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Abstract

The linearized problem around a time-periodic parallel flow of the compressible Navier-Stokes equation
in an infinite layer is investigated. By using the Floquet theory, spectral properties of the evolution
operator associated with the linearized problem are studied in detail. The Floquet representation of low
frequency part of the evolution operator, which plays an important role in the study of the nonlinear
problem, is obtained.
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1 Introduction
In this paper we study spectral properties of the linearized operator around a time-periodic solution to the

compressible Navier-Stokes equation with time-periodic external force and time-periodic boundary conditions.
We consider the system of equations

855 + div (p0) = 0, (1.1)
P(OT + T - V) — pAT — (u+ ¢ )Vdive + VP(p) = pg, (1.2)

in an n dimensional infinite layer Q, = R"~1 x (0, ¢):

Q = {T="7@17,);

=~

T = T(il,...,fn_l) S Rnil, o<z, < f}

Here n > 2; p = p(,1) and 0 = T(¥*(Z,1),...,0"(Z, 1)) denote the unknown density and velocity at time
t>0 and position Z € €2y, respectively; P is the pressure, smooth function of p, where for given p, > 0 we
assume P’(p,) > 0; p and p’ are the viscosity coefficients that are assumed to be constants satisfying pu > 0,
% w4’ > 0; div,V and A denote the usual divergence, gradient and Laplacian with respect to Z. Here and
in what follows 7- denotes the transposition.

In (1.2) g is assumed to have the form

g="0"#n 1),0,...,0,3"(Zn)),

with ¢g* being a 7-periodic function in time, where 7 > 0.
The system (1.1)—(1.2) is considered under boundary condition

Uz,—0 = V(t)er, Blz,—¢ =0, (1.3)
and initial condition
(57 5)‘?:0 = (50750)7 (14)
where V! is a T-periodic function of time and e; = 7'(1,0,...,0) € R™.

Under suitable conditions on g and V!, problem (1.1)-(1.3) has smooth time-periodic solution Up =

T (Pp: Up) satisfying

AU B AU
pp:pp(xn) 2> p1, z/ pp(xn)dxn = Px,
0
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Ty =T (U)(Tn,1),0,...,0), Th(Tp,t+7) =0 (Tn,t),

for a positive constant p;.
Our main concern is asymptotic description of large time behavior of perturbations from %, when Reynolds
and Mach numbers are sufficiently small. For this purpose we consider the linearized problem in this paper.
To formulate the problem for perturbations, we introduce the following dimensionless variables:

~ Y/ ~
T =Lz, t:Vt’ v=Vu, p=p.p, P=pV?P,
with Vv
ﬁj = VU}, 52 p*’y_z(ba i/v'l = VVl’ g = ;€2ga
where

P(ps)
5

In this paper we assume V > 0. Under this change of variables the domain €}, is transformed into Q =
R"1 x (0,1) and g'(z,,t), V1(t) are periodic in ¢ with period T > 0 defined by

psl? 7 ~ T
v = - V=B {1 ovm + P lesxioa |+ 7 oo

T:%T.

The time-periodic solution %, is transformed into u, = T(pp, vp) satisfying
1
pp = Pp(xn) >0, / pp(n) drn =1,
0

vp = T(vzlj(a:n,t),O, .., 0), Uzl,(xn,t +7T) = vzl)(a:n,t).

It then follows that the perturbation u(t) = T(4(t), w(t)) = T(v2(p(t) — pp),v(t) — v,(t)) is governed by
the following system of equations

8tgb+v;5m¢+'yzdiv (ppw) = 17, (1.5)
Ow — - Aw — %Vdivw + 0y 00, w + (On, vp) W™ €
Vo 1 P(oy) (1.6)
+m(8wnvp)¢ e +V (4,72’)2 (b) =f,
w‘a:n:O = w‘xnzl = O? (17)
(¢7 w)|t:0 = (¢07 U)()), (18)
where fO and f = T(f!,---, ") denote nonlinearities. Here div,V and A denote the usual divergence,

gradient and Laplacian with respect to x; v, v/ and U are the non-dimensional parameters:

/

V= M l// — L
A% plV’

v=v+1.

We note that the Reynolds number Re and Mach number Ma are given by Re = v~! and Ma = 71,
respectively. Since our concern in this paper is analysis of solutions to the linearized problem, i.e. problem
(1.5)-(1.8) with (fY, f) = (0,0), we do not write down the exact form of (f°, f). See [1] for the derivation
of (1.5)—(1.8) and the exact form of (f°, f).

In case g* and V! do not depend on ¢, problem (1.1)—(1.3) has a stationary parallel flow. The stability of
stationary parallel flows were studied in [3, 4, 5]. It was shown in [3] and [4] that the stationary parallel flow
is asymptotically stable under sufficiently small initial perturbations in H™(2) N L*(Q) with m > [n/2] + 1,
provided that Re < 1, Ma < 1 and density of the parallel flow is sufficiently close to a positive constant.
Furthermore, the asymptotic behavior is described by n — 1 dimensional linear heat equation in the case
n >3 ([3]) and by one-dimensional viscous Burgers equation in the case n =2 ([4]).

The case of time-periodic parallel flows was considered in [1]. We investigated the linearized problem, i.e.
(1.5)—(1.8) with (f°, f) = (0,0), which is written as

Ou+Lt)u=0, w

2n=01 =0, ult=s = up. (1.9)



Here u = 7(¢,w) and L(t) is operator of the form

L) Uzl) t)0z, V2div (pp -)
t - ’ ~
v (ZLen) ) Y AL — ZVdiv
Y Pp Pp Pp

(1.10)

0 0
+< £502 vh(tler vh(0)De, Lo + (0, v}(D)erTen )

Note that L(t) satisfies L(t) = L(t + T).
It was shown in [1] that if Re < 1 and Ma < 1, then the solution operator U(t, s) for (1.9) satisfies

1050}, Ut syuollzz < C{(t = )7"T 5 Juoll -1 0.1)x 20,0
; (1.11)
e~ 1) ([uo | 11 12 + [|0rwo|2)
and
105,01 (U(t, s)uo — o1 s[uo)u® @)z < CLEt — 5) T35 Jug| 1 @t 0.1)x22(0.1)) (1.12)

+e= ) (Jlug | g2 x 2 + | 0pwol|2) }

for t —s > 4T,s > 0, k,1 = 0,1, where u(9 () = u(®(z,,t) is a function T-periodic in t and o} ,[ug] =
o1,s(x")[ug] is a function whose Fourier transform in 2’ is given by

; 2 1 "2 —
F (01,s[ug]) = e~ rosrmeit I g, (&),

where &' = (&1,...,&n—1) and & = (&2,...,&,—1). Here [qAﬁo({’)] is a quantity given by
o~ 1 ~
N = ! n d ns
oo(@) = [ (¢’ da

with 50 being the Fourier transform of ¢ in 2’ and kg € R, k1 > 0, " > 0 are positive constants depending
on py, L,V p, 1’ and P'(py).

These results suggest that the asymptotic behavior of solutions of the nonlinear problem (1.5)—(1.8) is
expected to be similar to that in the case of stationary parallel flows.

The purpose of this paper is to study more detailed spectral properties of U(t, s), which will be useful to
analyze the asymptotic behavior of solutions of the nonlinear problem.

To study spectral properties of U(t, s), we consider Fourier transform of (1.9) that can be written in the
form:

d . ~ ~ ~
Zut Le()u=0, t > s, Uli=s = Up, (1.13)
where U denotes the Fourier transform of u in 2" and ¢’ is dual variable to 2. For each ¢’ € R"~! and for all
t > s there exists a unique evolution operator Ug (¢, s) for (1.13).

Since L¢/(t) is T-time periodic, the spectrum of Ug (T, 0) plays an important role to the study of large

time behavior. It was shown in [1] that the spectrum of ﬁgr(T, 0) satisfies the following inclusion

. { {rTIU{N <a} (€] <),
U(Uf' (T’ 0)) c
{IAl < a1} (€' =),

for a constant 0 < ¢; < 1 and 0 < r < 1. Here e*¢'T is the simple eigenvalue of ﬁgx (T,0) and Mg =
—ikol1 — k1&F — K12+ O(€']P) with kg € R, k1 > 0,x" > 0and & = T(£1,£"). As aresult one can obtain
(1.11) and (1.12).

In this paper more detailed analysis is made for the spectral properties of (75/ (T,0) (|¢'| < 7). We
develop a Floquet analysis for L(t) and construct a family of time-periodic projections associated with the

eigenspaces for the eigenvalues e*¢’?. The main results of this paper are summarized as follows. We assume
that g' € ﬂj[zg CI(R; H™=%1(0,1)), g™ € C™[0,1] and V! € C’[m;l](]R) for a given integer m > 2. Note that
m+2 . .
under these assumptions we have v, € ﬂ][:f) ] CI(R; H™*2723(0,1)) and p, € C™F10,1].
Then for the Reynolds and Mach numbers small one can construct a family {P(t)}+cr of bounded pro-
jections on L?(2) along the Floquet theory; and by P(t) we represent P(t)U(t,s) as




Pt)U(t,s) = 2 (t)e' =M P (s). (1.14)

Here, et? 'R1e*t.F with frequency cut off function X : x1(&) =1 (¢ <r), x1(&) =0 (]¢'| > r1),

=F
and 2 (t) = F 1)?1@@5/() F and P (t) = F 'T e@g()a‘ with

—

De(t): C— L2(0,1) and P (t) : L*(0,1) — C,

expanded as
Doty=2w +¢-2V1) +0(eP),
Paty=291¢. 200 +0(¢P),

for |€'| < 71, where Q(O)(t)a = ou®(-,t) (0 € C), POy = [¢] (u = T(¢,w) € L?(0,1)). We study
boundedness properties of 2 () and & (t). One consequence of (1.14) is that we improve (1.11) and (1.12)
as

||8§’8§cnp(t)U(ta3)u0||L2(Q) <Ot — 5)7%7§|‘UOHL1(Q%
I(I = P@)U(, s)uoll oy < e " (Jluoll g xrz + [|00wollz2),

1050% (P@U(t, s)uo — o1, [uo]u® (1)) l| 2(0) < CE—5)~"F 275 [Juo|| 1 ().

Another consequence of (1.14) is that if u(¢) is a solution of

Ou+ L(t)u = f, ult—o = uo,
then P(t)u(t) is represented as

t
P(t)u(t) = 2(t) (etAQZ(O)uO + / e(t_z)Agz(z)f(z)dz) .
0
This formula is useful for the analysis of nonlinear interaction of solutions of (1.5) —(1.8); and, in particular,
it plays an important role in studying the 2-dimensional nonlinear problem.

Structure of this paper is following. In Section 2 we introduce basic notations that are used throughout
the paper. In Section 3 we state the main results. In Section 4 we establish existence and regularity of
solutions of inhomogeneous problem (1.13) for fixed & € R®"!. In Sections 5 and 6 we study spectral
properties associated with (1.13). In Section 7 we present the proofs of main results. Section 8 is Appendix.
It contains proofs of some proclaims from Sections 5 and 6.

2 Notation

In this section we introduce some notations which are used throughout the paper. For a domain F we denote
by L?(E) the usual Lebesgue space on E and its norm is denoted by || - ||12(z). Let m be a nonnegative
integer. H™(E) denotes the m-th order L? Sobolev space on E with norm || - || gm(gy. C§*(E) stands for the
set of all C™ functions which have compact support in E. We denote by H}(E) the completion of C}(E) in
H(E).

We simply denote by L2( ) (resp., H™(E)) the set of all vector fields w = T(w!,...,w") on E with
w! € L*(E) (resp., H™(E)), j = 1,...,n, and its norm is also denoted by ||-|| 2(g) (resp., ||| gm (&)). For u =
T(¢,w) with ¢ € H*(E) and w = T(wl7 coow) € H™(E), we define |[ull gr gy am gy DY [ull gx (2)x am(E) =
Nl e gy + Wl gm(zy- When k = m, we simply write |[ul gr gy mr gy = Ul gr(5)-

In the case E = Q we denote the norm || - || 12(q) (vesp., || - ||L1(q)) by || - |2 (resp., || - [|1)-

In the case E = (0,1) we abbreviate L?(0,1) (resp., L'(0,1), H™(0,1)) as L? (resp., L', H™). In
particular, we denote the norm of L? (resp., H™) by |- |2 (resp., | - |gm). The inner product of L? is denoted
by

1
- /O F(w)g@n) den,  fog € L.



Here g denotes the complex conjugate of g. For u; = T(¢;,w;) € L? with w; = T (w}

Geew)) (7 =1,2), we
also define a weighted inner product (us,uz) by

Pl 1
ipp) dx, + / w1 Wapp ATy,
Y Pp 0

1
(ur,uz) :/0 D10y

Furthermore, for f € L' we denote the mean value of f in (0,1) by [f]:

= (f1) = / F () da.

For u = T(¢,w) € L' with w=T(w!,... , w™) we define [u] by

We often write z € Q as

=" x,), o' =T(x1,...,2y_1) € R* L.

Partial derivatives of function u in z, 2/, ,, and ¢ are denoted by d,u, Oy u, O, u and dyu, respectively. We
also write higher order partial derivatives of u in = as O%u = (0%u; |a| = k).

We denote k x k identity matrix by Ij. In particular, when &k = n + 1, we simply write I for I,,11. We
define (n + 1) x (n + 1) diagonal matrices @Q;, Q' and Q by

Q; = diag(0,...,0, 1 ,0,...,0), j=0,1,...,n,

N
j-th
and ~
Q' = diag (0,1,...,1,0), Q = diag (0,1,...,1).
We then have for u = T (¢,w) € R** w="T(w!,...,w") =T (v, w"),
i’ 0 0 0 B .
Qou:< ), Qu=| w |, Qu= 0 , Qu=| w |, Quz( )
0 " w
0 w 0

We denote €] = 7(1,0,...,0) € R*1. We note that
[Qou] = [¢] for u=T(p,w).

For a function f = f(2') (' € R"™1), we denote its Fourier transform by for Ff:

fle) = (Fpe) = / e € do!.

Rn—1

The inverse Fourier transform is denoted by % -

(F ) = 2m) Y / F(E)e " g
Rn—1
For closed linear operator A in X we denote resolvent set of A by p(A4). We denote the spectrum of A by
o(A). For A € p(A) we denote the resolvent operator by R(\; A):

ROGA) = (M — A)~L,

For bounded linear operator A we denote the spectral radius of A by r(A). We denote the set of all bounded
linear operators from X; to Xs by L(X7, X3), and if X; = X5, we simply write L(X7) instead of L(X7, X1).
The operator norm is denoted by |- |r(x, x,)-

For operators A, B we denote [A, B] the commutator, i.e. [A, B] = AB — BA.

For time interval [a,b] C R, we denote the usual Bochner spaces by L?(a,b; X), H™(a, b; X), etc., where
X denotes a Banach space.

In this paper we frequently work with T-time-periodic functions. Instead of T-time-periodic functions on
R we work with their restrictions on interval [0, T]. We denote the fundamental interval [0,T] by Jr, i.e.:

Jr =[0,T).

For any Bochner space W(Jr; X) we denote by Wpe,(Jr; X) the space of restrictions of T-periodic
functions, e.g. H,,,(Jr; X) consists of functions from H'(Jp; X) that are restrictions of T-periodic functions.



Definition 2.1 We define the following function spaces:
H=t=(HY)* forj=-1,
Xo=H'xL? HI= L? for j =0,
HI N H} forj>1.

Definition 2.2 Let 1 < k < m. Let us define spaces Yk

per

Yl = PeT:L?)er(JT;XO)v

per —

ﬂ er( (Jp; HY 2 x HF=1720) 0 for 2 <k < m.

per -

Remark 2.3 Note that for k > 3 we have:

] (5]
mH](JTka_Q] ka—l—Qj <_> j 1 J Hk‘-‘rl 27 XHk 2])
7=0 j=1

ol

3 Main Results

In this section we state the main results of this paper. _
In the whole article we assume the following regularity for g and V1.

Assumptions 3.1 For a given integer m > 2, g = L (§"(@n,1),0,...,0,5"(F,)) and ‘71(?) belong to the
following spaces:
gt ecm™o,,

and

ﬂ J,([0, 7] H™%(0, 0)),

m+1

le OZ[)er ]([O,T]).

Furthermore, we assume
P()) € C"™(R).
It is straightforward that g and V! belong to similar spaces as g and V1.
Under Assumptions 3.1 one can see that flow u, has the following properties (see [1]).

Proposition 3.2 Let

v|g™lemqoay < C,  [Pleme <C,

for a suitable constant C > 0 (see [1]). Then flow u, = T(pp(xn), vp(Tn,t)) exists and under Assumptions
8.1, it satisfies

[=42)

vp € ﬂ ¢, (Jps H™F27%(0,1)), p, € C™H0,1],

and )
0< p1 < pplan) < pa, / Pl ity = 1, 0y (, 1) = T (0120, 1),0),

0

with
P'(p) >0 for p1 < p < pa,
C i n / 2 C n
11— pplemtioa)) < ?V(\P lem—1(p1,02) T 19" lemo1))s [P (pp) — 7 leo(o) < ?V|g lco(0.1])5

and



P/
/);072([710) > ay, (3.1)
v
with some constants 0 < p1 <1 < pa and ag > 0.

Let us consider homogeneous problem
Ou+Lt)u=0,t>s, wg,=01=0, ult=s = up. (3.2)
Here, L(t) is the operator given in (1.10). We introduce the space Z, defined by

Zy = {u="T(¢,w); € Cloe([s,00); H'), 8% w € Cloe([s,00); L)NLL . ([s,00); HE) (|| < 1), w € Cloe((s, 00); HY)}.

' loc

In [1] we showed that for any initial data ug = (g, wp) satisfying ug € (H' N L?)(Q) with 9wy € L*(Q)
there exists a unique solution w(t) of linear problem (3.2) in Z;. We denote U(t, s) the evolution operator
for (3.2) given by

u(t) = U(t, s)ug.
To investigate problem (3.2) we consider the Fourier transform of (3.2). We then obtain

d_. = - ~ ~

T + L (t)u=0, t>s, Ul4=s = Up. (3.3)
Here QZ = (E(f',xn,t) and W = wW(&', x,,t) are the Fourier transforms of ¢ = ¢(z, x,,t) and w = w(a’, x,, 1)
in 2/ € R"~! with ¢’ € R"! being the dual variable; L¢ (¢) is an operator on Xy with domain D(Lg (1)) =
H' x H2, which takes the form

i&vl(t) i, "¢ V20u, (pp )
Toty=| gl Z(gP-92 ), 1+ ZeTe ~iZ €0,
0., (B4 ) ~iZT¢0,, (g2 - 02,) - 202,
0 0 0
F| (@2 b0 il O (oh(D)eh
0 0 i€ vl ()

For each t € R and ¢’ € R"™ 1 Eg/(t) is sectorial on X(. As for the evolution operator ﬁg(t, s) for (3.3) we
have the following results.

Lemma 3.3 For cach ¢ € R"! and for all t > s there ewists unique evolution operator ﬁg/(t,s) for (3.3)
that satisfies

L (1)U (t,8) | L(x0) < Crrtas 01 < 8 <t <t

Furthermore, for ug € Xo, f € C%([s,00); Xo), € (0,1] there exists unique classical solution u of
inhomogeneous problem

d N
pr +Lo(t)u=f, t>s, uli=s = uo, (3.4)
satisfying u € Cloe([s,00); Xo) N CL(s, 00; Xo) N C(s,00; H x H2); and the solution u is given by

wa=wmwm=@wmw+/ﬁwmvww

Since Egl (t) is sectorial uniformly with respect to t € R for each ¢ € R"~!, Lemma 3.3 can be shown by
standard theory (see, e.g. [7, 9]).
Let us introduce adjoint problem to

Oru + Egl BHu=0,t>s, ult=s=ug.



Lemma 3.4 For each & € R"™! and for all s < t there exists unique evolution operator ﬁg/(s,t) for adjoint
problem

—0su + EE,(s)u =0, s <t, uls=t = up,

on Xo. Here, Ez,(s) is an operator on Xo with domain D(EZ/(S)) = H' x H2, which takes the form

—i& vy (s) —i?pp" € 7?0z, (pp - )
Tus)=| —g5e  2(gP -0 )+ ZET¢ iZe0,,
0, (L ) iZT¢D,, L(gP-02) - Zo2,
0 (@2 vh(s)Te; 0
+1 0 —i§1v;(s)ln_1 0
0 Ou,(vp(s)Ter  —i&ivy(s)

Moreover, Ez/(s) satisfies <E§/(s)u,v> = (u, Ez, (s)v) for s € R and u,v € H' x H? and

‘LEI(S)UE/(S,tNL(XO) < Ct1t2, t1 <s<t<ts.

Furthermore, for ug € Xo, f € C*((—00,t]; Xo),a € (0,1] there exists unique classical solution u of
inhomogeneous problem

d ~
U + L (s)u=f, s <t, uls=t = uo, (3.5)

satisfying u € Cloe((—00,]; Xo) N CY(—00,t; Xo) N C(—oc0,t; H x H2); and the solution u is given by

u(s) = (¢(s), w(s)) :ﬁg,(s,t)uo+/ Ui (s, 2) f(2)dz.

Since Zg,(s) is sectorial uniformly in s on Xy, Lemma 3.4 is obtained in the same way as Lemma 3.3.
Note that 175/ (t,s) and [75*,(8, t) are defined for all ¢ > s and

Ue(t+T,s+T) = Ue(t,s), Us(s+ Tt +T) = Ug(s,1).

The results of the following proposition were established in [1] on space Xj.

Proposition 3.5 There exist positive numbers vy and vy such that if v > vy and ¥ /(v + ) > ¢ then there
exists ro > 0 such that for each £ with |£'| < ro there hold the following statements.

(i) The spectrum of operator (75/ (T,0) on H' x H} satisfies

o(Ue (T,0)) C {per} U {p: el < o}, (3.6)

AerT

with constant qo < Repg < 1. Here, pe = e is simple eigenvalue of (75/ (T,0) and Ae' has an

expansion
Ao = —iro&y — ka&; — K"|E"P + O(I¢']%), 3.7)
where kg € R and k1 > 0, k" > 0.

Moreover, let ﬁgz denote the eigenprojection associated with pe . There holds

|Ue (¢, 8)(I — g Yul g < Ce™ 9|1 — T )u|x,,

forue Xy and T <t —s. Here, d is a positive constant depending on rq.



(i) The spectrum of operator ﬁg‘, (0,T) on H* x H} satisfies
o(Ug(0,T)) C {Fery U{p: [ul < go}-

Here, Tig, is simple eigenvalue of U, (0,7).

Furthermore, let ﬁg/ denote the eigenprojection associated with fig,. There holds
(Meru,v) = (u, I v),
foru,v € Xg.
Next we introduce Floquet theory.
Definition 3.6 We define operator B¢ on space Yper with domain

D(Bfl) = H;er(JT;XO) OLQ (JT;Hl X HE)7

per

in the following way
Bew = 8,0 + Les (),

for v € D(Bgr). Moreover, we define formal adjoint operator Bf, with respect to inner product % fOT<-, Sdt
as

Biw = —dw + Ly (),
forv e D(Bf) = D(Bg).

Remark 3.7 Operators Be and B¢, are closed, densely defined on Ype, for each fized & eRL

Definition 3.8 Let k > 1. We say that u = T (¢, w) is k-reqular function on time interval [a,b] whenever

(5]
we () C7([a,0); (H* % x HET2)(Q)),

j=0
4] (]
¢pe(VH ™ a,b; H2(Q), we (| H (a,b; HI' ().
j=0 3=0

Proposition 3.9 There exist positive numbers vy and o such that if v > vy and v*/(v + V) > ~2 then there
exists 0 < 1y <1 such that for each |&'| < ry there hold the following statements.

i) Let 1 <k <m. There exists q > 0 such that spectrum of operator Ber on YX  satisfies
13 per

o(Be) C{=A¢}U{A:ReA > q1},
with 0 < —Re g < %ql uniform for all k. Here, —\¢: is the simple eigenvalue of Bg.

(i) Let 1 < k < m. Spectrum of operator Bg on Yplfjr satisfies
o(Bf) C{-Ac}U{A:ReA > @1}
Here, —X¢r is the simple eigenvalue of Bg,.

(i1i) There exist ug and ug, eigenfunctions associated with —Agr and —XE/, respectively, with the following
properties:

(ug: (1), ug (1)) = 1,

ug (t) = u® (1) +i¢" - uM (1) + ¢ Pu@ (¢ 1),



ug () = w4+ wr (@) + PP (1),

fort € Jp. Here, all functions

ugr, ug, w0 (0% (1) g (D u(2)(£’), u(Q)*(f’),

are m-reqular on Jr and we have estimate

(%] =] (mt2]
sup 3 02} s + [ D 108 Ul sy + 108 T Qo [l s < C.
zedp . _ 0 .

7=0 7=0

foru e {ugl,uz,,u@) (€),uP*(¢")} and a constant C > 0 depending on .

Let vg, 7 and 71 are given by Proposition 3.9. In the rest of this section we assume that v > vy and
V(v +7) =94

Definition 3.10 We define X1 by
1’ |£I| <,
X1(€) =

0, [¢'|=m,
for & e R*7 1L,

Now, we introduce time-periodic projection based on ug and uz,.
Definition 3.11 We define operators 22 (t) : L*(Q) — L*(R"™!) by

P(tyu=F P (),

P e(t)a = x1(u,ug (1)),
foru e L%(Q) and t € [0, 00).
We define operators 2 (t) : L2(R"™) — L*(Q) by

2(t)o = F {12 e ()51,

217 = e (117,
fort € [0,00) and multiplier A : L*>(R"~!) — L2(R"~1) by
Ao = 971{21&/3},
for o € L2(R™1).
Moreover, we define projection P(t) on L*(2) as
S
P(tyu=2t) P (u=F {X1(tug (t)ue ()},
fort € [0,00) and u € L*(9).
One can see that P(t)? = P(t) and by Proposition 3.9 the following estimates hold uniformly in ¢,
t € [0, 00);
12 ()ull g2 (1) < Cllullz2(0),

|P(t)ull 20 < Cllullp2 ),

for u € L*(Q).
As for 2 (t), one can see from Proposition 3.9 that

12 (t)ollg2() < CllollL2@n-1y,

uniformly in ¢ € [0, c0).
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Clearly, A is bounded linear operator on L?(R"~1!). It then folllows that A generates uniformly continuous
group {e!*};cr. Furthermore, if ¢ € (L' N L?)(2), then

1

108 e o 2 (gn-1) < COA+1) 7 G772 o] Loggn-), 1<p<2.
In terms of P(t) we have the following decomposition of U(t, s).
Theorem 3.12 P(t) satisfies the following:

(1)
P(t)(0c + L(t))u(t) = (9 + L(t)) P(t)u(t) = 2 (1)[(9 — M) P (t)u(t)],
foru € L?(Jr; (H' x H2)(2)) N H(Jr; L*(Q)).

(ii)
P(t)U(t,s) = U(t,s)P(s) = 2 (t)et=91 P (s).
If u € LY(Q), then

|0]0}0%, P(OU (L, s)ull @) < C(L+t = )" =5 |ul s,
for0<2j+1<m, k=0,....,m
(isi) (I — P()U(t,s) =Ul(t,s)(I — P(s)) satisfies

I(T = PO)U (L, s)ullr ) < Ce ™ (Jlull (1 x 22y (@) + 0wl L2(0)s

fort —s>T. Here d is a positive constant.

Let us consider the following inhomogeneous problem:
Oyu + L(t)u = f(t), t >0, u|t:0 = Ug. (38)

One can show that if ug € (H' x H})(Q) and f € L2 ([0,00); (H' x L?)(£2)), then there exists unique
u(t) =T (), w(t)),

u € Cloe([0,00); (H' x Hy)(2)), ¢ € HL,.([0,00); L*(Q)), w € ﬂ 1oe([0,00); HZ727(9)), (3.9)

that satisfies (3.8).

Theorem 3.13 Letug € (H' x H})(Q), f € L2 ([0,00); (H' x L?)(Q)) and let u(t) = T (¢(t), w(t)) is unique
solution of (3.8) in the class (3.9). Then

(i) 2 (t)u(t) satisfies

P (tyu(t) = e P (0)uo + / t NP () f(2)dz, t € [0,00).

0

(i1) Uoo(t) = T (Do (t), weo (t)) = (I — P(t))u(t) belongs to class (3.9) and satisfies

Optioo + L)oo = (I — P())f, t >0, toolt=o = (I — P(0))ug

Moreover, let 1 < k < m and u(t) is k-reqular function locally on [0,00). Then P(t)u(t) = 2 (t)Z (t)u(t)
satisfies

ﬂ loc Hm 2 X Hm 2])(9»’
[£] ) [ 1)
QoP(tyu(t) € () HH ([0, 00); H™ (), QP(t)u(

Jj=0

([0, 00); HT1721(Q)).

loc

bD“F
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[£]
Remark 3.14 Let 1 <k <m anduo € H*(Q), f € () HL ([0, 00); (H* =% x H*=1=21)(Q)). Ifuo and f sat-
§=0
isfy a suitable compatibility condition, then one can show that (3.8) has unique solution u(t) = T (¢(t), w(t)),
which is k-regular locally on [0,00). Due to Theorem 3.18 one can see that us(t) = T (¢oo(t), weo(t)) =
(I — P(t))u(t) is also k-regular locally on [0, c0).

To complete our main results we show some asymptotic properties of U(t,s). First let us define a
semigroup #¢{(t) on L?(R"~!) associated with a linear heat equation with a convective term:

00 — /{13310 —K'"A"o + koDy, 0 = 0.
Definition 3.15 We define operator F(t) as

o = F e iritmel+r"1e"Mtg),

for o € L3(R"™Y). Here, ko, k1 and k" are given by (3.7).

Theorem 3.16 There hold the following estimates for 1 < p < 2.
(Z) k n—1,1 1 k
|05 (FAE)0) || L2 @n—1) < Ct_T(E_E)_E||U||LP(R%1),
for o € LP(R™1).

(i) It holds the relation,

POt s) = eT™INDP(s).
Set o = [Qou]. Then

n—1,1_1y_ k+1

103 (=N P (s)u — Ft = $)o) | p2q@n—1) S Ct=5)" = #7775 ||| oo,
for u € LP(Q). Furhermore, for any o € LP(R"~1) there holds

1y_ k41

—s _n=1c1_1y_ k41
I — H — )0l gaqansy < Ot — )~ T8 o ooy,
fork=0,1,....
(#ii) It holds the relation,

Pt)U(t,s) = 2 (t)et =91 P ().
Furthermore,
105, (2 (1)1 P (syu — 2O (1) At — )0) || L2y < Clt— )T G55 ) (o,
foru € LP(Q).

Remark 3.17 Combining Theorems 3.12 (iii) and 3.16 (iii) we see that asymptotic leading part of U(t, s)u
is represented by Q(O)(t),%ﬂ(t — s)o, where o = [Qou].

Theorems 3.12, 3.13 and 3.16 follow from the properties of 2 () and & (t) introduced below. Proofs are
given in Section 7. In the rest of this section we introduce properties of 2 (t) and & (t).

Theorem 3.18 2 (t) has the following properties:

(i)
Qt+T)=2(t), 082 (t) = 2(t)d".

12



(it) |
2 (t)o € () Clp(Jrs (H™ % x HM2)(Q)),
0

w3

J

2

t)o € ﬂ I, (Jpy H 122 (Q)),

and

1870,0;, (2 (H)0)llz2(@) < Cllollzz@nry, 0<2j +1<m, k=0,1,...,
for o € L2(R"1).
(iii)
(0 + L)L (H)o (1) = 2(1)(0 = Mo (1),
for o € HL ([0,00); L2(R"™1)).
(iv) 2 (t) is decomposed as

20)=290) +dv' 2V 1)+ A 2% ).

Here, Q(O)(t)a (ﬁfl{ﬁla})u(o)(-,t), Q(l)(t) and 2@ (t) share the same properties given in (i)

and (ii) for 2 (t).
Theorem 3.19 Z(t) has the following properties:
(1)
Pt+T)=P(t), P ()= P )k, 0, P(t) =
(i)
tu € ﬂ 9o (Jrs HER™™Y), for all k =0,1,...,
and _
||ag6§/(¢@(t)U)HLZ(Rn—l) S CHUHLQ(Q), 0 S 2] S m, k= 0, 1, ey
foru € L*(9).
Moreover,
|2 (t)ullp2@n-1) < Cllull ey,
forue LP(Q2) and 1 < p < 2.

(iii)
P (1)@, + L(D)ult) = (@, — AP (tu(b)),
for w € L,,(0,00); (HY x H2)(Q)) 1 Hb, (0, 00); L(€)).

(iv) P (t) is decomposed as

Pt)=29 L aiv' 2Vt + A PP ).

Here, POy = f/\_l{)& [Qoul}, 33(1)(15) and P (t) share the same properties given in (i) and (i)
for P (t).

(v) There holds
ak (t—s)A(@(q) <Ot — —n=l(l_1y & —0.1.2
|| z' € (s)u”L2(R"—1) = (t 8) P HUHLP(Q)v (1—0, )
0 —s _n—lel 1y k+1
105 (2 (1) = 2 (1) P (s)u)|| 2y < C(L+t— 8) T G |u 1o,

forue LP(Q2) and 1 < p < 2.

Proofs of Theorem 3.18 and Theorem 3.19 are given in Section 7.
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4 Regularity of solutions

In this section we study regularity of solutions of (3.4) for bounded frequencies.
First, we show relation between U (t, s) and U (s, t).

Proposition 4.1 There holds
(U (t, s)yuo, ul) = (uo, Ug (s, t)ug), (4.1)
forall s <t, & € R" ! and ug,uj € Xo.
Proof. We have relations
8tﬁ£/ (t, S)UO = —Egl(lf)ﬁgl(t, S)Uo, t>s, ug € Xo,
and
asﬁg,(s,t)ué = zg,(s)ﬁg,(s,t)u(’;, s <t, up € Xo.

Let us take s < 7 < t. Then for all ug, ug € Xo we have

~

Or (Ue (7, 8Yuo, U (1, )u) = (0-Ue (7, s)ug, U (1, t)ug) + (Ue (7, 8)ug, 0-UZ (7, t)u)

= —(Le/ (1) (7, 5)uo, U (7, 1)) + (U (7, s)uo, Ly (1)U (, t)ug) = 0.
Therefore, (U’g/ (7, 8)uo, fjg,(T, t)ug) is independent of T € (s, 1), i.e.

(Ue (11, s)uo, Ug (1, tyul) = (Uer (12, 8)uo, Ug (12, t)u),

for s < <1 <t and up,uf € Xo. Taking m — ¢ and 7, — s we get from strong continuity of evolution
operators that

(Ugf(t $)ug, uy) = (Ug(t s)uo,Ug,(t tug) = (Ug (s, S)UO,Uél(s tug) = (uo,ﬁg,(s,t)u(’§>,
for s <t and wug, ug € Xo. O

Now, let us study regularity of solutions of (3.4). To do so, it is convenient to write (3.4) in the following
form

016 + 161050 + €7 (o) + 720, (ppu™) = f, (4.2)

O’ + (€7 = 02w’ — i€ (i W + Dy, w™)
(4.3)

. P .
+2§/77§Zz)¢+251v11,w’+(awnvp) £2(02, 006 = I,

/
D™ + - (|§ 2= 02 " = =0, (/0 + 0, w") + Oy, <P2(pp)
P T Pp

P

¢) +i&opw”™ = [, (4.4)
fort>s,seRand

ult—s = ug = (¢, wo).
Here, u(-) € H' N H2, ug € Xo and f = 7(f°, f/, f*) € Xo.

In the rest of this section we always assume |¢'| < M for some arbitrary, fixed M < oc.

Definition 4.2 Let —co < s <b, f € L*(s,b; Xo) and ug € H* x H}. We call a function u € C([s,b]; H' x
HY N L%(s,b; H* x H2) N H(s,b; Xo) solution of (3.4) if u(s) = ug and equation (3.4) is satisfied for a.a.
€ (s,b].

Let us study inhomogeneous problem (3.4) with regard to solutions introduced above.
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Theorem 4.3 Let —0o < s < b < 00, f € L?(s,b; Xo) and ug € H' x H}. There exists u = T (¢, w) unique
solution of (3.4). Moreover, solution u can be written as

w(t) = e (t, s)uo + / Bt 2) /(). (4.5)

and & satisfies S
0103, ¢ + 0y (P(xn, 1, 8))0p, ¢ = h — Hl[u], (4.6)
O, O, t) = e P20, g (2,) + /t e PEn b (w,, 2) — Hu](2,, 2) }dz, (4.7)

where

v+U 2

t 2 P/
Planitis) = [ (bt + s (252 )
and Re P(xy,t,s) > ao%(t — s) thanks to (3.1);

2 .2
h= 0, fO+ Ll gn
Vv—+v

. . v . 7
Hlul = i720s,py -0 + i7" 206 - O’ + 6102, 030+ 77(02,. "

2.2 /
Py Vo2 P'(pp) o1
P {0, w™ "0, as
+ V{ w” 4+ — & W™ + "(72;),, ¢+ i&v,w"}

P

Furthermore, there exists ap > 0 s.t. solution u satisfies

t
O + [ fuli s+ 10:uy, )iz

¢ ¢ (4.8)
< Ol Mol + [ etz + [ Iafiaz),
s s
fort € [s,b] and 0 < a < ay. Here, C = C(M) is independent of t.
We have an immediate corollary of (4.8).
Corollary 4.4 Let f € L?(s,b; Xo) and ug € H' x H}. Solution u of (3.4) satisfies an estimate
t
Ju(t) 71 +/S u(2) |2 gz + |0:u(2) 5, dz < Clluolin + 1 f122(s,:x0))- (4.9)

for allt € [s,b]. Here C depends on b— s € (0,00) and M.

Proof of Theorem 4.3. Let us first show the existence of solution. Set

o (BT SRIEETE il —iE0, + Qurl)
Eg/ t) = _ - )
iZ T, L¢P = 02) — Z32, +igul(t)
.., P’ vainv;(t)
P B e
e(t) =

Lemma 4.5 The following statements hold true.
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(i) Let ¢ € C([s,b; HY), wy € H} and f € L2(s,b; L?) then there exists unique
w e C([s,b); HY) N L*(s,b; H*) N H (s,b; L?),

that satisfies
rw + Eer (tw = f— Fer (t)p, wli=s = wo,
and
t
|MM%+/UM@+WM@@

t t
gaﬂmﬁp+/\ﬂ%z+/\w%dﬁ
fort € [s,b].

(ii) Let w € L*(s,b; H?), ¢o € H' and f° € L?(s,b; H'). Then there exists unique

¢ € C([s, bl H') N H' (s, b; HY),
that satisfies

Ord + ifl’l);(t)(ﬁ =f0- 72(i£/ : Ppwl + Oz, (ppw™)),  Pli=s = o,
and
t t t
602 + / 0.2 dz < Cy{ldol2 + / POd + / w2z},
fort € [s,b].

Proof. (i) is proved by standard parabolic theory .
As for (ii), ¢(t) is given by

t
0) = gy 1 [T iy + 0, () )
S
where V! (t,s) = fst vp(z)dz. This gives us an estimate
t t
6O < Collooli + [ 1B+ [ fulinds) (.10
S s
for ¢ € [s,b]. We also have

Ohp = —i&rvy ()¢ + 0 = A2 (iE - ppw’ + O, (ppu™)).

This, together with (4.10), gives the desired estimate on fst 10.¢|3;1dz.

We continue the proof of Theorem 4.3. By Lemma 4.5 we can define

Uiy = (D), Wimy) € C([s,0] - H' x HY) N L?(s,b; H' x H2) N H'(s,b; Xo),
n=20,1,... as follows:

[}
w() =0, @) is solution of

Ad(o) + i&rvy )by = [0 D0)li=s = do.
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e For n > 1, w,) is solution of

atw(n) + Eﬁ' (t)w(n) = fN_ FE’ (t)¢(n71)a w(n)|t:s = Wo,

and ¢(y,) is solution of

N d(ny + 110y (D) = F* — V(€ ppw (o) + O, (PpW™ (n)))s Dy li=s = o

By using Lemma 4.5 one can obtain

t
| (U(ns1) = Un)) () +/ ([(W(nt1) = winy) (2)[Fr2 + 10:(Uns1) — uem))(2) %, )dz

Cyt)™
gco(bi), n=12....
n!

It then follows that {u(™} converges to function u in space
[C([s,0); HY) N H'(s,b; HY)] x [C([s,b]; Hy) N L?(s,b; H*) N H' (s,b; L?)];

and the function u is solution of (3.4).
Next, we show that there holds estimate (4.8). First, we introduce some notations

P'(pp)
72Pp

2
¢ + |vppw|§v
2

D [w) = [¢'Pw]; + |05, w]3, Dew] = vDe lw] + Pli€'w’ + 0, w3

In the following calculations we use |¢/| < M and Poincaré inequality

[wlz < [0z, wls,

whenever it is convenient and without pointing it out. Moreover, C' denotes generic constant that may depend
on v and . Constants C; (j =1,...,5) are independent of v and ~.
First, we take (-, -)-inner product of (3.4) with w, after integrating by parts we take the real part to get

v 2

50Bolu] + Defu] = Re {(£.) = (00, 0}, @" ') = (=(0

2 xnvzl))ppgb7w1)}'
p
Using Holder inequality we get

SOEolul + 3 Delu] < C(Eolu] +173) (4.11)

Second, we take (-, -)-inner product of (3.4) with @&u, after integrating by parts we take the real part
to get

|Zp0hwl3 + 30, Derfw] = Re {(Qf, pyduw) — i(§' 226, p,00') — (D, (2H2210) , pym)

(4.12)
_i(glvéwappatw) + ((axnvyly)wnvppgtwl) - (,yzypg (8§HU11))¢7ppatw1)}-
We treat the third item on the righthand side of (4.12) to get
P'(p,) > (P'(p >> P'(p,)
—(0x “ , PpOrw™) = —(0y o ,ppOrw™) — 220, @, ppOsw" 4.13
0n, (Z1220) o) = s, (T2 ) . p0i0n) - (0, 000y a13)

P’ P’ P’
_— ( 752”’)) 6, p0ew™) + (6,0, ( 7(;27,9)) ™) + (6, V(Q’f’)a%atw”»

p

Next, we rewrite (¢, %8@1 Opw™) as

P’ n 0
(d), igp)awnatw ) = &((ba

Substituting relation (4.2) for d;¢ we get

P'(p n P'(p n
V(;’)amnw ) — (@6, ;“awnw ).
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P'pp) 9 . Plp)
2

, P’ P .
(0. 7820, 00 = 26,72 0, um) + eropo, T 0, 0+ (g2 TG0, ) a1y

P’ P’
(20, (ppu™), ipp)aznw”) e, iﬁ”amnw’l).

Substituting (4.13) and (4.14) into (4.12) and using Hoélder inequality on the resulting equation we get

1 2, 1= 9 P'(pp) n 7~ 2
5IVAROlE + 30, Defu] = Re (6, =520, w") < U Doful + C{B + 173} (@15
We see that _ o
Df/ [w} —2Re ((,25, %amnwn)
- (4.16)
> 1|05, w[3 = (4100, w[3 + 221,/ ZL2G[3) = §|0,, w]3 — 22|/ Zied g3,
Now adding 2(1 4+ %)x@.ll) to 2x(4.15) with b; > max{4C1, 2by} suitably large we get
2 ~ ’ 2 o~
(1 + 222)9, Bo[u] + 8, Des[w] — &2Re (¢, 24220, w™) + (1 + %) Derfw] + | /ppohwl3 )
< C{Eolu] + |/}
Third, we differentiate (4.2) with respect to x, to get
00z, ¢> + iglarn (vp0) + i€ - 7*0r, (ppw') + 7202 (ppw™) = Do, f°. (4.18)

Now, we multiply (4.4) by 2
P(xzyp,t,s)

V+V and add together with (4.18), this gives us (4.6). Next, we multiply (4.6) by
and by integrating the resulting equation in time we obtain (4.7).
We take (-, -)-inner product of (4.6) with P (pp)azno; and take the real part to get

e

( p) 2 1 Ppp) 2 _ _
at 272| 8$n¢|2 + v+ 'I‘//| 72 afbn¢|2 = Re (h H[’LLL 74pp 8In¢)

Using Holder inequality we get

P/( 1 P'(pp) y—l—y 1 9
< =
5yl Aed0n, 0 + s 1T R0, 0l < O (= L (4.19)
1/+1/ 1

== HU < LBl + [l + Col g 0ol + (14 101, ) D .

Here

Fourth, estimating 92 w in L?-norm from (4.3) and (4.4) we get

1 1 Pl
07 w3 < C{Eq[u] + [f13} + C3{ﬁ|m3tw|§ + Wiy 220y, 015 + [w]}- (4.20)
Fifth, we take L2-norm of (4.2) and by using Holders inequality we get
4 ~

91613 < C{Bolu] + |13} + Ca2-De [w). (4.21)

Sixth, we take L?-norm of (4.18) and by using Hélders inequality we get
9,0 2 < O(E 2 P/(Pp)a 2 fﬁ 4192 )2 4.99
010,015 < C{Eo[u] + | f]%, e 2, @l2 + —De'fw] + 7710, wlz}- (4.22)

By a suitable linear combination of (4.11), (4.17), (4.19)—(4.22) it is possible to find constant a; > 0 such
that after adding a; x Ep[u] on both sides of the suitable linear combination we get
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P _
o Pilul + arExfu] + C(lulgr e + 0eul%,) < C(Eolu] + | f1%,),

where C' > 0 and

cr|ulgr < Eqju] < eolulgr, ¢1,c2 >0,

using (4.16).
Finally, multiplying by e®'! and integrating with respect to t we get

t
Evful(t) + / ) (s g2 + 10, )z
s . (4.23)
< e’“l(t’s)El[uo] Jrc/ e*al(tfz)(|f|A2X0 + Eo[u])dz, fort > s.

This concludes the proof of (4.8).
Using Gronwall inequality on (4.8) we obtain (4.9) and consequently the uniqueness of solution u. Next,
we prove the variation of constants formula (4.5).

Lemma 4.6 Let u = (¢, w) is solution of (3.4).
(i) If, in addition, wo € H? and Qf € (\;_o H’(s,b; H'~27), then

1
w e ﬂ CI([s,b]; HZ2)n H'(s,b; HY),
=0

and we have an estimate
t
102 w(t)|3 + [0 (t)]3 + / e 2|9, w|%1 dz (4.24)

t
< CLe™ QS O3 + JuolFr ) + / T TQSE +10-Qf i+ + [0l + 10:013)d=},
fort € [s,b] and every a > 0.

(ii) If, in addition to the assumptions in (i), it holds f° € C([s,b]; H'), then

¢ € Cl([s, b HY).
Proof. As for (i), we give an outline of a proof.
dow + Ag(tyw = F, wliesy =wy, F=Qf — Be(t)o. (4.25)

Since Be/(t)¢ € C([s,b]; L?), we have F € C([s,b]; L?). Furthermore,

0y (Be/ (t)¢) = 01 Ber (t)d + Ber (£)0,6 € L(s, b; L?),
thus we have 0;F € L?(s,b; H~1). Considering 0;(4.25) one can show that

Opw € C([s,b]; L*) N L2 (s,b; HY) N H (s,b; H™1).
It then follows from (4.25) that

w € C([s,b); H) N L*(s,b; H2) N H*(s,b; Hy).

Estimate (4.24) follows in a standard manner.
As for (ii),
O = —i&avy () + * = * (i pyw’ + 0s,, (ppuw™)) € C([s,b]; HY).

This completes the proof of Lemma 4.6. O
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Let us continue the proof of (4.5). Let ug € H' x H} and f € L?(s,b; Xo). Take {ug,} and {f,} such
that

uy, € H' x H2, f, € C([s,0]; Xo),

and

U, — up in H* x Hy, fn — fin L*(s,b; Xo).

Then the existence part of Theorem 4.3 and Lemma 4.6 gives us unique functions
Up = (¢, wy) € C([s,b]; Xo), w, € C([s,b]; H?),
satisfying

Oruy, + LE’(t)un = fna s <t un|t:s = UQo,n,

and from (4.9) we get

up — u in C([s,0); H* x HY),
$n — ¢ in H' (s,b;H'),
wy, — w in L*(s,b; H*) N H'(s,b; L?).

On the other hand, each u,, is represented as

Un (t) = U (t, $)ugn + / Ue (t, 2) fn(2)dz,

S

(see, e.g. [7, 8, 9]). Taking limit n — oo we get

u(t) = Uer(t, s)ug + / Ue (t, 2) f(2)dz.

This concludes the proof of Theorem 4.3.

Next, we show results on higher regularity of solutions.

Lemma 4.7 Let 1 <k <m and —oo < s < b < co. The following statements hold true.

(i) Let ¢pg € HFTL, f € L2(s,b; H**! x H¥). Moreover, let u be solution of (3.4). If u satisfies

u € L?(s,b; H* x H*Y, we H'(s,b; HY),
then

¢ € C([s,b]; HMM).
Furthermore, we have an estimate

t
O G(D2 < Cle | do e + / | £ () Py rd

t
[ eI () g + 00 ),

fort € [s,b] and 0 < a < ag—t=

v+u©

(ii) Let f € L?(s,b; H**1 x H*). Moreover, let u be solution of (3.4). If u satisfies

u € L2(s,b; H*Y), 9w € L%(s,b; HY),
then

8t¢ € LQ(Sa b7 Hk+1)a
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and we have an estimate

t t
e N0k 100032 < C [N B+ il + 18-l )
fort € [s,b] and every a > 0.

(iii) Let f € L*(s,b; H*). Moreover, let u be solution of (3.4). If u satisfies

w e L?(s,b; H*1), 0,w € L?(s,b; HY),
then

w e L%(s,b; H*?),

and we have an estimate

[ s < ¢ [ 108 Q3+l +10:0%, wiZ)a
s s
fort € [s,b] and every a > 0.
In particular, if f € C([s,b]; H*), u € C([s,b]; H*™1) and 0,w € C([s,b]; H*) then
w € C([s,b]; H*?).
(iv) Let wy € HE. Moreover, let w € L?(s,b; HFTY) N H(s,b; HF™1) be a function satisfying
w(s) = wo,

then

t
|0 w(t)]3 < Cle™ ) |wo[Fp +/ e (Jw|fp + 0. w[3-1)dz),
fort € [s,b] and every a > 0.

Proof. (i) follows from taking L?-norm of 8% (4.7) and using Hélder inequality.
As for (i), take (-, -) inner product of 9% (4.6) with 0% 10,¢ to get

|8’;j18t¢\§ < C{l@l3rsr + 1 Fmensmr + [ulimn e + 100wl

Finally, as for (iii), 9% (4.3) and 9% (4.4) read as follows:

oft2y = Prp ok T2 o 4 ok (g Pw') + 0,08 w' — OF (i€ (i€ - w' + B, w™))
v Pp Pp Pp
/ 82 1
rig'ah (ZAPo) gy ok (igwlu) + 0 (L gy 4 0F (8, uhum)el — OF, £,
Y Pp ' TPy

and

ak+2wn _ p;n {_[857“ v+v

Tn, D’_,_V pp

102 w" + 0k (1¢')Pw™) + 0,08 w — 9F (g - 0, w)
Pp Pp

Tn

P/
ok (T gy 4 0k igrupur) — ok )
Y Pp ' '
Desired estimate in (iii) now easily follows.
As for (iv), there exists an extension operator E = Ej41, such that E[v] = v a.e. on (0,1) and E[v] €
H*L(R) for v € HF*1(0,1). Moreover, there holds

|EW][giw) < Clvlgiay, 0TS k+1,

where C' > 0 is independent of v € H**1(0,1). Thus for any a > 0 we have
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ea(t75)|a§nw(t)|%2(o,1) < ek Bu(t )iy
t
< C{|0y, Elwo]l72r +/ e (aldy, Blw](2)[F2g) + |05 Ew](2)[72m) + 105, 0. Blw](2)| 22 )z},
S

t
< CflwolZo ) + / e (0(2) s (0.0) + 10:00(2) 1 (0,102
O

1

Theorem 4.8 Let —00 < s < b < 00, ug € H?> x H? and f € ﬂ HI(s,b; H*=% x H'™%). There exists
3=0

solution u of (3.4) and u satisfies

1
we () C([s,bl; H*™> x HZ™%),
j=0

1 1
¢ (VH T (s,5 H*%), we () H (s, b; H).
j=0 §=0

Furthermore, there exists ag > 0 and the following estimate holds

t
Z \83 |H2 2j / e_a(t_z)(wzuﬁpxjfl + |5§¢|§ + |u|%{2><H3)dz
S
(4.26)
t 1 ) t
< C{e ) (jug |22 + | F(0)]3) + / e DN f g g2z + / e~ =) uf2dz},

s =0 s
fort € [s,b] and 0 < a < ag; C is uniform for a € [0, (ag — 0)](d > 0).

Proof. From Theorem 4.3 and Lemma 4.6 (i) we get that there exists unique solution v and it satisfies (4.8)
and (4.24). Since by (4.2)

O = —ifﬂ]id) - i5/72ppw/ - 7289% (ppwn> + fO’
we have
t
0:0(1)]5 < C{lu(t) |72 2 +€_“(t_s)|fo(0)|§+/ —HEA( 013 + 100 £ 13)d=},

and

t t
[ e Ntedz <0 [t I 0+ el + 10-° B}
S S

for every a > 0. Combining these two estimates with (4.8), (4.24) and estimates from Lemma 4.7 (i)—(iii)
with k£ = 1 we obtain (4.26) for ay = min{ao%, ap }. O

In the same way as we obtained Theorems 4.3 and 4.8 one can obtain the following result for solutions of
adjoint problem (3.5).

(5]
Theorem 4.9 Let —co < b <t <ooand1 < k < 2. Let ug € H* x H* and f € mHj(b,t;Hkﬁj X

§=0
HF=1723) " There exists u(s) = T (¢(s),w(s)) that satisfies (3.5) for a.a. s € [b,t), u(t) = ug and

(5]
u € ﬂ CI([b,t); H*=2 x HF%),
=0
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5] (%]
¢ € ﬂ Hj“(b,t;Hk_Qj), w e ﬂ Hj(b,t;HfH‘Qj).
j=0 §=0

Furthermore, the following estimate holds

(5] ¢ [522]

J 2 a(s—z) j+1, 12 [%] 2 2
0 emas + [ €IS O s grroas 4108 T O g b )z
7=0 S =0 H

[%]71 ] t [%] ] t
<Ol N ol + 3 OO Bumagen) + [ DS 0 s+ [ eI ulbdz),
j=0 s =0 0

El_ .
for s € [b,t] and 0 < a < ag; C is uniform for a € [0,(a — )], 6 > 0. Here, Zj[i]o ' 102 F(0)|2k 240y = 0
when k = 1.
Moreover, u can be written as

t
u(s) = 175*, (s,t)ug +/ (75*, (s,2)f(z)dz.

5 Spectral theory for ﬁg(T, 0) and (75*,(0,T)

In this section we study spectral properties of operators (75/ (T,0) and (/J\'g, (0, 7). At the end of this section
we give a proof of Proposition 3.5.

Lemma 5.1 Following assertions hold true.

(i) Let u(®) (t) be defined as
u(o)(xn, t) = 1 (d)(o)(xn), —12w(0)’1(1’n, t),0).
y

Here .
2 2 -
Y2 pp(Tn) Y Pp
¢(0) (xn) = Qg 5 Qo = |: :| y
P/(Pp(xn)) P/(pp)
t 2
(0),1 _ 7/ —(t—2)vA,, Q07 2 1
w Ty, t) = e v——"-—(0% v,(2)) dz,
@ty == | B @, 7h(2)

where A denotes the uniformly elliptic operator on L*(0,1) with domain D(A) = H2(0,1) and

1 2

Av = — 0; v, 5.1
pp(@n) " &)

forve D(A).
PFunction u®) (t) satisfies O,ul® + Lo(t)u® = 0 and u©®(t) = uO (t +T) for all t € R.
(i) Let u(9* be defined as

2
u®(2,) = T(¢O(z,),0,0).
(87))

Function u(O* satisfies —0su(®* + Zg(s)u(o)* =0 for all s € R. Moreover, there holds

(W (t),u”") =1

7

fort e R.
Proof. (i) and (ii) are obtained by straightforward computation (see also [1]). O

Next, let us introduce result proved in [1, Theorem 5.11 and Theorem 5.16 (ii)].
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Proposition 5.2 There exist positive numbers vy and vy such that if v > vy and ¥ /(v + ) > ¢ then there
exists ro > 0 such that for each & with |£'| < ro there hold the following statements.

The spectrum of operator Ug (T,0) on Xy satisfies

o (Ue (T, 0)) C {per} U{p: |ul < g0},
<

for a constant qo with %qo < Reper 2T s simple eigenvalue of ﬁg/(T, 0) on Xo with
associated eigenvector ug,)) € Xo; ug))k/zo = u(9(0). Moreover, \¢: has the expansion (3.7).

1. Here, pe = e

Next lemma shows exponential decay of solution operator ﬁgl (t,0) on Xj.

Lemma 5.3 There exist positive numbers vy and o such that if v > vy and v?/(v + V) > ~3 then there
exists ro > 0 such that following statements hold for each & with |'| < rg.
LetII¢/ denote the eigenprojections assoctated with pier. There exists constant d > 0 such that u(t) satisfies

|(75/(t, s)uoﬁp < C’e*a(tfs)\u()@(o, T<t-—s, (5.2)
forug € (I — ﬁgx)Xo and 0 < a < d. Here, d depends on rg.
Proof. Let the assumptions of Proposition 5.2 be satisfied. Therefore, there holds
o(Ue/(T,0)) C{p:[ul < qo},

on (I — ﬁg/)Xo for go < Re pgr < 1.
This means that the spectral radius of Ug (T, 0) on (I — IIz/) X, satisfies

r(Ue(T.0)x,) < 00 < 1.
From general theory there holds

~ ~ ~ 1
T(Ué’ (T, O)‘(I_ﬁg/)xo) = nh_fgo I[Ué’ (T,0)(I — H&’)]n|Z(XO)~
Thus there exist € > 0 and Ny € N such that for all n > Ny there holds

[0e(T.0)( ~Tie)]" 7,y < a0+ < 1.

Let g = % log q01+e' Since qg + ¢ < 1 we have d > 0 and

1
n

_ar
L(xe) S€ 7

[T (T, 0)(I — T/ )]"|

)

for n > Ny.
Taking ~y, suitably smaller and |¢’| < 1, we get from [1, Lemma 5.17] that

|Ue/ (7, Q)uol x, < Cluo|x,,

R ) (5.3)
|02, QUe (7, QJuol2 < C (1 — €)™~ 2 |uo| x,,
for 0 <7t —(<2T. R
Fort—s>0let N = [%*] —1 and for ug € (I —Il¢/) X, we write
fjg/ (t7 S)UO = Ug/ (t, s+ NT) [ﬁg/(T, 0)(_[ - ﬁg/)]N’u,o.
From (5.3) we see that |Ug (t, s + NT)v|2,, < T%|U|§<O and thus we get an estimate
2
U (t, s)uoltp < U (t,s + NT)[Lxp, 1) [[Ue (T, 0) (1 — e )Mo,
< Ce_dNT|uo|§<0 < C’e_d(t_s)|uo|§<0,
fort—s > (NO + 1)T and up € (I — ﬁf/)XQ.
We use (5.3) for T <t — s < (Ng+ 1)T repeatedly to get
T 2 E 2 —d(t—s) 2
|Ue: (8, s)uola < rluolx, < Ce |uol%,-
Taking constant C' > 0 suitably large we obtain (5.2) for all ¢t — s > T.
O

24



Next let us treat spectral properties of (75*/(0, T).

Lemma 5.4 There exists constant yg > 0 such that if v > ~yo then spectrum of operator (76*(0, T) on H' x H}
satisfies

o(U30,T)) c {1} U {|ul < @ < 1}. (5.4)

Here, 1 is the simple eigenvalue of ﬁJ(O,T) with associated eigenvector u'®* € H' x H}.

Lemma 5.5 There exist positive numbers vy and o such that if v > vo and v2/(v + V) > & then there
exists ro > 0 such that following statements hold for each & with |'| < rg.
The spectrum of operator U (0,T) on H' x Hj satisfies
o(03(0.1)) € {7ie} Ul < a0}, (55)
for a constant qy with %qo < Repig: < 1. Here, fig is the simple eigenvalue of ﬁ*,(O,T) with associated

eigenvector ué?)* € H' x H}; Ug/))*k’:o = (0%,

Proofs of Lemmas 5.4 and 5.5 are given in Appendix.
The following lemma is direct consequence of estimates in Lemmas 3.3 and 3.4.

Lemma 5.6 Let & € R"™L. Operators U/ (T,0) and (75*, (0,T) are bounded from Xy to H' x H2, i.e.

Uer (T, 0)0| g1 x 12 < Clolx,,

|UEI(O7T)U|H1><H2 S C‘U|Xo,
for allv € Xg and a constant C' is bounded for & bounded.
Now, we are ready to prove Proposition 3.5.

Proof of Proposition 3.5 Let the assumptions of Proposition 5.2, Lemmas 5.3 and 5.5 are satisfied.
As for (i), we showed (3.6) on X in Proposition 5.2 together with (3.7). Let p € {p ¢ || > qo}\{pe }-
Then for u,v € Xy we have:
(b — 175/ (T,0) 'u=veu=(u-— 175/ (T,0))v & pv=u+ (75/ (T,0)v.
By (5.3) we have

|Ug/ (T, O)U‘Hl < C|’U|XO.
Boundedness of the inverse operator on X, reads as
vlx, < Clulx,-
Therefore

(i = e (T,0) "l < Jul s + [Ter (T, 0)vl i < Cllulan + Julx, ).

We see that (75/ (T,0)v € H* x H? for v € Xy which together with u € H* x H} gives us v € H' x H}. Thus
we proved (3.6) on H' x H}. Moreover, ué?) € H' x H2. The rest of (i) follows from Proposition 5.2 and
Lemma 5.3. R R

As for (ii), it was proved in Lemma 5.5. Relation of Il and IIf, comes from Proposition 4.1 and definition

of eigenprojection.
O
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6 Spectral properties of By and B,

In this section we study spectral properties of operators Bes and Bf,. At the end of this section we give a
proof of Proposition 3.9.

Unless stated otherwise v > v, v2/(v+7) > 72 and |¢'| < ro, where vg, 70 and 7 are given by Proposition
3.5. Based on Proposition 3.5 we introduce the following definition. We remind notation Jy = [0, T.

Definition 6.1 We define function vg,)) (t) as

vé?)( ) = e Aert (0)( t),

0 o~ 0
where ué,)(t) = Ue(t, O)ué,).

Lemma 6.2 Function vy, € Cper(Jp; H' x HE) N L2, (Jrs H' x H2) N H},, (J73 Xo) and it satisfies the
following equation

Bv + Le (v = —Aerv,
for a.a. t € Jp.

Proof. Proof is obtained by simple computation from properties of operator (75/ (t,s) and Theorem 4.3 since
ul) € H' x H2.
O

In next theorem we show regularity results for (A — B¢/)~! on kaer.

Theorem 6.3 There exists 0 < 11 < rg and q1 > 0 such that for each |¢'| < ry there hold 0 < —Relg < 4
and the following statements.
Let 1 <k<mand A € {\:ReX < @1 }\{—Ae}. For every f € Y% it holds

pe7

(A—Be)'fe ﬂ 9 (Jpy HF 72 x HET2),

(=

qseﬂﬂg,;} TH2) we ﬂ 7 (Jpy HEFI2),

Furthermore, there holds an estimate

B |
> 0fudlfnn + [ 3 08 e H1OLT IO s+ il gnd

7=0

k—l]

(6.1)
[g]fl ) T L2 '
<O OO peaon + /0 SN0 oo g sz},
j=0 =0

fort € Jp uniformly in X € {\: |\| = 2q1}. Here,u="(¢,w) = (A\=Be/) "' f and EJ[ ]0 187 £(0))2 ko241 =
0 when k= 1.
Proof. Let A\ € C. Let us first motivate our proof. We want to find u which satisfies
()\ — Bg/)ilf = U.
In other words, we want to find function u which is solution to
Au — Qpu — ng (t)u = f, for a.a. t € Jr, (6.2)
u(0) = u(T).

Multiplying both sides of (6.2) by —e~** we obtain

~

(e Mu) + Le (1) (e Mu) = —e Mf, for a.a. t € Jrp.
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Therefore, we formally write u as

t
u(t) = MO (1, 0Yu(0) — / Do (t, 2)eN f(2)dz, for t € Jp.
0

Condition u(0) = u(T') gives us that relation
A~ T A~
(€T = o (T.0)u(0) =~ [ Te(T2)e f(2)dz,
0

has to be satisfied. Such relation is satisfied if it holds

u(0) = —(e T — Ue/ (T, 0)) /0 Ue (T, 2)e =™ f(2)dz. (6.3)

Therefore, we see that u = (A — Bg/) "1 f is a solution of (6.2) with the initial condition (6.3).
Let us first show the case k = 1. Let f € Y}e,. From Theorem 4.3 we see that function v defined as

t
v(t) = —/ Uer(t, 2)e ™ f(2)dz,
0
satisfies

veC(Jp; H x HY).

In particular, we have
v(T) € H* x Hg,
and thus for e 7 & {ue'} U {p: || < qo} we get by Proposition 3.5 (i) that
ug = (e — 175/ (T,0)) " u(T) € H' x H}.

Finally, by using Theorem 4.3 we see that function u defined as

t
u(t) = MU (t,0)ug — / Uer(t, 2)e*2) f(2)dz,
0

satisfies (6.2) and u(0) = u(T). Moreover, estimate (6.1) comes from estimate (4.8) applied to w and v(T).
Thus u has desired regularity which concludes the proof for k = 1.
For the rest of the proof of Theorem 6.3 let us suppose that

1
Ae{N:Re) < ;qo}\{f&,},

unless further restricted.
Let us now show the case k = 2. Let f € Y2 then by the previous case k = 1 we have that v =

per

(A — Be/) ! f exists and u(0) € H' x Hj. We know that u(0) satisfies

T
(e — T (T, 0))u(0) = — / O (T, 2)e f(2)dz.
0
From Theorem 4.8 we get that
T A~
—/ Ue (T, 2)e” ™ f(2)dz € H*> x H2.
0
By Lemma 5.6 we have fjg(T, 0)u(0) € H' x H? and therefore we obtain

u(0) € H* x HZ,

and

T
[u(0) 32 < XU (T, 0))u(0) 3> + |/0 Ue (T, 2)eMT=2) f(2)dz[3p

T 1 T 1
< Clu(0)%, + CLIFO) + / S 100 s o midz} < C{FO) + / S 108 sy s nrdz).
=0 i=0
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Next let us show that also

Qou(0) = ¢(0) € H*.

In a similar way to obtaining (4.7) we obtain from (6.2) the following formula

Pp

t
Oz, d(Tp,t) = eipx(xmt’o)afnﬁb(xm 0) +/ eiPl\(zmt’Z){fh(xnv z) — Hlu](xp, )+)‘ w"(xp, 2)}dz, (6.4)
0

where

Py(zp,t,2) = P(xp, t,2) — A(t — 2).
P(zp,t, z), h and H[u] were defined in the statement of Theorem 4.3. Let us take 0 < ¢1 such that

Tq: < min{—1Inqo, inf Re P(x,,T,0)}.

Thanks to (3.1) we see that Re P(xy,t,2) > %ao(t — z) and thus ¢; > 0. Let us take 0 < r; < rg suitably

small so that [A\¢/| < 4. For the rest of the proof of Theorem 6.3 let us suppose that

Ae{A:Red <@g f\{-Ae},

and |¢'] <.
Since ¢(0) = ¢(T) and 1 — e~ (@T0) £ () we have

T 72[)2
Il L
0

w™(xy, z)}dz.  (6.5)

Integrating by parts the term containing d,w™ in H[u](x,, z) on the righthand side of (6.5) we obtain

T T
16(0)[7> < C{lw(0) [ + [w(T) % +/0 |l + [ulipcpedz} < C/O |12 b1 -

Therefore, we showed that

u(0) € H?* x HZ,

which together with f € Y2, allows us to use Theorem 4.8 to finish the proof of the case k = 2.
Let 3 <k < m. Let us assume that for £ — 1 Theorem 6.3 holds and we show that it holds for k. By the
assumption of induction we have

2

u=(\— Be) 1feﬂ C (Jps HF 1720 5 {E=1720)

(551 4]
¢pe (| HE (Jr H7Y), we ﬂ 7 (Jr HE2),
j=0

Next, let us consider smoothness of d,u. To do so, we use the following lemma.

Lemma 6.4 Let f € Y2 and u= (A— Bg)~'f. Then function u defined as

per

%= (\— Be) " (Oif + (0 Ler (t))u),

satisfies

u(t) = Opu(t),

for a.a. t € Jr.
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Proof of Lemma 6.4 is given in Appendix. Let us continue the proof of Theorem 6.3.
Set

g(t) = Ouf + (O Le ())u.

Since k > 3 we see that it always holds f € Y2 and thus by Lemma 6.4 we have that u defined as

P

U= ()\ — B&/)ilg,

satisfies
u= 8tu.
Moreover, we have
k—2
€Yo

Therefore, by the assumption of induction we get

2

Owu € m pe’r JTka 2—2j ><Hk 2— 2])

2 2

O € ﬂ HIFN(Jp HF 272 gw e ﬂ

per

k—1-2j
per JT7H )

Thus

k—2j k—2j
u € n per JTaH 7 x H* ])7

[45]

be ﬂHg,g;l CHR=2) w e ﬂ 2o (Jpy HEF127),

and by the assumption of induction for k — 1 we already know that

U € Cper(Jr; HF 1 x HEY), ¢ € Jpy HEY, we L2, (Jr; HY).

per( per

Moreover, we have an estimate

0 c
)2 + 3 0 ut) /|a N Z 10 42 e

j=1
+|8[ ]¢|2 ~2[5] + [ulFky grdz

[5]-1 T2
< Z 107 F(O) 372540y +/ Z |02 F (2)| 3023 prr—1-25d2},
j=0

for t € Jr.
To conclude the proof it remains to show

uwe C(Jp; H* x HF),

and

¢ € H' (Jp; HY), w e L*(Jr; HFY),

together with (6.1).
First, since

feL?(Jpr; HY x H* Y, we L*(Jp; H* ! x HY), opw € L*(Jr; HEY),
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we see from (6.5) that
0, ¢(0) € H* Y,

and

T
|6(0) 3 < C{/ | Fresais + [ulfpems e+ |02w[Fe d2}.
0
It is straightforward to see from (6.4) that 0,, ¢ € C(Jpr; H*~1), which gives us

¢ € C(Jr; HY),
and from (6.4)

T
% b(1)3 < O / By i + 1l s + 10021 d2}.

Second, since
Oww € L*(Jp; H* 1Y), w e L2(Jp; HY), f e L?(Jp; H 1Y),

we obtain by Lemma 4.7 (iii) that

w e L?(Jp; HMY,

and

t t
/ 04+ wl2dz < C / 05 1QL + [uf2e + 10208 w2z,
0 0

Third, since
oww € C(Jp; H*2), w e C(Jp; HF Y, f € C(Jp; HF?),

we obtain by Lemma 4.7 (iii) that

w e C(Jp; HY).

Moreover, since u € Cp,,.(Jr; L?) N Cper(Jp; H' x HZ) we know that (6.2) is satisfied even for ¢ = 0 and thus
from (6.2) we obtain

0%, w(0)[5 < C{Iu(0) Frams + 10,05 *w(0)13 + |95 F(0)[3}-

Tn

This together with estimate from Lemma 4.7 (iv)

t
|0, w(®)]5 < C{lw(0)[F +/ (Jwlfprs + [0:w[Fp1)d2},
0
gives us

_ t
08, w(t) < C{u(0) e-s + 10105, 2w + 105 2F OB + [ (s + 0.l )dz)

0

Fourth, since

feL?(Jp; H x H*Y), we L?(Jp; HY), 0yw € L*(Jp; H*1),
we obtain by Lemma 4.7 (ii) that
0y € L?(Jp; HY),

and

t t
0 0
This completes the proof of Theorem 6.3. g

Next lemma shows that —\¢/ is simple eigenvalue of Be/.

Lemma 6.5 —\¢ is a simple eigenvalue of Ber on Yper.
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Proof. From Lemma 6.2 it is straightforward that —\¢ is an eigenvalue of B¢ on Y.
To show that —\¢s is simple we first need to show that if u € D(B/) satisfies u # 0 and Bgru + Agruw =0

then there exists a constant C'(¢’) € R such that u(t) = C({’)vé(,)) (t). Since u € D(Bg¢) we have u(0) = u(T),
ie. e*'Tu(0) = e*'Tu(T). From Beru+ A¢ru = 0 we have that

ere'tu(t) = Ue (t, 0)u(0)

and thus
e Tu(0) = X' Tu(T) = Ug (T, 0)u(0).
Since e*¢'T is a simple eigenvalue of (75/ (T,0) by Proposition 3.5, we conclude that such C' € R exists thanks

to uniqueness of the solutions.
Second we need to show that there does not exist u € D(Bg/) such that (Bg + A )u = —vg)). This can

be rewritten in a form
)\ 7 )\ ’ 0
Ber(eMe'tu) = —ee tvé,).

Thus we have
A~ t A~
e e tu(t) = Uer (t,0)u(0) — /0 U (t,s)e”\ﬁ’svg,))(s)ds.
Since 175/ (t, s)e’\ﬁ’své,o)(s) = ug,)) (t) we have for t = T that

¢ Tu(T) = Ug (T, 0)u(0) — Tul) (T).

Once again u(0) = u(T") gives us

, - 0 0
(T — Ug (T,0))u(0) = ~Tug) (0) = ~Tuy).
Since e*¢'T is simple there does not exist u(0) € Xy that would satisfy the equation above. Therefore we
showed that —\¢ is a simple eigenvalue of B¢ on Y.
O

In the previous lemma we showed that B has simple eigenvalue —A¢r on Ye,. Next theorem says that

—Ag’ 1s a simple eigenvalue of Ber on Y, 7.

Theorem 6.6 For each £ with |£'| < ry there hold the following statements.
For any eigenfunction ue = T (¢e,we) of B¢ associated with — ¢ there holds

(]
ue € () Clop(Jp; HF 2 x HET?),
=0 (k1) (6.6)

2

(5]
Pe € m H]J,.;SJ(JT;}I’LQ;‘)7 W, € m H;Zer(JT?HkJrlin),
J=0 =0
for all 1 <k <m and we have an estimate

[5] 2]

= . B2
Z |8§+1ue|%k—2jxl_]k—172j + |8£ 2 ]¢e|§ + |’U/6|2H'k><Hk+1dZ S Ck, (67)
7=0

vl

t
107100 ()] 2geay + /
0

7=0
forte Jp.

Proof. Let |¢'| < ry where r; was given in Theorem 6.3. From Lemma 6.2 we see that there exists u, €
D(Bg/) eigenfunction of Bg associated with —A¢. From Lemma 6.5 we know that —Ag is the simple

eigenvalue and therefore there exists constant C(§') # 0 such that u, = C’vg,)). Now, we see from Lemma 6.2
that u. satisfies (6.6) for k = 1.
Since u, is an eigenfunction it satisfies

Osle + ng (t)ue = —Ag e,
ue(0) = u (7).
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For A € {\: [\| = 3¢1} we can rewrite (6.8) in equivalent form as

(A= Be)7' f = ue, (6.9)

where f = (A + A¢)ue. Now, estimate (6.7) is easily obtained by Gronwall’s inequality from (6.1) in the case
k = 1. Therefore, we proved Theorem 6.6 in the case k = 1.

Let 2 < k < m. Let us assume that for £ — 1 Theorem 6.6 holds and we show that it also holds for k. By
induction assumption we have

2

k—1-—2j5 k—1—2j5
U € ﬂ 3o (Jry H I x HF-172),

kbt (5]
de € ﬂ HIZ (Jps HF17%), w, € ﬂ I, (Jry HF2),

In a similar manner as we got (4.7) we get from (6.8) that

t
Or,, e (Tn,t) = e D (I"”t’o)aanﬁe(xm 0)—/ ~Pag (@nst, Z){A %()wg(xn, 2)+ Hlue)(zp, 2) }dz, (6.10)
0 v

where

Py, (wn,t,2) = P(xn, t,2) + A (t = 2).

P(xy,t,z) and H[u] were defined in the statement of Theorem 4.3.
At t =T we read (6.10) as

—Py_, (z,,T,0) T _p (n,T,2) ¥’p (ﬂfn)
02, 0uln,T) = P00, 6(0,,0) = [P T g TR 2 0, 2) 4 Hlu) ()},
0

and from ¢.(0) = ¢.(T") we get

—Py_, (zn,T,0) r —Py_, (zn,T,2) 72%)2(%)
Do Go(@n;0) = —(1 — ¢ Do @ T )*1/ e P T 0 I 2) o Hie) (e, 2) bz, (6.11)
0

. —Py., (@, T,0)
since 1 —e "¢ #0.

After integrating by parts the term containing 0, w. in H[ue](2y,,2) on the right hand side of (6.11) we
get the following estimate

|¢e(0)|§1k < CHlwelp2(gpsmey + 1Pel L2 (gpsme—1y + [we(0) [ gr-1}.
Since we € Cper(J7; HE™L) we see from (6.10) that we have

¢e(0) € Hk7¢e € Cper(JT;Hk)-
‘We thus showed that

ueeYk

per:

Since u, € Yper we have

=0+ )\gl)ue S Yper,

and from (6.9) it is obvious that we can use Theorem 6.3 and Gronwall’s inequality to conclude the proof of
Theorem 6.6 for k. g

We have an immediate corollary of Theorem 6.3 for £ = 0.

Corollary 6.7 For every f € Ype, there holds

sup [(A = Bo) " f ()1 + (A = Bo) ™ flrarsmcmz) + 106X = Bo) ™ fl2(grixo) < Clf72(0pix0)5

tedr

uniformly in X € {\: |A\| = 3¢}
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Let B¢ be denoted by

Ber = By + Z B + Z ¢6.BY.

Jj=1 7,k=1
Here
0 0 72({91” (pp )
Bo(t) = 0iIpir + | 7200, 0p)er =200 Iy (0w, vp(t))er ||
(o) _vtU a2
Oz, ( 72 pp ) 0 Pp afn
and
Uzl;(t)(slj ’72PpTe} 0 0 0 0
BUW =i | Se vyl —Fones | B = | 0 ghnliat et 0|,
0 —%&DHTe; vp ()81 0 0 2o 0jk
for j,k=1,...,n — 1. Here and it what follows, §;, denotes Kronecker’s delta.

Lemma 6.8 There exists 0 < r1 such that for each |¢'| < ry there hold the following statements.
Let A€ {\: |\ = 2q:}. Then (\— Bg/)~! is expanded as

0o n—1
(A= Be)™" = (A~ By) 1Z{ZfJB(1)+Z@£kBJk YA = Bo) '},
N=0 j=1 7,k=1

in L(Yper).

Proof. Let |¢'| <7 where r was given in Theorem 6.3. Let us rewrite (A — Bg/) as

n—1 n—1
A=Be)=[1-BY + > gaBR)(N—Bo) ™" | (A - Bo).
Jj=1 j,k=1

For f € Yjer there hold
1BV () (A — Bo(1)) " f(t)]xo < Cl(A— Bo(t) ™ £(£)

BE (A~ Bo(t)) ™ £ (1) x, < CIQA — Bo(t) " £(1)]:

for a.a. t € Jp. Using Corollary 6.7, we take r1 suitably smaller so that for |§’| < ry there exists the Neumann
series expansion of (A — Bg/) ™! on Y. O

(6.12)

Now, let us consider the adjoint problem.

Definition 6.9 We define function véo)*(s) as
0)x A (T—8) 7% 0)*
vé,) (s) = e (T )Uf,(s,T)ué,) .

Analogoubly to Lemma 6.2 we see that function vg,))* € Cper(Jr; H' x Hy) N L2, (Jp; H' x H2) N
(Jr; Xo) and it satisfies

per

—0sv + Ez/(s)v = —Aerv,

for a.a. s € Jp.
We have the analogue of Theorem 6.3 for (A — Bf,)~".

Theorem 6.10 There exists 0 < r1 < 1o and ¢1 > 0 such that for each |£'| < 1y there hold 0 < fReXg <%
and the following statements.
Let 1 <k <m and A € {A: Re X < 1 }\{=A¢'}. For every f € V¥ _ it holds

per
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(5]
A =Bi) ' f € () Chor(Jr; H¥ 2 5 HET?),
7=0

(]

o€ ﬂH;);} (Jp  HF2), we ﬂ 3 (Jp HEF1720),

Furthermore, there holds an estimate

[5] r 7]
| ( )|Hk 2j +/ Z |8]+IU|H’€ 2j x Hk—1-2j +‘8[ ]¢|2k 2[%] +|u‘%lkak+1dZ

[SIE

3=0
[%]—1 ‘ T E ‘
< CUY AT e + [ 310 T -sde),
j=0 j=0

fors € Jp uniformly in X € {\: |X| = $q1}. Hereuw="(¢,w) = (A\=Bg)~'f andzj[ }0 87 £(T))2 ko241 =
0 when k = 1.

Proof. Proof follows the same steps as the proof of Theorem 6.3. In the case k = 1 we use Theorem 4.9
(k =1) and Proposition 3.5 (ii). In the case k = 2 we use Theorem 4.9 (k = 2) and Lemma 5.6. The rest of
the proof is analogous to the proof of Theorem 6.3. O

Using Proposition 3.5 (ii) and Theorem 6.10 we can show the following analogues of Lemma 6.5 and
Theorem 6.6 for the adjoint problem.

Theorem 6.11 For each & with |{'| < ry there hold the following statements.
—Agr is the simple eigenvalue of Bg, on Y,g, and for any eigenfunction ue = T (¢, we) of B¢ associated
with —A¢r there holds

U € ﬂ 9 (Jry HY % < HEZ2),
(5]

d)e c m H]j);;l J Hk 2] 7 We c m per JT;Hk+1—2j)7

for all 1 < k <m and we have an estimate

Z |8]ue |Hk 23 / Z |8]+1U6|Hk 2j w Fk—1—2j + |8[ ]¢e|2 + |ue|Hk><Hk+1dZ < Ck,

forte JT.

Proof of Proposition 3.9 (i), (ii) As for (i), Lemma 6.5 and Theorem 6.6 show that —\¢ is simple
eigenvalue of Bgy on Y., Let f € Y, and A € {A: Re X < 1 }\{—A¢'}. Then by Theorem 6.3

pe’r P

(/\_Bﬁ') 1f€ per

This concludes the proof of (i). ~
As for (ii), Theorem 6.11 shows that —A¢ is the simple eigenvalue of B, on Y 7. Let f € Y, and

per: per
A€ {A:ReX < g1 }\{—A¢}. Then by Theorem 6.10

(A_Bﬁ) 1f€ per

This concludes the proof of (ii). O
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Let B¢, be denoted by

B¢ = Bj + Zfﬂ R Z 9197 BJQ)*-

7j=1 7,k=1
Here )
0 oy (02, 0p(s) ey —720u, (pp - )
Bj(s) = —0slpns1 + 0 7£8§"I”’1 0 ’
P’ D v+rU
G B O
and L 5
vp(s)o; e €] 0
Bj(l)*(S) = —1 1:::2(725)89 1};(5)51]‘["—1 %a'rne; ) Bj(i) = Bj(i)7 jvk = la s, — L.
0 %6;CRT69 U;(S)(Slj

There holds following result analogous to Lemma 6.8.

Lemma 6.12 There exists 0 < r1 such that for each |£'| <11 there hold the following statements.
Let X € {\: |\ =3q}. Then (A — Bg‘,)*1 is expanded as

(A=Bz) = (A By) 12{2@3“ 3 Gan0 - B
N=0

Jik=1
in L(Yper)-
In the rest of this section let |¢'| < 71 where 1 > 0 is such that all previous results in this section hold

true. We introduce eigenprojections for Be: and By, .

Definition 6.13 The eigenprojections for Be and B¢, associated with —A¢r and fXE/, respectively, are
defined as follows '

) = 5 [ (3= Be)tan
() = 5 [ =Bz

where T' = {\: |A| = 31} and T is positively oriented.
Definition 6.14 We define functions ug: and ug, in the following way:
e =T and g =TI(¢)u "

Proposition 6.15 The following statements holds true.
(1) uer and ﬂg, are eigenfunctions of Be: and Bg, for eigenvalues —A¢ and —A¢r, respectively.

(i) g and uy, can be expanded as

e = u® +ig - aM + |¢Pa? (),

ﬂz/ _ u*(O) + Zf/ . ﬂ*(l) + |£/|27L‘i*(2) (§,)7

and

U, ﬂZH w0 (0% g(l)’ 17(1)*7 a(2)(§/)7 ﬂ(2)*(£’)7

have the regularity (6.6) with k = m. Moreover, we have estimate
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2] [252)
sup Z |00u(2)[Frm-2s / Z |0 sy pm 125 + |8[ ]Q0U|2 + |ulFrm y gmardz < C,
z€Jrp
7=0
for a constant C' > 0 depending on r1 and u € {agl,’ﬁg,,a@)(g’),a(?)*(g/)}.
(iii)

7

|~

(g (t), ug (1)) = C(&) =
fort € Jp, where C(£") does not depend on t.

Proof. (i) is obvious from definition.
As for (ii), from Lemma 6.8 and definition of II(£’) we see that @ can be expanded as

e = u® i a4+ [¢'Pa?) (),

where
u® = Zim F(AfBo)*lu(O)d)\, ) = 271m /F(AfBo)*l(fi)B](l)(AfBO)*lu(O)dA,
and
) = 5 [ (= BRI
with
IEPRO (A, ¢) Zl &6:BSY (A — Bo) hu® + Z{ Zgj B + Zl &6:B)(A — Bo) V. (6.13)
J,k=1 j,k=1

Regularity (6.6) with k = m for ug, u, follows from (i) and Theorem 6.6. Since g |¢—o = = u(9), we obtain
by Theorem 6.6 that u(*) and u(?9* has the regularity (6.6) with & = m. Next, we show the regularity for
functions u(") = (ﬂgl), e (1) 1) and @®(¢’). From Theorem 6.6 we have

s

n

2
ul® e ﬂ 9 (s H™ 72 5 {20,

Since (A — B@)~1u(® = 140 we see that

per:*

My _ po)y-1,(0) _ (1) w© m
Bj (A=BY) " u )\ ey

So Theorem 6.3 gives us the desired regularity of #(1). Regularity of u(?) (¢/) simply follows from the regularity
of Ugr,u® and uV). Estimates uniform in |¢'| < ry follow from Theorem 6.6 and (6.12), (6.13). Results for
uf, and its expansion holds analogously from Lemma 6.12 and Theorem 6.10. This concludes (ii).

As for (iii), we calculate

—(Nertier, @) = (Bt + Ler (t)iler, 05) = (Osier, W) + (s, L (8)TE)

= Oy(ugr, ugr) — (g, Opugs) + (U, Ez, (t)ugv) = Op(ugr, ugr) — (ﬂg:ﬂg:ﬂ?)
Therefore
O (ug: (), ug (t)) =0,
for t € Jr and the inner product is independent of time. From expansions, estimates in (ii) and Lemma 5.1
we see that

(g (1), ag (1) = (W (1), u" @) + 0(¢) =1+ O(€),

uniformly for ¢ € Jp. (iii) is proved by taking r; > 0 smaller if necessary.

36



Proof of Proposition 3.9 (iii). Thanks to Proposition 6.15 (iii) we can define functions ue and ug, as
follows

~ . 1
Ugr = Ugr, Ug = >7.L£/

(ugr, ug,

Properties of u¢ and ug, follow from Proposition 6.15. This concludes the proof.

7 Proofs of main theorems

In this section we give proofs of Theorems 3.12 - 3.16. First let us deduce properties of 2 (t) and & (t) in
Theorems 3.18 and 3.19.

Proof of Theorem 3.18 All properties of 2 (t) are obtained by straightforward calculations from proper-
ties of ug:(+,t) stated in Proposition 3.9 (iii). Expansion of 2 (¢) follows from the one of ug (-, t) as

2W (1o = (F e huV (1),

2P ()0 = F {150 (¢, 1)},
O

Proof of Theorem 3.19 All properties of & (t) are obtained by straightforward calculations from proper-
ties of ug, (+,t) stated in Proposition 3.9 (iii). Expansion of P (t) follows from the one of ug (- t) as

ZVu=F @) = F HRilQual),
2 (= F R, u D)},

Pty = F =51 @ (€, 1)}

As for (v), since A\ = —iko&1 — k17 — K"[€" > + O(|¢'|?), we see from properties of Fourier transform
and & (t) that for ¢ = 0,1,2 we can calculate

=M P D okl <€ [ Rl e P 9P| G s
Let 1 < p <2, then
@ w @ (s) P < ClaE);.

Furthermore, let 2 < s < 0o and % + % =1, then

| R Bre e P e

—fﬁ fi// 1712 s
< C|Ix1(€ ) ¢ |2k (k1l&aP+r"1€" 7)) (t— )||

Ls— Z(Rn 1)|Hu|p s(Rn—1)

(7.1)
a2, L
=C 1_1 < O(l—l_t_s)i(nil)(;ié)i HU'H;Q)’
(t = )" VG R 2,
for 1 < p < 2. The second estimate in (v) is obtained in the same way as (7.1).
g

Proof of Theorem 3.12 As for (i), it follows from computation below:

FAP0)(D; + L(1)u(t)} = R1((0: + Ler (1))ult), ugs (1) ugr = Xa0s ((u(t), ug (£)uer)
—Ru(ult), Bt (1))ugr + R (ult), L (¢)ug (1)yugr — Ra(u(t), ug (1)) drug
= X10:((u(t), ug (8))uer) + X (u(t), ug () (=0 = AerJuer
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= X1(9¢ + L () ((ult), ugs (D) ug ) = F{(s + L(£)) P(t)u(t)},

and

F{P)(D + L)u(t)} = X1 (9 + Les (6))u(t), ugs (6)yugr = X104 (u(t), ug ()
—X1(u(t), Bpug ()uer + X (u(t), L (Hug (t)yue

= X1 {u(t), ug () — Aer{ult), ug, (1) )ug = F{2 ()0 — M) P (tju(t)}.
As for (ii), since U (¢, s) satisfies 0,U (¢, s) + L(t)U(t, s) = 0, we have from (i) that
0= (0 + L(t)PH)U(t,s) =2 #)[(0: — NP U(t,3))].

Therefore,

P U(t,s) = "IN DP(5)U(s,5) = eI P (s).

We proved the equation in (ii).
Next, let us show the estimate in (ii). Using Theorem 3.18 we see that

i
1670505, P()U(t, s)ullz < CY_ 110778, 2 ()0] e~ P (5)95ull2 < Clle* 94 P ()05l

p=0

Theorem 3.19 (v) concludes the proof of (ii).
As for (iii), let 7 € [0,T) is such that s + 7 is integer multiple of T'. Using (ii) we get

(I—-P)YU(,s)u=U(t,s)(I—P(s)u=U(t,s+17)U(s+1,5) (I — P(s))u

=U(t,s+7)(I = P(s+7))U(s+T,8)u.
Since P(t) = P(t +T) we get
U(t,s)(I — P(s))u=Ul(t,s+ 1)L — P(0))U(s+T,s)u. (7.2)

From definition we have relation P(0)v = .F {X1 (3, uf (0))ug:(0)}.
Since wug (t) is eigenfunction for simple eigenvalue —A¢ there holds true that ue (0) is eigenfunction of

ﬁgz(T, 0) for per = e*¢'T (see the proof of Lemma 6.5). Analogous result holds true for ug (0).
Therefore, there holds

Hg/’ll,g/ (0) = UE/(O), Hz,ug(O) = UE/ (0)
Since the eigenspace is one-dimensional there exists C'(£’,-) € C such that
ﬁg/’U = C(f/,v)’U{/ (O), v € Xp.
Taking inner product with uf,(0) we express C({', ) as
C(¢',v) = (g, ui (0)) = (v, 15 ug (0)) = (v,ug (0)).

Thus we arrive at relation

Nillev = X1(v, ug (0))ug (0) = P(0).
Let us decompose U(t, s+ 7)(I — P(0)) as follows

Ult,s +7)(I — P(0))v=F " (1Ue (t,s + 7)(I — Te )T + (1 — 30)Ue (1, 5 + 7)),

where v = U(s + 7, s)u.
Using estimate in Proposition 3.5 (i) we obtain

-1/~ 7 T\ —d(t—s—T1
IF~ (x1Ue (t, s + 7)(I — e )0) |l ) < e |0l ) xr2(0)» (7.3)

for a positive constant d >0 and t —s —7 > T.
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Moreover, we obtain from [1, Propositions 4.1, 4.2 and Theorem 3.1]

_1 = > b — —S—T A
(1= x0)Ue (t, 5 + 7)0) | 1) < Ce™ ™ |wll .y x 2 (@) + |10 Qull L2y} (7.4)

for t — s — 7 > T and a positive constant d.
Now we are ready to show the exponential decay estimate. Using (7.2), (7.3), (7.4) and [1, Theorem 3.1]
we have

U, $)(I = P(s)ull o) = Ut s + 1) = P0))U(s + 7, s)ull 1(a)
< e I([U (s + 7, 8)ull iy xp2 () + 100 QU (s + 7, 5)ull 12(0)

< Ce ™) (||ull g (ayxr2() + 00wl L2(0)),

for t —s > T+ 7. Using [1, Theorem 3.1] one can obtain

[U(,s)(I = P(s))ullar @) < Clullar@xc2@) + 102wl L2@),

for T <t—s < T+ 7. This completes the proof.
O

Proof of Theorem 3.13 Equations in (i) and (ii) can be obtain analogously as in the proof of Theorem
3.12. Regularity follows from Theorems 3.18 and 3.19.
O

Proof of Theorem 3.16 (i) is well-known so we omit the proof. As for (ii), from Theorem 3.19 we have a
relation

n—1
e(t—s)Agz(s) — e(t—s)A@(O) + Z amje(t—s)AL@;U(S) + A/e(t—s)A@(2)(s)7

=1

and (=2 POy = =92 Z 712 Qotl]).
We see that

F =M POy _ St — 5)0} = (R4 — 1)e (bt 1€ (-0)5

1 (X (t79) — g (im0l +r"[€" ) (t=5) )5,

Since \er + (ikoé1 + k&3 + K"|€"|%) = O(|¢'*), we have

e (1) _ g limoatm €l b |12 (=8| | (imotatm&d tr" €7 1°) (t=8) (o (herHimota a0 1P (0=5) _ 1))

< CIE'P(t — s)e~ =P (=),
Using above estimate we obtain

1y_ k+1

105 (A POy — L — 5)o)|2 < Ct—5) T G5 o,

1 <p<2 cf (7.1). Combining this with estimates from Theorem 3.19 (v) we conclude the first estimate in
(ii). The second estimate in (ii) follows analogously.
As for (iii), since

2 )N P (syu— 2° )t — s)o
=(2@1) - 2°0)e NP (s)u+ 2° (1) (I P (s)u — Ht — s5)0),

the estimate follows from (ii) and Theorem 3.19 (v).
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8 Appendix

Proof of Lemma 5.4. Since u(9*(z,) € H' x H? is T-time periodic solution of (3.5), we see that 1 is
cigenvalue of monodromy operator Ug(0,T). As the next step we show some decay estimates for U (s, 0).
We decompose Eg(s) as
Li(s) = Li +C*(s),

0 2232 vi(s)Te, 0

P'(pp) \"Tn 7P
Lt =Li(s) = C*(s), C*(s)=| 0 0 0
0 Dz, 0 (s)" e} 0

Here, note that (Lyu,v) = (u,Liv), u,v € H' x H? (sce [1]). By properties of solutions of Lyu = 0,
@u|xn:0,1 =0 and Lju = 0, @u|mn:071 = 0 it is easy to show that function ”(¢(®),0,0) is an eigenfunction
for simple eigenvalue 0 of both El and E*{ Moreover, one can show that there exists constant v9 > 0 such
that if v > 4y then R R

o(=Li)Uo(—L}) C{pe€C:m > |arg(p+no)| > o},
for ng > 0 and 6 € (,7) and there hold the same decay estimates for semigroups generated by L, and E’{,
e.g.

|els=DLI flx, < Ce®ol=0| flx,,

(8.1)

92, Qele=OFi fly < Copedol0|fx,,

for a positive constant dy, s < t and functions f € {g € Xy : [Qog] = 0}. (See [1, Lemma 5.6, (5.5), (5.6)])
Operator 1Ij defined as
Miu = (u, u'®(0))ul®,
satisfies by Propositions 4.1 and 5.2
U3 (0, )T = TI505 (0, 7) = T
Next let us show that

U (s,0)u0lx, < Ce®™|uglx,, (8.2)
and . L
1517104, QUG (s, 0)ugl2 < Ce®|ug|x,, (8.3)

for ug € Xy satisfying ﬁguo = 0 and a positive constant d.
To do so we first introduce operator II§(s),

ﬁ(’;(s)u = (u,u?(s))u®* s e R.
Let u(s) = T(¢(s), w(s)) = Ug(s,0)ug and I¥ug = 0. Since
0 (I (s)u(s)) = 0. (U; (s, 0)ug, ul (s))u(®*
= ((L&(5)U; (3, 0)ug, u'® (5)) + (Ug (5, 0)uo, —Ler(5)ul (5)))ul™* = 0,

we have that

From (8.5) we obtain by differentiation in s that

Dul(s)] = — (B (s). aiow@’l(s)pp) — (W (5): -0 ()
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0),1

Using equation for u and w(®! we get

Since wl(s) = e*¥4w} we have

1

%

' (s)]2 < Ce®*wgla, 0r,w' (s)2 < C—re*°luwgl2,
where A is defined by (5.1). Therefore, we get

[6(s)]] < Ce2*wglz, [9s[(s)]] < CeZ*fwgl.

Let us decompose ¢(s) as

Thus, [¢2(s)] = 0 and

da(s) \ [ eals) £0(s)
—0s | w'(s) | +Li| w(s) |= 0 . (8.6)
Here, f(s) = 7(f°(s), 0, f"(s)) and
( £9(s) ) B T 1 () 4+ 9, [(s)]
1) )\ ~on,up(shut(s) + [B(s))0n, (Z42e))

Solution ugy = T (¢, w) of (8.6) can be expressed as

~ 0 ~
uy(s) = e L1 —|—/ e f(2)dz.

Here, iy = ©'(¢o — [#o], wo). From (8.6) and computations above it is straightforward to see

1

|s|%egs|wé|2’

[Qof1=1f1=0, [f(s)lx, < C

and thus, by (8.1),

0
iz (5) xy < Cet® [ x, + / eH00=2)| £ ()| o dz < Ce®Jug| o,

S

with 0 < d < 3min{¥,do}. Now it is easy to see that (8.2) holds true for ug € Xy, ﬁ(’;uo =0. (8.3) is proved
in analogous way.
Now, let us show that 1 is simple. First, we show that for any v € Xg, v # 0 that satisfies

(U5(0,T) = 1)v =0, (8.7)
there exists constant C' € R such that v = Cu(9*. Let us decompose v using ﬁg as
v=Cu®* + vy, (I — ﬁg)vl = ;.

Since (8.7) is equivalent to the fact that Ug (s, T)v is time-periodic solution, Ug (s, T)v; must also be time-
periodic solution. But since

HS’Ul = 0,

by exponentional decay estimate (8.2) and periodicity we get vy = 0.
Furthermore, let us suppose that there exists v € Xy such that

(UE(0,T) — 1o = ul0*,

Since Q'u(9* = 0 we have Q’ﬁg((}, T)v = Q'v. Because Q’ﬁg(s, t) = e~ (*=9)4Q’ is not time periodic we have
Q'v = 0. Note that Q'Uj (s, T)v =0 for all s € Jp. Taking [Qo-] on both sides we get
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Qo3 (0. 7)) — [Qov] = Z

Since Q'v = 0 we have that ¢ = Qoﬁo"(s, T)v satisfies

—05¢ — ’72azn (Ppwn) =0,

and therefore 9;[¢] = 0. So [¢(T')] = [¢(0)], that is [QOU{; (0,T)v] — [Qov] = 0. Since 0 # ZTZ we showed that
v can not exist. This proves that 1 is simple eigenvalue. R

Now, we show (5.4). Let us compute spectral radius of U (0,7 on (I —II3)(H! x H}). Using (8.2) and
(8.3) we have

~

EaSNES -~ ~. . -~ 1
r(Us 0, D) -tz (a1 ) = (1 = Hg)Ug (0, T)(I — 1)) = Tim |((1 = Hg)Ug (0, T)I = T00))"| £ g1y

n—oo

_ . N . L 2 —ar _ —ar
= lim |(I = o)Ug (0, nT)(I = To)[ 7 g 12wty Snlgﬁo(o(l*ﬁ))"e =e T <L

Therefore, we showed (5.4).
U

Proof of Lemma 5.5. To investigate spectrum of (75*, (0,T) we follow the same steps as in [1, Proposition
5.10]. Let us denote J\//.Tg, (s) = Ez,(s) — L%. We define

Ve (s,t) = Us (s, t) — Ug (5, 1).
Since
~ = t T~ ~
Ug (s, t)ug = els=OL1y, —/ els=2)Li M (2)Ug (2, t)uodz,
it is straightforward to see that v(s) = ‘75’5 (s,t)ug is the solution of
—950 + Li(s)v = —(Mg/(5) — Mo(s))U& (5, t)uo, v]s—s = 0. (8.8)
Let us define operator S5V as
~ T A~ — —
(85 V) ()0 = — / 03 (5, 2) (Ve (2) — Mo(2))V (2)uods, s € Jr.,
for ug € H' x H}. Here V € L(H' x H},C(Jp; H* x H})) is defined as
Viug € H' x Hy — V(-)ug € C(Jr; H x Hyp).
We first estimate U{)" (s,t)ug. Observe that
=0T, < Ce® | f — [Qoflu®* |, + 1[Qof 1" | x,. (8.9)

Here, we used (8.1) and the fact esLiu0* = 4+ Since

- t -~ R
Ui (s, )ug = e D1y, — / eCALINME (2) UL (2, t)ugdz

S

- t S~
:e(s—t)LluO_/ e(s_z)LlMS(Z)e(Z_t)VAwéeldz,

we see from (8.9) that
U5 (s, t)uo| x, < Ce®™9|(ug — [Qouolu'®*)|x, + [[Qouole®  E1u |,

t
+ [ BT 2)el O A der — QoM (el Auen]u®) 2

S

t = —
Jr/ e 10O [Qo Mg (2)e* ™" Awgen] [ x,dz < C{e™™Dlug| x, + |uola},
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for a positive constant d and ug € Xy. Similarly we can obtain estimate

U5 (s, ol x, + (t = 82102, QUs (s, )2 < Cluo|x,, (8.10)
for ug € Xo. R N
From (8.10) we see that S, : L(H" x Hy, C(Jr; H' x Hg)) — L(H" x Hy, C(Jp; H" x Hyg)), and U (-, T)
and ‘Afg(-,T) satisfy

Ui T), VE(-T) € L(H' x HE,C(Jp; H' x HY)).
Therefore, we conclude from (8.8) that
(I = S2)Vs (. T) = 205 (1)

By using estimate in Theorem 4.9 we can show that there exists ro > 0 such that for |¢'| < rg there holds
|SE’ |L(L(Hleé7c(JT’Hle1))) < 1 and therefore using Neumann series expansion of Sg, we get formula

Ve (0,7) =Y SYU;0,7), (8.11)
N=1
and |Ve7(0, T)| L1 wmyy = O(€') (see the proof of [1, Proposition 5.10]).

Let qo = ‘ﬁ%l. We see from Lemma 5.4 that there holds resolvent estimate

|(p — Ug(ovT))71|L(H1 xmL) <O,
with C' > 0 uniform with respect to p € {|g| > go} N {|p — 1] > 1;‘70 }. We calculate

(= U2(0,1)) = (=T (0,T)) = V(0,7 = [I = V& (0,T) (e — U (0, 7)) (p = U5 (0, 7)),

Therefore, for ro suitably smaller we see from (8.11) that there holds

(b =Tg(0,7)) ™" = (u=T5(0, 7))~ Z Ve (0,7) (i = Ug (0,7)) ],
=0

for € {Jul > a0} N {lu =11 = 1%70}' We see that {[p — 1] = _4q°} belongs to resolvent set of ﬁg,(QT) for
|€’'] < rg. In particular,

o = — ~U3(0,7)74
€7 ot ooy T OO TR

is the eigenprojection for the eigenvalues lying inside the circle {|u — 1| = %}. The continuity of (u —
UZ(0,T))~" in (11,&') then implies that dim Range I, = dim Range ITj = 1. Therefore, we see from Lemma

5.5 that 0([75*/(0, THN{u:|p—1< 1;(7“} consists of only one simple eigenvalue, say ¢ . Thus we showed
Let us denote ué,) the associated eigenfunction satisfying ug, Herzo = = u®* We show that O = Tigr
Since

Ugf))k':o = u?(0) and ug,) ler=0 = u(®*,

and ug, , ué(,))* depend continuously on & we get from Lemma 5.1 that

(Wl ul"y =1+ 0(€).

Taking 79 > 0 suitably smaller we have (ué,), ug, ) # 0 for |¢/| < rp and we compute

0)x* 0 0)x* -~ 0 0)x*
per(ul) ul") = (el ul™y = (Ue (T, 0l ul)™)
0 0 * 0)x*
= (@l U0, T)ul)") = e (u)  ul)"),
i.e.

96/ = ﬁgl .
This concludes the proof.
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Proof of Lemma 6.4. Let us denote

g(t) = O, f + (8 Le (£))u.

Since f € nger it is easy to calculate that g € Y,.,. Therefore, by Theorem 6.3 in the case k = 1 we see that
i = (A — Bgr) g satisfies

t
u(t) = eMUg (t,0)uy — / AU (8, 5)g(s)ds,
0

where .
i = (e — Oer(T,0)) / e N0 (T, )g(s)ds,
0

since u(0) = u(T).
For all v € Xy we calculate

¢ ¢ _ N
([ It g(s)ds,0) = = [ o(s),e 0Ty (s, ),
0 0

Furthermore, there holds

— (8 Les (s)u(s), e‘x(s_t)(/f\g,(&t)w 5.12)
= (—2u(s) + dsu(s) + Le (s)u(s), fg,(s)e_x(s_t)ﬁg‘,(s,t)w - %(Zgl (s)u(s), e‘x(s_t)ﬁ;(s,t)w7

and

(0 (5), 0T s, )0) = — (7)€ OT (5,0)+ (F(5), (KB (s))e 20T (5,0, (8.13)

for a.a. 0 < s <t and for all v € Xy. First we show (8.12). Let us for now fix ¢ € (0,7]. Take h € C§°(0,t)

such that supp h C [dg,t — &), 6o > 0. Next we define mollified functions (ps x u) € H'(0,t; H' x H2) with
0 < d < dyg. Now we can compute

- /O (@5 Ler (5)(ps + u)(s), e XU (s, t)w)h(s)ds = /0 (Ler (5)(ps * Dsu)(s), e XD TE (s, t)w)h(s)ds

+ / (L (5)(ps * u)(s), 05 (7T (s, )0) r(s)ds + / (Le (5)(ps *w)(s), e 0T (5, 1)) (3)ds

t

- /O ((ps*dsu)(s), L (5)e DT (s, t)0)h(s)ds+ /O (Ler () (psxu) (), (—A+L ())e DT (5, 1)0)h(s)ds

t ~ ~
+ /O (Ler () (ps * u)(s), e DT (s, t)v)h/ (s)ds.
Since

IL2(5) 02 (s, )olx, < Ot — ) olx, < C85 *olx,,

for s € supp h, above computation is rigorous and we can take limit in §. Taking § — 0 we obtain
¢ 5 R t N R 5 N
—/0 (OsLer (s)u(s),e” (“’_t)UE*, (s, t)v)h(s)ds = /0 (Osu(s)—=Au(s)+Le (s)u(s), Lg (s)e™ (é_t)Ug,(s,t)wh(s)ds

+ / (Ler (s)u(s), e XEDTE (s, )0y (s)ds,
0

for all h € C§°(0,¢). Therefore, we see that (8.12) holds for a.a. 0 < s < ¢ and for all v € Xy. Above
computation is valid for any ¢ € (0,b]. Second, we show (8.13). Let us fix ¢t € (0,b] and take h € C§°(0,1).
We compute
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- /O (01 (), e DT (5, t)0)h(s)ds = /O (f(s),05(e DT (s,1)0))h(s)ds+ /O (f(s),e DT (s, 1)0) R (s)ds

t ~ ~
:/ (f(8), (=X + L& (s))e (s t)U* (s,t)v ds—/ on ), e AETITE (s, t)v)h(s)ds,
0 S
for all h € C§°(0,t). Therefore, we see that (8.13) holds for a.a. 0 < s < t and for all v € Xy. Above

computation is valid for any ¢ € (0, b].
Next, using (8.12) and (8.13) we calculate

- / (g(s), e 20T (s, t)v)ds = / (Bsu(s) — Mu(s) + Les(s)u(s) + f(s), Lt (s)e DT (s, t)v)ds

/ 50 (Le (s)uls) + f(s), e CITz (s, t)oyds — /0 (f(5), XeX=DT (s, t)v)ds
/ 55 (L $) + f(s),e 20T (s, t)v)ds — /0 (f(5), XeX=DTZ (s, t)v)ds

- _/0 %@A(t—s)ﬁs' (t,5)(Le: (s)u(s) — Mu(s) + f(s)), v)ds

—(Le (tult) — Mu(t) + £(1),0) + (eMTe (t,0)(Le (0)ug — Aug + £(0)), ),

for all v € Xy. Therefore, we obtained

- / e DT (8, 5)g(s)ds = —Les (u(t) + u(t) — £(8) + MTe (£, 0) (Le (0o — Mo + £(0)).

Using this relation at time ¢t =T we get

ur = (e — Ug (T, 0)) L M {~Le/ (T)u(T) + Mu(T) — F(T) + X Ue (T,0)(Ler (0)ug — Aug + £(0))}-
Using relation

(€T — Te(T,0)) " 0er(T,0) = —1 + e (e — Te(T,0)) 7,

we obtain
ur = (e = Ug(T,0)) e M {~Le (T)u(T) + Mu(T) — f(T)} — (Ler (0)ug — Aug + £(0))

+€_/\T(6_)\T — fjﬁ/(T, 0))_1(55’ (O)UO — )\UO + f(O))
Finally, by periodicity in time we get

uyp = —f(0) — Ef’ (0)ug + Aug,
and thus

u(t) = MU (t, 0)us + dyu(t) — e Ue (t, 0)uy = dyu(t),

for a.a. t € Jr.
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