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Various cyclic plasticity models have been proposed in the past. Among them the
subloading surface model (Hashiguchi, 1989) only is regraded to have the pertinent structure
adaptable to the prediction of cyclic loading behavior of materials as has been revealed by
the author (Hashiguchi, 1993b). The constitutive equation of soils is formulated by introduc-
ing the subloading surface model and formulating the evolution rule of the rotational
hardening for the description of the induced anisotropy.

INTRODUCTION

A prediction of inelastic deformation of materials for cyclic loadings has been
required for practical problems in engineering. The conventional theory of plasticity
premises that the interior of the yield surface is an elastic domain so that it is unable
to predict the mechanical ratchetting behavior for cyclic loading with a stress ampli-
tude within a yield surface, predicting only an elastic deformation after a first cycle.
Therefore, various cyclic plasticity models have been proposed in the last quarter of
century. Among them the multi (Iwan, 1967; Mroz, 1967) the two (Dafalias and
Popov, 1975 ; Krieg, 1975),  the single (Dafalias and Popov, 1977),  the infinite (Mroz et
al., 1981),  the initial subloading (Hashiguchi and Ueno, 1977 ; Hashiguchi, 1980) and the
subloading (Hashiguchi, 1989) surface models are welllknown. The nonlinear
kinematic hardening model (Armstrong and Frederick, 1966 ; Chaboche and Rous-
selier, 1981) has the identical property with that of the multi surface model as has been
revealed by Marquis (1979) Chaboche and Rousselier (1983) and Ohno and Wang (1993).
The bounding surface model with a radial mapping of Dafalias and Herrmann  (1980)
falls within the framework of the initial subloading surface model. It was clarified by
the author (Hachiguchi, 1993) that only the subloading surface model is able to predict
realistically the cyclic loading behavior of materials, satisfying the fundamental
requirements for cyclic plasticity model, i. e. the continuity condition in the large and
in the small, the Masing effect and the work rate-stiffness relaxation. Besides, the
induced anisotropy of metals has been conveniently described by the kinematic harden-
ing after Edelman and Drucker  (1951),  Ishlinski (1954) and Prager (1955, 1956).
However, the kinematic hardening may not be able to describe the anisotropy of soils
pertinently since the yield surface may not move in such a way that it goes out from
the origin of the stress space.

In this article, the subloading surface model is applied to soils, determining
concretely material functions included in this model and formulating the evolution rule
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of the rotational hardening for the description of the induced anisotropy. The positive
sign of stress (rate) and stretching stands for extension throughout this article.

SUBLOADING SURFACE MODEL WITH ROTATIONAL HARDENING

The subloading surface model (Hashiguchi, 1989) premises on the existence of the
subloading surface which expands/contracts within the yield surface in the conven-
tional sense, renamed the normal-yield surface, passing always through a current
stress point in not only a loading but also an unloading process and keeping a similarity
to the normal-yield surface. Besides, it is assumed that the subloading surface
approaches asymptotically to the normal-yield surface in a loading process, causing an
decrease of plastic modulus. This model involves three internal variables, that is, the
isotropic hardening/softening variable H and the two back stresses, i. e. the first back
stress : the kinematic hardening variable a and the second back stress : the similarity
center ,s of the normal-yield and the subloading surfaces.

The stretching D (symmetric part of velocity gradient) is additively decomposed
into the elastic stretching De and the plastic stretching Dp ad usual, i. e.

D=D”-tDP, (1)

where the elastic stretching is given by

D%E-l& (2)

CJ is a stress, ( ’ ) indicates the corotational rate. E is the elastic modulus given in the
Hooke’s type as

(3)

where K and G are the bulk modulus and the shear modulus, respectively, and aii is
the Kronecker’s delta.

The normallyield  surface with the isotropicPkinematic-rotational  hardening is
described as

f(p^, x^>=F(H) (4)

with

f(p^, x^>= &(x^)Y (5)

where

6-6-a, (6)

(7)
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6 is the function of the material constant $ and

sin3B--J6  +
( >

3,

i. e.

Gi= fm( 4, sin3 8), (11)

where

(12)

? /fi = ~2 represents a conical surface in the principal stress space ( ol, oz, 03),  the apex
of which is located in the point (aI, CY~,  as) and the central axis is described as gl/&=
i72/@2=  lT3/B3. T h e  s c a l a r  H  a i s  t h e
kinematic hardening variable, i. e. the back stress, while the rotational hardening is
described by the additional plastic internal state variable j?. It should be noted that
f is a homogeneous function of 8 i n  d e g r e e  o n e ,  s a t i s f y i n g  t h e  E u l e r ’ s  t h e o r e m  t r
(df(b, x^vaa-a)=fm  x>.

& =K,S-Kza, (13)

where Kl and Kz are material functions of a stress, plastic internal state variables and
Dp in degree one.

For the formulation of the evolution equation of the rotational hardening variable
j?, let it be assumed that

1) There exits a limit surface for the rotation of the normal-yield surface.
2) For the monotonic-proportional loading with d*/p=const.,  the so-called

anisotropic consolidation, p approaches to Q^( = d */p^).
Hence, let j be assumed as

k = blllDP*(l  11 tlIIbz~b, (14)

where

D$=trDP,  D”=_Dp-+$I, (15)

+jb-?&-fl,  ‘);)b=mb  t^, (16)

t^=L

II G-11 ’ (17)

?& iS given by the function fm Of the material Constant  $6b and Sin3 8, i. e.

mb=fm(@b,  sin3 8). (18)

The surface described by 7j)b=  0, i. e. p= 716  leading to j = 0 is called the &nit surface
for rotation of yield surface.

In what follows, let the subloading surface concept be introduced.
The subloading surface is given by the similarity to the normal-yield surface (4)
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as

f( F, a = RJW (19)

with

f( h, x>= I%( XL (20)

where

(24)

EG is given by the function f,,, of 4 and

i. e.

M=fm( 4, sin3 e),

where

(25)

(26)

j7 _ 11 1111  =tr”’  q2, S =trli3 v3 (27)

a on the subloading sueface  is the conjugate point of CT on the normal-yield surface,
and R(OIR<l)  is the ratio of the size of the subloading surface to that of the normal
-yield surface, while R=O and 1 correspond to the purely elastic and the normal-yield
state, respectively. It holds that

s=Ra, F_=R$,  #*=Ra*, s=Rs^,
&=&, q=jj, &=Q,  m=yj&  x-2, (28)

where

grs-  5, g-s-a. (29)

The variable R is calculated from eqn (19) with the substitution of

Ef=d+Rs^ (30)

obtained from eqn (28),, and then c is calculated by the equation ~r=s-  R.C.
Let the evolution rule of the similarity-center s of the normal-yield and the

subloading surface be formulated below.
The following inequality must hold since the similarity-center has to exist inside

the normal-yield surface.

A D^S,  2s) g F(H), (31)
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with

where

f( fis, 2s) = 5s.d  2s) (32)

%iS is the function fm of 4 and

sin3 8,- - J6
( >
S, 3,

YS

(36)

(37)

i. e.

tiis=fm(q5,  sin3Bs),

where

pSetr1’2jjE,  j$SGtr1’3q3,.

Eqn (31) leads in the differential form to

(38)

(39)

t r i af($9 “)(&&++{tr(  ‘f(;i “) j)-F}&)]rO  for f(p^,, fs)=F(H),  ( 4 0 )

where ( l ) indicates a material-time derivative. Eqn (31) or (40) is called the enclo-
sing condition of similarity ~ ten ter . Let the following equation be assumed, which
satisfies the inequality (40).

from which the evolution rule of the similarity-center is obtained as follows :

(41)

(42)

where c is a material function and

a - a - s . (43)

The associated flow rule is adopted :

D*=AN  (A >0 ) , (44)

where ,A is the positive proportionality factor, and the second-order tensor iV is the
normalized outward normal of the subloading surface, i. e.
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(45)

Let the loading criterion (Hill, 1958, 1967 ; Hashiguchi, 1994a) be assumed as

Dp#  0 1 tr(NED)>O,
DP=O  1 tr(X?D)lO.

(46)

A differentiation of eqn (19) leads to

(47)

It holds from eqns (13)-(18)  and (28) that

(48)

(49)

where

(52)

It is assumed that R increases monotonically in the plastic loading process,
satisfying

R=O : i=+q
O<R<l:  IbO,

R=l : i=O,
(Dp# 0). (53)

R>l:i<O,

Then, the evolution equation of R in the plastic loading process is given by

Ei= UIIDpIj,

where U is the monotonicallyPdecreasing  function of R, satisfying

(54)

R=O  : U=+a,
O<R<l:  U>O,

R = l :  i=_J=O,
I

’
(55)

R>l:U<O,

Examples of the function U are as follows :

U=ul(l/R”‘-l),
U= - uJnR,

(56 a)
(56 b)

where ul, uz and ml are material constants.
It holds from eqns (30) that

9=&R&(1-R)~s&. (57)
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Substituting eqns (48), (49), (54) and (57) with eqn (44) to the extended consistency
condition (47) for the subloading surface, ,I is obtained as

(tr(NED))
A= D+tr(NEN)

-( tr(F) >), (58)

where

(59)

(60)

(61)

(62)

(63)

(64)

(65)

The bracket ( > i s  t h e  Macauley  bracket, i. e. (u>=O  for u =O and (u)= u for u 20
resulting in (u>= uH(u) with the Heviside unit-step function I?? for an arbitrary
scalar variable U.

As was described in the previous article (Hashiguchi, 1993b), this model fulfills the
condition of continuity in the large that a stress rate changes continuously for continu-
ous change of a stress state, i. e.

3(~+66,  Hi, D)-h’(d,  Hi, D)+O f o r  66+0 (66)

so that the smooth elastic-plastic transition is described, where Hi(i=l, 2, *a*, n)
denote collectively scalar- or tensor-valued plastic internal state variables. There-
fore, it is not required to incorporate the algorithm for judging the fulfillment of the
yield condition and for selecting a stress increment for which a stress does not go out
from the yield surface, e. g. the Euler method (Yamada  et al., 1968) the mean normal
method (Pillinger et al., 1986) and the radial return method (Krieg and Krieg, 1977),  in
the computer program. Also, the Masing  coefficient (Hashiguchi, 1993b) is control-
lable by the selection of the value of the material function c so that the hysteresis loop
would be depicted realistically. This model obeys the associated flow rule, while
almost of all constitutive models for soils adopt the non-associated flow rule which
violates the (second-order) work rate-stiflness relaxation as the fundamental require-
ment for the elastoplastic constitutive equations (Hashiguchi, 1993a) as was revealed
by the author (Hashiguchi, 1991).
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MATERIAL FUNCTIONS

Concrete forms of the material functions in the present model for soils are given
in this section.

Let the following functions for the subloading surface and the limit surface for
rotation of yield surface, etc. be adopted.

dX)=lf x2,  g(Xs)=l+ x:, (67)
- Z&sing _
m= 3-sin”dsin3  B’

ZJ&in$ _
ms= 3-sin”$sid?  8,’

Z&sin$b
mb=  3-sin”dbsin3 8’

(68)

n is the material parameter, while the equation 11 @II = m  with eqn (68)1  for n = 1 and a
= 0 coincides with the Coulomb-Mohr failure criterion in the axisymmetric tension/
compression states, i. e. /IO*ll/p=2,&/(3+sinq5)(+  : extension ( 8=-n/6), - : com-
pression ( 8=n/6)).

For the formulation of the hardening function F(H) assume the linear relation of
ln$-lnu  (Hashiguchi, 1974, 199413  ; Hashiguchi and Ueno, 1977) (p (= -(tra)/S) : pres-
sure, v : volume) as shown in Fig. 1 :

(69)

Fig. 1. The lnu-lnp  linear relation for isotropic
consolidation of soils.
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the time-derivative of which is given as

D,=D$+D”,

(70)

where

D,-trD, TV-  Dudt,
f

D”,-trDe, E;= D;dt,
f (71)

D$-trD*,  EC-  D$dt.
f J

Ed, E: and E$ are volumetric, elastic volumetric and plastic volumetric logarithmic
strain, respectively. v. is the initial volume and v* is the volume in the unloaded state
to the initial pressure po, and p, and pYo are yield pressure and its initial value,
respectively. ,U and y are the slopes of normal consolidation (elastoplastic) curve and
the swelling (elastic) curve, respectively, in the (lnp, lnv) plane.

By selecting F to be equal to p, in eqn (69) one has

F=Fo  exp(  --A) (72)

for the isotropic consolidation process, where F. is the initial value of F. T h e
hardening/softening of soils is substantially induced by the decrease/increase of plastic
volumetric strain. In addition to this fact, the plastic deviatoric stretching induces a
hardening for dense sands but a softening for loose ones. Taking this fact into
account, assume the following evolution equation of isotropic hardening function F for
the general loading process.

F= FO exp( -,“,)

&D$-[(  VP- K)llD**II,

(73)

(74)

where V*(=  I$ exp(&,),  Vo: initial specific volume) is the specific volume in the
unloaded state to the initial stress and 1/, is the specific volume in the boundary
between the states inducing a hardening and a softening due to a deviatoric plastic
stretching and ,$ is a material constant. From eqns (73) and (74) it holds for eqn (61)
that

F’=-F
P - Y ’

h=trN-[(  VP- K)llN*ll. (75)

Let the material function c in the evolution equation (42) of the similarity-center
s be given as

c = cJRc2,

where cl and c2 are material constants.
Let the elastic bulk modulus K be given from eqn (70) as

(76)
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j+P.
Y

The elastic stretching is given from eqn (2)  with eqns (3) and (77) as

(77)

De,l Y l 1 0 *

3P
--a,I+~d ,

where

d~+trb, fS*-6-_-J.

(78)

(79)

COROTATIONAL RATE

The corotational rate of the second-order tensor T is given as

%=+IVW,T+TW,, (80)

where W, is the corotational  spin, i. e. spin of a material substructure (Kratochvil,
1971 ; Mandel, 1971) and was given by Dafalias (1983, 1985) and Loret (1983) as follows :

wm=w-Iv, (81)

where W is the continuum spin, i. e. the antiisymmetric part of the velocity gradient
tensor and Wp is called the plastic spin. For the kinematic hardening IV’  was given
as

WP=IIDPIIp(6,  a), p=&b--a), (82)

where ;7 is a material parameter (Dafalias, 1983, 1985 ; Loret, 1983).
The three tensor-valued plastic internal state variables, i. e. the kinematic harden-

ing variable a, the rotational hardening variable B and the similarity-center s are
incorporated in the present model. It is assumed that the kinematic hardening occurs
only isotropically so that the yield surface expands and translates to the direction of
the space diagonal in the principal stress space, keeping a*( = a - (tra)/3)=  0 and
involving the origin of stress space. Besides, note that
approaches to the current stress, i. e. s- 6 for a continuous
it may be assumed that

wP=IIDP*llY(6, a>, t=P(Ba-@),

where p is a material parameter.
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APPENDIX

1. Equation of R
The substitution of eqn (30) into eqn (19) with eqns (20) and (67) leads to

where

0,x= iY,+Rs,,
z’.~ g”+Rs”.u u V’ I

From eqn (Al) with eqn (A2) one has

where

R=(-B-tdm)/A, (A3)

2. Partial derivatives of material functions
The partial derivatives of material functions included in the present model are

given in the following.
Because of
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dsin3 SpII=
dOij

+ 3& TiT T’lj} .

.) 6jj + 3sin3 B Tij

103

L46)

it holds that

V(h,  x)
aa

f((sin3  Btr(  r@)-JGtr  P+&tr( Pq))l+3sin3 Bir+3JG t’}*].

Because of

asin3 8_ 3p-#Js Ti* Tpj+Sin3 B F’ij)
8/3ij

it holds that

af(5, X)_ h k(x) ~i++(sin3B~+~~‘) 8%
ab m-2 ax dsin3 I? .

In the same manner it is also derived that

GiS t^,+ 3(sin3  8, t^, + & Z,Z)

where

For eqns (67) and (68) it holds that

ag( x) am-=2x, ~
ax

sir?-ld  m2,
&in3 B - 2&

adc) =2x
ax^,

atis_ = sin”-‘4 m”,.
" asin3 B, 2v@

(A71

(A9)

(AlO)

(All)

(A131

L414)


