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Chapter 1

Introduction

1.1 Background

In recent years there has been a growing interest to the motion planning and control of un-

deractuated mechanical systems [2–5]. These systems have fewer independent actuators

than the number of degrees of freedom. The need for analysis and control of underactu-

ated mechanical systems arises in many practical applications that include the use of ships,

underwater vehicles, helicopters, aircraft, satellites, space platforms,mobile robots, flexible

joint robots, hyper-redundant and snake-like manipulator, walking robots, capsule robots,

and hybrid machines [2–5].

The underactuated systems are superior to the fully actuated systems in terms of energy

saving, cost reduction, weight reduction, and system flexibility. Also, the simple structure

of underactuated system facilitates overall kinetic analysis and planning. At the same time,

due to the high nonlinearity of the system, the underactuated system is complex enough

to verify the effectiveness of various algorithms. In the practical implementation, a fully

actuated system, when part of the driving mechanism fails, may become an underactuated

system, and the control algorithm developed for underactuated systems can play a role of

fault-tolerant control.

Despite these merits, from the perspective of control theory, the limitation of the input

for the underactuated system leads to challenging planning and control problems: the un-
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deractuated portion of the system dynamics forms a nonholonomic constraint between the

output variables. The planned and the controlled trajectories for these variables need to

respect this constraint.

This thesis seeks to provide motion planning and control methods for a class of under-

actuated systems. Before tackling this generic problem, I first start from a specific type of

underactuated system, the spherical rolling robot, to demonstrate the features of underactu-

ated systems, as well as the corresponding difficulties in the motion planning and control.

Then, based on the study of this specific problem, I extend our methods to more generic

problems, motion planning and control for a class of underactuated systems. The detailed

introductions for each topic (spherical rolling robot, motion planning and control for under-

actuated systems) are as follows.

1.1.1 Spherical rolling robots

Spherical rolling robots are a special type of mobile robots, the image of which can be

seen in many recent movies, such the Star Wars and the Jurassic World. Different from the

vast majority of mobile robots that either have legs or exploit conventional multiple wheels,

the spherical rolling robots, considered as single wheel vehicles, represent a new type of

mechanical systems demonstrating rich and intriguing dynamics.

The first self-propelled spherical robot can be traced back to the 1900s. The rolling robot

was driven by a gyroscope inside and the dynamic model was verified under experiments.

However, the main issue of the study on the spherical robot is the integrability of motion

equations, and no notion of control is involved in the analysis. Only in the last two decades

there appeared studies in the control area on problems of motion planning and trajectory

tracking of spherical robot. Meanwhile, rolling robots have also been introduced to appli-

cations such as surveillance, inspection, guarding, and disaster mitigation. Robotic toys for

the education, sport and entertainment industries are also in this group.

Motivations behind the research and applications are the advantages of spherical rolling

robots compared other types of mobile robots. The advantages of spherical rolling robots can

be seen from the following aspects. First is their omnidirectional mobility. They can rotate

along any desired direction. This ability enables spherical robots to pass around obstacles in
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minimum effort. Second is its geometric symmetry. This characteristic endows the spherical

robot with the robustness that it can start or stop at any position and will never fall down or

be turned upside down as other mobile robot such as wheeled robot or legged robot do. Also

it should be noted that all the devices of the spherical robot are covered by its outer shell.

Therefore its driving mechanisms and its sensors are very well protected when rotating,

bouncing or working under special condition such as uneven terrain or under water.

Encouraged by these advantages, many designs of spherical robots have been proposed.

Based on the actuating schemes the spherical rolling robot can be classified into the wheel-

driven type [6–8], the rotor-driven type [9–11], the pendulum-driven type [12–14] and de-

formable type [15–17].

For the inner wheel driven type shown in Fig. 1.1, the power that enables the robot

to move is transmitted from the driving wheels to the outer shell through the friction on the

contact points. However, the friction force between wheels and shell is affected dramatically

under high acceleration that causes inaccuracy in control.

Figure 1.1: Inner-wheel-driven rolling robot

For spherical robot with deformable shape shown in Fig. 1.2, the motion of robot relies

on transformation of its outer body. This can be achieved by deformation of the encom-

passing shell, or having environmental elements, such as wind or water, act on the body

itself. However due to the complexity of the driving mechanism and difficulty of modelling,

accurate motion planning and control are far from completed.

For the rotor-driven type shown in Fig. 1.3, by spinning the rotors about axis fixed in the

spherical shell, the laws of conservation of angular momentum can be used to control the

3



Figure 1.2: Deformable type rolling robot

movement of the robot. Under a proper placement of the rotors the center of mass of the

composite system is at the geometric center of the sphere and, as a result, the gravity does

not enter the motion equations. This facilitates the dynamic analysis and the design of the

control system. However it should be noted that there exist certain types of motion that can

not be realized by this driving mechanism.

Figure 1.3: Rotor-driven rolling robot

For the pendulum driven type shown in Fig. 1.4, consider the robot resting in equilibrium

when pendulum is pointed to the ground. By swinging the pendulum, the mass distribution

of the ball-pendulum will be shifted, causing the ball to roll to a new position of equilibrium.

With proper timing and control, the robot can move smoothly along a given path.

While the motions of spherical rolling robots appear to be aesthetically beautiful, it is

far from being clear how these motions can be planned and controlled in the full state space
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Figure 1.4: Pendulum-driven rolling robot

(including the orientation of the vehicle) if the dynamics of the actuators must be taken into

account. Answering this question is very important for the construction of intelligent control

systems for rolling robots.

1.1.2 Motion planning for underactuated systems

One of the important problems in the control of underactuated systems is the construction

of motion planning algorithms. Typically, the motion planning problem requires to steer the

system from an initial state to a given final state. Different from the fully-actuated systems,

for underactuated systems, the underactuation feature forms a nonholonomic constraint be-

tween the configuration variables. This constraint makes the motion planning problem chal-

lenging due to that the generated motion trajectory needs to respect the constraint.

Due to the fact that underactuated systems are not invertible, like fully actuated systems,

several approaches have been proposed, aiming at the approximate inversion. Such motion

planning techniques include the nilpotent approximation [18], and a small amplitude and

oscillatory control based method [19,20]. Other than the approximation techniques, several

directions have been explored focusing on the simplification of motion equations. In [21]

the geometric mechanics are utilized to reduce the dynamics of a system so that it can be

represented as a kinematic system. In [22] the partial feedback linearization is first applied

and then a concept of natural motion is utilized to generated desired motion trajectories.

Two more approaches are presented for underactuated multibody systems in [23] based on
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the nonlinear coordinate transformation and the servo-constraints, respectively. Instead of

approximation, other methods have been proposed for systems with special features such as

the differential flatness [24, 25].

Despite the achievements, motion planning techniques proposed in the literature are

usually computationally expensive and thus, cannot be run in real-time on robots. Fast

approaches have rarely been explored, even for planar underactuated systems. The planar

underactuated systems can be classified into two types: base-fixed type and the base-free

type. The base-fixed systems are those with one or more portions of the systems fixed on

the ground, such as the serial robot with passive joints. Motion planning problem for this

type of systems is studied in the literature [26–30]. On the other hand, the base-free type

is underactuated systems whose position and orientation can be steered freely by internal

shape change. It includes the cart-pole system, the planar ballbot system [31] and the hoop-

pendulum system [32]. For this type of systems, which also refers to the shape-accelerated

mobile robots [31,33,34], very few works on the motion planning problem exist, except for

the optimal control formulation which may result to heavy computational cost. In this thesis,

I propose a motion planning algorithm that provides near-optimal system performance but

with less computational cost. The proposed algorithm works on a class of underactuated

systems that are partially differentially flat [34].

1.1.3 Control of underactuated systems

In the literature, a great number of works on the control of underactuated mechanical sys-

tems have been proposed. Among them the most popular control methods are energy shap-

ing [2, 36–38], partial linearization [39–41] and sliding mode control [42–47]. A review

of control methods for the underactuated mechanical systems can be seen in [48]. Despite

of the accomplishment however, the control of the underactuated systems is still an active

research area due to that not all underactuated systems are well controlled with the above

methods. Take the instance of the nonholonomic system, a special type of underactuated

system which features the nonholonomic constraints.

The proposed methods have certain requirements on some special features of mechanical

systems and often are not feasible for those systems that fail to satisfy the requirements.
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Instead of classifying the systems by their features and developing corresponding techniques

to tackle the control problem, I intend to propose a more generic method that works on a

wide class of mechanical systems. This constitutes the main goal of this research.

For control systems with equal number of inputs and states, the control matrix that

weights the system inputs, is square such that a state feedback law is easily defined. How-

ever in most cases, the control matrix for mechanical systems represented in the state space

form, is not square due to that the number of inputs and of states are not always matched.

These systems refer to the non-square systems. In this paper, I place emphasis on a class of

non-square systems where number of inputs is less than that of states.

The control problem for non-square systems is difficult because the control matrix is not

invertible. The most straightforward way is to square the system by applying the pseudo

inverse. However, the idea of using the pseudo inverse is to approximate the original non-

square system by a square system, and the performance of this approximation requires cer-

tain properties of the pseudo inverse. These properties of the pseudo inverse for its appli-

cation on the control problems of non-square system are studied by [49]. Other studies on

the control problem of non-square systems either apply fuzzy control [50] or are only suit-

able under certain situations [51, 52]. In this paper, I propose an exact control algorithm

for systems expressed by non-square state space form. The control algorithm is constructed

based on the function approximation technique, inspired by its application on the adaptive

control [53–56].

1.2 Major achievements

Corresponding to the three topics of my research (spherical robots, motion planning and

control for underactuated systems), the major achievements can be summarized as follows.

Firstly, I proposed a motion planning and a control algorithms for spherical rolling robots.

Secondly, I extended the proposed motion planning algorithm, based on a geometric phase

approach, to a class of underactuated systems, which I call the base-free systems. Thirdly,

similar to motion planning, I extended the proposed control algorithm, based on the function

approximation technique (FAT), to non-square systems, a broader class of underactuated
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systems. In what follows, these achievements are illustrated respectively, in details.

1.2.1 Dynamic motion planning and control for a class of spherical
rolling robots

A virtual constraint based decoupling algorithm was first proposed which reduced a rest-

to-rest motion planning problem for ball-pendulum system to that for the hoop-pendulum

system, a planar case of the ball-pendulum. The reduced planning problem could be solved

through optimal control formulation seeking for minimum effort. However the optimal

control based motion planning may be sensitive to the given boundary conditions and may

lead to a heavy computational cost. Instead of optimal control formulation, I proposed a

geometric phase based motion planning algorithm which provides similar results compared

with the optimal control formulation but with less computational cost, and thus more suitable

for realtime applications.

For the dynamic control problem, an adaptive trajectory tracking controller for the ball-

pendulum system was constructed under a backstepping framework. The backstepping pro-

cess combined two steps. A feedback velocity control input, denoted by angular velocity

of the spherical shell, was first designed for the kinematic steering system. Then the spe-

cific robot dynamics were taken into account to convert a steering command into control

torques acting on the pendulum. Noting that in either step, the subsystem to be controlled

is underactuated, I proposed an FAT based controller and tested it under simulations. The

proposed FAT based controller was proved to be adaptive to time varying uncertainties such

as un-modeled system dynamics and external perturbations.

1.2.2 Geometric phase based motion planning for the base-free systems

A rest-to-rest motion planning problem was studied for a class of underactuated systems.

I first classified the planar underactuated systems into two types. One is the base-fixed

systems that one or more portions of the systems are fixed on the ground, including the serial

robot with passive joints. The other is the base-free type whose position and orientation can

be steered freely by internal shape change, such as the cart-pole system, the ballbot system
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and the hoop-pendulum system. A geometric phase based motion planning algorithm was

proposed for the base-free type systems.

After the partial feedback linearization, this type of systems are commonly partially

differentially flat and the base variable is the flat output. That is, the derivatives of the fiber

variable of these systems can be represented purely by the base variable and its derivatives.

It leads to a property that the linearized model of these systems is the n-th order integrator.

Based on this property, the motion planning algorithm has been constructed as follows.

First, the derivative of Beta-function weighted by a constant parameter was selected

as a candidate for the base variable due to that it is shown to be the optimal solution for

the linearized system. Its feasibility was proved by showing that the corresponding fiber

variable can satisfy the given boundary conditions. Finally the parameter of the derivative

of Beta-function was adjusted such that a desired shift for the fiber variable can be obtained.

Under the proposed motion planning algorithm, rest-to-rest trajectories for the configuration

variables were generated with similar system performance but with less computational cost,

compared with the optimal control formulation.

1.2.3 Function approximation technique based control for non-square
systems

A generic control method has been proposed for the non-square systems where the num-

ber of system inputs is not equal to that of the states. Note that non-square systems are a

broader class of underactuated systems. By introducing an auxiliary input the dimension of

which equals that of the system state, the non-square system was restructured in the form of

the combination of a square system and the variation from the original non-square system,

which is treated as system uncertainties.

In the control process, the uncertainty term was replaced by its approximation as a cho-

sen basis function weighted by constant parameters to be determined. These unknown plant

parameters were estimated at each instant, denoted by the adjustable control parameters us-

ing a defined update law. Thus the influence to the control process caused by the variation

between the auxiliary square system and the original non-square system can be eliminated.

The asymptotic stability was established for the closed loop system formulated by the
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non-square system and the constructed controller. The feasibility of the proposed control

method was verified under simulations for the point stabilization problem of a linear system,

a nonlinear underactuated system, and a nonholonomic system, respectively.

1.3 Organization

The rest of this dissertation is organized as follows. Chapter 2 provides the motion planning

and trajectory tracking control algorithms for the ball-pendulum system. Chapter 3 presents

a geometric phase based motion planning algorithm for a class of underactuated systems,

the base-free systems. Chapter 4 proposes a function approximation technique based control

method for non-square systems. Chapter 5 provides concluding remarks and future plan.
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Chapter 2

Spherical rolling robot

2.1 Background

In recent years there has been a growing interest to the study of spherical rolling robot.

Different from the vast majority of mobile robots that either have legs or exploit conventional

multiple wheels, the rolling robots, considered as single wheel vehicles, represent a new

type of mechanical systems demonstrating rich and intriguing dynamics. Compared with

traditional mobile robots, spherical rolling robots are geometrically symmetric (cannot be

turned upside down), omnidirectional and more robust (all devices are covered by a solid

outer shell, including driving unit, sensors, etc.).

Encouraged by these advantages, many designs of spherical robots have been proposed.

Based on the actuating schemes the spherical rolling robot can be classified into the wheel-

driven type [6–8], the rotor-driven type [9–11], the pendulum-driven type [12–14] and de-

formable type [15–17]. My work is related to the pendulum-driven type. We study a class

of spherical rolling robots driven by a 2DOF pendulum, which we call the ball-pendulum

systems. The ball-pendulum system is selected due to the following reasons. Firstly, the

driven mechanism is simple. Secondly, this type of diving mechanism can realize motion of

the sphere along any shape of smooth contact curves. Thirdly, the control for this type of

spherical robot is still an open problem.

One of the important research problems for control of mobile robot is to steer the robot

11



from an initial configuration to the final configuration. For the spherical rolling robot we

need not only to steer the position of the sphere but also the orientation of the sphere. The

control for the orientation is important when it is necessary to attach some devices such as

sensors or camera in or out of the shell, or when it is required to know where the robot is

heading. The steering problem seems to be a normal point to point stabilization problem

which can be solved by constructing a continuous feedback. However, spherical rolling

robots are special because it is a nonholonomic system. According to the Brockett theory

[57], there exists no continuous feedback for local asymptotic stabilization of an equilibrium

point. Instead of apply direct feedback methods, we plan to solve the steering problem step

by step.

The main process is as followed. One can first design a path on the ground, connecting

the start and the goal configurations of the spherical shell, by using conventional kinematic

planners [71–75]. With a given feasible path, one can plan the motion trajectories for both

the orientation and the position of the sphere when it is tracing this path. This step is called

motion planning. In the real application however, the actual motion of the ball-pendulum

system may deviate from the desired trajectory due to unexpected disturbances such as the

friction or uneven terrain. To deal with this problem, one needs to construct a feedback

control law such that the actual motion of the spherical rolling robot will converge to the

desired. We call this step the trajectory tracking. Through these two steps, one can steer the

ball-pendulum system from initial to final configurations in a rest-to-rest mode even under

perturbations.

The rest of this chapter is organized as follows. In Section 2.2, one provides the contact

kinematics and dynamic model for the ball-pendulum system. In Section 2.3, a motion plan-

ning algorithm is proposed that enables the spherical robot to trace given contact path on the

ground in a rest-to-rest mode. In Section 2.4, a feedback control method is developed such

that the actual motion trajectory of the ball-pendulum system can converge to the trajectory

designed in Section 2.3 under perturbation. Finally, a summary is given in Section 2.5.
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2.2 Mathematical Model
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Figure 2.1: Ball-pendulum system formalization.

Consider a rolling robot composed of a homogenous spherical shell actuated by a pen-

dulum. It is assumed that the pendulum is mounted at the geometric center of the shell as

shown in Fig. 2.1 and is actuated by two motors.

To describe the contact kinematics, we introduce the following coordinate frames: Σo is

a frame fixed at the geometric center of the sphere, Σb is a frame fixed at the contact plane.

In addition, at the contact point we introduce the contact frame of the object Σco, and the

contact frame of the plane, Σcb, which is parallel to Σb.

The contact coordinates are given by the angles uo and vo, describing the contact point

on the sphere, and ub and vb, describing the contact point on the plane, and by the contact

angle ψ which is defined as the angle between the x-axis of Σco and Σcb
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2.2.1 Contact Kinematics

The position of the contact point on the sphere, denoted by the vector ρc and expressed in

the axis of Σo, is parameterized as

oρc=Ry(uo)Rx(vo)


0

0

−R

=R


−sinuo cos vo

sin vo

−cosuo cos vo

 , (2.1)

where R is the radius of the sphere. In this parameterization the origin is placed at the south

pole of the sphere. The parameterization defines the Gaussian frame Σco whose orientation

relative to Σo is given by the matrix oRco(uo, vo) = Ry(uo)Rx(vo)Ry(π), composed of the

elementary rotations. Note that instead of the classical Euler angles and their variations we

define the orientation of the sphere in terms of the contact coordinates uo, vo and ψ.

Let ωo = (ωx, ωy, ωz) be the angular velocity of the frame Σo, defined in projections

onto the axis of the base frame Σb. The evolution of the contact coordinates is described by

Montana’s equations [58], which in our parameterization take the following form

u̇b

v̇b

u̇o

v̇o

ψ̇


=



0 R 0

−R 0 0

− sinψ/ cos vo − cosψ/ cos vo 0

− cosψ sinψ 0

− sinψ tan vo − cosψ tan vo −1




ωx

ωy

ωz

 . (2.2)

2.2.2 Dynamic Model

In what follows, the derivation of the dynamic models will be conducted with the use of

D’Alembert’s principle. Let ro be the vector of the origin of the frame Σo (see Fig. 2.2), vo
its absolute velocity, and ωo the angular velocity of the frame Σo. The virtual displacement

of the origin of Σo is denoted by δro, and the vector of infinitesimal rotation of Σo with
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Figure 2.2: Definition of basic vectors.

respect Σb is denoted by δπo. Unless otherwise specified all the vector and tensor quantities

are assumed to be expressed in the axes of the inertial frame Σb.

The frame Σp is attached to the pendulum and its origin coincides with that of Σo. Let

ρp be the vector of the center of mass of the pendulum with respect to the frame Σo, vp its

absolute velocity, andωrel the angular velocity of the frame Σp with respect to Σo. The vector

for the infinitesimal rotation of Σp with respect to Σo is denoted by δπrel. The kinematics of

the pendulum are defined by the following relationships

δπp = δπo + δπrel, (2.3)

ωp = ωo + ωrel, (2.4)

ω̇p = ω̇o + ωo × ωrel + ω̇rel, (2.5)

vp = vo + ωp × ρp, (2.6)

v̇p = v̇o + ω̇p × ρp + ωp × (ωp × ρp). (2.7)

For system under consideration free from the rolling constraint D’Alembert’s principle

can be written down as follows [59]

δro ·
(
mo(v̇o−g)+mp(v̇p−g)

)
+δπo ·

(
Joω̇o+ωo×Joωo

)
+δπp ·

(
mpρp×(v̇o − g)+Jpω̇p+ωp×Jpωp

)
= δW, (2.8)

where g is the gravity vector, m is the mass of the spherical shell, and Jo = 2
3
mR2I its
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inertia tensor with respect to the origin of Σo, mp is the mass of the pendulum, and Jp
is the inertia tensor of the pendulum with respect to the origin of Σp. The virtual work

δW = δπrel ·M , whereM is the moment generated by the actuators.

The derivation of dynamic equations is conducted in several steps by transforming (2.8)

to independent variations. First, we transform the virtual displacement δro in (2.8) to the

point of contact, defined by the vector rc. The reason is to introduce variations of quasi-

coordinates that would vanish by virtue of the non-holonomic constraints [60,61]. Note that

rc = ro+ρc and therefore δrc = δro+δπo×ρc, where ρc is the vector emanated from the

center of mass of the sphere to the contact point. The rolling constraints, formulated in terms

of the variations of the quasi-coordinates, can be written down as δrc = 0, and therefore

δro=−δπo×ρc. (2.9)

Upon substituting (2.9) into (2.8) and transforming δπp to δπo and δπrel by using (2.3),

one obtains

δπo ·
(
Joω̇o + Jpω̇p + ωp × Jpωp − ρc × (mv̇o+mpv̇p)+mpρp × (v̇o−g)

)
+

δπrel ·
(
mpρp × (v̇o − g) + Jpω̇p + ωp × Jpωp −M

)
= 0. (2.10)

Next, we take into account the rolling constraint vo + ωo×ρc = 0 and establish the

velocity and acceleration of the spherical shell:

vo = −ωo×ρc, v̇o = −ω̇o×ρc. (2.11)

By expressing vp and v̇p in (2.6, 2.7) through, respectively, ωo, ωrel, and ω̇o, ω̇rel with the

use of (2.4, 2.5) and (2.11), one converts (2.10) to the following form

δπo ·
(
Hooω̇o +Hopω̇rel + ho

)
+ δπrel ·

(
Hpoω̇o +Hppω̇rel + hp −M

)
= 0, (2.12)
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where

Hoo = J c + Jp +mp(ρ̂pρ̂c + ρ̂cρ̂p), Hop = Jp +mpρ̂cρ̂p, Hpo = H
>
po, Hpp = Jp,

ho = ωp × Jpωp −mp

(
ρp × g + ρc × (ωp × (ωp × ρp))

)
,

hp = ωp × Jpωp − ρp ×mpg.

Here in the equations, J c = Jo − (m + mp)ρ̂cρ̂c is the inertia tensor of the rolling robot

with respect to the contact point, and by hat we denote the skew-symmetric operator such

that a×b ≡ âb.

Note that variation δπrel is not independent as the pendulum is assumed to be driven by

two actuators. The relative position of the pendulum with respect to Σo can be described

by two angles, q1 and q2, mimicing the contact coordinates uo and vo. Under this definition,

the pendulum is rotated along the axes defined (in the frame Σo) by the unit vectors e1 =

(0, 1, 0) and e2 = (cos q1, 0,− sin q1), and the orientation of Σp with respect to Σo is defined

by the matrix oRp = Ry(q1)Rx(q2).

Let q = (q1, q2) be the vector of the generalized coordinates of the pendulum and τ =

(τ1, τ2) the vector of the driving torques. The relative kinematic quantities and the moment

generated by the actuators are defined as

δπrel = Eδq, ωrel = Eq̇, ω̇rel = Eq̈ + e, M = Eτ , (2.13)

whereE = [e1|e2], and e = (e1×e2)q̇1q̇2. Now, by plugging (2.13) into (2.12) and treating

δπo and δq as the independent variations, one finally obtains the dynamic equations for the

rolling carrier and the pendulum: Hoo Hop

Hpo Hpp


 ω̇o
q̈

+

 ho
hp

 =

 0

τ

 , (2.14)
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where

Hoo = Hoo,Hop = HopE,Hpo = H>op,Hpp = E>JpE,

ho = ho +Hope,hp = hp +E>Hppe.

Note that the number of equations in the dynamic model (2.14) is minimal since the

reaction forces associated with the rolling constraint have been eliminated by reducing the

motion equations to the independent variations. By converting the dynamic equations (2.14)

to the 1st order form and combining them with the kinematic equations (2.2), one obtains the

state space model ẋ = f(x,u), with 12-dimensional state vector x = (ub, vb, uo, vo, ψ, ωx,

ωy, ωz, q1, q2, q̇1, q̇2) and 2-dimensional control input u = τ .

18



2.3 Motion Planning

Initial state

Final state

Figure 2.3: Motion planning problem.

One of the important problems in the control of spherical rolling robots is the construc-

tion of motion planning algorithms for steering the robot from an initial configuration of the

spherical shell, defined by its position and orientation, to a final one. Typically, the steering

is organized in the rest-to-rest mode. In literature, this motion planning problem is consid-

ered mostly for a ball-plate system, with the ball driven externally by two parallel plates,

and solved in kinematic formulation [71–75]. For the rolling robots actuated by internal

motors, the control system based on the kinematic planner can operate in the quasi-static

mode [10, 65, 76, 77], presuming relatively slow movements.

To realize faster and more accurate movements for the ball-pendulum system, it is nec-

essary to extend the motion planning algorithms from the kinematic to dynamic domain. A

generic way is to plan motion based on the full model which takes into account both the

kinematics and dynamics of the robot. The full model is described by twelve states and two

control inputs. It is highly nonlinear and features both the non-holonomic rolling constraint

and the gravitational drift term. As a result, only generic techniques such as optimal control
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can be employed for solving the motion planning problem. However, they come with a high

computational cost.

To avoid the difficulties of motion planning based on the full model, one can try to

decouple the problem into kinematic and dynamic stages and solve them separately. Specif-

ically, one can first design a feasible path, connecting the start and the goal configurations

of the spherical shell, by using conventional kinematic planners [71–75]. Then, one can try

to generate timing control laws, based on the dynamic model of the spherical shell and the

actuators, tracing the feasible path in rest-to-rest mode. However, the decoupling approach

does not necessarily work for all types of rolling robots and it depends on the type of ac-

tuation. For instance, it was shown that for rolling robots actuated by two rotors not any

kinematically feasible motion is dynamically realizable [78].

It should be noted that motion control in dynamic formulation was addressed in [7, 79–

82]. In [79, 82], only partial cases (rolling along a straight line or a circle) were considered.

In [7, 80], the motion of the spherical robot along complex curves was decomposed into

forwarding and turning. However, this decomposition is not accurate because the effect of

the dynamic interaction between these two basic movements was neglected in the dynamic

model. Similarly, a simplified decoupled model, ignoring dynamic interaction between ro-

tation of the sphere along the transversal and longitudinal directions, was used in [81].

In Section 2.3.1, we show that any feasible kinematic motion of the sphere, considered in

the class of pure rolling (no spinning) motion, is dynamically realizable in the ball-pendulum

system. As a result, the motion planning problem can be decomposed into kinematic and

dynamic stages. Moreover, by introducing a virtual constraint corresponding to pure rolling

mode, the dynamic model is reduced to just two equations describing motion of an under-

actuated hoop-pendulum system along the contact path. We show that the hoop-pendulum

system is controllable and this implies the controllability of the ball-pendulum system since

the sphere rolling without spinning is controllable [71]. Next, we show that the form of

the dynamic equations of the hoop-pendulum system is invariant with respect to the feasi-

ble contact path. This implies that a wide variety of kinematically feasible motions (pure

rolling movements) can be dynamically realized by a single underactuated system. To plan

rest-to-rest movements of the hoop-pendulum system, we use a geometric phase approach
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and show its connection to and comparison with the optimal control problem where the

minimum control effort is taken as the performance index.

Motion planning for the ball-pendulum system requires to steer the spherical robot from

an initial configuration to a final configuration. The problem can be stated as finding a

trajectory x(t), t ∈ [0, T ], given the start state x(0) = xs and the final state x(T ) = xf .

It is assumed that the system is at rest at the start and final configurations, i.e. ωo(0) =

ωo(T ) = 0, q̇(0) = q̇(T ) = 0. Also, since the pendulum at the rest configurations is

pointed downward, we have q1(0) = uo(0) = 0, q1(T ) = uo(T ) = 0, q2(0) = vo(0) = 0,

q2(T ) = vo(T ) = 0. This reconfiguration problem is illustrated in Fig. 2.3.

Note that the kinematic (2.2) and dynamic (2.14) models are coupled through the angular

velocity of the spherical shell ωo(t). Also note that the twelve-dimensional state space

model, obtained from (2.2,2.14), is a nonlinear control-affine system with the drift term

and two control inputs. Motion planning for such a system in the general settings can be

cumbersome and require the use of generic techniques such as optimal control.

2.3.1 Dynamic realizability

An alternative approach to the motion planning problem would be to decompose it and solve

it separately at the kinematic and dynamic levels. At the kinematic level, one constructs a

feasible path and find ωo(t) based on the kinematic model (2.2). At the dynamic level, one

finds the trajectory of the pendulum and establishes the timing control law for the actuators

tracing the kinematically feasible path.

However this decoupling approach does not always work since not any angular velocity

of the spherical shall ωo(t) is dynamically realizable. The planned trajectory for unrealiz-

able ωo(t) is invalid due to that physically unrealizable motions cannot be generated by the

driving mechanisms. As far as we know, the dynamic realizability for the ball-pendulum

system has not been addressed in the motion planning literature. In this chapter, we first de-

fine the dynamical realizability condition mathematically. Then, we propose a dynamically

realizable decoupling technique such that the motion planning problem can be decomposed

into kinematic and dynamic stages, and thus solved separately. This is the novelty of our

work in the motion planning for the ball-pendulum system.
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Referring to the dynamic model for the ball-pendulum system (2.14), if hn is a vector

parameterizing the null space of matrixHpo, one has

hn · (Hooω̇o + ho) = 0, (2.15)

which can be called the condition of dynamic realizability. Hence, the kinematical motion

of the sphere, represented by ωo(t) can be accomplished by the actuators only when the

dynamic realizability condition is satisfied.

A notable unrealizable case is when the ball-pendulum system is at rest: (ωo, q, q̇) = 0,

where the dynamic realizability condition (2.15) does not hold true unless the magnitude

of the angular acceleration of the sphere ‖ω̇o‖ or its z-axis component ω̇z equals to zero.

This can be proved by the substitution of (ωo, q, q̇) = 0 into (2.15), where the correspond-

ing hn = (0, 0, 1). Through simple calculations, one can show that the left hand side of

(2.15) equals to zero only when ‖ω̇o‖ = 0 or ω̇z = 0. For instance, a straight line motion

of the sphere, expressed by ωo = 1√
3
(1, 1, 1) sin(t), is not realizable by the 2DOF pendu-

lum in rest-to-rest mode, due to that at a rest configuration, the condition of the dynamic

realizability (2.15) is not satisfied.

Noting that instantaneous spinning ωz may lead to unrealizable motions of the spherical

carrier, we adopt only pure rolling (ωz = 0) in our motion planning algorithm. In what

follows, we show that a class of motions corresponding to pure rolling of the carrier, actuated

by a two DOF pendulum, is dynamically realizable. To show the realizability, instead of

checking the null space of matrix Hpo, we develop a dynamic model of the ball-pendulum

system, reduced by the pure rolling constraint and establish its controllability. The reduced

dynamic model is an underactuated system, a hoop-pendulum system, described by two

differential equations with single control input. It is invariant to the shape of the contact

path, and the dynamic motion planner can be constructed in a unified manner.

As a result, motion planning for the ball-pendulum system can be decoupled into kine-

matic and dynamic levels. In the kinematic level, one designs a path on the contact plane

connecting the start and the goal points, such that if the sphere rolls along this path, it can

reach the goal with a desired orientation. In the dynamic level, one constructs torques on

the pendulum, the actuator, to generate the time trajectories for the rolling motion of the
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ball-pendulum system along the designed path. The kinematic problem can be solved by

planners available in the literature [71–75], while the dynamic problem is tackled with a

decoupling based algorithm we developed, the details of which are demonstrated in the fol-

lowing sections.

2.3.2 Virtual constraint based reduction of dynamic model

Start
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Initial contact point
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Figure 2.4: Spherical robot tracing given contact path.

Assume the spherical shell rolls without spinning along a path constructed by the kine-

matic planner as shown in Fig. 2.4. Let φ be the angular distance of the center of the

sphere such that the current length of the contact path on the plane is 2πφ. Let also

n = (sin γ, cos γ, 0) be the vector normal to the contact path on the plane, where γ is

the angle between vector n and the Y -axis of the coordinate frame Σb. Since the angular

velocity of the sphere under rolling without spinning does not have z-component, the virtual

constraint corresponding to pure rolling can be formalized as

δπo = nδφ, ωo = nφ̇, ω̇o = nφ̈+ ṅφ̇. (2.16)
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Let P be the vertical plane instantaneously tangent to (moving along) the contact path

as shown in Fig. 2.4. To realize the pure rolling motion of the sphere, the center of mass of

the pendulum must (instantaneously) move in the plane P . If the pendulum is axisymmetric

with respect to the line through its center of mass, the angular velocity of the pendulum must

be directed along the normal vector n. Let θrel be the angle of rotation of the pendulum in

the plane P through the normal vector n. The virtual constraint imposed on the motion of

the pendulum can be formalized as

δπrel = nδθrel, ωrel = nθ̇rel, ω̇rel = nθ̈rel + ṅθ̇rel. (2.17)

By plugging the virtual constraints (2.16, 2.17) into (2.12) and treating δφ and δθrel as

the independent variations, one obtains two equations describing the reduced dynamics:(
n>Hoon

)
φ̈+

(
n>Hopn

)
θ̈rel + n>

(
Hooṅφ̇+Hopṅθ̇rel + ho

)
= 0, (2.18)(

n>Hpon
)
φ̈+

(
n>Hppn

)
θ̈rel + n>

(
Hpoṅφ̇+Hppṅθ̇rel + hp

)
= τθ, (2.19)

where τθ = n>M represents the control torque reduced to the coordinate θ. It is the

projection of the momentM = Eτ generated by the control torques τ onto the line through

the vector n.

Note that equation (2.18) describes motion of the rolling carrier along the given contact

path, which can be called a virtual hoop, while equation (2.19) does the motion of the

pendulum in the moving plane P . To distinguish the reduced dynamic system from the

main one, we call it the hoop-pendulum system and illustrate it by Fig. 2.5. The red dot

on the hoop is its initial contact point to the ground. One revolution of the initial contact

point implies a 2πR linear displacement for the center of the hoop. Note that at the starting

configuration (φ(0) = 0), the initial contact point touches the ground.

As shown in Appendix A, the calculation of terms in (2.18, 2.19) under the assumption

that the pendulum is a beam with uniform mass distribution yields the following represen-
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Figure 2.5: Hoop-pendulum system.

tation (
Jc + Jp − 2mpRl cos(φ+ θrel)

)
φ̈+

(
Jp −mpRl cos(φ+ θrel)

)
θ̈rel

+mpl sin(φ+ θrel)
(
R(φ̇+ θ̇rel)

2 + g
)

= 0, (2.20)(
Jp −mpRl cos(φ+ θrel)

)
φ̈+ Jpθ̈rel +mpgl sin(φ+ θrel) = τθ, (2.21)

with Jc = Jo + (m + mp)R
2 where Jo is inertia moment of the hoop with respect to the

center of the hoop, Jp is the inertia moment of the pendulum with respect to the center of the

hoop, l is the half-length of the projection of the pendulum onto the plane P , and g stands

for the gravitational acceleration.

To represent the hoop-pendulum dynamics in a more compact form, one can introduce

the angle θ = θrel + φ, defining the orientation of the pendulum with respect to the ground.

Upon transformation of motion equations (2.20, 2.21) from θrel to θ, one obtains(
Jc −mpRl cos θ

)
φ̈+

(
Jp −mpRl cos θ

)
θ̈ +mpl sin θ

(
Rθ̇2 + g

)
= 0, (2.22)

−mpRl cos θφ̈+ Jpθ̈ +mpgl sin θ = τθ. (2.23)

Three important remarks are in order.

1. Motion equations (2.22, 2.23) have already been derived in the literature (see [83, 84]

and references therein) for the case of rolling along a straight line, which is a partial
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case of pure rolling. Our derivation shows that the form (2.22, 2.23) holds true for any

contact path compatible with the assumption of pure rolling.

2. Any motion of the sphere along the contact path is dynamically realizable by the pen-

dulum (if the actuators are powerful enough), as for any φ(t) one can always find

θ(t) by solving differential equation (2.22). Therefore, motion planning for the ball-

pendulum system can be, in principle, decomposed to the kinematic (ball-plate sys-

tem) and dynamic (hoop-pendulum system) levels.

3. Motion equations (2.22, 2.23) do not feature the angle γ defining the orientation of

vector n. Thus, the form (2.22, 2.23) is invariant to the shape of the contact curve.

As a result, motion planning for the hoop-pendulum system covers a large variety of

contact paths corresponding to pure rolling in a unified way.

2.3.3 Motion planning for the reduced system

The hoop-pendulum is an underactuated system where (2.22) forms a second order non-

holonomic constraint. In planning the rest-to-rest movements for such a system, it is always

an option to make use of a generic optimal control formulation with different performance

indices. However, it comes with a higher computational cost. Instead, we employ the geo-

metric phase approach to motion planning of underactuated systems [1] in which generation

of closed-loop trajectories for base variables results in the propulsion of the fiber variables.

Note from the nonholonomic constraint (2.22) that φ̈ can be expressed by only θ and its

derivatives. Therefore, the hoop angle φ and the pendulum angle θ are treated respectively

as the fiber and base variables.

By solving (2.22) for φ̈ and plugging it in (2.23), one establishes the static feedback

control law

τθ =

(
Jp +

mpRl cos θ(Jp −mpRl cos θ)

Jc −mpRl cos θ

)
u

+mpl sin θ

(
g +

mpRl cos θ(g +Rθ̇2)

Jc −mpRl cos θ

)
, (2.24)
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transforming the hoop-pendulum dynamic equations (2.22, 2.23) to the following represen-

tation

φ̈ = −mpl sin θ(g +Rθ̇2) + (Jp −mpRl cos θ)u

Jc −mpRl cos θ
, (2.25)

θ̈ = u, (2.26)

where u is treated as a new control input. In the state-space form

ẋhp =



φ̇

−mpl sin θ(g+Rθ̇2)

Jc−mpRl cos θ

θ̇

0


+



0

−Jp−mpRl cos θ

Jc−mpRl cos θ

0

1


u, (2.27)

where xhp = (φ, φ̇, θ, θ̇). Note that the collocated feedback linearization (2.24) is defined

globally since Jc > mpRl.

Consider first small motion of the hoop-pendulum system around an equilibrium config-

uration xhp(0) or xhp(T ) where

xhp(0) = 0, xhp(T ) = (φdes, 0, 0, 0). (2.28)

The linearization of (2.27) at xhp(0) or xhp(T ) is defined as

ẋhp = Axhp + bu, (2.29)

where

A =



0 1 0 0

0 0 a 0

0 0 0 1

0 0 0 0


, b =



0

b

0

1


,
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with

a = − mpgl

Jc −mpRl
, b = −Jp −mpRl

Jc −mpRl
.

Note that the linearized system (2.29) is controllable, which implies that the original non-

linear system (2.27) is locally controllable around the equilibrium.

Under the dynamic constraints (2.29) and the boundary conditions (2.28), the optimal

solution, minimizing the control effort

J =
1

2

∫ T

0

u2(t) dt, (2.30)

is defined as [85]

xhp(t) = eAtW (t)W (T )−1e−ATxhp(T ), (2.31)

where

W (t) =

∫ t

0

e−Asbb>e−A
>s ds. (2.32)

It can be shown that the optimal trajectories of the hoop and the pendulum, calculated by

(2.31), are expressed through the symmetric regularized incomplete Beta-function of 4-th

order and its second derivative:

φ(t) = B(4, 4, t/T )φdes +
b

a
B̈(4, 4, t/T )φdes, (2.33)

θ(t) =
1

a
B̈(4, 4, t/T )φdes, (2.34)

where

B(4, 4, t/T ) =
t4(20t3 − 70t2T + 84tT 2 − 35T 3)

T 7
, (2.35)

B̈(4, 4, t/T ) =
420t2(t− T )2(T − 2t)

T 7
. (2.36)

A profile of the shape variable θ(t) is shown by Fig. 2.6. It is an odd function with

respect to the middle point t = T/2, with the extremal points θmin and θmax = −θmin
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Figure 2.6: Motion pattern for the base variable θ(t)

located at t = T (5±
√

5)/10. It is easy to find that

φdes =
5
√

5aT 2

84
θm, (2.37)

where θm is either maximal or minimal value of θ depending on the sign of φdes,

θ(t) =
25
√

5t2(t− T )2(2t− T )

T 5
θm. (2.38)

One can show that the motion pattern (2.38) is a feasible candidate for generating rest-

to-rest movements for the (non-linearized) hoop-pendulum system. Specifically, given the

nonlinear differential equation (2.25) with the initial conditions φ(0) = φ̇(0) = 0 and θ(t)

defined by (2.38), one always has φ̇(T ) = 0. Recall that θ(t) is the 2-nd derivative of Beta-

function which has the propertyB(t) = B(T )−B(T−t). Therefore, all its even derivatives

are odd (asymmetric) and odd derivatives are even (symmetric) with respect to the middle

point t = T/2. As a result, the right hand part of (2.25) is odd with respect to t = T/2 and

so is φ̈(t). Therefore,
∫ T
0
φ̈(t) dt = φ̇(T ) = 0.

To solve the motion planning problem, one needs to find the value of θm such that

φ(T ) = φdes. Note that (2.37) is no longer applicable as the dependence between these

two parameters is not linear any more. However, one can find θm from solving a bound-

ary value problem. Specifically, one can treat θm as an independent variable, supplement

29



(2.25) with one more differential equation θ̇m(t) = 0 [86], and solve the resulting system

of the 3-rd order with two initial conditions φ(0) = φ̇(0) = 0 and one boundary condition

φ(T ) = φdes, with the initial guess taken from the linearized model (2.33, 2.37).

It should be noted that the geometric phase technique comes with less computational

cost compared with solving the minimum effort optimal control problem for the nonlinear

system (2.27). Indeed, both the techniques result in solving a boundary value problem.

However, in the former one there are three differential equations of the first order while in

the latter one there are eight (four states and four co-states).

In the simulations, we compare the performance of the hoop-pendulum system under

the proposed planner with that under the minimum effort optimal control formulation. The

optimal criterion is selected as (2.30) where from (2.26), u is the angular acceleration θ̈ of

the pendulum. A rest-to-rest motion planning problem is studied, which is stated as finding

a feasible trajectory for θ such that the corresponding φ satisfies the following boundary

conditions

φ(0) = 0, φ̇(0) = 0, φ(T ) = φdes, φ̇(T ) = 0. (2.39)

We conduct simulations with respect to various desired shift φdes of the fiber variable φ.

The value of φdes changes from 0 to 20π. The numerical values used in the simulation are

m = 1[kg], mp = 1[kg], R = 0.2[m], l = 0.1[m], g = 9.8[m/s2] and T = 10[s].

We plot the configuration variables φ and θ as functions of both φdes and time t, as shown

in Fig. 2.7 and Fig. 2.8. Compared with the minimum effort optimal control formulation, the

proposed geometric phase based approach results to almost the same hoop motions, whereas

the pendulum motions differ by less than 0.2[rad] in maximum. For both motion planners,

the comparison between the values of the cost function J for the hoop-pendulum system is

illustrated by Table 2.1. Note that the value of J for the geometric phase based approach

is only 0.02% higher than that of the optimal control in maximum, which implies that both

motion planners provide similar system performance.

The relation between the parameter θm, representing the amplitude of the pendulum an-

gle θ, and the value of φdes is illustrated in Fig. 2.9. When θm is relatively small (yellow

part of the trajectory), the increase of which is proportional to that of φdes, due to that in

this phase the performance of the hoop-pendulum is similar to its linearized system. How-
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Figure 2.7: Hoop motions resulted from geometric phase based control.
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Figure 2.8: Pendulum motions resulted from geometric phase based control.

ever, when θm is getting larger (red part of the trajectory), this relation is no longer linearly

proportional.

It should be noted that the proposed motion technique has one shortcoming appearing

when the hoop is required to reach a large angular displacement φdes within a relatively short

time period T . In such situations, as shown in Fig. 2.9, the solution of the boundary value

problem, implemented in the planner, may not be unique. This itself does not represent a

problem—setting the initial approximation for θm equal to the one resulted from the lin-
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φdes 2π 4π 6π 8π 10π

Optimal control 0.0015571 0.0062403 0.0140854 0.0251534 0.0395317

Geometric phase 0.0015571 0.0062403 0.0140854 0.0251536 0.0395322

φdes 12π 14π 16π 18π 20π

Optimal control 0.0573363 0.0787156 0.103854 0.132979 0.166365

Geometric phase 0.0573377 0.0787194 0.103863 0.132998 0.166403

Table 2.1: Comparison for the values of the cost function J , expressed by (2.30), between
the minimum effort optimal control formulation and the geometric phase based approach
for the hoop-pendulum system.

earized optimal control problem will single out the left side of the θm − φdes curve. Of more

concern is the fact that for relatively large φdes there may exist no feasible θm that steers φ to

φdes as the θm − φdes curve may have a point of extremum.
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Figure 2.9: Relation between θm and φdes for the hoop-pendulum system under the geometric
phase based motion planning algorithm. The yellow and red portions of the curve illustrate
this relation respectively when φdes is rather small and large.

One possible (and perhaps simplest) solution to cope with this problem is to elongate the

time interval T such that a large φdes can be reached under the geometric phase based motion

planning. Another solution is to assign the pendulum with a different motion pattern. Note

from Fig. 2.6, the timing law of the pendulum angle θ(t) is a rest-to-rest function with one

oscillation (one crest and one trough). An alternative motion pattern could be adopted with

multiple oscillations—one can increase the number of oscillations having lower magnitude.
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2.3.4 Calculation of the actual input torque

The input torque τ defined in (2.14) is expressed by φ(t), θ(t) as well as the general coor-

dinates of the pendulum q1(t) and q2(t), and the normal vector n(t). As the expressions for

φ(t) and θ(t) are already obtained from the previous section, the calculations for q1(t), q2(t)

and n(t) are explained as follows.

Calculation of the generalized pendulum coordinates

The generalized coordinates of the pendulum, q1 and q2, are calculated by applying the fact

that pendulum vector is equivalent in various parametrizations. Define in the base coordinate

frame Σb the pendulum vector ρp, emanated from the geometric center of the spherical shell

o, to the mass of center of the pendulum p, as

bρp =


−lp cos γ sin θ

lp sin γ sin θ

−lp cos θ

 , (2.40)

where angles θ and γ are illustrated in Fig 2.4. Then, the pendulum vector ρp, defined in Σo

(coordinate frame fixed on point o), is calculated as

oρp = oRb
bρp =


ρx

ρy

ρz

 , (2.41)

where oRb(uo, vo, ψ) is the transformation matrix between Σo and Σb and

ρ2x + ρ2y + ρ2z = l2p, (2.42)

because the length of the pendulum does not change.

Note that the pendulum vector oρp can also be parameterized by the pendulum angles q1
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and q2 as oρp(q1, q2) defined in Σo, as

oρp = oRp
pρp =


−lp sin q1 cos q2

lp sin q2

−lp cos q1 cos q2

 , (2.43)

where pρp = (0, 0,−lp) is the pendulum vector defined in the coordinate frame Σp fixed on

the pendulum. Note that

(lp sin q1 cos q2)
2 + (lp sin q2)

2 + (lp cos q1 cos q2)
2 = l2p, (2.44)

because the length of the pendulum does not change. Assuming ρx, ρy, and ρz are given

as time functions, we are to calculate the pendulum angles q1(t) and q2(t). By substituting

(2.41) into (2.43), one obtains

ρx(t) = −lp sin q1 cos q2, (2.45)

ρy(t) = lp sin q2, (2.46)

ρz(t) = −lp cos q1 cos q2, (2.47)

where ρx(t), ρy(t), and ρz(t) are the given time functions while q1 and q2 are the pendulum

angles to be calculated.

Thus, one has three equations for two variables. However, note from (2.42) and (2.44),

that the above equations (2.45), (2.46), and (2.47) are not independent. Specifically, if

there exist q1(t) and q2(t) that satisfy (2.45) and (2.46), one finds that (2.47) also holds

true. Therefore, for the calculation of q1(t) and q2(t), we can remove one of the redundant

equations, i.e., (2.47), and then, solve the rest two equations with respect to q1 and q2. By

solving (2.45) and (2.46), one obtains

q1 = − sin−1
lpρx(t)√

ρx(t)2 + ρz(t)2
, q2 = sin−1

ρy(t)

lp
. (2.48)
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Note that there exists a singular point when ρ2x + ρ2z = 0. Physically, the singular point

appears when the pendulum is parallel to the ground, that is θ = π/2. It can be avoided by

keeping θ < π/2 in the motion planning.

Calculation of the normal vector

To complete the solution of the motion planning problem, in what follows the expression

of n(t), as a time function, is determined. A curve on the contact plane can be defined as

c(φ) = (ub(φ), vb(φ), 0) where φ describes the rotation of the sphere projected on the plane

P . Thus the normal vector n can be determined as

n =
1√

u̇2b + v̇2b
(v̇b,−u̇b, 0). (2.49)

As from the proposed motion planner for the hoop-pendulum system, φ is derived as a

function of t, and thus the normal vector n is also determined as a time function n(t).

The motion planning algorithm for tracing curves on the contact plane was completed by

determining n(t) as a time function. However, in the motion planning for a spherical robot,

especially when the control of the orientation of the spherical is considered, it is required for

the robot to trace given curves on the spherical surface [87]. The motion planner allowing

the robot to trace spherical contact curves is introduced as follows.

Let the position of the contact point on the sphere be parameterized by a spherical curve

c(ξ) = (x(ξ), y(ξ), z(ξ)) where ξ is a curve parameter. Since the same point is defined

by (2.1), one has c(ξ) = oρc(uo, vo). For pure rolling motion the contact kinematics are

established as [87]

u̇b =

(
− cosψ√

R2 − y2
cTucξ +

sinψ

R
cTv cξ

)
ξ̇, (2.50)

v̇b =

(
− cosψ√

R2 − y2
cTucξ +

sinψ

R
cTv cξ

)
ξ̇, (2.51)

ψ̇ =

(
y

R(R2 − y2)
cTucξ

)
ξ̇, (2.52)
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where cξ = c′(ξ) and the partial derivatives cu = ∂c/∂uo and cv = ∂c/∂vo are defined as

follows

cu =


z

0

−x

 , cv =


−xy

/√
R2 − y2√

R2 − y2

−yz
/√

R2 − y2

 . (2.53)

Note that the speed of contact point on the spherical surface, represented by ‖c′(ξ)‖ξ̇, is

equal to the speed of the center of the sphere, represented by Rφ̇, which gives

φ̇ =
‖c′(ξ)‖
R

ξ̇. (2.54)

As from the proposed motion planner, the hoop angle φ is derived as a function of t, based

on (2.54), the curve parameter ξ is determined as a time function ξ(t) and thus so are u̇b and

v̇b. Then the normal vector n calculated from (2.49), is also a time function n(t).

2.3.5 Case study

The proposed motion planning algorithm is tested by simulations for tracing contact curves

on the plane and spherical surface, respectively. Specifically four cases are studied, tracing

straight line, circular curve on the contact plane and tracing Viviani’s curve, the Loxodrome

on the spherical surface. The numerical values used in the simulations are the same as in 2D

case.

Straight line

Here we consider the problem of tracing a straight line on the contact plane. A straight line

on the plane is defined by

c(φ) =


φ+ xo

kφ+ yo

0

 , (2.55)
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where k, xo and yo are constant parameters. In this simulation, the desired path to be traced

on the plane is specified as k =
√

3 and xo = yo = 0. The simulation results are shown

from Fig. 2.10 to Fig. 2.13. It can be seen from the simulation results that the spherical robot

traces the straight line on the contact plane in rest-to-rest mode.
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Figure 2.10: Displacement and velocity of the shell along X-axis (red curve) and along
Y -axis (blue curve).
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Figure 2.11: Generalized coordinates of the pendulum q1, q̇1 (red curve) and q2, q̇2 (blue
curve).
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Figure 2.12: Generalized accelerations and torques on the pendulum: q̈1, τ1 (red curve) and
q̈2, τ2 (blue curve).
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Figure 2.13: Trace of the contact point on the spherical surface (left) and on the plane (right).

Circular curve

Here we consider the problem of tracing a circular curve on the contact plane. A circular

curve on the plane is defined by

c(φ) =


L cosφ+ xo

L sinφ+ yo

0

 , (2.56)

where L, xo and yo are constant parameters. In this simulation, xo = 0, yo = −0.5 and

L = 0.5.
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Figure 2.14: Displacement and velocity of the shell along X-axis (red curve) and along
Y -axis (blue curve).
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Figure 2.15: Generalized coordinates of the pendulum q1, q̇1 (red curve) and q2, q̇2 (blue
curve).
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Figure 2.16: Generalized accelerations and torques on the pendulum: q̈1, τ1 (red curve) and
q̈2, τ2 (blue curve).
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Figure 2.17: Trace of the contact point on the spherical surface (left) and on the plane (right).

The simulation results are shown from Fig. 2.14 to Fig. 2.17. It can be seen from the
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simulation results that the spherical robot traces the circular curve on the contact plane in

rest-to-rest mode.

Viviani’s curve

Here we consider the problem of tracing Viviani’s curve on the sphere. For Viviani’s curve

we have

c(ξ) =


x

y

z

 =


2
√
d(R− d) sin ξ

(d−R) sin 2ξ

−d+ (d−R) cos 2ξ

 , (2.57)

where d is a constant parameter and

φ̇ =
2
√

(R− d)[R + 2(d−R)(cos 2ξ − 1)] cos ξ

R
ξ̇. (2.58)

Assume that we want to trace this curve three times so that ξ(0) = 0, and ξ(T ) = 6π. Set

d = 0.1467768 so that the geometric center of the spherical shell is displaced along the

Y -axis of Σb to the distance 0.3.

The simulation results are shown from Fig. 2.18 to Fig. 2.21. It can be seen from the

simulation results that the spherical robot traces the Viviani’s curve on the spherical surface

in rest-to-rest mode.
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Figure 2.18: Displacement and velocity of the shell along X-axis (red curve) and along
Y -axis (blue curve).

40



D
is

p
la

ce
m

en
t 

[r
ad

]

V
el

o
ci

ty
 [

ra
d
/s

]

Time [s] Time [s]

Figure 2.19: Generalized coordinates and angular velocities of the pendulum q1, q̇1 (red
curves) and q2, q̇2 (blue curves).
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Figure 2.20: Generalized accelerations and torques on the pendulum: q̈1, τ1 (red curve) and
q̈2, τ2 (blue curve).
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Figure 2.21: Trace of the contact point on the spherical surface (left) and on the plane (right).
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Loxodrome

Here we consider the problem of tracing the Loxodrome on the sphere. For the Loxodrome

we have

c(ξ) =


x

y

z

 =


R cos ξ/ cosh(cotα(ξ − ξo))

R sin ξ/ cosh(cotα(ξ − ξo))

R tanh(cotα(ξ − ξo))

 , (2.59)

where α and ξo are constant parameters and

φ̇ = cscα sech(ξ cotα)ξ̇. (2.60)

Let ξo = 0 and α = 15π/32. The simulation results are shown from Fig. 2.22 to Fig. 2.25.
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Figure 2.22: Displacement and velocity of the shell along X-axis (red curve) and along
Y -axis (blue curve).
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Figure 2.23: Generalized coordinates and angular velocities of the pendulum q1, q̇1 (red
curves) and q2, q̇2 (blue curves).
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Figure 2.24: Generalized accelerations and torques on the pendulum: q̈1, τ1 (red curve) and
q̈2, τ2 (blue curve).
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Figure 2.25: Trace of the contact point on the spherical surface (left) and on the plane (right).

It can be seen from the simulation results that the spherical robot traces the Loxodrome

on the spherical surface in rest-to-rest mode.
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2.4 Trajectory tracking

Research on spherical rolling robots has been drawing increasing attention in recent years.

Depending on the driving principles, the spherical robots can be classified into three types

depending on the driving principles: changing the mass center [10, 64–66], changing the

angular momentum [13, 14, 63, 68, 88] and changing the outer shape [15]. A review of the

design based on these driving principles can be found in [70]. In this section we explore a

trajectory tracking problem for a class of spherical rolling robots actuated by a pendulum

with two degrees of mobility since two is the minimal number of the control inputs necessary

to move the spherical shell.

The control problem can be stated as follows. Given a reference motion trajectory of the

spherical robot, construct a tracking control law such that the error between the ideal and ac-

tual configurations of the spherical rolling robot converges to zero. This problem is difficult

because the ball-pendulum system is nonholonomic, underactuated, and has non-zero drift

term. Due to these difficulties, the approaches reported in the robotics literature [82,89–91]

only solved the tracking problem partially. They either track the motion trajectory for only

the orientation or only the position. In our previous work [92], we proposed a backstepping

framework for the control process of tracking the motion trajectory for the full configura-

tion of the sphere, including both its position and orientation. However, the constructed

input torque contains acceleration term which is difficult to measure in the application. We

improve it by restructuring the backstepping process such that acceleration term will be

excluded from the input law. Also it should be noted that in [92], we assumed that the math-

ematical model perfectly described the relation between the input and the output. However

there are always errors between the mathematical model and the actual mechanical system

due to inaccurately measured system parameters, un-modeled dynamics or unexpected ex-

ternal perturbation. These errors refer to the general uncertainties [93], which may cause

deviations of the system trajectory from the desired one when the control inputs are con-

structed from the ideal model. To correct these deviations, an adaptive trajectory tracking

controller is necessary. The development of such a controller constitutes the main goal of

Section 2.4.

The adaptation problem is commonly addressed by the well-known model reference
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adaptive control schemes (MRAC). The controller is formed by combining on-line param-

eter estimators, which provide estimates of unknown parameters at each instant, with a

control law motivated from the known parameter case. However, in practical applications,

there always exist non-parametric, or time-varying uncertainties such as un-modeled dy-

namics or external disturbance. The traditional MRAC method is not feasible for deal-

ing with these conditions. To control a rolling robot with time-varying uncertainties, we

adopt a new adaptive controller design method based on function approximation technique

(FAT) [53–56,94,95]. Compared with the traditional MRAC, the advantage of the FAT-based

control is in the representation of the general uncertainties by a set of given basis functions

weighted by a set of unknown constant parameters [93]. Thus the problem of eliminating

the influence of general uncertainties is transformed to the estimation of parametric errors.

Then Lyapunov designs are applied to derive proper update laws adjusting the estimates of

the unknown parameters.

The adaptive trajectory tracking controller for the ball-pendulum system is constructed

under backstepping framework and the adaptation mechanism is designed via the FAT. The

backstepping process combines two steps. A feedback velocity control input, denoted by an-

gular velocity of the spherical shell, is first designed for the kinematic steering system. Then

the specific robot dynamics are taken into account to convert a steering command into con-

trol torque acting on the pendulum. Note that in either step the subsystem to be controlled

is underactuated and the FAT cannot be directly applied. Therefore, the main contribution

of this work is in the modification of the FAT-based adaptive control method such that it

becomes applicable to the class of underactuated systems corresponding to rolling robots.

2.4.1 Adaptive trajectory tracking controller design

We construct the adaptive tracking controllers the ball-pendulum system with time vary-

ing uncertainties in a backstepping framework. To follow the backstepping technique, it is

required to rewrite the motion equations in the pure feedback form [93] form

ẋ = fx(x, z), (2.61a)

ż = fz(x, z, u). (2.61b)
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The trajectory tracking problem is posed as follows. Given a reference motion trajectory of

the spherical shell xr(t), construct an input torque τ such that lim
t→∞

(xr − x) = 0. Here in

this equation, xr(t) = (u∗b , v
∗
b , u

∗
o, v
∗
o , ψ

∗) is the reference configuration of the spherical shell

where (u∗b , v
∗
b ) and (u∗o, v

∗
o , ψ

∗) represent respectively the desired smooth trajectories for its

position of the geometric center and for its orientation. We construct the adaptive tracking

controller for the ball-pendulum system expressed by (2.2) and (2.14) with time-varying

uncertainties, based on the backstepping techniques, mimicking the planar case. To apply

backstepping techniques, it is required to rewrite the motion equations in form of (2.61a)

and (2.61b). Apparently, the contact kinematics (2.2) of the ball-pendulum system satisfy

the form of (2.61a). The following steps are made to convert the system dynamics (2.14)

into the form of (2.61b). Rewrite the system dynamics (2.14) as

ω̇ = −H−1ooHopq̈ −H−1oo ho, (2.62a)

Hppq̈ = τ −Hpoω̇ − hp, (2.62b)

and from (2.62a) and (2.62b), one obtains the second derivative for the pendulum coordi-

nates

q̈ =
(
Hpp −HpoH

−1
ooHop

)−1(
τ +HpoH

−1
oo ho − hp

)
.

Substituting the expression of q̈ into (2.62a) and together with the kinematics, one obtains

the mathematical model for the ball-pendulum system in the backstepping form (2.61a) and

(2.61b)

ẋ = Aω, (2.63a)

ω̇ = −H−1ooHop

(
Hpp −HpoH

−1
ooHop

)−1
τ

−H−1oo
(
Hop

(
HpoH

−1
oo ho − hp

)
+ ho

)
. (2.63b)

The input torque τ is constructed in two steps, following the backstepping technique. First,

find a control law for the velocity input ω to the kinematic steering system (2.63a) such that

lim
t→∞

(xr − x) = 0. The control law is specified as ωd. Then, taking into account the robot

dynamics (2.63b), construct an input torque τ such that lim
t→∞

(ωd − ω) = 0. Let us discuss
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the construction in detail.

Step 1 In this step we examine the kinematics (2.63a) only. Define error between real

and reference configuration of the sphere, including both its position and orientation, as

e = xr − x = (e1, e2, e3, e4, e5). Assuming the angular velocity of the spherical shell can

be perfectly realized, that is ω = ωd, the error dynamics can be described by

ė = ẋr − ẋ = ẋr −Aωd. (2.64)

We are to find a feasible input ωd such that the output e converges to 0.

Note that the major difference between the velocity controller design process for the

ball-pendulum and for the hoop-pendulum is (2.64) is an underactuated system such that

A−1 does not exist and the FAT-based control algorithm is not directly applicable. To deal

with this problem, by introducing an auxiliary input ω∗ ∈ R5 such that

ωd = (A>A)−1A>ω∗ = A+ω∗, (2.65)

we reformulate (2.64) as

ė = ẋr −AA+ω∗ + ω∗ − ω∗ = ẋr − ω∗ + a, (2.66)

where a = (I −AA+)ω∗. Note that a can be viewed as the time-varying uncertainty of

system (2.66). Then the control problem is restated as constructing ω∗ such that lim
t→∞

e = 0,

with the variation a unknown. Here we use a polynomial function weighted by constant

parameters ai to approximate the unknown function a as

a ≈
N∑
i=0

ait
i. (2.67)

To eliminate the influence of a to the control process, the unknown parameters ai, referring

to the plant parameters, are required to be identified. These plant parameters ai are estimated

at each time t denoted by the adjustable control parameters âi(t) using an update law that
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we are to define from the following process.

To construct a feedback velocity control ω∗ that steers e to zero and an update law that

defines âi(t), a feasible Lyapunov candidate function would be

Vk =
1

2
e>e+

1

2

N∑
i=0

(
âi(t)− ai

)>(
âi(t)− ai

)
, (2.68)

which incorporates both the state error e and the estimation error âi(t)−ai between the plant

parameters ai and their estimates âi(t). Note that in (2.68), the parameters ai are constants,

which implies ȧi = 0. Therefore the derivative of the Lyapunov function candidate is

V̇k = e>
(
ẋr − ω∗

)
+

N∑
i=0

[
âi(t)

> ˙̂ai(t) + a>i

(
eti − ˙̂ai(t)

)]
. (2.69)

As the constructed control law cannot contain unmeasurable elements, the unknown param-

eters ai in the derivative of Lyapunov function need to be excluded. To cancel the terms

with ai, define the update law
˙̂ai(t) = eti, (2.70)

which leads to

V̇k = e>
(
ẋr +

N∑
i=0

âi(t)t
i − ω∗

)
.

Constructing the auxiliary velocity input

ω∗ = ẋr +Ke+
N∑
i=0

âi(t)t
i, (2.71)

whereK is a positive definite matrix, yields

V̇k = −e>Ke ≤ 0,

which implies the convergence of e. Hence the velocity input ωd can be calculated from
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(2.65) as

ωd = A+
(
ẋr +Ke+

N∑
i=0

âi(t)t
i
)
. (2.72)

It should be noted that in Step 1, we assume that the angular velocity of the sphere can

be perfectly realized, namely ω = ωd. However, in the real implementation, as we cannot

directly control the angular velocity of the spherical robot, there exists a deviation ofω from

the desired angular velocity input ωd. In the next step we design input torque τ such that

the real ω converges to ωd.

Step 2 Construct torque τ such that lim
t→∞

(ωd − ω) = 0. Define the deviation of actual

angular velocity of the sphere from the desired as eω = ωd−ω, such that ėω = ω̇d−ω̇. Then

the error state of the total system is expressed as xe = (e, eω). Despite of the state error,

however, note that there are also errors between the mathematical model and the actual ball-

pendulum system, which may cause deviations of the system performance from the desired

under control inputs derived from the ideal model. This type of error refers to the model

uncertainty. By involving the consideration of the model uncertainty, the error dynamics for

the actual mechanical system are formulated as

ė = ẋr −Aωd +Aeω, (2.73a)

ėω ≡ fmodel + d = Hτ + h+ d, (2.73b)

where

H = H−1ooHop

(
Hpp −HpoH

−1
ooHop

)−1
,

h = ω̇d +H−1oo

(
Hop

(
HpoH

−1
oo ho − hp

)
+ ho

)
,

and d represents for the effects caused by the inaccuracy of the mathematical model and

the external disturbance. Due to that (2.73b) is underactuated and H−1 does not exist, we

follow the same restructuring process conducted in Step 1. By introducing an auxiliary input

τ ∗ ∈ R3 such that

τ = (H>H)−1H>τ ∗ = H+τ ∗, (2.75)
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we reformulate (2.73b) as

ėω = h+ d+HH+τ ∗ + τ ∗ − τ ∗ = τ ∗ + h+ δ, (2.76)

where δ = (HH+ − I)τ ∗ + d. Note that δ represents the total influence caused by the

general uncertainties of system (2.76). Then the control problem is restated as constructing

τ ∗ such that lim
t→∞

eω = 0, with δ unknown. Here we use a polynomial function to estimate

δ as

δ = (δx, δy, δz) ≈
N∑
i=0

δit
i. (2.77)

These constant plant parameters δi are estimated at each time t denoted by adjustable δ̂i(t),

referring to the control parameters, using an update law that we are to define from the follow-

ing process. To incorporate both kinematics and dynamics, a feasible Lyapunov candidate

function would be

V =
1

2
e>e+

1

2

N∑
i=0

(
âi(t)− ai

)>(
âi(t)− ai

)
+

1

2
e>ωeω +

1

2

N∑
i=0

(
δ̂i(t)− δi

)>(
δ̂i(t)− δi

)
, (2.78)

where the first line of (2.78) has the same structure the Lyapunov function candidate (2.68)

selected for the kinematic steering system. As the plant parameters ai and δi in (2.78) are

constant such that ȧi = 0 and δ̇i = 0, the derivative of the Lyapunov function candidate is

calculated as

V̇ = e>
(
ẋr −Aωd +Aeω

)
+

N∑
i=0

(
âi(t)− ai

)>
˙̂ai(t)

+e>ω

(
τ ∗ + h+

N∑
i=0

δit
i
)

+
N∑
i=0

(
δ̂i(t)− δi

)> ˙̂
δi(t). (2.79)

Note the first line of (2.79) varies from V̇k expressed by (2.69), that its contains a factor

e>Aeω, which is a scalar function such that e>Aeω = e>ωA
>e. Hence the derivative of the
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Lyapunov function candidate (2.79) can be rewritten as

V̇ = V̇k + e>ω

(
A>e+ τ ∗ + h

)
+

N∑
i=0

δ̂i(t)
> ˙̂
δi(t) +

N∑
i=0

δ>i

(
eωt

i − ˙̂
δi(t)

)
. (2.80)

Adopting the velocity input ωd in the form of (2.72) constructed in Step 1, yields

V̇k = −e>Ke.

Then, as the controller τ ∗ to be constructed cannot contain unmeasurable term, to eliminate

unknown plant parameters δi by bringing its coordinate eωti − ˙̂
δi(t) to zero, define the

update law
˙̂
δi(t) = eωt

i, (2.81)

which leads to

V̇ = −e>Ke+ e>ω

(
τ ∗ + h+A>e+

N∑
i=0

δ̂i(t)t
i
)
.

Constructing the auxiliary input

τ ∗ = −
(
A>e+ h+Kωeω +

N∑
i=0

δ̂i(t)t
i
)
,

whereKω is a positive definite matrix, yields

V̇ = e>ė+ e>ω ėω = −e>Ke− e>ωKωeω ≤ 0, (2.82)

which implies the convergence of e and eω. The asymptotic stability of the closed-loop

system can be proved similarly to the hoop-pendulum case. The actual input torque is cal-

culated as

τ = −H+
(
A>e+ h+Kωeω +

N∑
i=0

δ̂i(t)t
i
)
. (2.83)
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It should be noted that the error between the plant parameters and the control parameters

δ̂i(t) − δi are not necessarily asymptotically stable. However, according to (2.82) that the

derivative of the Lyapunov function of the closed loop system is negative semi-definite,

δ̂i(t)− δi is bounded.

2.4.2 Case study

Note from (2.83) that the constructed adaptive controller varies from a conventional non-

adaptive one that it contains an adaption mechanism

τ a = −H+
N∑
i=0

δ̂i(t)t
i,

that deals with the un-modeled factors for the ball-pendulum system. To demonstrate the

effectiveness of the adaption mechanism, we conduct simulations for the perturbed hoop-

pendulum system under the control law with and without τ a respectively. We present sim-

ulation results for the ball-pendulum system tracking circular motion.

Let the reference trajectory for the displacement and orientation of the spherical robot

be obtained by solving the following group of differential equations

ẋr =



0 R 0

−R 0 0

− sinψ∗/ cos v∗o − cosψ∗/ cos v∗o 0

− cosψ∗ sinψ∗ 0

− sinψ∗ tan v∗o − cosψ∗ tan v∗o −1


ωr,

mimicking the form of (2.2), where the reference angular velocity of the spherical robot ωr
is specified as

ωr =
(

cos
πt

10
,− sin

πt

10
, 0
)
,

that realizes a circular motion. Note that ωr is different from ωd which is the velocity input
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to be designed. The vector that demonstrates the influence caused by the modeled system

dynamics and the external disturbance, is assumed to be

d =
(

50 cos(3πt), 50 sin(2πt), 0
)
, (2.84)

Set the initial state error as the position error e1(0) = 1.5m and e2(0) = 1.5m, the orientation

error e3(0) = e4(0) = e5(0) = π
6
rad and the velocity error e6(0) = e7(0) = e8(0) =

0rad/s. The numerical values used in the simulation are m = 0.5kg, mp = 1kg, R = 0.2m,

l = 0.15m, g = 9.8m/s2, and the gain matrices K = diag(35, 20, 0.1, 1, 0.8) and Kω =

diag(6, 5, 1).
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Figure 2.26: Motion of the ball-pendulum system under non-adaptive control.

The motion of the ball-pendulum system under non-adaptive and adaptive control laws

are illustrated by Fig. 2.26 and Fig. 2.27. In the parametric plots, the blue dashed curve and

the red curve represent for the actual and reference traces on the contact plane respectively.

It can be seen from the following graphs that under the adaptive controller, even with un-
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modeled dynamics and external disturbance, the system output still converges to the desired.

The order of the polynomial basis functions is chosen to be two since a higher order may

lead to overfitting problems. Note that a flat contact plane is assumed in the simulation

which is impractical for the real application. The effect to the control system led by uneven

terrain, needs to be taken into consideration in the future work.
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Figure 2.27: Motion of the ball-pendulum system under the FAT-based adaptive control.

2.5 Summary

One of the important research problems for control of mobile robot is to steer the robot from

an initial configuration to the final configuration. For the spherical rolling robot we need not

only to steer the position of the sphere but also the orientation of the sphere. The control for

the orientation is important when it is necessary to attach some devices such as sensors or

camera in or out of the shell, or when it is required to know where the robot is heading.
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The steering problem seems to be a normal point to point stabilization problem which

can be solved by constructing a continuous feedback. However, our rolling system is special

because it is a nonholonomic system. According to the Brockett theory [57], there exists no

continuous feedback for local asymptotic stabilization of an equilibrium point. The direct

method does not work. However we can solve the steering problem step by step.

The main process is as followed. First we design a path connecting the start and the

goal. A good path needs to satisfy the following condition, that if the sphere traces this path,

it can reach the final destination with desired orientation. Second, with a given feasible

path, we need to plan the motion trajectories for both the orientation and the position of the

sphere when it is tracing this path. Here motion trajectory are the expression of the change

of orientation and position of sphere with respect to time that describes how the sphere

moves along the given path. This step is called motion planning. Third, we have obtained

the desired motion trajectory from motion planning, but during the motion of sphere, there

are always unexpected disturbances due to the friction or uneven terrain which cause the

deviation of motion of robot from what we want. Therefore we need to construct a more

robust control law such that the real motion of the sphere will always converge to the desired

one. That is the error between the real and reference trajectories will converge to zero. We

call this step the trajectory tracking.

It should be noted that path design problem has already been solved. In the robotics liter-

ature, many path planners have been proposed to generate a feasible path [71–75]. Therefore

the rest of the work left for us are motion planning and trajectory tracking. These are also

the two main parts of my master study.

Motion planning

A motion planning problem of steering a spherical robot from one configuration to another

in rest-to-rest mode, has been addressed in Section 2.3. The problem was extended from

kinematic level, designing a path that leads the robot to the goal configuration, to dynamic

level that requires a desired motion with respect to time realized by an inner pendulum as the

actuator. By assuming the contact path was given by a conventional planner, we proposed

feedforward control law for the pendulum, which drives the spherical robot moving along
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the contact path in rest-to-rest mode.

To develop feasible control laws for the pendulum, the dynamic model of the ball-

pendulum system has been developed. It has been shown that, in general, the system

kinematics and dynamics are coupled together, which makes the motion planning prob-

lem challenging. A notable exception is when the spherical robot undergoes pure rolling

motion. Under the assumption that the sphere traces a given path in pure rolling mode, a

reduced dynamic model has been developed. The reduced dynamic model, known as the

hoop-pendulum system, was proved to be invariant to the shape of the contact curve. This

property facilitates the construction of motion planing algorithms due to that the problem is

simplified as planning motion for a planar system.

A rest-to-rest motion planning problem for the hoop-pendulum system could be solved

through optimal control formulation seeking for minimum effort. However the optimal

control based motion planning may be sensitive to the given boundary conditions and may

lead to a heavy computational cost. Inspired by the geometric phase approach, a simpler

feedforward motion planning algorithm, based on the parameterization of the pendulum

angle by the 2-nd order derivative of the 4-th order Beta-function, has been constructed. The

algorithm has lower computational cost and is thus more suitable for real-time applications.

The algorithm has been verified under simulation for four cases, tracing straight line, circular

curve, Viviani’s curve and the Loxodrome.

It should be noted that in Section 2.3 we dealt only with pure rolling motion. The

development of control algorithms for motion with instantaneous spinning will be addressed

in a separate section. Also the effect of friction at the contact point was not considered. We

plan to bring it into consideration in future work.

Trajectory tracking

A trajectory tracking problem for the ball-pendulum system has been considered in Sec-

tion 2.4. An adaptive controller based on the backstepping technique was first constructed

for the planar hoop-pendulum system with time-varying uncertainties and then extended to

the three dimensional ball-pendulum system. The convergence of system motion to the de-

sired trajectories was proved and verified by simulations for tracking circular motions under
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perturbation.

In Section 2.4, the ball-pendulum system, of which both the kinematics and dynamics

are underactuated, played an important role as the testbed for our modified FAT-based adap-

tive control algorithm. In the controller design process, there are two noteworthy points.

First, we restructured the kinematics and dynamics of the rolling robot respectively, as the

combination of a fully-actuated system and the variation from it. The variation part was

then included into the general uncertainty term that represents for the total influence to the

control process caused by mismeasured system parameters, un-modeled dynamics and ex-

ternal perturbation. Second, by parameterizing the general uncertainty term with selected

basis functions weighted by unknown parameters, we simplified an adaptation problem for

system with time-varying uncertainties to a parameter identification problem.

Note that the selection of basis functions depends on the types of mechanical systems

and system uncertainties. To widen the range of application of our modified FAT-based

algorithm on a class of underactuated systems, in the future study we plan to analyze the

advantages and disadvantages of polynomial basis functions which we chose in Section 2.4,

and other possible candidates. It may give rise to an interesting topic of how to select or

design basis functions based on the consideration of the accuracy of their parametrization of

the uncertainty term and the computational cost. On the practical side, we plan to conduct

the experimental verification of the developed controller.
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Chapter 3

Geometric phase based motion planning

3.1 Background

In recent years there has been a growing interest to the control of underactuated mechanical

systems [2–5]. These systems have fewer independent actuators than the number of degrees

of freedom. The need for analysis and control of underactuated mechanical systems arises in

many practical applications that include the use of ships, underwater vehicles, helicopters,

aircraft, satellites, mobile robots, space platforms, flexible joint robots, hyper-redundant and

snake-like manipulator, walking robots, capsule robots, and hybrid machines [2–5].

One of the important problems in the control of underactuated systems is the construc-

tion of motion planning algorithms. Typically, the motion planning problem requires to

steer the system from an initial state to a given final state. Different from the fully-actuated

systems, for underactuated systems, the underactuation feature forms a nonholonomic con-

straint between the configuration variables. This constraint makes the motion planning prob-

lem challenging due to that the generated motion trajectory needs to respect the constraint.

In this chapter we propose a motion planning technique for a class of base-free underac-

tuated systems that are partially differentially flat [34]. Our work is based on the concept of

fiber and base variables, the definition of which is as follows [35]. The configuration vari-

ables of mechanical systems include: the base variables which describe the internal shape

changes of the system and the fiber space that represents the systems position and orientation
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change.

Our motion planning algorithm is constructed as follows. First, through partial feedback

linearization with respect to the base variable, the role the dynamic constraint plays in the

motion planning process is highlighted. The base variable is treated as the input while the

fiber variable as the output. Then the rest-to-rest motion planning problem is reformulated

as finding a time trajectory for the base variable, such that the corresponding fiber variable

satisfies the rest-to-rest boundary condition. Next, a Beta-function weighted by a constant

parameter is selected as a candidate function for the base variable, which is shown to be

an optimal solution for the linearized system. Its feasibility for the nonlinear system is

then proved by showing that the corresponding fiber variable can satisfy the given boundary

conditions. Finally the parameter of the Beta-function is adjusted such that a desired shift

for the fiber variable can be obtained. Under the proposed motion planning algorithm, rest-

to-rest trajectories for the configuration variables are generated with less computational cost

compared with the optimal control formulation.

The rest of this chapter is organized as follows. First, in Section 3.2 we formulate the

rest-to-rest motion planning problem for a class of underactuated systems and provide corre-

sponding dynamic equations. In Section 3.3, we propose a geometric phase based algorithm

and test its feasibility for generating rest-to-rest motion trajectories for the configuration

variables. Then in Section 3.4 the proposed motion planner is verified under simulations

for several underactuated systems. Discussion is conducted in and finally, conclusions are

drawn in Section 3.5.

3.2 Special feature of partial differentially flat systems

The motion equations of the 2DOF underactuated systems with one input τ are

M(q)q̈ + h(q, q̇) =

 0

1

 τ, (3.1)
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where

q =

 qf

qb

 , M =

 mff mfb

mbf mbb

 , h =

 hf

hb

 .
Here in the equations, q is the vector for the generalized coordinates where qf and qb are

respectively the fiber and the base variables. The base variable describes the internal shape

changes of the system and the fiber variable represents the systems position and orientation

change.

In this chapter, we consider motion planning for a class of systems for which M and

h contain only base variable qb and its time derivative q̇b. This special class of systems

includes some well-known underactuated systems such the cart-pole, the ballbot system [34]

and segway [96], etc.

Note that the underactuated portion of the motion equations (first line of (3.1)) forms a

nonholonomic constraint. For systems with nonholonomic constraint, a closed loop phase

change of the base variable can lead to a non-zero phase change of the fiber variable, as

illustrated in Fig. 3.1. In this figure, F is the set of fiber variables and the B is the manifold

for the base space. A trivial principle fiber bundle withB and F consists of the configuration

manifold Q = B × F to which q belongs [1].

Phase change of fiber variable

Phase change of base variable

B

F

Figure 3.1: A closed loop in shape variables producing a displacement in the fiber variable.
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In the locomotion problem, this property implies that a periodic internal shape change

of underactuated system steers its position and orientation. Therefore, one can select the

base variable qb to be the input in the motion planning problem. The selection of qb as input

is implemented by the partial feedback linearization for (3.1) with respect to qb conducted

below. From first line of (3.1), one can obtain

q̈f = −m−1ff (mfbq̈b + hf ), (3.2)

and by substituting (3.2) into (3.1), the second line of (3.1) is rewritten as

q̈b = −(mbb −mbfm
−1
ffmfb)

−1(τ + hb). (3.3)

Note that during this process, a singular point may appear when mff = 0, which needs to

be avoided when generating the motion trajectories. Selecting

τ = −(mbb −mbfm
−1
ffmfb)u+ hb, (3.4)

and substituting (3.4) back into (3.1), gives

q̈f = −m−1ff hf −m
−1
ffmfbu, (3.5)

q̈b = u. (3.6)

where u is the auxiliary input. Then by choosing a state vector x = (qf , q̇f , qb, q̇b), (3.5) and

(3.6) can be written in the state space form as

ẋ = f(x) + g(x)u, (3.7)
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where

f(·) =



q̇f

−m−1ff hf

q̇b

0


, g(·) =



0

−m−1ffmfb

0

1


.

Note that for a class of 2DOF base-free systems (including cart-pole, hoop-pendulum,

planar ballbot and segway), which also refer to the shape-accelerate systems [34], the 2-nd

order derivative of the fiber variable qf can be expressed purely by qb and its derivatives as

q̈f = h(qb, q̇b, u). (3.8)

Therefore, the underactuated system (3.7) is partially differentially flat [34] where the base

variable qb is the flat output. This property of (3.7) facilitates the construction of motion

planning algorithms because it can be shown that after the linearization around qb = 0

and q̇b = 0, the controllable canonical form of (3.7) is a 4-th order integrator. Indeed, the

linearization of (3.7) around qb = q̇b = 0 is expressed as

ẋ = Ax+ bu, (3.9)

where

A =



0 1 0 0

0 0 a23 a24

0 0 0 1

0 0 0 0


, b =



0

b

0

1


,

and a23, a24, b are constants. According to (3.8), the second row of matrix A has two

non-zero items a23 and a24 due to that q̈f contains no qf or q̇f terms.

To transform the linearized model (3.9) to the controllable canonical form, one defines
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a transformation matrix P by

P =

[
A3b A2b Ab b

]
. (3.10)

By setting x = P x̂, one obtains the controllable canonical form of (3.7) as

˙̂x = P−1APx+ P−1bu = Âx̂+ b̂u. (3.11)

where

Â =



0 1 0 0

0 0 1 0

0 0 0 1

0 0 0 0


, b̂ =



0

0

0

1


.

This special form (3.11) is later on shown to be helpful in the construction of our planning

algorithm.

3.3 Geometric phase based motion planning

Based on (3.7), the rest-to-rest motion planning problem is stated as defining u such that the

corresponding trajectories for the state x satisfy the given boundary conditions

x(0) = (0, 0, 0, 0), x(T ) = (qdes, 0, 0, 0). (3.12)

where T is the movement time.

Note the optimal control formulation provides a generic way to plan the rest-to-rest

motion, but it comes with a high computational cost and the algebraic relation between the

configuration variables is not analytically known. In this chapter, we propose a systematic

way for capturing the optimal motion pattern by a polynomial function that satisfies the

given boundary conditions. The resulting motion planner is less computationally expensive

and thus more suitable for real-time application.
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3.3.1 Generation of the rest-to-rest trajectory

To construct a less computational expensive but feasible motion planner for system (3.7)

satisfying the rest-to-rest boundary conditions (3.12), we use the minimum effort optimal

solution (the optimal criterion is 1
2

∫
u2dt) for the linearized system, which is shown later

on to be a polynomial, as a candidate function for the base variable qb(t). Then we prove its

feasibility by showing that the corresponding trajectories of x(t) satisfy the given boundary

conditions.

The analytical solution for the minimum effort optimal control problem is well estab-

lished in the control literature, which is represented as

x(t) = eÂt
((
I −W (t)W (T )−1

)
x(0) +W (t)W (T )−1e−ÂTx(T )

)
, (3.13)

where

W (t) =

∫ t

0

e−Âsb̂b̂
>
e−Â

>
s ds. (3.14)

As Â is a nilpotent matrix for base-free systems, a finite solution for x̂(t) can be obtained.

For the rest-to-rest motion, boundary conditions are as (3.12) and e−ATx(T ) = x(T ). Set-

ting the nominal time t̂ = t/T and with binomial expansion for (1− t̂)3, one obtains

qf (t̂) =

∫ T
0
p3(1− p)3dp
B(4, 4)

=
B(t̂; 4, 4)

B(4, 4)
, (3.15)

where B(t̂; 4, 4) is the regularized incomplete Beta-function. In what follows, as we deal

with the 4-th order systems only, B(t̂; 4, 4) will be written as B(t̂) unless otherwise speci-

fied.

The base variable qb(t) is the 2-nd derivative of qf (t) shown by Fig. 3.2, because the

linearized system is a 4-th order integrator. Note that qb(t) is an odd function with respect

to the middle point where t = T/2. It implies |qmax| = |qmin| where qmax and qmin are

constants indicating the maximum and minimum values of qb(t).

For the sake of simplicity, we represent qb(t) in the form of a polynomial whose max-

imum value is 1, weighted by qmax. One way to do so is to find the location tmax of the
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Figure 3.2: Motion pattern of the based variable qb(t)

maximum point, calculating the corresponding value qb(tmax), and rendering it to 1. Note

the zero-velocity points of qb(t) are found at t = 0, t = tmax, t = tmin and t = T where

tmax =
(5−

√
5

10

)
T, tmin =

(5 +
√

5

10

)
T. (3.16)

Thus, the value of qmax = qb(tmax) can be easily calculated and the base variable qb(t) can

be expressed as

qb(t) = qmax

(
25
√

5t2(t− T )2(2t− T )

T 5

)
. (3.17)

Then the auxiliary input u is calculated as the second order derivative of qb(t).

3.3.2 Feasibility of the linearized solution

We now prove that (3.17) is a feasible candidate function for the base variable qb(t) to

realize a rest-to-rest motion for the original nonlinear underactuated system (3.7). Given

the nonlinear differential equation (3.7), with the initial conditions qf (0) = q̇f (0) = 0, we

prove that q̇f (T ) = 0. The proof is sketched as follows.

Note that qb(t) is the 2-nd derivative of Beta-function, and Beta-function has the property

that B(t) = B(T ) − B(T − t). Therefore, all its even derivatives are odd (asymmetric)

and odd derivatives are even (symmetric) with respect to the middle point t = T/2. By
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introducing the new time coordinate t̃ = t− T/2, one obtains

qb(t̃) = qb(t−
T

2
), q̇b(t̃) = q̇b(t−

T

2
), q̈b(t̃) = q̈b(t−

T

2
),

and one gets

qb(−t̃) = −qb(t̃), q̇b(−t̃) = q̇b(t̃), q̈b(−t̃) = −q̈b(t̃). (3.18)

By substituting (3.18) into (3.5), one obtains the 2-nd derivative of the fiber variable q̈f as a

function of t̃. If

q̈f (−t̃) = −q̈f (t̃), (3.19)

holds true, which implies that q̈f (t) is odd with respect to t = T/2, one obtains that with the

initial condition q̇f (0) = 0, ∫ T

0

q̈f (t) dt = q̇f (T )− q̇f (0) = 0, (3.20)

which leads to the conclusion that q̇f (T ) = 0. Therefore, the selected qb(t) is a feasible

candidate for the rest-to-rest motion planning for the underactuated system (3.7).

It is important to notice that only when q̈f (−t̃) = −q̈f (t̃) holds true, the geometric phase

based algorithm works. Although a generic proof of this property for all base-free systems is

yet to be proposed, one can easily prove it for common base-free systems such as cart-pole,

hoop-pendulum [32] and planar ballbot system [34].

3.3.3 Computation of the parameter qmax

Choose the base variable qb(t) as (3.17), where the parameter qmax is a constant left un-

known. Correspondingly, with the initial conditions of the fiber variable qf (0) = 0 and

q̇f (0) = 0, the final velocity q̇f (T ) = 0 has been proved in the previous subsection. The rest

of the boundary condition of qf (t) that qf (T ) = qdes, needs to be satisfied by identifying a

suitable qmax. The identification problem can be formulated as follows. For (3.8) and (3.17),

determine qmax such that qf (t) satisfies qf (T ) = qdes.

To determine the value of qmax, one sets it as an independent variable and add one more
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differential equation [86]

q̇max(t) = 0. (3.21)

It should be noted that (3.8) is a 2-nd order differential equation that can carry two boundary

conditions: (qf (0), qf (T )) or (qf (0), q̇f (0)), while (3.21) can carry only one. However, there

are four required boundary conditions to satisfy: (qf (0), qf (T ), q̇f (0), q̇f (T )). To match the

number of equations for solving the boundary value problem, we introduce new variable

z(t), where

ż(t) = qf (t), (3.22)

by which (3.8) is transformed into a third order differential equation that can carry three

boundary conditions. Choosing z(t) and qmax(t) as new independent variables, we restruc-

ture the system of differential equations as

...
z (t) = h(qb(t), q̇b(t), q̈b(t)), q̇max(t) = 0, (3.23)

with the following four boundary conditions

ż(0) = 0, z̈(0) = 0, ż(T ) = qdes, z̈(T ) = 0. (3.24)

Solving the boundary value problem is equivalent to solving the rest-to-rest motion planning

problem. Thus, through the geometric phase based motion planning, rest-to-rest trajectories

for the underactuated system (3.7) are generated explicitly with less computational cost

compared with the optimal control formulation.

Note that under the geometric phase based method, qb(t) is a polynomial expressed by

(3.17), and qf (t) is obtained through the integration of (3.8). Under the optimal control for-

mulation, on the other hand, for the 4-th order systems, a group of 8 differential equations,

including the 4 state equations and 4 costate equations, need to be solved. Compared with

the optimal control formulation, the geometric phase based method tends to be less compu-

tationally expensive while the motions of the cart-pole system resulted from both planners

are very similar. Upon this fact, the geometric phase based method is more suitable for the

real-time applications.
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3.4 Case study

Here we provide examples of the application of the proposed motion planning algorithm

on several underactuated systems. The comparison of the system performance between the

proposed motion planner and the optimal control formulation is also conducted.

Cart-pole system

θ

2l

fs

X

Y

bΣ

Figure 3.3: Cart-pole system

The cart-pole system, as shown in Fig. 3.3, is a well-known test bed for nonlinear control

techniques. It is combined by a sliding cart, on which a inverted pendulum is mounted,

connecting by a passive pin joint. The displacement of the cart is denoted by s and the

pendulum angle by θ, increasing counterclockwise. The input force f is acting on the cart.

The dynamic model of the cart-pole system is obtained [32] as Hcc Hcp

Hpc Hpp


 s̈

θ̈

+

 hc

hp

 =

 1

0

 f, (3.25)
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where

Hcc = m+mp, Hcp = −mpl cos θ, hc = mpl sin θθ̇
2,

Hpc = −mpl cos θ, Hpp = Jp, hp = mpgl sin θ,

and m, mp stand for the mass of the cart and of the pendulum and g for the standard gravita-

tional acceleration. Here one assumes that the pendulum to be a uniform beam of length 2l.

Thus its inertia momentum with respect to the pin joint Jp = 1
12
mp(2l)

2 +mpl
2 = 4

3
mpl

2.

Then following the procedure from (3.2) to (3.4), one conducts the partial linearization

for the cart-pole system driven by cart. By selecting the driving force

f =
Jp(m+mp)− (mpl cos θ)2

mpl cos θ
u+mpgl sin θθ̇

2, (3.26)

and through partial feedback linearization, one obtains

s̈ = h(θ, θ̇, θ̈) =
Jp

mpl cos θ
θ̈ + g tan θ, (3.27)

θ̈ = u. (3.28)

As the passive pendulum angle θ is the base variable, the linearization is non-collocated.

Note a singularity appears at θ = π/2 (see (3.27)). Then the amplitude of θ should be

limited with the range from 0 to π/2 in the motion planning.

For (3.27), the condition (3.19) is satisfied if the base variable θ is chosen as (3.17).

Hence, the proposed geometric phase based algorithm can be applied. The rest-to-rest mo-

tion planning problem is stated as finding a feasible trajectory for θ such that the correspond-

ing s satisfies the following boundary conditions

s(0) = 0, ṡ(0) = 0, s(T ) = sdes, ṡ(T ) = 0. (3.29)

The candidate function for the input based variable θ is chosen in the form (3.17) with the

constant parameter qmax to be determined. By introducing the new variable ż(t) = s(t),

one determines qmax through the process shown in Section 3.3.3 with the following four
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boundary conditions

ż(0) = 0, z̈(0) = 0, ż(T ) = sdes, z̈(T ) = 0. (3.30)

Solving the above boundary value problem is equivalent to solving the motion planning

problem for the cart-pole system undergoing rest-to-rest motion to the desired state.

[ ]s m

[ ]
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s m

[ ]t s

[     ]radq

[ ]
des
s m

[ ]t s

Figure 3.4: Motion of the cart-pole system resulted from the geometric phase based control.
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Figure 3.5: Motion of the cart-pole system resulted from the minimum effort optimal con-
trol.

To analyze the performance of the cart-pole system under proposed planner compared

with that under optimal control formulation, we conduct simulations with respect to various

desired shift sdes of the fiber variable s. The value of sdes changes from 0 to 20π. We plot the

configuration variables s and θ as functions of both sdes and time t. System motion under the

geometric phase based planner is shown in Fig. 3.4 by blue surfaces whereas motion under
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optimal control in Fig. 3.5 by red surfaces. The numerical values used in the simulation are

m = 1kg, mp = 1kg, l = 0.1m, g = 9.8m/s2 and the time interval T = 10s.

By comparing the simulation results of the optimal control and the geometric phase

based approach, one finds that the cart motions under both planners are almost the same

whereas the pendulum motions differ by less than 0.1rad in maximum. For both motion

planners, the comparison between the values of the cost function J for the cart-pole system

is illustrated by Table 3.1. Note that the value of J for the geometric phase based approach

is only 0.038% higher than that of the optimal control in maximum, which implies that

both motion planners provide similar system performance. Upon this fact, the geometric

phase base approach which has lower computational cost, is more suitable for the real-time

applications.

φdes 2π 4π 6π 8π 10π

Optimal control 0.00206971 0.00825442 0.0184816 0.0326325 0.0505456

Geometric phase 0.00206971 0.00825443 0.0184817 0.0326329 0.0505469

φdes 12π 14π 16π 18π 20π

Optimal control 0.0720210 0.0968251 0.124697 0.155355 0.188503

Geometric phase 0.0720247 0.0968346 0.124718 0.155395 0.188575

Table 3.1: Comparison for the values of the cost function J , expressed by (2.30), between
the minimum effort optimal control formulation and the geometric phase based approach
for the cart-pole system.

Planar ballbot system

The planar ballbot system, illustrated by Fig. 3.6, is a mobile robot that moves on a rolling

hoop. The generalized coordinates of the system are denoted by the hoop angle φ(t) and the

body angle with respect to the ground θ(t), both of which are increasing counter-clockwise.

The red dot on the hoop is its initial contact point to the ground. One revolution of the

initial contact point implies a 2πR linear displacement for the center of the hoop. Note

that at the starting configuration (φ(0) = 0), the initial contact point touches the ground.

The input torque τ is acting on the joint between the hoop and the body, also increasing
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Figure 3.6: Planar ballbot system.

counter-clockwise. Then the dynamic model is obtained [32] as(
Jc −mpRl cos θ

)
φ̈+

(
Jp −mpRl cos θ

)
θ̈ +mpl sin θ

(
Rθ̇2 + g

)
= 0, (3.31)

−mpRl cos θφ̈+ Jpθ̈ +mpgl sin θ = τ, (3.32)

where Jc = (4
3
m + mp)R

2. The masses for the hoop and for the body are denoted by m

and mp. R stands for the radius of the hoop and g for the standard gravitational accelera-

tion. Here one assumes that the body to be a uniform beam of length 2l. Thus its inertia

momentum with respect to the center of the hoop Jp = 1
12
mp(2l)

2 +mpl
2 = 4

3
mpl

2.

Then, following the procedure from (3.2) to (3.4), one conducts the partial linearization

for the ballbot system. By selecting the input

τ = −JpJc − (mpRl cos θ)2

Jc −mpRl cos θ
u+mpgl sin θ, (3.33)
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and through partial feedback linearization, one obtains

φ̈ = h(θ, θ̇, θ̈) = −Jp −mpRl cos θ

Jc −mpRl cos θ
θ̈ − mpl sin θ(Rθ̇

2 + g)

Jc −mpRl cos θ
, (3.34)

θ̈ = u. (3.35)

The actuated body angle θ is the base variable and thus, the linearization is collocated.

Note that for (3.34), the condition (3.19) is satisfied if the base variable θ is chosen as

(3.17). Hence, the proposed geometric phase based algorithm can be applied. The rest-to-

rest motion planning problem is stated as finding a feasible trajectory for θ such that the

corresponding φ satisfies the following boundary conditions

φ(0) = 0, φ̇(0) = 0, φ(T ) = φdes, φ̇(T ) = 0. (3.36)

The candidate function for the input based variable θ is chosen in the form (3.17) with the

constant parameter qmax to be determined. By introducing the new variable ż(t) = φ(t),

one determines qmax through the process shown in Section 3.3.3 with the following four

boundary conditions

ż(0) = 0, z̈(0) = 0, ż(T ) = φdes, z̈(T ) = 0. (3.37)

Solving the above boundary value problem is equivalent to solving the motion planning

problem for the cart-pole system undergoing rest-to-rest motion to the desired state.

To analyze the performance of the ballbot system under proposed planner compared

with that under optimal control formulation seeking for the minimum effort (the optimal

criterion is 1
2

∫
u2dt), we conduct simulations with respect to various desired shift φdes of

the fiber variable φ. The value of φdes changes from 0 to 20π. We plot the configuration

variables φ and θ as functions of both φdes and time t. Motion under the geometric phase

based planner is shown in Fig. 3.7 by blue surfaces whereas motion under optimal control

in Fig. 3.8 by red surfaces. The numerical values used in the simulation are m = 2kg,

mp = 1kg, R = 0.2m, l = 0.3m, g = 9.8m/s2 and the time interval T = 10s.
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Figure 3.7: Motion of the ballbot system resulted from the geometric phase based control.
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Figure 3.8: Motion of the ballbot system resulted from the minimum effort optimal control.

Similar to the cart-pole system, for the ballbot system, the hoop motions resulted from

the optimal control and the geometric phase base approach, are almost the same whereas the

body motions differ by less than 0.2rad in maximum. The comparison between the values

of the cost function J for the ballbot system under both motion planners, is illustrated by

Table 3.2. Note that the value of J for the geometric phase based approach is only 0.0013%

higher than that of the optimal control in maximum, which implies that both motion planners

provide similar system performance. Upon this fact, the less computationally expensive

geometric phase based method is more suitable for the real-time applications.
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φdes 2π 4π 6π 8π 10π

Optimal control 0.00029573 0.0011836 0.00266544 0.00474466 0.00742581

Geometric phase 0.00029573 0.0011836 0.00266544 0.00474466 0.00742582

φdes 12π 14π 16π 18π 20π

Optimal control 0.0107149 0.0146193 0.0191479 0.0243110 0.0301207

Geometric phase 0.0107149 0.0146194 0.0191480 0.0243113 0.0301211

Table 3.2: Comparison for the values of the cost function J , expressed by (2.30), between
the minimum effort optimal control formulation and the geometric phase based approach
for the ballbot system.

3.5 Summary

This chapter deals with rest-to-rest motion planning problem for planar underactuated sys-

tems. We classified the planar underactuated systems into two types. One is the base-fixed

systems that one or more portions of the systems are fixed on the ground, including the serial

robot with passive joints. The other is the base-free type whose position and orientation can

be steered freely by internal shape change, such as the cart-pole system, the planar ballbot

system and the ballbot system. In this chapter, we focused on the base-free type systems.

After the partial feedback linearization, this type of systems are commonly partially dif-

ferentially flat and the base variable is the flat output. It leads to a property that the deriva-

tives of the fiber variable can be represented purely by the base variable and its derivatives.

Based on this property a motion planning algorithm has been constructed as follows.

First, the 2-nd order derivative of Beta-function weighted by a constant parameter is

selected as a candidate for the base variable. Its feasibility is proved by showing that the

corresponding fiber variable can satisfy the given boundary conditions. Finally the parame-

ter of the 2-nd order derivative of Beta-function is adjusted such that a desired shift for the

fiber variable can be obtained. Under the proposed motion planning algorithm, rest-to-rest

trajectories for the configuration variables are generated with similar system performance

but with less computational cost, compared with the optimal control formulation.

There are several points to be improved for the proposed algorithm in the future work.

Firstly, the partial feedback linearization with respect to the base variable qb sometimes
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induces a singularity (for example, θ = π/2 in the cart-pole system). To deal with the

singularity, several methods can be adopted. For example, by adjusting the time interval

T , qb is limited in certain range that does not contain the singular points; by dividing the

desired shift of the fiber variable qdes into several portions, qb can be formed by two or more

connecting 2-nd derivatives of Beta-function; or, by selecting a rest-to-rest function for qb
with more than one oscillation, qdes can be reached with acceptable amplitudes of qb away

from the singularities.

Secondly, to apply the proposed motion planning algorithm for the base-free systems,

one extra requirement exists: in Section 3.3, it is pointed out that only when (3.19) holds

true, the geometric phase based algorithm works. This drawback limits the class of under-

actuated systems where the proposed algorithm can be applied. One can easily prove that

this requirement is fulfilled for common base-free systems such as cart-pole, ballbot and

planar ballbot system. However, a generic proof for all base-free systems is expected to be

developed in our future work.

Thirdly, in this chapter, we considered only rest-to-rest motion planning problem for a

class of 2DOF underactuated systems. In the future work, we plan to generalize the proposed

algorithm to non-rest-to-rest motion planning for nDOF base-free systems. To achieve this

goal, we intend to build connections between the solved (2DOF, rest-to-rest) and currently

unsolved (nDOF, non-rest-to-rest) motion planning problems. For example, the trajectories

under a non-rest-to-rest motion could be viewed as a portion of the trajectories under a

rest-to-rest motion.
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Chapter 4

Function approximation technique based
control for non-square systems

4.1 Background

The need for control of mechanical systems arises in many practical applications that in-

clude the use of ships, underwater vehicles, helicopters, aircraft, satellites, mobile robots,

space platforms, flexible joint robots, hyper-redundant and snake-like manipulator, walking

robots, capsule robots, and hybrid machines [2–5], and control methods have been pro-

posed [2–5, 36–47]. The proposed methods have certain requirements on some special fea-

tures of mechanical systems and often are not feasible for those systems that fail to satisfy

the requirements. Instead of classifying the systems by their features and developing corre-

sponding techniques to tackle the control problem, we intend to propose a generic method

that works on a wide class of mechanical systems. This constitutes the main goal of this

research.

Then the construction of the function approximation based controller is formulated by

two parts. The first part is to control the auxiliary system, which is trivial. The second

part is to eliminate the influence of the time varying uncertainty to the control process. We

parameterize the uncertainty term with a set of chosen basis functions weighted by unknown

parameters. These parameters are required to be constants for the sake of applying the
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Lyapunov design. Then define update laws such that the parameters of the weighted basis

functions can be automatically determined and the variation between the auxiliary square

system and the original non-square system can be eliminated. By combining these two parts,

we obtain a feedback controller that makes the non-square system asymptotically stable.

The rest of this chapter is organized as follows. First, in Section 4.2 we state the control

problem for the non-square system and propose the control method based on the function

approximation technique. Also, in this section, we establish the asymptotic stability for

the closed loop system combined by the non-square system and the constructed feedback

controller. The feasibility of the proposed control method is verified under simulations in

Section 4.3. Finally, conclusions are drawn in Section 4.4.

4.2 Function approximation technique based control

A non-square control system can be written in the state-space form as

ẋ = f(x) +G(x)u, (4.1)

where x ∈ Rm, u ∈ Rn and m > n. By selecting the state x to be the system output, the

control problem addressed in this chapter can be stated as constructing an input u such that

lim
t→∞

x = 0.

For a square system where G is an invertible matrix, a feedback law can be easily for-

mulated as

u = −G−1
(
f +Kx

)
, (4.2)

where K is a positive definite matrix. However for a non-square system where G is an

m× n matrix,G−1 does not exist. Hence the control law (4.2) is not applicable.
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4.2.1 Design of controller

To square the control system, one introduces the auxiliary input u∗ ∈ Rm where

u = G∗u∗, (4.3)

and the auxiliary matrix G∗ is chosen to be a full rank n × m matrix, the weighted pseu-

doinverse of matrixG, that is

G∗ = (G>WG)−1G>W , (4.4)

whereW is a constant positive definite symmetric matrix. Then the non-square system (4.1)

is rewritten as

ẋ = f +GG∗u∗, (4.5)

which is a square system. However as matrixGG∗ is singular and not invertible, a feedback

control law for the auxiliary input u∗ in form of (4.2) is not easily defined. For the control

purpose, we restructure the system (4.5) as

ẋ = f +GG∗u∗ + u∗ − u∗ = u∗ + d, (4.6)

where

d(x,u∗, t) = f + (GG∗ − I)u∗. (4.7)

Note that through the above rearrangement, the original non-square system is restructured

as the combination of two parts, a square system

ẋ = u∗, (4.8)

referring to the auxiliary system, and d, which can be viewed as an uncertainty term. Thus

the control problem for the non-square system is reformulated to the adaptive control prob-
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lem for a square system with time-varying uncertainties, which is stated as constructing u∗

such that lim
t→∞

x = 0, with d unknown.

Note that compared with the adaptive control problem for a system with parametric

uncertainty, it is challenging for a system with time-varying uncertainty where traditional

techniques such as the model reference adaptive control (MRAC) are not feasible. To tackle

this problem, we adopt the function approximation technique (FAT) based adaptive control

[53–56]. Compared with the traditional MRAC, the advantage of the FAT-based control

is in the representation of the time-varying uncertainties by a set of given basis functions

weighted by a set of unknown constant parameters. Thus the problem of eliminating the

influence of the uncertainty terms is transformed to the estimation of parametric errors.

Then Lyapunov designs are applied to derive proper update laws adjusting the estimates of

the unknown parameters. In what follows, the construction of the controller based on the

FAT approach is shown in details.

To control (4.6), the effect of the uncertainty term d to the system needs to be eliminated.

Note that the uncertainty term varies with respect to time t and the state x (the input u can

also be expressed by t and x). However, at any moment d is a constant. We use weighted

basis functions to approximate d at each moment as

d(x, t,u∗) =
N∑
i=0

diψi(x, t) + ε, (4.9)

where di, referring to the plant parameter, is constant, ψi, referring to the basis function,

consists of x and t, and ε, referring to the approximation error, describes the deviation

between the uncertainty d and the weighted basis functions, N is the order of the basis

function. For instance, if we select the basis function as a polynomial with N = 2,

d = do + d1t+ d2t
2 + ε. (4.10)

Hence by substituting (4.9) into the the state equation (4.6) yields

ẋ = u∗ +
N∑
i=0

diψi(x, t) + ε (4.11)
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at each moment.

The control of (4.11) requires the unknown plant parameters di to be identified. To

reach this goal, these plant parameters di at each time t are estimated by d̂i(t), referring to

the control parameter. The change of d̂i(t), with respect to time, is governed by an update

law that we are to define in the construction of a feedback controller u∗ from the following

process.

To construct u∗ that steers x to zero and an update law that defines d̂i(t), a feasible

Lyapunov candidate function would be

V =
1

2
x>x+

1

2

N∑
i=0

(
d̂i(t)− di

)>(
d̂i(t)− di

)
, (4.12)

which combines both the state x and the estimation error d̂i(t) − di between the plant

parameters di and their estimates d̂i(t). Note that in (4.12), the parameters di are constants,

which implies ḋi = 0. Therefore the derivative of the Lyapunov function candidate is

calculated as

V̇ = x>ẋ+
N∑
i=0

(
d̂i(t)− di

)> ˙̂
di(t). (4.13)

To further simplifying the above equation, substituting the vector ẋ expressed by (4.11) into

(4.13) gives

V̇ = x>
(
u∗ +

N∑
i=0

diψi(x, t) + ε
)

+
N∑
i=0

(
d̂i(t)

> ˙̂
di(t)− d>i

˙̂
di(t)

)
= x>

(
u∗ + ε

)
+

N∑
i=0

d̂i(t)
> ˙̂
di(t) +

N∑
i=0

d>i

(
xψi(x, t)− ˙̂

di(t)
)
.

As the control law to be constructed cannot contain unmeasurable elements, the unknown

parameters di in the derivative of the Lyapunov function need to be excluded. To cancel the
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terms with di, define the update law

˙̂
di(t) = xψi(x, t), (4.14)

which leads to

V̇ = −x>
(
u∗ +

N∑
i=0

d̂i(t)ψi(x, t) + ε
)
.

The approximation error ε needs to be considered in the construction of the auxiliary input

u∗. Select u∗ as

u∗ = u∗x + u∗ε , (4.15)

where u∗ε is to cover the effect of ε. Thus the derivative of the Lyapunov candidate function

V̇ becomes

V̇ = −x>
(
u∗x +

N∑
i=0

d̂i(t)ψi(x, t)
)
− x>

(
u∗ε + ε

)
. (4.16)

Constructing

u∗x = −Kx−
N∑
i=0

d̂i(t)ψi(x, t), (4.17)

whereK is a positive matrix, yields

V̇ = −x>Kx− x>
(
u∗ε + ε

)
. (4.18)

Then one designs a robust control law for u∗ε to cover the effect of ε. Denote the components

of ε ∈ Rm to be εj , where j = 1, 2, ..., m. Suppose εj is bounded and its variation bound is

available, i.e., there exists δj > 0 such that ‖εj‖ ≤ δj . Then selecting u∗x the same as (4.24)

and u∗εj as

u∗εj = −δj sgn(xj) (4.19)
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yields

V̇ = −x>Kx+
m∑
j=0

(
xjεj − δj‖xj‖

)
. (4.20)

Note that
m∑
j=0

(
xjεj − δj‖xj‖

)
≤ 0 (4.21)

holds true when εj is bounded by δj . Therefore, V̇ ≤ 0 is guaranteed under the control law

u = G∗(u∗x + u∗ε). (4.22)

The convergence of the state x is achieved while the effect of the approximation error ε

is covered. Thus, (4.22) together with the update law (4.14) formulates the FAT based

controller for non-square systems.

Note that if the number of the basis functions ψi is chosen to be sufficiently large such

that ε ≈ 0, the designed controller could be simplified while guaranteeing the convergence

of the state x. Specifically, by selecting u∗ε = 0, the derivative of the Lyapunov function

candidate (4.16) becomes

V̇ = −x>
(
u∗x +

N∑
i=0

d̂i(t)ψi(x, t)
)
. (4.23)

Constructing the auxiliary input

u∗ = u∗x = −Kx−
N∑
i=0

d̂i(t)ψi(x, t), (4.24)

whereK is a positive matrix, yields

V̇ = −x>Kx ≤ 0, (4.25)

which implies the convergence of x. Hence the system input u can be simplified from (4.22)
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as

u = −G∗
(
Kx+

N∑
i=0

d̂i(t)ψi(x, t)
)

(4.26)

with the update law defined by (4.14).

4.2.2 Proof of stability

To prove the asymptotic stability of the closed-loop system formulated by (4.1), (4.14), and

(4.26) around the equilibrium point, we follow the Lyapunov-like analysis [97] based on the

following

Lemma 4.2.1. If a scalar function V satisfies the following conditions

1. V is lower bounded

2. V̇ is negative-semidefinite

3. V̇ is uniformly continuous in time

then V̇ → 0 as t→∞.

The Lyapunov function V expressed by (2.78) satisfies the first and second conditions

that V is lower bounded and V̇ is negative semi-definite. To follow the Lyapunov-like

analysis, we need to show the uniform continuity of V̇ . This can be done by proving that V̈

is bounded, where

V̈ = −2x>Kẋ. (4.27)

As V̇ ≤ 0, V is bounded and thus so is its component x. According to (4.25), we see

that V̇ is only composed of variables x, V̇ is bounded, and, thus, so is its component ẋ.

Therefore V̈ is bounded since it only contains the elements x and ẋ which are shown above

to be bounded. Hence, V̇ is uniformly continuous. Application of Barbalat’s lemma then

indicates that x converges to 0 when t→∞.
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It should be noted that d̂i(t)−di, the error between the parameters and their estimations,

is not necessarily asymptotically stable. However, according to (4.25), we see that the

derivative of the Lyapunov function of the closed loop system is negative semi-definite and

d̂i(t)− di is bounded, which indicates that the update laws d̂i(t) finally converge to certain

constant values.

4.2.3 Selection of weight matrices

Note that the constructed control law (4.26) varies from a classical feedback that it synthe-

sizes an adaptation mechanism

ua = −G∗
N∑
i=0

d̂i(t)ψi(x, t), (4.28)

which deals with the variation d between the non-square system (4.1) and the auxiliary

square system (4.8). However the influence of the adaption mechanism ua to the control

process is vanishing when the coefficients in the gain matrix K are chosen large and the

controller is approaching a pure state feedback

u = −G∗Kx. (4.29)

This feature is significant when applying this function approximation based algorithm on the

nonholonomic systems since according to well-known Brockett’s condition [57], there exists

no state feedback for nonholonomic systems that achieves asymptotic stability. Therefore

for the control of this specific type of systems, the following points need to be aware of.

First the gain coefficients k1 , k2 , ... , km corresponding to the state variables x1, x2, ...

, xm are required to be small to weaken the influence of non-adaptive portion (4.29) in the

controller. However, the small value of feedback coefficients leads to the low converging

speed for the system output. This problem can be solved by assigning positive functions to

the feedback coefficients k1 , k2 , ... , km, which start from small values but keep growing

with respect to time, instead of using positive constants.

Second, the initial value of the control parameters d̂i(t) cannot be chosen zero. If so,
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the controller (4.26) yields to a state feedback in from of (4.29) at the instant t = 0 and

the nonholonomic system is not controllable via (4.29). The closer the initial values of the

state variables to the equilibrium are given, the larger values of d̂i(0) are required to assign

to weight the adaptation mechanism ua. More details about the control for nonholonomic

systems will be discussed in Section 4.3 via an example of the unicycle system.

4.3 Case study

Here we test the control law for three cases, a linear system (double integrator system), a

nonlinear underactuated system (cart-pole system), and a nonholonomic system (unicycle

system). For the linear and the nonlinear systems, we choose a set of polynomial basis

functions for estimating the variation d expressed by (4.7), that is,

ψi(x, t) = ti. (4.30)

Thus the variation d is estimated as

d ≈
N∑
i=0

dit
i. (4.31)

Note that the estimation of d, formulated by (4.31), may diverge because the polynomials

are proportional to time t. For finite t however, this does not represent a problem — the

output signal will still converge as shown in Section 4.2.2, even if the estimation (4.31) does

not approach to d. For the nonholonomic system, we choose the basis function to be the

step function.

The feedback controller and the update law corresponding to (4.31) are defined as

u = −G∗
(
Kx+

N∑
i=0

d̂i(t)t
i
)
,

˙̂
di(t) = xti. (4.32)

In the linear and nonlinear cases, we choose the second order polynomial functions to esti-

mate the system variation d, namely, N = 2. In the nonholonomic case, N = 4.
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Linear system

Let us start from a linear example, the double integrator system. The control problem is

stated as given a double integrator system

ẍ = u, (4.33)

construct u such that x converges to zero. Select the state vector to be

x =

 x1

x2

 , (4.34)

where x1 = x, x2 = ẋ, and rewrite the system equations (4.33) in the state space form as

ẋ = Ax+Bu =

 0 1

0 0


 x1

x2

+

 0

1

u. (4.35)

The control problem is then redescribed as constructing an input u such that lim
t→∞

x = 0.

Note that a linear system is a special case of nonlinear system where

f(x) = Ax, G(x) = B. (4.36)

Then to apply the constructed control law (4.32), we need to select a suitable matrixB∗. As

B∗ cannot contain zero columns, it is chosen to be a weighted pseudoinverse of matrix B,

calculated as

B∗ =

[
1 1

]
.

To know whether the selectedB∗ is proper, let us check the controllability for the reformu-

87



lated system

ẋ = Ax+Bu∗, B = BB∗ =

 0 0

1 1

 (4.37)

after introducing the auxiliary input u = B∗u∗. For the new system (4.37) with auxiliary

input u∗, the controllability is easily proved. As system (4.37) is controllable, the controller

(4.32) is applicable and simulation is conducted. In the simulation, the initial values of the

control parameters d̂i(t) are chosen to be zero. The gain matrix is selected positive definite,

as

K =

 5 0

0 5

 ,
and the initial conditions of the system output x1 and x2 are specified as 2 m and 1 m/s.
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Figure 4.1: System response of double integrator under constructed controller.
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Figure 4.2: Input signal.

Under the constructed control law, the system responses x1 and x2 converge to desired
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values, as illustrated in Fig. 4.1, where the left and right graphs stand for the trajectories for

x1 and x2 respectively. The input signal is shown by Fig. 4.2.

Nonlinear system

Then let us test the controller for a nonlinear example, the well-known cart-pole system. The

dynamic equations (3.25) govern the relation between the input torque and corresponding

motion of the cart-pole system. The constructed control law (4.32) is tested under the above

dynamic model. To apply the control algorithm, we choose the state vector and the system

input to be

x =



s

ṡ

θ

θ̇


=



x1

x2

x3

x4


, u = f, (4.38)

and rewrite the dynamic equations of the cart-pole system (3.25) in the state space form as

ẋ = f(x) +G(x)u

=



x2

Hcphp−Hpphc
HccHpp−HcpHpc

x4

Hpchc−Hcchp
HccHpp−HcpHpc


+



0

Hpp

HccHpp−HcpHpc

0

Hpc

HccHpp−HcpHpc


u.

The control problem is then defined as constructing an input u such that lim
t→∞

x = 0.

To apply the constructed control law (4.32), we select the weight matrix W to be a
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symmetric positive definite matrix as

W =



2 2 0 0

2 5 0 0

0 0 15 5

0 0 5 2


.

Note that the off-diagonal elements of W affect the converging speed and the pattern of

convergence (less oscillatory) of the state x, while the diagonal elements were adjusted to

keep the weight matrixW positive definite. Thus,G∗ is calculated as

G∗ =



2Hpp(HccHpp−HcpHpc)

2H2
cc+5H2

cp

5Hpp(HccHpp−HcpHpc)

2H2
cc+5H2

cp

5Hpc(HccHpp−HcpHpc)

2H2
cc+5H2

cp

2Hpc(HccHpp−HcpHpc)

2H2
cc+5H2

cp



>

.

To know whether the selectedG∗ is proper, the controllability for the reformulated system

ẋ = f +GG∗u∗ = f + g1u1 + g2u2 + g3u3 + g4u4 (4.39)

after introducing the auxiliary input u = G∗u∗ is checked in Appendix A.

As (4.39) is locally controllable, the control law (4.32) is applicable and a simulation is

conducted. In the simulation, the gain matrix is selected as

K =



5 0 0 0

0 5 0 0

0 0 5 0

0 0 0 5


,
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and the initial conditions of the system output x1, x2, x3, and x4 are specified as 2, 0, 0,

and 0. The numerical values used in the simulation are m = 1 kg, mp = 1 kg, l = 0.1

m, g = 9.8 m/s2, and T = 15 s. The initial state is (2, 0, 0, 0) and the initial values of the

control parameters d̂i(t) are chosen to be zero.
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Figure 4.3: Nonlinear system response under constructed controller.
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Figure 4.4: Input signal.

Under the constructed controller, the system outputs x1, x2, x3, and x4 converge to zero,

as illustrated in Fig. 4.3. The solid curves stand for the trajectories of the displacement x1
and velocity x2 of the cart, whereas the dashed curves for the angular displacement x3 and

angular velocity x4 of the pendulum. The input signal is shown by Fig. 4.4.

Nonholonomic system

Let us check the validity of the constructed controller (4.32) applied on a nonholonomic

system, the unicycle system. A unicycle is a vehicle with a single orientable wheel. Its
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Figure 4.5: Unicycle system.

configuration is described by

q =


x

y

θ

 , (4.40)

where x and y are the Cartesian coordinates of the contact point of the wheel with the

ground, and the angle θ is the orientation of the wheel with respect to the x-axis (see

Fig. 4.5). The pure rolling constraint for the wheel, which is nonholonomic, is expressed as

ẋ sin θ − ẏ cos θ = 0, (4.41)

implying that the velocity of the contact point is zero in the direction orthogonal to the

local y-axis of the vehicle. From the nonholonomic constraint, the kinematic model of the
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unicycle is then derived as

q̇ =


cos θ 0

sin θ 0

0 1


 v

ω

 , (4.42)

where the inputs v and ω have a clear physical interpretation. In particular, v is the linear

velocity of the vehicle whereas the steering velocity ω is the wheel angular speed around

the vertical axis. To apply the control algorithm, we choose the state vector and the system

input to be

x = q, u =

 v

ω

 ,
and rewrite the system equations in state space form as

ẋ = G(x)u =


cos θ 0

sin θ 0

0 1


 v

ω

 . (4.43)

The control problem is then described as constructing an input u such that lim
t→∞

x = 0. For

the construction of input u, let us introduce the auxiliary input u∗, where

u = G∗u∗, (4.44)

By selecting

W =


1 0 0

0 1 0

0 0 1

 ,
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one calculates matrixG∗ as

G∗ = G> =

 cos θ sin θ 0

0 0 1

 ,
and the state equation is rewritten as

ẋ = GG>u∗ =


cos2 θ cos θ sin θ 0

cos θ sin θ sin2 θ 0

0 0 1

u∗. (4.45)

To test the validity of the chosenG∗ matrix, the local controllability around the equilibrium

point x = (0, 0, 0) for the following system

ẋ = g1u1 + g2u2 + g3u3

=


cos2 θ

cos θ sin θ

0

u1 +


cos θ sin θ

sin2 θ

0

u2 +


0

0

1

u3

is checked in Appendix B.

Knowing that the unicycle system is locally controllable, we apply the constructed con-

trol law (4.32), where the gain matrix is given as

K =


5 0 0

0 5 0

0 0 kθ

 .

The system responses x1, x2, and x3 converge to desired values, as illustrated in Fig. 4.6,

where the solid and dashed curves in the left picture stand for the trajectories displacement of

the vehicle x1 and x2 respectively, while the solid curve in the right picture for the orientation
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x3 of the system. The initial conditions of the system output x1, x2, and x3 are specified as

5 m, 5 m, and π rad. The initial values of the control parameters d̂i(t) are chosen to be 1.

The input signals are shown by Fig. 4.7, where the linear and angular velocity inputs are

respectively represented by solid and dashed curves.
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Figure 4.6: Nonlinear system response under constructed controller.
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Figure 4.7: Input signal.

As introduced in Section 4.2, there are two essential points to be noted for the control

of the nonholonomic unicycle system. First the gain coefficient kθ corresponding to the

orientational angle θ of the unicycle, which is the only state variable appears in the control

matrixG, is required to be small. However, the small value of kθ leads to the low converging

speed for the system output θ. To address this problem, in the simulation kθ is selected to

be e(t+0.5)

50
, which keeps increasing with respect to time.

Second, the initial value of the control parameters d̂i(t) cannot be chosen small. The

reason is formulated as follows. Although the restructured system (4.45) with auxiliary
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input u∗ is proved to be controllable, its linearized system near the equilibria

ẋ =


1 0 0

0 0 0

0 0 1

u∗ (4.46)

is not controllable. At the equilibrium, the selection of the initial value for the control

parameters d̂i(0) = 0 leads to a condition that the auxiliary input

u∗ = −Kx (4.47)

becomes a state feedback law. According to well-known Brockett’s condition [57], for those

systems, of which the linearized system is not controllable, there exists no pure state feed-

back. Therefore, for the nonholonomic systems, the initial value of the control parameters

cannot be chosen as zero. Moreover, to enhance the influence of the adaptation term ua

in form of (4.28) to the control process, the smaller the initial values of the state variables

are given, the larger values of d̂i(0) are required to assign in order to weight the adaptation

mechanism ua.

4.4 Summary

A generic control method has been proposed for the non-square systems where the number

of system inputs is not equal to that of the states. By introducing an auxiliary input the

dimension of which equals that of the system state, the non-square system was restructured

in the form of the combination of a square system and the variation from the original non-

square system, which is treated as system uncertainties.

In the control process, the uncertainty term was replaced by its approximation as a cho-

sen basis function weighted by constant parameters to be determined. These unknown plant

parameters are estimated at each instant, denoted by the adjustable control parameters us-

ing a defined update law. Thus the influence to the control process caused by the variation

96



between the auxiliary square system and the original non-square system can be eliminated.

The asymptotic stability was established for the closed loop system formulated by the

non-square system and the constructed controller. The feasibility of the proposed control

method was verified under simulations for the point stabilization problem of a linear system,

a nonlinear underactuated system, and a nonholonomic system, respectively.

The following issues need to be clarified in the future research. Firstly, the relation

between the actual input u and the auxiliary input u∗ is expressed by (4.3). Note that in

(4.3) there exists a matrix G∗ which was assigned to be a weighted pseudoinverse of G in

this chapter. However, the features of a good candidate for matrix G∗ are not specifically

analyzed and a more systematic way of selectingG∗ needs to be developed.

Secondly, in this chapter, we selected various types of the basis functions for estimating

the variation term d of the auxiliary square system from the original non-square system.

However, the advantages and disadvantages of these selections are not analyzed and more

candidate functions need to be investigated in the future study.

Thirdly, the proposed controller is not only composed of an adaptive portion, but also a

robust portion, which features discontinuities. The robust portion is designed for the esti-

mation error ε of the the basis functions. When ε is small, the robust portion has little effect

to the control system. Moreover, the discontinuities in the control input, after integration,

would not appear in the output signal. In case the effect of the discontinuities is remarkable,

the signum function in the controller can be replaced by the saturation function.
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Chapter 5

Concluding remarks

The motion planning and control problems for underactuated systems have been addressed

in this thesis. To demonstrate the difficulties in solving these problems, this thesis started

with a specific example, the ball-pendulum system, a class of spherical rolling robots actu-

ated by a pendulum with two degrees of mobility. One of the most critical research problems

for control of the mobile robot is to steer the robot from an initial configuration to the final

configuration. For the ball-pendulum system, this reconfiguration problem was first divided

into two stages, motion planning, and trajectory tracking, and then solved separately. Next,

I extended the motion planning and control methods developed for the ball-pendulum sys-

tem to more generic cases. Specifically, a geometric phase based approach and a function

approximation technique based control method are proposed respectively for the motion

planning and control problems for a class of underactuated systems.

Ball-pendulum system

Motion planning The motion planning problem for the ball-pendulum system features

three factors: nonholonomic rolling constraints, underactuated dynamics, and the gravita-

tional drift. The combination of these factors makes this problem unique and very chal-

lenging. Conventional decoupling to the levels of kinematics and dynamics is not always

possible because kinematically admissible trajectories can be dynamically unrealizable. The

novelty of my research is that I established the dynamic realizability conditions for the ball-
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pendulum system. Then, assuming that the contact path is specified and the sphere moves

in a pure rolling mode which is realizable, the full dynamic model was reduced by impos-

ing corresponding virtual constraints. A timing control law was constructed, based on the

geometric phase approach, for tracing the contact curves in rest-to-rest motion.

Trajectory tracking The trajectory tracking problem is challenging for the ball-pendulum

because the system is non-square where the number of system inputs is not equal to that of

the states. In my research, the non-square system (the ball-pendulum system) was first

restructured in the form of the combination of a square system and the variation from the

original non-square system. Then, a function approximation technique (FAT) based adaptive

controller was proposed, under which the system output converged to the desired trajectory,

with the effect of the variation term eliminated. The proposed controller is adaptive to

time-varying uncertainties including un-modeled dynamics and external disturbance and

this feature was tested under simulations.

Geometric phase based motion planning

Based on my study of motion planning for the ball-pendulum system, I extended the problem

to dealing with rest-to-rest motion planning problem for a class of planar underactuated

systems. We classified the planar underactuated systems into two types. One is the base-

fixed systems that one or more portions of the systems are fixed on the ground, including

the serial robot with passive joints. The other is the base-free type whose position and

orientation can be steered freely by internal shape change, such as the cart-pole system,

the planar ballbot system and the hoop-pendulum system. In this paper, we focused on the

base-free type systems.

After the partial feedback linearization, this type of systems are commonly partially dif-

ferentially flat and the base variable is the flat output. It leads to a property that the deriva-

tives of the fiber variable can be represented purely by the base variable and its derivatives.

Based on this property a motion planning algorithm has been constructed as follows.

First, the 2-nd order derivative of Beta-function weighted by a constant parameter is

selected as a candidate for the base variable due to that it is shown to be the optimal solution
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for the linearized system. Its feasibility is proved by showing that the corresponding fiber

variable can satisfy the given boundary conditions. Finally the parameter of the 2-nd order

derivative of Beta-function is adjusted such that a desired shift for the fiber variable can

be obtained. Under the proposed motion planning algorithm, rest-to-rest trajectories for

the configuration variables are generated with similar system performance but with less

computational cost, compared with the optimal control formulation.

There are several points to be improved for the proposed algorithm in the future work.

First, the partial feedback linearization with respect to the base variable qb sometimes in-

duces a singularity (for example, θ = π/2 in the cart-pole system). To deal with the sin-

gularity, several methods can be adopted. For example, by adjusting the time interval T , qb
is limited in certain range that does not contain the singular points; by dividing the desired

shift of the fiber variable qdes into several portions, qb can be formed by two or more con-

necting 2-nd derivatives of Beta-function; or, by selecting a rest-to-rest function for qb with

more than one oscillation, qdes can be reached with acceptable amplitudes of qb away from

the singularities.

Second, to apply the proposed motion planning algorithm for the base-free systems, one

extra requirement exists: only when (3.19) holds true, the geometric phase based algorithm

works. This drawback limits the class of underactuated systems where the proposed algo-

rithm can be applied. One can easily prove that this requirement is fulfilled for common

base-free systems such as cart-pole, hoop-pendulum and planar ballbot system. However, a

generic proof for all base-free systems is expected to be developed in our future work.

Third, we considered only rest-to-rest motion planning problem for a class of 2DOF

underactuated systems. In the future work, we plan to generalize the proposed algorithm

to non-rest-to-rest motion planning for nDOF base-free systems. To achieve this goal, we

intend to build connections between the solved (2DOF, rest-to-rest) and currently unsolved

(nDOF, non-rest-to-rest) motion planning problems. For example, the trajectories under a

non-rest-to-rest motion could be viewed as a portion of the trajectories under a rest-to-rest

motion.

Also, it is worth to mention that one interesting phenomenon was discovered from simu-

lation, that the derivative of Beta-function is also a feasible solution to the motion planning
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problem for the acrobot, a base-fixed system. However, this feasibility is yet unable to be

proved systematically. It could be a breaking point of our future work on the construction

of generic motion planning techniques for a wider range of underactuated systems.

Function approximation technique based control

A generic control method has been proposed for the non-square systems where the number

of system inputs is not equal to that of the states. By introducing an auxiliary input the

dimension of which equals that of the system state, the non-square system was restructured

in the form of the combination of a square system and the variation from the original non-

square system, which is treated as system uncertainties.

In the control process, the uncertainty term was replaced by its approximation as a cho-

sen basis function weighted by constant parameters to be determined. These unknown plant

parameters are estimated at each instant, denoted by the adjustable control parameters us-

ing a defined update law. Thus the influence to the control process caused by the variation

between the auxiliary square system and the original non-square system can be eliminated.

The asymptotic stability was established for the closed loop system formulated by the

non-square system and the constructed controller. The feasibility of the proposed control

method was verified under simulations for the point stabilization problem of a linear system,

a nonlinear underactuated system, and a nonholonomic system, respectively.

The following issues need to be clarified in the future research. First, the relation be-

tween the actual input u and the auxiliary input u∗ is expressed by (4.3). Note that in (4.3)

there exists a matrix G∗ which was assigned to be a weighted pseudoinverse of G in this

paper. However, the features of a good candidate for matrixG∗ are not specifically analyzed

and a more systematic way of selectingG∗ needs to be developed.

Second, in this paper, we chose polynomials to be the basis functions for estimating the

variation term d of the auxiliary square system from the original non-square system. How-

ever, the advantages and disadvantages of polynomials as basis function are not analyzed

and more candidate functions need to be investigated in the future study.
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Future work

Neural network aided function approximation technique based control The function

approximation technique based controller constructed in my previous research is rather

generic (works on a wide range of systems) and adaptive (requires very little knowledge

of system dynamics). Based on these features of the FAT approach, I plan to tackle a chal-

lenging problem: designing robot controllers by an AI system. This goal would be pursued

with the following three steps. Firstly, I shall train the AI to distinguish the links and joints

of which most robots are composed. This step consists of research on computer vision and

machine learning. Secondly, by counting the number of joints and links, the AI would know

the dimensions of inputs and outputs for the robotic system (typically, joints for inputs and

links for outputs) which are the only knowledge that the FAT approach requires to design

an adaptive controller. Thirdly, the coefficients in the FAT based controller, which affect the

converging speed and the pattern of convergence of the output signal, would be assigned by

a neural network based optimization algorithm, instead of by tuning as I did in my previous

research.

FAT-based

adaptive controller

Figure 5.1: A process of the neural network aided FAT approach to controller design for
robots.

Multi-agent SLAM based indoor mapping Indoor mapping is a crucial problem for the

study of autonomous robots especially in its application of searching and rescuing survivals

from, e.g., an earthquake-damaged building. Instead of single-robot SLAM which is widely

used and well developed, I plan to address this problem with multi-agent SLAM algorithm

that has the following advantages. First, cooperation between robots will be more effective
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in the exploration of the working environment. Second, multi-agent SLAM is more robust:

one broken robot would not affect the functioning of the whole system.

To construct a multi-agent SLAM algorithm, I would first study the control problem

for a swarm of robots. In literature, classical control methods proposed for this problem

commonly rely on many assumptions that, in swarm robotics, are often violated because of

noise, asynchronicity, and stochasticity. Instead of classical methods, I plan to follow a data-

driven reinforcement learning approach to solving cooperative multi-agent tasks. Then, an

extension from single to multi-agent SLAM could be made based on the developed swarm

control method. Note that spherical robot could be used in SLAM algorithm as an agent due

to its omnidirectional mobility (optimal path can be planned to avoid gathering redundant

data) and robustness (all the devices, e.g., camera, driving, and computing units, are covered

by an outer solid spherical shell).

Figure 5.2: Swarm control of spherical robots for mapping of an indoor environment.
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Appendix A
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Figure 5.3: Definition of basic vectors with respect to the plane P .

The calculation of terms in the virtually constrained motion equations (2.18,2.19) is as

follows. Define the unit vectors a, k, b, j and i as shown in Fig. 5.3. Note that the direction

of i is pointed out of the paper. Hence, the following basic vectors appeared in (2.18,2.19)

can be expressed by the unit vectors as

n = i, ṅ = j, g = −gk, ρc = −Rk, ρp = −la, (5.1)

through which, the following items are calculated as

Jon = Joi, n
>Jon = Jo, n

>Joṅ = 0,

Jpn = Jpi, n
>Jpn = Jp, n

>Jpṅ = 0, n>n× Jpn = 0,

n>ρc × (ρc × n) = −R2, n>ρc × (ρc × ṅ) = 0,

n>ρc × (ρp × n) = −Rl cos θ, n>ρc × (ρp × ṅ) = 0,

n>ρp × (ρc × n) = −Rl cos θ, n>ρp × (ρc × ṅ) = 0,

n>ρc ×
(
n× (n× ρp)

)
= −Rl sin θ,

n>ρp × g = −lg sin θ, (5.2)
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where θ = φ+ θrel and θ̇ = φ̇+ θ̇rel. Then by substituting (5.2) into (2.18,2.19), one obtains

the expression for each block of (2.18,2.19), as

n>Hoon = Jo + Jp + (m+mp)R
2 − 2mpRl cos θ,

n>Hopn = n>Hpon = Jp −mpRl cos θ,

n>Hppn = Jp,

n>
(
Hooṅφ̇+Hopṅθ̇rel + ho

)
= mpl sin θ(Rθ̇

2 + g),

n>
(
Hpoṅφ̇+Hppṅθ̇rel + hp

)
= mpgl sin θ.
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Appendix B

To know whether the selectedG∗ is proper, let us check the controllability, following to [98,

99], for the reformulated cart-pole system (4.39) after introducing the auxiliary input u =

G∗u∗. Noting that the drift term f of the reformulated system (4.39) becomes zero at the

equilibrium point x = xo = (0, 0, 0, 0), the system is considered to be locally controllable

at x = xo if

a) It is locally accessible at x = xo.

b) All the so-called bad Lie brackets calculated for (4.39), can be represented by the linear

combinations of the good ones having lesser value of p,

where the definitions of the good, bad Lie brackets and p, can be summarized as follows.

a) Define δ0, the number of times when f appears in L.

b) Define δ1, the number of times when g appears in L.

c) Define p = δ0 + δ1, the total number of times when f and g appear in L.

d) L is bad if δ0 is an odd number and δ1 is an even number.

e) L is good if it is not bad.
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Let us first check whether the system is locally accessible at the equilibrium point x = xo.

The Lie brackets calculated for the control system (4.39) are

L1 = f ,L2 = g1,L3 = g2,L4 = g3,L5 = g4,

L6 = [f , g1],L7 = [f , g2],L8 = [f , g3],L9 = [f , g4],

L10 = [g1, g2],L11 = [g1, g3],L12 = [g1, g4],

L13 = [g2, g3],L14 = [g2, g4],L15 = [g3, g4],

L16 = [f , [f , g1]],L17 = [g1, [f , g1]],L18 = [g2, [f , g1]],

L19 = [g3, [f , g1]],L20 = [g4, [f , g1]],

L21 = [f , [f , g2]],L22 = [g1, [f , g2]], ...

L66 = [f , [f , [f , g1]]],L67 = [g1, [f , [f , g1]]],

L68 = [g2, [f , [f , g1]]],L69 = [g3, [f , [f , g1]]],

L70 = [g4, [f , [f , g1]]],

L71 = [f , [g1, [f , g1]]],L72 = [g1, [g1, [f , g1]]], ...

and pick all the non-zero Lie brackets to construct the accessibility matrix

A =

[
La Lb ...

]
.

As Rank(A) = 4 at the equilibrium point, the system under consideration is locally acces-

sible at the equilibrium point. The first condition for the local controllability is satisfied.

Furthermore, in our case, all the Bad Lie brackets L1, L17, L23, L29 and L35, are zero

vectors where

L1 = f , L17 = [g1, [f , g1]], L23 = [g2, [f , g2]],

L29 = [g3, [f , g3]], L35 = [g4, [f , g4]].

Therefore, all the bad brackets can be represented by the linear combinations of the good

ones having lesser value of p. Thus the system is locally controllable at the equilibrium.
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Appendix C

To test the validity of the chosenG∗ matrix, let us then check the local controllability around

the equilibrium point xo = (0, 0, 0) for the reconstructed unicycle system (4.45). The Lie

brackets calculated for (4.45) around the equilibrium point x = xo are

L1 = g1,L2 = g2,L3 = g3,

L4 = [g1, g2],L5 = [g1, g3],L6 = [g2, g3],

L7 = [g1, [g1, g2]],L8 = [g2, [g1, g2]],

L9 = [g3, [g1, g2]],

L10 = [g1, [g1, g3]],L11 = [g2, [g1, g3]],

L12 = [g3, [g1, g3]],L13 = [g1, [g2, g3]],

L14 = [g2, [g2, g3]],L15 = [g3, [g2, g3]],

and pick all the non-zero Lie brackets at the equilibrium point to construct the accessibility

matrix

A =


1 0 0 −1 2 0

0 0 −1 0 0 −2

0 1 0 0 0 0

 .

As Rank(A) = 3, the system under consideration is locally accessible at the equilibrium

point. For driftless system, local accessibility is equivalent to local controllability.
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