
九州大学学術情報リポジトリ
Kyushu University Institutional Repository

MAXIMUM PRINCIPLE IN THE GEOMETRY OF
SUBMANIFOLDS

成, 慶明

https://doi.org/10.11501/3086542

出版情報：九州大学, 1991, 博士（理学）, 論文博士
バージョン：
権利関係：





I 

MAXIMUM PRINCIPLE IN THE 

GEOMETRY OF SUBMANIFOLDS 

Dedicated to Professor Yuen-da Wang on his 66th Birthday 

By Qing-ming Cheng 

Department of Mathematics 

Northeast University of Technology 

Shenyang, Liaoning P.R. C. 

11ay 30, 1991 

A Dissertation Submitted to 

Department of Mathematics 

Faculty of Science, l{yushu University 



MAXIMUM PRINCIPLE IN THE GEOMETRY OF SUBMANIFOLDS 

Qr G-MING CHENG 

May, 30 1991 

§0. Introduction 

An important problem in cliff rential geometry is to investigate isometric immersions of 
complete Riemannian manifolds with constant mean curvature into space forms. The 
problem involves analysis on manifolds equipped with the moving frame introduced by 
E. Cart an. It is the purpose of this article to investigate complete submanifolds with con­
stant mean curvature in space forms and space-like submanifolds in indefinite Riemannian 
manifolds by using the moving frames, where the maximum principle plays an essential 
role throughout this article. Minimal submanifolds are also discussed. 

A classical result due to Myers (see (36]) states that if a closed Riemannian manifold M 
is minimally immersed into a closed hemi-sphere of the unit m-sphere sm( 1) of constant 
curvature 1, then it is contained entirely in the great sphere. This may be viewed as a 

sphere version of the Bernstein problem on complete minimal surface into Euclidean 3-
space. The idea of the proof is that the distance from every point on M to the boundary 
of the closed hemi-sphere is a superharmonic function on M and the maximum principle 
then implies that the distance is identically zero on M. This type of idea will be employed 
throughout this paper to obtain constancy of geometric quantities. 

The maximum principle was generalized to complete noncompact Riemannian manifolds 
which was initiated by Omori in (40] and later developed by Yau in (53]. The generalized 
maximum principle due to Omori-Yau plays an important role throughout this article, and 
stated as follows. Let 6. be the Laplacian on M. 

Theore1n Y -1. Let M be a complete non compact Riemannian manifold whose Ricci 
curvature is bounded below. Let f be a C2 -function on M bounded above. Then there 
exists for every E. > 0 a point p E M with the following properties : 

sup f < E. + f (p), 
M 

lgra.d f(p) I < E., 

Lf(p) < c 

The above theorem is used to generalize Myers' type results on complete noncom pact 
minimal submanifolds as well as the results due to Goldberg (see Theorems 3.1, 3.2 and 
3.3). One of our results will be stated as 
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Theorem 5.6. (see {9}) Let M be an n-dimensional complete minimal hypersurface in 
sn+1 (1) which is contained entirely in a closed hemisphere. If the volume of M is flnite, 
then lvf is totally geodesic. 

Remark. We do not know if the assumption for the volume of M is essential. 

An important contribution in the investigation of closed minimal submanifolds in the 

sphere of constant curvature was established by Simons (see [45]) who derived the linear 

elliptic second order differential equation satisfied by the second fundamental form of 

minin1al submanifolds. He obtained an important estimate of a lower bound for the index 
and the nullity of a non-totally geodesic minimal submanifold immersed into sn(1) l and 

proved the following (see Theorem 5.3.2 ; [45]) 

The Simons Theorem. Let M be an n-dimensional closed minimal submanifold in 
sn+p(1) and if sis the squared norm of the second fundamental form of lvf, then 

f {(2-�)S-n}Sdv�O, 
jM p 

where dv is the volume element of M. 

It then follows that if S :s; n/(2 - * ), then we have either S = 0 (e.g. lvf is totally 

geodesic) or else S = n/ (2-* ). The complete determination of the latter case was obtained 

by Chern-do Carmo-I<:obayashi in [22] as follows. For positive integers m and n with m < n 

let Mm n-m := sm(.21:._) X sn-m(_n_) be the Clifford torus. , m n-m 

Theorem CDK. The Veronese surface in 54 and the Clifford torus Mm,n-m in sn+1 are 
the only closed minimal submanifolds of dimension n in sn+p(1) satisfying s = n/(2-l) 

p 

Notice that the second fundamental form of Mm,n-m has exactly two eigenvalues with 
multiplicities m and n- m . Conversely, if M is ann-dimensional closed minimal hypersur­
face in sn+1(1) having two principal curvatures with multiplicities m > 1 and n- m > 1, 
then it is the Riemannian product Mm,n-m· Otsuki proved that the minimal hypersurfaces 

with two principal curvatures one of which has multiplicity 1 are determined by a nonlin­

ear second order ordinary differential equation. They have the same topological types as 

sn-1 X R (when M is noncompact ) , or sn-1 X 51 (when M is compact) , for detail see [42]. 
There are infinitely many isometrically distinct such minimal hypersurfaces in sn+1 ( 1) on 

which scalar curvatures are not constant. Every minimal hypersurface of constant scalar 

curvature in sn+l (1) has the property that S is constant on it. Chern also conjectured as 

follows. 

Chern's Conjecture. For closed minimal hypersurfaces in sn+1(1) with constant scalar 
curvature the values { 5} will form a discrete sequence. 

A breakthrough on Chern's Conjecture was made by Peng and Terng in [43], in which 
they proved the following 
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Theorem PT. Let M be a closed minimal hypersurface in sn+1(1) with constant scalar 
curvature. If S > n, then S > n + c(n) for a positive constant c(n) with c(n) > l�

n
· In 

particular, if n = 3, then S 2 6. 
In view of Theorem PT we see that Cart an's example of an isoparametric hypersurface 

in 54(1) defined by the following equation (see [8]): 

2x� + 3(xi + x�)xs- 6(x� + x�)xs + 3v'3(xi - x�)x4 + 6v'3x1x2x3 = 2 

has the property that S = 6 which is the twice of its dimension. We thus know that for 
closed minimal hypersurfaces of constant scalar curvature in sn+ 1 ( 1)' the first and the 

second constants are 0 and n. It will be expected that the third constant will be 2n. Thus 

it will be natural to have the following conjecture (see [43]). 

The Peng-Terng Conjecture. For closed minimal hypersurfaces in sn+1(1) with con­
stant scalar curvature we will have S 2 2n if S > n. 

In connection with the conjectures by Chern and Peng-Terng, we shall prove the fol­

lowing 

Theorem 4.1. (see {19}) Let Jvf be a closed minimal hypersurface in sn+1(1) with constant 
scalar curvature. If S > n , then S > n + 2�. 

Further computations will show the following ; 

Theore1n 4.6. (see{20}) Under the assumption in Theorem 4.1 we have 

2 9 
S > n + -n--

7 14 
2n 5 

S>n+---
7 8 

n 
S>n+"4 

if3 < n:::; 7, 

if7 < n :::; 17, 

ifn > 17. 

The above theorem will suggest that the Peng-Terng Conjecture may possibly be solved 

affirmatively. 

In connection with the Chern-do Carmo-Kobayashi theorem, we will prove the following 

Theoren1 5.2. Let M be an n-dimensional complete minimal submanifold in sn+P(1) 
with p > 1. If S :::; n/(2 - � ), then Jvi is either totally geodesic or a \leronese surface in 

54(1 ). 

In the special case when n = 3, we have the following 

Corollary 5.4. (see {10}) Let M be a 3-dimensional complete minimal hypersurface in 
54(1). If Sis constant and if S:::; 6, then S = 0, 3 or 6. 

On the other hand N omizu and Smyth studied the hypersurfaces of constant mean 

curvature in the space forms. Let Mm( c) be an m-dimensional space form of constant 

sectional curvature c. Their results in [38] involve some estimates for S and are used to 

determine totally umbilic hypersurfaces such as small spheres in sn+p ( 1). 
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Theorem 6.2. (see {16}) Let M be a complete hypersurface in Mn+1(c) with c � 0 of 

constant mean curvature H. If 

supS< [n{(2(n- 1)c + n2 H2} - (n- 2)n{n2 H2 + 4(n- 1)c} � JHJ]/2(n- 1), 
M 

then M is totally umbilic. 

Theorem 6.3. (see {15}) Let M be a complete hypersurface in S4(1) with constant mean 
curvature. If Sis constant and not greater than h2 + 6, then we have, by setting h := 3H , 

S = !l!.. 3 + lh2 - l.jh4 + 8h2 3 + lh2 + l.Jh4 + 8h2 or h2 + 6 
3' 4 4 ) 4 4 ) . 

It should be remarked that in the above theorem 6.3, M is totally umbilical when 
S = �2, and M an isoparametric hypersurface when S = h2 + 6 and h =f. 0. Moreov r 
isoparametric hypersurfaces in S4 (1) with two distinct principal curvatures have th prop­
erties S = 3 + �h2- �)h4 + 8h2 or 3 + �h2 + �vh4 + 8h2. However we do not know 
whether or not the converse of this case in Theorem 6.3 is true. 

The Gauss-l(ronecker curvature on an n-dimensional hypersurface M is defined to be 
the determinant of the second fundamental form of M. We shall introduce the notion of 
the quasi-Gauss-Kronecker curvature of M as follows: 

where A/s are the principal curvatures of M. In the case where n 
property 

31{ = ·�L.,(Ai- H)3. 
i=l 

With this definition we shall prove the following 

3, the ]( has th 

Theorem 6.8. (see {14}) Let M be a closed oriented 3-dimensional hypersurface in S4(1) 
with nonzero constant mean curvature H. If the quasi-Gauss-Kronecker curvature ]( of 

M is constant and if]{ · H :::; 0, then M is either totally umbilic or else an isoparametric 

hypersurface with S = 3 + � h2 ± :fvh4 + 8h2. Here we set h := 3H. 

In the second place we shall discuss in §§7 and 8 space-like submanifolds with con­
stant mean curvature in the spaces of indefinite metrices. Calabi [7] and Cheng-Yau [21] 
investigated that complete space-like hypersurfaces in a Minkowski space R�+l possesses 
remarkable Bernstein property in the maximal case. The classical Bernstein theorem states 
that a complete minimal surface expressed as a graph of a plane in R3 is isometric to the 
Euclidean plane. This type of results have been obtained by many people in the case 
of complete space-like hypersurfaces in the de Sitter space. Among them, Marsden and 
Tipler pointed out that space-like hypersurfaces with constant mean curvature in arbitrary 
space-time are interesting from the point of view of relativity theory. In connection with 
this topic we shall prov the following results. 
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Theorem 7.1. (see {16}) Let M be a complete space-like hypersurface with constant mean 
curvature H in a Lorentzian space form M;'+

1
( c) of constant curvature c � 0. Then we 

have 

nH2 � S � [n{n2 H2-2(n- 1)c} + (n- 2)n{n2 H2- 4(n -1)c} jHI)"� /2(n -1). 

Notice that Theorem 7.1 generalizes the results obtained by Ishihara [29] and Cheng­
Yau [21]. In fact, by setting H = 0, Theorem 7.1 implies that 0 � S � -nc. Ishihara 

obtained this relation for complete maximal space-like hypersurface in M{'+
1 
(c). A result 

by Cheng-Yau states that an entire space-like hypersurface of constant mean curvature in 

R�+l satisfies nH2 � S � n 2 H2. This relation is obtained by setting c = 0 in Theorem 

7.1. 
In the special case where the sectional curvature of M is nonnegative we have isometric 

results as stated below. 

Theorern 7.2. (see {12}) Let M be an n-diinensional complete space-like hypcrsurfac 
in s�+l (c) with constant mean curvature. If the sectional curvature of M is nonnegative 
everywhere and if the multiplicity of every principal curvature is greater than 1, then M 
is isometric to Rn or sn ( c1 ) for some 0 < c1 < c. 

Theorem 7.3. (see {11}) Let lVI be a complete space-like hypersurface in s�+
1 (c)with 

nonnegative sectional curvature. If the scalar curvature T of M satisfies T = k · H for some 
nonnegative constant k and if H assumes its supremum at some point of ]VI, then M is 
isometric to Rn or to sn ( c1 ) for some 0 < c1 < c. 

Theorem 7.4. (see {11}) Let M be a complete space-like hypersurface in s�+
1
(c) of 

nonnegative sectional curvature. If the scalar curvature T of M satisfies T = k · H for some 
nonnegative constant k and if the multiplicity of each principal curvature at every point 
on M is greater than 1, then M is isometric toRn or to Sn(c1 ) for some 0 < c1 <c. 

In the case of space-like submanifolds in s;+P (c) for an integer p > 1, we have the 

following 

Theorem 8.1. (see {13}) Let M be an n-dimensional complete space-like submanifold in 
s;+P (c) with parallel mean curvature vector. If 

(8.1) 

(8.2) 

then M is totally umbilic. 

H2 � c 

n2H2<4(n-1)c 

for n = 2, 

for n � 3, 

Remark. The assumptions (8.1) and (8.2) are optimal. 

The rest of the article is organized as follows. In §1, we give the basic concepts and 
formulas used here. We shall discuss the generalized maximum principle in §2 and confor­

mally flat metrices in §3. Submanifolds in Riemannian space forms are discussed in §§4,5 
and 6. In §5 we shall provide slight extensions of Theorems CDK and PT to complete 

manifolds. In §6 we give some results on totally umbilic submanifolds in sn+p ( c) of con­

stant curvature c. Complete space-like submanifolds with constant mean curvature in the 

de Sitter spaces will be discussed in §§7 and 8. 
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§1. Basic concepts and Formulae 

Throughout this paper all manifolds are assumed to be smooth,connected without bound­
ary . We discuss in smooth category. An m-dimensional semi-Riemannian manifold 

(M', g' ) of index s is by definition an rn-dimensional manifold equipped with a nondegen­
erate sy mmetric bilinear form g' with index s. This g' will be called a semi-Riemannian 

metric on M'. It is an indefinite Riemannian manifold or simply a Riemannian manifold 

according as s > 0 or s = 0. We choose a local field of orthonormal frames e1, ... , em 
adopted to the semi-Riemannian metric on M' and the dual coframes w1, . .. , wm in such 

a way that g'(eA, eB) = EA8AB for A, B = 1, ... , m and EA = -1 for A= 1, ... , s, EA = 1 
for A= s + 1, ... , m. The connection forms with respect tog' will be characterized by the 

structure equations as stated ; 

(1.1) 

dwA =- L EBWAB 1\ WB, WAB + WBA = 0, 

dwAB =- L EcwAc 1\ weB+ DAB, 

where DAB and R�BCD are the semi-Riemannian curvature form and the components of 

semi-Riemannian curvature tensor R' of M'. The components of Ricci curvature tensor 

Ric' and the scalar curvature r' are given as 

(1.2) 

(1.3) 

R�B = R�A = LccR�ABC' 

r
' = LcAR�A = LcAEBR�BBA· 

A semi-Riemannian manifold M' of constant sectional curvature c is called an indefinite 

space form of index s and denoted by M;" (c) or simply a space form and denoted by 

Mm(c) according to s > 0 or s = 0. The components of R�BCD of M;"(c) are given by 

(1.4) 

Therefore the Ricci curvature Ric' and the scalar curvature r
' are written as 

(1.5) 

In particular, M;n( c) is called a Lorentz space and if c = 0, then it is called a Minkowski 

space. 

The standard models of complete semi-space forms are given as follows. In an ( n + p ) ­

dimensional Euclidean space Rn+p with the standard basis, the scalar product <, > is 

given by 
p n+p 

< x,y >=- L xiYi + L XjYj, 
i=l j=p+l 
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where x = (x1, ... , Xn+p) and y = (y1, ... , Yn+p)· The (Rn+p, <, > ) is an indefinite 
Euclidean space which we denote by n;+P. Let s;+p (c) for c > 0 be the hypersurface in 

nn+p+l given as p 1 2 <x,x>=-=:r0. 
c 

Then the s;+P(c) inherits a semi-Riemannian metric induced through n;+p+l and has 
constant curvature c. This is called a de Sitter space of constant curvature c with the index 

p. 
On the other hand let H;+P (c) for c < 0 be the hypersurface of n;tr+ 1 defined by 

1 2 < x,x >=- =: -r0. 
c 

Then this H;+P( c) induces a semi-Riemannian metric through n;tf+1 
with respect to 

which the curvature is negative constant c, and is called an anti-de Sitter space of constant 
curvature c. Detailed discussion on indefinite Riemannian manifolds are refered to O'Neill 

[41]. 
From now on let M 1 = M ;-+P (c) be an ( n + p )-dimensional semi-Riemannian space 

form of constant curvature with index s ( s = 0, p ), and M an n-dimensional submanifold 
of M;-+P( c) which has a positive definite induced metric. In the sequel the following 
convention on the range of indices are used, unless otherwise stated. 

1 �A, B, C, . . . , � n + p 

1�i,j,k, ... , �n 

n+1�a,,8,[, ... , �n+p 

And we agree that the repeated indices under a sumation sign without indication are 
summed over the respective range. The restricted canonical forms w A and connection 
forms w AB to M are also denoted by the same symbols. We then have 

(1.6) W0 = 0 for a = n + 1, ... , n + p 

and the induced metric g on M through M;-+P(c) is given by g = l::wi Q9 Wj. We see 
that { e1, ... , en} is a local field of orthonormal frames on M with respect to g, and also 
{w1, ... ,wn} is a local field of its dual frames on M. It follows from (1.1),(1.6) and Cartan's 
lemma that 

(1. 7) 

The second fundamental form of M is given by 

Thus 

(1.8) 
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The mean curvature vector h and the mean curvature H of M are defined by 

(1.9) 

and 

(1.10) 

M is by definition a minimal submanifold if the mean curvature of M is identically zero. 
M is said to be totally umb ilical if the hiJ can be simultaneously expressed as a scalar 

multiplication of the identity matrix for all a at every point on M such that h0+1 = H Oij, 
hiJ = 0 for a -/= n + 1, where Hen+l =h. 

The connection forms { Wij} of M are characterized by the structure equations as follows 

(1.11) 

dw i = - L w ij !\ w j, Wij + w j i = 0, 

dwij = - L Wik !\ Wkj + Dij, 
1 Dij = -2 L Rijk[Wk !\ W[, 

where DiJ. (respectively Rijki) are the lliemannian curvature forms (respectively the com­
ponents of the Riemannian curvature tensor) of M. It follows from (1.1) and (1.11) that 

(1.12) 

The components of the llicci curvature tensor Ric and the scalar curvature r of M are 
given by 

(1.13) 

and 

(1.14) 

We also have the structure equations for the normal bundle over M as follows; 

(1.15) 

dwcx = - L Ef3Wcxf3 !\ Wf3, Wcxf3 + Wf3cx = 0, 

1 
dwcx{3 = - L c-yWcry !\ W-yf3- 2 L Rcx{3ijWi !\ Wj' 

Rcx{3ij = L (h�hj1- hjzh�). 
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Now the covariant derivative \7 a of the second fundamental form a of M with compo­

nents hfjk is given by 

(1.16) � hfJkwk = dhfJ + � h�jwik + � hfkwjk + � Ef3h�wa{3· 
Then the exterior derivation of (1. 7) together with the structure equation gives 

� hfJkwjWk = 0. 
Thus we obtain the Codazzi equations ; 

(1.17) hfJk = hfkj• 
Similarly we have the covariant derivative \72a of \7 a with components hfJkl as follows ; 

(1.18) 
Taking the exterior differential of (1.16) we obtain the Ricci formula as follows ; 

(1 .19) 
Similarly we also have 

(1.20) hfjklm = hfJkml- � hfJkRtilm- � hftkRtjlm- � hfJtRtklm- � Ef3hfjkRf3alm1 
where hfJklm is the component of the covariant derivative \73a of \72a. 

The Laplacian 6.hf; of the components hi; of the second fundamental form a is given 

by 

From (1.19) we have 

(1.21) 
and 

�6.5 = "'(h� · k )2 + "'h�.tJ.h�. 2 L__,; 2) • L__,; 2) 2) 

= � (hfJk)2 + � hfJh�kij- � hfJh�kRmijk 

(1.22) - � hfJh�iRa{3jk· 
The following Cartan's lemma plays an essential role in the study of isoparametric hyper­
surfaces as well as our investigation. 

Cartan's Lemma. If M is a hypersurface in sn+1(1) with constant distinct principal 
curvatures )q, A.2, ... , 

A.
P, each Ai having the multiplicity mi, then 

In particular if n = 3, then 

"' mi(1 + A.iA.j) L__,; A.· -A.· =0 
j ::j:i t J 

27 3 ,.------3 + -H2 ± - V9H4 + 8H2, or9H2 + 6. 4 4 
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§2. Generalized rnaxin1u1n principle 

The pioneering work on this topic was made by Omori in [40). This theorem will be 
employed in the proof of Theorem 7.3 and stated as: 

Theorem 0. Let M be a connected and complete Riemannian manifold whose sectional 
curvature is bounded below. If f : M ---* R is bounded above and smooth, then there 
exists for any c; > 0 a point p E M such that 

sup f < c + f (p)' 
M 

lgrad f(p) I < c, 

\72 f(X,X)(p) < c for every unit vector X. 

It was pointed out by Aubin in [5) that a similar result holds under the assumption on 
the llicci curvatur of lVI. This fact was later proved by Yau as stated. 

Theore1n Y -1. Let lVI be a connected and complete Riemannian manifold whose Ricci 
curvature is bounded below. If f : M -t R is bounded above and smooth, then there 
exists for any c > 0 a point p E M such that 

(2.1) 

sup f < c + f(p ), 
M 

lgrad f(p) I < c, 

6. f(p) <c. 

Theorem Y-2. Let M be a connected and complete Riemannian manifold whose Ricci 
curvature is bounded below by a constant L. Let f be a smooth function bounded below 
such that for some positive constants Cj, 

(2.2) 

and 

(2.3) 

Then there exists a constant c depending only on n, L and Cj such that 

(2.4) IV fl :S; c(f- in£ f). 
�M 

Remark. Under the assumptions in Theorem Y -1 it is not possible to replace the first 
inequality to the following : 

suP J - c < J (p) < suP J - c 12. 
M M 
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In fact, setting M := R2 and f( x, y) := - exp( ex) for a constant c > 2, we observe that 
M and f fulfil the assumptions in Theorem Y -1. Suppose that there exists for a decreasing 

positive sequence {c:k} converging to zero a sequence {Pk}, Pk := (xk, Yk) such that 

(2.5) 

(2.6) 

(2.7) 

We then have 

(2.8) 

sup f- C:k < f(Pk) <sup f- ck/2, 
M M 

I grad f(Pk) I < c k, 

�f(Pk) < C:k. 

On the other hand it follows from (2.5) and sup N! f = 0 that 

(2.9) 

This is a contradiction since c > 2. 

§3. Conforn1ally flat spaces 
In this section we shall prove some extensions of the Goldberg Theorem G to not necessarily 
manifolds whose Ricci curvature is bounded below. The scalar curvature r of M is the 
trace of the symmetric linear transformation Q defined by the Ricci tensor Ric of M, and 
is written as 

r =trace Q. 

The following result was proved by Goldberg in (26). 

Theorem G. Let M be ann-dimensional complete conformally flat lliemannian manifold 
(n > 2) whose Ricci curvature is bounded below. If the scalar curvature r is positive 

2 

constant and if sup M traceQ2 < nr_l, then M is isometric to a space form. 

We shall prove the following 

Theoretn 3.1. ( see {18}) Let M be ann-dimensional complete conformally flat Riemann­
ian manifold (n > 2). If the scalar curvature r is positive constant and if sup M traceQ2 < 

2 

n
'
-1, then M is isometric to a space form. 

Proof of Theorem 3.1. In view of Theorem G we only need to show that the Ricci curvature 
of M is bounded below. 

From assumption we have for every unit vector u E T M, 

IRic(u,u)l :':: JtraceQ2 < vi-=-r· 
n-1 

This completes the proof of Theorem 3.1. 
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Theorem 3.2. (see {18}) Let M be ann-dimensional complete conformally Bat Riemann­

ian manifold (n > 2) whose scalar curvature is positive constant. If sup M traceQ2 ::::; n�l 
and if there is a point p E M such that trace Q2 (p) = nr�l' then M is isometric to a 
Riemannian product M1 x N, where M1 is a space from and N is 1-dimensional. 

Proof of Theorem 3.2. It follows from assumption that the function f : M ----+ R defined 

as f := trace Q2 
- � attains its maximum at p. Making use of the Hopf's theorem we 

conclude f = n(��l). This proves Theorem 3.2. 

In the special case where n = 3, we have the following 

Theorem3.3. Let M be a 3-dimensional complete conformally Bat Riemannian manifold 
of positive constant scalar curvature. If the squared norm of Ricci tensor is constant, then 
M is isometric to either a space form or else a Riemannian product Jvf1 x N, where M1 is 
a space form and N is 1-dimensional. 

The proof is easy and hence omitted here. 

§4. Closed 1ninimal hypersurfaces in sn+1(1) 
In this section let M be a closed minimal hypersurface in sn+1(1) with constant scalar 
curvature r. It follows from the assumptions that 

( 4.1)  S=n(n-1 ) -r. 

The above relation means that S is intrinsic and independent of the immersion of M into 

sn+l(1). 
We have from (1. 21), 

Since M is minimal we see that 

( 4.2) 

Therefore we have 

( 4.3) 1 "' 2 2�s = 0 hijk + (n- S)S. 

Since S is constant, the assumption implies that the right hand side of ( 4 . 3) is zero. Thus 

we see that if S ::::; n, then S = 0 or n. 
Making use of (1.19) and (1.20) we have 

( 4.4) %L'I.(L h;jk) = (2n + 3- S)(S-n)S - 3 L hijkhijthkmhml 

+ 6 L hijkhilmhjlhkm + L h;jki· 
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Under our situationS is constant and ( 4.3) reduces to 

(4.5) 

For every point p E M we choose an orthonormal frame field { e1, ... , en} such that the 
matrix ( hij) is diagonalized at that point, say, 

( 4.6) 

Using this frame field we see that ( 4.4) becomes 

(4.7) L h�jkl = S(S- n)(S
-

2n-3) + 3(A- 2B), 

where we set 

( 4.8) 

Setting 

(4.9) 

and using (1.19) we have 

(4.10) 

Moreover we obtain 

i:j:j i<j i<j 

( 4.11) 

We shall prove the following 

Theorem 4.1. (see {19}) Let !VI be ann-dimensional (n > 2) closed minimal hypersurface 
in sn+1(1) with constant scalar curvature. If S > n, then there exists a positive constant 
c > 210 such that 

( 4.12) S > n +en. 

For the proof of Theorem 4.1 some Lemmas and Propositions will be needed. 
Let f m be the m-th sy mmetric function of the principal curvatures, i.e., 

(4.13) 

13 



Lem1na 4.2. Under the assumptions in Theorem 4.1 there exists a point x0 E M at which 

(4.14) 

Proof. A direct calculation implies that 

( 4.15) 

On the other hand, 

By iterating ( 4.15) on M and using the Stokes theorem we obtain 

Thus we have 

jrcsJ4- S2- Jil + (2B- A)J dv = o. 

Since the integrand is continuous on M we find the desired point. This proves Lemma 4.2. 

We continue further computations. By using ( 4.11) we get 

( 4.16) 

""' h�.kl > ""' h�··· + 3 ""' h� ... G 11 - G uu G z1z1 
i=lj 

From ( 4. 7) and ( 4.16) we derive 

( 4.17) 
3 2 2 S(S- n)(S- 2n- 3) + 3(A- 2B) � 2 (Sj4- 2S - j3 + nS). 

If xo is a point as obtained in Lemma 4.2, then ( 4.17) implies at xo, 

( 4.18) 
3 

S(S- n)(2n- S) + -[(2B- A)+ S(S- n)] < 0. . 2 

The following relation was obtained in [43] 

(4.19) 3(2B- A) � -3S2(S- n). 
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Le1n1na 4.3. Let xo be a point as obtained in Lemma 4.2. Assume that two principal 

curvatures )q and A2 at xo satisfy 

i>.II =max l>.il, 
1 

then we have 

( 4.20) 

Proof. By means of the symmetric property of hij k we have 

( 4.21) 

Without loss of generality we may assume that Ai :S; Aj :S; Ak fori -=/- j -=/- k -=/-i. Then 

J := >.7 + >.] + ,\�- 2(AiAj + AjAk + AkAi) takes its maximum for Aj = Ai or Aj = Ak. 
Thus we get J :S; >.i - 4,\1 >.2. This together with ( 4.21) implies that 

This proves Lemma 4.3. 

In view of (4.18) and (4.19) we see that there exists a constant t E [-�, 1] such that 

( 4.22) -3(2B- A)- 3S(S-n) = 2(1-t)S
2(S- n) 

holds at x0. If n < S, then Lemma 4.3 and ( 4.22) imply 

( 4.23) 

and also 

( 4.24) 

Substituting ( 4.22) into ( 4.18) we get at xo, 

S(S-n)[ 2n-S- (1- t)S] :S; 0. 

Thus we have proved the following 
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Proposition 4.4. If S > n and jf t > 0, then we have 

( 4.25) t S � n/(1- 2 ). 

Proposition 4.5. If S > n and jf t E [-%, %], then 

( 4.26) 9 S � n + 64 [1 + 3/2(1- t)S] · [(1- 2t)S- 1] 2 jS. 

Proof of Proposition 4. 5. From Lemma 4.2 and ( 4.22) we have the following relations at 

xo 

( 4.27) Sf4- S 2- Ji- S(S- n) =A- 2B- S(S-n) = �(1- t)S2(S- n). 

On the other hand we have 

( 4.28) 

Since (4.23) implies ()q- A2) 2  � i(-Ai- 4)'1,\2) � i{2(1- t)S + 3} and -(A1A2 + 1) � 
i { (1 - 2t)S- 1}, we obtain from ( 4.27) and ( 4.28) 

�(1- t)S 2(S- n) > �{2(1- t)S + 3} · �{(1- 2t)S- 1} 2. 3 - 4 16 
This proves Proposition 4.5. 
Proof of Theorem 4.1. If t > 221 , then Proposition 4.4 implies S > n + 2

10 n, and if t E 

[-�, 221 ], then Proposition 4.5 implies S > n + {0 n. This completes the proof of Theorem 

4.1. 
A sharper estirnate for S is obtained by using complicated computations to obtain the 

following 

Theorem 4.6. (see {20}) Let M be a closed mjnjmal hypersurface jn sn+1(1) wjth constant 

scalar curvature. If S > n, then we have 

( 4.29) 

2 9 S >n+ -n--7 14 
2 5 S >n + -n--

7 8 
1 S >n + 4n 

jf3 < n:::; 7, 

jf7 < n:::; 17, 

jfn > 17. 

For the proof of Theorem 4.6 some Lemmas will be needed. 
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Le1n1na 4. 7. Let M satisfy the assumptions in Theorem 4. 6. For every c there exists a 

point x c E M such that 

i,j,k j 

holds at that point. 

Proof. Consider the function F := icS j4 - ifff. The Green-Stokes theorem implies 

JM 6.F dv = 0. 

Making use of ( 4.11) we get 

(4.31) 6j4 = -4(5- n)j4 + 4(2A +B), 

(4.32) 6j3 = -3(5- n)j3 + 3 :L 2Aih;jkl 

(4.33) �f'f = -6(5- n)f'f + 6(:L 2Aih;1k)f3 + 18 :L(:L A;hiij)2. 
J 

The continuity property of functions then implies the existence of a desired point. This 

proves Lemma 4.7. 
Lemma 4.8. Let x c be a point as in the previous Lemma. Then we have 

( 4.34) 

Proof. From 

we obtain 

5 j4- ff- 252 + n5 2: � [(>,i5- Ad3- 5)2 + (>.;5- Ad3- 5)2] 

= � {[(Ai- 1)2 + (>.;- 1)2]52 + (Ai + >.;)fi 

- 2[().i- 1)).1 + ().�- 1)A2]j3S}. 

From x 2 + ax + b 2:: b - a 2/4 we get 
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Lem1na 4.9. We have at Xc, 

( 4.35) 

where we set a ( S -n )S = I: h;ii. 
Proof. Since hij k is symmetric with respect to all indices, 

A- B = "'(-\�- ,\ ·-\ ·)h�·k L.__,; t t J t) 

= � Lc>-; + AJ +A�- A,Aj-AjAk-A,Ak)h;jk 

= � L (AI+ AJ +A�- AiAj- AjAk-AiAk)h7jk + L(A;-Aj)2h7ij 
i:f:j:f:k i:j:j 

Without loss of generality we may consider Ai � Aj � Ak. The function f :=A;+ -\j + Ak­
AiAj-AjAk-AiAk takes its maximum at Aj = Ai or Aj = Ak. Since JJ.\i=.\; �(-\I- -\2)2 
and fl.\j=Ak �(-\I--\2)2, we obtain 

A- B :0: L(Ai-Aj)2h7ij + � L (AI- A2)2h7jk 
i:j:j i:f:j:f:k 

This proves Lemma 4. 9. 

The terms I:j(I:i A;hiij) and I:i,j,k AihTjk in (4.30) are estimated in the following two 

lemmas. 

Lemma 4.10. At a point Xc we have 

( 4.36) 
1 + 3a 2 2 )3 

/ ] 

= [{Sf4-f3-2S +nS}(S-n)-(S-n S n. 3 

Proof. Since I:i Aihiij = 0 and I:i hiij = 0 for every J, we have for every real numbers a 

and b, 

( 4.37) 
L(L AThiij) = LrL(AT-aAi-b)hiij]2 

j t j 
< "'(,\�-aA ·-b)2 • "' h�· . 
- L.__,; t t L.__,; tt J • 
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( 4.38 ) 
"' h�-. < �("' h�-k + 2 "' h�··) L....t 11) - 3 L....t 1) L....t lll 

i,j,k i 

1 
= 3(1 + 2a)(S-n)S. 

Let a := j3j S and b := S jn. Then we obtain from ( 4.37 ) and ( 4.38 ) 

L (L >-T h;;J )
2 � ;2 L( >-Ts - A;h -s2 /n )2 L hT;i 

j i i 

1 + 2a 2 2 3 
= 

3 
[(j4S-j3 -2S +nS)(S-n)-(S-n) Sjn]. 

This completes the proof of Lemma 4.10. 

Since we find a unit vector y = :2.: y
kek such that 

we have 

"'("')... 2 h .. ·)2 - ("')... 2 h . . ·
y

j ) 2 L....t L....t i 11) - L....t i ll) 

j l t,J 

Lemma 4.11. At Xc we have 

Proof. From the choice fo y it follows 

Using the symmetric property of hijk we get 
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where we set a:= � 'L: AJhiikYk· T his completes the proof of Lemma 4.11. 
On the other hand 5 = 'L: AJ is constant, and we get 

Thus we have 

(4.40) 

(L 2)..ih;jk)2 
= [L AiAj( hijij + hjiji)]2 

< "' )..?)..� . "'(h · 0 0 .  +h .. ··)2 - � 1 J � 1)1) )1)1 

= 52[4 L h;iii + L(hijij + hjiji)2] 

2"' 2 1"' 2 
= 45 [� hiiii + 4 �(hiiii + hiiii) ]. 

i i=f:j 

Proposition 4.12. Under the assumptions in Theorem 4.6 we have 

( 4.41) 
2 9 5 > n + -n--7 14 
1 5 > n + -n 5 

if 3 < n � 7, 

if n > 7. 

Proof. Taking c = 1/2 in Lemma 4.7 we have at Xc, 

5-n 2 2 1 1 
� -2-(5!4-j3 -25 + n5) + 25(5-n)(25-n)- 2:(2A + B)5 

"' "' 2 2 1 4 16 "' "' 2 2 + 3 �(� )..i hiij) + 2[3(A + 2B)-95 �(� )..i hiij) ]5 
J t J t 

5-n 2 2 1 5 
� -2-(5!4-j3 -2S + n5) + 25(�-n)(25-n)- 6(2A-5B) 

-�(1 + 2a)(5-n)35 + 19 (1 + 2a)(5- n)(5f4-j'ff- 252 + n5) 27n 27 
= � . 

65 + 76a (5-n)(5 f4 -f2 -252 + n5) - 5 (2A-5B) 2 27 3 6 1 19 + 25(5-n)[(5-n) + 5]- 27n (1 + 2a)(5-n)35. 
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Setting tS = S-nand f = S j4- jf-252 + nS, we obtain 

(4.42) 
65 65 38 t3 S3 2 --tj <- (2A- 5B)- - ·- + 3t(1 + t)S . 9 - 65 + 76a 9 n 

On the other hand ( 4.17) implies 

( 4.43) 
3 3 3 21 � t(2t -1- 5)S + 3(A-2B). 

From ( 4.42) and ( 4.43) it follows that 

3 130 3 65(2A -5B) 2 2 38 3 2 -(1--t)j < t(2t-1)S + 3(A- 2B)- + 3t S - -t S 
2 27 - 65 + 76a 9 

[( ) 1 
( 

195 )( )( 2 38 2 2 < t 2t-1 S + - 4- 1 -a )q -..\2) + 3t --t ]S . - 3 65 + 76a 9 

Here we used Lemma 4.9 and A+ 2B = t l:(.Ai + Aj + Ak)2 h?jk 2: 0. Setting "7 := 65 + 76a 
we obtain 

195 1 195 1 
(4- )(1- a)= -(4--)(141-TJ) < -(759-4J195 x 141) =: 3/31, 

65 + 76a 76 "7 - 76 

where /31 = 0.4198 . .. < 0.42. 
Suppose now that t � i· Then 3t- 398t2 < � - % ,and the above inequality reduces to 

Since ax2 + bx 2: - !: and .Ai +A� � S, we have 

and thus 

Therefore we get 

and hence we have 

27 2 1 1 
t[(2t-1)S + j31S + --g/31 St + 2/31 + 2- g-]S 2: 0, 

1 1 t> ---. 4.5 2S 

s 1 
S>n+---

4.5 2' 

2 9 
S > n+ -n--. 

7 14 
If n > 7, then the above inequality implies S > n +in. This is a contradiction tot � i· 
Thus the first inequality in ( 4.41) is shown. In the case where n > 7, suppose that t > t. 
Then we have S > n + tn. This proves Proposition 4.12. 
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Proof of Theorem 4.6. Let c := % be a constant in Lemma 4.7. A little more careful 

computation than developed in the proof of Proposition 4.12 implies that 

298 + 326a 3 163 (4.44) - 45 if� 3t(1+t)S3+ 80tS2 (2 L Aih;1k)2
- (2A-5B)- 45 (1+2a)t3S2. 

From (4.7),(4.16) and (4.40) we have 

3 1 ( "'""' 2 )2 3( 3 (4.45) 2,f+ 452 2 L__, Aihijk �t5 2t-1- 5 ) + 3(A -2B). 

Suppose now that t � -} and n > 7. From Proposition 4.12 it follows t > i. If we set 

f32 := 2496±894-;-�3};-3·298·624, then we observe from ( 4.44) and ( 4.45) that 

( 4.46) 

For x > 0 and b > 0 we use ax - bx2 � :: and ex- 2bx3 � �[f; to obtain 

1 450 2t5 
0 < (2t - 1)5 + 1.2783 + ,825 + t5(-)2 -- +-- 2 4 . 79 3 

This implies 

0.5885 1.2783 1 t > 2.6482 - 2.6482 
. 

5 
1 1 

> - - -- . 4.5 2.075 
Thus we have the second inequality of ( 4.29), 

2 5 5 > n + -n- -. 7 8 

450(2,82- �)3 
6 . 79t 

If n > 17, then the above inequality implies 5 > n + "i, and a contradiction to t � -}. This 

completes the proof of Theorem 4.6. 
Remark 4.1. A similar proof will show that 

5-n 
lim inf -- > 0.27. 

n--+(X) n 

Remark 4.2. Theorems 4.1 and 4.6 will provide a partial answer for the conjectures pro­

posed by Chern and Peng-Terng. 
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§5. Complete 1ninimal submanifolds in spheres 

In this section we shall study complete minimal submanifolds in 5n+p ( 1) by using general­
ized maximum principle due to Omori- Yau. We want to generalize results by Myers,Chern­
do Carmo-Kobayashi and Peng-Terng to complete minimal submanifolds. 

Theorem 5.1. (see {17}) Let M be a complete minimal submanifold of dimension n in 
sn+P(1). IfsupMS < 2�1, then M is totally geodesic. 

p 

Proof. Gauss' equation (1.12) implies together with the assumption that the Ricci curva­

ture of M is bounded from below. For a positive constant a, the function F := (S +a)� 
is bounded since so is S. Computations show that 

(5.1) �l>S = Fl>F+ IY'FI. 

Applying Theorem Y-1 to F, we see that for every c > 0 there exists a point p E M such 
that 

(5.2) IVF(p)l<c, 6.F(p)<c;, supF-c;<F(p). M 

From (5.1) and (5.2) we have 

(5.3) 
1 

26.S(p) < c(c + F(p)). 

For a sequence {em} of positive numbers converging to 0 there is a sequence {Pm} of points 
on M satisfying (5.2). Thus (5.3) implies {cm(cm + F(pm))} converges to 0 as m --7 co .  

On the other hand (5.2) implies, by taking a subsequence if necessary, that 

lim F(pm) = Fo � sup F. m--+cx:> M 

Therefore we have Fo = supM F, and limS(pm) = supM S. Then a direct computation 
shows that (see [17] or [22]) 

1 1 
26.s � S[n - (2-

P
)S]. 

By means of ( 5.3) we have sup M S = 0. This means that the second fundamental form of 
M is identically zero, and hence the proof is complete. 

Theorem 5.2. Let M be ann-dimensional complete minimal submanifold in 5n+p(1). If 
p > 1, then M is either totally geodesic, or a Veronese surface in 54(1), or has the property 
that sup M S > 2-�/P. 

Proof. In view of Theorem 5.1 we only consider the case where sup M S = 2-�/P
. In this 

case we have S� 2-�/P
, and from Lemma 6.1 

. 1 
Rzc(v,v) � (n -1)[1- / ] > 0 

2-1 p 

for every unit vector v E T M. The Myers theorem (see [5]) then implies that M is compact. 
Theorem CDK implies that n = p = 2 and M is a Veronese surface in 54(1). This proves 
Theorem 5.2. 

In the special case where n = 3 we have the following 
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Theorem 5.3. (see {10} Let M be a 3-dimesnional complete minimal hypersurface in 
54(1) with S being constant. If S > 3, then S 2:: 6. 

For the proof of Theorem 5.3 we need the following Sublemma. 

Sublen11na. Let a1, ... , an be real numbers satisfying L ai = 0 and La; = k2 fork > 0. 

We then have 

Proof of Theorem 5.3. Assume that supM j3 ·infM j3 = 0. If supM j3 = infM j3 = 0, then 

f3 = 0 and from Lemma 2 in [43 ] we see that the principal curvatures of M are constant. 
Thus Theorem 5.3 is valid from Cartan's Lemma. 

Assume next that j3 is not constant and that sup M j3 · inf M f3 = 0. We may assume 
without loss of generality that sup M j3 = 0. From the Gauss' equation and S being 
constant we see that th Ricci curvature of M is bounded below. Applying Theor m Y-1 

to f3 we have a sequence {Pm} of M such that 

(5.4) 

and also 

(5.5) 
m-+oo 

From (4.5) and (4.7) we observe that Ai,hijk and hijkl are all bounded, and hence we may 
assume that 

(5.6) 

and 

(5.7) 

Thus we have 

(5.8) 

� � � 

).1 + )..2 + ).3 = 0, 

:3:i + :>:� + :>:� = s' 

:>:� + :>:� + :>:� = 0. 

By assuming :3:1 � :3:2 � :>:3 we get from (5.8), 

(5.9) 
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Taking exterior differentiation, L hii = 0 and L hJj = S imply both 

(5.10) for every k, 

and 

(5.11) for every k. 

From (5.4) we have limm-oolgradf3(Pm)l = 0. Since jgradf31 
we get for every k, 

lim "' hiik>.;(Pm) = 0. m->oo � 
t 

The above relation together with ( 5.6) implies that 

Since >./s are distinct, we get for every i,k, 

(5.13) 

On the other hand we have 

i�j�k 

hiik = 0. 

by (5.13) and (5.8) 

by ( 4.5). 

From (4.9),(4.11), (5.6) and (5.7) we obtain 

(5.15) 

(5.16) � f;i =53 - 452 + 6S. 
i�j 

From (4.7),(5.14),(5.15) and (5.16) we get 

(5.17) "'
� 

� 3 
S(S- 3)(S- 9) + 2S2(S- 3) 2:: 3 L.t(hiiii - tii/2)2 + 4(S3- 452 + 6S). 

i�j 
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Computations show that 

(5.18) L(hijij- �j/2)2 
� (h1212- h2323)2, 

i-j:j 

where we used t12 = t23 = -.JST2. Differentiating S = 2::= h;j, we have 

( 5.19) 
t ,] 

Substituting (5.9) into (5.19) we obtain 

t,} 

In particular we have 

Thus we get 

(5.20) 
� � � � � 

� S-3 1 
h1212 - h2323 = h1212 - h3232 - t23 = v 2S[ -- + -]. 

From (5.17), (5.18) and (5.20) we have 

S(S-6)(19S-42) 2:: 0, 

and the proof in this case is now clear. 

3 2 

Consider now the case where infM j3 · supM j3 # 0. Suppose that f3 is constant. Then 
M has constant principal curvatures and Theorem 5.3 is true. 

We shall assert that if j3 is nonconstant, then there is a point p E M such that f3(p) = 0. 
Once the above assertion has been established, then the classical Myers theorem (see [36]) 
together with the previous computations concludes Theorem 5.3. 

Finally we shall prove that inf M j3 · sup M j3 > 0 does not occur. To see this we may 
assume that sup M f3 < 0. From Sublemma we see 

(5.21) 

(5.22) 

(5.23) 

- VSi/6 < supj3 < 0, 
M 

lim f3(Pm) =sup j3, lim IV f3(Pm)l = 0, m�� M m�� 

lim sup 6.f3(Pm) ::; 0, 
m�� 
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and also 

(5.24) 

� � 

,\1 + ,\2 + ,\3 = 0, 

3:i + >:� + >:� = s' 

3:i + ):� + ):� =sup 13· 
M 

� � � 

We observe from (5.21) and (5.24) that A1, A2 and A3 are distinct. A similar discussion as 
developed in the first case implies that 

(5.25) for every i and k. 

It follows from 613 = 3[(3- 5)13 + 2 2::: Aihijk] that 

3[(3- S) sup 13 + 2 L ):J;;jk] � 0 
M 

and also 

Therefore we have 
(3 - S) sup 13 � 0. 

M 

This is a contradiction. This completes the proof of Theorem 5.3. 
As a corollary to Theorems 5.1 and 5.3 we have the following 

Corollary 5.4. (see {10}) Let M be a three dimensional complete minimal hypersurface 

in S4(1) with constant scalar curvature. If S � 6, then we have S = 0, 3, or 6. 

It is well known that there exist no closed minimal submanifolds without boundary in a 
Euclidean space Rn+p. Similarly, there exist no closed minimal hypersurfaces in an open 
hemi-sphere of sn+1(1). When M is not necessarily compact, we shall prove the following. 

Let s�+1(1) c sn+1(1) be a closed hemisphere as given; 

S�+1 (1) = {u E Rn+2;  u = (u1 , ... , un+2), !lull= 1, un+2 � 0} 

Theorem 5.5. (see {9}) Let M be a complete minimal hypersurface in S.f.+1(1). If the 

distance u n+2 from points on M to the equator great sphere satisfies 

JM 1Vun+21 dv < oo, 

then M is the great sphere (and totally geodesic). Here dv is by definition the volume 

element of M. 

Proof. Since M is minimal we have 

(5.26) 
This means that un+2 is superharmonic, and constant by the following Lemma (see [52]). 
Since u n+2 - 0, M is totally geodesic. This proves Theorem 5.5. 
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Yau's Lemtna. Iff is a subharmonic function defined on a complete Riemannian mani­

fold M and if 

L I'Vfl dv < oo, 

then f is harmonic. 

Theoretn 5.6. (see {9}) Let M be a complete minimal hypersurface in 5�+1(1). If the 

volume of M is finite, then M is totally geodesic. 

Proof. Because M is minimal we have 

i=1, ... ,n+2, 

2l L(ui)2 = L 2l(ui)2 = 0, 
1 

and also 
�(ui)2 = 21Vuil2- 2n(ui)2. 

Therefore we get L::i 1Vuil2 =nand 1Vun+212 � n. Thus 

This and Theorem 5.5 imply that u n+2 is harmonic and M is totally geodesic. 

Theorem 5. 7. (see {9}) Let M be a complete minimal hypersurface in sn+l (1) whose 

Ricci curvature is bounded below by a constant -L. If M c 5�+1(1) and if 

then M is totally geodesic. 

Proof. Applying Theorem Y -1 to a superharmonic function u n+2, we obtain a sequence 

{Pm} of points on M such that 

(5.27) lim u n+2(Pm) = inf u n+2, lim inf 2lu n+2(Pm) � 0. m-+oo m-+oo 

From (5.26) and (5.27) it follows that infMun+2 = 0. Since l�un+21 
IV(2lun+2)1 = nl\7un+2l, Theorem Y-2 implies that 

Thus we have 

JM !Vun+2ldv :S JM c · un+2dv < oo, 

where c is a constant. Theorem 5.5 concludes the proof. 
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§6. Hypersurfaces in space forms with constant mean curvature 

This section is devoted to the study of hypersurfaces in space forms with constant mean 

curvature. F irst of all we prove the following 

Le1nma 6.1. (see {16}) Let M be a complete hypersurface in Mn+l ( c) with constant mean 
curvature, where c � 0. For every unit vector v tangent toM we have 

Ric(v, v )  � (n -1)(c + 2H2)- {(n-1)5 + (n-2)jHj[(n- 1)(nS- n2 H2)]�}/n. 

Proof. For any point x E M and for any unit vector v at x we choose a local frame 

{ e1, ... , en, en+l } in Mn+1(c) such that e1, ... , en are tangent toM and v = en. Then 

(1.13) gives 

Ric(v, v) = (n- 1)c + nHhnn- L hnjhjn· 
J 

By a Lemma due to Cai,Cheng and Nakagawa (see [6] and [16]) we prove Lemma 6.1. 

Theoren1. 6.2. (see {16}) Let lVI be a complete hypersurface in Mn+1(c) , c � 0 with 
constant mean curvature H. If 

(6.1) sup S < {n[2(n- 1)c + n2 H2]- n(n- 2)jHj[n2 H2 + 4(n - 1)c]� /2(n - 1), 
M 

then M is totally umbilical. 

Proof. Making use of (1.22) and Sublemma we obtain 

where f2 = S -nH2 � 0. By means of Lemma 6.1 and using a similar method as developed 

in [16], the proof is complete. 

Remark 6.1. In the special case where n � 3, Theorem 6.2 is an extension of Hasanis' 

theorem, (compare [27]). The restriction of dimension in [27] is inevitable. 

Remark 6.2. In the case where c = 0, (6.1) is equivalent to supM S < ��2• Theorem 

6.2 also extends Okumura's theorem (compare [39]). Our estimate is optimal because 
a complete hypersurface obtained as a Riemannian product M := sn-l X R in Rn+l 

has the property S = n:�2• In the case where c > 0 and n = 2, ( 6.1) is equivalent to 

sup M S < 2c + n2 H2, and this means that the Gaussian curvature is positive. In the case 
where M is minimal, (6.1) becomes supM S < n. Thus we have shown that Theorem CDK 
in this case is obtained without assuming compactness of M. 

In the special case where n = 3, we have the following 
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Theorem 6.3. (see {15}) Let M be a complete hypersurface in 54(1) with constant mean 
curvature H. If S is a constant not greater than 9H2 + 6, then M is totally umbiJjcaJ and 
S = 3H2, or S = 3 + 247 H2 ± iJ9H4 + 8H2, or S = 9H2 + 6. Moreover if H =/= 0 and if 
S = 9H2 + 6 , then M is isoparametric. 

Remark 6. 3. It should be remarked that in the above theorem 6.3, M is totally umbilical 

when S = 3H2, and M an isoparametric hypersurface when S = 9H2 + 6 and H # 0. 

Moreover isoparametric hypersurfaces in 5 4 (1) with two distinct principal curvatures have 

the properties S = 3 + 247 H2- iJ9H4 + 8H2 or 3 + 247 H2 + �J9H4 + 8H2. However we 

do not know whether or not the converse of this case in Theorem 6.3 is true. 

For the proof of Theorem 6. 3 we need some preparations. 

For an arbitrary fixed point p E M we choose a local frame field e1, . . . , en such that 

(6.2) 

as before in ( 4.6) and set 

(6 .3) h :=3H. 

Then we have 

(6.4) B2=S- 3H2, 

If both S and H are constant, then we see from a direct calculation, 

(6.5) 

(6.6) 

(6.7) 

(6.8) 

(6.9) 

(6. 10) 

( 6.11) 

(6.12) 

-hf3 = S(3- S)- h2 + L h;jb 

�L L h�jk = (9- S) L h;jk- 3(L >.;h;jk- 2 L A;Ajh;jk) 

+3h L )..ih;jk + L h;jkl 
-h6j3 = 6 L h;jk· 

6 f3 = 6 L )..ihijk- 3S f3 + 3hf4 + 9 f3- 3hS, 
6j4 = -4S f4- 4hf3 + 4hfs + 12f4 + 8 L A;h;jk + 4 L AiAjh;jk 

2 1 4 4 1 2 !4 = -h s + 6h + 3hf3 + 2s , 
5 2 1 5 5 3 fs = 6(S+ h )j3 +-5h - 6h S 

1 1  1 4 S 3- -h2S 2- 652 + Sh4 + 9S + 6h2S- -h6- 3h2- -h4 
6 6 3 

= (S- �h2)(S- 3- �h2 + �Vh4 + 8h2)(S- 3- �h2- �Vh4 + 8h2). 3 4 4 4 4 
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Lemma 6.4. Let M be a 3-dimensional hypersurface in S4 (1 ) with constant mean cur­
vature. If S is constant, then 

(6.13) 

Proof. From ( 6.5 ) and (6.10) we have 

(6.15 ) 

From (6.9) and (6.15 ) we also have 

and from (6.3) 

From (6 .3),(6.7) and (6.8 ) we get 

and hence, from (6.5 ) and (6.10) 

This proves (6.13). 
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(6.19) 
3 12 32 1 ; 32 1; +2(s-3h )(S-3-4h +4vh4+8h2)(S-3-4 h -4vh4+8h2). 

This proves (6.14). 

Proof of Theorem 6.3 by assuming Propositions 6.5 and 6.6. In view of Corollary 5.4 we 
may consider the case where H > 0. The proof will be divided into three cases as follows. 
The proofs of the first and second cases need not Propositions 6.5 and 6.6, but the proof 
technique developed in the second case will be used in the proof of Proposition 6.6. 

In the first case we assume that 

3H2 < S < 3 + 27 H2 -� · 19H4 + 8H2. 
- - 4 4 y 

Since H is constant Theorem 6.2 implies that S = 3H2 or S = 3 + 2
47 H2 -�yf9H4 + 8H2, 

and the proof in this case is complete. 
In the second case we assume that 

3 + -27 H2- �J9H4 + 8H2 < S < 3 + -27 H2 + � ),-- 9H-4 -+-8-H -2. 
4 4 - 4 4 
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If J3 is constant, then M is of constant principal curvatures, and hence an isoparametric 

hypersurface in 54(1). Thus Theorem 6.3 in this case is valid by Cartan's Lemma. If J3 is 

not constant, then the constancy of S implies together with (6.5) and (6.14) that the three 

functions j3, I: h;jk and I: h;jkl are bounded. The Ricci curvature of M is bounded 

below. Let F := L h;jk and apply Theorem Y-1 to -F. Then there exists a sequence 

{Pm} of points in M such that 

Thus we have 

(6.20) 

(6.21) 

lim F(pm) = inf F, lim !grad F(pm) I = 0, m---+oo M m---+oo 
lim inf 6F(pm) � 0. m---+oo 

lim � hijk(Pm) = inf � hi]k' lim !grad � hijki = 0, m---+oo� M� m---+oo � 

lim inf 6 � hijk(Pm) � 0. m---+oo � 

From (6.4) and (6.5) we get 

(6.22) 

(6.23) 

lim f3(Pm) =sup j3, lim !grad f3(Pm)l = 0, m---+oo M m---+oo 
lim B3(Pm) =sup B3, lim !grad B3(Pm)l = 0. 

m---+oo M m---+oo 

Suppose that limm---+oo B3(Pm) =- )6(S- th2)�, then Sublemma implies that 

1 1 2 � 
B3=-

J6
(S-3h ) 2, 

and hence f3 is constant. This is a contradiction. This argument shows that 

(6.24) 
1 1 2 3 

lim B3(Pm) > --(S- -h ) 2. m---+oo J6 3 

We shall assert that limm---+oo B3(Pm) = )B(S- th2)�. To show this suppose that 

limm---+oo B3(Pm) < )6-(S- th2)�. Then we must have 

(6.25) 
1 1 2 3 

IB3(Pm)l < 
J6

(S-3h ) 2 
· 

Since Ai,hijk and hijkl are all bounded by a constant S, we may consider, by taking a 
subsequence of {Pm} if necessary, that 

(6.26) 

(6.27) 

(6.28) 

m---+oo 
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Thus we get 

(6.29) 

Therefore (6.25) implies that 

From 2:: f.Li = 0 and 2:: f-LT = S - 3H2 being constant we get 

(6.30) 

(6.31) 

From (6.29) and (6.27) we get 

(6.32) 

(6.33) 

According to (6.23) we have 

and hence 

(6.34) 

� 

L hiik = 0 for every k, 

L J.Lihiik = 0 for every k. 

L hiik = 0 for every k, 

L ji);,iik = 0 for every k. 

for every k. 

Therefore from (6.32), (6.33), (6.34) and from Sublemma we have 

(6.35) for every i and k. 

Lemma 6.4 together with (6.20), (6.26), (6.27) and (6.28) implies that 

(6.36) 
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Since �Iii = 0, ( 6.35) implies 

(6.38) 

On the other hand we have, by recalling tij as in ( 4.10), 

and since .Ai 's are all distinct from each other 

(6.39) 

It follows from the assumptionS> ih2+3-:fJh4 + 8h2 in this case and from (6.36),(6.37) 
and (6.38) that � h�jkl :::; 0 which is in contradiction with (6.39). Hence we have 

. 1 1 2 � 
hm B3(Pm) = -(S- -h ) 2 •  m--too V5 3 

Thus (6.4) and (6.5) imply 

L
�2 2 . hijk = S(S- 3) + h - h hm f3(Pm) m--too 

12 0 h �0 h � 
= (S- -h )[ S- -h2-- + -h2 + 3][ S- -h2--- -h2 + 3]. 

3 3 2V6 8 3 2V6 8 

From the assumption for S we see that 

Therefore we obtain 

h �h2 --- - + 3  > 0. 
2v'6 8 -

Thus we have S 2::: i h 2 + 3 + :f J h4 + 8h 2, and we conclude the proof in this case. 
In the final case we assume that 

�h2 + 3 + �. 1r-h-4 _+_ 8_h_2 < s < h2 + 6. 4 4 v -

The following Propositions 6.5 and 6.6 will assert that in this case we must haveS= h2 +6 
and that M is isoparametric if H :/= 0. Thus the proof of Theorem 6.3 is complete if the 
Propositions 6.5 and 6.6 have been verified. 
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Proposition 6.5. A complete hypersurface M of 54 (1) with nonzero constant mean cur­

vature H is an isoparametric hypersurfa.ce with S = h 2 + 6 if the following conditions are 

satisfied. 

S is constant, 

in£ B3 ·sup B3 = 0, 
M M 

3 + �h2 + �. 1,.-- h4_+_8h-2 < s < h2 + 6. 
4 4v -

Proposition 6.6. A complete hypersurface M of S4 (1 ) with nonzero constant mean cur­
vature H is an isoparametric bypersurface with S = h 2 + 6 if the following conditions are 

satisfied. 

S is constant, 

inf B3 ·sup B3 f. 0, 
M M 

3 + �h2 + �. 1h4 + 8h2 < s < h2 + 6. 4 4v -

Proof of Proposition 6. 5. If inf M B3 = sup M B3 = 0, then B3 = 0 and in particular 

(6.4) means that j3 is constant. Therefore the principal curvatures of M are all constant. 

Cartan's Lemma concludes the proof. 

We shall next assert that B3 and hence f3 must be constant. Without loss of generality 
we may assume that 

supB3 = 0. 
M 

Apply Theorem Y-1 to B3 to obtain a sequence {Pm} of points on M with the properties 

that 

(6.40) 

By (6.4) we have 

lim sup 6. B3(Pm) � 0. 
m--+cx::> 

Making use of the same technique as developed in the second case of the proof of Theorem 

6.3, we obtain (6.26),(6.27) and (6.28). Thus we have 
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and hence, setting B := I:i/J,; and /J,1:::; /J,2:::; /),3, we have 

Since /),1, /),2 and /),3 are all distinct, the same method as in the second case of the proof of 
Theorem 6.3 implies that 

for every i and k, 

i,j, k 

It follows from (6.4) and (6.5) that 

(6.41) 

and from (6.40) and (6.13) 

(6.42) 

2 2 "'�2 o:::;-(S-3-3h )0hijk 

( 1 2) 3 2 1 
J 4 2) ( 3 2 1 )h4 2) +S--h (S-3--h +- h +8h S-3--h -- +8h .  3 4 4 4 4 

"'�2 1 2 2 2 0hijk = (S-Sh )(S-Sh -3). 

Therefore a contradiction is derived by 

1 2 2 2 2 0:::; -(S-Sh )(S-Sh -3) 

+(S-�h2)(S-3-�h2 + �Vh4 + 8h2)(S-3- �h2-�),.-- h4_+_8h- 2) < 0. 3 4 4 4 4 
This completes the proof of Proposition 6.5. 

Proof of Proposition 6. 6. If f3 is constant, then M has constant principal curvatures, for 

both S and H are constant. Thus the proof in this case follows from Cartan's lemma. 

Now consider the case where j3 is not constant. We then claim that it cannot occur. It 
then follows from infM B3 ·sup M B3 =f. 0 that; 

( 1) If inf M B3 ·sup M B3 < 0, then there exists a point p E M such that 

(6.43) 

( 2) If infM B3 · supM B3 > 0, then infM B3 and supM B3 have the same sign. 
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In the second case we may assume without loss of generality that 

From Sublemma we see that 

(6.44) 

supB3< 0. 
M 

1 1 2 3 

0 > supB3 > --(S- -h ) 2. 

M V(3 3 

Applying Theorem Y -1 to B3 we see that there exists a sequence {Pm} of points on M 

such that 

(6.45) 

By the same discussion as developed in the second case of the proof of Theorem 6.3, we 

see that 

L/ii=O, Lii7=B=S-3H2, Lfi�=supB3. 
M 

Then the above relations together with (6.44) imply that /i1 ,jj2 and jj3 are distinct from 

each other. By the same technique as in the second case of Theorem 6.3 we see that (6.3.5) 

and (6.38) are valid. From (6.4),(6.5) and (6.8) we have 

This means that 
1 

0 2 h(S- "3h2)2 
> 0. 

This is impossible and the second case does not occur. 

Finally we shall show that the first case does not occur. Since B 3 (p) = 0 we see 

2 3 j3(p) = hS- gh . 

At the point p we have 

/-Ll + /-L2 + /-L3 = 0, 

2 2 2 B S 1 h2 I-ll + f-l2 + f-l3 = = - 3 ' 

f.-l� + f.-l� + p,� = 0. 

Hence we have 

(6.46) 
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It follows from I: Ai = 3H and I:,\; = S that 

(6.47) 

Thus we get 

huk = h33k, h22k = -2huk for every k. 

On the other hand, because B3 (p) = 0 we have 

(6.48) 

Then (6.47) implies that 

Therefore we have 

By differentiating S = I: h7j, we obtain I:i hiikkAi + L:ij h;jk = 0 for any k = 1, 2, 3. 
Therefore 

j%ch3232- h1ml = � h�j2· 
1 

t12 -t23 =-hE, 
3 

{B 1 2{B 1 
t23 = y 2 + -gh y 2- 6hB. 

( � 2 3 1 2 1 2 4 4 4 2 ( 
1 1 1 2)2 6.49) h--k1>-B(-S --h S+-h - 25+-h +3)+6B-S----h . 

lJ - 2 2 2 27 3 3 2 6 

(6.14), (6.48) and (6.49) yield 

The above inequality will be treated in the following two cases. 
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Suppose in the first case that -% �(f-li + f-lj + f-lk)2h;jk - 8h � f-lih;jk ::; 0. Then 

i;52- ( 167 h2 + 13)5 + �� h4 + 9h2 + 21 � 0. According to the assumption of Proposition 
6.6,we get 5 > h2 + 6. This is a contradiction. 

Suppose next that -% �(f-li + f-lj + f-lk)2h;jk- 8h � f-lih;jk > 0. Then- % �(J.Li + P,j + 
P,k)2 hf1 k ::; -20B h533 and -8h � P,ihf1 k ::; 32h� h533 imply 

5 "'( )2 2 h"' h2 ( 3 2 9 7 2 5 4 15 2 (6.50) -3 0 f.Li + 1-Li +Ilk hijk- 8 011i ijk ::; B -4s + 4s + "4h S- 6h - 4h ). 

(6.49) and (6.50) imply 

5 2 13 2 43 7 4 21 2 65 -(12h +4)5+ 36h +4h + 21�0. 

Let F( S) := �52 - ( i� h 2 + �3 )S + 376 h4 + � h 2 + 21. As a function of S, F( S) reaches its 

minimum at S = �( i; h2 + 443 ) . W ithout loss of generality we may assume 

3 1 3 13 43 -h2 + 3 + -vh4 + 8h2 < -(-h2 + -) < h2 + 6. 4 4 - 5 12 4 
Since F( {h2 +3 + iJh4 + 8h2) < 0, F(h2 +6) < 0 and F( �( i� h2 + �3 )) is only a minimum 

ofF, we obtain F < 0 If �h2+3+-i"vh4 + 8h2 < S::; h2+6. This is a contradiction.Hence 
we complete the proof of Proposition 6.6. 

It is proved by de Almeida (see [3)) that the Clifford torus 51 x 52 is the only closed 

oriented minimal hypersurface in 54(1) with constant scalar curvature and nonvanishing 
Gauss-Kronecker curvature. de Almeida and Brito [4) discussed closed oriented minimal 

hypersurfaces in 54(1) with constant Gauss-Kronecker curvature, and proved that if a 
closed oriented minimal hypersurface Min 54(1) with constant Gauss-Kronecker curvature 

has its second fundamental form being non-zero everywhere, then M is the Clifford torus 
S1 x 52 or the boundary of tube of a minimal 2-dimensional surface in 54 (1 ). 

We now discuss on the quasi-Gauss-Kronecker curvature on M C 54(1). We know from 
definition that if M is minimal, then the quasi-Gauss-Kronecker curvature of M is nothing 

but the Gauss-Kronecker curvature. 

Theorem 6.7. (see {14}) Let M be a closed oriented hypersurface in 54(1) with non-zero 

constant mean curvature. If the quasi-Gauss-I{ronecker curvature ]{ of M is identically 

zero, then M is totally umbilical. 

Proof. Since ]{ = p,1P,2/13 and P,1 + P,2 + f.L3 = 0, we have 

(6.51) 31< = p,{ + !.l� + p,� = : B3. 
A direct computations show that 

(6.52) 

(6.53) 

(6.54) 

(6.55) 

B3 = 6H3- 3HS + j3,B = 11i + p,� + p,� = S- 3H2, 

!:lS = 25(3- S)- 18H2 + 6H !3 + 2 L h:jb 

!:lf3 = 6 L Aih;jk- 3(S- 3)!3 + 9H !4- 9H s, 

2 27 4 2 f4 = -9H S + -H + 4H j3 + S /2. 
2 
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Since fJi = Ai- H, we get from (6.54) and (6.55) 

(6.56) 

Lf3 = 6 L J-Lih;jk + 6H L h;jk- 3(5- 3- 12H2)f3 

+ 9H( -9H2S + 
27 

H4 + �52- S). 
2 2 

Since B3 = 31{ = 0 and H is constant, (6.52) implies that 

(6.57) 

Thus we get 

(6.58) 

From (6.52), (6.53) and (6.58) we obtain 

" 2 ( 2 ( 2 27 2 7 2 2 -6 0 J-Lihijk = -3 S- 3- 6H )j3 + 9H -9H S + 2H + 65 -35 + 6H ) 

(6.59) = �H(S- 3H2)2. 
2 

Let p E M be a maximal point of S. Then B = S -3H2 also attains its maximum at p. 

Since ]{ = 0, we may assume without loss of generality that /-L2 = 0 at p. 

In the first place we assume that /-Ll (p) = J-L3(p) = 0. Then clearly we have max S = 

minS = S(p) and S is constant. Namely, Ai = H for all i = 1, 2, 3 and hence M is totally 
umbilical. 

Assume in the next place that /-Ll (p) = -J-L3(P) -=/= 0. We then assert that this cannot 
occur. In fact, /-Ll = -J-L3 -=/= 0 implies that /-L2 = 0, and therefore /-Ll, /-L2, /-L3 are distinct at 
p. Thus --\1,--\2,--\3 are distinct at p. Since 3H = Zi hii is constant, we have 

(6.60) for all k. 

On the other hand from the choice of p we obtain 

for all k, 
(6.61) 

for all k. 

amely we have 

(6.62) 
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Because principal curvatures are all distinct,(6.60),(6.61) and (6.62) imply 

(6.63) for all k and i. 

The symmetric property of hijk implies together with (6.63) that 

(6.64) 

Thus (6.64) and (6.59) imply 

�H(S- 3H2)2 = 0. 
2 

Since max S = S(p) = 3H2 = min S in1plies P,i = 0, this is a contradiction. 
This completes the proof of Theorem 6.7. 

Theorern 6.8. (see {15}) Let M be a closed oriented hypersurface in 54(1) with non-zero 
constant mean curvature H. If the quasi-Gauss-Kronecker curvature ]{ is constant and 
if]{ · H :=::; 0, then M is either totally umbilical or an isoparametric hypersurface with 
S = 3 + 247 H2 ± �J9H4 + 8H2. 

Proof. Since B3 = 31{ is constant, the same technique as developed in the proof of Theorem 
6. 7 implies that 

(6.65) 

If B3 = 0, then we see from Theorem 6.7 that M is totally umbilical. 
We only need to discuss the case where B3 =/- 0. Let p E M be a maximum point of 

S. Then B = S- 3H2 attains its maximum at p. Computations will be carried out at p 

which are divided into three cases as follows. 
In the first case assume that f..LI, p,2, f.13 are all distinct at p. As is discussed in the proof 

of Theorem 6.7, we get (6.60),(6.61) and (6.62), and hence hiik = 0 for all i and for all k. 

Thus we have 

(6.66) 

From (6.65) and (6.66) we have 

(6.67) 

Since B 3 · H < 0 we see 

(6.68) 

We may assume without loss of generality that H > 0 and B3 < 0. Then, 

(6.69) 
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Thus we get 

or 

S > 3 + _27 H2 + � . 1,--gH-4 _+_8_H_ 2 - 4 4 v 

S < 3 + _27 H2- � l,_gH- 4 _+_8_H- 2 . - 4 4 v 

From (6.68) we obtain S � 3 + �7 H2- tV9H4 + 8H2. Theorem 6.2 and closedness of M 
then imply that S = 3H2 or S = 3 + 247 H2 - tJ9H4 + 8H2. Thus the proof in this case 

is complete. 

In the second case assume that f.-LI(P) = f.12(P) = f.13(p). Then, maxS = 3H2 = minS, 
and hence S = 3H2. Thus M in this case is totally umbilical. 

In the final case assume that two of the three are equal, e.g., assume that f.-ll (p) = 

fJ2(P) = -f.13(P)/2. Then we see that 

max B = B(p) = S(p)- 3H2 = (541-\2)�. 

Making use of the Lagrange multiplier to the minimizing function F = f-Li + f.-L� + f-15 with 

constraints 2:: f.-li = 0 and f.-Ll · f-12 · f-13 = ]{, we have 

Therefore S is constant on M, and M is an isoparametric hypersurface with two distinct 

principal curvatures. A Lemma due to E. Cart an as stated in § 1 implies in our case that 

S = 3 + 247 H2 ± �J9H4 + 8H2, and the proof is complete. 
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§7. Complete space-like hypersurfaces in indefinite space fortns 

Let M be a complete space-like hypersurface in M{"+1 (c). For simplicity we write hij = 
h ��1. For an arbitrary fixed point p E M we choose a local orthonormal frame field 

l) 

{ e 1, . . .  , en } as before in such a way that 

Let 

h··- )...·8·· 1) - 1 1). 

f-Li := )...i - H, 
where H = � 2:: Ai is the mean curvature of M. We then have 

(7.1) 

(7.2) 

(7.3) 

Lf-Li=O, 

Lf-1-I = S- nH2, 

L f-1-; = j3 - 3H L f-17 - nH3, 

where 1m= 2:: Ai and Sis the squared norm of the second fundamental fonn of M. 
By means of (1.10) and (1.21) we have 

By setting 12 := 2:: f-1-7 = S- nH2 we see that if H is constant, then 

1 
26!2 � nc12 - nH 13 + (12 + nH2)2. 

From (7.2) and (7.3) we get 

1 

2612 2:: f2(nc- nH2 + f2)- nH L PI 

(7.4) 2:: f2[f2- (n- 2){n(n - 1)}-112niHI1 + nc- nH2]. 

Theoren'l 7.1. (see {16}) Let M be a complete space-like hypersurface with constant mean 

curvature in a Lorentz space form M{"+1(c) with c � 0. Then S satisfies 

(7.5) nH2 � S � [n{n2 H2- 2(n- 1)c} + n(n- 2)IHI{n2 H2- 4(n- 1)c}112]/2(n- 1). 

Proof. For an arbitrary given positive number a we define a function F := -(12 +a)-�. 
Since M is space-like, the llicci tensor of M is given by 

(7.6) 

Rij = (n- l)cDij- nHhij + L hikhkj 

= [(n- l)c- nH)...i + )...;]oij· 
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This equality shows that the Ricci curvature of M is bounded below. Since F is bounded 
we apply Theorem Y-1 to F. For any positive c there exists a point p EM at which 

(7. 7) 

supF- c < F(p), 
M 

IV F(p)l < c, 

6.F(p) <c. 

Consequently a straightforward computation leads to 

(7.8) 

' 

For a monotone decreasing sequence {em} of positive numbers converging to 0 there exists 

a sequence {Pm} of points on M such that { F(pm)} converges to a number Fa. From (7. 7) 

we see that Fa= sup MF, and hence {f(Pm)} also converges to 1a = supM f. 
On the other hand we have from (7.8), 

(7.9) 

and the right hand side of the above inequality converges to 0 since F is bounded. Thus, 
for a sufficiently small positive c there exists an integer m such that 

This and (7.4) imply 

This inequality means that {1(Pm)} is bounded and hence 

Moreover we see that 

Therefore 1a must satisfy 

Fa = sup F ::/- 0. 
M 

lim sup 6.12(Pm) :::; 0. 
ffi-+00 

(7.10) 15[15- (n- 2){n(n- 1)} -tniHI1a + (nc- nH2)] :::; 0. 

From this relation we have 

We conclude the proof by S = f2 + nH2. 
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Remark 7.1. From fo = 0 it follows that f is identically zero and that A1 is totally 

umbilical. The above discussion also gives a proof of a result due to Akutagawa [2] and 

Ramanathan [ 44] as stated in §8. 
Remark 7.2. Notice that Theorem 7.1 generalizes the results obtained by Ishihara [29] 
and Cheng-Yau [21]. In fact, by setting H = 0, Theorem 7.1 implies that 0 :s; S :s; -nc. 

Ishihara obtained this relation for complete maximal space-like hypersurface in ]VJ�+1(c). 
A result by Cheng-Yau states that an entire space-like hypersurface of constant mean 
curvature in R�+I satisfies nH2 S S :s; n2 H2. This relation is obtained by setting c = 0 

in Theorem 7 .1. 

We next discuss complete space-like hypersurfaces in a de Sitter space. 

Theorem 7.2. (see {11}) Let M be a space-like hypersurface with constant mean curvature 
in s�+l (c) and n 2:: 3. If the sectional curvature of M is nonnegative and if the multiplicity 
of each principal curvature is greater than 1, then M is isometric to either a Euclidean 
space Rn or a sphere s

n( CJ ) with 0 < CJ < c. 
Proof. For an arbitrary fixed point p E M we choose a local frame field as before such that 

(7.11) 

At this point we have, by choosing en+I time-like vector, 

Thus we get 

-c(nS-n2 H2) + nHf3-52 

(7.12) = c[-n LA;+ (L Ai)2] + L Ai · L J\I-(L J\;)2 
1 � 2 = 2: 0 ( -c + AiAj)(J\i- Aj) . 

According to (1.10),(1.21) and (7.12) we get 

�65= LhTjk+c(nS-n2H2)-nH]J+S2 

= L hTjk +� Lee-A;Aj)(A;-Aj)2 
(7.13) 

From (7.6) we see that the Ricci curvature of M is bounded from below by (n - 1)c-n2.Jl2
• 

Setting F := (S +a)-� for any fixed positive number a, we see -F < 0 and a similar 

technique as developed in the proof of Theorem 7.1 shows that there exists for a decreasing 

sequence {c:m} of positive numbers converging to zero a sequence {Pm} of points on M 

such that 

(7.14) 

(7.15) 

(7 .16) 

lim F(pm) := Fo = inf F, m-+oo M 

lim S(pm) =supS, m-+oo M 

1 4 2 2F(pm) �S(pm) < 3cm - cmF(pm)· 

46 



The right hand side of (7.16) converges to zero since F is bounded. From assumption for 
the sectional curvature we have J{(ei, ej) = c- .A)\j � 0, and (7.13) implies that 

(7.17) 

For a sufficiently small positive E. there is a number m0 such that 

(7.18) for all m >mo. 

On the other hand { F(pm)} is bounded from below by a positive constant. In fact we have 
j4S- Ji = � � .A;.A}(.Ai - Aj)2 � 0 and j4- S2 =- �j:;tk(AjAk)2:::; 0. Hence we have 

-S� :::; j3 :::; S�. Thus (7.13) implies that 

The above inequality together with (7.18) yields 

Therefore the sequence { S(pm)} is bounded from above. From the above facts we get 

(7.19) lim llS(pm) = 0. m--+oo 

Thus (7.17) and (7.19) imply 

(7.20) for all distinct indices i and j. 

Now the following Assertions (1) and (2) will be derived from (7.20) : 

(1) For every j the sequence {.Aj(Pm)} is bounded. 
(2) For every distinct indices i and j there exists a subsequence {Pk} of {Pm} such 

that limk--+oo( Ai - A j )(Pk) = 0. 

The assertion (1) is clear from { S(pm)} being bounded. 
For the proof of the second assertion we set am:= (c-Ai Aj)(Pm) and bm := (.Ai-Aj)(Pm)· 

Both of the sequences {am} and {bm} are bounded from Assertion (1). (7.20) means that 
the sequence { ambm} converges to zero. 

Suppose in the first place that there is a subsequence {Pk} of {Pm }such that { ak} 
converges to a non-zero a. Then limk--+oo bk = 0. 

Suppose finally that there is a subsequenc {Pk} such that limk--+oo ak = 0. An induc­
tive argument is employed here. Suppose that the sequence {.A1.A2(Pk)} converges to c. 
Since { .A1 (Pk)} is bounded, the limit .Ar of its converging subsequence is non-zero because 
lim .Al.A2(Pk) = c =1- 0. Because .A! =1- 0, we have 

J.A;J·J.A2(pk)- {*I:::; J.A2(pk)J·I .AI(Pk) - .A�I + J.Al.A2(Pk)- cJ----7 0, 
l 
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and hence { .A2(Pk)} tends to ;...
c
· =: ..\2. As a consequence two limits have the same sign. We 
1 

may assume without loss of generality that they are positive. From our assumption for the 
multiplicity of each principal curvature and for the sectional curvature of M it follows that 

c- ..\1 (Pk)2 � 0 and c- .A2(Pk)2 � 0, and hence 0 < .Ar, ..\2 ::; �· From what is supposed 
we see that limk_.oo .Ar(Pk) = limk_.oo .A2(Pk) = .JC, and hence limk_.oo(.A1- .A2)(pk) = 0. 

The same argument holds for ..\1 and ..\3. The iteration of this procedure completes th 
proof of assertion (2) in this case. 

We now continue the proof of Theorem 7.2. Now the inequality 

2 2 
1 

L
( 2 nS- n H = - .A· - .A·) > 0 

2 1 J -

implies that S is bounded from below by nH2, and from Assertion (2) we see that 

lim S(pk) = nH2 = inf S. 
k--'-00 111 

This and (7.15) imply that sup M S = inf M S = nH2, and hence S = nH2. Thus Jvf is 
totally umbilical and the proof of Theorem 7.2 is complete. 

Remark 7. 3. For constants c1 < 0, c2 > 0 and c > 0 with .1... + .1... = l and for k c1 c2 c 

1, ... 'n -1, a hyperbolic cylinder Hk(c1) X sn-k(c2) is introduced in [1] as follows: 

Hk(c1) X sn-k(c2) 

= {(x, y) E s�+1(c) c R�+1 X Rn-k+1; lxl2 = -�, IYI2 = � }. 
C1 C2 

We see that H1(c1) X sn-1(c2) has two principal curvatures with multiplicities n-1 and 
1 and is not totally umbilical. Therefore the assumption on the principal curvatures in 
Theorem 7.2 cannot be omitted. 

Remark 1.4. A hypersurface of a Minkowski space R�+1 is said to be entire if it is expressed 
as the graph of a function defined over the whole Rn. Cheng and Yau proved in [21] that 
the Ricci curvature of every space-like entire hypersurface with constant mean curvature 
in R�+1 is nonpositive everywhere. Stumbles [46] and Treibergs [4 7] showed that there 
are many entire space-like hypersurfaces of R�+1 with constant mean curvature which are 
different from hyperboloids. 

Remark 1. 5. In [34] Milnor investigated surfaces of Minkowski 3-space on which the mean 
curvature H and Gaussian curvature ]( are linearly related. She showed that if a space-like 
surface in Ri has the property that a+ (JH + rl( = 0 for some constants a, (3, 1 with 
(32 =f. 4a{, then it is an equidistant surface from some surface whose n1ean curvature or 
Gaussian curvature is constant. 

Now we shall study complete space-like hypersurfaces of nonnegative sectional curvature 
in a de Sitter space with the property that 

r = kH, 

where k is a nonnegative constant and r the scalar curvature of M. 
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Theorem 7.3. (see {12}) Let M be a complete space-like hypersurface with nonnegative 
sectional curvature in the de Sitter space s�+1( c) of constant curvature c > 0. If H attains 
its maximum at some point on M and if 

r = kH, 

then M is isometric to Rn or the sphere Sn( c1) of constant curvature c1 E ( 0, c). 

Theorem 7.4. (see {12}) Let M be a complete space-like hypersurface with nonnegative 
sectional curvature in the de Sitter space s�+1(c) of constant curvature c > 0. If 

r = kH, 

for a constant k � 0 and if the multiplicity of each principal curvature is greater than one 
at every point on M, then M is isometric toRn or the sphere Sn( c1) of constant curvature 
c1 E (0, c). 

Two propositions are needed for the proof of the above theorems. For a smooth function 

f defined on M let Of be the operator Of := �( nH Dij - hij )fij. 

Proposition 7.5. Let M be a space-like hypersurface with nonnegative sectional curva­
ture in s�+1(c). If for a positive constant k, 

r = kH 

is satisfied, then the operator 

(7.21) 
k 

L = 0 + -6. 
2n 

is elliptic. In particular we have r > 0. 

Proof of Proposition 7. 5. r � 0 follows from the assumption for the sectional curvature. 

By choosing as before an orthonormal local frame field around an arbitrary fixed point on 

M, we have 

(7.22) 

(7.23) 

r=n(n-l)c-n2H2+ L >..I ,  

L AI= kH + n2 H2-n(n-l)c. 

From above relations we derive r > 0. In fact, suppose that there is a point at which r = 0, 
then the assumption implies H = 0 (by k > 0). From (7.22) we see � >.. ; + n(n -l)c = 0. 
This is a contradiction, and hence r > 0 and H > 0. 
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Next, for every i we have 

(7.24) 

Proposition 7.6. Let M be a complete Riemannian manifold with nonnegative sectional 
curvature. Let f be a C2-function on M which is bounded from above. Then there exists 
a sequence {Pm} of points on M such that 

(7.25) 

(7.26) 

lim f(Pm) =sup f, lim IV f(Pm)l = 0, m----+oo M m----+oo 

lim sup Lf(Pm) � 0. 
m----+oo 

Proof. Theorem 0 states that there exists a sequence {Pm} of points on M satisfying (7.25) 
and lim supm----+oo \7 i \7 if(Pm) � 0 holds for every i. Setting 

we see that bi � 0 is bounded, and hence { bi(Pm)} is convergent (by taking a subsequence 
if necessary ) . This proves (7.26). 

Proof of Theorem 7.3. Since the sectional curvature of M is nonnegative, we haver � 0. 
If k = 0, then r = 0, and hence M is flat and hij = y'cbij. 
If k > 0, then L is elliptic by Proposition 7.5, and we have r > 0 , H > 0 and 

(7.27) �n21'1H2 = n2IVHI2 + n2HL'-.H. 

On the other hand, from (1.10),(1.21) and (7.12) we get 

(7.28) 1 2 2 1 
L 2 1 

-n 6H =-6 h··--6r 
2 2 l) 2 

= L h�jk + L hijt-.h,j-�t-.r 
� 2 � 1� 2 1 

= 0 hijk + n 0 >.iHii + 2 6(>-i-Aj) ( c- AiAj)- 26r, 
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and 

(7.29) 

From (7.22) and r = kH we have 

(7.30) k\l·H--2n2 H\l·H + 2 � hk ·hk · · 1 - 1 0 J ]1) 

(7 . 31) (� + n2 H)2I'VHI2 <::: L hfj · L hiji· 

Thus from (7.29) and (7.31) we have 

n L h;i LH 2 [( � + n2 H? - n2 L h;j)l\7 Hl2 + � L h;i L(.\;-.\j)2( c- .\;.\j) 
k2 1 (7.32) = [4 + n3(n- 1)c]jV Hj2 + 2 L hij L(Ai-Aj)2(c-AiAj) 

� 0. 

Because Lis elliptic and H attains its maximum, we conclude by (7.32) that His constant. 
This proves Theorem 7. 3. 
Proof of Theorem 7.4. Since the sectional curvature of M is nonnegative, c-AiAj � 0 for 

every i =f. j. Since the multiplicity of the principal curvature at each point of M is gTeater 

than one, we see that c- A; � 0 for all i, and hence both H and L AI are bounded. 
If k = 0, then r = 0 and M is fiat. 

If k > 0, then L is elliptic and (7.32) implies that 

(7.33) 
(7.34) lim H(pm) = sup H. 

m--+oo M 

By a similar technique as developed in the proof of Theorem 7.2, we have 

(7.35) 

From (7.23) and (7.34) we obtain 

(7.36) sup L hij = k sup H + n 2 sup H2 -n( n - 1 )c. 
M M M 
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On the other hand we see 

(7.37) 

Thus (7.35) and (7.37) imply 

(7.38) 

Since L h;j- nH2 = kH + n(n-l)H2- n(n-l)c, we have from (7.38) 

kinf H + n(n- l ) (inf H)2- n(n-l)c = 0. 
M M 

Thus we have 

It follows from (7.36) and sup L h;j = n sup H2, we observe that 

and hence 

-k + Jk 2 + 4n2(n-1)2c 
supH = 

, 

M 2n(n-1) 

inf H =sup H. 
M M 

Thus H is constant and Theorem 7.2 concludes the proof of Theorem 7.4. 
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§8. Complete space-like subn1anifolds in a de Sitter space 

A complete space-like hypersurface of a Minkowski space R�+1 possesses a remarkable 

Bernstein property in the maximal case. Namely, the mean curvature of such a hypersur­

face is identically zero, for details see Calabi [7) and Cheng,S.Y-Yau [21). As a study of the 

Bernstein property, Ishihara discussed in (29) complete space-like maximal submanifolds 

under certain conditions. It was proved that if cis nonnegative, then M is totally geodesic. 

The Bernstein type property was studied by Nishikawa in [37] from a different point of 

view. K.Milnor in [33) and Yamada in (48) gave a characterization of the hyperboloid cylin­

der in R�. Recently, Akutagawa [2) and Ramanathan [44] investigated complete space-like 

hypersurfaces of a de Sitter space 5�+1 with constant mean curvature. They proved the 

following 

Theore1n AR. A complete space-like hypersurface of a de Sitter space s�+1(c) with 

constant mean curvature is totally umbilical if the following conditions are satisfied : 

(8.1) 

(8.2) 

n2H2�4c 

n2H2<4(n-1)c 

when n = 2, 

when n 2:: 3. 

In this section we generalize a result obtained independently by Akutagawa and Ra­

manathan to higher codimensions. It was independently shown by Akutagawa and Ra­

manathan and show that the condition (8.1) is optimal. We observe from the following 

example that condition (8.2) is also optimal. 

Let c1, c
2 

be constants such that 

c1 := (2- n)c, 
n-2 

C
2 

:= -- · C 
n-1 

and consider a hyperbolic cylinder in s�+1(c) given by 

H1 ( c1) X sn-1( c
2
) 

- {( ) sn+1( ) Rn+2- R2 Rn I 12-
1 I 12- 1 } - x, y E 1 c c 1 - 1 X ' X - --, y - -

c1 c2 

We see that the above is a complete space-like hypersurface of a de Sitter space s�+1(c) 
with constant mean curvature. This is not totally umbilical and satisfies n 2 H2 = 4( n-1 )c 

when n 2:: 3. 

We shall prove the following 

Theore1n 8.1. (see {13}) Let M be a complete space-like submanifold of dimension n in 

s;+P( c) with parallel mean curvature vector. M is totally umbilical if (8.1) and (8.2) are 

satisfied. 

Proof. From (1.10) and (1.21) we get 

(8.3) 

6.h0· = L hkkij + nch0-c L hkkDij + L hkmh�kh� 

-2 L h�kh�jh�k + L h�ih�kh�j- L h�ih�jh�k + L hfmh�kh�i· 
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Since the mean curvature vector is parallel H is constant. 

If H = 0, then we see from a result in [29] that M is totally geodesic. 

It H #- 0, then we choose en+l to be the mean curvature vector, e.g., h = H · en+l· We 

then have 

(8.4) 
(8.5) 
(8.6) 

W,B,n+l = 0, 
Ha Hn+l 

= Hn+l Ha ' 
trace Hn+l 

= nH, trace Ha = 0, a 
#- n + 1, 

where Ha denotes the matrix ( hfJ ) . By setting 

(8.7) 

we have 

(8.8) 

(8.9) 

(8.10) 
(8.11) 

Q hQ 7ij = ij' 

IPI2 = trace(p ) 2 
= L I-L;j = trace(Hn+1)2- nH2, 

ITI2 = L trace(T.B ) 2 
= L (T�)2 = L (hf;)2, 

,B�n+l ,B�n+l ,B�n+l 
trace J-L = 0, trace(T.B ) = 0, f3 # n + 1, 

S = IPI2 + ITI2 + nH2. 

From the above relations we see that IPI2 and ITI2 are independent of the choice of local 

frame fields and globally defined scalars on M. 

A submanifold is said to be pseudo umbilical if it is umbilical with respect to the mean 

curvature vector, i.e., h7J+1 = H8ij holds at every point on M. From (8.7) to (8.11) we 

see that M is pseudo umbilical if and only if IJ-L 12 = 0 and totally umbilical if and only if 

ITI2 = 0. Making use of Hn+l H.B = H.B Hn+l, we see that 

(8.12) 

(8.13) 

�hf; = nchf;· + L hrmh�khf;- 2 L hc:nkh�1h�k 
+ L hc:nih�khf1- nH L hc:nih��l + L hjmh�khfi, a # n + 1. 

��� 12 = �(h r:�1)2 + �(h r:�1)2 _ n2 H2 + � h n+1 h.B hf!.h r:�1 
2 J-L � t]k nc � l

) 
c � mk mk l) l) 

-2 � hn+Ih.B .hi! h"!�1 + � h"!+1h.B h.B .hn.+l- nH � hn-f:lhn�1h"!.+1 + � h1�+1h.B h.B.h"!�1 
� mk m] tk t) � tm mk k] t) � mt mJ l) � J m mk kt t) 

(8.14) 

= L(h;j11)2 + nc L(h0·+1)2- n2cH2- nHtrace (Hn+1)3 

+ L trace (Hn+l H.B)2 + [trace (Hn+l )2]2, 
,B:;in+l 
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and 

(8.15) 

1 
- 6 lrl2 

= 
� (r CX.  .)2 + nclrl2 + � h

a 
hf3 h�-h�-

2 � t]k � km mk t) t) 
a�n+l a�n+l 

- 2 � h
a 

h
{3 

-h� h�- + � h
a 

·h
{3 

h
{3 

h�-� km mJ tk l) � mt mk kj t) 

a�n+l a�n+l 

- nH L hc:nihiJhr:nj1 + L h}mh�khfih0·· 

a�n+l a�n+l 

On the other hand we have 

(8.16) 

It follows from (8.14) and (8.16) that 

(8.17) �6 1 11 12 
?: 1 11 12 [1 11 12 

+ nc- nH2] - nHtrace (11 )3 

Since trace fJ = 0, we apply Sublemma to the eigenvalues of fJ to obtain 

(8.18) 

Therefore we have 

(8.19) 

From (1 . 13) we see that the Ricci curvature of M is bounded from below. Setting 

we see that F is bounded. Since M is space-like we apply Theorem Y-1 to F and using 
the same technique as developed in the proof of Theorem 7.1, we obtain 

sup I�L I2 [sup I�LI2- (n- 2){n(n- 1) }  -�niHI· sup IILI + nc- nH2] � 0. 
M M M 

Now, in the case where n = 2 and H2 :::; c, the above inequality implies that supM I�L I2 
= 0, 

and hence M is pseudo umbilical. Thus the proof in this case is complete. We proceed 
the proof of Theorem 8.1 in the case where n � 3 and n 2 H2 < 4( n - 1 ) c. We then have 

I�-L I2 = 0, and hence M is pseudo umbilical. From this property and (8.15) we have 

(8.20) 

�6 l rl2 
= L ( r;jk)2 + L [trace (H" H 13)F + ( nc- nH2)Irl2 

a�n+l a,{3�n+l 

- 2 L hc:nkh�1hfkh0 

a,{3�n+l 

+ L hc:nih�khfjh0 + L hfmh�khfih0·· 

a,{3�n+l a,{3�n+1 
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Setting Sa,f3 := Li,j hf1h� for a,{3 -/= n + 1, we observe that (Sa,f3) is a symmetric 

(p-1) x (p-1 )-matrix, which can be diagonalized at an arbitrary fixed point by choosing 
a suitable normal frame { en+2, ... , en+p}. By setting 

we have ITI2 = La�n+1 Sa. 
For a matrix A = (aij) we define N(A) :=trace (At A). We then get from (8.20) 

From Lemma 1 in [22] we get 

Setting a1 and a2 by 

we have 

This implies that 

Thus we have 

a<f3 ,a,{3�n+ 1 

L s; = (p -1) (J i + (p -1) (p -2) ( (J i - (J 2), 
a�n+1 

a<f3 ,a,{3�n+1 

1 1 
-6.ITI2 � (nc- nH2)1TI2 + 

-- ITI4· 
2 p-1 

A similar argument as before implies that ITI2 = 0, and therefore M is totally umbilical. 
Thus the proof of Theorem 8.1 is complete. 

Remark 8.1. As was pointed out by Akutagawa [2] and Ramanathan [44] the condition 
(8.1) in the case of n = 2 is optimal. We observe from the hyperbolic cylinder H1(c1) x 

sn-1( c2) as stated in the previous section that the condition (8.2) is also best possible in 
the case of general dimensions. 
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