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Introduction 

The problem of giving the reciprocity law of the power 

residue symbols in algebraic number fields can be reduced to 

giving the reciprocity law of the Hilbert norm residue symbols in 

p-adic number fields [Hal, Teil II, §12]. 

Let p be a rational prime number and k/Q a finite 
p 

extension, where Q denotes the rational p-adic number field. 
p 

Let K/k be a finite abelian extension and let 

, K/ k) 
X 

k ----+ Gal(K/k) 

denote the reciprocity map (the norm residue map) in local class 

field theory. The symbol (a, K/k) (called the norm residue 

symbol-) for 
X 

a E k has the norm property: 

if and only if (a, K/k) = 1, 

where NK/k : K ~ k means the norm map. If (a, Klk) has an 

expLicit expression in terms of a and K/k, then we call it an 

expLicit reciprocity formula (or an explicit reciprocity Lau). In 

particular , if k contains ~ , a primitive m-th root of unity, 
m 

and K = k(mjB ), BE kx, then the m-th Hilbert(-Hasse) norm 

residue symbol-

m -
(a, 8 ) _ m JB (a, k ( JB) I k) - 1 E < ~ > 

m m 
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can be defined. Various explicit formulas that express (a,B) 
1ll. 

in terms of a and 8 have been known [AH, Br, Co3, Ha2, Ha3, 

Ha4, Hay, Hel, Hen, Iwl, Kn, Ku, Sa, Sen, Shl, Sh2, SI, Tal, Vol, 

Vo2, Yal, Ya2]. Recently, these formulas have been generalized 

and refined by using formal groups [CW, Co2, dS2, Ko, Sh4, Vo3, 

Vo4, Vo5, Vo6, Wi]. In this article, we shall give some explicit 

formulas for the generalized Hilbert norm residue symbol (a,B)F 
n 

defined on fields L (~ k) generated by torsion points of some 

formal groups F [Sul, Su2, Su3]. 

Let k'/k be the unramified extension of degree d (d ~ 1). 

We denote by ~ the Frobenius automorphism of k'/k. Let o, o 

denote the integer rings of k, k', respectively, and p the 

maximal ideal of o. For a prime element n of k' we take a 

power series f E o'[[X]] satisfying 

J(X) _ nX mod deg 2, J(X) _ Xq mod n, 

where t 
q = p denotes the number of elements in the residue field 

o/p. There exists a unique one-dimensioal commutative formal 

group law Ff E o'[[X,Y]] such that F~(J(X),J(Y)) = J(F
1

(X,Y)) 

[Sh3, dSl]. We call it a reLative Lubin-Tate formaL group 

(relative to the unramified extension k'/k). We write X + Y = 
f 

F
1

(X,Y). For any 

[c]f E o'[[X]] of 

[c]; " f = f <> [cJ
1

. 

C E 0 there exists a unique endomorphism 

such that [cJ
1

(X) =eX (mod deg 2) and 

Let n denote the completion of the algebraic closure of k, 

Pn the maximal ideal of the integer ring of n, and F J( pn) the 

associated formal o-module. Let wn (c Ff(pn)), n ~ 1 be the 
f 

set of all n t . p - orslon points of F • 
f 

Put ~ = Nk"/k n. Then the 
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field k = k'(Wnf), n ~ 1, 
l;,n 

does not depend on the choice of n 

and j, and is the class field over k corresponding to the 

subgroup 
X 

( c k ) . Let p 
l;,n 

denote the maximal 
X 

ideal of the integer ring of k . 
l;,n 

For ex e k 
l;,n 

and 

B E F
1

(Pl:;,n) we define a "Kummer pairing" [Fr, Wi, dS2] 

(ex, B)! ,n 
=(ex, kc (p)/kc )(p) 

~,n ~,n ~-n(J) 

-1 -n 
B = fqJ ., • • • •> fcp ( P) • 

In We call (cx,B)f the generalized Hilbert norm residue symbol. 
,n 

particular, if k' = k = Q , l; = n = p and J(X) = (1 + X)P- 1, 
p 

then (ex, B)! + 1 (= (ex, 1 + B) ) is the n 
p -th Hilbert symbol 

,n n 
p 

defined on the cyclotomic field Q (~ ). 
P n 

p 

In Chapter 1, we shall give a complete formula for (ex,B)f . ,n 

Let (!) = 

w, = lim 
~ 

i 

B = s(U> 
n 

) 

( c.o.) . be an o-generator of the Tate module 
·J_. 'L. 

wi 
qJ-i(J) 

Take any power series s E Xo'[[X]] satisfying 

and define 

-n 
1 qJ qJ cp = A. ., s - -A. o s o f E X o' [ [X] ] , 

f n f 

where ). · F ~ f . f 
G denotes the logarithm map satisfying 

a 
(dA.f/dX)(O) = 1. On the other hand, by a generalization of 

Coleman's interpolation theorem [Col, dS1], there exists a power 

series t e o'((X))x 

i ( 1 ~ i ~ n). Put 

such that 

1 dt/dX 
t 

- 3 -
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e x- 1
o'[[XJJ and define 



<t,s> 
f,n = T k " I k ( -1 

1 
- n { 2: n 

~~ +·· · +~ yEW 
n ~ - n ( /) 

) ( )' ) 

where Tk"/k : k" ~ k means the trace map and Rf: o " ((X) ) 

o"( (X)) denotes Coleman's norm operator [Col, dSl]. The main 

result of Chapter 1 is the following 

Theorem A (Theorem 1.20). We have 

<t,s> e o; 
f,n 

(cx,8)
1 ,n 

= [<t,s>
1 

] (Ul ) • 
,n ~-n(f) n 

If d = 1, then is an ordinary Lubin-Tate group [LT] and 

Theorem A becomes the Coleman-de Shalit formula [Co2, Co3, dS2]. 
X 

Next, let m ~ n and suppose that ex= Nk /k a', 
:;,m :;,n 

a" e k :;,m 
-m 

Take any power series t" E o"((X))x such that t"~ ((t)) = a', 
m 

and define 

<t",(3 ) 
f,m 

r 1 -a ) 
= T k ~ I k l -1 -m A f ( 8 ) ( l> f t, ) 'i' ( "'m) E k . 

..,,m cp +···+~ 
71 

Evaluating the "correction term" of the formula in Theorem A, we 

shall prove the following 

and 

Theorem 8 (Theorem 1.22). If (a) m ~ 2n, or if (b) m ~ n + Q 

n-1-Q 
2q 

8 E F
1

(P:;,n ) for some Q (0 ~ Q ~ n ~ 1), then 

<t",O> Eo; 
f,m (a,B)f ,n 
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The conditions in Theorem B refines those in the formulas of 

Iwasawa, Kudo and Wiles (Iwl, Ku, Wi]. 

In Chapter 2, we deal with ordinary Lubin-Tate groups. Fix 

n E k, f E o([X]], and write F = F
1

, X p Y 

and )F = 
n 

=X f Y, [c]F = [c]
1

, 

).. =.A' k = k 'p F f n n,n n 
= p 

n,n 
) . We define 
J,n 

two power series [Vo3, Sh4, Sa]: 

Q 

__ " - 1 ( ~ xqQ ) ,.._ L. E Xo[[X]], 
F Q=O n: 

1 + EG (X) 
m 

m 
r co xP ) 

= expl 2: -;- E 1 + XZ ([X]]. 
m=O p P 

Let F
0 

denote the basic Lubin-Tate group associated with the 
q -1 

polynomial [n:]FO (X) =X + n:X and put un = (.AFO o.AF)(wn). Let 

~ = {8 E ox I eq-l = 1} be the multiplicative representative set 

of o/p and e the ramification index of k/0 . We define two 
p 

sets: 

1 
. < pe ( q-1) q 

n-1 
pe(q-1)q 

n-1 

R1 = {E(euj) I e E ~' (p.('j) or j = S..J 1 1 n p - p -

i 
I 1 

n 
(q)'i)} { K F} ' R2 = {EF(un) 5.. i < q u 

where -1 ( co 1 n qQ J 
KF = A 2: -[ n: ] ( u ) . 

F Q=O nQ Fo n 
Then, is a set of 

} , 

ZP-generators of the principal units 1 + pn of k~ [Sa], and R2 

represents an o/(nn)-basis of the formal module F(p )/[n:n]F(F(p )) 
n n 

[Vo3]. These sets generalize the Takagi basis [Tal], as explained 

below. For n E ~ let 

Put 

Then, as an o[H]-module, 

a 
n 

be an element of Gal(k /k) such that 
n 

H = {a 
n 

n E ~} (c Gal(kn/k)) ~ Gal(k 1/k). 

F ( P ) has a direct sum decomposition 
n 
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F(p ) = A( 1 ) e ··· e A(q- 1 ), 
n 

A(i) = {8 E F(p ) 
n 

a ( 8) 
n 

for all n e ~l. 

We shall generalize the characterization of the Takagi basis 

[Tal, SI] as follows. 

Theorem c (Theorem 2 . 1 ) . For 1 s:: i s:: q - 1 we have 

{ 
<E (uj) E R2 I j - L mod (q - 1) > if i ~ 1 ' 

A ( i) 
F n 

= 
<E (uj) E R2 I j - 1 mod ( q - 1 ) > e <K > if L 

F n F = 

Using the Coleman-de Shalit formula, Shiratani [Sh4] generalized 

Takagi's formulas [Tal] as follows. 

A complementary Zau: If p is odd and q > 2n, then 

(1 :s;;: i 
n 

< q ) ' 

n 
( i = q ) . 

1. 

A generaZ lau for n = 1 : If p is odd and j, i ~ 1 ' then 

rj~F("'l) ( i + m. for m ~ 0) ' p J = q some 
j i F 

(E(u
1

), EF(ul))l --
(otherwise) . 

If F = G and n = 1, these formulas become . Takagi's formulas. 
m 

Using Vostokov's formula [Vo3, Vo4], we shall obtain 
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Theorem D (Theorem 2.7) (General laws for n ~ 1). If p is 

odd, £(9u~) E R1 and EF(u~) E R2 , then 

where 

f-1 co 

IJ)(X) = - 2: 2: 
m=O Q.=O 

E o{X} 

.Q.+l Pm 
q i9 

m Q+l 
p j+q i-1 

m Q+1 
p n: 

co 

= { 2: 
i=-co 

X + 

i 
a X 

i 
a e o, 

i 
a. 

·t 

co 

2: 
m=O 

~ 0 ( i ~ -co)} 

Using Theorem D, we can obtain formulas for (£(9uj), EF(ui))F, 
n n n 

n = 1, 2, 3, As n grows, these formulas become complicated 

rapidly. For general n, we shall prove the following 

Theorem E (Theorem 2.10). If p is odd, 

Furthermore we have 

if one of the following conditions holds: 

(i + pmj = n 
q ' 

(otherwise) . 

m E Z), 

(a) pJ'j and 
1l 

q)'(i + p j) for all m (0 ~ m ~ f - 1), 
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(b) i + pmj ~ 1 mod (q - 1) for all m (0 ~ m ~ f - 1), 

(c) i + f-1 . < n 
p J q . 

Finally, in Chapter 3 ' we deal with the case where p = 2 . We 

shall obtain formulas for 
F 

(ex {-u } R2)' some (ex, B) E u Rl' B E 
n n 

by using the Coleman-de Shalit formula. 

Theorem F (Theorem 3. 1 ) (A complementary law). If p = 2 

and q ~ 2n, then 

{ 0 ( 1 < n 
~ i q ) ' 

( -u ' 
E (u ·i) )F = 

n F n n n 
(.r) ( i = q ) . 

n 

Theorem G (Theorem 3.2) (A general law for n = 1). If p = 2, 

9 E ~ and j, i ~ 1, then 

m 
(-i + 2 j = q, m E Z), 

(otherwise). 

These formulas are 2-adic versions of Shiratani's formulas 

mentioned above. 

AcknouZedgement. The author would like to express his 

sincere gratitude to Professor Katsumi Shiratani for his valuable 

suggestions and continuous encouragement during the preparation of 

this work. 

- 8 -



Chapter 1 

Explicit reciprocity laws by relative Lubin-Tate groups 

In [dS2], de Shalit proved an explicit reciprocity formula 

that had been conjectured [Co2] and proved for the multiplicative 

formal group [Co3] by Coleman. It is a compLete formula for 

the generalized Hilbert norm residue symbol on fields generated 

by torsion points of Lubin-Tate formal groups, and generalizes 

the formulas of Artin-Hasse, Iwasawa, Kudo and Wiles [AH, Iwl, 

Ku, Wi]. 

In this chapter, we shall extend it to reLative Lubin-Tate 

formal groups and give a refinement of the explicit formulas of 

Iwasawa, Kudo and Wiles. Relative Lubin-Tate groups were first 

introduced by Shiratani [Sh3]. Their basic properties and 

relations with local class field theory were studied by Menendez 

[Me] and by de Shalit [dSl, dS3]. Recently, Iwasawa [Iw3] used 

them to construct local class field theory by means of the theory 

of formal groups. 

§ 1 . 1 . Generalized Hilbert norm residue symbol 

Let p be a prime number and k/Q a finite extension. Let 
p 

n denote the completion of the algebraic closure of k, and 

K (c n) the closure of the maximal unramified extension of k. 

Let v : nx ~ Q denote the additive valuation of n normalized 

so that X 
v(k ) = z. Fix a positive integer d and let k'(c K) 

- 9 -



be the unramified ext ens i on of k of d e gree d. I n t h is c hapte r, 

we fix an element ~ E k such that v(~) = d. 

Let (/J denote t he Frobenius automorphism of K/k and let 

, d be that of K/ k'. Let and denote th e i n teger (/J = (/J 0 ' 0 OK 
rings of k' k' and K, respect i vely, and p the maximal i d e al 

of 0. We denote by q the number of elements i n the residue 

field o/p. For a finite extension L/H in n we denote b y 

NLIH L -----+ H and TL/H L -----+ H the norm map and the trac e 

map, respectively. Furthermore, if H/0 is fin i te and L/H p 
abelian, then we denote by 

, L/H) Hx -------+ Gal(L/H) 

the reciprocity map (the norm residue map) in local class field 

theory. Basic references for (local and global) class field 

theory are Artin [Ar], Artin-Tate [AT], Cassels-Frohlich [CF], 

Hasse [Hal], Iwasawa [Iw2, Iw3], Lang [La], Serre [Ser], 

Takagi [Ta2] and Weil [We]. 

Let n be a prime element of K and take a power series 

f E oK[[X]] (called a Frobenius po~er series belonging to n) 

satisfying 

/(X) _ nX mod deg 2, /(X) _ Xq mod n. 

is 

Then there exists a unique one-dimensioal commutative forma l group 

law F
1

(X,Y) E oK[[X,Y]] such that F;(/(X),J(Y)) = J(Ff(X,Y)) 

[Sh3, Theorem 1; dSl, Theorem 1; Iw3, Proposition 4.3]. Since 
(/J 

F1 = F<P(f) by definition, we have f E Hom 0 K(~/' F<P(/)) (=the 

set of all homomorphisms g Ff-----+ F<P(f) with coeffic i ents in 

oK). The formal group F
1 

is called a relative Lubin-Tate formal 

group (relative to the unramified extension K/k) [dSl]. We write 

- 10 -



X + y = F
1

(X,Y). Fo r C E 0 th e r e ex i s ts a un i que e ndomorph ism 
I 

[cJ
1 

e oK[[X]] of Fl such that 

[cJ
1

(X) - eX mod deg 2 ' [c]; ol = f o [c] • 
I 

The map [ ] : o ~ End (F ) (= the endomorphism r i ng o f 
I OK I 

is a ring isomorphism [Sh3, Theorem 1]. If f e o~[[X]], then 

Fl E o~[[X,Y]] and [cJ
1 

e o~[[X]], cEo. In this case, F
1 

a relative Lubin-Tate group (relative to the extension k ~ /k). 

I e o[[X]], then Fl (E o[[X,Y]]) is an ordinary Lubin-Tate 

group introduced by Lubin and Tate [LT] and I= [n]
1 

is an 

endomorphism of F . 
I 

and 

Let pn denote the maximal ideal of the integer ring of n 

F
1

(pn) the associated formal o-module with addition and 

o-action by 

c · a = 
I 

[cJ
1

(a) 

for a, B E Q and c E Q. Let 

[c] 
1

(y} = 0 for all C E ( i ~ 1) 

denote the set of all pi-torsion points of F
1

. Put W~ = {0} 
--- ·L -L -L - 1 

and w
1 

= w
1

- w
1 

(i ~ _ 1). 

L The field Ki = K(W
1

), i ~ 1 does not depend on the choice 

i s 

If 

of n and 1, and is a totally ramified abelian extension of K 
i-1 ~i 

of degree (q-1)q [Iw3, Proposition 4.11]. Any element of w
1 

is a prime element of K . Let U denote the unit group of o. 
i 

There exists a surjective homomorphism ~ : U ~ Gal(K /K) 
-L -L 

such that, for any n and 1 as above, we have 
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wh i ch induces an isomorphism U/( 1 +p i) ~ Gal (K ./ K). 
t, 

The Tate moduLe W = lim Wi (the p r o ject ive limit is 
f i !1-i (J) 

taken with respect to the maps 
t.T i i- 1 
t'f ~ w . ) 
!1-i(/) !l - -z,+1(/) 

is a free o-module of rank 1 [dS1, Propos i tion 1] wi t h 

o-action 

of 

c . )' 
f 

= (cJ
1

(y) = ([a] . (y . ) ) . (c e o, y = (y ) E W ) • . . f 
!1-t,(f} ·L t, 

"-i = lim W . Further, is the set of all 
i !1-'L(J) 

If f E o'[[X]] and Nk ' lk n = ~' then 

the field k - k'(Wi) .; 2 1 does not 
~' i - f ' v 

depend on the choice of such n and f, and 

is an abelian extension over k of degree 
i-1 d(q-1)q , which corresponds to the subgroup 

<~> x (1 +pi) (= N(k ./k)) c kx by local 
~,t, 

class field theory [dS1; Iw3, p.79 Remark]. 

Further, we have a surjective homomorphism 

t, t, 

a-g e nerators of 

K 
~ i 

K 

k 
k'~ ~,i 

k 

0 : u 
~,i 

Gal(k ./k'), such that, for any n and f as 
~,t, 

above, we have 

i 
(ueu, yeW). 

f 

Furthermore, by local class field theory [LT; Iw3, (6.2) and 

Lemma 6.1], we have 

w . 
f 

( 1 . 1 ) (u, kc ./k) 
-1 

= o ~, L ( U ) ( U E U) , ( ~, k c . I k) = iden t ·L t y. 
'-:.' -~ '""'1-

In particular, if k = Q , n = p and /(X) = (1 + X)p- 1, then 
p 

Ff = G , k - Q (~ ) 
m p,n p n 

p 

and (1.1) is the reciprocity law in 
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cyclotomic f i elds [Dw]. 

Let o . 
£;,1-

deno te the integer ring of k~ · ' ..,, 1-
and p ~ . .., , '1- the 

maximal ideal of o . £;,i 

6 e F
1

(P£;,n). Let 

Let n be a posi ti v e i nteg er and 

X 
ex E k~ , ..,,n 

p be an element of F (p ) 
~- n ( /) n 

-1 -n 
such that ,~ o ••• o f~ (p) = 8, then k~ (p)/k~ is a fin i te ..,,n ..,,n 

abelian extension with Galois group c Wn 
~-n(/) 

We define the 

generaLized HiLbert norm residue symboL (a Kummer pairing) 

(ex,B) [Fr, p.125; Wi; dS2] by 
J,n 

(a,6)/ ,n 
=(ex, k~ (p)/k~ )(p) 

..,,n ..,,n ~-n(J) 

Then, the symbol (ex,6)/ does not depend on the choice of p 
,n 

and has the norm property: 

a e if and only if (a,6)/ ,n 
= o. 

Furthermore, (a,6)
1 ,n 

is linear in and o-linear in 6 . 

later sections, we shall give a complete formula for (cx,6)/ , ,n 

and a simpler formula under some restrictions on a and 6. 

§1.2. Preliminary lemmas 

In this section, we shall state basic results concerning 

In 

relative Lubin-Tate groups, which will be used in later sections. 

Let n and n
1 

be prime elements of K, and take Frobenius 

power series j, 1
1 

E oK[[X]] belonging to n and n 1 , 

respectively. Further, let u~ and UK denote the unit groups 

- 13 -



of 0 and OK' respectively. Put 

{ °K(n:,n:1) = {n E OK I n'IJn: = nn:l}' 

UK(n:,n:1) = UK n °K(n:,n:l) {n E UK I 
<p-1 

= n:1/n:}. = ,., 

Lemma 1.1 ([Iw3, Lemma 3.11]). Let i o --+ o and 
K 

i U--+ U be inclusion maps, and let 
K 

{ : - 1 OK 3 ,., 1-----+ <p(n) -

1 UK 3 
<p-1 

= 71 1-----+ n 

Then the following sequences are exact: 

{ 0 
i <p-1 

------+ o~ OK OK 

1 u i <p-1 
UK ------+ ~ UK 

Corollary 1.2. We have 

If and 

n E OK' 

cp(n)/n E u . 
K 

----+ 0, 

----+ 1 . 

then 

Proof. The first assertion is an easy consequence of the 

previous lemma. On the other hand, the exactness of the sequence 

0 ------+ 0 OK~ 0 

implies the second assertion: 

(/)~ 

n = n} = o"'. 

- 14 -



Lemma 1.3 ([Iw3, Proposition 3.12]). Let 

be a linear form satisfying 

a 
i 

Then there exists a unique power series FE oK[[X
1

, ···,Xa]] 

such that 

F _ L mod deg 2, 

Furthermore, if j, t
1 

E o'[[X]] and 

Corollary 1.4 ([LT, Lemma 2; dS1, Theorems 2 and 3]). 

(1) For any n E oK(n,n
1

) there exists a unique power series 

8 = [nJ
1

,
11 

E Hom (F , F
1 

) such that 
OK f 1 

8(X) _ nX mod deg 2, t1cpof = f n 0 
1 

" O• 

If then e E Iso (F , F
1 

) (= the set of all 
o K f 1 

"" isomorphisms g: F ---=----+ F ). 
f 11 

We have 

f = [n] f,cp(f), [c] f = [c] f,f for C E 0 • 

8 E o'[[X]]. If f , f 1 E o ' [ [ X] ] and N k , I k n = 

In particular, if f E o'[[X]] and 
d-1 

N k, I k n 1 , then 

Nk'lk n = ~~ then we have 

fcp o•• •of = (~] • 
f 

(2) The map [ ] oK(n,n
1

) 
J,/1 

- 15 -
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injective additive homomorphism. Let b e a no t her p rime 

element of K and l e t t
2 

e oK[[X]] be a Frobe n i u s powe r series 

belonging to n2. Then 

= [n1]/ f o[n]f f ' 
1' 2 ' 1 

If n e UK(n,n
1

), then the map 9 = [n]f,fl defines an 

-i 

0
-module isomorphism 9 : W 3 (y) ~ (9~ (y _)) e W . Let 

f i i ~ i !1 

w = ( w . ) . e w
1 

be an o-genera tor of w1 . 
~ ·t 

Lemma 1.5 ([Iw3, Lemma 8.1 and Proposition 8.2]). 
-i 

( 1 ) Let E oK[[X]]. If ~ ((!) _) = 0 for all g g 
~ n-1 

then g can be 

Furthermore, if 

(2) For 

such that 

divided (in oK[[X]]) by ,~ 

-i 
g~ ((!)_) = 0 for all i ~ 1, 

~ 

there exists a unique element 

(I) 1 . In this case, if 

·L ( 1 ~ ·L ~ 

<> ··· o/(X)/X. 

then g = 0. 

then 

n)' 

n = 1, f = 1 1 
and n = In particular, = ¢ if 

We recall basic properties of Coleman's norm operator 

Rf oK((X)) ~ oK((X)) [Col; dS1; Iw3, §5.2], which i s a un i que 

multiplicative operator satisfying 

- 16 -



(.NO) n 1 t(X } y) 

yew
1 

(in K((X))) 

for all t e oK((X)). If t E oK[[X]], then ){it E oK[[X]]. If 

f E o' [ [X] ] and t E o' ( (X) ) , then Jf f t E o' ( (X) ) • 

( .N 1 ) 

(.N2) Put 

(.N3) If 

for 

i Jfj = ,N o ••• o){ (i ~ 1), 
<p-t,-1(/} f 

then 

j X 
t EX oK[[X]] , j E Z, 

t(X + y}, 
f 

i+ 1 
mod :n: 

(.N4) For t E oK((X)) we have 

-i 
<P 

NK /K (t 
i i-1 

((f).)), 
'L 

-n 
<p 

NK !K (t (wn)), 
n i 

i ~ 2, 

1 s: i s: n. 

Remark 1.6. Let It follows from (~4), (.N1) 

and Lemma 1.5(1) that 

<==> 

NK /K (t 
L L-1 

-i 

-i 
<p 

( (0 ) ) 

L 

(.Nft)<p (wi-1) 

-1 n-2 

for all i (2 s: L s: n) 

for all L (2 s: i s: n) 

<==> (.N
1

t)<p /t E 1 + ~f<p 0 ···of(X)oK[[X]]. 
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Therefore, we define [Co2, p.459; dS2, §2] subgroups 

-1 n-2 
(~jt)~ /t E 1 + ~~~ o ••• oj(X)o [[X]]} 

X K 

of for n ~ 1 (in particular, 

~ Hn = {t e oK((X))x 
n=1 f 

Let 0 . denote the integer ring of K_, and ~- the 
L t L 

maximal ideal of 0 . 
i 

and put 

Lemma 1.7 
n-i 

(A generalization of [Iw3, Lemma 5.10]). Let 

a _i en: ~1°i for 1 ~ i ~ n. Then there exists a power series 

he XoK[[X]] such that 

-i 

h~ (w.)- ex. for all 
·~.- L 

If f e o"[[X]], Nk"/k n: =!; and 

then h can be taken from Xo"[[X]]. 

Proof. For 1 ~ i ~ n, we put 

n-1 i-2 

9. 
·~.-

= ( ,~ ., ... () f) ( ,~ 

Then, for 1 ~ i, j ~ n, we have 

-j 
~ 

g. ( w . ) 
L J 

Since we can write 

= 

n-1-i 

{ 

~ +·. ·+1 
n: w1 

0 

Ct. . 
"L 

- 18 -

i ( 1 ~ L ~ n). 

(j = ·i), 

(otherwise). 

( U) • ) with some 
L 



n 
the power series h = L g _h . e XoK[[X]] 

·-1 1, 1, 

satisfies 
1,-

-i 
that h~ (~) =a. for all i (l ~ i ~ n). The second assertion 

i 1, 

can be proved in the same way. 

X Let v : K ~ Z denote the normalized valuation of K • 
i i i 

The next proposition is a slight generalization of Coleman's 

interpoLation theorem [Col, Theorems 15 and 16; dSl, Theorem 4; 

dS3, 2.2. Theorem]. 

Proposition 1.8. (1) Let 
X 

a e K , v (a) = j e Z and put 
n n 

ex. 
·L 

= NK /K ex (1 ~ i ~ n). 
n i 

Then there exists a power series 

t E XjoK[[X]]x (called a CoLeman pouer series for a) such that 

- ·i 
t~ ((I) _) = a for all i ( 1 ~ i ~ n)' i.e., t E Hn. 

1, i I 

If I o'[[X]], Nk'/k 
and 

X then be E n = !; a E k!; ' t can 
,n 

taken from Xjo'[[X]]x. 

(2) Let j e z. For a= (a_). e A= lim K~ (the project limit is 
1, 1, +------ 1, 

i 
taken with respect to the norm maps) such that v (a ) = j, there 

i i 

exists a unique power series t = t e XjoK[[X]]x (called the 
(l),a 

CoLeman pouer series for a) such that 

-i 

t~ (C:> ) = 
i 

If f E o'[[X]], 

t E Xj o' [ [X] ] X. 

a 
i 

for all i ~ 1, 

and a E A!; 

- 19 -

00 

i.e., t E H • 
I 

X 
= lim k 

+------ !;,i' 
i 

then 



Proof. (1) Write 

Then, by (~4), we have 

-n 
C( = t'<P (c.o ) 

n 

-n 
ex. 

·t. 
= N K /K ( t'C/> (Ctln)) 

n i 

with 
j X 

t' EX oK[[X]]. 

1 ~ i ~ n. 

Since 
n-i+1 

mod n by ( .N 3) , we put 

n-irn 0 
7t +>1 i 

By Lemma 1.7, there exists a power series hE XoK[[X]] such that 

-i 
hq> (c.o.) =ex. for all i (1 ~ i ~ n). Therefore, the power series 

1- 1-

-n 
t = Lrf;t')C/> (1 + h) E XjoK[[X]]x 

-i 
satisfies tq> (Ctl_) =a. for all i (1 ~ i ~ n). The second 

1- 'L 

assertion can be proved in the same way. 

(2) By (1}, there exists 
-i 

t 
n 

j X 
EX oK[[X]] for each n ~ 1 

that t(/) 
n 

(Ctl.) = a 
i 

for all i (1 ~ i ~ n}. Therefore, by 
·t. 

n-1 
Lemma 1.5(1), JC/> o··· ~ f(X)/X divides in 

such 

which implies that the sequence { t } 1 n n~ 
converges to a 

j X 
power series t EX oK[[X]] • Hence, for all -L ~ 1, we have 

-i -i 
tq> (~) = tq> (Ctl.) =a. (n ~ i). The uniqueness of 

-L n ~ ~ 
t also 

follows from Lemma 1.5(1). The second assertion can be proved in 

the same way. 

Corollary 1.9. For a= (a_)_ E A satisfying \J (a)= 1, 
L ~ i i 

there exists a unique Frobenius power series fa E oK[[X]] 

- 20 -



(belonging to some prime element 

If then 

T{ 

a 
of K) such that a E 

a E A~, 

Proof. Let 

fa E o'[[X]] and Nk'/k na = ~· 
X 

t = t = nX + ·•• E XoK[[X]] be the Coleman 
c.o,a 

power series for 
(/J -1 <p-1 

a. Put fa= t ofot = n nX + ··· E XoK[[X]], 
-1 where t denotes the inverse of t in the multiplicative group 

X (XoK[[X]] , Q). Then fa is a Frobenius power series belonging 
cp-1 "' 

to n = n n E K and a E W . The uniqueness of f a 
follows 

a f a 
from Lemma 1.5(2). If a E A~, we take f E o'[[X]] and 

so that Nk'/k n = ~· Then it follows that 

E o'[[X]] and Nk'lk na = ~· f 
a 

t E Xo'[[X]]x, 

Remark 1.10. If w (E Wf) belongs to A, we call w 

n E k' 

normed. Since t (X) = X, we see that c.o is normed if and only 
w,w 

if X E #
00 

(i.e., ~ X = X). So, we call f normed if ~ X = X. 
f f f 

Assume that f is normed, then ~n X= x. Therefore, by (~2), 

-1 
1(/J 

-n 
<p 

., ••• Qf (X)= 

Hence, if B E F1 (p~,n) - {0} 

p E F (pn), then we have 
cp-n(f) :at 

B = 

'P-n(f) 

n ( x 
n 

yEW 
cp-n(J) 

and 

+ l') . 
<p-n(f) 

-n 
(/J 

Q•••oj (p), 

This implies that (B,B)f,f = 0 if f is normed [Iw3, Lemma 8.6]. 
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Let )...f : Ff 

(d).. f/ dX) ( 0 ) = 1 . 

G be the logar i thm map of satisfying 
a 

Lemma 1 . 1 1 ( [Co 1, Lemmas 20 and 21; Wi, Lemmas 3 ' 4 ' 5 and 

Let s, h E XoK[[X]] and suppose that h(X) - xq 

n-1 n-1 

( 1 ) lim f<P 
<P +·. ·+1 

)...f = , . • • o f/n 
n_,co 

n-1 n-1 

( 2 ) f<P "• • • o j <> S f<P <P <P mod n 
- o • • • o f o g <> h 7T. 

( 3) 
1 <P <P 

)... <> S- -)... o g o h E XoK[(X]]. 
f 1t f 

(4) Let ~ be the o ([X]]-submodule of K[[X]] 
K 

mod 1t· 

generated by 

1 1 ] ) . 

i . q t co {X In } i=O· Then )...! E ~. In particular, ).../(6) converges for 

any t3 E F f ( p n) . 

(5) Put D = {B E Pn I v(8) > q: 1} and let -
1 G ~ ef = A/ : a 

be the exponential series for F . Then 
f 

e
1

(B) converges for 

B ED. Furthermore, )...! : F
1

(D) ~ D and e
1 

: D ~ F1 (D) 

are a-isomorphisms, and the equalities v()...
1

(B)) = v(e1 (8)) = v(8) 

(8 E D) hold. 

( 6) Let 8 E Pn D and take an integer i ~ 1 such that 

1 i . v ( 8 ) 
q 

then 
1 < q 5:: 1' q - q -

v().../(8)) 
i . v ( 8 ) ~ q - i· 

( 7 ) Let 
1 

ll E a be such that 0 < ll 5:: 1. For such p., we put 
q -

D(tJ.) = { 8 E Pn I v ( 6) ~ ll} • Take an integer ·L = i(p.) ~ 1 such 

that 
1 i q 

< q ·p. 5:: 1' 
then 

q - 1 q -

V().../(8)) 
i for all 8 D ~ q •IJ. - i E 

ll 

(8) If f E o'[[X]], Nk'/k n = ~ and then 

- 22 -



Proof . ( 1 ) Put Let ( n , X ) 

denote the ideal of x. S i n ce 

n-1 
~~ ( ) 

n+ 1 
n,X and 

n n-1 
~~ 0 ~~ 0 ••• <) f -

n n 
f~ (X) - n~ X= 0 (mod deg2), we have 

2n+2 
E ( n:,X) • 

Therefore the sequence 

On the other hand, 

{g} 
1 

converges t o some g e XK[[X]]. 
n n~ 

n-1 n-1 n-1 
I~ · ··· •!(X} Y) - f~ • ··· • /(X) -I~ · ··· • J(Y) e (n,X)Zn+Z 

implies that 

g(X + Y) = lim g (X + Y) = lim (g (X) + g ( Y) ) = g(X) + g( Y). 
f n-+co n f n-+co n n 

dg(O) 
dg 

Since = lim ~(0) = 1, we conclude that g = ).f. 
dX n-+co dX 

( 2 ) If n = 1 ' then 

mod n. 

Next, let n ~ 1 and suppose that 

n-1 
~~ o ••• <> fog 

n-1 
= ~~ o ••• o j~ <> g~oh + n n v, 

n 
~~ (X) = 

with some Then 

n n-1 
~~ o f~ o • •• o / <> 3 

n-1 n-1 
_ (/~ o ••• o j~ o g~ o h)q + TtU(/~ o ••• o j~ o g~ o h) 

n+l 
(mod n: ) 
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By induction, this completes the proof. 

(3) By (1) and (2), we see that 

1 <P <P .A o S - -.A o S o h 
f n: f 

co 

( 4) Since ~ = { 2: a .Xj E K[ [X] ] I log 
j=1 J q 

j + v(a .) ~ 0} is a 
J 

closed o [[X]]-submodule of K[[X]], it is enough to show that 
K 

n-1 co 

/(/) o •••oj E ~ = 2: a.Xj E K[[X]] 

j=1 J 

log j + v(a .) ~ n} 
n q J 

for all n ~ 1 . If n = 1' this follows from /(X) - xq 

n-1 co 

Let 1 and that f<P o • • • of( X) 2: 
j 

n ~ suppose = a .X , 
J·= 1 J 

log j + v (a . ) ~ n. Since ~ is an o [[X]]-module, we 
K q J n 

n n-1 
j(/) of(/) o•••oj = 

By induction, this completes the proof. 
1 

(5) Let z E pn be such that v(z) ~ q _ 1 , 

A
2

(X) = .A
1

(zX)/z. Then, by (4), we see that 

and define 

I\ 
z 

mod n:. 

see that 

Put 

-1 X 
E = I\ E XoK[ [X]] . Solving z z Y = .Af(X) = z/\.

2
(X/z), we obtain 

e
1

(X) = z£
2

(X/z). Therefore, e
1

(8) 

e : D ~F (D) is an o-isomorphism. 

X = e
1

(Y) = zE
2

(Y/z), i.e., 

converges for 8 E D and, 
f f 

On the other hand, it follows from .Af(X) = z/\.
2

(X/z) that 

.AI : F
1

(D) ~ D is also an o-isomorphism. Finally, for B ED, 

we see that 
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v ( ;\.
1

(8)) = v (z /\ (8/z)) = \) ( 8 ) = v(zE (8/z)) = v(e
1

(8) ). 
z z 

( 6 ) For y E F/(pQ), we have 

1 
v(y) 

{ q·v(8) if < 1' q -

( v(f(y)) = 1 
v ( 8) + 1 if v(y) > 

q - 1' 

q 
if v(y) 

1 
v(/(y)) ~ = q - 1 q - 1 . 

Hence, by (5), we see that 

i-1 
1 ). . o f~ o ··· ~ /(8)) ~ qi·v(8) 

i-1 1-
~ +···+1 ~ (/) 

n: 

(7) Define P(~) = qi(~)~- i(~) for ~ (0 < ~ ~ q ~ 1 ). We 

extend this function to {~ E Q I ~ > 0} by P(~) = ~ for 

- i. 

1 
~ > 

1
. Then P lS continuous and monotone increasing. S i nce 

q -
we have v(;\.

1
(8)) ~ P(v(8)) for all BE F

1
(pn) by (5) and (6), 

the assertion of (7) follows. 

(8) Since 8 E D(1/(q - 1)qn-
1

), we see from (7) that 

1 q 
v(~;\. 1 (8)) ~ - n- 1 

H q - 1 

1 = - (n - ) q - 1 . 

Since the different of kc /k ._,,n is 

n-1 (q-1)q {n-1/(q-1)} n-1/(q-1) 
p ~ p 
i;,n 

the assertion of (8) follows. 

Finally, we recall basic properties of Coleman's trace 

operator Yf : oK((X)) ~ oK((X)) [Col], which is a unique 

additive operator satisfying 
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(YO) 

for 

f e 
i 

g = 
f 

( g 1) 

(g2) 

( g3) 

for 

(Y 
1
t) of(X) = 

all t e oK((X)). 

o'[[X]] and t e 

2: 
1 

t(X } y) 
yew

1 

If t e oK[[X]], 

(in K((X))) 

then Yft e 

o'((X)), then Y ft e o'((X)). 

oK[[X]]. 

Put 

y 0 ••• t) g (i :2 1 ) ' then, for t e oK((X)), we have 
(/Ji-1(/) f 

§ 1 . 3. 

2 i t(X } y), 
yew

1 

mod 

= TK /K (t 
i i-1 

i 
71 ' 

-i 
<P (co.)), 

1, 

-n 
<P 

TK IK (t (c.on)), 

Analytical pairing 

n t. 

<t 'g> 
f,n 

i :2 2, 

1 ~ i s: n. 

In this section, we define an analytical pairing <t,s> 
f,n 

and state its basic properties. 

As in the previous section, let and be prime 

elements of K, and let be Frobenius power 

series belonging to 71 and .,. H1 1 
respectively. Let 

and We put 

1 dt/dX -1 
oK[[X]], o

1
t = e X 

d)..f/dX t 

-n 

If 

( 1 <P <P <P n - e XoK[[X]] (Lemma 1 . 1 1 ( 3 ) ) . s, s - ).. <>S - -).. 0 s 0 f 
f ]'( f 
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If 
n 

t E H
1

, 

1 
<t,s>

1 ,n 

2 
<t,s>

1 ,n 

then we define 

i 

s)(~ 1 t)~-n))(o)}~ E oK 

(by (g2)), 

(by the definition of 

1 2 
<t,s> = <t,s> + <t,s> E o . 

J,n J,n f,n K 

In particular, if f, t and s have coefficients in o ' , then 

1 
<t,s> 

J,n 
= T k , I k ( - 1 1 - n 2 n ( ( 9; s ) ( 0 I t ) ~-n) ( Y ) ) E o ' 

<p +···+<p yEW 
n <p-n(J) 

2 
<t,s> 

J,n 

Obviously, <t,s> 
J,n 

is o-linear in 

in t. On the other hand, for 

( 0 ) 

- 27 -

s, and 
1 

<t,s> 
J,n 

we see that 

is linear 



2 n 
Therefore, <t,s> (mod rc ) is linear in t. 

f,n 

Lemma 1.12. Let and 

Put 

Then, 

{ 
oft n(of t 1 ) " e, lift 

<p 
= = (Jfj t

1
) o8 1 

1 1 

-1 n cp 
-n 

n s, s = 11 (8 s )·>8 
f1 1 

In particular, if 
n 

t E M f' then and 

<t,s> = <t
1

,s
1

> • 
/,n f

1
,n 

Proof. The assertion of the lemma follows from 

(Jf
1
t) oj(X) = n t(X + y) = n 1 t

1
(8(X) 

1 f 
yEW! y"'EWf 

1 

+ 
f1 

2n 
mod rc 

)'" ) 

- (Jij t
1

) of
1 

o8(X) 
<p 

- = (Jif t
1

) o8 o j(X). 

1 1 
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Le•ma 1.13 ([Col, p.115, Remark]). We have 

Proof. From )..
1

(X} y) = )..f(X) + )..f(y) 

we have 

and 

d(X f y} 

dX = 
d)..f/dX 

(d)..f/dX)o(X f y)' 

d).. 
= 2_( qJ(j) oJ)dJ• 

n: dX dX 

Therefore, logarithmically differentiating both sides of (~0), we 

see that 

df d ( Jf f t) I dX 
dX ( Jf t ) o f = 2: 1 

f yEW! 

d(X + y) 
__ f __ (dt/dX)o(X + y) 

dX t f 

1 df d)..<P(f) 
= n.dX( dX of) 2: 1 (oft)u(X f y). 

yEWf 

This implies that 

Lemma 1.14 ([Co3, Lemma 13]). Suppose that f E o'[[X]], 
n x 

Nk'/k n: = t;, t E Hf n o'((X)), and that s E Ff(Xo'[(X]]). Let 

----i 
Y. E W (1 ~ i ~ n), and y

0 
= 0. Write 

-t <P-n(f) 

n-1 n-2 
1 + n:<P f<P o •••of(X)u(X)/X, u E o'[[X]]. 

Then 
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where 

term 

<t,s>
1 ,n 

kz;,o = 

Proof. 

k ~ . 

Since 

corresponding 

/, 

to 

t and s 

y = 0 in 

T ( 1 ( ds ( 0 ) 
k~/k -1 -n dX 

7tcp +·. ·+cp 

).. ., s -n 
f <P ) - 2 n-1 (-X--w )(y) 

yEW 
<P-n(/) 

have coefficients in 0 .. ' 

1 
<t,s> is equal to 

f,n 

7t 

-n 
<P 

7t 

the 

where j E Z is such that t E Xjo~[[X]]x. By Lemma 1.13, we 

have Y
1

(o
1

t) = nocp(/)(fi
1

t) = n(~ 1 t + o
1

v)'P. Therefore, we see 

that 
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This implies that 

1 
<t,s> 

f,n 

-n 
On the other hand, since (o 1v)~ (y) 

n-1 
y E W - {0}, and since 

cp-n(/) 

2 
<t,s> = 

f,n 

-1 -n -n 

( 
1 ddXs ( 0 ) rr.. ~ + ... +<p 2J cp ( 0 ) ) 

Tk~/k -1 -n 
~ +· ··+cp 

we finally obtain 

<t,s> 
f,n 

TT.. 

- 31 -

).. as -n 
f cp J - 2 n-1 (-x---u )(y) 

yEW 
cp-n(/) 

for 



-n 
= T ( 1 A f ., s ( l'n) ( b f t) ~ ( l'n)) 

k lk -1 - n 
l; n ~ +·. ·+<p 

' 1( 

Remark 1.15. Let the notation and the assumption be as in 

Lemma 1.14. Since 

n-1 A o g -n 
2 T k . 1 k ( ( -f--u 11 

) ( y i ) ) E o , 
i=O x,"L 

and define 

00 

In particular, if t E M
1

, then u = 0 and <t,B> = <t,s> . 
f,n J,n 

I n this case, using 
<p 

Y 1 (~ 1 t) = nocp(J)(11
1
t) = n(~ 1 t), we obtain 

<t,B> = <t,B> 
f,i J,n 

for all i ~ n. 

§1.4. A complete formula for (ex, B)/ ,n 

In this section, following the method of de Shalit [dS2], we 

shall prove a comp~ete formula for the generalized Hilbert symbol 
X 

(a,B)f (ex E k~ , BE F1 (p~ )). Here, as in the previous ,n ..,,n ..,,n 
sections, i; is a fixed element of k such that v(l;) = d, and 

f E o'[[X]] is a Frobenius power series belonging to a prime 

element 1( of k, satisfying 
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(1) If a = Nk /k a 
~,n+l ~,n 

X 

e k~,n+1' then 

-n-1 

f!l ((a',6)/,n+1) = (a,8)/,n· 

(2) Let n
1 

be another prime element of k' such that 

N ~ - ~ and let 1
1 

e o'[[X]] be a Frobenius power series 
k'/k "'1 - "'' 

and put e = [nJ/,11 e 

Then 

-n 
ecp ((a,6)

1 
) = 

,n (a,e(8))
1 

,n 
1 

Proof. The assertions of the lemma easily follow from the 

definition of the symbol (a,B)I • 
,n 

First, we consider the case where a is a universa~ nor~ 

X 
i.e., a en Nk lk (k~,m). Take 

m::2::n ~,a ~,n 

from the tower { k } ' 
~,m m::2::n 

an element a= (ai)i e A~ such that an= a. By Lemma 1.16(1), 

we can define an element (a,6)
1 

(= ((a,B)/,i)i) e w
1 

by 

(a,B)
1 

. = (a _,8)
1 

. 
' t. t. ' 1.... 

for all i ::2:: n. 

"' On the other hand, take an element w = ( w . ) . e w
1 

and let 
t. t. 

t e H=l n o'((x))x be the Coleman power series for a. 
w,a 

of the fact that <t ,8> = <t ,8> 
w,a l,i w,a l,n 

for all i ::2:: n 

In view 

(Remark 1.15), we define an element [a,6] 
(.0 

( = ( [ a , 8 ] . ) . ) E WI 
(.0 ' t. ·J_ 

by 

[a,B] - [<t ,8>
1 

J
1

(w), 
w w,a ,n 
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namely, 

for all i ~ n. By definition, both symbols are 

linear in a and o-linear in B· 

Lemma 1.17. Let and e be as in Lemma 1.16(2). 

Then 

( 

e((a,o> 1 > ~-- (a,e(B))
11

, 

e([a,B](l)) [a,e(B)Je((l))' 

Proof. The first formula follows from Lemma 1.16(2). The 

second formula follows from Lemma 1.12: 

e([a,B] ) 
(!) 

= [<t ,B>
1 

]f (9((1))) 
w,a ,n 

1 

The following theorem is a generalization of [Iw3, Theorems 

8 . 16 and 8 . 18] . 

Theorem 1.18 (Iwasawa-Wiles formula for relative Lubin-Tate 

groups). Let the notation be as above. Then 

[a, B] • 
w 

In particular, 
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(cx,8)
1 ,n 

Proof. 

in a, we 

Since both symbols (a,B)f and [a,B]~ are linear 

may assume that v.(a.) = 1, i.e., a is a prime 
~ ~ i 

element of k • Furthermore, by Corollary 1.9, Lemma 1.5(2) and 
~' i 

Lemma 1.17, we may assume that a= wE A~ n w
1

, 

normed (and f is normed). Since (w,8)f and 

i.e., w is 

[w,B] are 
(I) 

elements of it suffices to show that, for all i ( ~ n) E dZ, 

their i-th components coincide, namely, (w_,t3)f . = [w,B] 
1, '~ w, i 

Fix such an i and put t3. = [~(j-i)/d] (B) for 
:J f 

j ( ~ i) E dZ. 

Then, by Lemma 1.16(1) and by the o-linearity of ) f' we see 

that 

-i-1 -j 

( w . ' 8 ) f . = ,~ 0 ••• 0 ,~ ( ((I) . , 6 ) f . ) 
1, ,~ :J ,:J 

= [~(j-i)/d]f( (w _,B)f .) = (w _,8 .)f .• 
:J ,:J :J :J ,:J 

On the other hand, by the definition of ' (I) 

we see that 

Hence, it suffices to show that 

for sufficiently large j(~ i) E dZ. Let 

integer. In the following, we write 

exists an integer H, independent of j, 

m be a positive 

(mod nmj-H) if there 

such that the congruence 

holds for all j (~ i) E dZ. The constant H may differ in 

different places, but will be denoted by the same letter. Since 
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8j = [~(j-i}/d]f(B), and since f(X} _ nX (mod deg 2) and 

f(X) : Xq (mod n), we have 

8 . - 0 
;} 

If we write = co.(1 +a_), a . E kt: _, then it follows that 
;} ;} ;} ~,;] 

8 . = 0 
;} 

Since f is normed, we have 

(co _,co.) . = (co .(1 + 8 . ) , co . +
1 

(3 . )
1 

. = 0. 
;} ;} f,:J ;} ;} ;} ;} ,;] 

Hence, by the linearity of the symbol ( ' ) f . ' , J 
we obtain 

Here, 

(co _,8 .)
1 

. -
J ;} ,;] 

- ( 1 + c f oj' 

( 1 + 8 ·' J 
8 . ) f . J ,J 

for sufficiently large j E dZ, 

implies that, for such j, 

8 .), . ,- (1 + 
J ,J 8.' 

;} 
(I) . ), . • 

;} ,;] 

because 

+ 8 . ' 
;} 

8) f . ) , ;} 

.H 
a. _ 0 (mod n:J- ) 

;} 

, X 
N I (1 +a.) E Nk ( ')/k (kt: i(p) ), 

kt: . kt: . ;} t: . p t: . ~' 
~,;] ~,t ~, ·t ~,t 

where B = [l;i/d] (p'), 
f 

see from (1.1) that 

( 1 + c ) = (1 + c oj' COj j,j oj' 
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= (Nk /k(1 +E.)' kt: 2 ./k)((J)2 . ) -f co2:J. 
l;,j :J ~' :J :J 

= [N I ( 1 + E . ) -
1 

- 1] (co 2 . ) . 
kl;,j k J f J 

Since the different of kt: ./k 
~,J 

is 
j-1/(q-1) 

p ' we see that 

Tk /k(E .) 0 -
l; . J 

'J 

2 
0 Tk /k(E.) -

l; . J 
'J 

-1 + Tk /k(E.) 
t: . J 
~,J 

Therefore, we have 

mod 
2j-H 

rc 

mod 
3j-H 

rc 

a 
(1 +E.) 

J 

mod rr. 3 j-H 

mod rc 3 j-H 

mod rc 3 j-H 

c.o. + (3 = c.o (1 +E.) 
J f j j J 

that By Taylor expansion, we see from 

d"Af 
- "Af((J)~) + dX ((.0 .)·w .E. 

v J J J 

mod rc 2 j-H 

namely, we have 

E j - ( d"Afl dX) ( (J) . ) · w . 
:1 J 
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Hence, we obtain the desired formula: 

(w_,B)f . = 
1, ' 1, 

((.0 _,8.)/. = -
1 

(1 +E., 
J J 'J J 

for sufficiently large j E dZ. This concludes the proof of 

Theorem 1.18. 

Remark 1.19. In the case where p is odd, another proof of 

Theorem 1.18 was obtained by Imada [Im], by using Wiles' method 

[Wi], i.e., by computing the symbol for the basic 

Lubin-Tate group associated with the polynomial /(X) = Xq + nX. 

Theorem 1.20. Let a E k~,n and 8 E F1 (p~,n). 
t E H; n o'((X))x for a, i.e., 

Take a 

Coleman power series 
-i 

t~ (wi) = Nk /k a for all i ( 1 ~ i ~ n), and any power 
~,n ~,i 

series s E F
1

(Xo'[[X]]) such that 8 = s(w ). 
n 

(a,8)/ = [<t,s> ] (w ). 
,n f,n ~-n(/) n 

Then 

Proof. Since both sides of the equality are linear in a, it 

suffices to prove the formula in the case where a is a prime 

element of k . Put n:l = Nk lk' a, then n:l is a prime 
~,n 

~,n 

element of k". Put ~1 = Nk,./k n:l E k and u = ~1/~ E u. Then 

1 (mod n for all ( 1 n) ' and is u - n: ) ' k = k i ~ i ~ a 
~l'i ~,i 

a universal norm from the tower { k } , by local class field 
~ 1 ,m m~n 
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theory. Take an element a = (ex . ) . E A such that ex = ex. 
~ ~ ~1 n 

Take a Frobenius power series 1
1 

E o'[[X]] belonging to n
1

. 

Let n E UK(n,n 1 ), and put e = [nJ/,/1 E Iso (F/, Ff ) 
°K 1 

and 

w'(= (U)'_)_) e ( U)) 
...... c.p'-1 

= E w, Since n = 
~ ~ 

1 
Nk'lk(n 1!n) = u, we have 

As in Lemma 1.12, put 

Then, t1 and s1 do not necessarily have coefficients in 0, • 

00 

Xo'[[X]]x Let t, E Hi () be the Coleman power series for 
1 

a = ( ex . ) . E A . On the other hand, by Lemma 1 . 1 ' we see 
~ ~ ~1 

hE F
11 

(XoK[[X]]) 

Then, from the above, we see that 

there exists a power series such that 

This implies that the power series 
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has coefficients in o ~ . So, we put 

B ~ = s ~ ( w ~ ) E Ff ( p c ) • 
n 

1 
~ ,n 

First, we prove the following equality: 

-n 
( 1 . 2) e<IJ ((cx,B)/ ) = 

,n 
(cx,8~)/ 

1 'n 

p E F (p,.,.) 
<IJ-n(/) H 

be such that Since Let 

n u = 1 (mod n ), we see that 

where 

Since 

a = <p~ 

B~ = s~(w~) 
n 

-1 
= s 

1 
( wn" ) + ( h - [ u] .., h o [ u] ) ( w ~ ) 

f 1 f 1 f 1 <P -n ( f 1 ) n 

-1 -n -n 
= 1(/J .., • · • .., 1(/J .., e (/J ( P) 

1 1 

+ f<IJ -1 o ••• .., ff.P -n o [ 1 - u ] o h ( w ~ ) • 
f 1 1 -1 -n n 

1 <p +···+(/) -n 
n1 1 1 '<P (/1 

-1 -n 
p = [(1-u)/n~ +···+<P J -n •> h(w~) 

1 1'(/J (/1) 

K (p) 
n 

Put a = ( ex , k ( p ) I k ) . 
l:,,n l:,,n 

a is a prime element of k we have 
l:,,n' 

on k (p) n K. Therefore, we can 
l:,,n 
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extend a to K (p) = K·k~ (p) so that 
n ..,,n 

ol = ~'· Then, the equality (1.2) is equivalent to 
K -n -n 
ecp (a(p) p) = a(ecp (p) + p) 

cp-n(f) cp-n(/1) 

namely, 

-n -n 
ecp (a(p)) a(ecp ( p) ) = a(p) p. 

-n -n 
cp (/1) cp (/1) 

The left-hand side of this equality is equal to 

-n cp -1 
a(e a[u] (p) 

-n 
ecp (p)) 

cp-n(f) 

-n 
= o(ecp n[u-

1-1] (p)) 
cp-n(f) 

-n 
= ecp o[1-u] (p). 

cp-n(f) 

Here, we used the fact that 

-1 -n 
-1 [ -1 cp + .• ·cp ] 

[u -1] -n (p) = (u -1)/n -n (8) e k . 
cp (/) J,cp (/) !;,n 

On the other hand, since aiK = cp', we see that 

- 41 -

-n cp 
·> ••• 0 f ( p ) 



-n 
= eCI' o [1-u] (p). 

Cl'-n(J) 

This completes the proof of the equal i t y (1.2). Then, it f o llows 

from (1.2) and Theorem 1.18 that 

[<t ' ,s ' > ] (Ul ). 
t 1 ,n Cl'-n(J) n 

On the other hand, by Lemma 1.12, we have 

[<t,s>f ] (C~> ) 
,n <P-n(J) n 

Hence, it is sufficient to show that 

or equivalently, that 

( 1 . 3 ) 

Since 

<t s - s'> 
1' 1 1 1 1 1 ,n 

mod 

-1 2 

n 
n: ' 

n mod n: . 

= [u] o h <> [U] -,1 hE X oK[[X]], 
/1 <P-n(/1) 

we have 

= 0. 

For the same reason, the term corresponding to y = 0 in 
1 n 

<t
1

, s - s'> is equal to 0. Since u = 1 (mod n: ), we see 
11

1 
J

1
,n 

that 
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Hence, using 
-1 

= X 

(u- 1)(8; h)(y), 
1 

+ ... and (Y2), we see that 

{ 0} • 

mod :rrn 

= 

= u - 1 (dh(O) _ dh(O)~') 
-1 -n dX dX 

(/J + .•• +~ 
7'(1 

= 
ds 

u- 1 ·-1(0). 
-1 -n dX 

~ + ... +~ 
7'(1 

Next, we compute the right-hand side of (1.3). Put r = t'!t
1 

E 

X 
oK[ [X]] . Then, 

corresponding to 

bfr E o [[X]] implies that the term 
K 1 

y = 0 in <r,s'> is equal to 0. 
J

1
,n 

-i 

since r~ (w') = 1 for all i (1 ~ i ~ n), we can write 
i 

n-1 
r(X) = 1 + ~~ o •••o/1(X)y(X)/X, y E oK[[X]]. 
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n -1 
Therefore, using A o f~ o•••o / 

~n(/) 1 1 

that, for y E Wn - {0}, 
-n 

<P (/1) 

-n 
~ (&/ r) (y) 

1 

-1 - n 
cp +···+<p 

= n1 

-1 -n 
<P + ... +<p 

= n1 

Then, using (Y2), we see that 

n -1 
<p + · . · +1 

= n 1 A f 

( dA I dX ) ( 0 ) . 1 
/1 

- n 
<P ·y (y)/y. 

1 

mod nn 

d-1 
= - 2: { (lds ( 0 ) 

._ 0 dX 
1--

On the other hand, by (~0), we have 

(~/ r) (0) = r(O) 
1 

Therefore, we see that 

n-1 
~ + ... + 1 

= 1 + n
1 

·y(O). 

we see 

-2 -n-1 -n-1 

<P +-·1··+cp -ny<P -n (O))}<p i 2 
<r,s">

1 1 'n 
=di1{ 1 _ds(o) (1- 1+n1 

-1 -n dX 
i=O n~ +···+cp 1 + n~ +···+cp Y<P (0) 
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-n-1 i 
d-1{ ( -n cp (n 1 ) -n-1 J}cp 

- 2 ds(o) Yep (O) - -1 Yep (O) 
. _ 0 dX ( ) 
~- ep n1 

Hence, adding we obtain 

-n-1 
~ (n ) -n-1+d -n-1 
--..,----1-. d s ( 0 ) (y ~ ( 0 ) - y ~ ( 0 ) ) 

-1 ( ) dX 
~ n1 

n mod n . 

mod n 
]"'( . 

Here, since r(O) = (t'/t
1

)(0) = n·(t'/t)(O), (t'/t)(O) e k'x, we 

see that 

-n-1+d -n-1 
yep (0) - y~ (0) = 

= 
1 d 

---------------(ncp 
-2 -n-1 

cp + ... +~ 
n1 

u - 1 
-2 -n-1 

cp + ••. +~ 
nl 

Hence, we finally obtain 

-n-1 
cp 

1)·r (0) 

n 
mod n . 

u - 1 .ds(o) 
-1 -n dX 

n 
mod n . 

Since 

ds(o) = 
dX 

~ + ... +~ 
n1 

dh(O)ep .. _ dh(O) 
dX dX 

ds
1 

= --(0), 
dX 

we obtain the desired congruence (1.3): 
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n mod n . 

This concludes the proof of Theorem 1.20. 

§1.5. A simpler formula for (a,B)f ,n 

In this section, we evaluate the "correction term" of <t,s> 
J,n 

in the form as in Lemma 1.14 (§1.3), and obtain a simpler formula 

for (a,B)/ under some restrictions on a 
,n 

and {3 • 

Let ~' n, f, a, {3 and ~ be as in §1.4. Let m ~ n and 
1Jl X 

t E Hi n o'((X)) suppose that a = Nk /k a , 
~,m ~,n 

X 
a' E k . 

~ '11l 
Let 

be a Coleman power series for a~. By Remark 1.15, we have 

<t,B> E o. 
/,m 

Theorem 1 . 21 . If (a) 111. ~ 2n, or if (b) 111. ~ n + Q and 
n-1-Q 

q +1 
for Q ( 0 Q ~ n 1 ) ' then have a E Ff(P~,n ) some ~ - we 

(a,B)
1 

= [<t,B> ] (Ul ) . 
,n J,m q>-n(/) n 

Proof. Take a power series s E F
1

(Xo'[[X]]) satisfying 

a = S(Ul ). 
m 

m-n 
By assumption, we may assume that s E Xq 

m-n n-1-Q 
o"[[X]] 

(in the case (a)), or that s E Xq (q + 1
)o'[[X]] (in the 

case (b) ) , respectively. By Lemma 1.16(1) and Theorem 1.20, we 

see that 
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-n-1 -m 
(ex , B ) f = fcp o · · · o fc.p ( (ex' , 8 ) f ) = 

,n ,m 
[<t,s>

1 
] (~ ). 

,m cp-n(/) n 

Write 

m-1 m-2 
1 + nc.p fcp o··· of(X)u(X)/X, u E o'[[X]]. 

Let "'i 
Y. e W , 1 ~ i < m and y

0 
= 0. Then, by Lemma 1.14 

t c.p-m(/) 

and Remark 1.15, we have 

We evaluate the second term of the right hand side of this 

equality. 
2 

Since sEX o'[[X]] in both cases, we have 

( 
).. 1 , s c.p -m ) _ 

T (--w ) (0) - 0. 
k"/k X 

Using Lemma 1.11(4) and the inequality (qj- 1)/(q- 1) ~ j for 

all j e Z, we evaluate the other terms. Let i e {1,···,m- 1}. 

In the case (a), we see that 

. { m-n+ j/ i-1 ( .. ) = mln q q q-1 
i-1 

J} - 1 I q ( q-1 ) 
j~O 

~ n -
1 

( i - ) q - 1 . 

Similarly, in the case (b), we see that 
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=min {qm-n+j(qn-1-~+ 1 )/qi-1(q- 1 ) _ j} _ 1 /qi-1(q- 1 ) 

j";;?;O 

";;?:; n -
1 

( i - ) q - 1 . 

Since the different of is 
i-1/(q-1) 

p we obtain 

.A og -m 
T k I k (( -f-w <,0 ) ( y . ) ) - 0 

~ . ~ 
~,t. 

in both cases. This concludes the proof of Theorem 1.21. 

Next, take any power series t~ e o~((X))x such that 

-m 
t'~ (w ) = a~, and put 

m 

Theorem 1.22. If (a) m ";;?:; 2n, or if (b) m ";;?:; n + ~ and 

n-1-~ 
2q BE F 1 (P~,n ) for some ~ (0 ~ ~ ~ n- 1), then 

<t',B> eo; 
J,m 

(a,B)f ,n 
= [<t',B> ] (w ). 

f,m (,0-n(J) n 

Proof. Write t' = tz with z e o~[[X]] ~ Then, by Theorem 

1.21, we only need to show that 

-m 
Since z(,O (w ) = 1, we can write 

m 
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m-1 m-2 
z = 1 + (/~ o• ··of/f~ o··· of)z', z' E o'[[X]]. 

m-1 
Therefore, using A o f~ o• •• oJ we see that 

<pTil(/) 

-vt 
________ 1 _______ .(dz/dX)~ (w ) 

z 11l. 

( w ) 
m 

-m 
-1 + -m z'<p (w )/w

1 (/) +··· ~ Til = ]'( • ( dA I dX ) ( 0 ) . 1 . 
f 

In the case (a), since 
n-1 

v(B) ~ 1/(q-1)q , we see from 

Lemma 1.11(7) that 

q 1 1 
~ n- (m- q _ 1 ). ~ 

q - 1 
- n -

q - 1 

Similarly, in the case (b), since v(B) ~ 2qn-
1
-Q/(q-1}qn-

1 

Q 
= 2/(q-1)q , we see that 

2 1 1 
~ q- 1- Q- q- 1 ~ n- (m- q- 1). 

Since the different of kt: /k 
~,m 

is 
m-1/(q-1) 

p we obtain the 

desired congruence in both cases and conclude the proof of 

Theorem 1.22. 

Remark 1.23. The conditions in Theorem 1.22 are refinements 
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of those of [Iwl, Theorems 1 and 2], [Ku, Theorems 1' and 2'] and 

[W, Theorems 1 and 23], where (a') a~ 2n, or (b') m = n and 
n-l 

8 E Ff(p!~n ) (and n = 1 if Ff ~ Gm) were assumed. 
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Chapter 2 

Takagi's formulas by Lubin-Tate groups 

the prime Let p be an odd prime number and Q (~ ) 
p p 

cyclotomic field. Let p-}-p be a prime element of Q (~ ) 
p p 

that p-}-p = ~ - 1 (mod(~ - 1)
2

). In [Tal], Takagi 
p p 

constructed principal units Kl , ···, KP E Qp(~p)x (called a 

such 

Takagi basis) for which 
p-1-

{ l-p, Kl , ···, Kp} represents a basis 

of and the following explicit formulas 

{ ~ ( i = p) ' 
complementary 

p-1-
K . ) 

p 
a lau: ( :;- p' = 

"L p 
1 (otherwise), 

{ 
-j 

( j + p) ' ~ i = 
general Zau: ( K.' K . ) = 

p 
a 

J "L p 
1 (otherwise) 

hold. 

Using the Iwasawa-Wiles formula [Iwl, Iw3, Wi] and the 

Coleman-de Shalit formula [Co2, Co3, dS2], Shiratani [Sh4] 

generalized these formulas to the field generated by the prime 

division points of a Lubin-Tate group F. In this chapter, we 

shall extend Shiratani's formula to the field generated by the 

~n-division points of F by using Vostokov's formula [Vo3, Vo4]. 

We shall also obtain a generalization of the characrterization of 

the Takagi basis. 
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§2.1. Generalized Takagi basis 

In this chapter, we deal with ordinary Lubin-Tate groups. So, 

let the notation be as in § 1 . 1 ' and fix a prime element Tt of 

and a Frobenius power series f E o[[X]] belonging to T(. In 

this section, we do not assume that p is odd. We write F = 
X + y = X + Y, [c]F = [c]f, :AF = )..f' k = k ' p = p ' WF = F f n n,n n n,n 

and )F = ( ) . Let e be the ramification index of 
n f,n 

and let f be such that f 
q = p • Let ~ = {9 E ox I eq- 1 = 1} 

be the multiplicative representative set of o/p and put 
X p-1 v = {n e Z I n = 1} c ~. 
p 

By the generalization [Sh4, Lemma1] of the Dieudonne-Dwork 

lemma [Di], the power series 

00 

e Xk[[X]] 

k 

Ff, 

wf 

k/Q 

is the logarithm map of a Lubin-Tate group FA belonging to n. 

We call the generalized Artin-Hasse logarithm associated 

with n. Similarly, 

).. = 
a 

00 

-- E 
m 

m=O p 

XQ [ [X]] 
p 

is the logarithm map of a Lubin-Tate group F 
a 

belonging to 

which is known as the (ordinary) Artin-Hasse logarithm. Using 

p, 

these power series, we define two power series [Vo3, §2; Sh4, §2; 

Sa, § 1] : 
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Let 

the polynomial 

1 + EG (X) = 
V1. 

exp o).. 
a 

E 1 + Xl [ [X] ] . 
p 

denote the basic Lubin-Tate group associated with 

xq "" = + n:X. Let (0 = ( (0 • ) . E and put [n:]F (X) WF 

( -1 o, 1- 1-

( u . ) . 
..., 

= ()..FOo)..F)(wi))i e w . We define two sets: 
L 1- Fo 

where 

F(p ) defined 
n 

points of KF 

e e ~' 1 . < pe ( q-1 ) q 
S:.J 

p - 1 

n-1 n-1 = pe(q-1)q } 
p - 1 ' 

(p.{'j) or j 

· n · 1 f lS a n: -prlmary e ement o 

in [Vo3, Proposition 1] (i.e., the [n:n]F-division 

generate an unramified extension over k ). Then 
n 

R
1 

is a set of Z -generators of the principal units 1 + p of 
P n 

kx [Sa, §1] 
n 

and the set represents an o/(n:n)-basis of the 

formal module n F(p )/[n: ]F(F(p )) [Vo3, Proposition 2 and its 
n n 

Remark] . 

For n E 3? let 

a (w ) = [n]F(wn). 
n n 

and define 

then 

1 
1 

= 
L q -

q-1 

1 = 2 1 . 
L 

i= 1 

1 

a be an element 
n 

Put H = {a I n E 
n 

2 
- ·i 

o[H] n a E 

ne~ 
n 

1 ·1 = 0 ·1 
L j Lj L 
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of Gal(k /k) such that 

rl} 

( 1 

n 
(c Gal(k I k) ) ~ Gal(k

1
/k) 

n 

5. ·L 5. q - 1 ) ' 

( o . . Kronecker's delta) , 
'LJ 

k . 



and 1 (1 ~ i ~ q- 1) are the primitive orthogonal idempotents 
L 

of the group ring o(H]. As an o[H]-module, F(p ) has a direct 
n 

sum decomposition 

where 

F(p ) = A( 1 ) e ·· · e A(q- 1 ), 
n 

{[3 E F(p ) 
n 

a ( [3 ) 
n 

(n E ~)}. 

Theorem 2.1. For 1 ~ i ~ q- 1 we have 

{ 
<EF(u~) E R2 I j - L mod (q - 1 ) > if L ~ 1, 

( ·i ) 
A = 

<E (uj) E R2 I j - 1 mod ( q - 1 ) > e <K ) if L = F n F 

Proof. Let n E ~. It is well-known [Wi, Lemma 20] that 

[n]F (X) = nx. 
0 

On the other hand, since )..a~[n]F (X) 
a 

[n]F (X) = nX. Therefore we see that 
a 

= n).. (X} = 
a 

).. ( n X) , we have 
a 

a ( u ) 
n n 

an(KF) 

-1 
= ()..~ o)..F)([n]F(ro )) = 

·o n 
[n]F (u ) = 

0 n 
nu , 

n 

-1 ( 
co .Q. .Q. 

1 n q q ) = )..F l ~ n:.Q.[n: ]Fo(n un) 
.Q.=O 

-1 ( 
co .Q. 

1 n q ) [n]F(KF). = )..F ln ~ n:Q[n: ]Fo (un ) = 
.Q.=O 

Hence we obtain the assertion of the theorem. 
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Remark 2.2. Let E(eu~) e R
1

. 

we see that, for any n e v, 

Corollary 2. 3. Let E ( euJ) E 
n 

( 
( E ( euJ) , E (ui))F = 0 

n F n n 

(E(euJ), F 
0 KF)n = 

n 

R1 

if 

if 

Since E is a Z -isomorphism, 
p 

and -i Then EF(un) E R2. 

j + i $ 1 mod ( p-1 ) ' 

j $ 0 mod ( p-1 ) . 

Proof. For any n e V we see that 

From this, we obtain the first formula. The second formula can be 

proved in the same way. 

In particular, let k = Q 
' 

T( = p and f(X) = ( 1 + X)P - 1, 
p 

then F = c = X + y + XY and [cJc (X) = ( 1 + X)c - 1 (c E z ) . 
m p 

m 
Put ~ ( i} 1 ' then ~ ( i) 

is primitive i -th root of = (!) a p 
i 

unity satisfying 
p 

~ ( i) . Furthermore, [p]F (X) xP + pX ~ ( i+ 1) = = 
0 
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and p- 1-
1 (mod ( ~ ( 1 ) 1 ) 2 ) . pn-th Hilbert u1 = l-p = ~ ( 1 ) - - The 

symbol (ex,B)(n) 

(cx,B)(n) 

satisfies 

(cx,B)(n) 

( ex ' B E k x = a ( ~ 
n p 

p 

G 
= 1 + (ex, B - 1) ~ 

n 

) X) 
n 

de fined by 

8 E U ) , 
n 

where u = 1 + p denotes the set of principal units of a (~ ). 
n n p n 

We put 

Let R = {8 1 , ···, 8 n}. 
p 

(1 ~ i < n 
p' p)'i), 

Then the set 

n 
( i = p ) ' 

{u } u R 
n 

represents a 

p 

z /(pn)-basis of 
p 

Put H" = {o I n e V} 

(c Gal(ap(~(n))/ap)) ~ Gal(ap(~( 1 ))/ap). 
U has a direct product decomposition 

n 

where 

A, ( i) -- u 

u 
n 

1, 
i 

n 

0 

= {8 E u I 8 
n = 

n 
8n 

1 , 1 
2 

-i z [ H , ] = n 0 E 
i 1 p - n p nev 
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n 

As a Z [H"]-module, 
p 

i 

for all n E V} ' 

( 1 ~ i ~ p - 1 ) . 



Corollary 2.4. For 1 ~ i ~ p- 1 we have 

<a e R I j _ i 
j 

mod (p- 1)>. 

Let 8 _, B. e R, then we have 
J 1-

if j + i $ 1 mod (p- 1). 

Remark 2.5. In the case where p is odd and n = 1, the 

ordinary Takagi basis is uniquely determined 

modulo UP by the following conditions [Ta, §1]: 
1 

a i 
71 71 mod uP ( i 1 ' ... 'p; K - K = i i 1 

1 ( 1 
i mod ( 1 

i+ 1 
( i K - - ~ ( 1 ) ) ~ ( 1 ) ) i 

~ ( 1) mod 
p 

K1 - u1. 

71 E v) ' 

= 1 ' ... 'p) ' 

The following characterization was obtained in [SI, Theorem 3.1]. 

(-1)i-1 
K - 8 . 

i 1-
(i = 1,···,p). 

Therefore, Theorem 2.1, Remark 2.2 and Corollary 2.4 imply that the 

sets and R generalize the Takagi basis 

§2.2. Known formulas 

In the following, we assume that 

we describe known formulas for (a,6)F 
n 

By [Vo3, Proposition 1], we have 
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p is odd. In this section, 



{ 
(u 

F -1 ( Fo) , K ) = (A.F oA.FO) (un' KFO)n = (.0 ' n F n n 
( 2 . 1 ) 

( E ( euJ) , F E ( euJ) KF)n = 0 for E R
1

• 
n n 

Shiratani's formuLas [Sh4, Theorems 1 and 2] read as follows. 

A compLementary Lau: If q > 2n, then 

{ 0 ( 1 < n 
s:: i q ) , 

( 2 . 2 ) (u , E (u -L) )F = 
n F n n ( i 

n 
(.0 = q ) . 

n 

A generaL law for n = 1 : If j ~ 1 and i ~ 1, then 

( 2. 3) 
rj~F("'l) ( i + 

m. = 
j i F 

p :1 q, 

(E(u
1

), EF(u1))1 = 
(otherwise). 

If F = G and n = 1, Shiratani's formulas give Takagi's 
m 

m E 

formulas. In §2.3, we shall describe general laws for n ~ 2. 

§2.3. General laws for n ~ 2 

Z)' 

. i F 
( E ( euJ ) , EF ( u ) ) We still assume that p is odd. To compute n n n 

for n ~ 2, we use Vostokov's formula. Since 

it is sufficient to compute the symbol in the case where F = F 0 . 

For 
X 

ex E k and 
n 

we write 
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a E Z, n E ~' s(X) E 1 + XoT[[X]], 

B(X) E Xo[[X]], 

where OT is the integer ring of the inertia subfield T of k/Q • 
p 

Put A (X) = Then Vostokov's formuLa [Vo4, Theorem4] is: 

( 2 . 4 ) 

where 

~(X) = 

+ (A o B (X) - ~ ).F " B ( Xq)) A -
1 

dA E o [ [X] ] , 
F

0 
n 

0 
dX 

co 

E o{X} = a. 
·J_ 

E o, a 
L 

---+ 0 ( -L ---+ - co ) } 

and res 
X 

co 

qJ(X) = 2: 
L=-co 

a X ·i E o {X} 
L 

L=-co 

We know from [Vo3, §1] that 

is invertible in o{X} if and only if 

there exists an i for which a is a unit in o. Furthermore, 
L 

if L' is the least integer such that a., is a unit in o and 
·J_ 

~(X) = a_,xi'(1 +~(X)), then 
"L 

n 

1 -1 -L' 2 
-=a X (1- .L + .L - ···). 
~ ·i, 't' 'f' 

In 

particular, [nn]F (X) = Xq + ·•· + nnX is invertible in o{X}. 
0 

Using (2.4), we can remove the assumption q ~ 2n in 

Shiratani's formula (2.2). 

Proposition 2.6. We have 

- 59 -

n (1 s: i < q ), 

n 
( i = q ) . 



Proof. 

Therefore, by 

where 

If we write 

Let ex = u and 
n 

{ A(X) = X, n = 

B(X) (Xi) = EF 
0 

( 2. 4) ' we have 

$(X) = 1 (l i 
X Q=O 

i 
8 = EF (u ), then we can take 

0 n 

1' a(X) 

CD 

-1 ( = .-\ 2: 
FO Q=O 

CD 

1 

n: Q=O 

= 1 ' 

Q 
xq i' 
-Q) 

n: 

n 

E Xo[[X]]. 

i-1 
X 

n 
[n: ]F (X) 

0 

n + ... + n: X = xq ( 1 + t/1 ) , 1/1 E o{X}, 

then 1/J has only the terms of negative degree. Hence, we see that 

n 
$/[n: ]F (X) 

0 

This concludes the proof. 

1 n 2 
= Xi- - q ( 1 - t/1 + 1/J - • · • ) , 

0 

1 
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n 
(1 ~ i < q ), 

n 
( i = q ) . 



Next, for a = 

A(X) = E(X) = 

B(X) = EF 
(X ·i) 

0 

·i 
8 = EF ( u ) 

0 n 

= 
E(eXJ.) = exp ( L 

m=O 

Q 
-1 ( 

00 

xq .II. i) = A l L 
FO Q=O T( 

we can take 

m . 
/ .. xP J) 

1 Xo T[[ X ]], 9 ·-- E + 
1Jl 

p 

E Xo[[X]]. 

Therefore it follows that 

Ill (X) = 

t-1 co 

= 2: 2: 
m=O Q=O 

Q+1 Pm 
q i9 

11t Q+l 
p TC 

lll . 
pm xqp ;) .... d ( = 

9 . m ) ·-L 2: 
P dX Q=O 

2: 
m Q+1 xP j+q i-1 + 

= 

m=O 

Hence we obtain the following 

where 

Theorem 2.7. we have i 
8 = EF (u ) E R2 0 n 

and 

t-1 = 
ii>(X) = - 2: 2: 

m=O Q=O 

Q+1 Pm 
q i9 

m Q+1 
p TC 

2: 
1ll Q+l xP j+q i-1 + 

m=O 

Computing 1/[rcn]F for n = 2, 3, we see that 
0 
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m m 
. p i+p j-1 

J9 X 



2 2 
(Xq + nX)q + n(Xq xq + nXq 2 [n ]F (X) = + nX) - mod T[ , 

0 

2 2 
1/[n2]F 

-q 
( 1 

-q +q 2 
- X nX ) mod T[ , 

0 

2 2 
3 (Xq nXq)q + n(Xq nXq) [n ]F (X) - + + 

0 

3 3 2 2 
xq q -q +q nXq 2 xq 3 

- + qnX + + T[ mod 7t 

3 2 3 2 3 3 2 
1/[n3]F 

-q -q +q -q +q 2 -q +q 2 -2q +2q 
- X (1-qnX -nX -n X +n X ) 

0 
3 

(mod n ) . 

Therefore, by Theorem 2.7, we obtain the following 

Proposition 2.8. Let and Then 

we have 

[-p9]F(w2) ( e 
2 

= f = 1' j = p ' L = p - 1) ' 

m 
2 [j9p ]F(w2) ( i 

m. 
z) ' + p J = q , m E j i F (£(9u

2
), £F(u2) )2 --

1Jl 
2 [-j9p ]F(w1) ( i 

JR.. 2q z) ' + p J = -q, 11l. E 

0 (otherwise). 

j 
( E ( eu

3
) , L . F 

EF(u3))3 

2 
[ -p 

2 p (~-1)9]F(w3) (e 1' 
3 

1 ) ' e + = f = j = p ' i = p -

[-p9]F(ro2) 1' 
3 2 

1 ) ' (e = f - j = p i = p -
' 

[ 2p 
2 

8]F(w3) 1 ' 
3 

2p 2) ' (e = f = j = p ' i = 
m 

3 [j9p ]F(w3) ( i 
m. z), = + p J = q , m E 
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[-jpB]F(UJ2) (e f 1' 
3 2 = = -i + j = p + p - p) ' 

m 
3 2 

[-jf)p ]F(c.o2) ( i 
ll . 

2q + p J = - q ' ll E z) ' 

11l 
3 

[-j9p ]F(UJ1) ( -i 
11l. 

2q z) ' + p J = - q, 11l E 

ll 
3 2 

[j9p ]F(c.o1) ( i 
111.. 

3q 2q z) ' + p J = m E 

0 (otherwise). 

Corollary 2. 9. Let 1 < n 
pfj, pfi. Then have ~ j' i p ' 

we 

j 
( j 

2 
~ ( 2) + i = p ) ' 

( 8 . ' 8 i) (2) 
-j 

( j 2p 
2 

p) ' = ~ ( 1 ) + i = -
J 

1 (otherwise), 

j 
( j 

3 
~ ( 3) + i = p ) ' 

-j 
( j 

3 2 
p) ' ~ ( 1 ) + i = p + p -

( 8 . ' 8 i)(3) 
-j 

( j 
3 2 

= ~ ( 2) + i = 2p p ) ' 
J 

-j 
( j 2p 

3 
p) ' ~ ( 1 ) + i = 

1 (otherwise). 

j 
( j 

4 
~ ( 4) + i = p ) ' 

-j 
( j 

4 2 
p) ' ~ ( 1 ) + i = p + p 

-j 
(j 

4 3 2 
~ ( 2) + i = p + p p ) ' 

-j 
( j 

4 3 
p) ' ~ ( 1 ) + i = p + p 

-
p-1 . 

( 8 . ' 

-2-J 
( j 

4 3 2 
8-L) (4) = ~ ( 1 ) + ·i = p + 2p - 2p ), 

J 
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-j (j 2p 
4 3 

~ ( 3) + i = p ) ' 

-j 
( j 2 p 

4 3 2 
~ ( 1 ) + i = - p + p - p) ' 

- j 2 j 
( j 2 p 

4 2 
~ ( 2 ) . ~ ( 1 ) + i = p ) ' 

-j 
( j 2 p 

4 
p) ' ~ ( 1 ) + i = 

1 (o t herwise). 

Proof . It follows from Theorem 2. 7 tha t 

( 8 . ' 8 . ) 

res cp 
X 

= ~ ( n) J t- n 

lll(X) = 
(X) Q+1 
2 iXj+p i - 1 + 

co m 
2 jX ·L+p j-1 

Q=O m=O 

The formulas for n = 2, 3 follow from Proposition 2.8. For 

n = 4, we see that 

4 2 3 2 3 3 2 
X

P (
1

+p3X-p +p 2 -p +p 3 -p +p p(p-1) 2 -2p +2p 
_ +p X +p X + 

2 
p X 

4 3 4 3 2 4 2 4 
+px

-p +p 3 -p +p -p +p 2 -p +p 3 -p +p) 
+p X +p X +p X 

4 
mod p , 

4 2 3 2 3 

X
-p (l-p3X-p +p 2 -p +p 3 -p +p 

- -p X -p X 
3 2 

p(p-1) 2 -2p +2p 
2 P X 

4 3 4 3 2 4 2 4 4 2 
-p +p 3 -p +p -p +p 2 -p +p 3 -p +p 2 3 -p +p 

-pX -p X -p X -p X + p X 

4 3 4 3 2 4 3 
2 -2p +2p 2 3 -2p +p +p 3 -3p +3p ) 

+p X + p X -p X 

From this we obtain the formula for n = 4 . 
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4 
mod p • 



For general n, we have t h e f o llowing 

Theorem 2 . 10. Let a nd 

(i + p11l.j = n 
q ' 1Jl E Z ) , 

(otherwise). 

Furthermore we have 

if one of the following conditions holds: 

(a) pfj and qJ(i + pmj) for all m (0 ~ m ~ f- 1), 

(b) i + pmj * 1 mod (q- 1) for all m (0 ~ m ~ f - 1 ) , 

( c) i + t-1 . < n p J q . 

n 
q 

( n) Proof. Let n 
(X) 2: a(n)Xs (a 1 ) . [ n: ] F = = 

s=1 
s n 0 q 

( n) 
0 n for ~ mod on n, we prove a - (mod n: ) s q s 

n = 1, this is obvious. Let n ~ 1 and assume that 
n 

(mod n: ) for s $ q mod q(q-1). Then 

n 
[n: ]F (X) -

0 

and we have 

2: n 
1~s~q 

a(n)Xs 
s 

s=:q mod q(q-1) 

mod n 
n: ' 

By induction 

q ( q-1) . I f 

( n) a _ 0 
s 

[nn+l]F (X) = ( ~ n a~n)Xs)q + n( ~ n a~n)Xs) 
0 1~s~q 1~s~q 

n+l 
mod n: 

s=:q mod q(q-1) s=:q mod q(q-1) 
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This implies that a(n+ 1 ) = 0 (mod nn+ 1 ) for s ~ q mod q(q- 1). 
s 

This completes the induction. Therefore, if we write 

1 ) ' 

then b = 0 (mod nn) for sf 0 mod q(q-1). Hence, following 
s 

the notation of Theorem 2.7, we obtain 

n 
(2.5) resX ~/[n ]F _ 

0 

.0..+1 11l 
( q i9p 

2 L- 2 
11l .o..+1 

s~O m .0..+1 n p n 

1ll. 

+ 2 jGP ) b 
8 

q(q-1) Is P j+q i=q +s 
O~m~f-1 

Q.~O 

First, we assume that i + p 
m n for j = q some 

n-1 
-

m" ~ 

m . n 
i+p ;;=q +s 

0 . 

m~O 

n (mod n: ). 

If pjj, 

pe(q-1)q 1 1/q n n then j = = eq ~ q and therefore 
1 1 l/p p - -

n + m" 
j > n which is contradiction. Hence pfj. Then q = ·L p q ' a 

have qJ(p 
11t. Q.+l 

i) for 0 we ;) + q ~ 11l ~ f - 1 and Q. ~ 0, so 

there is no term in the first sum of the right-hand side of (2.5). 

On the other hand, if + m. n for 0 and i p ;) = q + g some 1ll ~ 

s ~ 1 such that q ( q-1) Is, then we have i + m. + m 
p ;) = i p j + s, 

, 
m m-m 

m > m. and p ( p - 1) j = g. Since pJj and qls, this 

implies that m" ~ f and qli, which contradicts the assumption. 
m 

Hence, there remains only the the term j9p (corresponding to 

s = 0) in the second sum of the right-hand side of (2.5). 

Therefore, by Theorem 2.7, we obtain 
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Next, we assume that i 

n 
n xq (mod 1( ) ' [n ]F (X) -

0 
by Theorem 2 . 7 ' we have 

( 2. 6) n 
res ca>/[n ]F 

X 0 

+ ll . n f o r all p J ~ q 

have 1/[nn]F we 
0 

2 
m Q+l n 

p j+q i=q 

1l Q+1 
p T( 

O~m~f-1 

Q~O 

m ~ 0 . Sin ce 
n 

- q 
- X (mod 1( ) • 

+ 
. Vt . n 
t,+p J = q 

m~O 

By assumption, there is no term in the second sum of the 

Hen ce , 

mod n. 

right-hand side of (2.6). On the other hand, if m Q+1 n 
p j + q i = q 

for some m (0 ~ m ~ f - 1) and Q ~ 0, then pjj and 
n-1 

pe(q- 1 )q n which is a contradiction. Therefore there j = p - 1 ~ q 1 

is no term in the first sum of the right-hand side of (2.6). 

Hence, we obtain 

Finally, if we assume one of the conditions (a), (b), or (c), then 

it is easy to see that there is no term in the right-hand side of 

(2.5). This completes the proof of Theorem 2.10. 

Corollary 2 . 11 . Let 8 . ' 8 E R, then we have 
J i 

( 
j 

if n 
~ ( n) j + i = p ' 

( 8 . ' 8 i) (n) = 
J {if j + i ~ p mod p ( p-1 ) ' 

1 
if < n or j + i p 

This corollary is a generalization of Takagi's general law. 
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On the other hand, a generalization of Takagi's complementary law 

can be obtained from (2.1) and Proposition 2.6: 

= ( ~l(n) (u, a.)( ) n t. n 
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( ·i=p), 

(otherwise). 



Chapter 3 

Takagi~s formulas in 2-adic number fields 

Let k/0
2 

be a finite extension. In this chapter, we shall 

obtain some explicit formulas for the generalized Hilbert norm 

residue symbol on the field generated by nn-division points of a 

Lubin-Tate formal group defined over k. 

Our formulas are 2-adic versions of Shiratani's formulas 

[Sh4] mentioned in §2.2. These formulas give explicit reciprocity 

laws for certain generators of the multiplicative group and of the 

formal module, and consist of compLementary Laus and generaL Laus. 

In §3.1, we shall obtain a complementary law which is 

slightly different from the odd p case. In §3.2, we give a 

general law which has the same shape as the odd p case. 

§ 3. 1 . A complementary law 

Let the notation be as in §2.1 and assume that p = 2. In 

this section, we prove the following 

Theorem 3.1. Under the assumption q ~ 2n we have 

- 69 -

n (1 ~ i < q ), 

n 
( i = q ) . 



Proof. We c ompute (-u 
n 

E (ui))F in the same way as in 
F n n 

t he proof of [Sh 4 , Theore m 1]. Si n ce (-u) ( e W) is normed 
i i f 

(§1.2, Remark 1.10 ) , we see from the I was awa-Wiles formula [Iw1, 

Iw3, Wi; §1.4, Theorem 1.18] that 

( 3 . 1 } ( -u 
n 

co 

= [1 n 2: 
n: Q.=O 

1 
Q. 

7t 

From [Sh4, Lemma 4] and the discussion after that lemma, we hav e 

( 3 . 2 ) 

= 

= 

1 
Q. 

n: 

rn-1 
s +···+s -(r +···+r )+---- s s 

L: (-n) 1 n- 1 1 n-1 q-1 (r1) ... (rn-1)71n-1-J1. 
s ~r ~0 (1~m~n-1) 1 n- 1 

m m 
(q-1)(s +1)+r =r 

1 m m m-

Q. n-1 
(iq ~ q ' i - 1 mod ( q - 1 ) ) , 

0 (otherwise) 

j -(q- 1)(j +··+j )-n s s j -(q-1)(j +··+j ) - Q. 

2 ( _1 ) 0 1 n-1 ( 1J .. ( n-1) 7t 0 1 n - 1 

1 7'1 rn-1 
O~j ~-(j 1-1) n 1 m q m- . ~ n- . 
( 1 1 ) 

( tq ~ q , ·L = 1 mod ( q - 1 ) ) , 
~m~n-

0 (otherwise), 

7' 
where = iqQ.- 1, j = m 

1 
(~ 0) e Z (0 ~ m ~ n- 1 ) and ro m q -

s = j - j - 1 (1 ~ m ~ n- 1). In particular, f rom ( 3.1) and 
m m-1 m 

- 70 -



(3.2) we obtain 

(-u 
n 

if i ~ 1 mod ( q - 1) . 

In the sequel, we assume that 
. JL n-1 
~q ~ q and i _ 1 mod (q- 1). 

For simplicity, we write 

j - ( q-1 ) ( j + · • · + j ) -n s s 
( ) = (- 1 ) 0 1 n-1 ( .... 1

1

) ... ( .... nn--1

1

), A = A JL; j 1 ' ... 'j n-1 l l 

in the sum of the right-hand side of (3.2). We shall compute An
8 

2n (mod n ) under the assumption q ~ 2n. Let t (0 ~ t ~ n) E Z 
t t+ 1 . JL n-1 

be such that q ~ i < q It follows from ~q ~ q that 
t+1+Q n-1 

q > q so that Q ~ n - 1 - t. Since 

Q 
1 1 

Q-1 
1 iq -

1 ) 
iq 

Jo = j1 ~ -( j - = 1 ' 1 q - q 0 q -

1 
Q-n+1 

1 
1 ) 

iq 
j ~ -( j - ~ 
n-1 q n-2 q - 1 

we have 

Q 
1 1) ( iq 

Q-1 
1 

Q-n+1 
1) iq - iq 

B ~ - (q - + ... + - Q 
q - 1 q - 1 q - 1 

Q-n+1 
1 

= 
iq 

+ (n - 1 ) - Q 
q - 1 

t+Q-n+1 
1 q -

Q) ~ + (n - 1 - ~ t ~ 0. 
q - 1 

Here, the equalities hold if and only if t = 0' Q = n or n - 1' 
.Q.-1 

-1 
Q-n+1 

-1 q q 
these have and j1 = . . . j = In cases, we 

1 ' ' n-1 1 q - q -
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' s 1 = n-
r 

n -1 
and t h e refore 

A = (-l)B+Q-n = (-l)Q-n = { _: 
( Q = n) ' 

( Q = n - 1) . 

Hence the corresponding terms cancel out. If t = 0, th e n ext 

minimal value of B is q - 1 (~ 2n - 1) and it occurs wh e n 

n 
1 

2 
q - q - 1 

Q = n + 1' j1 = ' ... ' j = q - 1 n-1 q - 1 

( s 1 = 7'1 ' . . . ' s = r 1) ' n-1 n-

or when 

2 

Q. = n, 
qn-1 _ 1 

= ' .... , 
q - 1 

j 
n-2 

q - 1 
= q - 1 ' j n-1 = 0 

= T 1 
8 n-2 = rn-2 

In these cases, we have 

A = (-1)B+Q-n = (-1) (q-1)+(Q-n) = { 1 

-1 

T' = 0). 
n-1 

(.Q. = n + 1), 

(.Q. = n). 

So, the corresponding terms cancel out again. If t = 0, there is 
2n no other term (mod n ) in the right-hand side of (3.2), and 

this settles the case where t = 0. Next, we treat the case where 

t ~ 1 . In this case, we only need to consider the terms 

corresponding to the minimal value of B where Q and j
1 

, ... , 

j run over the possible values under the above conditions, 
n-1 

because otherwise, we have 
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(

if at least one of j ,···,j ) 
(q - 1) + t ~ q ~ 2n 1 n-1 , 

does not take the maximal value 
q2 - 1 

+ t- 2 ~ q ~ 2n (if ~ ~ n- t + 1). 
q - 1 

The minimal value of B occurs when 

~ = n - t, 

j 
n-t+1 

j 
n-1 

j1 

= 

n-t- 1 
iq 

= q - 1 

[H~ 
1 -

- 1 

1 1 i -, . . . , j = 1 , n-t q -

1) J 
t t-1 

1 [ i - q ] q -
= + 

q(q - 1) q - 1 

(

8 1 = r1 '···, 8 n-t = rn-t ' 8 n-t+1 = jn-t- jn-t+1 -
1
'), 

( 1 ) . 
rn-t+1 = q - Jn-t+1 ' 

or when 

1 
~ = n- t- 1 (~ 0), j

1 

n-t-2 
= ·iq 

q - 1 
, . . . ' 

t 

jn-t = [q~q--q1)J 
t 

q t-1 - 1 
+ 

q - 1 

j 
n-2 = [ t~ 1- q 

q ( q -

q - 1 
+ 

q- 1' 
j 
n-1 

s - r s = r 
( 1 - 1 n-t-1 n-t-1 

lrn-t = (q- 1 )jn-t ' ... 

, s t n-

= 0 

j 
n-t-1 

= 
i - 1 
q- 1 ' 

Here, [x] means the integral part of a rational number x E Q. 

In the above cases, we have 
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it)( 
t-1 t 

1)) ... ( -1) s q (~ -

i - q [ i - q 
J - 1 

- 1 q(q - 1 ) q 

t t-1 
(q 1)([ i - q ] q 

q(q - 1) + 
q - 1 

( Q = n - t) ' A = 

t-1 t 

1) ... ( -1/ q (~ -
it)+ 1( i - q [ i - q 

J - 1 
- 1 q(q - 1 ) q 

t t-1 
(q 1)([ i - q ] + 

q 

q(q - 1) q - 1 

where s (x} 
q 

( Q = n - t 1 ~ 

11l 
=a +a +···+a for x =a +a q +···+a q E 

0 1 m 0 1 m 

0 ) ' 

N u {0}, 0 ~ a 
i 

~ q- 1 (a E Z). Therefore, if 1 ~ t ~ n- 1, 
i 

the corresponding 
n 

terms cancel out. If t = n, then i = q , 

B = n, and there remains only the term corresponding to Q = 0, 

n-1 
j = q - 1 

, j 1 n-
q - 1 

= q - 1 (s1 = 7'1 , ... , 

from (3.1), 

s 1 = r 1). In 
1 q - 1 

this case, we have A = 1. Hence, 

computation above, we obtain 

( -u 
n 

n- n-
(3.2) and the 

n 
(1~i<q), 

n 
( i = q ) . 

This concludes the proof of Theorem 3.1. 

§3.2. A general law 

In this section, we prove the following 
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Theorem 3.2. For 9 E ~ and j, i ~ 1 we have 

m (i + 2 j = q, a e Z), 

(otherwise). 

Proof. Since the proof is almost the same as the proof of 

[Sh4, Theorem 2], we omit the details. First, we compute 
j i F . 

(1- eu
1 

, £F(u
1

))
1

. Put h(X) = EF (X~). Then, by the Coleman-
a 

de Shalit formula [Co2, Co3, dS2; §1.4, Theorem 1.20], we have 

j 
(1 - eu

1 

-1 ( 
= (A ~A ) L( 1 

F F
0 

We have 

q-1 

{ -Je j 

1 ( . ' 
h'(O)l1-Nk lk(1-euf)) -

T( 
0 1 

Q. 
j-1 uq i 

o::> -j9u 
1 

T ( 2: 
1 1 

1 ' --· e j) n: k 1!k Q.=O Q. A F ( ul) 1 Tt - ul 0 

o::> 

j9 
T ( 2: 2 = n(q - 1 ) k 1!k Q.=O a=O 

where 
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mod n ( i = 1 ' j I ( q -

mod n: (otherwise), 

ea Q. 
i+(a+l)j-1), q 

- ul Q. 
Tt 

1 ) ) ' 



q-1 

jfJ j (.Q.=1, i=1, (a+1)j = q-1), 

q -i 

j 
- jfJ ( .Q. =O, i + (a+1)j = q), 

en for some c eo (otherwise). 

Hence, we obtain 

q- ·L 

( 
[-jf) 

j 
]F(c.o1) 

( 1 euj i F 
( i+(a+1}j fo r some a ~ 0 ) , - £F(u1))1 = = q 

1 

0 (otherwis e ). 

Using 

~(b) 

E ( euf) = 
b n ( 1 

(b,2)=1 

we see that 

2 [-~(b)] ((1 
(F) b F 

(b,2)=1 

b·q-L 

~(F) [- ~~b)(-bj)B bj ]F(rol) 

(b,2)=1 

a b b j E ( i ) ) F) 
u u1 ' F u1 1 

= bjl(q-i) (i + (a+l)j = q f or some a~ 0), 

0 (otherwise) 
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q-i 

[je ;j 2 IJ.(b)J (w
1

) 
(b,2)=1 F 

= b;jj(q-i) (i + (a+l);j = q for some a~ 0), 

0 (otherwise) 

ll (i + 2 ;j = q for some m ~ 0), 

(otherwise), 

where means the sum in the formal module This 

concludes the proof of Theorem 3.2. 
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