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Abstract

The Tsuji formula for the Hall conductivity in metals is discussed
in Haldane’s framework.

The Tsuji formula [1] is widely known as a geometrical formula for the
Hall conductivity in metals under weak magnetic field. Since it was derived
under the assumption of the cubic symmetry, Haldane [2] tried to eliminate
the assumption. Here we discuss the Tsuji formula using Haldane’s frame-
work. However, our conclusion is different from Haldane’s. The details1 are
described in http://hdl.handle.net/2324/1957531.

In usual notation the weak-field DC Hall conductivity tensor σxy per spin
is given by [1, 2]

σxy = e3B

∫
dS

(2π)3
(vx, vy)

(
M−1

yy −M−1
yx

0 0

)(
vx

vy

)
τ 2

|v⃗|
, (1)

for the Fermi surface contribution in metals. Throughout this note we only
consider the contribution from a single sheet of the Fermi surface. Here
the magnetic field is chosen as B⃗ = (0, 0, B). The quasi-particle velocity
v⃗ = (vx, vy, vz) and the effective mass tensor Mαβ are given by the derivative
of the quasi-particle energy ε: vα = ∂ε/∂kα and M−1

αβ = ∂2ε/∂kα∂kβ. Since
the contribution of the derivative of τ does not appear in the antisymmetric
tensor (σxy − σyx)/2, we have dropped it.
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1This note is a nutshell of our previous note, http://hdl.handle.net/2324/1957531.
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Experimentally σxy is obtained from the measurement where we measure
the current in x-direction under the electric field in y-direction and the mag-
netic field in z-direction. If we measure the current in y-direction under the
electric field in x-direction and the magnetic field in z-direction, we obtain
σyx described as

σyx = e3B

∫
dS

(2π)3
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(
0 0

−M−1
xy M−1

xx

)(
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)
τ 2

|v⃗|
. (2)

Haldane [2] introduced the symmetric tensor e3Bγzz ≡ (σxy+σyx)/2. Eq.
(1) and Eq. (2) lead to

γzz =
1

2

∫
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)
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|v⃗|
. (3)

Other symmetric tensors are introduced in the same manner as e3Bγxx ≡
(σyz + σzy)/2 and e3Bγyy ≡ (σzx + σxz)/2. As shown in the following the
geometrical nature is captured by these symmetric tensors. It should be
noted that our result, Eq. (3), is different form Haldane’s [2]. The difference
arises from the following fact. While Eq. (3) contains (∂vx/∂ky)/|v⃗|, Haldane
erroneously uses ∂(vx/|v⃗|)/∂ky instead.

The target of our geometrical description is the mean curvature H of the
Fermi surface. It is given by

2H =
1

|v⃗|3
·
[
εxεx(εyy + εzz) + εyεy(εzz + εxx) + εzεz(εxx + εyy)

− εx(εyεyx + εzεzx)− εy(εxεxy + εzεzy)− εz(εxεxz + εyεyz)
]
,

for any shape of the Fermi surface. Here we have used the notations εα ≡ vα

and εαβ ≡ M−1
αβ .

The geometrical information in our master equation, Eq. (3), is repre-
sented by hzz as

γzz =

∫
dS

(2π)3
hzzτ

2,

with

hzz =
1

2|v⃗|
(εxεxεyy + εyεyεxx − εxεyεyx − εyεxεxy) .

Using

hxx =
1

2|v⃗|
(εyεyεzz + εzεzεyy − εyεzεzy − εzεyεyz) ,

and

hyy =
1

2|v⃗|
(εzεzεxx + εxεxεzz − εzεxεxz − εxεzεzx) ,
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additionally, we obtain

γzz + γxx + γyy =

∫
dS

(2π)3
Hl2, (4)

with l2 = |v⃗|2τ 2. Our result, Eq. (4), is applicable to any shape of the
Fermi surface. In the case of cubic symmetry Eq. (4) is reduced to the Tsuji
formula [1, 2]

γzz = γxx = γyy =

∫
dS

(2π)3
H

3
l2.

Experimentally γcc is obtained from the measurements of σab and σba

where (c, a, b) = (z, x, y), (x, y, z), (y, z, x). By summing six experimental
results with different configurations we can use Eq. (4).
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