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Adaptation of Powell’s method to estimate the parameter in biochemical system
was considered. Powell's algorithm was modified to parameter estimation in dif-
ferential equation system. According to the accuracy of one-dimensional search
methods in the algorithm, success and faults method and second polynomial ap-
proximation method were adopted as one-directional search method. And Powell’s
method was slightly modified by adding non-negative constraint condition to judg-
ing step. As the results of parameter estimation in model reaction system (dif-
ferential equation system), the present program was able to estimate the param-
eter within = 2 % error, even if £ 10 % white noise was included in experimental
data.

INTRODUCTION

For the study of the mechanism and control mode of metabolism or bio-
chemical system, it is dispensable to understand the dynamics of the system.
The first sequence in the analysis of the biochemical system is the construc-
tion of a model scheme of the real enzymatic reaction, then parameters in
the model scheme should be estimated from experimental data and the appro-
priateness of the model scheme should be discussed. One of the most useful
methods for such an analysis is based on optimization technique. Many re-
leased optimization techniques can be classified into two groups, one group is
consisted of the gradient method and the other the direct search method
(Jacoby et al., 1972).

Since biochemical systems are generally formulated by differential equa-
tions, various gradient methods have been frequently adopted to optimization
technique. However, biochemical systems are essentially large and complex,
and the model scheme of such complex systems may be formulated not only
by differential equation, but by another equation, i.e., algebraic, difference
and variational equations (Masaki etal., 1977). For the complex biochemical
systems, it is very difficult to formulate an equation on the gradient of the
system, and further the gradient could be evaluated only by the numerical
differentiation. It has been recognized that numerical differentiation induces
easily many errors in evaluation of the gradient. Therefore, the direct search
method which need not to evaluate the gradient seems to be much suitable for
the analysis of dynamics of complex systems.

21



22 S. Kuhara et al.

Modified Powell’'s method, a typical method using conjugate direction, is
well known to have an ultimate fast convergence for the parameter estima-
tion of a general quadratic function (Powell, 1964). In the present study, it
was attempted to apply modified Powell’'s method to the optimization of reac-
tion parameters in a biochemical system. Since parameters in biochemical
systems must not have negative values, the most effort was made to introduce
a non-negative constraint into modified Powell’'s method. In practice, first a
certain enzymatic reaction was supported to be the model scheme and it was
formulated by the ordinary differential equation. The differential equation
was solved numerically using a set of parameter values and calculated time-
courses were obtained. Next, the calculated time-courses were regarded as
experimental data and the values of parameters (rate constants) were esti-
mated reversely by modified Powell's method from the experimental data or
calculated time-course.

CALCULATION

Modified Powell’s algorithm

In the formulation of the modified method, f(P) represents value of a cost-
function, P; is vector of parameter, ¢ is vector of direction, 4, is a scalar,
suffix i indicates i-th iteration and »n the number of parameters.

Algorithm of modified Powell’'s method may be represented as follows
(Powell, 1964) :

(i) Consider n-dimensional vector. For i=1,2, ---,n calculate 4, so that
F(P,_,+Ae) reaches a minimum and define P,=P, ,+Ae,.

(ii) Find the integer m, 1<m<n, so that f(P,.,)—f(P,) is a maximum, and
define 4=/(Pn_-1) —f(Pn).

(iii) Calculate f;=f(2P,—P,), and define fi=f(P) and fo=f(P,).

(iv) If either fi=fior (fi—2f:+f)(i—fa—d)*=4(fi—f:)?, use the old direction

(ey,€1,. ... ea) for the next iteration and use P, for the next P,.
(v) Otherwise, defining e=(P,—P,), calculate 4 so that f(P,+¢4) is a minimum,
USE €1, &2 " Em-1, Em +1, ***, Eny€ a@S the directions and P,+Ae as the starting

point for the next iteration, starting again from i=I.

These steps are repeated until the convergence is satisfied.

One-directional search

In above mentioned modified Powell's method, the problem can be reduced
to one-directional search. In the present program, three methods, A, B and
C of one-directional search were combined and used.

A. Second polynomial approximation method ) .

It has been recognized that a functioncan be generally approximated by
second polynomial in neighborhood of the extremal value. Then, the true
extremal value can be approximated by extremal value of second polynomial
defined by three values of the function at least (Box et al.,, 1969). There-
fore, following manipulation of values of the function gives approximated
extremal point,
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minimum point = -v/w,
w=2(A(f(C) -£(B)) +B(f(4) -f(C)) +C(/(B) --f(A)))/
(A4—B)(B—C)(4-0),
v=—1/2w(A+ B) + (f(A) —f(B))/(A—B),
where A, B and C are the values of argument, f(A), f(B) and f(C) represent
the values of the function.

B. Success and faults method

An upper bound to the length of step along one-direction is not limited
in the conjugate direction methods. Therefore, in the present study, follow-
ing algorithm of iteration is used to determine the length of step (Rosenbrok,
1960). The principle of this method is to select a step of arbitrary length, &,
from the starting point x, and to evaluate the value of the function, f. If f(x,
+h) < f(xy), then this trial is defined to be Success, and # is multiplied by
factor 2. The other case, this trial is defined to be Faults, and % is multiplied
by factor -1/2. This trial is repeated until the change in length of step is
less than e.

C. Fibonacci search
If interval L which includes the point minimizing the function could be

found, Fibonacci search gives the most narrow interval including minimizing
point after N-evaluations, among various one-directional searches (Kiefer,
1953). The algorithm of Fibonacci search is formulated as follows : Assumed
that interval [a,, b,] contains minimizing point and N is the number of evalu-
ation. In N-th evaluation, interval is denoted by L(N) and the maximum in-
terval of uncertainly [ay, by] in which the minimizing point should be sought
is defined by

dy_,=1/2L(N—1), dy=1/2L(N—1)+a,
and [ay, bx] = [an-1, Gy-1+dy-1],
or fay_1+dy_1,bx.1],
according to whether

flay1+dy ) =< flav-1+dy),
or flay +dy ) > flay-+dy).
In (N-ii)-th evaluation, i=(N-2),-, 1 intervals L(N—i) and [ay_;, by-;] are
defined by

dV~i=(Ax‘/Ai1Z)L(N_1_i)-
and [ay i, by J=[ay-1-4,by-11—dx_y] ,
or [ay a-i+dy-i, byoioi],
according to whether

fay e tde ) f(by_s—dy_.),

or flay 1+ dy ) > fbyori—dy-d),
where A4, is the i-th Fibonacci sequence which is represented by
Ay=A,=1,

AN=AN—1+AN-2 (sz)
In first evaluation, d; is defined by
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(An-2/Ay)L,, L,=[a,, b,].
Modified judgement for new direction vector

In the present study, it was attempted to optimize the parameters in bio-
chemical system represented by ordinary differential equation. It is well
known that the parameters can not have negative value in biochemical sys-
tem. Consequently it becomes to be the most important problem when the
values of parameters have negative sign in the calculation process.

In modified Powell’s algorithm, it may be that the values of parameters
will become negative in judging step of new direction vector. In order to
replacement of the vector ¢, by new direction vector e=(P,—P,), the follow-
ing procedure was proposed in Powell’s method: The direction vectors e, ¢,
---, &, should be chosen to make the corresponding determinant as large as
possible. Therefore, if new direction was adopted by replacement of one of
old direction vectors, it will be proved that the direction which should be
discarded, is e., 1<<m<n where m is such that f(P..,) —f(P,) IS maximum.

Because f(P;) is a minimum in the direction e, if ¢; is scaled, so that

g;Ae; =1,

where A is the coefficient matrix which defined by
f(P) =P:4P+ BP+ C.

The displacement from P,_, to P, is

[f(Pio) —f(P)] es=Res .
The direction can be defined by the iteration as

P,— Py=pe,
where e4e=1.
Replacement of the vector ¢, by the vectore effects the multiplication ot di-
rections by 2,/x. Consequently, the direction which 1, is largest will be dis-
carded, and new direction will be sited the direction e,.

Obviously this replacement should be made only if A, =u. For the
calculation of g, the function f;, f; and f; defined in algorithm are used with
second polynomial approximation. Finally, criterion can be evaluated by
following equation. Only if

V=N
or (h—2L+f)(i—fi—4) Z1/24(/i—f)F,
where 4=max(f(Pn-1)—f(P,)),
m

new direction should not be used for the next iteration.

It was known that in this step, negative value of 2P,—P, appeared fre-
quently. Then, in the present program, this step was modified as follows: If
2P,—P, had negative value, 2P,—P, was replaced by non-negative vector in
the same direction. And, instead of evauation of f,= fior (fi—2f+f) ( fi—
fi—d) =1/24(fi—f)% » was calculated actually by second polynomial approx-
imation from £, f, and f; which was evaluated by non-negative vector. This
process is diagramed in Fig. 1. Then, direction ¢ was replaced by a new
direction e, if ,, =4,
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Fig. 1. Diagram of modified routine for judgement on new direction
vector in parameter space. Both axes p; and p; indicate elements of
the parameter vector, P, is the starting point and P, is the end point
of parameter vector in an iteration, P,—P, is the vector of new direc-
tion, P, shows minimizing point on new direction vector and permis-
sible region is first quadrant.

where 4;=max(f(P,-.) —f(P)).
[}

This modification was added to the original judging step. And only if
negative condition arises in calculation, this modification process was executed
in the present program.

In the present study, calculation was executed by FACOM M-200 in Com-
puter Center of Kyushu University.

ESTIMATION OF PARAMETERS

The accuracy of one-directional search method

In order to investigate accuracy of three methods of one-directional search,
the parameters of following Rosenbrock’s function

(X)) =100(x;—xD*+ (1—x1)2+90(x,— xD)?+ (1—x;)?

+10. 10 —1)2+ (%, ~1)2+19.8(x;—1) (x,—1)
were optimized using the program described above. The results of the opti-
mization are shown in Table 1. The number in first column indicates the
trial number in success and faults routine. Case 1 is for that in which only
success and faults method was used as one-directional search. In Case 2, the
success and faults method and Fibonacci search were used together. In Case
3, the success and faults method and second polynomial approximation were
used. In Case 4, three methods were simultaneously used. As can be seen
in Table 1, the minimum point of Rosenbrock's function was accurately esti-
mated except for the Case 1. In all cases, the monotonous decreasing in the
cost function was not realized by simple increasing of the trial number in
success and faults routine. Typical examples of the mode of the decreasing in
the cost function are shown in Fig. 2. As can be seen in Fig. 2, Cases 3 and 4
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Table 1. Optimized values of Kosenbrock’s function in four cases of
one-directional search.

No. * X, Xy Xy X, Cost function CPU time No.**

Minimum point 10 10 10 10
Case 1 5 0. 96 0.92 0.80 0. 69 0.17 x 10 0.97 sec 13
7 089 079 11 12 0.40 x 1071 1.13 sec 13
10 -1. 3 1.7 0.30 0.072 0.68 x 10 1.14 sec 25
11 1.0 1.0 1.0 1.0 0.25 x 1077 1.07 sec 15
30 1.0 1.0 10 1.0 0.37 x 109 0.97 sec 14
Case 2 b} 083 073 10 10 0. 69 1.04 sec 15
10 1.0 1.0 10 1.0 0.17 x10°¢ 1.04 sec 14
30 1.0 10 10 1.0 0.52 x 101 0.99 sec 12
Case 3 5 1.0 1.0 1.0 1.0 0. 16 x10-3 1.18 sec 20
10 1.0 1.0 10 1.0 0. 78 x 10~1¢ 1.03 sec 13
30 1.0 10 10 1.0 0.29x 101t 1.04 sec 12
Case 4 5 1.0 10 1.0 1.0 0.40x 1012 1.12 sec 14
10 1.0 10 1.0 1.0 0.71x10716 1.05 sec 12
30 1.0 1.0 1.0 1.0 0.12 x10-s 1.03 sec 11

*:: Trial number in success and faults routine.
: Number of optimization.
Case 1: success and faults.
Case 2: success and faults + Fibonacci search.
Case 3: success and faults + second polynomial approximation.
Case 4: success and faults + Fibonacci search + second polynomial approximation.

COST FUNCTION

NUMBER OF OPTIMIZATION

Fig. 2. Changes in the cost function with iteration.

1: success and faults (Il-iterations).

2: success and faults (lo-iterations) +Fibonacci search.

3: success and faults (10-iterations) +second polynomial approximation.
4: success and faults (lo-iterations) +Fibonacci search +second polyno-
mial approximation.

gave considerably good convergence. The success and faults method followed
by second polynomia approximation (Case 3) was found to be the best among
four cases, because the number of evaluation of the cost function was fewer
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than other cases.
Estimation of rate constants in a model reaction system

In order to investigate the efficiency of the program developed in the
present study, the parameter estimation was carried out using a supposed
model of the reaction system. The time-courses were first calculated using
the model system and to the value on the time-course at each time was added
the randomly chosen value which was supposed to be the experimental error.
The resulted values on time-courses synthesized as above were regarded as
the experimental data. The values of parameters were estimated from the
imaginary experimental data. Finaly the efficiency was evaluated by the dif-
ference between the supposed parameter and the estimated parameter.

A. Reaction system

The model of reaction system was supposed to be open system consisted
of four steps of first-order reaction with five rate constants. The model sys-
tem is illustrated in Fig. 3, where A, B, C and D indicate reactants and k; the
rate constant.

k

ks , A kI,B 2, ¢ k3aD K |

Fig. 3. Reaction model. For calculation of time-courses, k,=1.0;k;=
0.5; k3=0.5;k=0.3;k;=10.0 were used, A, B, C and D: reactants.

The rate constants, #,= 1.0, k,=0.5, k,=0.5, k,=0. 3 and k;= 10.0 were adopted
for the calculation of time-courses. For optimization, the cost function f was
defined by
M N
/'(X)=¥Z](Xe(i,j)~Xc(i.j))2

where X,(i, j) is the value of imaginary experimental data of i-th reactant
at time j, and X.(i, j) is the optimized value of i-th reactant at time j. M is

Table 2. Imaginary experimental data synthesized from calculated
time-course.

. E‘ime 0.0 3.0 60 9.0 120 150 180 21.0 240 27.0 30.0
Concentration —

1000 145 102 10.0 10.0 10.0 10.0 10.0 10.0 10.0 10.0
20.0 51.2 285 220 20.4 20.1 20.0 20.0 20.0 20.0 20.0

100100 %83%3 78%W3 BI%4 2670 W56 N2%K2 HU6N0 NN MBE RM
975 143 104 100 100 101 98 9.8 9.9 100 9.8

0% error

+2.5% error 0980 RO AT A1 WYL M AN DAS4 D5AI MMS2 NIWS
10.1 37.8 56.9 541 447 39.8 36.9 350 345 342 33.0

950 14.1 105 10.1 10.1 102 95 96 9.8 9.9 9.6
0906 M8%T %2 UL BBSL 003 N6M6 HEXT NIWE IN4 01925

10.2 37.2 555 53.9 43.7 40.0 37.6 354 352 349 325
90.0 138 10.7 101 102 105 9.1 9.1 95 99 9.2

+5% error

+ 10% error 0192 2489 HBGY LIB1 N BEY 418 2200 ASAT A2 A AU AL 1B

10.5 36.0 52.8 53.4 417 0.5 389 36.2 36.5 363 3.7

UOW> O Ol oOOowm> Sow>
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the total number of reactants and N the number of observation (time).

B. Imaginary experimental data with error

By considering real experimental data with error, the imaginary experi-
mental data were set by introducing the random values of which the maximum
was bounded at *0,+2.5,=5 and =10 %, respectively, of the values on the
calculated time-courses (see row of 0 % error in Table 2).

C. Reversely estimation of rate constant

The rate constants, k,,-:-, ks which had been originally supposed in the
reaction model, were reversely estimated by the present program from the
above mentioned imaginary experimental data. In the present program,
Runge-Kutta-Gill method was adopted for solving the differential equations of
the model, and the combined method of success and faults method and second
polynomial approximation was used for one-directional search. The estimated
rate constants after convergence are shown in Table 3. In the case of 0%
error, the estimated value has no any difference from the postulated value
after 8 iterations. In the cases of =25 % and =5 % errors, convergence
was so fast that after 7 and 8 iterations convergence was completed, and the
difference between estimated and postulated value was not more than 2 % in
relative value. The maximum difference in the case of = 10 % error was
found to be -1.52 % in relative value, indicating modified Powell’s method is
excellent for the estimation of reaction parameter from the experimental data
which include the white noise.

DISCUSSION

In the present program, one-directional search is the key part to conver-
gence and accuracy of parameter estimation. As shown in Table 1 and Fig. 2,
linear relationship cannot be found between increase in the trial number in
success and faults routine and decrease of the cost function. Especially in
Case 1, accuracy of estimation was insufficient at trial 5, 7 or 10, whereas the
trial number 11 showed a good accuracy. Therefore, only using of the success

Table 3. Difference between true (supposed) value and optimized
(estimated) value.

Rate constant

cost
. No.*
ky ks ks ks ks function
True value 0.100 x 10  0.500 0.500 0.300 0.100 x 102
Optimized +0% error 0.100~10 0.500 0.500 0.300 0.100x10% 0.20x1071z 8
value Difference =0% =0% =0% -0% =0%

12.5% error 0.101 x10 0.497 0.498 0.302 0.101x10z 0.15x102 7
Difference +1.0% -0.62% -0.34% +0.60% +0.59%
+5% error 0.102x10 0.494 0.497 0.304 0.101x102 0.58x102 9
Difference +2.0% 1. 2% -0.68% +1.2% +1.2%
+10% error 0.993 0.499 0.492 0.299 0.992x10 0.25x103 27
Difference -0.74% -0.24% -1.5% -0.40% -0.84%

*: Number of optimization.
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and faults method thought to give insufficient value at a small trial number.
This is because the success and faults routine has possibility that a wide in-
terval was always held during calculation or contained no minimizing point at
a small number of trial. Accordingly, the method in which success and faults
method is followed by other one-directional method, such as Cases 2, 3 and 4,
was expected to be better with regard to the convergence.

In biochemical system, it has been recognized that there must be non-
negative value of parameters. However, there may be the possibility in mod-
ified Powell's method that parameter takes negative value on judging step
for new direction vector. Therefore, judging step was modified as described
previously. As a result, the appearance of the negative value of parameter
was almost removed from the process of computation. Thus, the revised pro-
gram was able to be applied to the optimization of the value of parameters in
differential system.

For differential system, the value of parameters was estimated by the
program from imaginary experimental data including some error. As shown
in Table 2, in spite of the existence of the errors, the difference between the
values of the postulated and estimated parameters did not increase beyond 2
%. The negative value of parameter never appeared in the calculation in all
cases providing for the modified judging step. Thus, it was concluded that
even if data have some experimental error (white noise), the present pro-
gram can be sufficiently used for the estimation of the parameters in differen-
tial equation.
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