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A MODIFICATION OF EKDAHL'S METHOD FOR ROUTING 
FLOODS THROUGH RESERVOIRS 

SAIZO KUMAGAI 

1. 

In a previons paper'!) we snggested a nomographic solution of 
Ekdahl's equation in the problem of reservoir storage. Later it 
came to our notice that the idea had beeri anticipated by Prof. 
Chesley J. Posey, who had proposed a slide·rule solution, referring 
to the construction of an alignment chart as an alternative pro· 
cedure. (2) The question naturally arises: Is it possible to construct 
a similar slide·rulebased on any other formula than Ekdahl's? 
The answer is in the affirmative, though the statement must be 
made with a mental reservation. In the present note we shall 
show that, by using a parabolic formula of integration instead of 
the. trapezoidal, we can set up an analogue to Ekdahl's equation, 
which permits the same treatment as the latter. 

2. 

Let the equation.of continuity be 

dV dt ='Q(t)-q(V) , (1) 

where t denotes the time, V the storage, Q(t) the rate of jnflow, 
q(V) the rate of outflow . 

. Then 
t~ t~ 

V2 - VI = J' Q(t)dt-f 'q(V)dt, 
tt I t1 

(2) 



204 

where , the subscripts, 1 and 2 refer 'to the beginning and end of 
the time interval respedtively. If in the evaluation of the second 
integral in (2). we approximate q(V ) by a polynomial of degree 
m+n+ 1 in t, making In-th order contact ',:,ith q(VJ at 1=/, and 
lI-th order contact at t = /" we get an algebraic or a tran· 
scendental equation, from which, given the value of V,,' V, may 
be determined. TlJ.us if we take m=O, 11=0, we have the Ekdahl 
formula: 

(3) 

h representing t,- t, . 
If we take m = 1 . 11 = 0, we obtain 

V,+ ; q( V,) = VI - .~- lzq(V,) + ~' q'(VJ q(V,J - -i'q'(V,)Q(IIJ 

( . 

+ J ·Q(t)dt. (4) 
t, 

For let q( V) in (1) he, approximated by a polynomial of the 
second degree in t: 

P(I) = oo + a, I+G,I' . 
were' a" a" a2 , are undetermined coefficients. 

The conditions to be fulfilled by PCt)' are: 
qCV,) = P(I,) = o,+o,I,+a, tl, 

q'( V,)(dV/dt), = p'(t,) = a, + 2a,l" 
q(V,) = P(t,) = a.+a,t, +a,ll. 

where (dV/dl), denotes the value of dVjdi at 1=1, . 
Hence 

or 

q( V,)-q (V,) 
"'-'-'!--+"-'-'" = a, + o,(t,+ t,l. 

12-1, 

By subtraction we get 

q( V,)-q( V, ) '(" )('d"jdt' '(t t) -----~. - q VI v h = a2 2- 1 . 
1,-1, 

On the other hand, P'(I,)-P'(ti) = 2a2(12-1,). 

Eliminating a, between the last two equations. we obtain 
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Hence, having regard to equation (1), we find by the Euler· 
Maclaurin formula 

tz 12 )2 { f q(V)dt,-'. I P(t)dt = 12;:tl.{ W2)+P't,J}-(t'li'-- P'(t,)-P'(t,1} 
11 /1 

* = 1,; 11 {2q( V,J+ q (V,l} + ( t,~ tl'f q'(V,){Q(t,)-q(V,)} 

Substitution of this expression, for the second integral in (2) 
yields formula (4). 

Now the reason why (3) is adapted for numerical calculation 
is that it is of the form: 

A(Va> ~ B+ C(v,), 
in which A (V) and ceV) can be represented graphically, once 
the value of h is fixed; and B is a quantity whose values are 
computable beforehand. It is these properties of (3) that enable 
us to solve it conveniently with the aid of numerical tables, 
or graphs, or a slide·rule, or alternatively, a nomogram with three 
parallel straight supports. 

Turning to equation (4). we see it also assumes a similar form: 
A'(V,) = 'B'+C(V, ), 

where B' stands for -h' q'(V,)Q(f,)/6+ J:: Q(t)dt, Here A'( V ), C(V) 

are of the same nature as ACV l , qV), but B' is determined only 
after the value of V, is found, This difference between Band B', 
however, does not preclude us from applying to (4) the various 
devices enumerated above. 

We shall illustrate the use of equation (4) by a numerical 
example. 

3. 

Suppose a stream issues from a reservoir which is fed by 
torrential waters. Assuming· that the inflow rate · varies linearly 
with the time (t), and the outflow rate as the square of the head 

.J!. The remainder term in this formuJa is found to be -(t!- t!l' (d3q ( v)ldt3~d72 

rl<~<t'!. 
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(2), and that the surface area (F) of the reservoir remains con­
stant, the equation of continnily may be written: 

F ~; = at+b-kz2 ( 5 ) 

where a, b, k are constants. This equation is integrable in terms 
of modified B~ssel functiol!s of orders ± 1/3 and their derivatives. 

Expanding these functions in power series, we get the general 
integral: 

Z= C ---+-r'+--r"+ ----r"+ ,12+ ... { (
1 a a3k a5k2

, a7 k3 ) 

. ak 3 3·4·6 3·4·6·7·9 304·6·7·9·10·12 

+-"-r'+ a'k..r,+ __ ,,-'fi'_,,+ __ ",Ii' ___ rll+ ... )}/{C'(l+,?k r, 
2 2·3·5 2·3·5·6·8 2·3·5·6·8·9·11 , 3-4 

(12 k ,.,..3 uHi-, t> ,FIt 9 as k4 .... 12 } 

+ 1 + -2~ , + 2.3.5.6-' + 2.;].5.6.8.9 ' + 2:3-5.6·.8.9:1}.12· +... , 
( 6 ) 

where T=at+b, a=l/Fa, and C denotes the integratiw constant. 
Suppose a flood flow sets in, the rate of inflow increasing 

from zero at 1=0 to a peak of '240 m'/sec at t= 12 (in hours), and 
thence decreasing to zero at t=28. Measuring z in meters and 
taking k= 50 m/sec, F=5 x 10' m2

, we may write equation (5) thus: 

5x10' dz _ t b--O 2 
3600 df- a + ~ z (5') 

where a=20, b=O for 0~t~12; a=-15, b=420 for 12<f<28. 
The factor 1/3600 is introduced to express the rate of change 

of the head iu m/sec, so that in applying formn]a (6) we have to 
adopt 5 x 10'/3600 as the value of F. . 

If we assume 2=0 when t=O. we have C=O for 0<1'512. 
Hence z works out at 0.953259 when 1= 12. From this second 
condition we get C = - 0.0030158 for 12 < 1 <28. 

To' adapt formula (4) to our problem, we change the dependent 
variable from V to z by the relation dV=f(z)dz, where fez) denotes 
the surface area of the reservoir. Then equation (4) in the 
modified form reads 



20, 

V() h ( ) _ V( )_2} () It' q'(2, ) ( 1 h' q'(z,lQ (t ' 
2, +:r q ~ - 2, '3 'qz, + 6" /(z,) q 2, - 6 1(2,) ,) 

I, 

+ f Q(t)f1t (4') 

" In our example V(z)=(5x10"/3600)z, Q(t) = al+b, q(z)=50t, 
q'(z)=lOO z, so that, if we take h=4, (4') becomes 

~t~ 

2,+ 0.0482,' = 0,00072\ (a t+b)dt+z,-0,0962,' 
, " 

-0,000138242, (at, + b- 50 z,') , (4") 
We teproduce in the second column of the accompanying 

table the successive values of z found by solving this equation 
repeatedly, The computations have been carried out with the help 
of the graphs of 2+ 0,048t and z~0.096t 

z z z 
from (6) from (4") from (3) 

0 0 0 0 
4 0.115 0.115 0.114 
8 0.458 0.449 0.444 

12 0.953 0.953 0·942 
16 1.356 1.357 1.351 
20 f.488 1.488 1.492 
24 11..435 1.~35 1.441 
28 1.257 1.256 1.262 

The values of z thus computed agree, with one exception, 
satisfactorily with tile corresponding figures in the first column, 
which represent the values of z as calculated from (6). For' com· . 
\larison the figures obtained by Ekdahl's method with the same 
value of h are given· in the third column. In this case, too, 
the calculations have been carried out semi· graphically. 

As a general rule, our method is superior to Ekdahl's in point 
of accuracy, for which advantage we pay the price ot' performing 
the intermediate computation of -h'q'(zJ Q(t,J/6/(z,). Whether 
or not this price is reasonable is a question with which we are 
not concerned here. 
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