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The submerged paddy soils are characterized by the very small oxygen concentration
throughout the soil profile, The oxidized zone below the ground surface has the
thickness which depends on the chemical and biological circumstances of the soil

medium

In the paddy field, dissoived oxygen in the overlying flooding water can be tranms-

ferred into the submerged soil by miscible displacement and diffusion, The phenome-
f miscible displacement takes place when dissolved oxygen in the percolating

ansferred through the soil medium by mass transport and by diffusion.
The mathematlcal models of miscible displacement and diffusion are used to elucidate
the mechanism of dissolved oxygen in the submerged soils, As for the various accept-
able models, three are concerned. For model (1) and model (2), the results are
very fitting between the calculations from the theoretical solutions and tne expen-
ments by using the long column of suomerg ed sand in t : :

-+
"

‘<I
rj
C
-y
El
C|.
1]
—

water is the indefinite function of time, Part1cu1ar1y, for the submerged clayey
paddy soil, in which, the percolatlng velo<:1ty is very small and the consumption
rate of oxygen is very large. .

Since the growth of horizontal roots of rice plants may rely on dissolved oxygen,
the present of which in the surface flooding water and in the oxidized zone of sub-
merged soil is essential,
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seen under the movem ent of Water (:on'camms.r chssolved oxYE{en (DO), fertilizer,
herbicide or any other solutes into and through the soil. When the effect of

mass transport due to the flow velocity is negligible, the phenomenon takes
place as the diffusion only.

The theoretical considerations and experimental performances of miscible
displacement and diffusion have been made by many workers such as Nielsen
and Biggar (1961), Brenner (1962), Papendick and Runkels (1965), Lindstrom et al.
(1968), Rose and Passioura (1971), Smith et al. (1973) and Saxena et al. (1974).
Particularly, Scott and Evans (1955), Patrick and Sturgis (1955), Bouldin (1968),
Howeler and Bouldin (1971) and Takai er al. (1974) have worked to study the
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sion of oxygen in the submerg e mentione d. Especially, in the sub-
merged soil of the paddy field, where the requirement of oxygen of rice roots

and soil microorganisms is very important, a large oxygen consumption rate an
a small percolating velocity are introduced into the concerned equations.

The calculations from the solutions of the theoretical differential equations
will be verified by the results of the experimental measurements in the labora-
tory.

MATHEMATICAL MODELS

The partial differential equation describing the miscible displacement of DO
in the one-dimentional homogeneous submerged soil can be written as follows:

oC _ -D °o:C ., oC
ot ozt oz

where, C is DO concentration in the submerg
the flow direction, D is diffusivity of DO, V is e 2(C
—C,) is a factor representing the oxygen consump t1on in the 011 due t the
chemical and biological absorptions. R is defined as the consumption rate and
the term (C—C,) is used in Eq. (1) instead of C only to express the DO value
in the submerged soil never falls down less than a minimum value C, and to
facilitate the calculation work from the solutions.

When the term of velocity V is neglected, Eq. (1) reduces the equation of
diffusion as follows:

N
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n
(=N

2C _ ,3C
3¢ = P57 —REC-C) | )

The average pore velocity ¥ can be decided from the relation: ¥V = V,/p,

where ¥, is the Darcy velocity and p is water filled porosity of the soil. For

‘ticles 0.07 mm and 2.36 mm, p has the values of 0.43 and 0. 48,

Tespectively.
In order to decide the diffusivity D, a case of miscible displacement without
caonsnmntinn rate R ie cancidered -
consumption rate R is considered:
oC _ poC _ ,0oC 2
‘ 9t T 0z oz b
From Eq. (3), the value of D can be deduced:
D = (1—-C./Ci)*VL/(4rS?) @

In Eq. (4) G, is the initial DO concentration in the submerged column, C,
is the minimum value of DO concentration, L is a definite distance in the column
at a definite period of time later when C attains the value C, or when the ratio
C/C, is equal to unity as shown in Fig. 1, B, S is the slope of the breakthrough
curve which is graphed from the experimental data.
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Fig. 1. Submerged column of porous materials for experi-
ment and experimental evalution of diffusivity D. A, outline
and scale of apparatus; B, evaluated diffusivity D.

diffusion equation, then Eq. (2) can be rewritten:

dc
= =—R(C—-C,) 5)

This equation has a special solution which is used to calculate the value
of consumption rate R:

(C—-Cn)/(Co—Cpr) = exp(—Ri) (6)

Some values of R are calculated in Figs. 2 and 3.
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28r C = 065PPM
d R = 0.22914/h
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Fig. 2. Experimental consumption rate R in sand of diameter 0.85-2.36 mm,
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Fig. 3. Experimental consumption rate R in a mixture of sand and clayey soil.
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SOLUTIONS OF THE DIFFERENTIAL EQUATIONS

The partial differential equations describing the miscible displacement: Eq.
(1) and diffusion: Eq. (2) can be solved under various models that depend on
different boundary and initial conditions.
(a) Model (1) ' _
With the boundary and initial conditions:
c(0, H=C,
C(oo, 1)=C, )
C(z, 0)=Cn '
Place C* = C—C,, Eq. (8) is obtained from Eq. (1):

oC* oiC* oC*
ot =D ¢ v oz —RC* ®

Using Laplace transformation with J(z, s) and s are Laplace transforms of
C*(z, t) and ¢, respectively, Eq. (8) can be rewritten:

daJ VvV dJ J
a7 "D &z ©

with the conditions:
J(0, 5) = (CO—C,,J/S}

J(co, ) =0 10)
The solution of Eq. (9) with its conditions in Eq. (10) is:
V.
e, 9 = exp |~ 7 saper 1|
+B exp % + o (V1 AD(s+R)] " an
P12D " 2D

The condition J(co, s) =0 yields B=0 and condition J(0, s) = (C,—Cr)/s
gives A = (C,—Cn)/s. Thus, substituting the values of 4 and B into Eq. (11),
performing the inverse Laplace transforms to find the value of C*(z, 1), the
final solution is:

J— 2\1/2
e () oo (0552

z—t(4DR 4 V)12 z(4DR+ V)12
erfc + exp|

2(Dt) 1/2 2D

erfe |:Z+t(g(Dl§).;:sz)uz]} (12)

For the case of diffusion solution, the term of velocity ¥Vin Eq. (12) is can-
~ celled. o
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(b) Model (2)
With the conditions:

c@, ) =¢C,

C(oo, t) = C,
(13)

C(z, 0) =a exp(b2)+C, for 0<z<L
=C, for Lzl
In order to solve Eq. (1) with its conditions in Eq. (13), place:
C*¥=C-C, (14)
and

C*(z, t) =U(z, ) +W(z, 1) (15)

As C*(z, t) is separated into 2 parts of U(z, t) and W(z, t), the equations
of model (2) i. e. (Eq. (1) and Eq. (13)] can be separated into 2 parts as
follows:

U VvV ?U R, 1 U

o7 Doz DUTDar (16)
Uu@, o =GC—-C,
U(eo, 1) =0 an
Uiz, 0) =0

and ,
W V oW R, 103W
oz "Dz D" ~Dar 8)
W, ) =0 |

W(z, 0) =a exp (b2)+C, for 0<z<L
=0 for L<z<lo0
Equation (16) is just identical to Eq. (8) with the same boundary and initial
conditions, thus, the solution of Eq. (16) must be equal to Eq. (12) without the
first single term C, at the right hand side. '
In order to solve Eq. (18), place:

Vz Vzt)
W(z, t) = X(z, t) exp (-—R1+ >0 ~ 1D (20)
Equation (18) and its conditions in Eq. (19), then, can be expressed:
X otX

o =Pz (21)
X(O! I) =0
X(o, 1) =0

(o0, 1) (22)

X(z, 0) =exp (—Vz/2D) (a exp (b2)+C,—C,] for 0<z<L
=0 for L<z<lo0
According to Carslaw and Jaeger (1959), the solution of heat conduction in
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a semi-infinite column with initial temperature f(x) and surface temperature
zero is: '

x=w)*} —(x+u)?
V(x t) Z(Dt) UZJ f(u) iexp [ 4Dt ] exP 4Dt ]} dl‘ (23)
Equation (21) has the similar solution as in Eq. (23), after performing the

integrals the result is:

z— Mt
N

C(z, t) = C,.+—:§—(CD—C.) exp (Vz/2D) [exp (—Mz/2D) erfc

z+Mr‘|+ z— Vt L

+exp(Mz/2D) erfc - (Cn—C.) exp (—RY) [erf

z—Vt

—erf N +exp (Vz/D) erf 4 Vi+L

N

—exp (Vz/D) erf

z+ Vt]

7

5 aexp <-Rf+b’Dt—th){exp (62) [erf&%"—_’i

2

z+2bVi—Vt
N

z—2bDt+ Vit

—erf N

—L] +exp(—bz+Vz/D) [erf

—erf

z—2bDt+Vi+ L
ey } 2
provided that M = (4DR+V*)¥? and N = 2(De)V2,

(c) Model (3)

Before solving the problem of model (3), a special solution of Eq. (1) is
being considered with the following conditions:

CQ©, ) =F(@)
C(eo, 1) =C } (25)
C(z, 0) =C,
The transform of the present problem is:
3'C* V °oC* R, 1 aC*
o7 "D 9: DY 7D ar (26)
with the conditions:
C*(0, 1) = F(t)—C.
C*(c0, 1) =0 } @7)
C*(z, 0) =0

The first boundary condition in Eq. (27) is transformed into Fourier series:

F(t)—Cn—=-L Ao+ A, cos (b6)+B, sin (br) (28)

2
Equation (26) is solved with the conditions in Eq. (27) by the method of
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Laplace transformation.
The final result can be written:

_ 1 Fvz R, VE\w z2—t(4DR+ V)12
C(z, t) = C"'+IA° exp L?E"(ﬁ““?(b‘z) ]erf TODES

1 Vz R, VE\~ z+t(4DR+ V)2
T exp[zp ( 402) } N TODEC

+ A4, exp[—ZKDz— (R+ 4D)] erfc—z—(—l—)‘-zt—)lT
[B (R + IDZ) A,.b’jI exp(ZD)Jsm[b’(t—r)]

exp (R+ 4D)erfc 2(D PR A= ar

-
[ (R )-l—Bb]exp(;D)Jcos[b o)

z
exp [ r( ):l erfc—z(—D;)—m—dr 29
with &’ =nz/P, n=1, 2, 3, +=- and P is period (=48 hours).
Model (3) is related to the conditions:
C(0, » =FQ@)

C(z, 0) =aexp (b2)+C, for 0<z<L
=C, for L<z<eo
The transformed equation of model (3), as previously, can be separated into
2 parts:

Cx(z, 1) =U(z, H+W(z, ) (3D
then the component equations are:
oU R oU
TR D—— T V—a—z —RU (32)
with
U@, t) =F({)—Cx
U(eo, t) =0 } (33)
U(z, 0) =0
and
oW _pBW _ y2¥ _rw (34

ot 2z¢ oz

with
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S ) (35)
exp (b2)+C,—C, for 0<z<L
for Lz

S—. — -

Equation (32) is just equal to Eq. (26) and Eq. (34) to Eq. (18) with the
elmil_ar dependent conditions for each case. Thus, the solution of Eq. (31) for

C*(z, t) is the sum of those of Eq. (32) and Eq. (34). Place M = (4DR+V*)',
N=2(D)'?, p=2(Du)V* and b’ = nr/P, the result is:

1/,
Vi—L

Clz, 1) = c,_+.15(C,—CL) exp (—R?)|erf - - —erfz—N“‘
(Vi . z4+Vi+L 2\ Lz VY
et ]
z+2th

z+26Dt—Vt—L ’l

(— Rt-l—b’Dt——bVﬂ{eXD (bz)rerf —erf N

/ Vz\T z—2bDt+ V1 z—2bDt+Vt+ L
+ exp | —bz+ —5-)| erf = TV erf ;{;— * -i}
1, (VN[ _[(—=Mz\_ . z—Mt o (Mz\ . z+Mit]
-|‘4A0 Cxp\_z }LCAp\ 2D }CLL\. N TuAy\-Z—*}\.L;u N J

0

VzN\ o o im 5,
ZD) (B.M?/4D—b" A,

N

[b'(t—1)] expk 4b" )eric——du+exp(

2
fmn TA’(¢—1N\1 nvr\/ —Mu \Ar-Fr\i 7] (36)
SLil v ¢ wj] Aap D Tiav L2 L)
J, \" 4D p
The solutions of the 3 above models can be easily calculated by a high
speed computer,

In the laboratory, the vinyl chloride pipes of length one meter were used
as shown in Fig. 1, A. At the upper part of the pipe, small glass tubes of five
millimeters in diameter were inserted at the intervals of five centimeters along
the pipe wall. At the lower end of the pipe, a layer of ten centimeters of
glass bead was constructed. This layer was connected with the outlet which
could be used to regulate the percolating velocity at desirable values. Before
sand was added into the pipe, tap water was poured fully into the pipe, thus
the air bubbles were eliminated from the column of the submerged sand.

At the temperature 16-18°C of .the laboratory, the expen ital measure-

FLRY L
11I

ments were performed for model (1) and model (2).
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Fig. 4. Conditions in submerged soil, A, initial condition (r=0);
B, boundary condition (z=0),

pulled out from the submerged sand column and was transferred into a ready
made small vessel of volume 5-6 cc for measuring the DO value. A thermome-
ter was fixed firmly with the vessel to measure the temperature of the sample,.
In addition, a stirring bar of length five millimeters was put into the sample
and the sensor of the DO meter was covered on the vessel upper end during
the measurement. The vessel with sample, then, was placed on a magnetic
stirrer. When the switch of the stirrer was put at position ‘on’, the stirring
bar inside the sample was rotated and water sample was agitated, thus DO
was read on the record dial of the amplifier unit. '

(a) Model (1)
The boundary and initial conditions of model (1):

C@, 10 =G (a)
C(co, t) = C, (b)
C(z, 0) =C, (©)

are shown in Fig. 5, A. To create the conditions (a), (b) and (c), tap water
with constant oxygen concentration C, was allowed to flood at a depth of five
centimeters upon the sand surface and overflow through a small hole. After a
few weeks, usually 2-3 weeks, the DO values in the sand column decrease to
the minimum value C,. However, in the distance of 1-5 centimeters below the
water-sand interface, DO is greater than C, as a consequence of diffusion influ-

ence of DO from the overlying tap water.
In order to make the homogeneous C, throughout the sand column as indi-

Tap Water ‘l"i W(aier
— . =
Overﬂow"':’ ¥ Overtlowf T+
H % , S L,

Z =
L

N

—pr
4 e " CL:
COutlets for e
?Sampling

Fig. 5. The conditions of experiments. A, model (1); B, model (2).
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cated in condition (c), Pithophora, a green alga, is added into the tap flooding

water. During the darkness, it must take some period of time before the DO
value in tap noocnng Water gams the value C,

The boundary and initial conditions of model (2):

c©, n =G (a)
C(eo, 1) = C, (b)
C(z, 0) =aexp (bD+C. for 0<z<L ]1
~~ £ T - g (C)
=C, for L<z<wo J

are illustrated in Fig. 5, B, and can be easily created ‘as model (1), except the
addition of Pithophora into tap flooding water is not necessary, because there
is already the oxidized zone 0<z<L, [condition (c)] in the submerged sand
column.

(a) The case of model (1) and model (2)

Figures 6 and 7 demonstrate the experimental and calculated results of
model (1) related to the solution in Eq. (12). The very near coincidence of
two curve groups proves that the calculations from the theoretical model are
suited very much with the results of experiment.

In these figures, the average pore velocity ¥V and diffusivity D are nearly
identical for both cases, whereas the consumption rate R is different. In the
sand of particle 0.85-2.36 mm in diameter, R is 0.019/h and in one of 0.074-0. 85
mm in diameter, R has the value of 0.007/h. The size of sand particle directly
relates to diffusivity D rather than to the consumption rate R, which usually
depends on the purity or dirtiness of the porous material.

DO Concentration
w
1 4

(%]
1

;}\
A
A
15
l

L

0 3 § g 72 16 FOUR
Fig. 6. Results of experiment and calculation of model (1), Sand
particle, 0.85-2.36 mm; ¥V =1.69cm/h; D=0.216 cm?/h; R=0.019/h,

X—x x— experiment, - -e--e-- calculation by Eq. (12)
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DO Concentration
o
T

15 HOUR
Fig. 7. Results of experiment and calculation of model (1). Sand
particle, 0.07-0.85mm; V=1.749c¢m/h; D=0.197 cm?/h; R=0.007/h,
x— experiment, - -e--e-- calculation by Eq. (12)

There are six curves which are graphed to represent the DO variation at
six different positions along the sand column, including the uppermost curve
at z=0. The maximum value of each curve never attains C,, the value of DO
in tap flooding water and decreases gradually according to the depth increase.

Figures 8 and 9 express the results of experiment and calculation of model
(2) with the initial condition C(z, 0) is a function of depth z.

As same as in the case of model (1), the theoretical curve group (dashed

PPM
ok

s

DO Concentration
[+
]

N
)

L
24 HOUR

Fig. 8. Results of experiment and calculation of .model (2). Sand
particle, 0.85-2.36 mm; V'=1.144cm/h; D=0.084cm?/h; R=0.014/h,

—x x— experiment, --e--e-- calculation by Eq. (24)

PPM

—_
[« o
L] )

DO Concentration
~n
T

1. 1 1 2 1

1. L
[¢] 4 8 12 16 20 24 HOUR

Fig. 9. Results of experiment and calculation of model (2), Sand
particle, 0.07-0.85mm; ¥'=1.1cm/h; D=0,09cm?/h; R=0.004/h,

— x— experiment, - —e- -e- - calculation by Eq. (24)
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lines) calculated from the solution in Eq. (24) is very fitting with the experi-
mental curve group (solid lines). There are also six positions along the sand
column where the water samples are taken out for the measurement, including
the position at z =0 with DO is constant C,.

In Fig. 8 and Fig. 9, average velocity V and diffusivity D are nearly iden-
tical for both cases, 1.14cm/h and 1.1 cm/h for ¥ and 0. 084 cm?/h and 0.09 cm?/h
for D. However, the diameter of sand particle (0.85-2.36mm and 0.074-0.85
mm) and consumption rate R (0.014/h and 0. 004/h) are just different.

(b) The case of model (3)

Many trials have been done to test model (3) by the experimental works in
the laboratory. In order to create the boundary condition which is a function
F(t) of time ¢ at z =0, Pithophora was added into the overlying flooding water
of the sand column and incandescent light was used to create the change of
DO in flooding water with time. But unfortunately, this work showed to be
failed by the fact that it was impossible to cause the homogeneous values of
DO along the profile of flooding water at the desirable instants, and the filaments
of Pithophora tended to sink down into the underlying sand column. These re-
sulted inexactly on the values of measurement,

o]
PM | A £
V=003cm/h
14 D=0.065cm2/h
R=0.25/h
c -
9 .
= Clayey Soit
=10r O==—
< /
L ’
e ’
8 -4
o o o8
a L
- . s ’Q'
P R N S
2F & T X\'\X~..:?_".?_ —x -
':‘:'-:::--Q---.--z-=.3.c_r9.--~.-_-:_-.:_-:‘---r---.---’
6am 6pm 6am 6 pm
[
PM B

. V=l125cmsh
"™, D=025cm2/h
%, Rs0001/h g

L]

DO Concentration

Gém . 6pm l Gém — Gﬁm
Fig. 10. Calculated results of model (3) from Eq. (36), boundary

condition at z=0 measured in Ly, on Aug. 13-14, 1974. A, the case
for a clayey soil; B, the case of a sand,
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Nevertheless, the calculations of model (3) from the solution of Eq. (36)
are completely meaningful as indicated in Fig. 10 (A and B).

For the case of sand, with high average pore velocity, V'=1.125 cm/h, and
low consumption rate, R=0.001/h, the DO variations at five positions in the
submerged sand column are nearly similar to that of the flooding water (Fig.
10, B). Whereas for the case of clayey paddy soil, with low average pore ve-
locity, V' =0.0283 cm/h or similar to a percolation rate in depth of 7 mm/day,
and a very large consumption rate R = 0.25/h, the DO curves at five positions
in the column never cut the DO curve of the flooding water.

Figure 10, A illustrates the state of distribution of DO in the water-soil
system of the normal paddy fields, where only 1-2 centimeters of the soil surface
layer is oxidized versa the drastical reduced zone below.
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