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§0. Introduction

An important problem in differential geometry is to investigate isometric immersions of
complete Riemannian manifolds with constant mean curvature into space forms. The
problem involves analysis on manifolds equipped with the moving frame introduced by
E.Cartan. It is the purpose of this article to investigate complete submanifolds with con-
stant mean curvature in space forms and space-like submanifolds in indefinite Riemannian
manifolds by using the moving frames, where the maximum principle plays an essential
role throughout this article. Minimal submanifolds are also discussed.

A classical result due to Myers (see [36]) states that if a closed Riemannian manifold M
1s minimally immersed into a closed hemi-sphere of the unit m-sphere S™(1) of constant
curvature 1, then it is contained entirely in the great sphere. This may be viewed as a
sphere version of the Bernstein problem on complete minimal surface into Euclidean 3-
space. The idea of the proof is that the distance from every point on M to the boundary
of the closed hemi-sphere i1s a superharmonic function on M and the maximum principle
then implies that the distance i1s identically zero on M. This type of idea will be employed
throughout this paper to obtain constancy of geometric quantities.

The maximum principle was generalized to complete noncompact Riemannian manifolds
which was initiated by Omori in [40] and later developed by Yau in [53]. The generalized
maximum principle due to Omori-Yau plays an important role throughout this article, and
stated as follows. Let A be the Laplacian on M.

Theorem Y-1. Let M be a complete noncompact Riemannian manifold whose Ricci
curvature is bounded below. Let f be a C%-function on M bounded above. Then there
exists for every € > 0 a point p € M with the following properties :

sup f < €+ f(p),
M

lgrad f(p)| < e,
Af(p)<e

The above theorem is used to generalize Myers’ type results on complete noncompact
minimal submanifolds as well as the results due to Goldberg (see Theorems 3.1, 3.2 and
3.3). One of our results will be stated as
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Theorem 5.6. (see [9]) Let M be an n-dimensional complete minimal hypersurface in
S™t1(1) which is contained entirely in a closed hemisphere. If the volume of M is finite,
then M 1s totally geodesic.

Remark. We do not know if the assumption for the volume of M is essential.

An important contribution in the investigation of closed minimal submanifolds in the
sphere of constant curvature was established by Simons (see [45]) who derived the linear
elliptic second order differential equation satisfied by the second fundamental form of
minimal submanifolds. He obtained an important estimate of a lower bound for the index
and the nullity of a non-totally geodesic minimal submanifold immersed into S™(1), and
proved the following (see Theorem 5.3.2 ; [45])

The Simons Theorem. Let M be an n-dimensional closed minimal submanifold in
S™*?(1) and if S is the squared norm of the second fundamental form of M, then

D {(2=2)S —n)S dv 2 0,

SIS

where dv is the volume element of M.

It then follows that if § < n/(2 — %), then we have either S = 0 (e.g. M is totally
geodesic) or else S = n/(2— %) The complete determination of the latter case was obtained

by Chern-do Carmo-Kobayashi in [22] as follows. For positive integers m and n with m < n
let Mmn—m :=S8"(Z)x ™™ 1 be the Clifford torus.

Theorem CDK. The Veronese surface in S* and the Clifford torus My i°S™ are
the only closed minimal submanifolds of dimension n in S™*?(1) satisfying S = n/(2 — %)

Notice that the second fundamental form of M, »_m has exactly two eigenvalues with
multiplicities m and n—m. Conversely, if M is an n-dimensional closed minimal hypersur-
face in S™*!(1) having two principal curvatures with multiplicities m > 1 and n — m > 1,
then it is the Riemannian product M, n—n,. Otsuki proved that the minimal hypersurfaces
with two principal curvatures one of which has multiplicity 1 are determined by a nonlin-
ear second order ordinary differential equation. They have the same topological types as
S™=1 x R (when M is noncompact), or S*~! x S (when M is compact), for detail see [42].
There are infinitely many isometrically distinct such minimal hypersurfaces in S™*1(1) on
which scalar curvatures are not constant. Every minimal hypersurface of constant scalar
curvature in S™*1(1) has the property that S is constant on it. Chern also conjectured as
follows.

Chern’s Conjecture. For closed minimal hypersurfaces in S®*1(1) with constant scalar
curvature the values {S} will form a discrete sequence.

A breakthrough on Chern’s Conjecture was made by Peng and Terng in [43], in which
they proved the following



Theorem PT. Let M be a closed minimal hypersurface in S™*!(1) with constant scalar
curvature. If § > n, then § > n + c(n) for a positive constant c¢(n) with c¢(n) > In
particular, if n = 3, then § > 6.

In view of Theorem PT we see that Cartan’s example of an isoparametric hypersurface
in S4(1) defined by the following equation (see [8)):
23 + 3(e] + z3)es — 6(25 + 24)zs + 3V3(2} — 23)z4 + 63z 12575 = 2

has the property that & = 6 which is the twice of its dimension. We thus know that for
closed minimal hypersurfaces of constant scalar curvature in S™*1(1), the first and the
second constants are 0 and n. It will be expected that the third constant will be 2n. Thus
it will be natural to have the following conjecture (see [43]).

The Peng-Terng Conjecture. For closed minimal hypersurfaces in S™*!(1) with con-
stant scalar curvature we will have S > 2n if S > n.

In connection with the conjectures by Chern and Peng-Terng, we shall prove the fol-
lowing

Theorem 4.1. (see[19]) Let M be a closed minimal hypersurfacein S™*1(1) with constant
scalar curvature. If § >n , then § > n +

Further computations will show the following ;

Theorem 4.6. (see[20]) Under the assumption in Theorem 4.1 we have
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The above theorem will suggest that the Peng-Terng Conjecture may possibly be solved
affirmatively.
In connection with the Chern-do Carmo-Kobayashi theorem, we will prove the following

Theorem 5.2. Let M be an n-dimensional complete minimal submanifold in S™*P(1)

with p > 1. If S < n/(2 — 1), then M is either totally geodesic or a Veronese surface in

P
ka9
In the special case when n = 3, we have the following

Corollary 5.4. (see [10]) Let M be a 3-dimensional complete minimal hypersurface in
S%(1). If S is constant and if S < 6, then S = 0,3 or 6.

On the other hand Nomizu and Smyth studied the hypersurfaces of constant mean
curvature in the space forms. Let M ™(c) be an m-dimensional space form of constant
sectional curvature c. Their results in [38] involve some estimates for S and are used to
determine totally umbilic hypersurfaces such as small spheres in S™*7(1).



Theorem 6.2. (see [16]) Let M be a complete hypersurface in M"**t1(c) with ¢ > 0 of
constant mean curvature H. If

S;p S < [n{(2(n —1)c+ n’H?} — (n - 2)n{nzH2 +4(n — 1)c}%|H|]/2(n - 1),

then M 1is totally umbilic.

Theorem 6.3. (see [15]) Let M be a complete hypersurface in S*(1) with constant mean
curvature. If S is constant and not greater than h? + 6, then we have, by setting h := 3H,
S=% 3432 L 182, 3+3R24+ L 1 8h% orh?+6.

It should be remarked that in the above theorem 6.3, M is totally umbilical when
S = and M an isoparametric hypersurface when & = h? 4+ 6 and h # 0. Moreover
isoparametric hypersurfaces in 5*(1) with two distinct principal curvatures have th prop-
erties § = 3+ A% — +8h2or 3+ 2h% + + 8h%. However we do not know
whether or not the converse of this case in Theorem 6.3 is true.

The Gauss-Kronecker curvature on an n-dimensional hypersurface M is defined to be
the determinant of the second fundamental form of M. We shall introduce the notion of
the quasi-Gauss-Kronecker curvature of M as follows:

where A;’s are the principal curvatures of M. In the case where n 3, the I has th
property

3K =) (\i— H)*.

=1
With this definition we shall prove the following

Theorem 6.8. (see [14]) Let M be a closed oriented 3-dimensional hypersurface in S*(1)
with nonzero constant mean curvature H. If the quasi-Gauss-Kronecker curvature I of
M 1s constant and if K - H < 0, then M i1s either totally umbilic or else an 1soparametric
hypersurface with S =3+ 2h? & + 8h?2. Here we set h := 3H.

In the second place we shall discuss in §§7 and 8 space-like submanifolds with con-
stant mean curvature in the spaces of indefinite metrices. Calabi [7] and Cheng-Yau [21]
investigated that complete space-like hypersurfaces in a Minkowski space R;"H possesses
remarkable Bernstein property in the maximal case. The classical Bernstein theorem states
that a complete minimal surface expressed as a graph of a plane in R3 is isometric to the
Euclidean plane. This type of results have been obtained by many people in the case
of complete space-like hypersurfaces in the de Sitter space. Among them, Marsden and
Tipler pointed out that space-like hypersurfaces with constant mean curvature in arbitrary
space-time are interesting from the point of view of relativity theory. In connection with
this topic we shall prove the following results.



Theorem 7.1. (see [16]) Let M be a complete space-like hypersurface with constant mean
curvature H in a Lorentzian space form M[**'(c) of constant curvature ¢ < 0. Then we
have

nH? < 8 < [n{n?H? —2(n — 1)c} + (n — 2)n{n?H? — 4(n — 1)c}|H|)2 /2(n — 1).

Notice that Theorem 7.1 generalizes the results obtained by Ishihara [29] and Cheng-
Yau [21]. In fact, by setting H = 0, Theorem 7.1 implies that 0 < & < —nc. Ishihara
obtained this relation for complete maximal space-like hypersurface in M1"+l(c). A result
by Cheng-Yau states that an entire space-like hypersurface of constant mean curvature in
R?“ satisfies nH2 < § < n?H?. This relation is obtained by setting ¢ = 0 in Theorem
dack:

In the special case where the sectional curvature of M is nonnegative we have isometric
results as stated below.

Theorem 7.2. (see [12]) Let M be an n-dimensional complete space-like hypersurfac
in STt (c) with constant mean curvature. If the sectional curvature of M is nonnegative
everywhere and if the multiplicity of every principal curvature is greater than 1, then M
is 1sometric to R™ or S™(c;) for some 0 < ¢; < c.

Theorem 7.3. (see [11]) Let M be a complete space-like hypersurface in S} (c)with
nonnegative sectional curvature. If the scalar curvature r of M satisfiest = k- H for some
nonnegative constant k and if H assumes its supremum at some point of M, then M 1is
isometric to R™ or to S™(c;) for some 0 < ¢; < c.

Theorem 7.4. (see [11]) Let M be a complete space-like hypersurface in ST !(c) of
nonnegative sectional curvature. If the scalar curvature r of M satisfiest = k- H for some
nonnegative constant k and if the multiplicity of each principal curvature at every point
on M is greater than 1, then M is isometric to R™ or to S™(c;) for some 0 < ¢; < c.

In the case of space-like submanifolds in S;*?(c) for an integer p > 1, we have the
following

Theorem 8.1. (see [13]) Let M be an n-dimensional complete space-like submanifold in
Sn*P(c) with parallel mean curvature vector. If

(8.1) H?<c¢ for ne==-2,
(8.2) n’H? <4(n—1)c form > 8,
then M 1s totally umbilic.

Remark. The assumptions (8.1) and (8.2) are optimal.

The rest of the article is organized as follows. In §1, we give the basic concepts and
formulas used here. We shall discuss the generalized maximum principle in §2 and confor-
mally flat metrices in §3. Submanifolds in Riemannian space forms are discussed in §§4,5
and 6. In §5 we shall provide slight extensions of Theorems CDK and PT to complete
manifolds. In §6 we give some results on totally umbilic submanifolds in $™*?(c) of con-
stant curvature ¢. Complete space-like submanifolds with constant mean curvature in the
de Sitter spaces will be discussed in §§7 and 8.



§1. Basic concepts and Formulae

Throughout this paper all manifolds are assumed to be smooth,connected without bound-
ary . We discuss in smooth category. An m-dimensional semi-Riemannian manifold
(M',¢") of index s is by definition an m-dimensional manifold equipped with a nondegen-
erate symmetric bilinear form ¢’ with index s. This ¢’ will be called a semi-Riemannian
metric on M'. It is an indefinite Riemannian manifold or simply a Riemannian manifold
according as s > 0 or s = 0. We choose a local field of orthonormal frames ey,..., e,
adopted to the semi-Riemannian metric on M’ and the dual coframes wy,...,w,, in such
a-way that glledcn) = eafap for @B =0y, . o Gad.eg=—1 forA=10 .5, € a=1
for A =s+1,...,m. The connection forms with respect to ¢’ will be characterized by the
structure equations as stated ;

divy = — Z5BWAB Awp, wap+wpa =0,

(1.1) dwap = —ZECwAc/\wCB+QAB,

where 2 4p and R’y g p are the semi-Riemannian curvature form and the components of
semi-Riemannian curvature tensor R' of M'. The components of Ricci curvature tensor
Ric' and the scalar curvature r' are given as

!
(1.2) Ryg=Rpi= ZECRCABC’
(1.3) il ZeAR;M = ZEAEBR:QBBA'
A semi-Riemannian manifold M’ of constant sectional curvature c is called an indefinite

space form of indez s and denoted by M(c) or simply a space form and denoted by
M™(c) according to s > 0 or s = 0. The components of Ry 5~ of M*(c) are given by

(1.4)
Therefore the Ricci curvature Ric’' and the scalar curvature r’ are written as
(.55

In particular, M{"(c) is called a Lorentz space and if ¢ = 0, then it is called a Minkowsk:
space.

The standard models of complete semi-space forms are given as follows. In an (n + p)-
dimensional Euclidean space R™? with the standard basis, the scalar product <,> is
given by

Z P
<z,y >=—Z$iyi+ Z T;iYj,
i=1 j=p+1



where @ = (@gn . oy dggpand @ = (g, 5 ¥ap ) The (RFTT) <,>) is an indefinite
Euclidean space which we denote by R}*?. Let S»*P(c) for ¢ > 0 be the hypersurface in
R;+P+1 given as

2

<zT,x >=— =!71g.
@

Then the S;"LP(C) inherits a semi-Riemannian metric induced through R;‘“LPH and has
constant curvature c. This is called a de Sitter space of constant curvature ¢ with the index

p

On the other hand let H}*?(c) for ¢ < 0 be the hypersurface of R;jf“ defined by

1 2
<I,T>=-—=!—Tg(-
C

Then this H}'*?(c) induces a semi-Riemannian metric through R;if“ with respect to

which the curvature is negative constant ¢, and is called an anti-de Sitter space of constant
curvature c. Detailed discussion on indefinite Riemannian manifolds are refered to O’Neill
[41].

From now on let M' = M*?(c) be an (n + p)-dimensional semi-Riemannian space
form of constant curvature with index s (s = 0,p), and M an n-dimensional submanifold
of M™P(c) which has a positive definite induced metric. In the sequel the following
convention on the range of indices are used, unless otherwise stated.

1<AB,C,...,<n+p
| gl A
n+1§a7ﬂ17""7 §n+p

And we agree that the repeated indices under a sumation sign without indication are
summed over the respective range. The restricted canonical forms w, and connection
forms wap to M are also denoted by the same symbols. We then have

(1.6) we=0fora=n+1,...,n+p

and the induced metric ¢ on M through M}*?(c) is given by ¢ = > w; @ w;. We see
that {e1,..., en} is a local field of orthonormal frames on M with respect to g, and also
{wi,...,wn} s alocal field of its dual frames on M. It follows from (1.1),(1.6) and Cartan’s
lemma that

(1.7)

The second fundamental form of M is given by

Thus
(1.8)



The mean curvature vector h and the mean curvature H of M are defined by

(1.9)

and

(1.10)

M is by definition a minimal submanifold if the mean curvature of M is identically zero.
M is said to be totally umbilical if the h{; can be simultaneously expressed as a scalar

multiplication of the identity matrix for all a at every point on M such that h;‘].“ =Hé
he =0 for « #n+ 1, where He,,.4; = k.

The connection forms {w;;} of M are characterized by the structure equations as follows

1)

G = —Zwij I\Nae et [0k
(1.11) dwij = — Zwik Awij + $ij,

1
Qi = = ZRijklwk A wy,

where ;; (respectively R;jx;) are the Riemannian curvature forms (respectively the com-
ponents of the Riemannian curvature tensor) of M. It follows from (1.1) and (1.11) that

(1.12)

The components of the Ricci curvature tensor Ric and the scalar curvature r of M are
given by

(1.13)

and

(1.14)
We also have the structure equations for the normal bundle over M as follows;

dwe = — Zsﬁwaﬁ ANwg, wWap +Wga = 0,
1
(1.15) dwepg = —ZE'T“JOI‘YA"‘)’rﬁ_ 52Raﬂijwi/\wj,
Ropij = (RGRS — hSiRY).

8



Now the covariant derivative Va of the second fundamental form a of M with compo-
nents h, is given by

(1.16) S hgwr =dhS + > hfwi+ Y hGwik + Y eghfiwag.
Then the exterior derivation of (1.7) together with the structure equation gives
Z h;-’jkijk = 0.
Thus we obtain the Codazzi equations ;
(1.17) B = P
Similarly we have the covariant derivative V2a of Va with components hi:x as follows ;
(1.18)

Taking the exterior differential of (1.16) we obtain the Ricci formula as follows ;

(1.19)

Similarly we also have

(1.20) ASitim = himi— O b5k Reitm — > hfuRijim — > b Ruktm — > ephl Rpaim,
where h%klm
The Laplacian Ah{; of the components A{; of the second fundamental form « is given

by

is the component of the covariant derivative V3a of V2a.

From (1.19) we have

(1.21)
and
—ASZ_ p—— FUHE
= Z( i)’ + Z hii b Z hii bk Bomisik
(1.22) — Y hEAY Rag;i.

The following Cartan’s lemma plays an essential role in the study of isoparametric hyper-
surfaces as well as our investigation.

Cartan’s Lemma. If M is a hypersurface in S™*!(1) with constant distinct principal

curvatures A1, Az, ..., A,, each A; having the multiplicity m;, then
Aid;
e Mg Ay
J#1

In particular if n = 3, then

AT 3 —
3+ZH2i4 +8H?2, or9H? + 6.



§2. Generalized maximum principle

The pioneering work on this topic was made by Omori in [40]. This theorem will be
employed in the proof of Theorem 7.3 and stated as:

Theorem O. Let M be a connected and complete Riemannian manifold whose sectional
curvature is bounded below. If f : M — R is bounded above and smooth, then there
exists for any € > 0 a point p € M such that

sup f < e+ f(p),
M

lgrad f (p)| < &,
V2f(X,X)(p) < € for every unit vector X.

It was pointed out by Aubin in [5] that a similar result holds under the assumption on
the Ricci curvatur of M. This fact was later proved by Yau as stated.

Theorem Y-1. Let M be a connected and complete Riemannian manifold whose Ricci
curvature i1s bounded below. If f : M — R is bounded above and smooth, then there
exists for any € > 0 a point p € M such that

sup f < e+ f(p),
M

(2.1) |lgrad f(p)| < €,
Af(p) <e.

Theorem Y-2. Let M be a connected and complete Riemannian manifold whose Ricci
curvature is bounded below by a constant L. Let f be a smooth function bounded below
such that for some positive constants c;,

(2.2)
and
(28}

Then there exists a constant ¢ depending only on n, L and c; such that

(2.4) [V £l < off — inf ).

Remark. Under the assumptions in Theorem Y-1 it is not possible to replace the first
inequality to the following :

sup f —e < f(p) <sup f —¢€/2.
M M

10



In fact, setting M := R? and f(z,y) := —exp(cz) for a constant ¢ > 2, we observe that
M and f fulfil the assumptions in Theorem Y-1. Suppose that there exists for a decreasing
positive sequence {€,} converging to zero a sequence {pi}, pi := (z&, yx) such that

(2.5) sup f —ex < f(px) <sup f —ex/2,
M M
(2.6) lgrad f(pi)| < €,
Af(pi) < €x.

We then have

(2.8)

On the other hand it follows from (2.5) and sup;, f = 0 that
(2.9)

This is a contradiction since ¢ > 2.

§3. Conformally flat spaces

In this section we shall prove some extensions of the Goldberg Theorem G to not necessarily
manifolds whose Ricci curvature is bounded below. The scalar curvature r of M is the
trace of the symmetric linear transformation () defined by the Ricci tensor Ric of M, and
1s written as

T = trace ().

The following result was proved by Goldberg in [26].

Theorem G. Let M be an n-dimensional complete conformally flat Riemannian manifold
(n > 2) whose Ricci curvature is bounded below. If the scalar curvature r is positive

constant and if sup,, traceQ? < * then M is isometric to a space form.
We shall prove the following

Theorem 3.1. (see [18]) Let M be an n-dimensional complete conformally flat Riemann-
ian manifold (n > 2) . If the scalar curvature r is positive constant and if sup ,, traceQ? <

1‘2

n_q, then M is isometric to a space form.

Proof of Theorem 8.1. In view of Theorem G we only need to show that the Ricci curvature
of M is bounded below.

From assumption we have for every unit vector u € T M,

|Ric(u,u)| < <

Vn—1

This completes the proof of Theorem 3.1.

11



Theorem 3.2. (see [18]) Let M be an n-dimensional complete conformally flat Riemann-

ian manifold (n > 2) whose scalar curvature is positive constant. If sup,, traceQ? <

and if there is a point p € M such that trace@Q?*(p) = then M 1is isometric to a
Riemannian product M; x N, where M, is a space from and N is 1-dimensional.

Proof of Theorem §.2. It follows from assumption that the function f : M — R defined
as f = trace Q% — - attains its maximum at p. Making use of the Hopf’s theorem we

conclude f = This proves Theorem 3.2.
In the special case where n = 3, we have the following

Theorem3.3. Let M be a 3-dimensional complete conformally flat Riemannian manifold
of positive constant scalar curvature. If the squared norm of Ricci tensor is constant, then
M 1s 1sometric to either a space form or else a Riemannian product M, x N, where M, 1s
a space form and N is 1-dimensional.

The proof is easy and hence omitted here.

§4. Closed minimal hypersurfaces in S™t!(1)

In this section let M be a closed minimal hypersurface in S™*!(1) with constant scalar
curvature 7. It follows from the assumptions that

(4.1) S=n(n-1)-r.
The above relation means that S is intrinsic and independent of the immersion of M into

EL Ty
We have from (1.21),

Since M is minimal we see that
(4.2)
Therefore we have

1
(4.3) SAS = - R+ (n—S)S.

1

Since S is constant, the assumption implies that the right hand side of (4.3) is zero. Thus
we see that if § < n, then § = 0 or n.
Making use of (1.19) and (1.20) we have

i
(4.4) §A(Z R = (2n+3—8)(S —n)S -3 hijkhijihimbm

+6 Z hijchitmbjithim + Z h?jkl'

12



Under our situation § is constant and (4.3) reduces to
(4.5)

For every point p € M we choose an orthonormal frame field {ey,.
matrix (h;;) is diagonalized at that point, say,

(4.6)

Using this frame field we see that (4.4) becomes

(4.7) > R =S8(S = n)(S — 2n - 3) + 3(4 - 2B),
where we set

(4.8)

Setting

(4.9)

and using (1.19) we have

(4.10)

Moreover we obtain

i#] i<j i<j

(4.11)

We shall prove the following

..,€n} such that the

Theorem 4.1. (see [19]) Let M be an n-dimensional (n > 2) closed minimal hypersurface
in S™*1(1) with constant scalar curvature. If S > n, then there exists a positive constant

¢ > ) such that

(4.12) S>n+cn.

For the proof of Theorem 4.1 some Lemmas and Propositions will be needed.

Let f,, be the m-th symmetric function of the principal curvatures, 1.e.,

(4.13)

18



Lemma 4.2. Under the assumptions in Theorem 4.1 there exists a point xy € M at which

(4.14)

Proof. A direct calculation implies that

(4.15)

On the other hand,

By iterating (4.15) on M and using the Stokes theorem we obtain

Thus we have

/[(5f4 —S2—fH+ (2B - A)]dv=0.

Since the integrand is continuous on M we find the desired point. This proves Lemma 4.2.

We continue further computations. By using (4.11) we get

2 2 2
Rzl - et 5
7]

(4.16)

From (4.7) and (4.16) we derive

(4.17) S(E-n)(S—2n—-3)+3(4-2B) > %(Sﬁ —28% — 2 + uS).
If zg is a point as obtained in Lemma 4.2, then (4.17) implies at zq,

(4.18) S(S—n)2n-8) + g[(QB —A)+S8(S-n) <0.

The following relation was obtained in [43]
(4.19) 3(2B — A) > —35%(S —n).

14



Lemma 4.3. Let zo be a point as obtained in Lemma 4.2. Assume that two principal
curvatures \; and g at zg satisfy

Al = max [,

then we have

(4.20)

Proof. By means of the symmetric property of h;;x we have

(4.21)

Without loss of generality we may assume that A; < A; < Ap for 2 # 7 # &k # . Then
J =224 /\? + A2 — 2(A: 0 + Aj Ak + M) takes its maximum for A; = A; or A\j = Ap.
Thus we get J < A2 —4X;)\,. This together with (4.21) implies that

This proves Lemma 4.3.

In view of (4.18) and (4.19) we see that there exists a constant ¢ € [—1,1] such that
(4.22) —3(2B — A) — 35(S —n) =2(1 —t)§*(S — n)
holds at zo. If » < S, then Lemma 4.3 and (4.22) imply
(4.23)
and also

(4.24)

Substituting (4.22) into (4.18) we get at zo,
S(SE—n)2n-S-(1-1t)S] <0.

ingerres lrot ol the £ s
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Proposition 4.4. If § > n and if t > 0, then we have

(4.25) S>n/(l- ).

Proposition 4.5. If S > n and if t € [—3, 3], then

(4.26) S>n+ 694 [Lsh 872 =S+ [{L =208 17 /8.

Proof of Proposition 4.5. From Lemma 4.2 and (4.22) we have the following relations at
Zo

‘)
(4.27) Sfy—S82= jf —S5(§—-n)=A-2B-85(§—-n)= é(l = t)SQ(S —n).
On the other hand we have

(4.28)

Since (4.23) implies (A; — A9)?
+{(1 = 2¢)S§ — 1}, we obtain fro

3(A2—4XAg) 2 2{2(1 - 1)S +3} and —(M A2 +1) >
(4.27) and (4.28)

=
m

%(1 _BSS - nPe 2{2(1 _4)S+3)- %{(1 _ )8 — 1)2.

This proves Proposition 4.5.

Proof of Theorem 4.1. If t > 221, then Proposition 4.4 implies S > n + 210n, and if t €

[—%, 221], then Proposition 4.5 implies S > n+ n. This completes the proof of Theorem
4.1.

A sharper estimate for § i1s obtained by using complicated computations to obtain the
following

Theorem 4.6. (see [20]) Let M be a closed minimal hypersurface in S™1!(1) with constant
scalar curvature. If § > n, then we have

2
S>n+—n—3 W3 < n< i

7 14
2 5} )
1
S>n+zn g ML

For the proof of Theorem 4.6 some Lemmas will be needed.

16



Lemma 4.7. Let M satisfy the assumptions in Theorem 4.6. For every c there exists a
point . € M such that

i,jlk j
holds at that point.

Proof. Consider the function F' := %ch‘; — %fg The Green-Stokes theorem implies

/ AF dv = 0.

M

Making use of (4.11) we get

(4.31) Afy = —4(S —n)fs + 4(24 + B),

(4.32) Afs==3(S—n)fs +3) 2X\h%y,

(4.33) Af2=—6(S —n)f2+ 60> 2xh%40f +18) (O Alhuy).
;

The continuity property of functions then implies the existence of a desired point. This
proves Lemma 4.7.

Lemma 4.8. Let z. be a point as in the previous Lemma. Then we have

(4.34)

Proof. From

we obtain

B i 252408 A i80S 2 i = S8 B PR S sl 370

Bl = W=

{[(AT =12+ (A3 - 1)%8% + (AT + A9)f3
(AT = DA + (A = 1)A2] f3S).

[\

From z2 + az + b > b — a?/4 we get



Lemma 4.9. We have at z,

(4.35)
where we set a(S —n)S =Y hi..
Proof. Since h;jj is symmetric with respect to all indices,

A-B= | X)j)hi

= % DT+ 27+ A% = Xk — Ak = M)k,

it
=3 z (AF 4+ A%+ AE = Xidj = Ajhe — XAk + 2(/\1‘ — X;)%h%;
i#i7k ]

Without loss of generality we may consider A; < A; < A, The function f := /\12- +/\§ +/\'i =

Aidj = XAk — A A takes its maximum at A; = A; or Aj = Ag. Since f|y,=x;, < (A1 — Ap)?
and fly,=a, < (A1 — A2)?%, we obtain

i
A—-—B< Z(/\i_’\j)Qh?ij+§ z (A1 —/\2)2h12'jk
i#] #jEk

This proves Lemma 4.9.

The terms > ,(3°; A?hiij) and 37, 5, Aih%j, in (4.30) are estimated in the following two

lemmas.

Lemma 4.10. At a point =, we have

(4.36)
o 1+ 3a

LV (Sf = £2 =252 £ nSHS = n) = (S = n)*S/n].

Proof. Since Zi Al =0 G Ei hii; = 0 for every j, we have for every real numbers «

and b,

Z(Z Athiij) = Z[z(/\? — aki = b)hyi;)?

=" adghs b)Y

1

(4.37)

12) "
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h?ij < 3 ,h?jk'*' h%i)
(4.38) ik 4

= %(1 + 2a)(S — n)S.

Let a := f3/S and b:= §/n. Then we obtain from (4.37) and (4.38)

DI M)t s PN = Afs = 8% /m)? Do,

5 -

1

= 2 - 7 - 257 £ nS)(S — ) = (S —m)’S/m].

This completes the proof of Lemma 4.10.

Since we find a unit vector y = > y*ex such that

fhig) =1 hal )

we have

Lemma 4.11. At z. we have

Proof. From the choice fo y it follows

Using the symmetric property of hi;x we get

19



where we set a := % S>> A?hiy*. This completes the proof of Lemma 4.11.
On the other hand & = 5~ A? is constant, and we get

Thus we have

(Z 2/\ihz2jk)2

D AidiChgis + Byags))?
o T i)
(4.40) = S24> ki + D (hijij + hyiji)?)

&

= S, MEE ke
. 111 + 4 . )
1 1#]

+ i)’

Proposition 4.12. Under the assumptions in Theorem 4.6 we have

S>n+gn—2 & & et T
(4.41) fom il
S>n—+—5n B S T

Proof. Taking ¢ =1/2 in Lemma 4.7 we have at z,

B " £2 —282+n5)+%5(8—n)(25—n)— %(2A+B)S
+3 T 'q {7 9 %[%(A SIBY— ;g j —‘ Aihii)?)S

£ f32—252+n$)+%$($—n)(2$—n)—%(2/1—53)
— o (14+20)(8 —n)*S + (14 20)(S = n)(Sfu — f} = 25° +nS)

= 2 2 NS —n)(Shu— £~ 257 4n8) - ‘g(u _5B)
+25(5 = m)l(S —n)+8] - 2171(1 +20)(S = n)?S.

20



Setting tS=S —n and f = Sfy — f2 — 252 4+ nS, we obtain

65 65 a8 28"
42 ——tf < — 2A-5B) — — -
Cre 9 fs 65+76a( ) 9

+ 3t(1 +¢)S?2.
On the other hand (4.17) implies

3 B s
(4.43) ;f <t(2t—-1- S)S + 3(A - 2B).

From (4.42) and (4.43) it follows that

3. 130 65(24 — 5B)

38
L = —1 ) f < HOpa 5 T L2 B s BE%82 o uBiSt
2( 27 ) = i ) 65 + 76 o 9 e

195 ISt .
= 1= o\ — 2 e
65 + 76 I a)(Ag — Aqg)* + 3t 5 t)S*.

1
< #(2t — 1)5 + (4
Here we used Lemma 4.9 and A+ 2B = 3 5 (Ai+; +)\k)2hfjk > 0. Setting n := 65+ 76«
we obtain

195 1 195 i —_—
— B —(4——)(141 — 1) < —=(759 — =:
SPGB 2L 5 < X 141) = 34;,

4 =
( 76

where §; = 0.4198 ... < 0.42.

Suppose now that ¢t < é. Then 3t — 398t2 < % — %, and the above inequality reduces to

Since az? + bz > —:—Z and A? + A2 < S, we have

O, | ]
t[(2t —1)S + B1S + gﬂf& Sl Y ae = =]8 >0,

9
and thus
% = ] :
45 25
Therefore we get
S 4 g .
T35 2
and hence we have
S>n+ gn — 2
7 14

If n > 7, then the above inequality implies § > n + -;-n This 1s a contradiction to ¢ <
Thus the first inequality in (4.41) is shown. In the case where n > 7, suppose that ¢ >
Then we have § > n + %n This proves Proposition 4.12.

==
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Proof of Theorem 4.6. Let ¢ := % be a constant in Lemma 4.7. A little more careful
computation than developed in the proof of Proposition 4.12 implies that

298 + 326 A 3 SR 163

— if < 3t(1+¢ 2Ih 2 = _ - 9 32
(4.44) i U SSAINS+ (2 Nib) - (24-5B)~ ' (142a)8°S
From (4.7),(4.16) and (4.40) we have

3 1 el 3 3

(4.45) §f+:1—§§( ) EaltS (2t—1—5)+3(A—2B).
Suppose now that ¢t < % and n > 7. From Proposition 4.12 it follows ¢ > é If we set
By = then we observe from (4.44) and (4.45) that

(4.46)

For 2 > 0 and b > 0 we use az — bz? < Z—Z and cz — 2bz3 < %\/E—Zto obtain

1., 450 | 2tS  450(20, — 3)°

0 (2= 1)+ 12783+ B2 +15(5)" o + 6 - 79t

This implies
0.5885 1.2783 1

> — .
2.6482 26482 S
1 1

" 15 2075
Thus we have the second inequality of (4.29),

S —+—2 2
> — —_—,

n

If n > 17, then the above inequality implies $§ > n+ 7, and a contradiction to ¢ < % This
completes the proof of Theorem 4.6.

Remark 4.1. A similar proof will show that

TIPRE, = L S

n—o00 n

Remark 4.2. Theorems 4.1 and 4.6 will provide a partial answer for the conjectures pro-
posed by Chern and Peng-Terng.
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§5. Complete minimal submanifolds in spheres

In this section we shall study complete minimal submanifolds in S®*?(1) by using general-
ized maximum principle due to Omori- Yau. We want to generalize results by Myers,Chern-
do Carmo-Kobayashi and Peng-Terng to complete minimal submanifolds.

Theorem 5.1. (see [17]) Let M be a complete minimal submanifold of dimension n in
S™P(1). If supy S < then M is totally geodesic.

Proof. Gauss’ equation (1.12) implies together with the assumption that the Ricci curva-
ture of M is bounded from below. For a positive constant a, the function F := (S + a)?
1s bounded since so is §. Computations show that

1
(5.1) 508 = FAF + |VF|.

Applying Theorem Y-1 to F', we see that for every € > 0 there exists a point p € M such
that

(5.2) IVE(p)| <e, AF(p)<e, sxpr — e < F(p).
From (5.1) and (5.2) we have
(5.3) %AS(p) < e(e + F(p)).

For a sequence {€,,} of positive numbers converging to 0 there is a sequence {pm, } of points
on M satisfying (5.2). Thus (5.3) implies {em(ém + F(pm))} converges to 0 as m — co.
On the other hand (5.2) implies, by taking a subsequence if necessary, that

lim F(pm)=Fo > supkF.
M

m—00

Therefore we have Fy = sup, F', and lim S(pm) = supp, S Then a direct computation
shows that (see [17] or [22])

i 1

By means of (5.3) we have sup,; S = 0. This means that the second fundamental form of
M is identically zero, and hence the proof is complete.

Theorem 5.2. Let M be an n-dimensional complete minimal submanifold in S™*?(1). If

p > 1, then M is either totally geodesic, or a Veronese surface in S*(1), or has the property
that sup,, S >

Proof. In view of Theorem 5.1 we only consider the case where sup,, S = In this
case we have § < and from Lemma 6.1

Ric(v,v) > (n —1)[1 — ]>0

2—-1/p
for every unit vector v € TM. The Myers theorem (see [5])then implies that M is compact.
Theorem CDK implies that n = p = 2 and M is a Veronese surface in S*(1). This proves
Theorem 5.2.

In the special case where n = 3 we have the following
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Theorem 5.3. (see [10] Let M be a 3-dimesnional complete minimal hypersurface in
S5%(1) with S being constant. If S > 3, then § > 6.

For the proof of Theorem 5.3 we need the following Sublemma.

Sublemma. Let ay,...,a, be real numbers satisfying Y a; = 0 and y_ a? = k? for k > 0.
We then have

Proof of Theorem 5.5. Assume that supy, f3-infar f3 = 0. If sup,, f3 = infar f3 =0, then
f3 =0 and from Lemma 2 in [43] we see that the principal curvatures of M are constant.
Thus Theorem 5.3 is valid from Cartan’s Lemma.

Assume next that f3 is not constant and that sup,, f3 -infar f3 = 0. We may assume
without loss of generality that sup,; f3 = 0. From the Gauss’ equation and & being
constant we see that the Ricci curvature of M is bounded below. Applying Theorem Y-1
to f3 we have a sequence {p,,} of M such that

(5.4)

and also

(5.5)

m—00

From (4.5) and (4.7) we observe that A;,h;;x and hjjx; are all bounded, and hence we may
assume that

(5.6)
and

(5.7)

Thus we have

X1+X2+X3=0,
(5.8) X 4+A24+22 =5,
A+ A+ A =0.

By assuming Xl ] Xg - A3 we get from (5.8),

(5.9)
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Taking exterior differentiation, ) h;; =0 and ) h?j = § imply both

(5.10) for every k,
and
o) for every k.

From (5.4) we have limm,_. |grad f3(pm)| = 0. Since |grad f3|
we get for every k,
lim h,-,-k/\?(pm) =l

1

The above relation together with (5.6) implies that

Since A;’s are distinct, we get for every ¢,k,
(5.13) igin =3

On the other hand we have

i#j#k

by (5.13) and (5.8)
by (4.5).

From (4.9),(4.11), (5.6) and (5.7) we obtain

(5.15)

(5.16) EPJ =83 -45% +68.
i
From (4.7),(5.14),(5.15) and (5.16) we get
(5.17) S(S-3)(S=-9)+25%(5-3)=3 ti;/2)* + %(53 — 48?4+ 6S).
i#]
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Computations show that

(5.18) Z(Zijij —4:;/2)? > (51212 .
1#]
where we used 11, = f23 = —+/S/2. Differentiating S = > h?j, we have

(5.19)

ll]

Substituting (5.9) into (5.19) we obtain

11]

In particular we have

Thus we get
" = = = - 1
(5.20) hi212 — ho3az = hig12 — h3oza —taz = VZS[T + 5]

From (5.17), (5.18) and (5.20) we have
S(S — 6)(19S — 42) > 0,

and the proof in this case is now clear.

Consider now the case where infps f3 - sup,s f3 # 0. Suppose that fs is constant. Then
M has constant principal curvatures and Theorem 5.3 1s true.

We shall assert that if f3 1s nonconstant, then there is a point p € M such that f3(p) = 0.
Once the above assertion has been established, then the classical Myers theorem (see [36])
together with the previous computations concludes Theorem 5.3.

Finally we shall prove that inf s f3 - sup,s f3 > 0 does not occur. To see this we may
assume that sup,, f3 < 0. From Sublemma we see

(5.21) —v/S83/6 < sup f3 <0,

M
(5.22) Jm fa(pm) =sup fo,  Lim |V fy(pm)| =0,
(5.23) lim sup A f3(pm) <0,
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and also

A+ :\:2 Sz Xs =0,
(5.24) A+ A+ A=,

/\? + /\% + /\g = s;{pfg.

We observe from (5.21) and (5.24) that A;, A; and As are distinct. A similar discussion as
developed in the first case implies that

(5.25) for every z and k.
It follows from Afs = 3[(3 —S)fs + 23 \ihZ;] that

3(3-S)sup fs+2>  Aih%,] <0
M

and also

Therefore we have
(3—S)sup f3 <0.
M
This is a contradiction. This completes the proof of Theorem 5.3.
As a corollary to Theorems 5.1 and 5.3 we have the following

Corollary 5.4. (see [10]) Let M be a three dimensional complete minimal hypersurface
in S*(1) with constant scalar curvature. If S < 6, then we have S = 0,3, or 6.

It is well known that there exist no closed minimal submanifolds without boundary in a
Euclidean space R™"?. Similarly, there exist no closed minimal hypersurfaces in an open
hemi-sphere of S™*1(1). When M is not necessarily compact, we shall prove the following.

Let ST*'(1) C S™*!(1) be a closed hemisphere as given ;

Si“(l) ={ue R"t% 4 = (ul,...,u"+2), ||l = 1,u™t? > 0}

Theorem 5.5. (see [9]) Let M be a complete minimal hypersurface in S7+'(1). I the
distance u™*? from points on M to the equator great sphere satisfies

/ |Vu™t?| dv < oo,
M

then M 1is the great sphere (and totally geodesic). Here dv is by definition the volume
element of M.
Proof. Since M 1s minimal we have

(5.26)

This means that u™*? is superharmonic, and constant by the following Lemma (see [52]).
Since u™*t2 — 0, M is totally geodesic. This proves Theorem 5.5.
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Yau’s Lemma. If f is a subharmonic function defined on a complete Riemannian mani-

fold M and if
IVf| dv < oo,
M

then f is harmonic.

Theorem 5.6. (see [9]) Let M be a complete minimal hypersurface in Sf_'H(l). If the
volume of M 1is finite, then M is totally geodesic.

Proof. Because M is minimal we have

1=1,...,n4+2,

A Z(uif IS VEATT =N,

and also _ _ :
A(u')? = 2|Vu')? = 2n(u)2

Therefore we get 3, |Vu'|? = n and |Vu™ 2|2 < n. Thus

This and Theorem 5.5 imply that «™*? is harmonic and M is totally geodesic.

Theorem 5.7. (see [9]) Let M be a complete minimal hypersurface in S™*!(1) whose
Ricci curvature is bounded below by a constant —L. If M C Si"'l(l) and if

then M 1s totally geodesic.

+2

Proof. Applying Theorem Y-1 to a superharmonic function u™"*, we obtain a sequence

{pm} of points on M such that

(5.27) lim ©"*%(p,,) = inf «™*2, lim inf Au"t?(p,) > 0.

m— 00 m—00

From (5.26) and (5.27) it follows that infp u™? = 0. Since |Au™1? :
|V(Au™2)| = n|Vu™*?|, Theorem Y-2 implies that

Thus we have

/ |Vu™*?|dv S/ c-u"?dv < oo,
M M

where ¢ 1s a constant. Theorem 5.5 concludes the proof.
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§6. Hypersurfaces in space forms with constant mean curvature

This section is devoted to the study of hypersurfaces in space forms with constant mean
curvature. First of all we prove the following

Lemma 6.1. (see [16]) Let M be a complete hypersurface in M™*!(c) with constant mean
curvature, where ¢ > 0. For every unit vector v tangent to M we have

Ric(v,v) 2 (n—1)(c + 2H)) - {(n—-1)S 4+ (n - 2)|H|[(n=1)(nS — n2H2)]%}/n.

Proof. For any point z € M and for any unit vector v at z we choose a local frame
{e1,--+yenyent1} in M™1(c) such that ey,..., e, are tangent to M and v = e,. Then
(1.13) gives

Ric(v,v) = (n—1)c+ nHhpp — Z hoiljn.

J

By a Lemma due to Cai,Cheng and Nakagawa (see (6] and [16]) we prove Lemma 6.1.

Theorem 6.2. (see [16]) Let M be a complete hypersurface in M™*t1(c) , ¢ > 0 with
constant mean curvature H. If

(6.1) s;pS < {n[2(n=1)c+n*H? —n(n —2)|H|[n*H?* +4(n — l)c]%/2(n -1),

then M 1is totally umbilical.

Proof. Making use of (1.22) and Sublemma we obtain

where f2 = S—nH? > 0. By means of Lemma 6.1 and using a similar method as developed
in [16], the proof is complete.

Remark 6.1. In the special case where n > 3, Theorem 6.2 is an extension of Hasanis’
theorem, (compare [27]). The restriction of dimension in [27] is inevitable.

Remark 6.2. In the case where ¢ = 0, (6.1) is equivalent to sup,, S < Theorem

6.2 also extends Okumura’s theorem (compare [39]). Our estimate is optimal because
a complete hypersurface obtained as a Riemannian product M := S™ ! x R in R"*!

has the property S = In the case where ¢ > 0 and n = 2, (6.1) is equivalent to

sups S < 2¢+n?H?, and this means that the Gaussian curvature is positive. In the case
where M is minimal, (6.1) becomes sup,; S < n. Thus we have shown that Theorem CDK
in this case is obtained without assuming compactness of M.

In the special case where n = 3, we have the following
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Theorem 6.3. (see [15]) Let M be a complete hypersurface in S*(1) with constant mean
curvature H. If § is a constant not greater than 9H? + 6, then M is totally umbilical and
S=3H% or§=3+7%H?+ +8H?, or § =9H? + 6. Moreover if H # 0 and if
S=9H?%+ 6, then M is isoparametric.

Remark 6.5. It should be remarked that in the above theorem 6.3, M is totally umbilical
when § = 3H?% and M an isoparametric hypersurface when S = 9H? + 6 and H # 0.
Moreover isoparametric hypersurfaces in $*(1) with two distinct principal curvatures have
the properties S = 3 + 247H2 - +8H%or 3+ Y H?+ + 8H?2. However we
do not know whether or not the converse of this case in Theorem 6.3 is true.

For the proof of Theorem 6.3 we need some preparations.

For an arbitrary fixed point p € M we choose a local frame field ey, ..., e, such that

(6.2)
as before in (4.6) and set

(6.3) h:=3H.

Then we have
(6.4) IBa==G BT

If both § and H are constant, then we see from a direct calculation,

(6.5) —hfy=8B-8) -+ k¥,
it
SAD hh=(9-8) Y ki =303 Mhli -2 Aidihl)

(6.6) +3h > " NihLi+ Y ki
(6.7) —hAfy =AY ki,
(6.8)
(6.9)

6.8 Afs =6 AihZ, —35fs+ 3hfs+9f; — 3RS,
6.9 Afy = —4Sfs —4hfs + 4hfs +12fa + 8> ATh% +4) Akl
i 4 1
(6'10) fa = —h%S ot 6h4 aF §hf3 ar 552,
5 . b 6L
(6.11) f526(8+h )f3+.gh _gh S
11
(6.12) S — Eh?$2 —65% + Sh* + 95 + 6h%S — éhﬁ —3h% — %h“
1 3 3
=(S—Zh*)(S-3—=h? hAfS = S =ipd h2).
(= Zh*NS =8-3R+ + 8h2)(S . z + 8h2)
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Lemma 6.4. Let M be a 3-dimensional hypersurface in S*(1) with constant mean cur-
vature. If S is constant, then

(6.13)

Proof. From (6.5) and (6.10) we have

(6.15)

From (6.9) and (6.15) we also have

and from (6.3)

From (6.3),(6.7) and (6.8) we get

and hence, from (6.5) and (6.10)

This proves (6.13).
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(6.19)
+ g(s - %fﬂ)(s -3- %hz L Jpa 8h2)(S —3 — Spr_l /pa 8h2).

This proves (6.14).

Proof of Theorem 6.8 by assuming Propositions 6.5 and 6.6. In view of Corollary 5.4 we
may consider the case where H > 0. The proof will be divided into three cases as follows.
The proofs of the first and second cases need not Propositions 6.5 and 6.6, but the proof
technique developed in the second case will be used in the proof of Proposition 6.6.

In the first case we assume that

' 2

2
3H2§S§3+4H2—Z-' + 8H?2.
Since H is constant Theorem 6.2 implies that S =3H? or S =3+ ¥ H? — +8H?,
and the proof in this case is complete.
In the second case we assume that
A | S
—H? - ) < —H?
3+4 4 + 8H <$_3-+—4 +4
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If f5 is constant, then M is of constant principal curvatures, and hence an isoparametric
hypersurface in 54(1). Thus Theorem 6.3 in this case is valid by Cartan’s Lemma. If fj is
not constant, then the constancy of S implies together with (6.5) and (6.14) that the three
functions f3, Zh?jk and Zh?jkl are bounded. The Ricci curvature of M is bounded
below. Let F := > h?]-k and apply Theorem Y-1 to —F. Then there exists a sequence
{pm} of points in M such that

lim F(pm) = i&fF, lim |grad F(pm)| =0,

m —00

lim inf AF(pm) > 0.

Thus we have

(6.20) lim hiw(pm)=inf  R%,, lim |grad - hi,|=0,
(6.21) lim inf A - hiik(pm) 2> 0.

From (6.4) and (6.5) we get

(6.22) lim  fs(pm) = sup f, lim_|grad f3(pm)| = 0,
(6.23) lim Bj3(pm)=sup B;, lim |grad B3(pn)| = 0.
m—oo M ==
Suppose that lim;, .oo B3(pm) = — %hQ)%, then Sublemma implies that
1 1 3
Bt e,

N

and hence f3 is constant. This is a contradiction. This argument shows that

1 it 3
6.24 lim Bj(pm) > ——=(S — =h?)2.
(6.2 Jim Bapm) > ~5(5 - 1)
We shall assert that lim,, .o B3(pm) = %hQ)%. To show this suppose that
My, oo Ba(pm) < - %hQ)%. Then we must have
(6.25) Ba(pm)| < (S — 5k}
05 3(Pm \/6 3 .

Since Aj,hijx and hijx are all bounded by a constant S, we may consider, by taking a
subsequence of {p,,} if necessary, that
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Thus we get
(6.29)

Therefore (6.25) implies that

From > p; =0 and > u? =S — 3H? being constant we get
(6.30) Z hiik =~0 for every k,
(6.31) Z s =10 for every k.
From (6.29) and (6.27) we get

(6.32) Zﬁiz‘k =0 for every k,

(6.33) Zﬁi}:iik =0 for every k.

According to (6.23) we have

and hence

(6.34) for every k.

Therefore from (6.32), (6.33), (6.34) and from Sublemma we have
(6.35) for every : and k.

Lemma 6.4 together with (6.20), (6.26), (6.27) and (6.28) implies that

(6.36)
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Since Y j1; = 0, (6.35) implies
(6.38) .

On the other hand we have, by recalling t;; as in (4.10),

A

and since \;’s are all distinct from each other
(6.39)

It follows from the assumption & > + 8h? in this case and from (6.36),(6.37)
and (6.38) that Zﬁfjkl < 0 which is in contradiction with (6.39). Hence we have

| I 3
hm Bz(pm) = —=(8 — =h?)2.
lim  Bs(pm) \/E(S 5
Thus (6.4) and (6.5) imply
Z}Nl?jk =S(5-3)+h*—h "11_{20 f3(pm)

1 il h 3 il h S
e (e DYl S, 5 - P — \/—;2 3\/5_42_ Y
(& =30 3 o TV 3V - os Vet

From the assumption for & we see that

Therefore we obtain

h 3
— —\/=h?24+3>0.
o6 81+ =

Thus we have § > %h? +34+ % h* + 8h?2, and we conclude the proof in this case.
In the final case we assume that

%hz+3+- ! a1 10

The following Propositions 6.5 and 6.6 will assert that in this case we must have S = h?4-6
and that M is isoparametric if H # 0. Thus the proof of Theorem 6.3 is complete if the
Propositions 6.5 and 6.6 have been verified.
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Proposition 6.5. A complete hypersurface M of S*(1) with nonzero constant mean cur-
vature H is an isoparametric hypersurface with S = h? + 6 if the following conditions are
satisfied.

S Is constant,

I%fBg d SLAi!p B3 = 0,

3+§h2+~ ' <S < h®+6.

Proposition 6.6. A complete hypersurface M of S*(1) with nonzero constant mean cur-
vature H is an isoparametric hypersurface with S = h? + 6 if the following conditions are
satisfled.

S is constant,
inf B3 - sSup B3 75 0,
M M

3 ——
3+Zh2+- | SRIRBE S < P4 G

Proof of Proposition 6.5. If infyps By = supy, B3 = 0, then Bz = 0 and in particular
(6.4) means that f3 is constant. Therefore the principal curvatures of M are all constant.
Cartan’s Lemma concludes the proof.
We shall next assert that B3 and hence f; must be constant. Without loss of generality
we may assume that
sup Bz = 0.
M

Apply Theorem Y-1 to B3 to obtain a sequence {p,,} of points on M with the properties
that

(6.40) lim sup A Bz(pm) <0.

m— 00

By (6.4) we have

Making use of the same technique as developed in the second case of the proof of Theorem
6.3, we obtain (6.26),(6.27) and (6.28). Thus we have
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and hence, setting B := ), 1% and fi; < g2 < Ji3, we have

Since fi1, p2 and g3 are all distinct, the same method as in the second case of the proof of

Theorem 6.3 implies that

for every ¢ and k,

ij,k
It follows from (6.4) and (6.5) that
(6.41)

and from (6.40) and (6.13)

) o
05—(8—3—§h2

lloges S By 'l
— = Lkaps g = Iy h2 e | B0 T
+(S 3h)(S g 4h +4 + 8h2)(S n 1

. 14 &
(6.42) = (8-S H)(s = Sh ).

Therefore a contradiction is derived by

og—w—%wxs—gw—3f

o ) R R2)(S — 3 — Sh2 _
+(S 3h WS =3—=h*+ + 8h2)(S -3 s

This completes the proof of Proposition 6.5.

+ 8h2).

< 0.

Proof of Proposition 6.6. If f3 is constant, then M has constant principal curvatures, for
both § and H are constant. Thus the proof in this case follows from Cartan’s lemma.
Now consider the case where f3 is not constant. We then claim that it cannot occur. It

then follows from inf s Bj - sup »; B3 # 0 that;

(1) If infp B - sup,, Bs < 0, then there exists a point p € M such that

(6.43)

(2) If inf pr B; - sup,, B3 > 0, then inf s B3 and sup,, B3 have the same sign.
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In the second case we may assume without loss of generality that

sup B3 < 0.
M
From Sublemma we see that
1 1 3
6.44 0> sup By > =—=(85 = =h2)=.
( ) Mp . \/6( 3 )

Applying Theorem Y-1 to B3 we see that there exists a sequence {pm} of points on M
such that

(6.45)

By the same discussion as developed in the second case of the proof of Theorem 6.3, we

> Hi=0, ) f=B=8-3H? Zﬁ?zsxf%

Then the above relations together with (6.44) imply that p;,z, and g3 are distinct from
each other. By the same technique as in the second case of Theorem 6.3 we see that (6.35)

and (6.38) are valid. From (6.4),(6.5) and (6.8) we have

see that

This means that

1
0> h(S — §h2)2 > 0.

This 1s impossible and the second case does not occur.
Finally we shall show that the first case does not occur. Since B3(p) = 0 we see

2

At the point p we have

p1+ p2 +p3 =0,
1
Pzt ps=B=38— 2,
11+ ps+pz =0

Hence we have

(6.46)
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It follows: fram 3_ g =3 anid A3 = S that

(6.47)

Thus we get
hllk = h33k, h22k = _thlk fOI‘ Eevery k

On the other hand, because B;(p) = 0 we have

(6.48)

Then (6.47) implies that

Therefore we have

By differentiating & = > h%., we obtain Y . hiikkA; + Zij b =0 %r aetyp b == 1,2,8.

R ik
Therefore
B 1
\/5(713232—}11212) =thj2. hise—ad & §hB’
l23 = '§+§h‘§—ghB
SR 1 4 4 1 1 1
6.4 h2 > =B _SZ__hZS _h4_2 _h2 B—S____h2 2.

(6.14), (6.48) and (6.49) yield

The above inequality will be treated in the following two cases.
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Suppose in the first case that —2 3 (i + 15 + pr)2hi — 8h 3 pihi < 0. Then
(167h2 +13)S + %h“ + 9h% + 21 > 0. According to the assumption of Proposition

6.6,we get S > h? + 6. This is a contradiction.
Suppose next that —% (it p5 + uk)gh?jk —8h ), yih?jk > 0. Then —3 Y (pi + p; +

pi)?hi; < —20Bh3;; and —8h YD ikl < 32hy /2 b2, imply

-
4

15

) ) 9 )
(6.50) —5 , pitpy+pk)hi—8 hiji < B(—ZSQ-FZS%- hQS—gh“—zh?).

3
(6.49) and (6.50) imply
13

7
('12

36
(8Br2+ S+ '+ 2h? 421, As a function of S, F(S) reaches its
( h?+%)). Without loss of generality we may assume

3.5 1 I N3 43

- — R? < =(—=h*4+ = h? + 6.

4h +3+4 +38 _5(12 +4)< +

Since F(3h?+3+ + 8h?) < 0, F(h?+6) < 0 and F(2(- h*+ ))is only a minimum
of F', we obtain F' < 0 If + 8h%? < S < h2+46. This is a contradiction.Hence
we complete the proof of Proposition 6.6.

It is proved by de Almeida (see [3]) that the Clifford torus S! x S? is the only closed
oriented minimal hypersurface in S*(1) with constant scalar curvature and nonvanishing
Gauss-Kronecker curvature. de Almeida and Brito [4] discussed closed oriented minimal
hypersurfaces in S*(1) with constant Gauss-Kronecker curvature, and proved that if a
closed oriented minimal hypersurface M in $*(1) with constant Gauss-Kronecker curvature

5 . , 43 21

=5° — R =S h* + =—h? 421 > 0.
=5 £ == ok =h? 21 540
Let F(S) := 28?

6
minimum at S =

e |

has its second fundamental form being non-zero everywhere, then M is the Clifford torus
S' x 5% or the boundary of tube of a minimal 2-dimensional surface in S*(1).

We now discuss on the quasi-Gauss-Kronecker curvature on M C S*(1). We know from
definition that if M is minimal, then the quasi-Gauss-Kronecker curvature of M is nothing
but the Gauss-Kronecker curvature.

Theorem 6.7. (see [14]) Let M be a closed oriented hypersurface in S*(1) with non-zero
constant mean curvature. If the quasi-Gauss-Kronecker curvature K of M 1s identically
zero, then M 1is totally umbilical.

Proof. Since K = pypops and py + p2 + pg = 0, we have

(6.51) 3K = pd + pd + pd =: B;.
A direct computations show that
(6.52) By =6H® —=3HS + f3,B =p% +pu2 + 45 =S —3H?,
(6.53) AS =25(3—-8)—18H> +6Hfs +2)  hiy,
(6.54) Afs =6 Ahij —3(S—3)fs +9Hfs — 9HS,
2 27 4 ']
(6.55) fi=—BEPSE e Bl P15 2,
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Since i = Ai — H, we get from (6.54) and (6.55)

Afy =6 pihf; +6H Y bl —3(5—3-12H?)f,

27
(6.56) +9H(-9H'S +

<

1
4 2
b s §S - 8).
Since B3 = 3K = 0 and H is constant, (6.52) implies that

(6.57)

Thus we get

(6.58)

From (6.52), (6.53) and (6.58) we obtain

27

7
S T2 2 2
S H + 557 —35 +6H?)

—6 - pihd = —3(S —3—6H)f3 + 9H(—9H"S +

(6.59) = —?)—H(S - 3H?)?2

Let p € M be a maximal point of S. Then B = S — 3H? also attains its maximum at p.
Since K = 0, we may assume without loss of generality that p, =0 at p.

In the first place we assume that pq(p) = p3(p) = 0. Then clearly we have maxS =
minS = S(p) and S is constant. Namely, A; = H for all : = 1,2,3 and hence M is totally
umbilical.

Assume in the next place that p;(p) = —ps(p) # 0. We then assert that this cannot
occur. In fact, g3 = —pg # 0 implies that po = 0, and therefore py, po, u3 are distinct at
p. Thus Aj, X;, A3 are distinct at p. Since 3H =, h;; is constant, we have

(6.60) for all k.

On the other hand from the choice of p we obtain

for all £,
(6.61)

for all k.

amely we have

(6.62)
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Because principal curvatures are all distinct,(6.60),(6.61) and (6.62) imply
(6.63) for all £ and z.

The symmetric property of h;ji implies together with (6.63) that

(6.64)

Thus (6.64) and (6.59) imply
3
SH(S - &I % =,

Since max S = S(p) = 3H? = min § implies y; = 0, this is a contradiction.
This completes the proof of Theorem 6.7.

Theorem 6.8. (see [15]) Let M be a closed oriented hypersurface in S*(1) with non-zero
constant mean curvature H. If the quasi-Gauss-Kronecker curvature K is constant and
if K- H <0, then M is either totally umbilical or an isoparametric hypersurface with

§ =18 L +8H2.

Proof. Since B3 = 3K is constant, the same technique as developed in the proof of Theorem
6.7 implies that

(6.65)
If B3 =0, then we see from Theorem 6.7 that M is totally umbilical.

We only need to discuss the case where B; # 0. Let p € M be a maximum point of
S. Then B = S — 3H? attains its maximum at p. Computations will be carried out at p

which are divided into three cases as follows.

In the first case assume that pq, po, g3 are all distinct at p. As is discussed in the proof
of Theorem 6.7, we get (6.60),(6.61) and (6.62), and hence h;;; = 0 for all ¢ and for all k.

Thus we have

(6.66)

From (6.65) and (6.66) we have

(6.67)

Since B3 - H < 0 we see

(6.68)

We may assume without loss of generality that H > 0 and B3 < 0. Then,
(6.69)
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Thus we get

4
or
27 B =
S<3+=—H*--

<3+ 2 2
From (6.68) we obtain S <3+ H?- + 8H?2. Theorem 6.2 and closedness of M
then imply that S = 3H2or S =3 + 247H2 — + 8H?2. Thus the proof in this case
1s complete.

In the second case assume that p;(p) = p2(p) = p3(p). Then, maxS = 3H? = min S,
and hence S = 3H2. Thus M in this case is totally umbilical.

In the final case assume that two of the three are equal, e.g., assume that u,(p) =
pa(p) = —pa(p)/2. Then we see that

max B = B(p) = S(p) - 3H? = (54K?)%.

Making use of the Lagrange multiplier to the minimizing function F' = pu? 4 p2 + p2 with
constraints ) p; = 0 and p; - o - p3 = K, we have

Therefore § is constant on M, and M is an 1soparametric hypersurface with two distinct
principal curvatures. A Lemma due to E.Cartan as stated in §1 implies in our case that

S=3+%H*+ + 8H?, and the proof is complete.
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§7. Complete space-like hypersurfaces in indefinite space forms

Let M be a complete space-like hypersurface in M***(c). For simplicity we write Hiy &=
h?j'*'l. For an arbitrary fixed point p € M we choose a local orthonormal frame field

{e1,-..,en} as before in such a way that
hij = /\,‘5,']'.
Let
pii=Ai — H,

where H = 2 3~ )\, is the mean curvature of M. We then have

(7.2) Z,u?:S—nH:Z,
(7.3) > #l=fi—3HY ul-nH?

where f,, = ) A™ and S is the squared norm of the second fundamental form of M.
By means of (1.10) and (1.21) we have

By setting f?:= > u? =S — nH? we see that if H is constant, then
1
SOF 2 nef’ —nHfs +(f* +nH?)".
From (7.2) and (7.3) we get

SAF? > Plne—nH? 4+ 1) —nH Yt
(7.4) > ff = (n—2){n(n - 1)} "2n|H|f + nc — nH?.

Theorem 7.1. (see [16]) Let M be a complete space-like hypersurface with constant mean
curvature in a Lorentz space form M]**!(c) with ¢ < 0. Then S satisfies

(7.5) nH?< S <[n{n®H?—2(n—1)c} +n(n — 2)|H|{n2H? — 4(n — 1)c}*/?)/2(n - 1).

Proof. For an arbitrary given positive number a we define a function F := —(f% + a)_%.

Since M is space-like, the Ricci tensor of M is given by

R’J — (n e 1)661J = 'I'LHhU aF Z hikhkj
(7.6) =[(n—1)c—nH\ + /\,2]5;'1‘-
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This equality shows that the Ricci curvature of M is bounded below. Since F is bounded,
we apply Theorem Y-1 to F'. For any positive € there exists a point p € M at which

sup F' — e < F(p),
M

[VF(p)| <&,
(7.7) AF(p) < e.

Consequently a straightforward computation leads to

(7.8)

For a monotone decreasing sequence {€,,} of positive numbers converging to 0 there exists
a sequence {p,,} of points on M such that {F(p,,)} converges to a number Fy;. From (7.7)

we see that Fy = supys F, and hence {f(pm)} also converges to fo = sup,;, f.
On the other hand we have from (7.8),

(7.9)

and the right hand side of the above inequality converges to 0 since F' is bounded. Thus,
for a sufficiently small positive € there exists an integer m such that

This and (7.4) imply

This inequality means that { f(p.)} is bounded and hence

Fo=supF #0.
M

Moreover we see that
lim sup Af%(pm) < 0.

m—00

Therefore fy must satisfy
(7.10) f2fE — (n—2){n(n — 1)} " *n|H|fo + (nc — nH?)] < 0.

From this relation we have

We conclude the proof by S = f2 4+ nH?2.
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Remark 7.1. From fo = 0 it follows that f is identically zero and that M is totally
umbilical. The above discussion also gives a proof of a result due to Akutagawa [2] and
Ramanathan [44] as stated in §8.

Remark 7.2. Notice that Theorem 7.1 generalizes the results obtained by Ishihara [29]
and Cheng-Yau [21]. In fact, by setting H = 0, Theorem 7.1 implies that 0 < § < —nc.
Ishihara obtained this relation for complete maximal space-like hypersurface in M*!(c).
A result by Cheng-Yau states that an entire space-like hypersurface of constant mean
curvature in R;"H satisfies nH? < S < n2H?. This relation is obtained by setting ¢ =0
in Theorem 7.1.

We next discuss complete space-like hypersurfaces in a de Sitter space.

Theorem 7.2. (see[11]) Let M be a space-like hypersurface with constant mean curvature
in SI"H(C) and n > 3. If the sectional curvature of M 1is nonnegative and if the multiplicity
of each principal curvature is greater than 1, then M is isometric to either a Fuclidean
space R™ or a sphere S™(c;) with 0 < ¢; < c.

Proof. For an arbitrary fixed point p € M we choose a local frame field as before such that
(7.11)

At this point we have, by choosing e,4; time-like vector,

Thus we get
= dnsS'— AT B+ 52
5! —en A 4 (A A 3 A = (3D 2y

1-—
~5, —C—{—/\,'/\J')(/\i—/\]’)2.

According to (1.10),(1.21) and (7.12) we get

1
SAS = > b +o(nS — n?HY) —nHf3 + 57

1
S 3 > (=X (ki — A5)?

From (7.6) we see that the Ricci curvature of M is bounded from below by (n—1)c—

Setting F' := (S + a)—% for any fixed positive number a, we see —F < 0 and a similar
technique as developed in the proof of Theorem 7.1 shows that there exists for a decreasing
sequence {€,,} of positive numbers converging to zero a sequence {p,,} of points on M
such that

(7.13)

(7.14) lim F(pm):=Fo =inf F,
(7.15) lim S(pm)=supS,
U =2 ) M
1
(7.16) 5F(pm) AS(pm) < 3e%, — emF(Pm)-
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The right hand side of (7.16) converges to zero since F' is bounded. From assumption for
the sectional curvature we have K(e;,ej) = ¢ — AjA; > 0, and (7.13) implies that

(T-L7)
For a sufficiently small positive € there is a number mg such that
(7.18) for all m > my.

On the other hand {F(p,,)} is bounded from below by a positive constant. In fact we have
S = =52 - )2 2 0and fi — 8% = = 3. (A;M)? < 0. Hence we have
i Sh f3 < S%. Thus (7.13) implies that

The above inequality together with (7.18) yields

Therefore the sequence {S(p,)} is bounded from above. From the above facts we get

(7.19) lim AS(pm) = 0.

Thus (7.17) and (7.19) imply

(7:20) for all distinct indices 2 and j.

Now the following Assertions (1) and (2) will be derived from (7.20) :

(1) For every j the sequence {A;(p..)} is bounded.
(2) For every distinct indices 7 and j there exists a subsequence {pi} of {pm} such
that limk_,*oo(/\,’ - /\j)(pk) =(0).

The assertion (1) is clear from {S(pm)} being bounded.

For the proof of the second assertion we set a, := (c—AiA;)(pm) and bm 1= (Ai—=A;)(Pm)-
Both of the sequences {a,} and {b,,} are bounded from Assertion (1). (7.20) means that
the sequence {an,b,} converges to zero.

Suppose in the first place that there is a subsequence {pi} of {pm }such that {ax}
converges to a non-zero a. Then limy_ o bx = 0.

Suppose finally that there is a subsequenc {pi} such that limy_,ooar = 0. An induc-
tive argument is employed here. Suppose that the sequence {A;A2(pi)} converges to c.
Since {A;(p«)} is bounded, the limit A} of its converging subsequence is non-zero because
lim A A2(pi) = ¢ # 0. Because A} # 0, we have

ATl [Aa(pi) — [A2(pi)l - [Aa(pa) = AT+ [A1da(pi) — ¢ — 0,
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and hence {A2(pr)} tendsto . =: A3. Asa consequence two limits have the same sign. We
1

may assume without loss of generality that they are positive. From our assumption for the
multiplicity of each principal curvature and for the sectional curvature of M it follows that
c— AM(pi)? >0 and ¢ — A2(px)? > 0, and hence 0 < A}, A3 < \/c. From what is supposed
we see that limg_.co A} (pr) = limr—oo A3(Pr) = /¢, and hence limy_.oo(A1 — A2)(pr) = 0.
The same argument holds for A; and A;. The iteration of this procedure completes th
proof of assertion (2) in this case.

We now continue the proof of Theorem 7.2. Now the inequality

1
nS —n’H? =2 > (=) >0

P

implies that S is bounded from below by nH?, and from Assertion (2) we see that

. - ) SE0
kh—?.lo Slpp)i=wH™ = 1}1‘1;5.
This and (7.15) imply that sup,; S = infyy S = nH?, and hence S = nH?2 Thus M is
totally umbilical and the proof of Theorem 7.2 is complete.

Remark 7.5. For constants ¢; < 0,c; > 0 and ¢ > 0 with é -+ é = % and for k
1,...,n =1, a hyperbolic cylinder H*(c;) x S" *(cy) is introduced in [1] as follows:

Hk(Cl) X Sn_k(CQ)
3 " 1 1
={@y) e ST () C B xR ol = =y’ = —}.
€1 C2
We see that H'(c;) x S™(c2) has two principal curvatures with multiplicities n — 1 and
1 and is not totally umbilical. Therefore the assumption on the principal curvatures in
Theorem 7.2 cannot be omitted.

Remark 7.4. A hypersurface of a Minkowski space R?"H 1s said to be entire if it 1s expressed
as the graph of a function defined over the whole R™. Cheng and Yau proved in [21] that
the Ricci curvature of every space-like entire hypersurface with constant mean curvature
in R} is nonpositive everywhere. Stumbles [46] and Treibergs [47] showed that there
are many entire space-like hypersurfaces of R?“ with constant mean curvature which are
different from hyperboloids.

Remark 7.5. In [34] Milnor investigated surfaces of Minkowski 3-space on which the mean
curvature H and Gaussian curvature I are linearly related. She showed that if a space-like
surface in R3 has the property that o + BH + v = 0 for some constants a, 3,7 with
B% # 4avy, then it is an equidistant surface from some surface whose mean curvature or
Gaussian curvature is constant.

Now we shall study complete space-like hypersurfaces of nonnegative sectional curvature
in a de Sitter space with the property that

P =51,

where k is a nonnegative constant and r the scalar curvature of M.
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Theorem 7.3. (see [12]) Let M be a complete space-like hypersurface with nonnegative
sectional curvature in the de Sitter space S}t (c) of constant curvature ¢ > 0. If H attains
its maximum at some point on M and if

r=kH,

then M is isometric to R™ or the sphere S™(c;) of constant curvature c; € (0, c).

Theorem 7.4. (see [12]) Let M be a complete space-like hypersurface with nonnegative
sectional curvature in the de Sitter space S}1!(c) of constant curvature ¢ > 0. If

r=kH,

for a constant k > 0 and if the multiplicity of each principal curvature is greater than one
at every point on M, then M is isometric to R™ or the sphere S™(c;) of constant curvature
c; € (0,c¢).

Two propositions are needed for the proof of the above theorems. For a smooth function

f defined on M let Of be the operator Of := > (nHéb;; — hij)fij-

Proposition 7.5. Let M be a space-like hypersurface with nonnegative sectional curva-
ture in S} (c). If for a positive constant k,

7 =LH
1s satisfied, then the operator
.21 =T} : A

1s elliptic. In particular we have r > 0.

Proof of Proposition 7.5. v > 0 follows from the assumption for the sectional curvature.
By choosing as before an orthonormal local frame field around an arbitrary fixed point on
M, we have

(7.22) r=n(n—1)c—n’H? +Z/\,2-,

(7.23) > AP =kH +n?H? —n(n - 1)c.

From above relations we derive r > 0. In fact, suppose that there is a point at which r = 0,

then the assumption implies H = 0 (by k > 0). From (7.22) we see 5. A? + n(n —1)c = 0.
This is a contradiction, and hence r > 0 and H > 0.
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Next, for every z we have

(7.24)

Proposition 7.6. Let M be a complete Riemannian manifold with nonnegative sectional
curvature. Let f be a C%-function on M which is bounded from above. Then there exists
a sequence {p,,} of points on M such that

(7.25) Jim _f(pm) = SR £y lim [Vf(pm)| =0,
(7.26) lim sup Lf(pm) < 0.

Proof. Theorem O states that there exists a sequence {p,,} of points on M satisfying (7.25)
and limsup,, ., ViVif(pm) < 0 holds for every i. Setting

we see that b; > 0 is bounded, and hence {b;(pm)} is convergent (by taking a subsequence
if necessary). This proves (7.26).

Proof of Theorem 7.8. Since the sectional curvature of M is nonnegative, we have r > 0.
If k=0, then r =0, and hence M is flat and h;; = 1/cé;j.
If £ > 0, then L is elliptic by Proposition 7.5, and we have r > 0, H > 0 and

(7.27) %nQ/_\.HQ =n?|VH|* + n?HAH.
On the other hand, from (1.10),(1.21) and (7.12) we get
(7.28) —;-nQAHQ = %A > k% - %Ar
= ki + > hijAhi— %Ar
= hgtn  NHat g M) (= Aihj) — ém,
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and

From (7.22) and r = kH we have

(730) kV,H = —QnZHV,H+2 = hkjhkji,
k

(7.31) (5 +n?H)|VH> <> h%L ) ki

Thus from (7.29) and (7.31) we have

n thH> k n’H 2—n2 h VH|? + h2. Ap— N ilc — A0
2 STRICHP 4+ 530 S (= e - Aiy)

(7.32) =[%2+n3(n—1 IVH|? + Zh D (i =A% (e =)

Because L is elliptic and H attains its maximum, we conclude by (7.32) that H is constant.
This proves Theorem 7.3.

Proof of Theorem 7.4. Since the sectional curvature of M is nonnegative, c — A;A; > 0 for
every 1 # j. Since the multiplicity of the principal curvature at each point of M is greater
than one, we see that ¢ — A? > 0 for all 7, and hence both H and $_ A? are bounded.

If k=0, then r =0 and M is flat.

If ¥k > 0, then L is elliptic and (7.32) implies that

(7.33)
(7.34) lim H(pm)= supH

m—0o0

By a similar technique as developed in the proof of Theorem 7.2, we have

(7.35)
From (7.23) and (7.34) we obtain

(7.36) suthfj =ksupH +n’sup H> — n(n — 1)c.
M M M
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On the other hand we see

(7.37)

Thus (7.35) and (7.37) imply

(7.38)

Since 3 h% — nH? = kH +n(n — 1)H? — n(n — 1)c, we have from (7.38)
kinf H + n(n — 1)(inf H)?> —n(n—1)c=0.

Thus we have

It follows from (7.36) and sup ) h}; = nsup H?, we observe that

7o —k + +4n?(n —1)2%c
sx;/{p = 2n(n —1) 4

and hence

inf H =sup H.
M M

Thus H is constant and Theorem 7.2 concludes the proof of Theorem 7.4.
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§8. Complete space-like submanifolds in a de Sitter space

A complete space-like hypersurface of a Minkowski space R;"H possesses a remarkable
Bernstein property in the maximal case. Namely, the mean curvature of such a hypersur-
face is identically zero, for details see Calabi [7] and Cheng,S.Y-Yau [21]. As a study of the
Bernstein property, Ishihara discussed in [29] complete space-like maximal submanifolds
under certain conditions. It was proved that if ¢ is nonnegative, then M is totally geodesic.
The Bernstein type property was studied by Nishikawa in [37] from a different point of
view. K.Milnor in [33] and Yamada in (48] gave a characterization of the hyperboloid cylin-
der in R?. Recently, Akutagawa [2] and Ramanathan [44] investigated complete space-like
hypersurfaces of a de Sitter space S}t with constant mean curvature. They proved the
following

Theorem AR. A complete space-like hypersurface of a de Sitter space S}t'(c) with
constant mean curvature is totally umbilical if the following conditions are satisfied :

(8.1) n?H? < 4c when n = 2,
(8.2) n’H? <4(n—1)c when n > 3.

In this section we generalize a result obtained independently by Akutagawa and Ra-
manathan to higher codimensions. It was independently shown by Akutagawa and Ra-
manathan and show that the condition (8.1) is optimal. We observe from the following
example that condition (8.2) is also optimal.

Let c¢1, ¢y be constants such that

and consider a hyperbolic cylinder in S71!(c) given by

Hl(Cl) X Sn—l(CQ)
1 1
={(z,y) € ST*!() CRI* = RI x R", [a* = ==, I = -}

We see that the above is a complete space-like hypersurface of a de Sitter space SI"'H(C)
with constant mean curvature. This is not totally umbilical and satisfies n? H? = 4(n—1)c
when n > 3.

We shall prove the following

Theorem 8.1. (see [13]) Let M be a complete space-like submanifold of dimension n in
S»*P(c) with parallel mean curvature vector. M is totally umbilical if (8.1) and (8.2) are
satisfied.

Proof. From (1.10) and (1.21) we get
(8.3)
ARG =" i +nch —c Y hEbiy + Y hfmhl L
=2 Z hgzkhrﬁnjhiﬂk s Z h?nihgzkhfj o Z hzlihrﬁnjhfk W Z h?mhfzkhfi‘
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Since the mean curvature vector is parallel H 1s constant.
If H =0, then we see from a result in [29] that M is totally geodesic.
It H # 0, then we choose e,,4; to be the mean curvature vector, e.g., h = H -e,4;. We

then have
(8'4) wﬁyn+l = O)
HGHTL+1 2 Hn+1HG,
(8.6) trace H™*! =nH, trace H* =0, a £ n + 1,

where H® denotes the matrix (h:’;) By setting

(8.7) T8 = h,

we have

(8.8) lp)? = trace(p)? = Z#?J' = frace( ™" o= a2,

(8.9 2= Y wacelrf)?= Y (= Y ()
B#n+1 B#n+1 B#n+1

(8.10) trace u =0, trace(7P) =0, B#n+1,

(8.11) S = |uf]® + |7|* + nH2.

From the above relations we see that |u|? and |7]?
frame fields and globally defined scalars on M.
A submanifold is said to be pseudo umbilical if 1t 1s umbilical with respect to the mean

curvature vector, 1.e., h:-‘jH = Hé;; holds at every point on M. From (8.7) to (8.11) we

are independent of the choice of local

see that M is pseudo umbilical if and only if |x|? = 0 and totally umbilical if and only if
|7|> = 0. Making use of H**1HP = HPH"t1 we see that

(8.12)
ARE = neh® +Y Ag Rl 2N maynf B

(8.13) + Z hiihfnkhfj —-nH Z hﬁn-hx;l + Z h;’mhikhfi, a#n+ 1l

1

SAIP = BN 4ne | 5T onleH? 4 - AT AR
—2 - hRRRE REREF 4 - RIS RERET —nH - ATERTEIREF 4 - RTEVAL AT

=Y (hE? +ned (hH)? — n’cH? — nHtrace (H™*)*
(8.14) + Z trace (H" ' HP)? 4 [trace (H™1)?)?,
B#n+1
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and

1
SAITP = - (757 + el + P i h45 S
= a#tn+1 a#tn+1
=2 - ARLhn kG - Rohb kRS
aFEn+1 aFn+1
(8.15) —nH > hSAEhTEL 4+ " R BB REAS
aFn+1 aFn+l
On the other hand we have
(8.16)
It follows from (8.14) and (8.16) that
1
(8.17) 5A|,u|2 > |p)?[|p)* + nc — nH?) — nHtrace (p)®

Since trace p = 0, we apply Sublemma to the eigenvalues of i to obtain

(8.18)

Therefore we have
(8.19)

From (1.13) we see that the Ricci curvature of M is bounded from below. Setting

we see that F' is bounded. Since M is space-like we apply Theorem Y-1 to F' and using
the same technique as developed in the proof of Theorem 7.1, we obtain

sup || [sup |p|* = (n — 2){n(n — 1)} "*n|H| - sup |u| + nc — nH? < 0.
M M M

Now, in the case where n = 2 and H? < ¢, the above inequality implies that sup,, |x|* = 0,
and hence M is pseudo umbilical. Thus the proof in this case is complete. We proceed
the proof of Theorem 8.1 in the case where n > 3 and n?H? < 4(n — 1)c. We then have
|£|?> = 0, and hence M is pseudo umbilical. From this property and (8.15) we have

1 (ag o
5A|T|2: Y &P+ Y [trace(H*HP)? + (nc — nH?)|7|?

aFn+1 a,f#n+1
B 1B
2 Z hslkhmjhikh%
a,f#n+1
B BR 8195
(8-20) + Z hgr-ihikhkjh%+ Z S B A
a,B#n+1 a,B#n+1
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Setting Sa,p 1= 2; ; hf’jhfj for a,f # n + 1, we observe that (Ss,p) is a symmetric

(p—1) X (p— 1)-matrix, which can be diagonalized at an arbitrary fixed point by choosing
a suitable normal frame {€n42,...,enyp}. By setting

we have |7|? = V- ekt S
For a matrix A = (a;;) we define N'(A4) := trace (A*4). We then get from (8.20)

From Lemma 1 in [22] we get

Setting o, and o, by

O’<ﬂ,0’,,ﬁ¢n+1

we have

Y S2=(p-1oi+(p-1)(p—2)(0] —02),
aFn+1

a<fB,a,fFn+1

This implies that

Thus we have
7.

1 1
§Al’rl2 Z (TZC— T‘LIi{z)lT‘2 4 pTl
A similar argument as before implies that |7|? = 0, and therefore M is totally umbilical.
Thus the proof of Theorem 8.1 is complete.

Remark 8.1. As was pointed out by Akutagawa [2] and Ramanathan [44] the condition
(8.1) in the case of n = 2 is optimal. We observe from the hyperbolic cylinder H!(c;) x
S™71(c,) as stated in the previous section that the condition (8.2) is also best possible in
the case of general dimensions.
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