) = F ‘012 ().F and P(t) = F ‘51 P o (t).F with

—

De(t): C— L*(0,1) and Pe(t) : L*(0,1) — C,
expanded as

2o(t)=2"0) +ie- 201 +0(¢P),
Pot)= 2 +ic- 20+ o)),



for |¢/] < r, where 2V (t)o = ou® () (¢ € C), u®(-,t) = u®(z,,t) is a function T-periodic in ¢ and
POy = [#] (u="T(p,w) € L?(0,1)). One consequence of (1.12) is that

10%0% P(&)U(E, s)uoll 20y < C(L+t—5)""F % Juo|l 11 @),
I = BO)U(t, )uoll ey < e ([luoll s x 2 + 10zwollz2),

_n=1_1_k
1050 (PR (¢, 8)uo — o1, uo]u® (8) || L) < ClE— )™ F 27 Ju| 110,
fort—s>T,s>0;k=0,1,...,1=0,...,m for m > 2. Here, 0y [ug] = o¢,s(2")[ug] is a function whose
Fourier transform in 2’ is given by

F (o1,5[u]) = e (rosrtmeitn 1€ E=9) g, (1)),

where [(50(5’ )] is a quantity given by
1
Nl = dol€’ n d "
Go(@)] = | dulé ) do

with o being the Fourier transform of ¢¢ in 2’ and kg € R, k1 > 0, £ > 0 are positive constants depending
on P l7 ‘/MUJ,,U/ and P,(p*)
Another consequence of (1.12) is that if u(t) is a solution of

O+ L(t)u = f, ult=0 = uo,
then P(¢)u(t) is represented as

P(t)u(t) = 2 () (e“\f@(O)uo +/ e(t_Z)A@(z)f(z)dz> . (1.13)

0

In this paper we show the following results. Let ug be sufficiently small in H™(Q) N L}(Q) for a given
m > [n/2] + 1; and let ug satisfy a suitable compatibility condition, then there exists unique solution u(t) of
(1.5)-(1.8) in C([0,00); H™(2)), provided that Re < 1, Ma < 1 and |1 — pp|cm+1([0,1) < 1. Furthermore,
u(t) satisfies

0% u(t) || L20) < O(f%l*%), k=01,

as t — oo.
In the case n = 2, we show that the asymptotic leading term of perturbation u(t) is described by a
solution of one-dimensional viscous Burgers equation, i.e.,

u(t) — (cu@)()]]2 = Ot~ 1+%), V5 > 0,

as t — co. Here, u(®) = u(9(z5,1) is a given time-periodic function; and o = o(z1,t) is function satisfying

1
0o — K102,0 + K00z, 0 + wody, (02) =0, olimg = / ¢o(x1,x2) dxa, (1.14)
0

with constants kg € R, k1 > 0 being the same ones as those in A\¢; and wy € R determined by the nonlinearity
F.

In the case n > 3, we show that the asymptotic leading term of u(t) is the same one as for the linearized
problem and thus it is given by n — 1-dimensional heat equation with convective term, i.e.,

lu(t) — (ou@)(t)]|2 = Ot~ T ~ 2, (1)),

as t — oco. Here, o0 = o(a’,t) is function satisfying

1
Oio — nlaila —&'Ao + Hoaxla' =0, 0|t:0 = / ¢0($,,$n) dz,,
0
with constants kg € R, r1,%” > 0 being the same ones as those in A\¢r; where A” = 92, + -+ + 02 and
N (t) =log(1 +t) when n = 3 and 7, (t) = 1 when n > 4.
The proof of the main results is given by a combination of various estimates for P(¢)U(t, s) mentioned
above and a variant of Matsumura-Nishida energy method ([6, 7], cf. [12]). We decompose the solution u(t)

n—17



of (1.5)—(1.8) into the P(¢)-part and (I — P(¢))-part. Considering the P(¢)-part, we represent P(¢)u(t) as in
(1.13) with f = T(f°, f) being the nonlinearity given in (1.5) and (1.6). We then combine various estimates
on P(t) and P(t)U(¢, s) to obtain the necessary estimates on P(¢)u(t). On the other hand, (I —P(¢))u(t) can be
estimated by a variant of Matsumura-Nishida energy method as in the case of the stationary parallel flow ([7]).
However, in contrast to [7], the linearized operator has time-dependent coefficients. Therefore a modification
of the argument in [7] is needed for the time-periodic case to aquire the necessary energy estimate. It is
worth mentioning that in the case n = 2 the asymptotic leading part of u(¢) is not described by the linearized

2 1
problem due to the quadratic nonlinearities —div (¢w), ,Y';‘ﬁ% <78§nw1 + %gﬁ) and fﬁa% (P"(pp)9?).
This leads to the 1-dimensional Burgers equation (1.14).

Our result is an extension of previous results on the stationary case [5, 6, 7, 11] to the case of time-periodic
external force and time-periodic boundary conditions.

Structure of this paper is the following. In Section 2 we introduce basic notations that are used throughout
the paper. In Section 3 we state the main results. In Section 4 we present the results on spectral properties of
the linearized problem obtained in [2]. In Section 5 we introduce decomposition of solution u(t) to (1.5)—(1.8)
based on the spectral properties of L(t) introduced in Section 4. Moreover, we prove the a priori estimate
using the estimates on P(¢)u(t) and (I —P(¢))u(t) from subsequent sections 6, 7 and 8. In Section 6 we show
estimate for P(¢t)u(t) using properties of P(t) and P(¢)U (¢, s). In Section 7 we obtain estimate on (I —P(t))u(t)
using energy method. In Section 8 we estimate the nonlinearities f© and f. Finally, in Section 9 we prove
the asymptotic behavior of solutions.

2 Notation

In this section we introduce some notations which are used throughout the paper. For a domain F we denote
by LP(E) the usual Lebesgue space on E and its norm is denoted by || - ||z»(g) for 1 < p < oo. Let k be
a nonnegative integer. H*(E) denotes the k-th order L? Sobolev space on E with norm || - || e (). C§(E)
stands for the set of all C* functions which have compact support in E. We denote by H{ (E) the completion
of C}(E) in HY(E).

We simply denote by LP(E) (resp., H*(E)) the set of all vector fields w = *'(w!,...,w") on E with
w! € LP(E) (resp., H*(E)), j = 1,...,n, and its norm is also denoted by |- || L»(g) (resp., || || zrx(g)). For u =
T(¢,w) with d) S Hk(E) and w = T(U)l,. N ,w”) € I{l(E)7 we define Hu”Hk(E)XHz(E) by ||u||Hk(E)><Hl(E) =
@l ere iy + Wl arey- When k =1, we simply write [[ull gr(z)x e () = |ullae(m)-

In the case E = 2 we abbreviate LP(Q) (resp., H*(Q)) as LP (resp., H*). In particular, we denote the
norm of LP (resp., H*) by || - |, (vesp., || - || z+)-

In the case E = (0,1) we denote the norm |- |g2(0,1) (vesp., | - [gr(0,1)) By |- |2 (vesp., | - [gx).

The inner product of L? is denoted by

(f9) = [ f@()do. fgeI?
Furthermore, we introduce a weighted inner product (-, -)q defined by

P/
<U1,U2>Q=/¢1¢2 ipp) dm—f—/wlwgppdx,
Q Y Pp Q

for u; = T(¢j,w;) € L?, j =1,2; and for u; = T(¢;,w;) € L*(0,1), j = 1,2, we also define (u,us) by

Pl 1
igp) dx, + / W1 Wapp ATy
P 0

1
<U1,U2>=/0 P10, 5

Here, g denotes the complex conjugate of g.
Furthermore, for f € L'(0,1) we denote the mean value of f in (0,1) by [f]:

1
= (f1) = / F(n) da.

For u = T(¢,w) € L(0,1) with w =T (w!, ..., w") we define [u] by
[u] = [¢] + [w'] + - + [w"].

We often write z € 2 as



T = T(x’,zn), = T(xl, iy Tp_q) €ERMTL

Partial derivatives of function u in z, 2, x,, and t are denoted by d,u, Oy u, 0., u and Opu, respectively.

We also write higher order partial derivatives of u in x as 9fu = (0%u; |a| = k); by A = Z;:ll 92,
V' = (Ogyy---,0z,_,) and div’ = V'- we denote the Lapacian, gradient and divergence with respect to 2/,
respectively.

We denote k x k identity matrix by Ii. In particulir, when k£ = n + 1, we simply write I for I,1,. We
define (n + 1) x (n + 1) diagonal matrices Q;, Q' and @Q by

Q; = diag (0,...,0, 1 ,0,...,0), j=0,1,...,n,
j-th

and -
Q' = diag (0,1,...,1,0), Q = diag (0, 1,...,1).

We then have for u = T (¢, w) € R*"*1 w="T(w!,..., T(w' w™),

w™) =
0 0 0
QOU_<(§>3 qu: w’ ) Qnu_( 0 ) Qlu: w' ) éu_<0>
0 w"

We denote €] = 7(1,0,...,0) € R*~1. We note that
[Qou] = [¢] for u="(d,w).

For a function f = f(2') (' € R""1), we denote its Fourier transform by for Ff:

fle) = (F ) = / )€ d.

Rn—1

The inverse Fourier transform is denoted by % -

(F ) = (2m) D / (€€ de.

Rn—1

For closed linear operator A in X we denote the spectrum of A by o(A4). We denote the set of all bounded
linear operators from Xy into itself by L(X) and denote the norm by |- | (x,). For operators A, B we denote
[A, B] the commutator, i.e., [A, B] = AB — BA. For time interval [a,b] C R, we denote the usual Bochner
spaces by L?(a,b; X), H™(a,b; X), etc., where X denotes a Banach space.

Definition 2.1 For a domain E we define the following function spaces:
HV(E) = (HY)*(E)  forj = —1,
Xo = HY0,1) x L*(0,1), HI(E)= L3(E) for j =0,
HI(E)N H}(E) forj > 1.

Definition 2.2 We introduce the following norms:

5 :
LFOTk = [ D107 FO)llazn—2s |
§=0
102 f (£)]]2 fork =0,

[1DfD)|x = )
([0 f IR + [0 f()]7_1)2  fork>1.

Remark 2.3 Let us note that
[[1Dv[[lm-1 < 2[v]m and [v]m < [Jvll2 + [[[Do]|[m-1,

for [v]m < .



Definition 2.4 Let m > [n/2] + 1. For 7 > 0 we define a function space Z™(T) by

(%]
7™ () ={ue () CU[0,7; H"%), |[ull zm(r) < o0},
=0

where

lallmer) = sup [[u(Z)Hm+< / |||Dw<z>|||?ndz>
0<z<r 0

3 Main results

In this section we state the main results of this paper. _
In the whole article we assume the following regularity for g and V.

Assumptions 3.1 For a given integer m > [n/2] + 1 assume that g = T (3" (Z,,1),0,...

‘71(t~) belong to the following spaces:
grecmto, 1,
and

(2]

7e [ Ci(0,7]; H™1=2(0,0)),
=0

m+2

71 e ko, 7).

Furthermore, we assume
P()) € C"™2(R).

It is straightforward that g and V! belong to similar spaces as g and 1723

Under Assumptions 3.1 one can see that flow u, has the following properties (see [1]).

Proposition 3.2 There exists 6o > 0 such that if

v|g"[em+1(10,17) < do,

,0,9"(Zy,)) and

then the following assertions hold true(see [1]). The flow u, = T (pp(xy), vp(2n,t)) exists and under Assump-

tions 3.1, it satisfies

2

vp € () Chon(Jri H™7%(0,1)), p, € C™2(0, 1],
=0

[#5]

and

1
0<p < pp(xn) < p2, / pp(xn)dxn =1, Up(xmt) = T(Ugl)(xmt)ao)v
0

with
P'(p) >0 for p1 < p < pa,

9 n
11— ppler+iqoa)) < ?V(|P”|Ck71(p1,p2) +19"erqoap), kE=1,...,m+1,

C n
[P (pp) — ¥ |coqo)) < $V|9 lco(o,1)

for some constants 0 < p1 <1 < pa.



First, let us introduce the local existence result. To do so, we rewrite (1.5)—(1.8) in the form

oo +v-Vo=—y*w-Vp, — pdivw, (3.2)

pOyw — vAw — PV divw = fﬁagnqus —V(P(p) — P(pp)) — p(v - Vo), (3.3)
wlag =0, (3.4)

(¢, w)le=0 = (¢o, wo), (3.5)

where p = p, + 77 2¢ and v = v, + w.

Next, let us mention the compatibility condition for ug = T (¢g, wp). We look for a solution u = T (¢, w)
of (3.2)-(3.5) in QEZ(]) CI([0, 00); H™~%7) satisfying fot |0zw(2)||%mdz < oo for all t > 0 with m > [n/2] + 1.
Therefore, we need to require the compatibility condition for the initial value ug = 7 (¢o,wp), which is
formulated as follows. ‘ 4 4

Let u = T(¢,w) be a smooth solution of (3.2)—(3.5). Then &/u = T(d]¢,d/w), 7 > 1 is inductively
determined by

0o =—v-Vo "¢ pdive] 'w— 720w Vp, —{[0] ", v V] + 0], pldivw},
and
0w = —p~H{—vAd " 'w —Vdivd] " w+ P'(p) V] T p} — pmH{y2[0] T, dlow +[0] T, P'(p)]Vp}

{00 (02, 0,8) — IV P(p,)} —p 100 (p(v - V).

From these relations we see that & ul—o = T (8] ¢, d/w)|i—o is inductively given by ug = T (o, wp) in the
following way:

Nuli—o = T(8] ¢, 0] w)|s—o = T (5, w;) = uy,

where

Jj—1 .
. -1 o,
¢; = —vo - Vdi—1 — podivw,;_1 — y*wj_1 - Vp, — E ( J ! ) {o,- Vi1 + v 2pudivwj_1 },
=1

and

-1,
- — 1 _ -1 _
wj = —pg {=vAw;_1 = PVdivw;_1 + P'(po)Vpj1} = py " ) < ! I > (v 2 hrwj
=1

j—1

L Vv ) — 1 i—1— _
ralonion o) - ot 3 (1) 09 0061+ 610 TP
P =0
_palijl((bOawOuasz;(bla'"7¢j717w17"'7wj7178xw13"~7azwj71)7

with v, = 0, (0) + wy, p1 = dupp + v 215 and a;(¢o; ¢1,..., 1) is certain polynomial in ¢q,...,¢; and
analogously. Here, 61; denotes the Kronecker’s delta.
By the boundary condition w|pn = 0 in (3.4), we necessarily have 9] w|sq = 0, and hence,

’LUj|aQ =0.

Assume that u = T(¢,w) is a solution of (3.2) —(3.5) in ﬂj[z(l CI([0,7]; H™~27) for some 79 > 0. Then
from above observation, we need the regularity u; = 7(¢;,w;) € H™=% x H™~2% for j = 1,...,[m/2], which,
indeed follows from the fact that ug = 7(¢o,wo) € H™ with m > [n/2] + 1. Furthermore, it is necessary to
require that ug = 7'(¢g,wo) satisfies the m-th order compatibility condition:

-1
ijH& for j=0,...,m= {mz}

Now, we can apply local solvability result obtained in [8] to show the following assertion.



Proposition 3.3 Let n > 2, m be an integer satisfying m > [n/2] + 1 and M > 0. Assume that ug =
T(pg,wo) € H™ satisfies the following conditions:

(a) |luollgm < M and ug satisfies the m-th compatibility condition,

(b) =2 p1 < do.

Then there exists a positive number 1o depending on M and py such that problem (3.2)—(3.5) has a unique
solution u(t) on [0,7] satisfying u(t) € Z™ (7).

Remark 3.4 It is straightforward to see that solution u(t) of (3.2)~(3.5) is a solution of (1.5)—~(1.8). Con-
dition (b) in previous proposition assures that v~ 2¢g + pp > %pl.

We are in a position to state our main results of this paper.

Theorem 3.5 Suppose that n = 2 and let m be an integer satisfying m > 2. There are positive numbers vg
and 7o such that if v > vy and v2/(v +¥) > ~¢ then the following assertions hold true.

There is a positive number gy such that if ug = T (¢, wo) € H™ N L' satisfies the m-th compatibility
condition and ||uo| gmnart < €0, then there exists a unique global solution u(t) = T (p(t),w(t)) of (1.5)—(1.8)

with n =2 in ﬂj[il CI([0,00); H™=27) which satisfies

|k u(t)llz = O(t™7%), k=0,1, (3.6)

u(t) — (eu@)(t)]|2 = Ot~ 579), V6 >0, (3.7

ast — oo. Here, u®) = u(® (x5,t) is function given in Lemma 4.9 below; o = o(x1,t) is function satisfying

1
8ta - magla + /43089310' —f—woc‘?zl (02) = O, O'|t:0 = / ¢0($1,.’E2) d.’EQ,
0
with given constants kg, wo € R, kK1 > 0.

Theorem 3.6 Suppose that n > 3 and let m be an integer satisfying m > [n/2] + 1. There are positive
numbers vy and o such that if v > v and v*/(v +U) > 3 then the following assertions hold true.

There is a positive number gy such that if ug = T (¢, wo) € H™ N L' satisfies the m-th compatibility
condition and ||uo| gmnart < €0, then there exists a unique global solution u(t) = T (p(t),w(t)) of (1.5)—(1.8)

in ﬂj[z(l CI([0,00); H™=27) which satisfies

8% u(t)]|ls = Ot~ ~%), k=0,1, (3.8)

u() = (@u®) (@)l = O F ~2na(t)), (3.9)

ast — oo. Here, 0 = o(2’,t) is function satisfying

1
2 N /
00 — k10,0 — K'A"0 + kg0p, 0 =0, 0li=0 :/ do(z', ) day,
0

with given constants kg € R, k1, k" > 0; where A" = 8%2 + o+ 3%7
and np(t) = 1 when n > 4.

and Ny (t) = log(1 +t) when n =3

1—17

As in [8, 12], the global existence result in Theorem 3.5 and Theorem 3.6 is proved by combining the
local existence and the a priori estimate. Next we introduce the a priori estimate.

Proposition 3.7 Let n > 2 and m be an integer satisfying m > [n/2] + 1. There are positive numbers v
and o such that if v > vy and /(v +7U) > 73, then the following assertion holds true.

There exists number €1 > 0 such that if solution u(t) of (1.5)—(1.8) is in Z™(7) and u(t) satisfies
luollgmar: < €1, then there holds the estimate

[w®)]7 < CilluollFrmnrs,

for a constant Cy; > 0 independent of T.



Remark 3.8 In the proof of Proposition 3.7 we use the estimate (3.1) with k = m only, i.e.,

C n
11— pplem+i(oa)) < ?”“P”‘C’"—l(pl,pg) +19"cm ((0.1)))-

Moreover, we require the boundedness of p, in C™*1([0,1]) only.

The global existence of the solution u(t) follows from Proposition 3.3 and the a priori estimate in Propo-
sition 3.7 in standard manner as follows.

Proof of global existence. Let n > 2 and let us fix m > [n/2] + 1 and v > 1, v2/(v + ¥) > 42 such that
Proposition 3.7 holds true.
Since m > [n/2] + 1 we have the Sobolev inequality

[flloe < Csllfllzm, for any f e H™ (). (3.10)

Let us define g9 > 0 as

72

1 pr, —2 p1}
IToPLa N oI T PN Nl

€0 = min{ey,

Here, €1 and C] are given by Proposition 3.7.

Let |lugllgmnarr < eo satisfies m-th compatibility condition. It is easy to see that such wg satisfies
conditions (a), (b) of Proposition 3.3 and therefore, there exits 79 > 0, which is determined by €1, such that
the problem (1.5)—(1.8) has a unique solution u(-) € Z™ (7).

Since g < €1 we see from Proposition 3.7 that u(t) satisfies

2 2
[u()T2 < Cilluolfyoyse < minte?, (-0 } ()

Thus, [|u(m)|lgm < €1 and u(ry) satisfies conditions (a) and (b) of Proposition 3.3. Hence, there exists
unique extension of solution u(t) of (1.5)—(1.8) on [rg, 270] and we get

u() S Zm(QTQ)
It is straightforward to see that we can use Proposition 3.7 again, to obtain estimate (3.11) for w(27),
which enables us to extend solution u(t) on [0,37]. By repeating this procedure the existence on [0, 00) is

showed. This concludes the proof.
O

Proposition 3.7 together with L2?-decay estimates (3.6) and (3.8) are proved in Sections 4-8. The asymp-
totic behavior, i.e., (3.7) and (3.9), is proved in Section 9.

4 Spectral properties of the linearized operator
Let us write (1.5)—(1.8) in the form

Opu+ L(t)u=F,
(4.1)
wlso =0, uli=o = uo.

Here, u = T(¢,w); F =T(f°, f) with f = T(f',---, ) is the nonlinearity; and L(t) is the operator given
in (1.10)

In this section we introduce the spectral properties of the linearized problem, i.e., (4.1) with F = 0.
These results were established in [2]. At the end of this section we show regularity improvements for ¢.

Now, let us consider the linearized problem

Ou+Lt)u=0, t>s, wy,=01 =0, ul=s = uo. (4.2)
We introduce space Z defined by

Zy ={u="T(¢,w); € Croe([s,00); H'), 0% w € Cioe([s,00); LHNLE . ([s,00): HY) (|| < 1), w € Croe((s, 00); H Y.

loc

In [1] we showed that for any initial data uy = T (¢, wo) satisfying ug € H* N L? with d,wy € L? there
exists a unique solution u(t) of linear problem (4.2) in Z;. We denote U(t, s) the evolution operator for (4.2)
given by

u(t) = U(t, s)up.

10



To investigate problem (4.2) we consider the Fourier transform of (4.2). We thus obtain

d_. = ~ ~

pri +Le(t)u=0, t>s, Ul=s = Uo. (4.3)
Here (Z = (E(f’wn,t) and W = W(¢', x,,t) are the Fourier transforms of ¢ = ¢(2', x,,t) and w = w(z', zp,t)
in 2/ € R"! with ¢ € R"! being the dual variable; L¢/ (t) is an operator on Xy with domain D(Lg (t)) =
H'(0,1) x H%(0,1), which takes the form

il 07 el
Lo(y=| €52 2(€R -0 )+ 767 i ZgD,,
Oz, (F:z(isz : ) —i%Tf’amn £(|£/‘2 — 02 ) - %8gn
0 0 0
+ 721/,33 (02 vp(t))e) i&vp(t) 1 On, (vj(t))e]
0 0 i{lv},(t)

Let us note that ng (t) is sectorial uniformly with respect to t € R for each & € R"~1. As for the evolution
operator Uy (¢, s) for (4.3) we have the following results.

Lemma 4.1 For each & € R™! and for all t > s there exists unique evolution operator ﬁf/(t,s) for (4.3)
that satisfies
|Lf/ (t>U§’ (t7s>|L(Xo) < Ctﬂzﬁ t1 < s <t <t

Furthermore, for ug € Xo, f € C%([s,00); Xo),a € (0,1] there exists unique classical solution u of
inhomogeneous problem

d ~
T +Le(t)u=f, t>s, ul=s=uo, (4.4)

satisfying u € Cloe([s,00); Xo) N CL(s, 00; Xo) N C(s,00; HL(0,1) x H2(0,1)); and the solution u is given by

u(t) = (6(8), w(t)) = T (t, Yo + / Oe (1, 2) ().

S

Next, let us introduce adjoint problem to
Oru + Egl BHu=0,t>s, ult=s=ug.

Lemma 4.2 For each & € R"™! and for all s < t there exists unique evolution operator (75*,(8, t) for adjoint
problem

—0su + Ez,(s)u =0, s <t, uls=¢t = uo,

on Xo. Here, EE,(S) is an operator on Xy with domain D(Ez, (s)) = H*(0,1) x H%(0,1), which takes the
form

—i&1v,(s) —i7?pp "€ 7?0z, (pp *)
Ins)=| —igZd  Z(EP -2 )+ ZeTe ~iZ g0,
0, (T ) —iZTEd,, L(gP-02) - Zo?
0 (@2 vh(s)Ter 0
+1 0 —i§1v;(s)ln_1 0
0 O, (vp(s)Ter  —ibiup(s)

Moreover, EZ,(S) satisfies <E§/(s)u,v> = (u, EE,(S)U) for s € R and u,v € H' x H? and

11



L5 ()02 (5, 8) | L(x0) < Cratar t1 < 5 <t < to.

Furthermore, for ug € Xo, f € C*((—00,t]; Xo),a € (0,1] there exists unique classical solution u of
inhomogeneous problem

d -
—l + Li(s)u=f, s <t, uls=t = uo, (4.5)

satisfying u € Cloe((—00,1]; Xo) N Ct(—o0,t; Xo) N C(—o00,t; HL(0,1) x H2(0,1)); and the solution u is given
by

t
u(s) = (6(s),w(s)) = U (5.0 + | g (s 7).
Note that 175/ (t,s) and [75*,(8, t) are defined for all ¢ > s and
Ue(t+T,s+T) = Ue(t,s), Usi(s+ Tt +T) = Ug(s,1).

Lemma 4.3 There exist positive numbers vy and 1 such that if v > vy and v*/(v + V) > ~3 then there
exists ro > 0 such that for each & with |£'| < ro there hold the following statements.

(i) The spectrum of operator ﬁg/ (T,0) on H'(0,1) x H}(0,1) satisfies

o(Ue (T,0)) € {per} U {pe s el < o},

with constant qo < Repg < 1. Here, per = T s simple eigenvalue of (75/ (T,0) and \¢r has an

expansion

Ao = —iroby — m1&; — K"|E"P + O(I¢']%), (4.6)
where kg € R and k1 > 0, " > 0.

Moreover, let ﬁgz denote the eigenprojection associated with pe. There holds

|Uer(t )T — T Yul g < Ce™ (1~ TherJulx,
forue Xg and T <t —s. Here, d is a positive constant depending on rg.
(i) The spectrum of operator Ag*, (0,T) on H*(0,1) x H}(0,1) satisfies
o(02(0,7)) € {fig} U ] < qo
Here, Jig, is simple eigenvalue of Ug-‘, (0,7).
Furthermore, let ﬁZ’ denote the eigenprojection associated with fig,. There holds
(Meru, v) = (u, Tlgr),
foru,v € Xy.
Next, we introduce Floquet theory.

Definition 4.4 Let k =1,2,.... Let us define spaces X as

per

YL =12 ([0,T); Xo),

per per
5] | |
Vi = () Hie ([0.T); H*=2(0,1) x H*"17%(0,1)), for k > 2.
j=0

Here, for Banach space X and j = 0,... spaces L2,.([0,T]; X) and HJ,,.([0,T]; X) consist of functions from

per per

L2([0,T); X) and H’([0,T); X), respectively, that are restrictions of T-periodic functions.

12



Definition 4.5 We define operator Ber on space Y.\, with domain

per

D(Be) = H},,.([0,T); Xo) N L2,,.([0,T]; H'(0,1) x HZ(0,1)),

per per

in the following way

Berv = 0 + Egl(-)’l},

for v € D(Ber). Moreover, we define formal adjoint operator B¢, with respect to inner product % f0T<-, Sdt
as

Biv = —0w+ Ly (),
forv e D(Bg) = D(Bg).

Remark 4.6 Operators Be and B¢, are closed, densely defined on Ypler for each fized &' € R"~1.

Definition 4.7 Let k > 1. We say that u =T (¢, w) is k-reqular function on time interval [a,b] whenever

5]
we () C([a,bl; (H*> x HE¥)(Q)),

j=0
(5] [55]

¢pe () H M (a,b; H(Q), we (| H (a,b; HIT' 72 ().
j=0 j=0

Lemma 4.8 There erxist positive numbers vo > vy and 2 > 71 such that if v > vo and v2 /(v +7) > 3 then
there exists 0 < ry <1 such that for each |&'| < ry there hold the following statements.

(i) Let 1 <k <m+1. There exists ¢ > 0 such that spectrum of operator B¢ on YE  satisfies

per
0(Bg) C{=Ag}U{X:ReX > ¢},
with 0 < —Re g < %ql uniform for all k. Here, —\¢ is simple eigenvalue of B .

(i) Let 1 <k <m+ 1. Spectrum of operator By, on YF

per Satisfies

o(Bf) C{=AcU{A:ReA > @i}
Here, —X¢r is simple eigenvalue of Bg,.

(tii) There exist ugr and ug, eigenfunctions associated with —A¢ and —Xg/, respectively, with the following
properties:

(ug:(t),uf (1)) = 1,
ug (t) = uO (1) +i¢" - uM (1) + € Pu® (¢ 1),

up () = w ig" () + [P (1),
fort € R. Here, all functions

g, “Z/v w0 (0, u(l)’ u(l)*7 u(2)(§’)7 u(2)*(§’),

are T-periodic in t, m + 1-regular on [0,T] and we have estimate

m+1

%]

(=] rlz] [
sup Z |8§u(z)ﬁ{m+1_zj +/ |8§+1u|%1m+1_2j><Hm_2j + |az
ze€Jr j=0 0

ol

m+3
: ]QOU@ + |U|?qm+1><Hm+2dZ < C,
j=0

foru e {uil,uz,,u@) (€),uP* (&)} and a constant C > 0 depending on r,.
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Let us introduce more properties of u(?).

Lemma 4.9 Function u(®(t) satisfies 0u® + Lo(t)u® = 0 and u© (t) = u(® (t+T) for allt € R. Function
uO)(t) is given as
u (zp,) = T (@O (@n), w O (20, 1),0).

Here,
2 2 -1
¥ pp(xn) Py
e[
() = 0 B, ) Ploy)
(0) 1( t) 1 /t —(t—s)rvA aO’YQ (82 1( ))d
w\ Nz, t) = —= e V(0 v,(s))ds,
72 —oo P/(pp)pp b
where A denotes the uniformly elliptic operator on L*(0,1) with domain D(A) = (H? N H})(0,1) and
1
Av=— i v,
pp(@n) "

for v e D(A). Moreover, function w®-! satisfies

2
DO (t) — —~ 92 w1 (t) = S - 02 wl(t)), 4.7
) O O = T By g, e ) o

for allt € R and
(0).1 — o2
[w™ () |emtr ) = O(ﬁ)'

In the rest of this section we assume that v > vy and 72 /(v +7) > 3.
17 |£,| < T,
/) —
0, [€] =,

Now, we introduce time-periodic operators based on ug and ug,.

Definition 4.10 We define X1 by

for & e R*1L,

Definition 4.11 We define operators 2 (t) : L*(Q) — L*>(R*1) by
P(tu=F P o),
P o (0)8 = (3,0 (1),

forue L? and t € [0, 00).
We define operators 2 (t) : L*(R"™') — L2(Q) by

2o =F {2e(1)3),
2 ()5 = X1ug (-,1)7,
for t € [0,00) and multiplier A : L*(R"~1) — L2(R"~1) by

Ao =T {5,

for o € L2(R™1).
Moreover, we define projections P(t) and P*(t) on L*(Q) as

P(tyu = .F {1 {u,ul (O)yue (1)} = 2 () P (t)u,
fort €[0,00) and u € L2

We define projection I19)(t) on L?(Q) as

1O (t)u = [Quulu® (1),
fort €[0,00) and u € L*.
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In terms of P(t) we have the following decomposition of U(t, s).

Lemma 4.12 P(t) and P*(t) satisfies the following:
(1)
P(1)(0c + L(t))u(t) = (0 + L(t)P()u(t) = 2 (1)[(0: — 1) P (H)u(®)],
foruw e L*([0,T); H' x H2) N H([0,T]; L?).
(i)
P(t)U(t,s) = U(t,s)P(s) = 2 (t)e AP (s).
Ifu € L', then

r—1_ k

1670505, P()U(t, s)ullz < C(1+t =)~ T % ull,
for0<2j+1i<m+1,k=0,....
(iii) For u,v € L? there holds

(P(t)u,v) = (u,P*(t)u).
If u € L?, then
10705,0%, (P*(t)u) 2 < Cllul]2,
for0<2j4+1<m+1,k=0,1,....
(iwv) (I —P>t))U(t,s) =U(t,s)(I —P(s)) satisfies
I =P (¢, s)ull g < Ce™ ) (Jlull gz + |0z w]la),

fort—s>T. Here d is a positive constant.

Next, let us show the asymptotic properties of U(t, s). First, let us define a semigroup #Z{t) on L?(R"~!)
associated with a linear heat equation with a convective term:

0,0 — /-@18310 —K'"A"o + koDy, 0 = 0.
Definition 4.13 We define operator F(t) as

H(t)o = F e~ rotitmeitnle" Mg
for o € L*(R*™1). Here, ko, k1 and &" are given by (4.6).

Lemma 4.14 There hold the following estimates for 1 <p <2 and k=0,1,....

()
_nol(1_1y_k
105 ()0 || 2 @n-1) < Ct T G772 o Lo (gn-ry, (4.8)
for o € LP(R"1).
i1 generates uniformly continuous group {e€'* tier an
A forml 2 d
_n-lcl_1y_k
05 e ol La@n—1y < CA+8)7F 57D |o|| pon-1), (4.9)
for o € LP(R"1).
(#ii) It holds the relation,
PU(t,s) = NP (s).
Set o = [Qou]. Then
0% (1IN P (s)u = At = )0) | 121y < Ot = 8)"T G725 Jul, (4.10)
for w € LP. Furhermore, for any o € LP(R"~1) there holds
—s _n—1¢1_1y_k+1
(=) — HAt — 5))0K 0 || pogn-1y < Clt —5)" 2 G727 ||o|| Lo (gn-1y.- (4.11)
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Next, we introduce the properties of 2 () and Z2(t).
Proposition 4.15 2 (t) has the following properties:
(1)
Qt+T)=2(t), 02(t) = 2 ().
(ii)

2

+1-2 1-2
t)o € ﬂ Cdp (Jpy H™ 172 5 gt1=20),

ﬂ per JTvaJrz 2j)

and

107050 (2 (t)o)ll2 < Cllollpz@n-1y, 0<2j+1<m+1, k=0,1,...

for o € L2(R"1),
(i)
(0 + L)L (1) (1) = 2 (£)(0 — Mo (t),
for o € Hy, ([0, 00); L*(R*71)).

(iv) 2 (t) is decomposed as

20)=290) +div' 2V 1)+ A 2% 1),

Here, Q(o)(t)a = (ﬁ_l{)?lﬁ})u(o)(-,t), Q(l)(t) and 2 (t) share the same properties given in (i)

and (i) for 2 (t).

Proposition 4.16 2 (t) has the following properties:

(1)
Pt+T)=P(t), O P(t)= P )k, 0,, P(t) =
(ii)
(73]
tu € m b er( (Jp; HYR™YY), for allk=0,1,...,
and
10708 (2 (t)u) || L2 @n—1) < Cllull2, 0 <25 <m+1, k=0,1,...
foru € L?.
Moreover,
12 ()l 2@n-1) < Cllullp,
forue L and 1 <p < 2.

P )0+ L(t))u(t) = (0 — M(Z (t)u(t),
forue L3 ([0,00); H' x H2) N H ([0, 00); L?).
(iv) P (t) is decomposed as

Pt)y=29 +div' 2V )+ N PP 1),
Here,

PVu=F @) = F RilQual),

16
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POty =F {x@,u O )},

2 .
PP (= F =@ u (g, ).
@(p)(t), p=0,1,2, share the same properties given in (i) and (ii) for P (t).
(v) There holds

0% et P (syull anry < COU+E—8) 7T G5 jul], (4.13)

n—1

105,49 P D (| pognary < CA+t — 8) T G5 |lu||,, ¢=0,1,2, (4.14)
foruell?, 1<p<2andk=0,1,....

Remark 4.17 Note that 119 (t) and 2O (t)g(o) are not identical operators.
To close this section, we show improvements of regularity for ¢.
Proposition 4.18 Let u = T(¢,w) € Z™(7) for m > [n/2] + 1 be a solution of (4.1). There holds

¢ e ﬁ Ci([0,7]; H™H172), (4.15)

j=1

[=32]

Proof. From definition of Z™(7) we have

(%]

uwe () COU[0,7]; H™ %) and  sup [u(2)]m < oo.
0 0<z<7

"

¥

J

We write (1.5) as

O = —vzlﬁml(b —72div (ppw) — div (¢w).

Taking [],,—1-norm we obtain

Hat¢]]m—1 < [['U;ll;aarl ¢]]m—1 + 72 [[ppw]]m + [[¢w]]7n~
Since m > [n/2] + 1 we get using Lemma 8.3 (ii) that

[0:0)m—1 < C([Llm ) {[vp]m [8]m + ll0p ]| [w]in + [S]m [w]in }-
This concludes the proof. O

5 Decomposition of the solution

In this section we decompose solution u(t) of (4.1) and we prove the a priori estimate in Proposition 3.7. We
decompose u(t) into several parts based on the spectral properties of L(t). In this section we assume that
v > v and 2 /(v + ) > 42 unless further restricted.

Let us first introduce some notation and projection operators. Let X and Y3 be defined by

X2(§) =1, 1)(1€']) and X3(€') = L1,00)(1€'])-
We then define [f];, j = 1,2, 00 by

Next, we define P ;, j =1,2,3 as
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Poi(t)u=F " (Po1(t)i), Poi(t)i=x1(I—Z2e(t)P e (b)),
Pooju=F (Pa;i), Poji=xa (j=2,3)
By setting
we get

[=P(t) + Put), Poolt) = PO() + Pus.
Using above operators we decompose solution u(t) into

u(t) = P(t)u(t) + Poo(t)u(t),
with

where

o1(t) = P (tult), w(t)= (2t -2 1) P (tu),

0o (t) = [QuPL (H)u(t)] = [QuPL (H)u(t)loo, oo (t) = Pos(t)ult).
By P, we denote the operator defined as
Pu(t) = (I = IO (1)) PO (t) + P .
Remark 5.1 Notice that o1(t), 0o (t) and u'® (t) are separate functions. Furthermore, notice that
[ur(B)ll2 < Cl| 0z a1 (t)]2-

Next, we derive the equations for 0y, 0o and us. We define . (t) by

M (t) = A+ B(t),

with
0 0 vp () 0y, 72 ppdiv’ 0
A=1| o —iAffn_l—ﬁ 'div |, B(t) = igigjv' 0} ()0, In 0
0 (=50, div/,— 2 A) 0 0 0l (£)0a,

Proposition 5.2 Let 7 > 0 and u(t) be a solution of (4.1) in Z™(7). Then there hold

2] ,
o€ (0. LHE® ), [ 1Do)lndz <00, k=100, 1=0.1,...,
0

Jj=0

(2] .
wn € () CO([0, 7] H™+1=27), / 1Dw1 (2)llmd < oo,
7=0 0

Uoo € Z™(T), /OT[[athDo(z)]]m_ldz < 0.

Moreover, 01, 0o and Uso satisfy

o1(t) = TN P (s)ug + /t NP () F(2)dz,

S
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01000 + [QoB(0oct + tie)]oo = [QoPY Fle, (5:2)
Optic + L() oo + A () (050u?) = [QoB(000tt®) + ts0)]oott®? = Py F. (5.3)
woo|xn=0,1 =0,

Uoo|t:0 = 000,05 uoo|t:0 = Uoo0,0-
HGT’B, 00,0 = [QOPég)(O)uo]oo, Uso,0 = Poou()-

Proof. Since u € Z™(7), the regularity assertions on o) (k =1, 00) and u; follow from properties of & (t),
2(t) and (4.15). As for us, we already know that PZ™(r) C Z™(r) and therefore Poo Z™ (1) C Z™ (7).
Since it is straightforward to see that Py 3Z™(7) C Z™(r) we have P(O)Zm(r) C Z™(7). Finally, from
properties of u(®)(t) we obtain H(O)PQ)Z"L(T) C Z™(7). Therefore, use € Z™(7). [ [0t¢oc(2)]m-1dz < o0
follows in analogous way using (4.15).

As for (5.1), it follows from (4.1) and (4.12) that

(0 — Moy (t) = P (t)F(t).

The rest is standard. B
As for (5.2) and (5.3), we first apply Puo(t) to (4.1) to get

8¢ (Pso) + L(t) Psu = Py F. (5.4)
Next, we apply P (t) and Pw 3 to (5.4) to obtain

o(POu) + L(t)POu = POF, (5.5)
('9,5(P0073u) + L(t)Poqgu = Poo,gF. (56)

Since [QoL(t)v] = [Qo- (t)v] for Quls,—o,1 = 0 and [Qo.# (t)v] = [QoB(t)v] for any v, we get by applying
[Qo] to (5.5)

81000 + [QuB(t)PQu] = [QoPY F). (5.7)
There holds
[QoB(t)PQu] = [QoB(oocu® (t) + (I — 1)) POu)] o = [QoB(00ctt® + tise)]oc

and thus (5.2) follows from (5.7).
To obtain (5.3) we use the fact that 0,119 (¢) + L(t)ITO(t) = A (t)I1°)(t). Applying I — ITO(t) to
(5.5) gives us

0, (1= 11O () PQw) + L(t) (1 = 1T (1) PO ut M (1) (005u® (8)) = T (1) B(#)(PLw) = (1- 1T (1)) PO F.
(5.8)

(5.3) now follows by adding (5.6) and (5.8). This completes the proof.
0

Let us state some properties of 01, 04 and us parts.

Lemma 5.3 There hold the following inequalities.

(1)
10/ 1QuPulc ll2 < Q0P ulecll2, k=0,1,...,

(i) -
[Poctllz < Cll0xPocullz if Qulz, =01 = 0.
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(i4i) Let 7 > 0 and u(t) be a solution of (4.1) in Z™ (7). Then there hold

105,01]l2 < Cllowrorll2, 1050l < Clowoll2, k=1,2,...,

[focll2 < Cll0z¢ooll2;
[weoll2 < Cll0zwos 2,

[Aoi2 < C[|0p o2

Proof. Inequality (i) is obvious since supp (x1 + X2) C {|¢’| < 1}. As for (ii), since supp X3 C {|¢'| > 1}, we
see that

[ Poo 3|2 < [|02r Poo 3ul|2.

Since @u|zn:0,1 = 0, we have @Pég)uhnzo,l =0, and hence, Q(I —I1( (t))Pég)uhn:O,l = 0. By the Poincaré
ineguality we obtain

QI — 1O () PQullz < 102, QT — 1T () PDull».
Furthermore, since [Qq(I — 11 (t))Pég)u] = 0, we see from the Poincaré inequality that
1Qo(I — T () PDully < |0z, Qu(I — TV (£)) PLull.
It then follows that
[Patll2 < C{[10: (1 = T (£) PQulla + |02 Pos 3ull2} < C||00 Pocta]-
Here, we used (9,(I — H(O)(t))Pég)u,agCPoo’gu) = 0, which follows from the fact X1X3 = X2X3 = 0 and the

Plancherel theorem.
As for (iii), it follows from the proof of (i) and (ii).

We prove the a priori estimate in Proposition 3.7 by estimating the following quantities.
Let u(t) be solution of (4.1) in Z™(7) and let u(t) be decomposed as above, i.e.,

u(t) = o1 (H)uO () 4+ uy (t) + oo (H)uO () 4 U (t).
We define M(t) > 0 by
M(t)? = My (t)2 + sup (1+2)" Ex(z), tel0,7].

Here, M;(t) and E(t) are defined as

(%]
Mi(t)= sup (1+2)"T |lor(2)ll2 + sup (1+2)F {[0wor(2)2 + Y [18201(2)]l2},
0<z<¢t 0<z<t =

and

Eoo(t) = [uce (O] + [0 (8)]7-
Finally, we introduce quantity Do (t) for teo(t) = T (oo (t), Woo (t)):

Dos(t) = [0a¢oc ()] —1 + [0cbocli—1 + 1 Dwos ()7, + 1 Doos (8) 1[5,
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Remark 5.4 From properties ofo@(p) (t), p=1,2, we see that
08,85 dur(t)]2 < Cll|Doy(t)||lms 0< 25 +1<m+1, k=0,1,...,
and there holds

sup (14 2) T {[ua (2)]m + [00ur (2)]m} < OMi(2).

Therefore, we do not need special estimates for uy(t).

We show the following estimates for M;(t) and Fo(t).

Proposition 5.5 There exist positive constants vy and vy such that if v > v and v /(v +7) > 73, then the
following assertions hold true.

There exists €2 > 0 such that if solution u(t) of (4.1) in Z™(7) satisfies supg<,<i[u(2)]m < €2 and
M(t) <1 for all t € [0,7], then the following estimates hold uniformly for t € [0,7] with C' > 0 independent
of T.

M (t) < C{Jluollr + M(t)*}, (5.9)

Eoo(t) + /O t e =D (2)dz < Cle " Eae (0) + (1 +1)~ "5 M(t)* + /0 t e~ =2 R(2)dz}. (5.10)

Here, a = a(v,V,7) is a positive constant; and E(t) 18 quantity that satisfies

_ntl
2

R(t) < C{(1 +t)~"% M(t)®> + M(t)Duo(t)}, (5.11)

whenever supg< <, [u(2)]m < €2 and M(t) < 1.

The proof of Proposition 5.5 is given in Sections 6-8. We prove (5.9), (5.10) and (5.11) in Sections 6, 7
and 8, respectively.
Assuming that Proposition 5.5 holds true, we can show the following estimate.

Proposition 5.6 If v > vy and v2/(v + V) > 73, then the following assertion holds true. There exists
number €3 > 0 such that if solution u(t) of (4.1) in Z™(7) satisfies ||uo||gmnr: < €3, then there holds the
estimate

M(t) < Clluol

HmALL, (5.12)

for a constant C > 0 independent of 7.

As an immediate consequence of (5.12) we see that the a priory estimate in Proposition 3.7 holds true.
Moreover, (5.12) provides us with the following decay estimates:

[w()]m < C(1+ )T ||uo|| mnt,

n—

n—1_k
0% ut)|e < CA+t)~ T ~2||uol|gmnarr, k=0,1,

and

lu(t) — o1 ()u@ (®)]l2 < CL+8)"F |Juoll grmnrr, (5.13)
for t € [0,7]. This proves (3.6) and (3.8).
Proof of Proposition 5.6 If supy—, <, [u(z)]» < €2 and M(t) < 1, then we see from (5.10) and (5.11) that

_nt1

Eoo(t) + /0 te_“(t_z)Doo(z)dzSC{e_“tEOO(O)+(1+t) > M(t)*

+/ e—a(t—z){(l + Z)_nTHM(Z)3 =+ M(Z)Doo(z)}dz}
0
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_nt1
2

< C{e ™ Eo(0) + (141)~ "= M(t)®> + M(¢) /t e~ =2 D (2)dz}.

Therefore, using continuity of E(t) and compatibility conditions we obtain
(1+ 1) Bao(t) + D(1)+ < C{lluo|lm + M(1)* + M() D (1)}, (5.14)
with
n+1 t
2t) =01+t / e =D (2)dz.
0
It follows from (5.9) and (5.14) that

M) + sup Z(2) < Crfl|uol3pmpps + M(#)* + M(t) sup Z(t)}, (5.15)
0<2<t 0<z<t
whenever supg<,<;[u(2)]m < €2 and M(t) < 1.
In the same way as in [7, Proof of Proposition 5.4] using (5.15) one can show that there exists e3 > 0
such that if ||uo||gmnr: < €3, then

M(t) < 202||u0||H7nmL1,
for all ¢ € [0, 7] with C5 > 0 independent of 7. This concludes the proof.

6 Estimates on oy(?)

In this section we estimate the P(¢)-part of u(t). Since

P(t)u(t) = o1 (8)u () +ua(t),

where o1 (t) = & (t)u(t) and uy (t) = (2 (t) - 2 © (t))Z (t)u(t), it is enough to obtain estimates for oy (see
Remark 5.4). In this section we assume that v > vy and v2/(v + 7)) > ~3.

Let us first make an observation. Regarding the spectral properties of linearized operator, we expect o1 (t)
to be the most slowly decaying part of w(t). Therefore, the most slowly decaying part of the nonlinearity
F(t,u(t)) would be given by the terms containing only oy (¢)2. There are two such terms in F(t,u(t)),

v 92 v 1
—0? w4+ 2Ly le and — ——0,, (P"(py)d?) en.
703 ( " oy ) 2%y (o))

Since w(9! satisfies (4.7), we can define 07 F; with F; = Fy(x,,t) as

¢(O)(xn) 1
F, =" R ol 73 (0),1 - p (0) 2) )
=7 (00 0w 00, s, (P (a0 w)Y)
We thus write
F =0}F, + F,, (6.1)

where Fog = F — o*fFl contains terms involving .., its derivatives and terms of order O(c10,701) like oqug,
and O(0?), but not just O(o?). In particular, we have that Qo F = Qo F5.
First we introduce two lemmas.

Lemma 6.1 There hold the following relations.

()
[QuF] = —div'[¢u],

(it)
PHF(t) = —div'[p(t)w' ()] + div' PV O F ) + N PP (4)F().
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Proof. Since w|;, =01 = 0, by integration by parts, we have

[QuF] = —div'[¢uw'].
This shows (i). As for (ii), it is straightforward from definition of &2 © and ().

Remark 6.2 Let 5 > 0 be number such that
P

Cyes <
€5 S 1

Here, Cs > 0 comes from Sobolev inequality (3.10). Then whenever [u(t)]m < 5, we have

VP
el < Cs[u(t)]m < Cses < —=,
and hence,
_ _ 3
pla.) = pplwa) +7720(@,0) 2 pr =7 6(1) 0 = T > 0.

Therefore, we see that QF (t) is smooth whenever [u(t)]m < €5.

Using inequality [|o1]|co < C||01||§/2||8$/01||§/2 (see Lemmas 8.2 (iii) and 5.3 (iii)), it is not difficult to

verify the following estimates on nonlinearities. We omit the proof.

Lemma 6.3 Let solution u(t) of (4.1) in Z™(7) satisfies supg<,<;[u(2)]m < €5 and M(t) <1 fort € [0, 7],
then there hold the following estimates for t € [0, 7] with C > 0 independent of T.

(i)
182 (o ()1 < C(L+ 1)~ 2 M(t)?,
(i) )
[div ' [pw'](t)[[1 < C(1+ )72 M(1)?,
(iii) N
[pw' ()1 < C(L+1)" 7= M(t)?,
(iv) 1
IF@)] < C(1+1)~"F M(¢),
(v) .
[F2(t)[1 < C(L+1)" 2 M(1)?,
(vi) o
IF@®)]l2 < C(L+8)" 7T M(t)?
(vii)

+1

10, (a2(1)]l2 < C(1+ )75 M(1)2.

Finally, we prove (5.9).

Proposition 6.4 There exists number €4 > 0 such that if a solution u(t) of (4.1) in Z™(T) satisfies
SUPg<, < [u(2)]m < 4 and M(t) <1 for all t € [0,7], then the estimate

My (t) < C{lluolh + M(8)%},
holds uniformly for t € [0, 7] with C > 0 independent of T.
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Proof. We write (5.1) for s =0 as

o1(t) = e P (0)ug + 1(t),

where

I(t) = / t NP (2)F(2)dz.
0
(4.13) yields

_n—-1_k
1032 P (0)uolls < C(L+6)""T ~2 Jug]1,

for k =0, 1. Next, we estimate I(¢t) which we write it as

I(t) = I (t) + L2(1),

where

L(t) = /5 =N P () F(z)dz,

0

L(t) = /tt AN D () F(2)dz.

By Lemma 6.1 (ii), we have

AP (NF(2) = div/ e M~ [pw')y + PYF + vV PP F)(2).
It then follows from (4.14) and Lemma 6.3 that

n+1

105 11.(8)]]2 < 0/05(1 +t—2)7 T 3 {Jllow](2)lh + | F ()1} dz

< CM(1) / (It —2) P51 4 2) " d < CL+ )T~ M)2,
0
for k=0,1.

As for I5(t), using (6.1) and Lemma 6.1 (ii) we write &2 (2)F(z) as

PEF = —div'[pw']; + (P + VPP .V (0,)2F, + (div' 2" + A PR,
It then follows from (4.14) and Lemma 6.3 that

105 La() 2 < C/ (14t —2)" 5 =5 {[ldiv’[pw'](2) ]l + [V (01(2))% [l + [ Fa(2) 1}z

t
< CM(t)2/ (L+t—2)""T "5(1+2) 3de < O(L+1)7"T “5M(t)?,

t

2

for k = 0,1. We thus obtain

1
n—1
Y+ Tz ok oy ()2 < Clluoll + M(1)*}. (6.2)
k=0
It remains to estimate time derivatives. From (5.1) we see that
o1 (t) = Aoy (t) + P () F (). (6.3)
It then follows from Lemma 6.3 (vi) and previous result that

|9 (B)ll2 < C{dwar(®)]l2 + | P OF @2} < COL+1)~ 5 {Jluolly + M(1)*}.

Concerning |0 T oy (t)|2 for j =1,..., [%] — 1, we obtain from (6.3)

107 o1 ()2 < CLlIO o1(t)]l2 + 10/ (P (£)F(£)]|2}-
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Since _ -
10/ F(t)lla < C(A+1)""7 M(t)?

for 0 < 2j < m —2 as we see in Propositions 8.5 (i)—(iii) and 8.6 (i), we find by induction on j, that estimate

107 o (#)lla < Ci(1+ )% {lluolly + M(£)?}, (6.4)

holds for j =0,1,...,[%] — 1.
The desired result now follows from (6.2) and (6.4). This completes the proof.

7 Estimates on Py u(t)

In this section we prove estimate (5.10) for oo and ue by a variant of Matsumura-Nishida energy method
as in the case of stationary parallel flow ([7]). Since coefficients of the linearized operator depend on time
some extra terms arise in contrast to [7]. We omit the proofs that can be obtained as modification of those
in [7]. In this section we assume that v > vy and v2/(v + 7) > 42 unless further restricted.

First, let us show the following inequality.

Proposition 7.1 There exists vy > va and o > 72 such that if v > vy and ¥2/(v +U) > 42 the solution
u(t) of (4.1) in Z™(1) satisfies

%E(t) +2D(t) < R(t). (7.1)
Here, E(t), D(t) and R(t) are quantities such that

(i) E(t)+ [02 woo(t)]2,_5 is equivalent to Ex(t),

(#i) D(t) is equivalent to Doo(t),

(iii) R(t) satisfies estimate (5.11).

We introduce some quantities. Let E(©) [Poou] and DO [w] be defined by

EO[Pyu] = ?Ilamllg H ¢ooH2 + [l/PrwsolI3,

for ﬁoo(t) = 000t ?) + e With U = T (Poo, Weo ); and

DOws] = v||Vwoo 3 + 7l div wo|13-

Note that,

(Au(t), u(t))o = DOTw(t)),
for u =T (¢, w) € Z™(r), and

(B(t)u(t),v(t)o = —(u(t), B(t)v(t))a,

for u,v € Z™(7), Quls,—0.1 = Quls,—01 = 0. In particular,

for u € Z™(r), Quls,—0,1 = 0.
We denote the tangential derivatives 87 9% by T} x:

Tjﬁku = 8g 85/'&

In this section we often use |‘w(0)’1(t)||0m+1(ﬂ) = 0(7—12) in calculations (see Lemma 4.9). It is straight-
forward to see that following lemma holds true.

Lemma 7.2 There hold the following assertions.
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1T k41000 l13 < I Tj 1050113, k>0, 25 <m,
[T kbo0ll3 < CllOT) kooll3, 25 +k <m—1,

1Ty rweoll3 < CllORT) kwooll3, 27 +k < m —1.

(1)
1QoB (Uoou 0 +u00)]00||2 < C(”azr’ooonz + [|0: ¢00||2 + Haﬂc"WOOH )-

(Z”) If wgo|mn:0,1 =0, then [QOEUOO]OO = [QOBUOO]OO = [U;lzazld)oo + 72div (ppwoo>]00

(iv) If w2 |z, =01 =0 and 2j + k < m, then

||3§/({9g [QOE(UOOU(O) + Uoo )] oo ||§

J
< C (1020;00oll5 + 104,0; boo13) + 7 1div (95 0 woo )13 + 70, pp| 21050 woo[13),
for0<p,qg<k+1,0<rs<k.
We begin with L?-energy estimates for tangential derivatives. We set
s =01+ 0o, Px = P11 Poo, Wi = W1 + Weo,
Uy = T (P, ws) = U1 + U
We write QF = 7(0, f) in the form
QF =Fo+ F, + Fy + F3.
Here, F; = 7(0, f,), 1 = 0,1,2,3, with

fo=—w-Vw— filp,$)Ao.w® er — fo(py, )V (0, 000 O)
+fo1(Tn, t,9)0s + Foo(Tn, )8V 0 + Fos(@n,t, §)ds,
f1=—Fi(pp, ) Aw, = —div (f1(pp, ¢) V) + T (Vw.) V(f1(pp, 0)),
F2=—falpp, )Vdivw, = =V (fa(pp, ¢)divw,) + (divw.)V(f2(pp, 8)),

.f3 = _fB(xnu ¢)¢V¢*

Here, Vw, denotes the n x n matrix (9,,wl); fi = W’ fo= sand fo(xn,t, ), 1 =1,2,3

v
pp(V2pp+9)’
and fs(zp, ¢) are smooth functions of z,,, ¢t and ¢.

Proposition 7.3 There exists v3 > vy such that for v > vs the following estimate holds for 0 < 2j+k < m:

1d
5 7 BT Poc] + D< [T o] (7.2)
(1) I/+I/ 1 1 J 2
< R; +C{( ZIIE kbooll3 + W+¥)Z\|Ti,k+1%\lz

=0

j—1
13 1
+?Z||Ti,k+1¢oo||§+v (1 —=8;0)[10:T;- 1k0oo||2+*ZD(0) i kWoo) by
i=0

=0

where §;0 denotes Kronecker’s delta and Rg)llz is given by
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I
ES

(07 ~
L= > 2 ((QTy 1 Floo, Ty ome) — 7§<[Q0Tl,k<PF>1oo,Tj,woo> + RV — (T ([QoF oot @), Ty ptce)

—~(Tjk(PF), Tj jti)o + (T ([Qo(PF)]sot'?), Tj yttos ) -
Here,

R = (Tj 1 F, Tj jusc),
when 25 +k <m —1, and

P’ Pl(p
R = ~(Tya(0div o), Tiaom =20 + 4 v (22w, 1500

P 2 P
P’(p )

P/
(VT30 + 1), Tydo LY (7,00l V6, Ty o L2))
Y Pp ¥

p

3

+(T. ko T kwoopp Z il T kwoopp>

when 2j + k = m. Here and in what follows, for G = g+ 0,9 with g,g € L? and v € HE, (G,v)_1 denotes

<G7U>—1 = (971]) - (gv axjv)'

Proof. We apply T} ; to (5.2) and (5.3). We then take the inner products of the resulting equations with
T k0 and T} pus, respectively. Integration by parts together with symmetric properties of A and B gives
us the desired result in the same manner as in [7, Proposition 7.4]. O

We next derive the H'-parabolic estimates for wo.. We define J[Psou] by
J[ﬁoou] = —2<U¢,ou(0) + Uoo,s B@uoo>g for Pou = ooou® + uo..
A direct computation shows that if v2 > 1 then
~ b
IPel] < W BO ] 4 DO,

for some constant by > 0. _
Let by be a positive constant (to be determined later) and define E™M [P, u] by

- W1v? o~ -
EO [Pou] = 17715@ [Poott] + DO wag] + J[Pooul.

Note that if by > by then EW[Pyu] is equivalent to B [Pyu] + DO [w,].

Proposition 7.4 There exists by > max{by,8Co} such that if v > v3, ¥* > 1 and 2= > max{1,73} then
the following estimate holds for 0 <25+ k <m —1,
1d ~ b1v* 3 1
57 BV T Pocu] + = 1 TP wwse] + S /ATy sdwscl3 < R (7.3)
o1 v+
O+ DTl (5 4 L) IT ka0l 4 1 Tl
i=0

1 c
+— (1= 0j0)|0:Tj -1 k000 3 }+CO* 1+3) ZD T jweo) -

where

le’}/

2 1
Rélz R§£+OHT wF 3.

Proof. We apply Tj; to (5.3) and take inner product with 9;T j7k©uw to obtain the desired result in the
same manner as in [7, Proposition 7.5]. O
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As for the disipative estimates for x,-derivatives of ¢., we have the following inequality.

Proposition 7.5 The following estimate holds for 0 < 2j+k+1<m —1:

1d 1 1 P'(pp) (3) 1/+1/
-—— S kOLH — Lo < R K; 7.4
537! 6ol + 5y | O Tl < B + 0 (7.4)
where
: 1 Plp ) v+U
R®) = |=(di i RO L poo D)+ O H g |2
3,k,1 2( Y ’74pp | 3:kYz, ¢ | ) + 74 || Jyk7l||2’
with
v P
| H ka3 < CLIT; 405 w) - Voo 3 + 175405 (Qo P F) |13 + ===, k0%, (QnPocF)I3},
and
QoPocF = —pdive — w - V(7.6 + 61) — {QoPF + [Qo P Floct ¥}
Here, Kj 1,1 is estimated as
v + v v+v 1
— 1K eallz < C 2 ~HT] k4195, Dowoo |13 + m\lx/pij,k@in@twong
2 el l j
+¥(Z HTj’k+lagnazw00H§ + Z HTj’kagnazwooug + Z HTi,kJrlwooug)
=0 a=0 i=0
~ZZ 1T 104, woo |13
1/+ 1=0 q=0
JolH1
+* > T 04102, 6cl3 +Z 1T p+ 1050113 +Z 102, Tj rée0ll3 | }-
=04=0(i g)#(j 1+1)
Proof. We obtain the desired result in the same manner as in [7, Proposition 7.6]. O

The following estimate for the material derivative of ¢ plays an important role to obtain the dissipative
estimate for higher order xs-derivatives of wo,. We denote the material derivative of ¢oo by ¢oo:

boo = Oyboo + (vp + W) - Voo

Proposition 7.6 The following estimates hold for 0 < 2j+k+1<m —1:

(i)
1d1 1 P
gdzr D ol + 1 v( 0L Tl (%)

v 3) V—|—l/
IT;60%  doc |3 < R o O a3

v+
+co—

where cg is a positive constant and R;?’,zl and K ;1 satisfy the same estimates as in Proposition 7.5.

(i) Let 0 < g <k and 0 < 2j+k <m. Then

v+U)

v+v
4 — Tkl < C{R\) + DO[T; kwm1+(7nT KWoo |2 (7.6)
~ ~ J
ik 10005 + Z I T q¢oll3}
1=0 =0

where Rf,g = V;CF”Tj,kQOPooF”%
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Proof. The desired result is obtained in the same manner as in [7, Proposition 7.7]. O
Let us derive the dissipative estimates for o.

Proposition 7.7 Let+?/(v+7) > max{1,72}, then there holds the following estimate for 0 < 2j+k < m—1:

1d v « 5
)HTj,koooH% + mnv’:rj,mooué < RY) (7.7)

2dt2(v+7

1/2 1 V_|_fVVJ 1
Ca——= (1= 50101 k000 ll3 + —= (= + C—7) D | Tiks1000
i 5 (U 90l ke I3+ - (16+ ERD) 0|| ja 10002

Pl
+o{ ~||\//7pTak3twooH2+ZD T kwoo] ZH szamn%oﬂ}

where ay > 0 is a constant, p is any integer satisfying 0 < p < k, and

V(v +7)

R = (v [y () 0y T (Poo ), T 7).

(QuT; k(PO F), Tj k0oo) —
Here, (—A)~1 is the inverse of —A on L?(Q) with domain D(—A) = H?(Q) N HL(Q).

Proof. The desired result is obtained in the same manner as in [7, Proposition 7.8]. O

Next, we estimate the higher order derivatives.

Proposition 7.8 If v > 1 then there holds the following estimate for 0 < 2j +k+1<m —1:

V—|—l/

v? 1 1
|05 T pweo |2+ —— |0 T k|2 < CRS) 4 C
I/+DH T KW H2 + I/+ZH T ]7k¢ H2 = j,k,1 + {(l/+

Z ITi k10wl (7.8)

~ ]
v —|— v 1
zk¢oo||Hl + = ||T,k¢<>0||Hl+1 + ~||at J7k7w<>0||Hl

1=0
1 2w+D), <
ot T >;\|Tzkwooqu+l+D“[kaoon
where
V+u
R§?,2,l— 175 QoPoc F s + — ~\|Tgk<czp F)|%.

Proof. We use the estimates for the Stokes system. Let T(%, w) be the solution of the Stokes system

divw = F in Q,
~AW-Vé=G inQ,

’LTJ|5Q =0.

Then for any [ € Z, [ > 0, there exists a constant C' > 0 such that

1052113 + 10,7 6l3 < CUF NG + IGI1Z: + 10:013}, (7.9)

(see, e.g., [3][4, Appendix]).
We rewrite (5.3) in the form of Stokes system with @ = Tj yw.. and 5 = PV(fo) T kPso- The desired result
is then obtained by using (7.9) (cf. [7, Proposition 7.9]). O

At last we estimate the time derivatives of o4 and ¢oo.
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Proposition 7.9 (i) If 0 < 2§+ k < m — 1, then there holds the following estimate:

7
7
10, Tj k0 soll3 < CLRS) + 3 (I T k4105013 + [ Tops 1000 l13) + 74 1 T s 1wec 13, (7.10)
=0

Here, R'T) = |[QoT).1( P F))uc 3.

(1) If 0 < k+2j < m —1 then there holds the following estimate:

J
1077 doollZ < CLRE + 37 (100 0o |2 + 1000000 113) + 71020 woe |2} (7.11)
1=0

Here, Rf,z = ||8§'(Q0PooF)II3{k'

Proof. The estimates (7.10) and (7.11) follow from (5.2) and the first line of (5.3).

Proposition 7.1 now follows from combination of results in Propositions 7.3-7.9.

Proof of Proposition 7.1. Let us define

EOWm = Y BOMPeu), BV = Y BEOTPoult)),
2] +k <m 2j+k<m-—1
2j #£#m

L [P (pp) v
EQm = > L0, Tintoo®l3, EQ®) = Y = Tjxoe(t)ll3
2 2 Tn = J,RH 00 29 2 ~ J,k% o0 29
9itham—1 | Y= Pp 2t (v +7)

k<m-—1

and

DO®) = > DT pwe (1),

v+vU

3b,v2 1
D= 3 (G DO )] + s AT (1)

1 Plp ) v+ .
D(Q)(t> _ Z (2(” 21)) awnTch(boo(t)H% + mln{17 200}4||1—3;k¢00(t)||%{1> ’
2j+k<m-—1 v v

aq
D(S)(t) — Z U_’_;HV/Tj,lcO'oo(t)”%-
2j+k<m—1

Let by, 1 =2,...,5, be positive numbers and let us consider

> {2x(T.2) + 2by x (7.6)}

2j+k<m|2j#m

2
+ — 7.3) +2b 7.5),_,+2b 7.7) 4+ by x (7.8),_
2j+§nq{u+ v x (73) 2 % (7:5)1= 5 % (7.7) +ba % (7.8),o}

1 be
ozl 1 11)) 42 o).
+2j+k§<:m1 Wiz~ ((7:10) + (T11)) + 2o === < (7:2)5,

Then we obtain

d 1 ,
—EW D®W . — T k0ol o ()3 7.12
pm (t) + (t) + (V+D)72b5 2j+kz<:m_l(llat ikOsolls + 1107 doo (D)%) (7.12)
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8
<> RY(t)+ RHS.
=1
Here,

~ 1 ~
ED(t)=FEO 4+ — _EO @) + b, B (t) + bs E®) (¢
(t) R A OB TR OB ()+V+;

2
~ 1
D@ = DO ) + DD (#) + by D@ () + b5 DB (#) + b § 02T pwas |2 4+ ——|0, T s ||
( )+ ( )+ 2 ( )+ 3 ( )+ 42j+k<m_1(1/+§” T J:kw ||2 + v D’H J;k?¢ ||2)

b m
+V —f PD(O) [at[ ’ ]woo]7
and
RO = 3 R RW = 3 RN p=2578 RY= 3 R
2j+k<m 2j+k<m-—1 2] 4+ k <m
2j #£m
R(p) = Z Rgplzov p=3,6,
2j+k<m-—1
with

v+rv 1. 1 1/+V 1 9
RHS =0 + e 3 10TuonlB+CCSE 45 +b) s X 10Tl
2j+k<m-—1 2j+k<m-—1

1 1
FOCg i) Y 0Twowl3 + Clg +hatbs b)Y DO

2j+k<m—2 2j+k<m|2j#m
by Y 0)
+(Z + bsc)m 4 Z DT kwo] 4+ C (b2 + bs + ba) ‘ Z o5 ~||\/PpTa KOrweo 3
27+k<m—1 2j+k<m—1
bz 2 1 P'(pp) 2
+m > Tkl + Cbs- 5 > 5 02, T kPool|2

2j+k<m—3 2j+k<m—1

v —|— v . 1 m m
+Cby > sl + Chogr (10t 1 + 0o 3.
2j+k<m—1 v
There exists vy > max{1l,v3}, 70 > max{1l,72} and 1 > b > 0 such that if by < b3 < by and bg < b5 < by

appropriately with b <b for [ =2,...,4, and v > 19 and v?/(v + V) > 72 we can absorb most of the terms
from RHS in the left-hand side of (7.12) to get

1E<4>(t) +

1 11 11 0
g DI+ b > 0Tikosllb+ s =5t Y, [0 ds(®)]5 (7.13)

7V~2
2 2 (V + V)f)/ 2j+k<m—1 2 (1/ + V)FY 2j<m—2

1
<CZR<J J+C Y laTkowlls—.

2j+k<m—2

Next, we estimate higher order derivatives in x,. For 1 <1 <m — 1, we set

EM () = T; 1605 6o (1)]13,

7 ||
2]+k<m 1— l

and
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1 P 2 v
D= Y (gl et om0l + XD ekt 0l

2j+k<m—1—1

v? 1
b v (‘3l+2T‘ o t 2 - l+1T' o 2 .
Y T Ol + = [0 Tk (O1R)
2j+k<m-—1-1

We add 2x(7.5) to by x(7.8) and sum over 25 + k < m — 1 — [ to obtain

d 1) (9 ;
ZEO0+ D) <ORY +5:0E S [ Tsdecldn

2j+k<m—1—1

v+v 1 9 1 v+v, 12 9
+C( 72 +b7)y+; ‘ Z HTj,katUJoo”Hl +C(§ + T)ﬁ ‘ Z HTj,kIUooHHHz
2j+k<m—1-1 2j+k<m—1-1

v+v, 1 v+v 1 9
+C(b7 + 2 )71/ T Z I Tj k10005 + C—5— 2 Ut D Z 1Tk poc e
2j+k<m—1-I 2j+k<m-—1-1

9 6
Here, Rl( ) = D 0jtk<m—1— z(R( 131 + R§ 12 -
Let us sum up to [ to get

Q“Q‘

l l
PILAUES SLAUEE o
p=1 p=1

p=1

~ l
V+U . vV+v 1
O S Y bl - el e D DD D CICEN %
p:

p=12j+k<m—1—p 2j+k<m—1—p

1 v+ 1/
+C(5 + —5— § > 1Tk woolFgos2 + C (b7 +
v ¥ 1/ +v —
p=12j+k<m—1-p =12j4+k<m—1—p

1/ +v
2 y+~z Z HTJ‘,’CQ/)OOH%IHL

p=12j+k<m—1-p

1/+V

1T 54105013

Taking b7 appropriately small, vy and 7o possibly larger (based on l) we obtain

l l
d 1 v+v :
T2 B0+ 5 DY) < CZR(Q) +b:C > I Tikboolin (7.14)
p=1 p=1 p=1 7 2j+k<m—2
I 2 2 1 v+v ©)5[%]
Covrs 2 MuduslB+C= > ITwwsln +Cbr+ = )U+VD 0% o)
2j+k<m—1 2j+k<m|2j#m

1 v+v, V2 1 v+v

v v vtv 2j+k<m—2 2j+k<m—2
v+v, 1 v+v 1
+Cbr+ —)——= > |Tkrowli+C———= D [%Tréxlls.
Y vV+v . ¥ v+U .
2j+k<m—1 2j+k<m—2

Now adding 2x(7.13) together with (7.14) and taking possibly b; smaller, vy and v larger we obtain

l
d
- (2F @) + Z EM (1) + (DW(t) + > DY (1) (7.15)
p=1
1 1 -
+——=bs 10:Tj ko013 + =5 b5 187 doo (1)1
(v +7)y? 2j+kz<:m1 B CEREE 2jgzn;—2 t 2
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8
1
(> RO +ZR<9> +C Y AT kowl
j=1

2j+k<m—2

To absorb the last term on the rlght—hand side we use induction on m.
Let m =1 then we have from (7.15) that

A )+ Z ES 1) + (DY (1) + > DS (1) (7.16)
p=1
1 8 l
+mb5||at%u2 <CO_RYt)+) RY)
j=1 p=1
Let m = 2 then
l
2E(4> + Z EM (1) + (DW(t) + > DM (1) (7.17)
p=1
1 1 8
_ To kool + ————bs |0 oy < 9))
+(V+D)72b5,;”a‘* 0,k0 \|2+(V+;),Y2bsllﬁt¢ O]F C;R +ZR
, 1
+C|00sll2 -

By adding bgy?x(7.16) to (7.17) with appropriately large bs > 0 we can absorb [|0;00(13 1~ to the
left-hand side. It is straightforward to see that this can be done from m to m + 1. Therefore, we have

d

O (EW(t +ZE<4> (t)+ > DI (Hy) Y 0Tikowll3
p=1 2j+k<m 1 (7 18)
) .
1 .
oot 2 w0l < RO )+ 3RO,
7 2j<m—2 j=1 p=1

with Cy,Cy > 0. The desired estimate (7.1) now follows from (7.18) with { =m — 1.
Estimate (5.11) for R(t) is given in Proposition 8.1 (ii) below. This concludes the proof. O

To prove (5.10) we employ the following lemma.
Lemma 7.10 There exists 7o = To(v,V,7y) such that if r1 < 7o, then there holds the estimate

1[Q0Poc,1 (t)u]ll2 < C| 0 (I = T (t)) P 1 ()u|2.
Proof. We set

L =0 =) 5@ e s~
RE =2 &P O)-EPP E0)+62 ) -EP2L (€.1))Pe().

Since

e —(0) = (0)

[Qux1(E)I = 2o ()Pt = Q1T -2 )P - 1))

~[Qox1(€)Z (€', 1)],

we see that

[QoPoo 1u(1)] = [Qo1 (€) (I — L (1) P ¢ (1))l
It then follows that

[QoPoo,1 (t)u]]2 < CIE'|IX1T]2
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< ClE (Rl =TV (0)alz + X1 1 (1)al2).
Since (Px.1(t))? = Px. 1, We see that

—

Qo Poc 1 (t)ull2 < CIE(I(I = T (1)) Poo 1 (Bulz + |[Qo Pt (£)ul]),

for |¢'| < ry. Therefore, there exists a positive number 7y such that if r; <7p then

Qo Poo1 (t)u]]2 < CIE'[|(T — T (£)) Py 1],

for |¢’| < 71, from which we obtain

11Q0Poc,1 (8)ulll2 < C10p (I = T (#)) P, 1 (t)u] -
This completes the proof.

Finally, we prove (5.10).
Proof of (5.10). We fix v, 7, y so that inequality (7.1) in Proposition 7.1 holds true and set 4 = min{rg, 7, 1}.
Then we proceed as in [7, Proof of (5.15)] to obtain

v
v+v

E(t) + 2~ 92 weo ()]0 + / t e~ =2 D(2)dz < C{e"™E(0) + RO (¢) + / t e~ =2 R(2)dz}. (7.19)
0

0

Since "
RO <Ol +t)~"= M(t)*, (7.20)
as we show in Proposition 8.1 (i) below, we deduce (5.10) from (7.19), Proposition 7.1 (i) and (7.20). This
completes the proof.

O

8 Estimates on the nonlinearities

In this section we estimates the nonlinearities, e.g., we prove (5.11) and (7.20). In this section we assume
that v > vy and 72 /(v + ) > 3.

Proposition 8.1 There exists numbereg > 0 such that if solution u(t) of (4.1) in Z™ (1) satisfies supg< ,<;[u(2)]m <
ge and M(t) <1 for all t € [0, 7], then the following estimates hold for all t € [0, 7] with C > 0 independent
of T.
(i)
2n—1

[QPso F(1)]m—2 < C(L+t)" "7 M(t)?

(i1) .

R(t) < C{L+ )" F M(£)> + (1 + )T M(t) Doc (1)}
To show the estimates in Proposition 8.1 we use the following inequalities.

Lemma 8.2 (i) Let 2 < p < oo and let j and k be integers satisfying

11
0<j<k, k>j+n(—>.
2 p

Then there exists a constant C > 0 such that

102 f o gany < Ozl 10 £ o

where § = +(j + 2 — 2
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(ii)

(iii)

Let 2 < p < oo and let j and k be integers satisfying

1 1
0<j<k, k>j+n(—>.
2 p
Then there exists a constant C > 0 such that
||3if|\Lp(Q) < O fllaw)-
If fe H*Y(Q) and f = f(2') is independent of x.,, then

1 _ 1
1l < Ol R 18 1122 -

Proof. The inequality in (i) is a special case of the Galiardo-Nirenberg-Sobolev inequality which can be
proved using Fourier transform. Inequality in (ii) can be obtained by (i) and the standard extension argument.
As for (iii), since

[ fllze) = I fllLr@n-1), 1 <p <00, [|0u fllzz() = 102 fll L2 @1y,

the inequality is a consequence of (i) withn=n—1,p=o00,j=0and k =n — 1. O

Lemma 8.3 (i) Let m and my, k = 1,...,1 be nonnegative integers and let o, k = 1,...,1 be multi-

(i)

(ii)

indeces. Suppose that

m> [g}—&—l, 0< || <mu <mA o], k=1,...,1,

and

my+-4+m > (=1m+ ||+ + |yl
Then there exists a constant C' > 0 such that

|0 108 filla < € T fullerme-

1<k<l

Let 1 < k < m. Suppose that F(z,t,y) is a smooth function on Q X [0,00) x I, where I is a compact
interval in R. Then for |a| 4+ 2j = k there hold

Co(t, f)[felkor + Ca(t, L)L + 1D AN T HID filll—1 [ 2Dk

10507, F(x,t, f)lfall2 < i
Colt, fr(E)[fale—1 + Ca(t, AL+ DAl HID fullln LoD 1.

Here
Colt, f1(t)) = > sup (D700 F) (w, 1, fr(x,1))],
(B,1) < (g
(8,1) # (0,0)
and
Cit, f1(t) = > sup (000,00 F) (x, t, f1(,1))].
(B,1) < (a, )
1<p<j+lal

Let m > [n/2] + 1 then there exist constants C,C’ > 0 such that

If1 - fallam < CJ| fi1]

|| fall g s

and when [f1]m <1,
[fl : f2]]m S Cl[[fl]]m[[fQ]]m
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Proof of previous lemma can be found in [9, 10].
We recall that u(t) is decomposed into

U= Ulu(o) —+ u + aoou(o) T+ Uoos
and we write
Or =01+ 0ccs P = P1 + Poo, Wi = W1 + W,
Uy =T (gs, wi) = U1 + Uoo.
Before investigating the nonlinearities we present some basic estimates.

Lemma 8.4 Let u(t) = T(¢(t), w(t)) = (o,ul®)(t) + u.(t) be solution of (4.1) in Z™(r). The following
estimates hold for all t € [0, 7] with C > 0 independent of T.

(1) -
low(@)llz < CA+8)7 7 M(t),
(ii) .
Do (O)[lm—1 + [us(®)]m < C(A+1)" 3 M(2),
(iii)
[6@)]m + [w@®)]m < CA+)7 T M(2),
(iv) .
o ()l < C(L+1)" 7 M(1),
(v) .
[t (B)lloo < C(L+8)™ 74 M(2),
(vi)

le(®) oo + lw(®)]loo < C(L+8)7 5 M(2).

Proof. Estimates (i), (ii) and (iii) immediately follow from definition of M (t). As for (iv), we see from
Lemma 8.2 (iii) and Lemma 5.3 (iii) that

lox®llse < Cllow®3 105 o (O)]l3 < Cllow@®3 1020« (B3 < C(1+ )T M(2).

This shows (iv). Since [|u.(t)]|co < Clluw(t)]|gm by Lemma 8.2 (ii) we get get (v) from (ii). Estimate (vi)
now follows from (iv) and (v). This completes the proof.

O

First, we consider the estimates on QyF'.

Proposition 8.5 Let u(t) be a solution of (4.1) in Z™(7) such that M(t) <1 for allt € [0,7]. There hold
the following estimates for all t € [0, 7] with C' > 0 independent of 7.

(i)
. (L4675 M) + (14 )~ F M) || Dwas ()|, 1 =m,
[pdivw];, < C _

(1+1)~ 25 M(1)2, l=m—1,
(ii) L

[ V(0.6 + ¢)]m < C(L+H)™75 M(1)?,
(iii) -

[w- Véoolm < C(L+)" " M(t)?,

(iv)

n+1

T M(t) Do (1),

(div (P /ﬁp’”w) NI < C1L+ 1)
Y Pp

for2j 4+ k <m,
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(v)

_n—1
1

10705, w] - Volla < C(L+6)"EM(8)* + (1+1)"T M(t)y/Ds(b),

for2j+k<m,
(vi)

2n—1

I Ty e(gw)llz < (1+1)7 77 M(t)?,

for 25 +k <m.

Proof. By Lemma 5.3 (iii) we have

[02 04 (O] < [0z 04 (D)1 + [0s04(O)]m—2 < [[[Dow ()]l m—1-
We use this estimate and others that come from properties of 2 (t) and & (t), e.g.,

||3];/O'1||2 S ||8m/01||27 k= ].7 ey

and

[Vul]]m S C[[ulﬂm;

together with Lemma 8.3 and Lemma 8.4 to obtain estimates (i)—(vi).
In the case of estimates (i)—(iii), we first use the following expansions and then apply above estimates:

pdivw = 0,0 Ow18, o, + 0,6V divw, + ¢ V18, 0, + ¢udivw,,

w- V(6,0 + ¢1) = 0,0 Ow 1, o, + Wl - V0,00 + 0,0, ¢
+U*w(0)7181'1 ¢1 + Wy - véla

W Voo = U*w(o)’lﬁmlqﬁw + Wy - Voo
This concludes the proof.
Second, we consider @F =T(0, f). Recall that C~2F is written in the form
QF =Fo+ F, + Fy + F3.
Here, F; = 7(0, f,), 1 = 0,1,2,3, with

fo=—w-Vw— fi(pp,9)A 0w er — falpp, §)V (0s, 0.0 )
+Fo1(@nst, 0)dos + Foo(2n, @)V s + Foz(@n,t, )b,
f1=—f1(pp, ) Aw, = —div (fi(pp, $) Vi) + T (V) V(f1(pp, 0)),
Fa=—fa2(pp, 9)Vdivw, = =V (f2(pp, p)divw,) + (divw.)V(f2(pp, 9)),

fs= _f3(xna ¢)¢V¢*

Here, Vw, denotes the nxn matrix (9, wl); fi = mvé’i;iw; fo= pp(vgi;j;@; and fo,(zn,t,0),1=1,2,3
and fs3(zn, @) are smooth functions of z,, ¢t and ¢.

Proposition 8.6 Letu(t) be solution of (4.1) in Z™ (1) and assume that supg<, <, [u(2)]m < €5 and M(t) <1
for allt € [0,7]. The following estimates hold for all t € [0, 7] with C > 0 independent of T.

(1)

[QF ()] m—2 < C(L+ 1)~ M(1)%,

(i) -

[Fo@lm < C{1+1)" "

M(1)? + (1 + )T M(1)[[|Dwoo(t) ||},

37



(iii)

3
S 1 Olmor < CLA+ )" EM(E)? + (1+ )T M(0)|| Dwes ()1}
=1

(i)
3
SoITwfilla < CLA+8)"FMO* + (1+6) "5 M|l Dwac ()]},

1=1
for 2j +k = m. Here, we regard Tjf, with 2j + k = m as an element in H=' by (Tjf)[v] =

(T kf1,v)—1 forv e HY,
Proof. Since [u(t)]m < 5 we see that QF(t) is smooth. Estimates (i)—(iii) can be obtained in similar

manner to the proof of Proposition 8.5 and we omit the proof.
Let us prove estimate (iv). Let 2j + k = m and let v € H}. If k > 1 then we see from (iii) that

(Tiwfrv)al =1 = (T Fi, 0wv)| < N Tj—rfill2llOwvll

< C{+DTEME)? + 1+ 57T ME)|[Dwoo (8|l H vl -

We thus conclude that
n _n—1
ITjxfillr— < CL{A+ "M@ + (1+1)" T M#)|||[Dweo (t)lm},

in the case 2j +k=m, k> 1and [ =1,2,3.
If k=0, ie., m=2j, we write (07 f,,v)_1 as

(0 f1,v)-1 = (0 (f1(pp, ) Vw.), VV) + (8] (F (Vw.)p, f1(pp, )V p), v)

+([0], T (Vw)0 1 (pp, 9)IV 6, v) — (T (Vw.)0g f1(pp, $)0] 6, divv)

~("(V2w.)0p f1 (0 )6, 0) — (T(Vw.)V,, 605 f1(9ps )V + V) 6.0) = S L.

As for I, we have
11| < 107 (f1(pps ) Vews) 2] Vo]l

As in the proof of Proposition 8.5 (i) one can estimate || (f1(pp, #)Vaw,)|2 to obtain

1] < CL(L+ )5 M(8)2 + (1+ )~ F M)l Dwoo (t)][[m ]l 13

Similarly, we have

L] < C{(1+ )75 M(8)? + (1 + 1)~ M| Dwoo ()|l } 0] 2 -

Next, we consider I3 which we write as follows:
Is = (0 1(pp, )01, T (Vw.) IV, 0) + (0], 05 f1(pp, (T (V) V), v) = Ji + Ja.

First, we treat J;, we have
j—1

107, 7Vw,|Ve| < O3 01V e||0f " Opw..

=0

Since

1 m—1-21 1 m—-2G—1) m—1
— = - <1,
n

2 n n

we can find pq;, pa; > 2 satisfying

1 1 m—1-20 1 1 m-2(G-0) 1_1 1
- , — > — 2 o< <]
n 27 pu pa

pu 2 n O opy 2

38



Now, we take number ps; > 2 satisfying p—il =1- (p%l + i) > 0. It then follows from Lemma 8.2 (ii) that

j—1
@s.f1(pp, $)10], T (V) IV$,0) < C 11002 lpa, 18]~ 00t [y |01 s,
1=0

j—1

< C Y N0{0:8 ] rrm1-210] 7 Oswill gm0 [0l a1y < Cllin 105w + 1 Dwoc Il 1ol 3 -
=0

Using Lemma 8.4 we conclude that

] < CL+ )7 EM@? + (1+ )T MO Dwoo ) [lm o] -

Second, we estimate Jo. By Lemma 8.3 (i) we have for my = m — 1 — 2k and m; = m — 1 — 2] that

1107, 06 £1(pps DI (V) V)2 < C D 10893 f1(0ps 9)0e8) s |04 (T (V0. ) V) |

k+1+1=j
< C[[@t¢]]m,1[[T(Vw*)Vq§ﬂm,1_
Therefore, we obtain
[ Jo| < ClO:0)m—1[" (V) V1ol
By Lemma 8.3 (ii) we get
HT(Vw*)VqS]]m,l < C{va*HOO[[axqsﬂmfl + H|DVw*|||m,2[[V¢]]m,1}

< C{0swr [l + (|| Dwoo [l }0e8m—1 < C{(L+8)~F M (1) + (14 6) "5 M(1)||| Dwoc () I}

As for [0;¢]m—1, we see from (6.3) and Proposition 7.9 that

[[atfﬁ]]mfl < C{[[ata*]]mfl + ﬂatﬁb*ﬂmfl} < C{[Agl(t)]]mfl + [[gz(t)F(t)]]mfl

+[[aw’¢oo]]m—1 + Hamwoo]]m—l + [[ax’aoo]]m—l + [HQO(PO(g)F)]OOHm—l + [[QOPOOF]]’ITL—].}
Using
PooF = F — [QoF]oou'® — {PF — [QoPF]u(V},

and

(QoPY Floe = [QoF ] — [QoPF),
together with Lemma 8.4 we get

[0:8)m—1 < CLL+ )" M(t) + [P () F()lm—1 + [QoFlm—1}-

] ="

Since 2j = m, we have [ 5 T], and hence, by properties of (t),

[Z(OF)lm-1 < CLF()]m—2-
It then follows from Propositions 8.5 (i)—(iii) and 8.6 (i) that

2n—1

[F (O] + [QoF (D]m-1 < 2[QoF ()] m—1 + [QF ()]mn—2 < C(L+ 1) T M(1)%,

which implies

[0:]m_1 < C(1+1)~"F M(t).
We thus conclude

3n

[Jo < C{A+ )75 M(1)* + (1 + )2 M ()| Dwee (t) [l 0] 2-

Consequently,
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s < C{OL+H)F M) + (1415 M) Dwo(8) [l Hv]] 5.

Since

L4 < (" (VW) f1(pp, 6)8] 6, divv)| < Ol Ve ocl|0] |2 V02,
and by Lemma 8.3 (i),

5] < (T (V2w.)0s f1(pp, )] 6, 0)| < C0] d2lloV>w.ll2 < ClO] Gll2l Vel |z [[0] 1,

s < 1(" (V) Vo,.606 f1(pps )(V oy + V)3 6, 0)| < C|[Vwr oo |0 Bllz 0| 1 lpp + Sl
we obtain by Lemmas 8.2 (ii) and 8.4,

_ntl
2

|l + |I5] + [ Te] < C{OL+)7F M@+ (1+ )75 M| Dwoc ()l 0] 21

Therefore, we arrive at

(07 F10) 1] < CLA+8)EM B + (14175 MO Dwoo ()|l Ho 112
This gives

18 F1ll - < C{A+HTFME? + (1 + )75 M(#)][| Dwoo (t)][|m}-

Clearly, one can get the same estimate for || fo||g-1. Concerning |07 f4||g-1, one can write it as

A fs=—10], f3(2n, 0)O)Vbu — V(f3(n, 9)00] 4) + V(f3(2n, $)9)0] bs,

and thus the desired estimate is obtained analogously to the one for |87 f,||—:. This completes the proof.

O

Proof of Proposition 8.1. Since [@PwFﬂm—2 < C[F]m-2, assertion (i) follows from Propositions 8.5

(i)~(iii) and 8.6 (i). _
Let us consider R(t). We know that there holds

8 m—1
R(t) <CO_RY@®)+ Y rRY).
j=1 p=1

Let us first show some basic estimates coming from Propositions 8.5, 8.6 and properties of P(t):

2n+1 2

[QoF]m—1 <COA+t)" "7 M(t)?

2n—1

[QF -1 < C{L+)""T M(1)* + (14) T M)l Dwoc ()1},

[[HDF]]m—l S C[[F]]m—la
Moreover, there holds
[QuT; k Floo = —[div Tj k(dw)]oo = —[div T x(¢w")] oo,

since w € Hg.
Let us begin with Rél,z We write

0] (0] ~
R = ﬁ([@on,mm,m%) - 7§<[Q0Tj,k<w>1oo,n,kaoo> + R (T 1([QoFocu®), T o)

6
(T (PF), T sttoc) + (T ([Qo (PF)] oot @), T puc) = S I
=1
Here,
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when 25 +k <m —1, and

> . P’ 1,.. P
Iy = BY) = (@ a(0divw). Ty s ) 4 Laiv (D) 13600

Tpp Y pp
P’ P’
@V Tj(0:60 + 1), Tyidoe ) (1T, 1wV, Ty o o P2)y,
Y Pp 7 Pp

3
(T kS Tjkwoopp) + Y _(T5kF 1 Tj kWooPp) -1,
=1

when 2j + k =m.
We first consider I3. If 25 + k < m — 1, then by applying (8.1) and (8.2), we have

Yo UTwF, Tiuc)al < ClFLm-1[usclm—1 < C{L+6)7 T M(t)* + (1+6)7 T M(t) Doo (1)}

2j+k<m—1

Here, we used relation a?b < 3(a® + ab®) and Lemma 8.4 (i).
In the case 25 + k = m, we use Lemma 8.4 to calculate

@V Tj(0-6 + 61), Tjxdoo PW:EZ’” )| < Cllwlloo (10T + [61]m) [focon < CL+£) D)

P

From above estimate and Propositions 8.5 (i), (iv), (v) and 8.6 (ii), (iv) we see that

ST Bl <C{+ )T ME? + (1+ )T M(t)Deo (1)}
2j+k<m

We next consider I5. If 2j + k < m — 1, then by (8.3) we see that

Z |<Tj,k(]P)F)aTj,kuoo>Q| S C[PF]]m—lﬂuooﬂm—l § O[[F]]m—lﬂuooﬂm—l-
2j+k<m-—1

If 2j + k = m and k > 1, then from properties of P(¢) we obtain
Y. ULwPF), Tjhuc)al < Y ClTip-1(PF)|l2]|Tjktosllz < CIF -1 [toc]m-

2j+k=m|k>1 2j+k=m|k>1

In the case 25 = m, we write

|<85(PF)»81{UOO>Q| < C|<[6gaP]F78gUOO>Q| + |<P8gFaatju00>Q| < ClFm-2[toc]m + |<Pangagu00>Q|‘

To estimate (P! F, 3 us)q, we write it as

Using integration by parts, we have

Since

- p .
v (@o@*azum) 4“’”)) lo < Ol usella
Y Pp

by properties of P*, we see from Proposition 8.5 (vi) that

(0] QoF , P* 0l usc)a| < C(1+ 1)~ % M(t)>.
Since @P*@gum € H} one can estimate |<8g@F,P*aguoo>Q| using Proposition 8.6 (ii), (iv) to obtain

> HAQF, P 0fuccal < C{(1+ 1)~ M(t)* + (1+1)"T M(t)Doo (1)}

2j=m
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Therefore, we have

S <C{a+ )T FM@) + (1 +1)
2j+k<m

T M(t)Doo(t)}-

As for I, from (8.4) we compute

i
~(T31([QuFocu”), Ttisc)a = ) ( ; ) ([div T g (fw")] oo Tj—i.0u”, T ptcc ).
Since

I[div Ty e (d")] oo Tj—i ot |2 < C|| Ty i (w2,

we see using Proposition 8.5 (vi) that

S oLl <o+ F M@
2j+k<m

As for I, using (8.4) and integration by parts we obtain

fe! ag ;.
ﬁ([QoTj,kF]oo»Tj,kao) = —73([61“" ik (BW)]oos Tjnooo) < ClITjk(dw) 2l VT koo 2.
and thus by Proposition 8.5 (vi) and Lemma 8.4 (ii) we get

S oLl <o+ T M@

2j+k<m
As for Io, in the case 1 < 2j 4+ k < m we treat it analogously to I5 to show

@ z z

QLA (PF) s Ty7)] < CIF 1[0l + (QuPal 2P 0l F o)
We further estimate

1(1QoP0 2 e, 1o < 12 0L P10} e o
Using Plancherel theorem we have
12 OO @) = 1710 B @), ug (1)

Therefore, using above relation, analogously to Is, we estimate

12 &)@ @)l < 112 (10(QudlF Ft)2 + 12 (0G0 P (1))

m 3 m
< cf1olF (@) la + Uolm + 31012 1l

=1

In the case j = k = 0 we see from Lemma 6.1 (ii) and properties of P(t),
Qo _3n
|?([Q0(1P’F)}oov%o)| < Cllow osoll2(llow |2 + |1 Fll2) < (1+8)7 % M(t)°.

Therefore, using Propositions 8.5 (vi) and 8.6 (ii), (iv) we obtain

2] > _37 3 N oo .
ST LIS C{(1+ )7 F M) + (1+1)7"F M(t)Doo(t)}

2j+k<m

As for Ig, it can be treated in a way analogous to I5 in the case 1 < 2j + k, thus we get

S 1T ((Qo(PF)]aot®), T ptinc)al < CLIFhm1[toclm—1 + 120 ) o]0} 1},

2j+k<m

and
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ST el < C{+ )T FME? + (1+ )T M(t)Doo ()}
2j+k<m

We thus conclude

n

ROM) < C{L+t)"F M) + (1+ )T M(t)Duo(t)}.

It is straightforward to show that

R(t) < C{RV(t) + [F]2,_; + [Qo(PLF)]2,_, + [PxFI2,_; + [¢divuw]?,

+Hw- V(@ + o012+ > 0705, w]- Vo3

2j+k<m
+ D

P/
(div (f”)w) T340 e )
2j+k+I<m—1 7 Pp

+ > QT u(POF), T;1000)| + [Q(PocF)im—-11020oc]im—1}-
2j+k<m—1

From definition we have

PO(t) =T —P(t) — P,
which together with

[(QoPoc 3Tk F, Tj k000 )| < Cl|Tjr(¢w)|2ll[ Dosollm-1-
gives (analogously to previous computations)
> HQuTik(PLF), Tyxom)| < C(1+ 1)~ M(1)",
2j+k<m—1

Since

[P F] + [PooFlm-1 < C[F]m-1,

using Propositions 8.5, 8.6 and Lemma 8.4 we obtain the desired estimate (ii) in Proposition 8.1. This
completes the proof.
O

9 Asymptotic behavior of ()

In this section we show the asymptotic behavior of solutions of (4.1). In the case n = 2 we prove that it is
described by a solution of a 1-dimensional viscous Burgers equation. In the case n > 3 we show that the
asymptotic behavior is described by a linear heat equation, in fact, asymptotic leading term is the same as
for the linearized problem.

In this section we assume that v > vy and 72 /(v + ) > 42. Let us note that oy (t) is given by

o1(t) = P (t)ul(t), t >0,

where u(t) is a global in time solution of (4.1). Existence of u(t) was proved in Sections 3-8.
First let us treat the case n = 2.

Lemma 9.1 Let n =2 and o(t) is a solution of
00 — “18:%1‘7 + K00z, 0 + WOy, (02) = 0,
(9.1)
U|t=0 =0y,
where 1o € R, k1 > 0 are the numbers given in (4.6) and wy = + fOT[é(O)w(O)’l(z)] —(F1(2),w*M(2))dz and

o0 = [Qouo] = [¢o]. Then we can write

o(t) = H)o0 — wo /0 St — 2)0s, (02(2))d. 9.2)
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Theorem 9.2 Let n = 2. For any § > 0 there exists e7 > 0 such that if ||uo|| gmnrr < €7, then
_s
lov(t) = o()ll2 < C(L+ )5 Jluoll e,
fort>0.

(3.7) now follows from (5.13) and Theorem 9.2. To prove Theorem 9.2, we employ the following well-known
decay properties of o(t).

Lemma 9.3 Let n =2 and o(t) is a solution of (9.1) with ||oo||ginpr < 1. Then

1% o(t)]|l2 < C(L+ )55 ool ginzs (k= 0,1),

lo@®lleo < CL+ 172 ool 2
We introduce a quantity. Let o1(t) and o(t) be solutions of (5.1) for s = 0 and (9.1), respectively. We
define N(t) by

N = sip (1+2)F 01 (2) = o)

Theorem 9.2 would then follow if we could show that N(t) < C||uo|

Hm le .

Proof of Theorem 9.2. It is obvious that estimate holds for 0 < ¢t < 1. Let us show that it holds for ¢ > 1.
Assume ¢t > 1. From (5.1) we have that for s =0

t

o1(t) = e P (0)ug + / NP (2)F(2)dz. (9.3)
0

We next rewrite e=*)A P (2)F(z). By Lemma 6.1 (ii), we have

P ()F(2) = =0, [ow']s + 0, PV ()F (2) + 02, PP () F(2)
= —a11(2)0s, (01) = Oa, ([pw']1 — [0V 6]1)
+02, P (2) (03 F1(2) + Fa(2)) + 02, PP (2) F(2).
Here ay1(2) = [¢(Dw(©-1(2)]. Since

FLPD (2)(03F1(2)} = 2u{(0D) F1(2),u" D (2)) = Ru(Fi(2), D (2))(02) = —a15(2)02,
(a

where a12(2) = —(F1(z2), u*M(2)).
Using properties of e*=2)A we thus arrive at

NP ()F(2) = —ay(2)e 10, (03(2))
—elt=80,, {[ow']s(2) — (60w (2)]o? (=)}

+e(t—z)Ah5(Z) + e(t—z)AhG (Z),

where a1(z) = a11(2) + a12(2), sup,¢ 7, |a1(z)| < C and

ho(2) = 00, PV (2)Fa(z) + 02, PP (2) Fa2),

ho(2) = 32, PP (2) (01 F1(2).
It then follows from (9.2) and (9.3) that

where
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Io(t) = ™ P (0)ug — Ht)o0,
n=- [ A~ )0 (03(2) — 0 (),
L(t) = — /O eI~ I — 2)) (03,
h=- [ (@1(2) — w0)e M0, (o3)dz,
nw=- [ 0N [ s (2) — [9O0 O (2)]03 (2))d,

t
Ij(t):/ AN (2)dz, j=5,6.
0

Let us show estimates on I;, j =0,...,6.
As for Iy, from (4.10) we see

Ho()][ s < Ct 3 Jug|l -
Let us consider I;(¢). By Lemma 9.3, (5.12) and the definition of M () and N(t), we have

I(e? = o))l < (o1 + o) ()lll(o1 = o) (2)ll2 < C(L+2) "N () ol gmare,

for ||ug||gmnr: < e3. Furthermore, by Lemma 8.2 (iii) we have ||(01 — 0)(2)]loe < C(1 + 2)~3T9N(t), and

hence,

10z, (07 = o) (2)ll2 < C{ll (01 + 0)(2) |0 /100, (01 — ) (2)l|2 + (o1 = 0)(2) 0[Oy (1 + @) (2)]|2}

HmleN(t)'

< O+ 2) " 140y

It then follows from (4.8) that for £ = 0,1,

1
t—3

okl < (| T -a T ar ) as [ - n T
0 t—1

2

t
+ / (t=2) (14 2) Pz} uoll aman N (8) < C(L+6) 74 [uol mpzs N(2).
t—3

As for I1(t), we see from (4.11) that for k =0, 1,

% 5k t—3 3k t k
0% L) < Cf / (t—2)" 1 ¥ o2 (2) 12+ / (-2 00, (03 adat / (2405, (03 (2)) o).

2
From Lemma 6.3 we have

t—

gC{/ ’ (t—z)—%—%(1+z)—%dz+/
0 t—1

(NI

(t—z) "5 3(1+2)""dz + /t_ (t—2)" 2 (14 2) Tdz}M(t)?

(NI

2
_3 2
<O +1) "3 luol|zrmaga-

As for I3(t), let us define b(t) = fg a1(%z) —wodz. Then 9;b(t) = a1(t) — wp and b(0) = b(T") = 0. Since
a1(t+T) = a1(t) we have 9;b(t +T') = 0;b(t) and thus b(t +T') = b(t). We arrive at sup,. 7. [b(z)] < C. We

write

L(t) = — /O t 8.b(2)e =89, (02)dz = — [b(z)ewmaxl(a‘f(z))]; + /O t b(2)d, (e@*Z)Aaxl(af(z))) dz
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t t
— ()0, (03(1)) / b(2)elt I AD,, (02 (2))dz + / b(2)0n, 00, (02 (2))dz = Ty (1) + Tolt) + Ja(t).
0 0
From Lemma 6.3 (vii) we have for k = 0,1,

105, T1(®)]l2 < COL+ 67 M (1),
We see from (4.9) and Lemma 6.3 that

[ J2(t)]|2 < C{ / St —2) o2 (2) ads + / 1+t —2)" 10, (03(2))|1d2}

_3
< C(L+ )75 uollFrmap-

As for J3, using (6.3) we calculate

t t
J5(t) =2 / b(2)8,, et o) (2) Aoy (2)dz + 2 / b(2)0y, e "G (2) P (2)F(2)dz = J31 + Jao.
0 0
Using (4.9) and Lemma 6.3 we calculate

||J31||2<c/ +t—2) o (Ao (D) dz<c/ = 2) 4oy (2)]|2l| A (2) |2z

t .
< CM(t)Q/ (I+t—2)5(1+2) " dz < C1L+1)" T log(1 + t)|to]|Zmpp1-
0

Analogously we obtain for J3o that

t
e <€ [ (14t =2 For (el F@lads < O+ log(1 + 1) ol
0

As for I,(t), we have

llgw'1(2) = (7w (2)]of ()l < Clllov(2)l2llulz) = o1(2)u® (2)ll2 + [[u(z) — o1(2)u' ()3}

<O +2)" ' M(2)%
Thus, (4.9) gives us

k
2

t
0% L(t)]|2 < CM (1) / (L4121 5(1+2) "z < C(L+ 1) T log(1 + t)]|uo | Zmp: -

0
To estimate I5(t), we write hs(z) as

hs(2) = 0, (PO Q) Fa(2) + 0, PP () Fa(2))
Using (4.14) and Lemma 6.3 (v), we have

t -
%, I5()l2 < C’M(t)2/ (14124

0
As for I(t), we write hg(z) as

02, 22 (2)(02F)(2) for =€ [0, 4],
he(2) = ,

0p, PP (2)(0s, (02)F1)(2)  for z € [L,1].
We see from (4.14) and Lemma 6.3 that

(1+2)7dz < CL+ )77 log(L+8) w0 Frm -

% 5 ¢ 3
107, Z6(2)]2 SC{/ (1+t*2)’rg\\0f(2)\\1d2+/ (L4t =2) 71720, (1)1 dz} M (¢)?
0
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t

< C{/2(1+tfz)’%’§(1+z)’%dz+/ (1+4t—2)"4"
0

t
2

E
2

(1+2) 7 dz}M(1)* < C(L+ ) fJuol pmprr-

‘We thus obtain

_3
(o1 = o))l < O+ )T uoll grmars {1 + luoll mmars + luollFmqpe + N ()},
which yields

N(t) < lluollrmnr {1+ lluoll ez + lluollFmaz: + N (6)}-

The desired result now follows by taking ||ug||gmnr: suitably small. This completes the proof.

Now let us show the asymptotic behavior in cases n > 3.
Theorem 9.4 Let n > 3. There exists eg > 0 such that if ||uo||gmnr: < €s, then

los (8) = St oll> < C(1+ 1)~ 5 0. (8) o

Hm™ALL,
where n,(t) = log(1 +t) when n =3 and n,(t) =1 whenn >4 and t > 0.

Proof. From (9.3) we see that

t
o1(t) — Ht)oo = e P (0)ug — Ht)oo + / TN P (2)F(2)dz.

0

Estimate (4.10) then implies
e 2 (0)uo — H)ooll2 < C T =5 |ug|| 1 (-
By Lemma 6.1 (ii) we have
P (2)F(2) = —div'[p(2)w' (2)], + div' PV () F(2) + A’ PP () F(2),

and thus by using (4.14) and Lemma 6.3 we obtain

—1

te(t_z)A 2)F(2)dz t — )T (||[ow'](2 2)|1)dz
||/0 P (2)F(2)d HzSC/O(lth ) ([llgw'1(2)|lr + |1 F(2)[l1)d

t
< C’M(t)2/ (It —2) T4 4 2)" " dz < O+ )" 2 () uo | srmos.
0

This concludes the proof. O

(3.9) now follows from (5.13) and Theorem 9.4.
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