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The elastoplastic-creep constitutive equation of soils is formulated by introducing the
subloading surface model and taking the secondary consolidation characteristics into account.
The mechanical response is illustrated by some numerical experiments.

INTRODUCTION

The deformation which depends on a time is called a creep in general. The secondary
consolidation of soils proceeds with a time even if a stress state is fixed and thus is
regarded to be a kind of the creep. The introduction of the creep due to the secondary
consolidation into constitutive equations is of importance especially for the prediction of a
deformation of soil structures for a long term after their constructions. It should be noted
that an abrupt change of stress would not cause a plastic deformation since it takes a time
for a slip of microstructure causing a plastic deformation to occur (there are no ‘instant’
inelastic strains, 7.e. all inelastic strains require time to occur), while an elastic
deformation occurs instantaneously. Therefore, it is thought that the stress goes out from
the yield surface without producing a plastic deformation when it changes abruptly. The
subloading surface model (Hashiguchi and Ueno, 1977, Hashiguchi, 1980, 1989,
Hashiguchi et al., 1997) does not premise that the stress exists on the normal
(conventional)-yield surface in a plastic loading process, introducing the subloading
surface which passes always through the stress point even if the stress exists inside or
outside the normal-yield surface and is similar to the normal-yield surface and letting the
plastic modulus depend on the ratio of the size of the subloading surface to that of the
normal-yield surface.

In this article the elastoplastic-creep constitutive equation which describes the
elastoplastic deformation and the creep is formulated for soils, introducing the subloading
surface model and taking the secondary consolidation characteristics into account.
Besides, its mechanical response is shown by some numerical experiments.

ELASTOPLASTIC-CREEP CONSTITUTIVE EQUATION
WITH THE SUBLOADING SURFACE

Let it be assumed that the stretching D (symmetric part of velocity gradient) is
additively decomposed into the elastic stretching D¢, the plastic stretching D? and the
creep stretching D°, i.e.

D=D°+D"+D°, ' €Y}
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where the elastic stretching is given by
D'=E'0 . 2)

O is a stress and (°) indicates the corotational rate and the fourth-order tensor E is the
elastic modulus which is given in the Hooke’s type as

Ezjkl = (K _% G) 51‘] 6kl + G (61k 5;: + 61‘1 8]16) s (3)

uhara I and (7 avra tha hualle mindnl and fb

winere A anag & are tne bk moguius ana tn are

A Tunly which
e ctively, which are
functions of stress and internal state variables in general and J,,is the Kronecker’s delta,
i.e. oy;=1fori=jand &,=0fori=j.

Let the plastic and the creep stretchings be formulated in the following.

Consider the following yield condition as the realistic example.

£(O, H)=F(D, “@

where

o~ \V4 o~

o=0 —«a 5)
g is the stress existing on the yield surface and @is the kinematic hardening variable.
The tensor H and the scalar H denote an anisotropic and an isotropic hardening variable,
respectively. Hereinafter, let it be assumed that the function f has the dimension one of
stress. An example of H is the rotational hardening variable of the second-order tensor
(Hashiguchi, 1994).

The fact that a stress can go out from the yield surface would have to be taken into
account in the elastoplastic-creep deformation process. Then, let the subloading surface
(Hashiguchi and Ueno, 1977, Hashiguchi, 1980, 1989) be introduced, which always passes
through the current stress O and keeps the similarity to the normal-yield surface. By
denoting the ratio of the size of the subloading surface to that of the normal-yield surface
be denoted as R and the similarity-center of the normal-yield and the subloading surfaces
as 8, it holds that

g=1 (0 ~(1-R)s} (F-s=R (0 -8, ®

A . .
where @ on the normal-yield surface is regarded as the conjugate point of the current
stress @ on the subloading surface.
By substituting Eq. (6) into Eq. (4), the subloading surface is described as

f (0, H) =RF (H), M

where
0=0—a, (8
a=s—R(s—a) (a—s=R(a-—s), €)

where @ for the subloading surface is the conjugate point of o for the normal-yield surface.
The time-differentiation of Eq. (7) is given by

tr(%@é)—tr(%‘r) é)%—tr(?f(a#) H)=RF +RFH, (10)
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where ( *) stands for the material-time derivative and

=0:U=+o0,
1

S T7 =N
LU=y,

:U<0. J

1o
D= AN, ' (14)

where A is the positive proportionality factor, and the second-order tensor N is the
normalized outward-normal of the subloading surface, <.e.

N af(d H)/H 9f(0 H)" ) (15)

N=
The substitution of Eqs. (12) and (14) into the cons1stency condition (10) leads to
tr (N g )

oM

16)

where

M, = tr (Na@) +tr (N&){?h—ﬁtr(ﬁ%%@h)+£}. (17)

h, h and a are functlons of the stress, plastic internal state variables and N in degree one,
which are related to H H anda as

_H ,_H
h=— h ==, (18)
a= %=z~U(s—®—R(z—&), (19)
o
a=--" (20)
$
z =" | @n
since these rate variables include A in degree one.
The plastic stretching is given from Egs. (14) and (16) as
tr (N 0)
D=—o—N (22)
M
which reduces to the following simple form for isotropic hardening materials with gg= H=s= 0.
t o
p¥ ( N )
N = 8f (0) /H 9f(0) 23)

UF + R‘F‘h
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However, by taking the fact that a plastic deformation requires time to occur into
account let the plastic stretching be extended for the time-dependent deformation as
follows:

tr( ]\_](5 ) _
D=§{——N, (24)
lle
where ¢ is a monotonically-decreasing function of the magnitude of stretching D
satisfying the following condition.

=1 for|Dl| =0,

£ 0 for ID| —>oo. (25)
An example of { is
¢ =exp(—C 2. (26)
C, is the material parameter. Here, note that a stress rate-stretching relation becomes
nonlinear, resulting in the rate-nonlinear consmutive equation
Let the creep stretching D* be written as
De=1(,0,H H), 27

where T is the second-order tensor function of the time t, the stress and internal state
variables in general.

It holds from Egs. (1), (2), (24) and (27) that

D:E-la"+~tr_w—6)ﬁ+r (28)
i,/ ~
which reduces to the following simple form for the isotropic material witha=H =s = O.
. tr(NO)
DZEHG%_WN’FT- 29)

The positive proportionality factor A is described in terms of the stretching D from
Eq. (28) as

tr{(NE(D~T))

A= —— T (30)
M,/{ +tr(NEN)
The stress rate is given from Egs. (1), (2), (24), (27) and (30) as
. tr{NE(D-T)}  _
O=ED——— ———EN—ET. 31

M,/C +tr(NEN)

Note that the stretching D cannot be expressed analytically by the stress rate O since the
right-hand side of Eq. (28) includes I|.D | but inversely the stress rate 0'is expressed
analytically by the stretching D as seen in Eq. (31).

A loading criterion is not required for the creep stretching since it proceeds always
with time. On the other hand, taking the fact that A has to be positive, while the quantity
M, /¢ +tr(NE’N) becomes negative in a softenmg process M, <0 for { <<1, let the
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following loading criterion for the plastic stretching be assumed.

pr +o. SWVEDT))
M, /¢ +tr(NEN)

’

(32)

pr-o HWVED@TOL
M,/€ +tr(NEN) ~

CONSTITUTIVE EQUATION OF SOILS

Let the subloading surface model with the rotational hardening be introduced for the
elastoplastic deformation of soils (Hashiguchi, 1994, Hashiguchi et al., 1997). The outline
is described in the following.

Let it be assumed that the normal-yield surface for soils obeys the isotropic and the
rotational hardenings, always passing through the origin of stress space, and thus a
exists on the origin of the stress space, i.e. @ = 0. Then, the subloading surface which
always passes through the current stress point and is similar to the normal-yield surface is
given for soils as

f(O,H)=p(1 + ¥, (33)
where '

p=—3ud, 0% =0+, (34)

— — — ok
n=Q -8, Qs%, (35)
= Inl 36

m
o Zﬁs@ﬁ _ G
3{1+a(l—sin*34,)} — singsin3 ¢,
N trn?

sin3 9, = —/6 e (38)

where ¢ is the material constant. Hereinafter, the material parameter a is fixed to be 0.1
for the convexity of the conical surface | [=m. B is the rotational hardening variable the
evolutional rule of which is given as follows:

B=b. ID* 1AM, , (39)
where
R=mi—8B, (0
_
=10 41
il “
2\/6 sin(z)b (42)

™= 3 1+a(l—sin38,)} — sing,sin3 4,
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where g, is the material constant.
The evolutional rule of the similar

. ~ 1 s N
§=clD" |G +(F tr(% Bs, (43)
f(ps; Xﬁ) :ps(1+ sz“), (44)
where c is a material constant and B

) O=0 —s. (45)
Ds Egtrs s* =s +p.d, (46)

s*
n.=Q.—8, Qs =5, (47

s

/N

X = (48)
4 = 2/6sing , (49)

3{1+a(l—sin?3 4,)) — singsin3 0,

trns

sind 6, =~ V6 L. (50)
Let the isotropic hardening/softening function be given as
H
F=(F+tp) exp( ) Di,s BD

where F is the initial value of F. p, (>0) is the material constant standing for the
negative pressure in which a volume of soil becomes infinite. o and 7y are the slope of
normal-consolidation curve and the swelling curve, respectively in the space (In p, In v)
(p: pressure, v: volume). The evolutional rule of the isotropic hardening variable H is
given as

H=—Df+D?, (52)
where
D? = D", (53)
wlp | AZ L, (54)
2/6 sing . (55)
3 {1+a(l—sin®3 6,)} — sing.sin3 6,

. tr 0* 3 (56)

sin3 6, = -6 o™ "3
p=—3ud, O*=0+pl, (57

where ¢ and g, are the material constants, while 2¢ = 0 for clays and the looser the sand is,
the larger g, is.
Let the function U in the evolutional equation of K be given as follows:

U= —ulnk, (58)
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where  is the material constant.
Let the elastic bulk modulus K in Eq. (3) be given as

K= L;p . (59)
The elastic stretching is given from Eq. (2) with Egs. (3) and (69) as
P T SR 1 s
D=+ 0, I+—_—0%*. 60
3 ptp 2G (60)
Let the creep stretching D be given as

P | lo*ly @ oy

D=1=—gew (207 T () (61

where & , @ (coefficient of secondary consolidation) and 7 are material constants, from
which the creep volumetric stretching Dy is given by

D =—-% (62)

in the isotropic stress state. The time-integration of Eq. (62) leads to the creep

volumetric strain
Ef=—a lni (63)
to
in the isotropic stress state.
Here, it should be noted that the initial time t, for the calculation has not to be taken
to be zero but has to be interpreted as the time elapsed after the soil had began to creep

in an infinite rate at t = 0 at which soil is in the softest state.

NUMERICAL EXPERIMENTS

Calculated undrained behavior in axisymmetric compression under various
deformation rates is depicted in Fig. 1, where the D, and ¢, are the axial stretching and
strain, respectivery, and q = —( 6, — o)), letting 6, and o, denote the axial and lateral
stress, respectively. The material constants and initial values are selected as follows:

material constants:
yield surface (ellipsoid) shape g = 35°

volumetric o =0.3, p,= 10kpa

isotropic

deviatoric . =0,0,=0"
rotational b, = 0, @, = 0°

hardening/softening

evolution of R « = 100
movement of similarity-center ¢ = 0
elastic constants y =0.1, G = 800kPa
creep a =0.006, £=1.0,7=0,t,=150min (D4 = —4X10°min™*)
C, = 1,000
initial values:
F,=301kPa, B=0,s,=0 kPa,
»=—3001I kPa
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where B, and s, and O are initial values of B, s and O, respectively. Note that inherent
and induced anisotropy is ignored because of B, = O, b, = 0 resulting in B= 0 and s, =
0, ¢ = O resulting in s= 0.

If one keeps g = const. from a certain moment on the way of the abovementioned
undrained process, i.e. the undrained creep, a straight stress path with a decrease of
pressure resulting in the creep rupture at the critical state line is predicted.

500 T T T T
’/ .
/ —D, (min!)

1
400 |- 102 b
elastoplasticity

(a=C,=0) ’ 104
10 .
-8
q (kPa) 10
10°
10-10

400 500

500

—D, (min-!)
1

elastoplasticity
102 (@=G=0

107

10
10°
10%9
10710

q (kPa)

Fig. 1. The numarical experiments for undrained behavior in axisymmetric
compression under various deformation speeds.
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ON THE SEKIGUCHI-OHTA'S MODEL

Sekiguchi and Ohta (1977) proposed the elasto-viscoplastic model for soils. Let the
mechanical pertinence of thier model be checked in the follbvving.
Eq. (63) is rewritten as
¢ o 0
ei=—aln De (64)
using the relations t = —a /D§ and t, = —a /D¢,. Further, if Eq. (64) is introduced, the
volumetric strain ¢, is written as

€,= €7+ €l + €5

=f S~ aln—p (65)

where the functions f* and f* in the Cam-clay model (Schofield and Wroth, 1968) are
given by k

F==Tg, N
Jr== f+ko In L—D Inl (66)
:_ﬁm{})‘oex (||FI|| 0,
=" -8, 67)

D is the dilatancy coefficient of Shibata (1963).

Here, note that D{ depends only on the time but the volumetric stretching D,
depends not only on the time but also on the stress rate. That is, they differs from each
other substantially. However, ignoring this fact, Sekiguchi and Ohta (1977) altered Eq.

(65) as D
e, =f" /7= alnpt (69
le.
exp( _‘f_ﬁ;ﬁ) de, = D, dt (70)

without any pertinent reason, and integrating it under the initial condition € , = f¢at t = 0,
they derived the viscoplastic volumetric strain ¢ ? (= ¢+ ;) as

t Vid
—aln{~Dugexp(—L4 1), @)
ie.
pexpC Il —pexpia AE L @ (exp (ZEF) - Djj=0. (72)
w t a

Sekiguchi and Ohta (1977) regarded Eq. (71) to be the yield condition for the viscoplastic
deformation of clays and further obtained the viscoplastic constitutive equation by
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substituting the associated flow rule for the viscoplastic stretching D into the
consistency condtion of Eq. (71). The above-mentioned derivation process of the

Sekiguchi-Ohta model is shown in the flowchart of Fig. 2.
c= 2
Di==-%

integrate

£5~_-_a1ntLo (- alntLo= gl fP= € ()

alter (meaningless in order to integrate again)
Di=-a/t, Dfo-—- ~alt

e_ K va
AL “1+eolnpo’
D, I
= ff+ ff— aln=*% P _ 17
alter bs = 1 +e {p" M)}
(irrational) e

D, D, depends on both stress rate and time
= P_ aip=20 ’
b=frf In D, D‘? does not depend on stress rate.

CXp ife+ fp) Dvo

P
i.'tafe;f)dgv = D, dt

cxp('
again
integrate
(irrational)

GCXP(M) Dvot +c

t =0 (irrational) : & = f*— ¢ _-acxp( )

P e
_aexp(i—) {cxp(——_ev ; f ) - 1} = Dt

& - f=¢&f
Sekiguchi-Ohta's viscoplastic yield condition:
—aln{1-Dolep(*I)} = &7
(different from f74 5 = f7 - alni-=ghic. Pz gl wn(¥) 1]

pexp((Th) - [ {5 € (2(5) - 1)} =0

Fig. 2. Sekiguchi-Ohta’s formulation of elasto-viscoplastic constitutive equation with various
physical irrationality.

or
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\
However, note that Eq. (71) is diffrent from the following equation based on Eq. (63).

el =" —aln (73)

t(] ’
Physically meaningless but mathematically formal calculation starting from Eq. (73)
without a mistake turns back to Eq. (73) itself by the vicious circle as shown in Fig. 3.

integrate

t i -
> &= —alnl (f7- alng =8P i fr=2)
D= ~a/t, Dj,= —alt

DL‘

¢ — _qln2ve
&= OtlnD6

cxp(_;vc)dt;f = Df.dt

again
integrate

vicious
circle

C
_acxp("—f"—) = Dit+c
t=te: & =0—>c=—a— Djto
Df*o= -a/to

C——— E‘€=_alnL
to

Fig. 3. Physically meaningless but mathematically formal calculation
without a mistake.

The reason why Sekiguchi and Ohta (1977) got the different equation (71) is caused
by the following mistakes.
1) They altered Eq. (65) into Eq. (69). However, it should be noted that the volumetric
stretching D, and the creep volumetric stretchnig D¢ are substantially different from each
other. D, depends not only the time but also on the stress rate, while D3 is independent
of the stress rate.
2) They integrated twice Eq. (62) to have obtained Eq. (71) in the vicious circle with the
unsound alteration.
3) They put t = 0 in the initial state of calculation. It is physically unacceptable for the
creep rate to be put infinite at the initiation of calculation, while a physical property of
materials is independent of calculation. As was described in the foregoing, the initial time
to has to be taken as the time elapsed from the softest original state, and thus « is to be
the material constant, while a in the Sekiguchi and Ohta’s (1977) model is not a material
constant depending on when calculation is started.

Besides, it would be also physically strange that the yield function of the right-hand
side in Eq. (73) or (74) includes the material parameter « three times.
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CONCLUDING REMARKS

The elastoplastic constitutive equation is extended so as to describe the time-
denpendency of soils in this article. In this formulation the creep stretching is added to
the elastic and plastic ones in the algebraical sum. Thus, it could be called the
elastoplastic-creep constitutive equation. On the other hand, the wiscoplastic
constutive equation is formulated by modifying the plastic constitutive equation. It
could be classified to the over-stress model (Perzyna, 1963a, b, 1966) and the
nonstationary flow surface model (Olszak and Perzyna, 1966, 1970). The former results
in the leap from the conventional plastic constitutive equation as it cannot reduce to the
plastic one since a plastic deformation is not predicted when a current stress exists on the
yield surface. The latter introduces a yield surface which is affected by the rate of
deformation by incorporating a time. The Sekiguchi-Ohta’s model in the foregoing falls in
the framework of this model. However, it would not be conceivable that the yield
condition is affected by the rate of deformation so remarkably as it becomes an infinite
size in a moment independent of a plastic deformation. On the other hand, the
elastoplastic-creep constitutive equation formulated in this article would have the simple
form and the conceivable physical meaning by introducing the cbncept of the subloading
surface which does not premise that a current stress exists on the yield surface in the
plastic loading process. This concept of the extension of elastoplastic constitutive
eguations so as to describe the time-dependent behavior would be applicable to materials
unlimited to soils.
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