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The occurrence of the saturation in a threshold-type response was studied by means
of digital simulation using model systems for enzymatic reactions.
The threshold-response did not attain to a saturation level when it was assumed that
only the concentration of a product influences the rates of formation and consumption
of the substrate. However, the threshold-values and the slopes of the response curves
were significantly influenced by the concentration of the product. Saturated threshold-
responses were observed with a model system including a mechanism that the rate
of consumption of the substrate was controlled by the concentration of its precursor.

INTRODUCTION

The threshold-type responses in a living organism have attracted attention
of many researchers. LiEko  (1972) studied an enzymatic model system by
means of a steady-state approximation and obtained a threshold-type response
which exhibited either an unsaturated or a saturated profile according to selec-
tion of rate constants.

In the previous report (Okuyama et al., 1976),  a threshold-type response
was obtained directly by computation of the rate equations from LiEko’s  model
without any approximation. It was found in the preceding studies that an
arbitrary threshold-curve can be connected to a standard curve with the
Michaelis constant (K,), the threshold-value and the input concentration, and
that the model system still exhibited the threshold-type response when an
oscillating input was given to the system. However, all the computed response
did not reach saturation which is thought to be a characteristic of threshold
phenomena.

The present study was aimed at establishing a model which is able to
produce a saturated threshold-response. In practice, the above mentioned model
system was revised stepwise  and digital simulations were made at each step to
build the desired model system.

COMPUTATION

Numerical calculations were made about the model system shown in Fig.
I-b. The differences of the present system from the previously reported model
(Fig. l-a) lie both in an additional subsystem which is connected with a product
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04 (b)
Fig. 1. Model systems used in the previous study (a) and used in the
present study (b).

P, and in the replacement of the previously used rate constants, p and q, by
new variables, c1 and cf, respectively.

The rate equations for the system in Fig. l-b may be written as follows:

dY(O___ =c,X,-kK,E(t) Y(t) +k,C(t)  -czY(t>
dt

dC(t)~ =k,E(t)  Y(t) -k,C(t) -k&(t)dt

dE(t)~ = --K,E(t)  Y(t) +k,C(t)  +k,C(t)dt

> (1)

df’(t)___ =k,C(t) -k,P(t)dt

Where X(t) is assumed to have the time-invariant-value X, as was in the
previous report. The initial concentrations were assumed to be Y(0) = C(0) =
P(O)=0  and E(O)=cx0.2  (c=l or 2).

In order to find a system and sets of parameters which produce a saturated
threshold-response on Y, value (Y value in steady-state) with input X0, simula-
tions were made stepwise  in accordance with the revision of the model system
as described below.

Step I
At first it was assumed that the rate coefficients c1 and cz were given by

the following equation :

Cl = p-k,P(t)

cz = 4 I (2)

Equation (2) means that the P(t) controls the first step X+Y in a mode of
negative feedback with a proportional constant of k, . Thus the rate equations
for this system may be given by equations (1) and (2). The values of param-
eters  were  chosen  as  p=O. 1, q=l.O, kl=120.0,  kz=7.0, k,=5.0,  E(O)=O.2  in
arbitrary units, and K,=O.  1 (the Michaelis constant), p/q=O. 1, k,E(O)/p=lO.  0
were used for computation.

From the results of LiEko (1972) and our previous report (Okuyama et al.,
1976),  the following relationships have been established with respect to the
threshold-response for the model system shown in Fig. l-a:



Threshold-Response in Enzymatic Reaction 69

p/q: slope of the idealized (K,=O) threshold-curve
k&(0)/p : threshold-value

Numerical calculations were performed with changing both k, and k, values.
Parameter-sets which had been previously found to give a steady-state were
adopted and rate constants k, and k, (shown in Fig. l-b) were not considered
yet.

Step II

From the results of Step I, the variables c1 and c2 were assumed as follows :
c,=p--J’(t)
c,=q +k,P(t) I

(3)

This equation means that the P(t) controls the formation and consumption of
Y(t) by negative and positive feedbacks, respectively. The differential equations
for this system may be given by equations (1) and (3). The following values of
the parameters were used : p=l. 0, q=O.  1, k,=400.0,  k,=35.0, k,=5.0,  E(0) =O. 2
in arbitrary units, and K,=O.  1, p/q=lO. 0, k,E(O)/p=l.  0 were used for computa-
tion. Simulations were performed with changing the k, and k, values under a
fixed value of k,.

Step III
The rate coefficients c1 and cz were modified:

c,=p--J’(t)

cz = WV) I
(4)

The second term indicates that the step of Y(r) consumption is activated lin-
early by P(t). The values of the parameters used were the same as those in
Step II. Simulations were done stepwise  in order to study qualitative relations
between one of the additional parameters (k4,  k, and k,) and the threshold-
response.

Step IV
From the results obtained in Step III, the input X, was further assumed to

affect the step of Y(t) consumption; thus, cz was defined as follows:

cz= (k,Xo)k.c#‘~‘P(t) (5)
Numerical calculations were performed by changing the values of the param-
eters included in equation (5).

The values for kl, kZ, k, and E(0) used in the present study were chosen
from the previously reported parameter-sets, while the values for p and q were
changed from the previously reported values.

All the numerical solutions of the differential equations were obtained by
means of the MRKGM subprogram (Okamoto et al., 1975) by a FACOM 230-75
digital computer in the Computer Center of Kyushu University.

RESULTS

Relation between k, and threshold-curve (Step I)

The relation among kg, Y,, P,, and the input X0 is shown in Fig. 2, where
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Fig. 2. Computed  resu l t s  in  S tep  I . Sol id  l ine  i s  the  Y, v a l u e  a n d
broken line is the P, va lue  wi th  the  changing  k5  va lue .  Curve  A,  kg=
0 .001 ,  curve B, kS=O.  01; curve C, k5=0.05;  curve D, k,=O. 5. The other
p a r a m e t e r s  w e r e :  p=O. 1, q=l.O, kl=120.  0, kz-7.  0, k3=5.  0, k,=l. 2  and
E(O)=O.  2.

Y, and P, represent the steady-state values of Y(t) and P(t),  respectively. Here
k,=l. 2 and the other parameters were set as mentioned above. When K,=O.  001

was used, the obtained curves are in good agreement with the curve calculated
for model l-a because the relations of k,P(t) <p and c,+p  are realized. When
k,=O. 5 was used, the formation of the substrate (Y) was nearly prevented due
to the relationship of k,P(t)+p. As for the curves shown in Fig. 2, P, increases
slightly and takes a steady-state when input X0 exceeds a certain limit of its
concentration. Consequently, a rate coefficient c,,=p-k,P, in the steady-state
seems to be held in a constant value, regardless of the amount of input in a
region where P, appears to be saturated. Adopting an assumption that the tip
of each threshold-curve was linear in the region where P, shows a steady-value,
the slopes of the curves were calculated from Fig. 2. Moreover, assuming that
the obtained slopes represented that of idealized threshold-curves, possible
threshold-values could be estimated from the figure. Results are shown in
Table 1. Because the K, value in this case is equal to 0.1, practical threshold-
values must be somewhat larger than estimated threshold-values listed in Table
1. The calculated values for G/G and k,E(O)/c,  in the steady-state (c,,/c,, and
k,E(O)/c,,)  are also tabulated.

Table 1. Computed threshold-curves and calculated values at Step I.

Observed value Calculated value

Curve k5
Slope Threshold cl, MW.0

value cz- cl-

A 0.001 0.10 0.10

c”
0.01 0.09 :il 0.09 :;
0.05 0.06 16 0.06

D 0.5 0.03 - 0.02 ::
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Relation between k, and threshold-curve (Step II)

In order to obtain curves with steeper slopes than those shown in Fig. 2,
p/q ratio (the slope of threshold-curve for the model system shown in Fig. l-a)
was enlarged. The values k,=O.  1 and k,=O. 001 were fixed and changes of the
threshold-curves with parameter k, were studied. Computations were performed
only to study whether the curves were saturated or not. As seen in Fig. 3,
P, values were again saturated and, on the contrary, the threshold-curves for
Y, were unsaturated. Changes in the threshold-values were not clear from Fig.
3, though they seem to differ considerably from that of the curve (bold line)
for model l-a computed with the same parameters as described above.

5-

0 1 2 3
X0

Fig. 3. Computed results in Step II. Solid line is the Y, value and bro-
ken line is the P, va lue  wi th  the  changing  k4 value. Curve A, ka=0.2;
curve B, k,=O.  5. The other parameters were : p=l. 0, q=O. 1, kl=400. 0, kZ==
3 5 . 0 ,  ka=5.0,  k,=O.l,  k6=0.001 a n d  E(O)=O.2. Bold line shows the Y,
value for model l-a with the same parameter values and dotted line shows
idealized threshold-curve.

Relation between k, and threshold-curve (Step III)
The values for p, q, kl, k, and k3 were the same as in Step II, and k,=2.0,

k,=O.  1 and k,=l. 0 were adopted. In the following studies, these values were
defined as a standard set of the parameters (the curve derived from the standard
parameter will be called curve S). In relation to the k4 value with the standard
parameter-set, the behavior of the system was estimated as shown in Fig. 4.
The slopes and the threshold-values were estimated in the same manner as
described in Step I. As is evident from Table 2, the k, value has a considerable
effect on the slopes of the curves but a slight effect on the threshold-values.

Relation between k, and threshold-curve (Step IU)

The dependence of the curve-shape on the change in the k, value in the
standard parameter-set is shown in Fig. 5. P, took nearly equal values regard-
less of the k, value and was also saturated. The behavior of the curves except
for curve A (this curve cannot be analyzed because its slope is too steep) is
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Fig. 4. Computed results in Step III. Solid line is the Y, value and bro-
ken line is the P, value with the changing kl value. Curve S, kr=2. 0;
curve A, kl=3.0;  curve B, k,=l.O; curve C, k,=O.5.  The other parameters
were: p=l. 0, q=O.  1, kl=400. 0, k2=35. 0, k3=5.  0, kS=O. 1, ks=l. 0 and E(O)=
0.2.

Table 2. Properties of the computed threshold-curves and calculated values in Fig. 4.

Curve k,
Observed value

Slope Threshold
value

Calculated value

c1, k&K0
c2.X Cl..

2 E
24
37

c” ;:: 11
4

19
32

:

1.1

:*:
1:3

Table 3. Properties of the computed threshold-curves and calculated values in Fig. 5.

Observed value Calculated value
Curve

Slope
-

Threshold
value

: 8.4 2 :*; 19

2:1
18 :*:

C l:o 7 9 2:1

shown in Table 3. Here the threshold-values were influenced considerably by
the value of K,.

Relation between R, and threshold-curve (Step III)
The threshold-behavior is shown in Fig. 6 with the changing parameter k,

in the standard parameter-set. The values on threshold calculated from the
curves are listed in Table 4. In this case, P, was also scarcely influenced by
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Fig. 5. Computed results in Step III. Solid line is the Y, value and bro-
ken line is the P, va lue  wi th  the  changing  k, value. Curve S, &=O.  1;
curve A, k5=0.0;  curve B, k,=O. 2; curve C, kS=l. 0. The other parameters
were: p=l. 0, q=O. 1, ki=400.0, kZ=35. 0, k3=5. 0, k,=2.0, k,=l. 0 and E ( O ) =
0.2.
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Fig. 6. Computed results in Step III. Solid line is the Y, value and bro-
ken line is the P, va lue  wi th  the  changing  ks value. C u r v e  S, kG=l.O;
curve  A, ks=O.  5; curve B, k,=2.0;  curve C, k6=4.0.  The other parameters
except  for  curve  A’  were :  p=l. 0, q=O.l, kl=400.0, k2=35.  0, k,=5.0, k,=
2.0,  k,=O.  1 and  E(O)=O.2. C u r v e  A’ ,  k,=l.O  and  the  o ther  parameters
were the same as those of curve A.
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Table 4. Properties of the computed threshold curves and calculated values in Fig. 6.

Observed value Calculated value
Curve k,

Slope Threshold Cl00 M(O)
value cz- c1D.

2 E z ::; ;: :::

c” :*:
14

:*:
10

:.:
Al 0:5 3;: 2:5 1; 2:o

the value of K,. The change in the k, value from 0.1 to 1.0 moves curve A to
A’, as shown in Fig. 6. As is also evident from curve C in Fig. 5, the threshold-
values depend remarkably upon the variation in the k, value.

On the model systems analyzed in Steps I-III, the rate coefficients c1 and
c2 become constant due to the saturation of product amount at steady-state and
consequently all the curves have similar shapes to those on model l-a. This is
because only the effects of the product concentration have been considered as
feedback inputs in Step I-III.

p/q Ratio and threshold-curve (Step IV)
The threshold-responses calculated with the standard parameter-set and

with k,=l.O  are shown in Fig. 7. When p/q ratio turned to 20.0 with each of
p and q changed, the profile of response changed profoundly as shown in Fig. 8.
Curves A and B showed a clear threshold-nature. The threshold-value in model
l-a with p=2.0 turned to 0.5 and this relation was also held in curve A in Fig. 8.
The curves obtained here may be considered to be practically saturated.

Fig. 7. Computed results in Step IV for the standard parameter values:
~~1.0,  q=O.l, kl=400.0,  k2=35.0,  k3=5.0,  k4=2.0,  k5=0.1,  k,=l.O, k,=l.O
and E(O)=O.  2.

E(O)  and threshold-curve (Step IV)

Curve C (in Fig. 9) was obtained when only the initial concentration E(0)
of curve A in Fig. 8 was changed from 0.2 to 0.4. Figure 9 also depicts the
relation among curves C, A and the standard curve S. The curves A and S are
transcribed from Fig. 8. As a result of the change in the E(0) value, k&(0)/p
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Fig. 8. Computed results in Step IV with the changing p/q r a t io .  Curve
S, p=l.O and q=O.l; curve A, p==2.0 and qzO.1;  curve B, ~~1.0  and q=
0.05.

0 5 10
X 0

Fig. 9. Computed results in Step IV with the changing E(0) value. Curves
S and A are the same as in Fig. 8. Curve C, p=2.0,  q=O. 1, E(O)=O.  4 and
the other parameters were the same as those of curve S.

returns to its original value of 0.1. In relation to this, curve C exhibits a
larger threshold-value than curve A. Furthermore, curve C seems to have
the same saturated concentration as the standard curve S has, although their
shapes are slightly different from each other. Moreover, the ratios of P, to
p in curves A and S are evenly l/2, and the value of k,E(O)/c,, is about 1.0 for
each curve; this value coincides with the threshold-value estimated from the
figure.

Relation between k, and threshold-curve (Step IV)

The changes of curve B (Fig. 8) in relation to the changes of the k, value
are shown in Fig. 10. The threshold-values for the four curves are exactly
the same and P, also took an equal vaIue  for the four curves. The value of
k,E(O)/c,w is about 1.1 for the four curves and is in agreement with the thresh-
old-value estimated from the figure. It is clear from the assumption on c1
and c1 that curve F coincides with curve S in Fig. 9.

In Step IV, the effect of an additional feed-forward subsystem, which con-
sumes the substrate, on the threshold-response was evidenced clearly. Further-
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Fig. 10. Computed results in Step IV with the changing k, value. Curve
B, k,=O.8;  curve D, k,=l. 0; curve E, k,=l. 5; curve F, k,=2.0.  The other
parameters were the same as curve B in Fig. 8.

more, it was found that the threshold-curves obtained were all saturated as well
as the values of P, and C,.

DISCUSSION

AS for Steps I-III, and in a region where the coefficients c1 and ca can be
assumed to be constant, the slope of the response curve plotted in the figures
was nearly the same as the value of cJc,, as shown in Tables 1-4. This was
easily expected because the cl/cZ value corresponds to p/q, which is the slope
of the idealized threshold-curve based on model l-a. When the cl/c2 value is
approximated by c,,/cZoo, the practical slope of the curve with K,=O.  1 may be
somewhat more gentle than the c,,/c2_ value since the curve with K,=O.  1
shows an exponential shape around the threshold-value of X0.

Since P, is related to both cl.. and cZ_, an error on P, makes a considerable
error on the L/C,, value. The slopes obtained from the curves in Figs. 2,4,5
and 6, therefore, also contain noticeable error. Thus, it can be said that the
value c,,/c2, is practically equal to the slope of the idealized threshold-curve for
model l-b under the conditions used for the present investigation.

On the other hand, the threshold-value obtained by extrapolation of the
response curve and the calculated value of k,E(O)/c,Z  showed an inverse relation-
ship in their order of magnitude and there seems to be no correlation between
both values.

The saturated threshold-curves first appeared in Step IV. Here, c1 and c1
were influenced by the value of P and cz still depends on the magnitude of
input. The relation between the p/q ratio and the initial slope of the response
curve, therefore, becomes very complicated. For curves S and C, the relation
was inverted due to the difference in the initial concentration of enzyme. From
Figs. 5 and 8, it is obvious that the saturation still appeared under the conditions
of k,=O,  implying that the saturation of response may be reached in the ab-

* This value is corresponding to the threshold-value of model l-a.
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sence  of any feedback subsystem from the product if only suitable values for
the other parameters were selected. This fact suggests that the saturated
response will be produced by more simple model systems than those subjected
to the present analysis.

In the present study, only qualitative relationships between the saturated
response and the structure of enzymatic reaction system were investigated.
Quantitative relationships may be searched by a more detailed computational
study. Nevertheless, it will be valuable that the present study pointed out the
possibility that a relatively simple enzyme system will be able to realize a
saturated threshold-response.

Other problems yet to be solved in future are to establish model systems
that can produce a stepped threshold-curve and to clarify the molecular mecha-
nism by which the activation of the substrate consumption process by the
input takes place, as seen in Step IV.
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