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Abstract

Maass forms are a generalization of the classical (weakly) holomorphic modular
forms. This is required to be an eigenfunction of the hyperbolic Laplacian instead of
the holomorphicity on the upper half plane. In particular, if the eigenvalue is zero,
then it is called a harmonic Maass form. After his 2002 thesis, Zwegers found that
Ramanujan’s mock theta functions are realized as the holomorphic part of harmonic
Maass forms of weight 1/2. Nowadays, the holomorphic part of a harmonic Maass
form is called a mock modular form generally.

As another topic, for the real analytic Eisenstein series E(z, s), the constant term
of its Laurent expansion at s = 1 is given by Kronecker’s first limit formula. How-
ever much less known are its higher Laurent coefficients. In 2016, Lagarias and
Rhoades focused on the property that these higher coefficients are annihilated by
a number of iterations of the action of the hyperbolic Laplacian, and called them
polyharmonic Maass forms. In their works, basic properties of polyharmonic Maass
forms were established. Especially, the above Kronecker’s limit function gives an
example of polyharmonic Maass form of weight 0 and depth 3/2.

In this thesis, we introduce a new object called a "polyharmonic weak Maass
form" to include all these objects, and study their properties. First, we obtain a basis
for the C-vector space of polyharmonic weak Maass forms on SL,(Z) explicitly as
an extension and completion of Lagarias-Rhoades” works. These are constructed by
using the Maass-Poincaré series instead of the Eisenstein series. Moreover, we get
similar results even for half-integral weight. Moreover these basis functions satisfy a
certain differential recurrence relation under the §-operator. This is a generalization
of the ramp relation, which is a differential recurrence relation among polyharmonic
Maass forms studied by Lagarias-Rhoades.

Second, we define the holomorphic part of a polyharmonic weak Maass form,
that is, an extension of mock modular forms, and consider their Fourier coefficients.
After Zagier (2002) and Duke-Imamoglu-Téth (2011), for a harmonic Maass form of
integral weight 2k, we know that the generating function of certain averages (traces)
of CM values (for k < 0) or cycle integrals (for k > 0) with suitable definitions be-
comes the holomorphic part of a polyharmonic weak Maass form of weight k +1/2
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or 3/2 — k and depth < 3/2. Here we describe a similar assertion for polyharmonic
weak Maass forms of any integral weight 2k and any depth r by extending the tech-
nique of Duke-Imamoglu-Téth. Furthermore, by using the above differential recur-
rence relation, we also get an explicit expression of its non-holomorphic part. As a
corollary, we provide natural alternative proofs for some classical results on traces
of Kronecker’s limit function within the framework of the theory of polyharmonic
weak Maass forms.

This thesis consists of four chapters. In Chapter 1 we introduce the motivation
and the main results of this works. In Chapter 2 we review some basics on special
functions and the Maass-Poincaré series. In Chapter 3 we construct polyharmonic
weak Maass forms to obtain the first main theorem. Finally in Chapter 4, we define
the trace functions, and give proofs of the second main theorems on the generating
functions of the traces.
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Chapter 1

Introduction

The theory of harmonic Maass forms has been the subject of extensive research
since Zwegers [Zwe02], Bruinier-Funke [BF04], Bringmann-Ono [BO06], and Zagier
[Zag09]. This relatively new topic not only gives one answer to the mystery of Ra-
manujan’s mock theta functions, but plays important roles in several fields, combi-
natorics, number theory, Moonshine, mathematical physics, and so on. The present
work gives a generalization of harmonic Maass forms called "polyharmonic weak
Maass forms", inspired by the recent work of Lagarias-Rhoades [LR16]. One of the
main aims of this thesis is to generalize Zagier’s [Zag02] and Duke-Imamoglu-Téth’s
[DIT11a] works on traces of CM values and cycle integrals of modular forms, and
investigate the Fourier coefficients of polyharmonic weak Maass forms. There are
many good references on the history of mock theta functions and harmonic Maass
forms, for example [Ono10], [Duk14], [Fol17], and [BFOR17].

1.1 Polyharmonic weak Maass forms

We begin by discussing Kronecker’s first limit formula to give a motivation of poly-
harmonic Maass forms. The Riemann zeta function {(s) := Y ;- ; n~° has a simple
pole at s = 1, and the following Laurent expansion is known.

1
{(s) = a*"Y‘f’O(S—l)/
where v = 0.577215... is Euler’s constant. As an analogue we now consider the

real analytic Eisenstein series given by

S

E(z,5s) := ) 4

_¥ (1.1.1)
(m,n)€Z2\(0,0) mz + n|>
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for s € C with Re(s) > 1 and a modular variable z = x + iy in the upper half plane
H:={z=x+iy € C|xy € R,y > 0}. Itis a non-holomorphic modular form of
weight0onSLy(Z) := {[*Y]|a,b,¢,d € Z,ad — bc = 1}, and meromorphically con-
tinued to the whole s-plane. Then this Eisenstein series has the Laurent expansion
of the form

E(z,s) = % +27(y — log2 — log(y/y]7(2)2)) + O(s — 1) (1.1.2)
where, for g := e(z) := €¥™Z, 5(z) := ¢V, (1 — q") is the Dedekind eta func-
tion. This is so-called Kronecker’s first limit formula. This limit formula has been ex-
tensively studied since a long time ago as reviewed in [DIT18]. However much less
known are higher Laurent coefficients of E(z,s). In 2016, Lagarias-Rhoades [LR16]
considered these coefficients from the viewpoint of harmonic Maass forms. We
loosely recall that harmonic Maass forms of weight k, originally defined by Bruinier-
Funke [BF04], are smooth functions in x,y on § satisfying: (1) modular transforma-
tion laws on SL,(Z), (2) annihilated by the hyperbolic Laplace operator Ay, and (3)
suitable growth conditions at cusps. Here Ay is defined by

02 02 d )
A=y =5 + = ky( =— +i— ).
e <8x2 " 8y2> o y<8x +Zay)
Then we can easily check that the constant term in (1.1.2) transforms like a modular
form of weight 0, but does not vanish under the action of A, that is, this is not a
harmonic Maass form. In fact, since the image under Aj is given by the constant

1/2, this constant term is annihilated by the action of A% := Ap o Ap. In general, we
let F;(z) be the ¢-th Laurent coefficient of E(z,s) at s = 1. Then by the known fact

AoE(z,s) =s(1—s)E(z,s),

Lagarias-Rhoades indicated that each coefficient satisfies that A€+2Fg(2) = 0, and
called such functions "polyharmonic Maass forms". We note that they assumed that
polyharmonic Maass forms grow at most polynomially at cusps as the growth con-
dition.

On the other hand, in the works of Bringmann-Diamantis-Raum [BDR13], and
Jeon-Kang-Kim [JKK14], similar functions called sesqui-harmonic Maass forms ap-
peared. They are also annihilated by the action of A2, but allowed the exponen-
tially growth at cusps. Thus they are not polyharmonic Maass forms in the sense
of Lagarias-Rhoades. First, we shall introduce a larger space called "polyharmonic
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weak Maass forms" to include all their functions.

Throughout this article, for a fixed k € %Z, letT' =SLy(Z) ifk € Z,and T =
I'o(4)if k € Z +1/2. Here I'y(4) is the congruence subgroup of SL,(Z) defined by
To(4) :={[?%] €SLa(Z) | c =0 (mod 4)}. Then forany v = [?}] € T, set

Vez+d ifk € Z,

Ji (7, 2) ::{ (%)e;m ifkeZ+1/2,

where the branch of /z is taken with arg(+/z) € (—m/2,7/2], () is the Kronecker
symbol, and e; = 1ifd =1 (mod 4) and ¢; = i if d = 3 (mod 4). We define the
weight k slash operator by (f|x7)(z) = jk(7,z) "% f(vz), where vz := (az+b)/(cz +
d).

Definition 1.1.1. A function f : § — C is called a polyharmonic weak Maass form
of weight k € 1Z and depth r € Z. if

1. fis smooth in x and y, where z = x + iy,

2. (flky)(z) = f(z) holds for any v € T,

3. (A¢)"f(z) = 0holds, where Ay is the hyperbolic Laplace operator defined by

02 02 d d
— g2 2 1 I S
Ay == —y (ax2+ay2>+1ky(ax+zay>,

4. there exists an &« > 0 such that f(x +iy) = O(e"¥) as y — oo, uniformly in
x € R.

We denote the space of such functions by H,:'

Throughout this article, we additionally assume Kohnen'’s plus condition when
k € Z+1/2. (For the details, see Section 2.1). In the sense of Lagarias-Rhoades,
polyharmonic Maass forms are defined by replacing the fourth condition with

4'. there exists an « > 0 such that f(x +iy) = O(y*) as y — oo, uniformly in
x € R,

and we denote by H C H,:’! the subspace of polyharmonic Maass forms. Moreover
we define the half-integral depth. Let ¢x be the Maass-type differential operator
defined by

d
.— 9k
Cr 1= 21y 5%
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This operator was introduced by Bruinier-Funke [BF04]. The important property is
that this is the "half-integration" of the hyperbolic Laplace operator in the sense of
Ay = —Cy_ o k. That is why we say that f is of depth r 4+ 1/2 if f satisfies

groAif(z) =0.

We shall recall Lagarias-Rhoades” works on polyharmonic Maass forms in H;. To
construct polyharmonic Maass forms, they considered the real analytic Eisenstein
series of weight k € 2Z defined by

Er(z,s):= ), ys’g Y, (1.1.3)

YET\T k
where T'eo = {£[}}] | b € Z} is the stabilizer of the cusp ico in SLy(Z). It is well-
known that this Eisenstein series converges absolutely for Re(s) > 1 and uniformly
on compact subsets in §), and meromorphically continued to the whole s-plane. In

particular, this series is an eigenfunction of the hyperbolic Laplace operator Ay with
the eigenvalue (s — k/2)(1 —k/2 —s), that is,

ArEr(z,8) = <s - I;) (1 - lzc - s) Ex(z,s)

holds. Then we consider the Laurent expansion of E(z,s) at the harmonic points
s =k/2,1—k/2,and let F ;(z) and Gy ¢(z) be the ¢-th Laurent coefficients as follows.

k 14
Y Fu(z) <s+2 —1) ifk <0,

Ek(Z,S) —_ leZ

k l
Z Gk,g(Z) <S — 2) if k > 2,

leZ

It is known that the coefficients Fy (z) and Gy ¢(z) vanishes for all ¢ < 0 except for
Fy,—1(z) = 3/ . Here we note that E(z,s) = 2{(2s)Ey(z,s) in (1.1.1). Then Lagarias-
Rhoades showed the following theorem.

Theorem 1.1.2. [LR16, Theorem 1.1,1.2,2.2, modified version] Let k € 2Z be an even in-
teger, and r > 1 an integer. Then the functions Fy ¢(z), Gy ¢(z) for £ > 0 are non-zero
polyharmonic Maass forms and satisfy the following.

1. Fork < =2, HY/? = {0} and {Fio(2), ..., Fc,1(2)} is a basis for Hf = H*1/2,

2. Fork=0,{Fo1(2),...,For—2(z)} is a basis for Hy = Hy /2.
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3. Fork =2, HY? = {0} and {Ga(2), ..., Ga,_1(2)} is a basis for Hj = Hj /2.

4. For k > 4, it holds that H; = H,:fl/Z = E; + Sy, where E is spanned by a basis
{Gko(2),...,Gxr-1(z)} and Sy consists of holomorphic cusp forms on SLy(Z).

For example, the first few coefficients are given by

2 oo
le0()—1+ i)t Zakl g" fork > 4,

Galz )—1—3—24201 3
y n=1
Fuo(2) = — S loglulr(2)1) + = (7~ log2 - £ 2),
ko ik o
Feo(z) = ;(27” 0 [ k) + Zak_l(n)q”} +y' Tk

2k ik £ 0]—
+F(1—k)§(2 0 Z(fkl Y(4rtn) ™~ lzcu,[g]_’n(y)e(—nx) fork <0

(1.1.4)

where 0y (1) 1= Y4, d* and u,[?: (y) is defined in (2.1.4). Moreover they showed the
recursion formulas under the ¢-operator as follows. (They called them ramp and
tower relations).

Theorem 1.1.3. [LR16, Theorem 2.3, modified version| Let k € 2Z be an even integer, and
¢ € Z an integer. Then

CkFie(z) = (1 = k)Go—ge(2) + Gogr—1(2),
CkGre(z) = Fogo-1(2)

By this theorem, for example we obtain the following "Maass sequence":

_ 1 1 _
: gz—k> kjck,l(z) g_k> — 1F2—k,0(z) gz—k> Gro(z) &) 0.

In other words, we can construct preimages of the Eisenstein series G ¢(z) under the
Z-operator. On the other hand, as for the discriminant function A(z) := 1(z)* € Sy,
Ono [Ono09] constructed its preimage Ra(z) satisfying ¢_10Ra(z) = A(z) up to a
constant multiple. However it has an exponentially growing term, that is, Rx(z) ¢
Hl_10 but Ra(z) € Hl—'!m' In general, by [BFOR17, Lemma 5.13], any preimage of
a holomorphic cusp form must have exponentially growing terms at the cusps. In
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order to consider the Maass sequence for holomorphic cusp forms, we need poly-
harmonic weak Maass forms naturally.

For the purpose of constructing polyharmonic weak Maass forms, we consider
the Maass-Poincaré series Py ,(z,s) with k € 2Z and m € Z more generally. This
Poincaré series is a generalization of Niebur’s Poincaré series [Nie73], appeared
in [Fay77, Theorem 3.1]. To construct harmonic Maass forms, Bruinier [Bru02],
Bringmann-Ono [BO06, BO07] used this series. We give the precise definition in
Section 2.3. This function converges absolutely and uniformly in Re(s) > 1, and has
the meromorphic continuation to Re(s) > 3/4. Moreover this function also satisfies
that

AePim(z,8) = <s — g) <1 — g — s) P (z,5).

Then we consider the similar Laurent expansion of the form

k l
Y Fome(2) (s +5 - 1) ifk <0,

Pk,m (Z, s) — leZ

k L
Y Gun)(s-5) k=2

leZ

In particular, since Py((z,5) = Ex(z,s), we have Fyg(z) = Fy(z) and Gio(z) =
Gy¢(z). Then we obtain the following results as a completion and a generalization
of Lagarias-Rhoades” works.

Theorem 1.14. Let r € 3Z- be a positive half-integer. For an even integer k € 2Z,
we define an integer { by k = 120 + k' where k' € {0,4,6,8,10,14}. For each integer
m > —/{, the unique weakly holomorphic modular form of the form fi,,(z) = g~ +
Yonse, ax(m,n)q" is given. Then the set u¥, ?—l;;/ 2! is a basis for H,:' Here each set 7—[;{/ 2!
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is given by
{Fme—1(z) | m > L} ifk < -2,
20— {Fome—1(z) | m > 0} ifk=0,
¢ {Gome(z) | m > 0} U{Gogrr(2)} ifk=2,
| {Grmye(2) | m > 4} ifk > 4,
{Fome-1(z) | m < 4} ifk <=2,
qyt-1720 _ ) AFome-a(2) [ m <0} UiFoor2(2)} ifk =0,
¢ {Gom1(z) | m < 1} ifk =2,
{Gime-1(z) | m < L} ifk>4

for £ € Z>1, where we put Ei o 1(2), Gime(2) as follows.

Feme-1(2) = Fome—1(2) + ) ax(=m,n)Fepe1(2),

lr<n<0
Gime(z) = m G me(z) = Y ax(—n,m)n* G (2).
0<n<ty

Here the functions f; ,(z) are Duke-Jenkins’ basis constructed in [DJ08a, DJ08b],
reviewed in Section 3.2. As analogues of Theorem 1.1.2 and 1.1.4, we also obtain
similar results for a half-integral weight k € Z + 1/2 in terms of the Laurent coef-
ficients of the function PkJ’r m(z,s), (see Theorem 3.3.1, and 3.3.2). Moreover similar
recursion formulas as Theorem 1.1.3 hold as follows.

Theorem 1.1.5. Let k € 1Z be a half-integer. For m # 0 we have

EFime(z) = <4n\m|>1—k{<1 )G me(2) + Gz_k,_m,z_1<z>},

&G (2) = (Ar|m|) *Erg _oo1(2),

(1.1.5)

and form = 0,

CkFro,0(z) = (1 —k)Go—ko,(2) + Go—go,0-1(2),

(1.1.6)
CkGro,0(z) = Fo—g0,0-1(2).

In some special cases, a basis for H,:’! was already studied. For example, the
casesof k =1/2,r = 1and k = 2,r = 1 are given by Duke-Imamoglu-Téth [DIT11a,
DIT16] in terms of traces of cycle integrals and regularized inner products, the case
of k < 0,r = 1is mentioned by Bringmann-Kane-Rhoades [BKR13, Section 1.1], the
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cases of k = 3/2,r = 1 and more generally k € ;Z,r = 1 are considered by Jeon-
Kang-Kim [JKK13, JKK-pre], and so on. Moreover, for harmonic weak Maass forms,
Bruinier-Funke [BF04, Theorem 3.7] showed the surjectivity of the map ¢y : H;’! —
H; i i' As a corollary of Theorem 1.1.4, Theorem 3.3.2, and Theorem 1.1.5, we obtain
a generalization of this surjectivity.

Corollary 1.1.6. For any half-integer k € 3Z and r € 3 Z ., the map
Gt HY' — Hy />

is sutrjective.

1.2 Traces of CM values and cycle integrals

We are next concerned with the Fourier coefficients of polyharmonic weak Maass
forms. For an integer d = 0,1 (mod 4), we denote by Q, the set of binary quadratic
forms such that

Qs:=1{Q(X,Y) = [a,b,c] = aX*> +bXY +cY? |a,b,c € Z,b* —4ac=d}. (1.2.1)

In addition if d is not a square number, we split Q; = Q LI Q; into the subsets of
forms with a > 0 and a4 < 0. Then the group SL,(Z) acts on this space by

a
c

Qs N SLa(Z) : Q(X,Y) o [ Z] = Q(aX +bY,cX +dY).

Then it is well-known that it has finitely many classes Q;/SL, (Z). In particular the
order |Q7 / SLy(Z)| for a negative fundamental discriminant d and |Q,;/ SL»(Z)|
for a positive fundamental discriminant gives the (narrow) class number h(d) of the
quadratic field Q(\/H ). For a general non-square discriminant d, see [AIK14, Chapter
6], and the case of square discriminant is shown in [Koh85, p.243].

For a negative discriminant d, the Kronecker-Hurwitz class number H(|d|) also
plays important roles. When d is a negative discriminant, for each Q € 9y, the order
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of the stabilizer Wy = |SL2(Z)g| is equal to 6,4, or 2 according as Q is SLy(Z)-
equivalent to X? + XY + Y2, X? + Y2 up to a constant multiple, or otherwise, respec-
tively. Then the Kronecker-Hurwitz class number H(|d|) is defined by

2
QeQ /SLy(z) 9

and H(0) = —1/12 additionally. This function was originally studied by Kronecker
and Hurwitz, and there are many works on this function, for example [Coh75],
[Zag75], [HZ76]. In particular, Zagier, in his 1975 paper [Zag75], showed the gener-
ating function ;o H(|d|)g~" is the holomorphic part of a certain harmonic Maass
form of weight 3/2 on I'g(4).

As a real quadratic analogue, Duke-Imamoglu-Té6th [DIT11a] considered the fol-

lowing function for a non-square positive discriminant d.

Tra(1) = —— Vddz for0 < d # 0, (1.2.3)

2 Q€Qy/SLy(2) /SLZ(Z)Q\SQ Q(z1)

where S, is the geodesic connecting two roots of Q(z,1) = 0 from (—b + Vd)/2a
to (—b — \/d)/2a, which is characterized by the semi-circle a|z|> + bRe(z) 4+ ¢ = 0
oriented counter-clockwise if 2 > 0 and clockwise if 2 < 0. Here we let ¢; > 1 be
the smallest unit with positive norm in the quadratic order O, of the discriminant
d. Then we know that the inner integral is given by 2loge, if (a,b,c) = 1. As
shown in [Sar82], this unit ¢, is realized as ¢; = (tg + 1g\/d)/2 with the smallest
positive solution (t, 1) of the Pell equation #* — du? = 4. Then for a fundamental
discriminant d, the Dirichlet class number formula is equivalent to

T {fMﬂ)ﬁd<Q 124

Li(1) = =
(1) N Tea(1) ifd >0,

V|

where Ly(s) := Yoy (£)n is the Dirichlet L-function. Duke-Imamoglu-Té6th showed
a similar statement as Zagier that there exist suitable values Tr;(1) for square num-
bers d such that the generating function Y., Trs(1)g“ is the holomorphic part of a
certain polyharmonic Maass form of weight 1/2 and depth 3/2 on T'y(4), and whose
non-holomorphic part is closely related to Zagier’s generating function. Especially
this gives an important example of polyharmonic Maass forms.
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They also considered similar traces for the elliptic modular j-function. The ellip-

tic modular j-function is defined by

) e Gao(2)®

1
i(z) = - + 744 + 196884g + 21493760g° + - - -,
jG)i==ay =g TS q+ 9"+

where Gg0(z) is the usual Eisenstein series given in (1.1.4), and A(z) is the dis-
criminant function. This gives a weakly holomorphic modular form of weight 0
on SL,(Z). In particular, the special values of the j-function at imaginary quadratic
points are algebraic numbers, so-called singular moduli, and play crucial roles to
give an answer to Kronecker’s Jugendtraum. As another aspect, Zagier [Zag02] con-
sidered their traces defined by

Tr(-744) = Y 2 (jlag) —744) ford <0, (12.5)

Qe /sL,(z) ¥R

similar as (1.2.2). Here a( is the unique root of Q(z,1) = 0 in the upper half plane
$). Then he asserts that the value is a rational integer and the generating function
—q 1+ 24 Y1 Tra(j — 744)g~ % is a weakly holomorphic modular form of weight
3 / 2onT 0 (4)

On the other hand, as a real quadratic analogue of singular moduli, Kaneko
[Kan09] defined the "value" of the j-function at a real quadratic point. Of course,
we can not consider such values in the literal sense because the real axis is out of
the domain of the j-function. Kaneko defined this "value" by using Hecke’s hyper-
bolic Fourier expansions [Hec25]. (Petersson [Pet41] also studied such expansions).
Essentially, Kaneko’s "value" is given in terms of the cycle integral

Vddz

1 .
val(no) = 2logey /SLZ(Z)Q\SQ] - Q(z1)
like as in (1.2.3), where 7o € R is one of the roots of the primitive form Q(z,1) =
0, (that is, (a,b,c) = 1), and d > 0 is the discriminant of Q(z,1). Unfortunately,
as Kaneko mentioned, "numerical experiments suggest that it is very unlikely that
val(n7g) is itself an algebraic number". However, Duke-Imamoglu-Té6th [DIT11a]
considered their traces for a non-square positive discriminant d defined by

Vddz

. 1
Try(j —744) = — 0 1)

/ for0 < d # 0
27 00, 7315(2) ISL2(@)e\S

(j(z) —744)
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as an analogue of Zagier’s works. Then they showed that there exist suitable values
Try(j — 744) for square numbers d such that the generating function ) 4 Try(j —
744)g" is a mock modular form, that is, the holomorphic part of a certain harmonic
Maass form of weight 1/2 on I'g(4), whose non-holomorphic part is given by the
non-holomorphic Eichler integral of Zagier’s generating function of Tr;(j — 744)
withd < 0.

A simple question is whether one can give a similar result for any polyharmonic
weak Maass form f of weight 0 and more general weight k € 2Z. By using the Maass
differential operators Ry and L, we can shift the weight of a modular form +2 and
—2, respectively, (see Definition 2.2.2). Furthermore we can consider the twisted
version of traces by a genus character xp(Q) with a fundamental discriminant D
defined by (4.1.1). Then for a fundamental discriminant D or D = 1, a discriminant
d=0,1 (mod 4) such that dD < 0, and a polyharmonic weak Maass form f € H;k'
with k € Z, we consider the trace

) (RgoR_40---0Ryf)(ag) ifk <0,

Trap(f):i= ). —xn(Q) x4 flag) ifk=0,
QeQ),/SLy(2z)  Q (LyoLyo- o Lyf)(ag) k> 0.

Under this notation, the Kronecker-Hurwitz class number H(|d|) can be written as
H(|d|) = Try1(1). As for a non-square positive discriminant, we shall employ an-
other type definition

- i k\/@dz
Tryp(f) = = Qeng);SLz(Z) xp(Q) /SLZ(Z)Q\SQ f(z)Q(z,1) 0 1) for0 < dD # [

following Shintani’s work [Shin75] on construction of holomorphic cusp forms of
half-integral weight. Then the works of Zagier [Zag75, Zag02] and Duke-Imamoglu-
T6th [DIT11a] show the modularity of the generating functions of Try p (1) and Try, p (jim)
with m € Z-, where j,, € CJ[j] is the unique polynomial in j of the form j,(z) =
g~ ™4 0O(q). After their works, Bruinier-Funke [BF06] and Bruinier-Funke-Imamoglu
[BEI15] reproduced these results (depth 1/2 or 1, and D = 1 cases) by using theta
lifts. For a harmonic weak Maass form (depth 1 case) in the cases of dD < 0,k <0,
and dD > 0,k > 0, similar modularity results are known by several recent works
[AE13], [Alf14], [ANS18], [ANS18-pre], [BGK14], [BO13], [Hov12], [JKK16], and so
on. In addition, Jeon-Kang-Kim [JKK14] considered Tr; p(f) for dD > 0 and a spe-
cial f € Hy/*'.
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Our second main result is to generalize these results on the modularity of the
generating functions of Tr; p(f) to any polyharmonic weak Maass forms of any
weight k € 2Z as follows.

Theorem 1.2.1. Letk € Z,r € lZ>0, and D a fundamental discriminant or D = 1. For
any polyharmonic weak Maass form f € H. 2k’ there exist suitable values Tr;‘i% (f) for square
indices dD = U, and suitable additional values Tr”dd 5 (f) such that the generating functions

_k .
ZTradd Z d ZTrfsgn(D)d,D(f)qd Zf(_l)kD >0,
—sgn(D)d=0,1(4)
add p k1 d . k
ZTI' Z d>Tr —sgn(D )dD(f)q Zf(_l) D <0,
—sgn(D)d=0,1(4)
a>0
ZTradd i d_%TfZ;gqm)d p(Fa’
sgn(D)d50,1(4) '
4>0,d|D|=0

_1 .
+ Z d ZTrsgn(D)d,D(f)qd Zf(_l)kD >0
sgn(D)d=0,1(4)
d>0,d|D|#£0

are the holomorphic parts of polyharmonic weak Maass forms of weight 3/2 —k,k+1/2,k +
1/2, respectively. Here the first sum with respect to Tr“dd D (f) on each line is a finite sum
over d € Z. In particular, for dD > 0 with (—1)*D < 0, the traces Try p(f) automatically
vanish.

Since we constructed a basis for Hgkl in Theorem 1.1.4, it is enough to show
this theorem only for these basis, or more simply only for the functions Fy ,, ¢(2)
and Gpy , ¢(z). Precisely in (4.1.5), (4.1.6), and (4.2.4), we construct maps sending
Fom,¢(z) and Gok  ¢(z) to a polyharmonic weak Maass form of half-integral weight
whose holomorphic part is given as above. Moreover we give the {-image of these
polyarhomonic weak Maass forms explicitly in Theorem 4.2.5. Thus we also obtain
the non-holomorphic part explicitly.

Remark 1.2.2. The definition of the "holomorphic part" depends on the choice of
the Fourier expansion of polyharmonic weak Maass forms. In this article, we fix
the Fourier-Whittaker expansion as in Proposition 2.1.9, and define the holomorphic
part in Definition 2.1.11.

Finally we explain some applications. Here we consider the function f(z) =
—log(y|n(z)|*) appearing in Kronecker’s first limit formula. As shown in Theorem
1.1.2, this function is a polyharmonic Maass form of weight 0 and depth 3/2. By ap-
plying Theorem 1.2.1, we get polyharmonic Maass forms whose Fourier coefficients
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in their holomorphic parts are given by Tr; p(1) and Tr; p(f(z) ). By comparing these
polyharmonic Maass forms, we get the following equation.

Corollary 1.2.3. Let D # 1 be a fundamental discriminant. The d-th (0 < d # O and
dD # ) Fourier coefficient of the holomorphic part of Fy ;500(z) gives the equation

Try,p(—log(yln(2)[*)) = \/IDILp(1)Tras (1),

where Lp(s) := Yoy (2)n=* is the Dirichlet L-function.

The case that both 4 and D are coprime fundamental discriminants with dD < 0
was originally established by Kronecker [DIT18, (41)]. As for the case that both d and
D are coprime fundamental discriminants with dD > 0 was written down by Siegel
[DIT18, (65)]. This corollary gives a new proof of this equation in the framework of
polyharmonic Maass forms, and naturally we can remove the assumptions that d is
a fundamental discriminant and coprime to D. As an example, in the case of 4 = 20
and D = —4, since Q_gy/ SLZ( ) ={[3,—2,7],]1,0,20],[2,0,10],[4,0,5],(3,2,7], [4,4,6] },

and Qy/ SLy(Z) = {[1,—4,—1],[2, -2, —2]}, we have L_4(1) = /4 and
4 17(1+23\@i);7(—1+32\/§i) 4
Trz 4~ og(y11(2) ")) = log | (A
o1 nvBin(~F)
1 1 8 1++5
Tra(1) = 0%:20 OiES = —log z\f
that is, ‘ ‘
4‘77(1%“5’)17(‘1*3”51) v (1+ﬁ>4
o1 (2B () 2
ie.

’17(”23@)77(”32@) ’ _ \/5 1+V5
7(2v/50)n (%) 2 2

We also get another type of explicit formulas by (2.3.20), (4.1.4), and (4.2.3).

Corollary 1.2.4. Let k € Z be an integer, and D, D’ fundamental discriminants or 1 with
DD’ # 0. Put d = D'm? with m € Z~q and

_Ts) ..
Boap(s) := (s — |k))’ s . if DD’ <0,
” (TP I NCE) 0 < pp 20

27 T(s—K)I(s +k)
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Then for dD < 0 or (—1)¥D > 0, we have

Toso (s (2,5)) = Bonao(s) D 2500 L ntn/) (50 ) -somato)

The weight 0 case was already written in [DIT11a]. For example, taking the
residue at s = 1 for thecaseof D =1,d = D/, m =1, and k = 0, we have

(1) _V |D/|7£D’(1)'

Trpy

This is the Dirichlet class number formula as mentioned in (1.2.4). For another case
of D=1,d=D"<0,m=1,andk=1— /¢ < 0, we have

_ ID'Er(oz(e)

Trp1(Fa-2000(2)) = 207 (20) Lp(¢),

where F,_500(z) is defined by

Fraop(z) = Y, ! v € Hy .
YET\T 2-2¢

More generally for a fundamental discriminant d and D = 1, we take the /-th Lau-

2°C(2s
Li(s) = 2o
Boka,1(s)|d]22(s)
ats = kifk > 0ands = 1—kif k < 0. Then the derivative value of the Dirichlet
L-function at a positive integer appears from the left-hand side, while the trace of a

rent coefficient of

Trg1(Ex(z,8))

certain polyharmonic Maass form (which is a linear combination of polyharmonic
Maass forms) appears from the right-hand side.

The thesis is organized as follows. In Chapter 2, we introduce some important
objects of this thesis. In particular, we define the Maass-Poincaré series and review
some basic properties to construct polyharmonic weak Maass forms explicitly. After
that, in Chapter 3, we construct a basis for the space of polyharmonic weak Maass
forms (Theorem 1.1.4, 3.3.2), and show the differential recurrence formulas under
the ¢-operator (Theorem 1.1.5). Finally in Chapter 4, we define the twisted traces
of CM values and cycle integrals, and consider their generating functions (Theorem
1.2.1).
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Chapter 2

Preliminaries

2.1 Whittaker functions and polyharmonic Maass forms

First we define Whittaker functions by the integral representation. The basics for
the theory of Whittaker functions are written in [WW62, Chapter 16], and lots of
formulas are reviewed in [GR00, MOS66, NIST].

Definition 2.1.1. [MOS66, 7.4.1, 7.4.2] For two complex parameters y,v € C with
Re(v+pu+1/2) > 0and z € C with | arg(z)| < 7r, M-Whittaker function is defined
as follows.

My (z) == ezVt [ +2v) / pre ) HTzeE gt
’ Tv+u+DT(v—pu+1
Another type of Whittaker function is defined for Re(v — u +1/2) > Oand | arg(z)| <
/2 by
Wyu(z) := Py S /Oo PR (F— 1)V e L,
r Tv—u+i) /1

We can easily check that the integrals in the definitions are holomorphic in each
variable u, v, and z. By Hartog’s theorem, these Whittaker functions are holomorphic
with respect to all variables. Since the function z/*1/2 has branch points, M and W-
Whittaker functions also do. In addition, the recurrence formula [MOS66, 7.2.2]

1
Wy (z) = Zl/zWy—f,er% (z) + (2 —p— 1/> Wy_1,(2)

NIl
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extends the domain of W-Whittaker function to any p and v. Moreover, the Mellin-
Barnes integral representation [MOS66, 7.4.2]

Wiu(z) = z°ds

e 2zH /ioo IS)T(3—p—-v—s)[(3—p+v—s)
27i Joio T(a=pAv)I(z - —v)

gives the analytic continuation to | arg(z)| < 37t/2and p, v with1/2 — p+v ¢ Z <.
Here the path of integration is to be such that it separates the poles of I'(s) and

From this integral representation, we immediately see the symmetric property
W‘u’y(z) - W’,{,fy(z). (2.1.1)
These functions are known as the standard solution of the following differential
equation.
1_.2

d? 1 i—V
D,,w(z) := d—;; + (— 1 + g + 4 = )w = 0. (2.1.2)

However, since the Wronskian is given by W(M,,,(z), Wy,v(z)) = —I'(1+42v)/T (v —
i+1/2), (see [MOS66, 7.1.2]), these solutions are linearly dependent when v — u +
1/2 € Z<p. Note that in general the vanishing of the Wronskian does not give the
linear dependence, but for analytic functions, this is a sufficient condition for linear
dependence. (see [Boc1900, Section 4]). On the other hand, we easily see that the
function M, (z) := W_,.»(e™z) is also a solution of the above differential equa-
tion, and the Wronskian is given by W/(W,,,(z), M/, (z)) = e~ 7 (see also [MOS66,
7.1.2]). Therefore, we can take M, (z) and W,,,(z) as two linear independent solu-

tions.

Here we review some known results on the Whittaker functions.
Lemma 2.1.2. [GR00,9.233(1)] For —371/2 < arg(z) < m/2and 2v & Z o, we have

rQv+1)
M, (z) = —————Z ™M} (z) +
W= r T M

T(2v+1)

—efﬂi(vf]lﬁL%)W 2).
T(v+p+1) w(2)



2.1. Whittaker functions and polyharmonic Maass forms 17

Lemma 2.1.3. [MOS66,7.2.1] We have the following differentiation formulas.
df: _ 1 1 2y
d 2z 2z —
dz[e 2Z”W}W<Z):| = —e 22" W41, (2).
Lemma 2.1.4. [MOS66,7.2.1] We have the following differentiation formulas.
2 Lotz (2)] = (2 F
P w(z)| = 5 tv—n)ez u-1(2),
d _Z U 1 _z ]’171
p GO M, (z)| = 5 +vtp e 2Zh T My 11,(2).
Lemma 2.1.5. [MOS66,7.2.4] We have the following formula.
My,yfl/Z(Z) = Wyly,l/z(z) = e‘éz”.
Lemma 2.1.6. [MOS66,7.2.4] We have the following formula.
v, 1 Z
Mo, (z) =T (v+1)2722], 5 )

where I,(z) is the I-Bessel function defined in (2.3.5).

Lemma 2.1.7. [MOS66,7.1.1| For 2v ¢ Z., the M-Whittaker function has the series
expansion of the form

N\N
I\)M—*

7

M, (2)

© (V=pt3),
L

(2v+1),n!

where (a), :==T(a+ n)/T(a) is the Pochhammer symbol.

We now consider polyharmonic weak Maass forms defined in Definition 1.1.1.
As mentioned there, we always assume Kohnen'’s plus condition when k € Z 4-1/2
additionally. This is a condition on the Fourier expansion. By the second condition
of the definition, any polyharmonic weak Maass form f satisfies f(z + 1) = f(z).
Since f is smooth in x, it has the Fourier expansion of the form

flx+iy) = Zan

nez
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where e(z) := ¢*™, and the coefficients are given by

1
an(y) ::/0 f(x+iy)e(—nx)dx. (2.1.3)

Then Kohnen's plus condition requires that the n-th coefficient a, (y) vanishes unless
(—=1)*1/2p = 0,1 (mod 4). By this assumption, we can control the cusp conditions
at all cusps by the fourth condition in Definition 1.1.1. To explain it briefly, we divide
the function f(z) = fo(4z) + f1(4z), where

ple= 8 a(§)e(5) s T a(¥)e()

Then by the modular transformation law of f for [} 9] € I'y(4), we easily see that
1 12 [z
i(=2) =)
k
zZ . 2k 1 1
) =M (era) e2)

. 2k
where we define zF = /z"".

Originally, the space of polyharmonic Maass forms, denoted by H; as in Section
1.1, were introduced by Lagarias-Rhoades [LR16] to study the higher Laurent co-
efficients of the real analytic Eisenstein series. For any k € 1Z, the ¢-differential
operator is defined by ¢y := Ziykg. Recall that Wirtinger’s differential operators are

defined by
o 1 0\ 2 _1(d 2
9z 2\ox 9y/)’ 9z 2\ox 9y/)

This ¢-operator was introduced in [BF04]. By the definition, the action of the ¢-
operator kills holomorphic functions. Moreover, we easily see the important equa-
tion Ay = —Cy_ o Gx. That is why a weakly holomorphic modular form can be
regarded as a polyharmonic weak Maass form of depth 1/2. In general we charac-
terize a polyharmonic weak Maass form of depth r 4+ 1/2 by the condition

‘:k o (Ak)rf(Z) =0.

In particular we write My := H;/ 2C M= H;/ 2! for the spaces of holomorphic
modular forms and weakly holomorphic modular forms, respectively. Note that all
these spaces are vector spaces over C.
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We next consider the Fourier coefficients a,(y) defined in (2.1.3) more precisely.
Let f be a polyharmonic weak Maass form of weight k € Z and depth r € Z. By
the third condition of the definition, this function satisfies

(B F) = (3| T mn(w)etn)| <o
nez
By the general theory of the Fourier expansion, the termwise derivative in x of the
Fourier series is valid. The termwise derivative in y is also justified as follows: By
the smoothness, we easily see that

a?/ (x +1iy) = Z/ fx+zy e(—nx)dx - e(nx)

nez

d

= / f(x+iy)e(—nx)dx -e(nx) =) a—an(y)e(nx).

nez ay nez

Thus we can take termwise derivative in Ay, and get

8| K anl)ens)| = X (B any) <) =,

nez nez

where X

~ 2 0 d 2,22
Dy = —y E)T/Z_ky@ (47

n°y- — 2mkny).

We first consider the solutions to the differential equation Dy ,a,(y) = 0 for n # 0 of
the form a, (y) = yfgbn (47t|n|y). By a direct calculation, we have

_ 2
Dutn () = 716722 (arlnly) + a4 bo ()|

0%b
= —167‘(2n2y2 I:ay?:n(4717|7’l|y) + ( - 1 + 5 >bn(47r|n]y)}
= —167rzn2y2_’( sgn(n)g,"z;lb”)(4”|”|y> =
Thus we get

_k
an(y) = ey M e (GTlnly) ey W (dlnly).

>\-
I\)
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It becomes easier for n=0we have
Dk Oa()(y) = —y 762a()(y) - ky?a()(y) =0
' ]/ ]/ '

thatis, ao(y) = ¢f +cyy'*.

For general r, we consider the functions introduced in [ALR18, Section 3.3],

(O .
| Y2 @ngn(n)g,s—%(élnmw) ifn #0,
=1 5 o
SV = (D(legy)y' T ifn =0,
sk
) - 2 (2.1.4)
] 77@ ;Lgn(n)%ls_%(élﬂ‘nh/) ifn 7£ 0,
”lgj,]f(y) =Y 9 . ‘ T
s — j iy —
P = (logy) ifn=0.
\ 5=3
By a direct calculation, we have
o o/ k k k
Dk,nu][(],}’ (y) = @ [(S - 2) (1 - E - S>y zwsgn(n)’g,s—%(4n|n|y)] o
-2

. i—1],— . i—2],—
= j(t =Ry, ) = G = Dl (),
and so on. (For other cases, see Lemma 2.1.10 as below). By Lemma 2.1.5, we have

u,[((,)ll’_(y)e(nx) = (47Tn)§q”, ifn >0, 015
wht (y)e(nx) = (drt|nle™)3q", ifn < 0.

Especially we see that these functions u ,E’ ]r;i (y) are annihilated by the action of (Dy ,,)/*,
that is, these functions give 2r solutions to the differential equation (Dy.,)"a,(y) = 0.
Note that for any n € Z and k # 1, these 2r solutions u][(’]f (y) (0<j<r—1)are

linearly independent. Moreover Andersen-Lagarias-Rhoades showed

Proposition 2.1.8. [ALR18, Corollary A.3.] For y > 0 and n # 0, the function u,[f]n_ (y)
U],+(
k

decays exponentially as y — oo, while uy " (y) grows exponentially as y — oo.

Therefore, we get the Fourier-Whittaker expansion of a polyharmonic weak Maass
form.
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Proposition 2.1.9. For k %Z and v € Z, a polyharmonic weak Maass form f € H]:’!
has the following Fourier-Whittaker expansion.

flx+iy) =) Z (cn]ukn )+ c;].u,@r’f (y))e(nx),
neZ j=0

where the coefficients cj,j € C vanish for almost all indices (n,j). In addition, if k €
Z +1/2, then it is required to satisfy Kohnen's plus-condition. Moreover if all coefficients
c,j = 0forn #0, then f € H strictly.

In order to consider the case of half-integral depth, we show the following lemma.
Lemma 2.1.10. Under the above notations, we have
Gk~ (v)e(nx))
_ { JO = Rug =y e(=nx) = j(j = Dug 275, (ve(—=nx) i n >0,
B —ugkk,_n(y)e( nx) ifn <O,
k(" (v)e(nx))

— ”g]k _.(ye(—nx) ifn >0,
i1 — Rl (e(—nx) — G — Dl 2 (w)e(—nx) ifn <0,

&l () = (- >(]u£f ) (- k >u¥]zo<y>)

1
S ) = (U ),
where we put um (y) =0forany j <O.
Proof. For n # 0, by the analyticity of the function W), (z), we have

eZmnx>
s=k

2

o/ m Tinx—27n
:as_jgk(ez yy 2V\/sgn( )’2‘5 %(47(‘”’]/)62 2 y)

ka
el (1)eln)) = 8 (14 Wogpy oy (4110

sk
5=3
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Then the inner differentiation is

_k .
gk <62nnyy 2 ngn(n)%,s—% (47'L'|1’l ’y)EZmnx 27T1’Z]/>

d d K ,
— ik ; 2mtny,,—% 2
=1y (8x +zay> (e Ty y zwsgn(n)%,sf%(47r\n|y)e mnz)

£k ;0 k o
= (47T’n‘>zykay(eZH”y(ALn"n‘y) ZWSgn(n)lz‘,S—;Mn’n‘]/)) . o 2minz.
By Lemma 2.1.3,
_ <§ - 12(> <1 - g - §>y§1w§_1,§_é(4nny)e(—nx) ifn>0,
W (rtlnly)e(—nx) it <0,
Therefore we have

&k (™ (y)e(nx))
ol k k 2-k
i ((5=5) (15 )y Wy e

] _
;gj(—y—zzsz_k,g_ (47T\n|y)e(—nx)>

If n > 0, then

E (™ (y)em)

Il
N\
~
7 N\
—_
|
N =
|
v
~_
@[
AR
7N
Q\
N
o
|
N
N7
W
|
N|—
—
iy
:1
N
<
N—
m
—
|
N
=
N—r
~_

If n < 0, we have

k(i ()e(nx)) = —ugly _, (y)e(nx).
We can get the formulas for u,Ei ]f (y) by the same calculation. The remaining case of
n = 0 follows from direct calculations. O

By this lemma, we see that the index j decreases under iteration of the action
of the ¢-operator. Finally these functions u][c] ];;i (y)e(nx) reach the holomorphic func-
tions as (2.1.5). As mentioned above, for the Fourier-Whittaker expansion in Propo-

sition 2.1.9, the termwise derivative in ¢ is valid. Thus by Lemma 2.1.10, a function
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fe H,:’! with an integral depth r is strictly in H,Zfl/ ! if and only if ¢, = 0forall
n < 0and C;J{,rq =0foralln > 0.

Definition 2.1.11. When f(z) € H,C’! has the Fourier-Whittaker expansion as in
Proposition 2.1.9, we call the part

Z c,jrou,[((?}fr (y)e(nx) + Z c,;ou,[gil’_(y)e(nx)

—ookn<0 n>0

the holomorphic part of f(z), which we denote by f(z)h°l.

Remark 2.1.12. In the special case of depth 1, the holomorphic part of a harmonic
weak Maass form is called a mock modular form. In this context, Definition 2.1.11
gives a generalization of mock modular forms. A point to note is that the definition
of the holomorphic part depends on the definition of the Fourier expansion. For
example, the Fourier expansion considered in [DIT11a, (2.6)] is different from ours.

2.2 Differential operators in the theory of harmonic Maass
forms

Here we review some differential operators in the theory of harmonic Maass forms

based on [BFOR17, Chapter 5]. As we mentioned above, the differential operator

Cr 1= Ziykg plays important roles in this theory. First we recall the basic properties
of this operator.

Lemma 2.2.1. Let f be a smooth function on ), k € 3Z, and v € SLy(Z), with y € To(4)
ifk € Z +1/2. Then we have

Sk(fley) = (Gkf)la—k-
Proof. Lety = [?%] and

1 ifkeZ,
pk() =

(S)e;! ifkez+ 3.
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Then j(7y,z) = px()Vcz + d holds. By the definition of the {-operator, we have

1) (2) = 209 o (,2) 2 ()

= 2iy o) (2 d) L f(2)
k

= 2ipe(7) % (cz + d)f—

_ d
W@Z + d)_zajz_wa)

£
= paoil* ez )2 Y S )
= (Gkf)|2—k7-

Here we use the chain rule

This concludes the proof. O

Bruinier-Funke [BF04] showed that this operator ¢, sends a harmonic weak Maass
form in H;’! to a weakly holomorphic modular form in H; f i’!, and this map is sur-
jective. In general, by the definition of polyharmonic weak Maass forms, we imme-
diately see that {; sends a polyharmonic weak Maass form in H,:’! to Hg:,l/ ! On the

surjectivity, we show in Corollary 1.1.6.

Furthermore, there are other two types of differential operators studied by Maass.

Definition 2.2.2. The raising operator Ry and the lowering operator L; are defined
by

.0 Kk .20
Rk.—ZzaZ-l-y, Ly :== —2iy 5%

Then we know the following properties.

Lemma 2.2.3. [Bum98, Section 2.1], [BFOR17, Lemma 5.2] Let f be a smooth function on
§,k€1Z, and v € SLy(Z), withy € To(4) ifk € Z+1/2.

1. With respect to the slash operator, we have that

Ri(flkr) = Ri(f)|k+27.
Li(flxy) = Le(f) [k—27-
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2. If f is an eigenfunction of Ay with eigenvalue A, then

Ari2(Re(f)) = (A + k) Ri(f),
Ax2(Li(f)) = (A = k+2) Ly (f).

3. The weight k hyperbolic Laplace operator may be expressed as

—ANy = Ly oo Ry +k = Ri_p0 L.

Proof. These follow from similar computation as in the proof of Lemma 2.2.1. For
more details, see [BFOR17]. O

2.3 The Maass-Poincaré series

We now consider the series called the Maass-Poincaré series of weight k € 7Z. In
general for an integer m € Z and a smooth test function ¢ : R-o — C satisfying
$(y) = O(y*) asy — 0 for some a« > 1 — k/2, the associated Poincaré series of
weight k is defined by

Gunlz)i= L (9lim(z))e(mRe(z)) )

yEl\T

Y.
k
By an easy estimate, we see that this sum converges absolutely and uniformly on
compact subsets in §), and defines a smooth modular form of weight konT.

By specializing the test function to the function

F(Zs)*l(47r|m\y)fk/ZMsgn(m)%’sfl/z(47T|m|y) ifm #0,

(2.3.1)
ys—k/Z

(Pk,m(yls) = {

ifm=0,

we get the Maass-Poincaré series. As before, we put I' = SLy(Z) if k € Z and
I =Ty(4) ifk € Z+1/2. Since M,,,(y) = y*"/2(1+O(y)) asy — 0 by Lemma
2.1.7, this test function satisfies @y, (y,s) = O(ysfk/ 2) as y — 0, that is, the Maass-
Poincaré series

Punzrs) = L (0unl,9)em) )

YEl\T

Y
k
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converges absolutely and uniformly on compact subsets in Re(s) > 1. We can easily
check that this function Py ,(z, s) is an eigenfunction of the hyperbolic Laplacian,

AP (z,8) = <S — ];) (1 — g — s) Pem(z,s). (2.3.2)

This follows from the facts that Ay = —& o & and & (flky) = (&kf)l2—xy. Of

course we can also get the refined version

EkPem(z,8) = (4mt|m|)t—* <§ - ;)PZ—k,—m(Z/ 5) for m # 0,
_ k _
CkPro(z,s) = (S - 2>P2k,o(Z,S) form=20

and similar formulas under Ry and L

k
RiPi(z,s) = 4mt|m| (s + 2) Priom(z,9),
2.3.3
LiP (zs)—L s—kP (z,5) =3
k k,m ’ - 4:7T|m| 2 k—2,m 7

form # 0, and

RiPro(z,8) = <5 + ) Pri20(z,8),
(2.3.4)

k
LyPro(z,5) = (s - 2) Pr_20(z,9),
by using Lemma 2.1.4 and the formula [MOS66, 7.2.2]
(142v —2p) My 1, (2) +2(2p — 2) M (z) — (1 +2v + 2u) M1 1,(2z) = 0.

We next consider the Fourier expansion of the Maass-Poincré series. This is
given by the same argument as [Koh85, Proposition 4], and the details are written in
[JKK13, Theorem 3.2, Lemma 3.5-3.7]. For convenience, we put

(s + sgn(n)%)’1|n|k’1 (47T|n|3/)7k/2ngn(n)§,s—l/2(47t|n|y) ifn #0,
Wk,n(yls) = (47.C)1—kyl—s—k/2

(2s — 1)I'(s — k/2)[(s + k/2) ifn=0.
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In addition we recall the usual I and J-Bessel functions defined by

y/z)erZm
Tv+m+1)

<y/2)v+2m
Frlv+m+1)

(2.3.5)

i

for fixed v and y > 0. [MOS66, Section 3.1]. Then the following result is known.
Theorem 2.3.1. [JKK13, Theorem 3.2] For Re(s) > 1, the Maass-Poincaré series Py ,,(z, s)

has the Fourier expansion

Pem(z,8) = @rm(y,s)e(mx) + Z Ckm (1, 8) Wi n(y,s)e(nx),

nez

where the coefficients cx ,,(n,s) are given by

o . <47r C|mn|> ifmn >0,

1
mn| ="

- 47t/

>0
c 2k717.(5+k/271’m T n’sfk/chfZS ifmn =0,m+n 7& 0,
[ 2227751 (25) (2¢) 12 ifm=n=0.
Here we put
Z e<m>, ifkeZ,
d(c)* ¢
d=1(c)
Ki(m,n,c):=< °
Y. <C>e§ke<am+dn>, ifkeZ+1/2,
i@ \d ¢
ad=1(c)

called the (generalized) Kloosterman sum.

Moreover, for the half-integral weight case, we consider the function P,:,“ n(2,8) =
pry (Pem(z, s)) satisfying Kohnen'’s plus condition, where pr;” is Kohnen’s projection
operator introduced by Kohnen [Koh85, p.250]. For the weight k = A + 1/2 with
Ak € Z, this operator is defined by

ner 1 1
pri(e) = (-0 (ghA)y) + 58
v (mod 4) 2
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A= 41 ,ezi), B, := 1o ,
0 4 v 1

and the slash operator for (y, ¢(z)) is defined by g|x (7, ¢(2)) := ¢(z) % g(vz).

where

Remark 2.3.2. We alert that the definition of the slash operator in Kohnen'’s paper
[Koh85] is slightly different from ours. There is a typo that the term 2A + 1 in the
exponent in the definition of B in [JKK13, p.2577] is superfluous.

Also in this case, the Fourier expansion of P (z,s) is given by the same argu-
ment in the proof of [Koh85, Proposition 4], and the details are completed in [JKK13,
Section 4].

Theorem 2.3.3. [J[KK13, Theorem 4.4] Let k = Ay + 1/2. For any m and s satisfying
(=1)%m = 0,1 (mod 4) and Re(s) > 1, the function P, (z,5) = pr; (Piu(z,s)) has
the Fourier expansion

P]:,“m(z,s) = Qrm(y, s)e(mx) + Z b (1, ) Wi n(y, 5)e(nx),
(—1)Mn=0,1(4)

where the coefficients by ,,(n, s) are given by

e (0 (0)

c>0

( 1k 47/ |mn )
|mn| 2 ]25—1<4C| ‘> ifmn >0,

_ 47/ .
w { |mn| 7 L_y <n 4C]mn|) ifmn <0,

2k717.[5+k/271‘m + n|sfk/2(4c)1725 ifmn — O,m +n 7& 0’
[ 2227511 (25) (8¢) 12 ifm=mn=0.

In particular, we have
bk,m(nls) = bk,n (Wl,S) (236)
by the above formula.

Next we shall recall the analytic continuation of these Maass-Poincaré series. For
the integral weight case k € 2Z, the meromorphic continuation to Re(s) >3/4+¢
for any € > 0 is given in [DIT16, Section 3.2] by using this Fourier expansion and the
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Weil bound
Ko(m,n,c) <. (m,n,c)Y/2cl/2+e, (2.3.7)

(see [Weid8], [Hoo57, Lemma 2], [DIT11a, (3.9)]).

Here we consider the meromorphic continuation of P, (z,s) to Re(s) = 3/4. By
the definition of the I and J-Bessel functions, we easily see that

2s—1 2s—1

Lo (4) = 35 aey (1 +HOW), Bs1(y) = gatip iy (1 0)
as y — 0. The Weil-like bound
Kya(m,n,c) < cl/2+ (2.3.8)
for any m,n € Z and € > 0 considered in [DIT11a, p.965], and the easy facts

Ks/o(m,n,c) = —iKyp(—m, —n,c), Kiio(m,n,c) = Ki(m,n,c) (2.3.9)

give the analytic continuation of by ,,(1,s) to Re(s) > 3/4 + €. First we consider the

meromorphic continuation of the coefficient by ,,, (11, s) to Re(s) = 3/4.

For the case of mn < 0, by the definition of the I-Bessel function, we have

. 4\ \ Ky(m,n,4c) 1 1 7T/ |mn| 251
k =x k
bim(n,5) = 2 ) (1 (c)) 4c |2 I'(2s) ( 2c

c>0
—142¢
— 4N\ K(m,n,4c), 1k & 1 <7T\/W>zs 142
+2mi Y (14 (2) ) 2 | 2 ,
C;)( <C>> i E_gmr(zsw) 2c
(2.3.10)

and for the case of mn > 0 the sign (—1)¢ appears in the second line. The second
line converges in Re(s) > —1/4 + ¢, and then define a holomorphic function. Since

the first line is expressed as

(2m)%i *|mnl 5 [
F(ZS) 2Zk,m,n (S) k,mn (S)
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where

Ki(m,n,c
ZN ()=} k(CZS) (2.3.11)
0<c=0(N)

it is enough to consider the analytic continuation of Z,ﬁ)’n (s). Such type of the
Dirichlet series is called the Kloosterman zeta function. Selberg [Sel65] gave the
meromorphic continuation of this zeta function, and estimates on its growth were
studied by Goldfeld-Sarnak [GS83] and Pribitkin [Pri00]. Here we shall recall these

results based on [Pri00].

Fork € Z+1/2, m € Z, and a positive integer N = 0 (mod 4), Selberg’s
Poincaré series is defined by

c cz+d\*
PG = 8 (§)@(EEg) mopreme)
My T o (N) d |cz 4 d|

This series converges absolutely and uniformly on compact subsets in Re(s) > 1,
and the function y—*/ ZPkSI‘;l/N (z,s) defines a non-holomorphic modular form of weight
k on To(N). Selberg [Sel65] derived the meromorphic continuation of this series to
the whole s-plane by employing the spectral theory. In particular, this Poincaré seies
is meromorphically continued to Re(s) > 1/2 with at most a finite number of simple
polesin 1/2 < s < 1 as mentioned in [GS83, p.247]. The Kloosterman zeta function
can be obtained as the Fourier coefficients of Selberg’s Poincaré series. First we recall
the Fourier expansion of Selberg’s Poincaré series.

Lemma 2.3.4. For Re(s) > 1, Selberg’s Poincaré series has the Fourier expansion

P \((2,5) = yle(mz) +y' 5 Y di(n,y,s)e(nx),
nez
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where
© (o)t
i (n,y,5) =201 ) ( ]? (—m/y)Z) (s + f)
o T
4_5_%(4nny)5+%—1 ’
Wiy (i1 (4 >0,
F(s+§+j) | %,s+%( mny) ifn
47 (drfnfy) s .
" T(s—¥%) W_iy o, (drlnly) ifn <0,
D—25—] r(is +'] — 1) i ifn L
T(s+5+/)T(s—¥%)

Proof. This follows from the same argument as the proof of [Koh85, Proposition 4].
We put ¢,(z,s) := y’e(mz). By the definition we have

o c cz+d\ " az+b
Ponn(zs) =ye(ma) + ), <d)€5k<|cz+d|> ¢m<cz+d's>

0<c=0(N)
(c,d)=1
—k
ok c(z+h)+d> (a(z+h)+b >
vy b (5) hezz<\c<z+h>+dr Pi\carmra®)
d(C)*

where we take integers a and b satisfying ad — bc = 1. Here we use the fact that the
character (€) and e, have a period ¢ for ¢ = 0 (mod 4). Since the inner sum is an

invariant under z — z 4 1, this has the Fourier expansion of the form
C(Z+h)+d)k (a(erh) )
h§z<|c<z+h>+d\ bl cermrars) = L woelnn),

where the Fourier coefficient ,B,((f;ld) (y,s) is given by

(c.d) e c(z+h)+d k a(z+h)+b
e = oo & (irira) » (e

cz+d \F az+b
_/ <|cz+d|> lpm(cz%—d'S)dx'
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By putting x’ := (cx +d)/(cy), we have

(c,d) A o Rt YOV a 1 ’
B (1,5) = [ elomdyelnd /) +0) 4 = D (£ = s e
_ —25,1-s ma + nd /oo _ N—s—K o stk _ m
=c %y e( . > 7006( nxy)(x+1)°72(x —i) " 2e D dx
Thus we have
d (1’1 )_ s—1 E 2k p(cd) 2312
em(my,s) =y} (5 )ea By (vs) (23.12)
0<c=0(N)
d(c)*
0<c=0(N) d ! ¢
d(c)”
x [ e(mmay) iy i) < v )
—c0 c2y(x +1)
(2.3.13)

Continuing the computation gives

B (y,s) |

= c25y1se<mﬂ i— nd) /_O:o e(—nxy)(x + i)*5*§ (x — i)*”% ]i:) ]1' < — czj(rarcii’:— i)>]dx

= i"c%“e(’m :r "d) y (zjf)j (;’;)J / " e(—nay) (1 —ix) =5 (1 4 ix)~Hdx.

= I e
By Hejhal [Hej83, p.353, (5.7)], it holds that
_wby aky g

[T @iy i) e ay = 2 W () X >0

oo apey Lty =1) if X = 0.
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Applying this formula for Y = —sgn(n)x, X = 2n|n|yforn # 0and Y = x, X =0
for n = 0, we have

(d) k251 ma+nd\ & 2n)itl [ —m\’
ﬁ (]// ) Sy ‘e < c >];) ]'! C2y

25—} (27my)s+%_1 ,
F(s—l—%—i—j) | W%,H%(élrmy) ifn >0,
2k (2nfnjy)* 4! .
X (4 f
(- &) Wf%,w%( ninly) ifn <O,
gz TZ+j=1) ifn = 0.
\ T(s+3+/)T(s—3)
Thus this and (2.3.12) conclude the proof of the lemma. O
We next consider the meromorphic continuation of the zeta function Z,S m) ,(5).
Here by the fact (2.3.9), they hold that Z,EJr;mn( ) = Z]EI;?H( ) and ZCS)/Z)mn( ) =
—zZ% /2) m, _,(8). Thus we can assume that m > 0 without loss of generality. The

following lemmas are given in [Pri00], and the details are written for the case of
m > 0 and n > 0. Here we check the case of m > 0 and n < 0 along his argument.

Lemma 2.3.5. [GS83, Lemma 2], [Pri00, Lemma 1) For m > 0,n < 0,k € Z +1/2, and
Re(w) — L > Re(s) > 1 with L € Z>, we have that

(Pemn(z,8), P55, n(z,0))

s—w+1|n|s—w r(w+s Z 47-[ m‘n’)]r( _S_j)Z(N)

— '—k4—w+1 + .
1 D j ka0 )

7T

+RW (s,w; L),

k,mn

where

———~ dxd
psel poe Zw)) = / P (5 §)PS w) Y
(Pt Pl = [ B ()P ()

and

K [e8)
RI((I:L)n(S w; L) _ Z k(nc/lzrsn/ C) /0 yw—s—le—Zn\n\y
0<c=0(N)

=] © im I
></ e(—nxy)(x +1) 752 (x — i) T3 Z 1'<_C227r)> dxdy.
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Proof. By the definition of the Petersson inner product, we have

——— dxd
psel (7, s), PSel z,w)) = / psel (2, 5)P% (z,w axay
<k,m,N( ) —k, nN( )> To(N)\S k,m,N( ) k, n,N( ) yz

dxd
= pPSel (2, 8y e(—nz Y
[ P aye-n)

By applying Lemma 2.3.4 with the preliminary formula (2.3.13),

— /oo /1 [yse(mz) +y' ) dk,m(n’,y,s)e(n/x)} Yy %e(—nz)dxdy

n'ez

—_ mn/ ys-i-w 2 (m— nydy+/ dkm i’ly, )yw s—1 27'mydy

— Z < >€dk —256<ma+nd>/ yw—s—le—Zﬂ\nW
(N) d c 0

0<c=0
d(c)*

= N—s—Ko st _ m
x/_ooe( nxy)(x+1i) 72 (x — i)~ 26( czy(x+i)>dxdy
2k —2s ma+nd> /oo w—s—1,-2m|n|y
=y (9)ee e( gl
(N) (d) c Jo

0<c=0
d(c)*

]‘:0]' y(x+1
k P 1 27mim ]
—i—/ —nxy)(x+1) " 2(x —i) "2 <—> dx]d.
y)( ) ( ) j=;+1 j! c2y(x +1) Y

Here we know that [MOS66, 7.5.2]

o0 T(s+v+)I(s—v+3)
—y/2,5-1 — 2 2
/0 e y WI/‘/V(y)dy F(S—]/l+1)
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35
for Re(s £ v+1/2) > 0, the first term equals
Z <d)€dk —2s, (ma ;’_ ﬂd) / yw7s716727f\n|y
0<c=0(N) B
d(c)*
X [/OO e(—nxy)(x + i)’s’g(x - i)’”% i 1 < - 2mm)%lx} dy
—oo = c2y(x +1)
B L g=w+j+2 s—w+2j+2 |y |s—w+j+1( _43)] N ‘
=i . | L (=m) Z,E,m),n(s +7)
j=0 jiT (s = *)
X /0 3’2”‘”|y(47c|n|y)w I ki g 11 1 (47t|n|y)dy
kA _ v T(w+s-— —4?m|n|)T(w—s—j) (N .
_ i—kpg—w+1l_s—w+1| |5—w (N)
=i "4 T |n| VASMCE )
Te e P 7 ka3t

for Re(s +w) > 1 and Re(w —s) > L. We write R,(Cﬁ),n(s, w; L) for the second term.

O
Applying this lemma to L = 0 and w = s + 2, we get
Z(N) — 'k45+1 2F(S—§)F(S+§—|—2)
ke (8) = 47| T(2s +1)
(2.3.14)

X |(Peo N (2, s), Pl nN(Z/S+2)>—R(N) (s,s+2;0)

k,mn

for m > 0 and n < 0. As for the case m > 0 and n > 0, from [Pri00, Lemma 1] we
have

<PI<S$1£N( s), PksilN(er»

= O (47tn) T (s + @ — 1)

] _ ] L 2 T(o—s—7i
+i7k4—w+17.[sfw+1ns7wr(s+u—)_1)2 ( —47 mn) r( Sk ]) Zlgljn)n(s—i_j)
JT(s+ 5+ )T (@—5—j)7™
+ RN (5,w; L),

k,mn

where J,, , is Kronecker’s delta function, and R,(( m) " (s,w; L) is redefined for m,n > 0

by replacing w with @. In this case also applying this expression to L = 0 and
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w =5+ 2, we have

T(s+ %)F(s - % +2)
T(2s+1)

Z(N) (S) — ik4s+17_[n

kmn

x| (P2 (2,8), PR\ (2,5 +2)) — Su(d7en) 27T (25 + 1) — RIY) (5,5 +2;0)|.

k,mn

(2.3.15)

By [Pri00, Lemma 2, (a)] we know that the functions RN (s,5+2;0) form >0,n >

kmmn

0 and R (s,s+2;0) for m > 0,n < 0 are holomorphic for Re(s) > 0. Thus

k,mn

(2.3.14), (2.3.15), and the meromorphic continuation of Pksfrll (2, 8) by Selberg give the

meromorphic continuation of the Kloosterman zeta function Z,EIZ) n(s) to Re(s) > 0.
Moreover for any € > 0 and € < Re(s) < 1+ ¢, we have that

1—Re(s)+e
R (5,5+2,0)=0 <(mn)

kmn 2 > form > 0,n >0,

2.3.16
(m’l’l|)1_Re(s)+€ ( )

RN (s,s+2;0) :O< PE

k,m,n

> form >0,n <0,

as m, |n| — oo, (see [Pri00, Lemma 2]). As for the estimates of the Petersson inner

product we have

Lemma 2.3.6. [Pri00, Lemma 3, (a)] For m > 0,0 < ¢ < 1/2,and 3/2 < Re(s) < B
with B > 3/2, we have that

[1BES N (2,8)] = O(m!~Fe)+e),
Here we recall that the Cauchy-Schwarz inequality gives

1 1 s
[(PEmn (2:5), P (2,5 +2)) P < [1Pg5, n (2, 9)|| - || PEs v (2,5 +2)]| - form >0,

[(PEnn (2,8), P, (2,5 +2)) 2 < ([P, v (2,9)] - 1P, (2,5 +2)]] forn <0

with m > 0. This and (2.3.16) give that the Kloosterman zeta function Z,E,I:]n)’n(s) at
around s = 3/4 has at most polynomial growth as |n| — oco. (If Pksfi ~(z,8) has a
simple pole at s = 3/4, we replace PI?,%,N(ZI s) with (s — 3/ 4)P]§’fi ~(2,9)). Therefore
we see that the first line in (2.3.10) has the moromorphic continuation at around
s = 3/4 having at most polynomial growth as || — oo for a fixed m.

Finally to get the meromorphic continuation of the Maass-Poincaré series Py ,,(z, s),
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we estimate the growth of the second line in (2.3.10) as |n| — oo. Here we use a sim-
ilar argument as [DIT16, Section 3.2]. We easily see that it is enough to estimate the
sub-part

E, S () ()

0<c=0(4) I'(2s)

and the version replacing I with J. By the integral representations [GR00, 8.411.7,
8.431.3]

~ o (]//2)1/ V+1 s elycosﬂ 1 . ”
W) =1 W) = 5057 = ot (H NG / sin?” 946,
~ . B (y/z)v V+1 ycose ”
L(y) :== L (y) T(v+1) 2”1"(1/ +1 \F/ sm 6do

for Re(v) > —1/2, we see that for a fixed 1/4 < Re(s) < 2,

+ 47t/ |mn| mn |ReC)
Jos—1| ——— )| < |—= ,
c c
mn Re(s)
N drey /o] = ifc > +/|mn|,
Is— — )< s/ g |RE)
eIz if c < \/|mn|.

The case of I-Bessel function, that is, mn < 0, we have trivially

y Wzsl (4” VC|m”’> < AV Imnl [y Re(s)+3 (2.3.18)
|mn]

For the remaining part, since the Kloosterman zeta function satisfies

|Ki(m,n,c)] cite

- - - T 70 << -
c2Re(s)+1 € 0<§)(4) 2Re(s)+1

D

0<c=0(4)

for any € > 0 by (2.3.8), we have

y Klmnog (W)' < |mn[Fe®) (2:3.19)

c
|mn|

for Re(s) > 1/4 + e. We note that this estimate is very loose, of course, but it is
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enough to get the meromorphic continuation of the Maass-Poincaré series at around
s = 3/4. From the results (2.3.18) and (2.3.19), the function (2.3.17) is evaluated

by VIl | Re(s)+1/2 Combining with the results that the Kloosterman zeta
(N)
k,m,n
co, we then see that by ,,(n,s) in (2.3.10) at around s = 3/4 is also evaluated by

function Z; ’ (s) at around s = 3/4 has at most polynomial growth as |[n| —
et \/W|mn|Re(s)“/ 2, Similarly the case replacing I with | has at most polynomial
growth. On the other hand, the function W, (y,s) decays exponentially as e~27"l¥
as |n| — oo. Therefore we see that the Fourier expansion in Theorem 2.3.3 and the
meromorphic continuation of the Kloosterman zeta functions give the meromorphic
continuation of the Maass-Poincaré series at around s = 3/4.

Finally we consider the case of mn = 0. By the definition we have by (n,5) =
bin(0,s) and

bo(n,s) = 2505+ K o [zzggm@ - zggm@} ifn #0,
_ n2k—2s_ki—k (4) _7® £ —
bro(0,s) =2 i TT(28) (225 00(s) — Zgo(s)| ifn=0,

(N)
k,mmn

pute this Kloosterman zeta function explicitly. This was given in [Shi75], [Stu80],

where Z; '/ (s) is the Kloosterman zeta function defined in (2.3.11). We now com-
and [IS12]. Here we review their results. First by (2.3.9) we can assume thatk = 1/2.
By the definition, this zeta function is written as

(N) _ 1 c dn
Zinon(s) = X 25 D (d>€d6<c>'
0<c=0(N) d(c)*
As shown in [Stu80, Lemma 1, 2], we put ¢ = N¢' = 2"cp, where ¢ is odd. Then
a coprime number d to ¢ can be expressed as d = 2"m + cop with m (mod co)*, p
(mod 2")*. Then we have

c dll B 2"co 2"m + cop
L (2 (T) = T T (gra)ommor(F 50 )

d(c)* m (co)* p (2')
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Since r > 2, this equals

B Z Z 0 €cope nw
(co)* p 27’m—|—C0p 2rm+COP cop 7o

Lo L <2r> <2r> (CO>€ e<n2rm+cop>

S e o) \o \omrep )" 20, )

By the quadratic reciprocity law of the Kronecker symbol, we can easily show that

z—r ¢ €cnp = _—1 n €€
Co 2'm +C0p P Co Co =P
Thus we have
= (5)ae(T) = 2 2 G)E) (&) 5).
d(c)” @y @)y NP/ N0 o

that is,
(N) v ad 1 27 1 m 2"m+cop
Z150,(8) = Z Z (27co)% 2 2 (p) <Co> (Co)eco €pe <” 27¢o

[l
T
1}
o“w\~ il

195}
VN
=
N———

m

S
3
=M
: (9
N

=
S|3
N—
N =
S|
N————

X
] Rk
B
| =

3
i~
=[]
N

| N
N—

m

i~

(9
7 N

=
N|<
N—

Then we have

2Z§/)20n( ) — Zs)z,o,n (s) = ZJl/z,o,n (s) [2141(14) (s) — A1(18) (S)}
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In particular since n = 0,1 (mod 4), it holds that (—1)!"/2) = 1. Therefore the prob-
lem is replaced with computing two functions Z; 2 ,,(s) and the multiplicative fac-
tor. Actually, Shimura [Shi75, Proposition 1] computed Z /2,0 (5), and Ibukiyama-
Saito [IS12, Section 2] computed this multiplicative factor. We thus have

_ _1aLp(2s—1/2 D _
b1/2,0(Dm2,S) — 92 457.[s+1/4|D|s 1/4 D( )Zy(m/n)<m/n>n3/2 250.45_2(11)

(s —1) /=
b1/20(0,5) = n1/225/26sr(25)m,

(2.3.20)

for a positive integer m and a fundamental discriminant D or D = 1, (see [DIT11a,
(2.24), (2.25)]). Moreover by Theorem 2.3.3 and (2.3.9), we have the following lemma.

Lemma 2.3.7. Letk = A+ 1/2. Then

A+l
bm(n,s) = (—1)LTJbl/zl(_l),\km((—l))‘kn,s)
imn|* %" ifm#0,n#0,
X 2k 1 m4n| T ifmn = 0,m+n # 0,
92k=1 k=3 ifm=n=0.

Since the value Lp(s) has at most polynomial growth as D — oo, that s, by ,,(n, s)
also does as |n| — oo, this gives the meromorphic continuation to the whole s-plane.



41

Chapter 3

The construction of polyharmonic
weak Maass forms

3.1 Laurent expansion of the Maass-Poincaré series

In Section 2.3, we considered the Maass-Poincaré series Py ,(z,5) and P, (z,s), and
gave the meromorphic continuation. Especially the differential equation (2.3.2)

APy (z,5) = <S - I;) <1 - g - S) Pi(2,8)

also holds for Pkf n(Z,5). We now consider the Laurent expansion of these Poincaré
series at the harmonic points s = k/2 or 1 —k/2 according as k > 1ork < 1,
respectively. Then we denote by F ,, ¢(z) and Gy, ¢(z) the ¢-th Laurent coefficients,

that is, we have

k 14
Z Fkrm,g(z) <S + 5 1) if k <0,

Pk,m (Z/S) - EEZ

N
Y Gime(z) <s — 2) ifk>?2,

leZ

(3.1.1)

for an integral weight k € Z, and

l
Y Fome(z) <s + ’; — 1) ifk<1/2,

Pk—s,—m(zls) — leZ

l
k
Z Gk,m,g<Z) (S - 2) if k > 3/2,

leZ

(3.1.2)

for a half-integral weight k € Z + 1/2. In order to investigate these Laurent coeffi-
cients, we prepare the following results.
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Lemma 3.1.1. Let ¢y, (y,s) beas (2.3.1). For any k € YZ and m € Z, we have

_ k .
(b)) (5 5 ) ga-smSle(omx) ifm 20,
Py, Se(m) = ) |
<S—>(P2 k0(Y,35) ifm=0,
Proof. This immediately follows from Lemma 2.1.4. O

Theorem 3.1.2 (Theorem 1.1.5). Let k € 3Z be a half-integer. For m # 0 we have

CkFiome(z) = (47T|m!)1k{ (1 =k)Gok—m,e(z) + Gog—me—1(2) }

&kGime(z) = (Ar|m|) ' Fog i p-1(2),

(3.1.3)

and form = 0,

CkFroe(z) = (1 —k)Go—ko,(2z) + Go—ko,-1(2),

(3.14)
8kGro,(z) = F2—k0,0-1(2)-

Proof. For an even integer k < 0, by (3.1.1) we have
k 4
fﬁ,n z, S 2: Fknzﬁ (S-+-2 —-1> .
leZ

By Lemma 2.2.1 and Lemma 3.1.1, for m # 0 we have

Ckpk,m(zls) = Z (gkwk,m(yls)e(mx))‘z_k,y

YEl\T

= Galnl) (5= 5 ) Pgn)

= (47t|m[)"~ ( )Zcz k—m,0 (2 <§_2;k>£

leZ

— (4relm]) Y [(1 —1)Gatm(2) + c”,m,mz)} <s:+ ‘- 1)5.

leZ

On the other hand, the Laurent expansion of the left-hand side is given by

¢
k
CkPim(z,8) = ) ay(z <'+2—1>,

leZ
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where the Laurent coefficients a,(z) are given by

1 ngk, (Z,S)d§
al(z) = 5— | "
2t Je (5+ % —1)

Here C is a Jordan curve lying in an annulus in which the function Py , (2, s) is anti-
holomorphic in s, (i.e. holomorphic in 5) , and going around the point 5 = 1 — k/2.
By the analyticity of Py ,(z,s), we have

1 P, (2,5)d
ai(z) = G Lm /C(S_I;I;Z_?)Zrl = CikFim,e(2).

Thus term by term comparison in (5 +k/2 — 1)* yields

EFomi(2) = <4n|m|>1—k{ (1= K)Gp—melz) + GZk,m,mz)}.

The remaining cases follow by the same argument. For a half-integer k € Z +1/2,
they also follow from the definition of Kohnen’s projection operator and Lemma
2.2.1. =

We now check when the Laurent coefficient with a negative index does not van-
ish. First, we consider the integral weight case. By the Weil bound (2.3.7), unless
m = n = 0, the series in the coefficients ci ,(1,s) in Theorem 2.3.1 converges abso-
lutely ats = k/2ifk > 2ands =1 —k/2if k < 0. As for m = n = 0, we easily see
that

Ck,O(O;S) — (_47_“)kr(4255) Z gD(C)

c2s

F(29) 225 1) G19)
. S S —
= (—4mi)k 5 72s)

where ¢(c) is Euler’s totient function. Thus this coefficient c;((0,s) has a simple
pole at s = 1. Since the multiplicative term W ,(y, s) has no pole at these points, we
have Fy , ¢(z) = Ggme(z) = 0forall ¢ < 0 when k < 0,k > 2. For k = 2, since the
simple pole of ¢20(0, s) at s = 1is cancelled out by the zero of the function Wy (y, s),
it also holds that G, ,, /(z) = 0 for all £ < 0. On the other hand, for k = 0 the simple
pole of ¢ (0,s) is not cancelled out, and we thus have Fy,, ¢(z) = 0 forall ¢ < 0
except for Fop—1(z) = 3/m.
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As for the half-integral weight case, the coefficients by ,, (1, s) similarly converge
absolutely ats = k/2ifk >3/2ands =1—k/2ifk <1/2. Fork =1/2and 3/2 we
need the meromorphic continuation to Re(s) = 3/4 discussed in Section 2.3. From
(2.3.20), the coefficient by /5 o(1, s) has a simple pole at s = 3/4 with residue

3 3m IO .
Res,_s by jp0(m?,s) = > Y u(m/n)oy(n) = T (the Mobius inversion formula)

njm

3
5=1

for a positive integer m, 3/ (167) if n = 0, and 0 otherwise. Thus we have

3 3n
Fi/0,-1(z) = ﬂwl/z,o(yﬁ/‘l) +) Ewl/Z,nZ (v,3/4)e(n’x)
n>0
3 3 2 3
 Arm + ) ol = 4719(2)'

n>0

For m # 0, by the meromorphic continuation of P1+/2,m (z,5), wesee that Fy /5, ¢(z) =
0 for £ < —2. Then by Theorem 1.1.5, we see that F /5, _1(z) with m # 0 is anni-
hilated by the action of A;/,. Moreover by the Fourier expansion of Pf/zlm(z,s) in
Theorem 2.3.3 and Lemma 2.1.2, we see that F; /5 ,, —1(z) has no exponentially grow-
ing term. Thus ¢1/2F1 jom—1(2) € H;;g strictly. However, it is well-known that the
space M3/, of holomorphic modular forms without Kohnen'’s plus-condition is gen-
erated by 0(z)3. (see [Kob93, Proposition 4 in Section IV-1]). Since the function 6(z)3
does not satisfy the plus-condition, there is no function in H; ;; Thus the function
F1/2,m,—1(z) should be a holomorphic modular form of weight 1/2, that is, a multiple
of the theta function. By the symmetric property (2.3.6), the function F; /5 , —1(z) has
the constant term 3v/m/(27t) - Wy /20(y,3/4) = 6y/m/ 7 if m is a square number,
and 0 otherwise. In conclusion we have

Lemma 3.1.3. [DIT11a, Lemma 3| Let m be an integer. Then we have

4i ifm=0,

T
Fiom,-1(z) = 0(z) x 6\7/1% if m is a non-zero square,

0 otherwise.

For k = 3/2, by Lemma 3.1.3 and Theorem 1.1.5, we easily see that G35, ¢(z) =
Oforallm € Zand ¢ < 0.

Then the following theorem holds.
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Theorem 3.1.4. Let k € 3Z be a half-integer, m € Z an integer. Then the functions
Fy m¢(z) and Gy, ¢(2) are polyharmonic weak Maass forms of weight k on T’ = SLy(Z) if
ke ZandT =Ty(4)ifke Z+1/2.

Proof. By Theorem 1.1.5, and the fact Ay = —,_ o Gk, the action of Ay decreases
the index ¢. Since the functions Fy ,, ¢(z) and G, ¢(z) are 0 for a negative ¢ < 0
(or £ < —1 in exceptional cases), these functions are annihilated by a number of
iterations of the action of the A;. The smoothness and the modular transformation
law are inherited from the Maass-Poincaré series Py ,(z,5). Moreover by Lemma
2.[]1}.2, Theorem 2.3.1, and Theorem 2.3.3, we see that the exponentially growing terms

i+

uy ;" (y) can come from only the term ¢y (2, s) in the Fourier expansion, that s, there

are only finitely many u,[j; ];r(y) in the Fourier-Whittaker expansion of Fy ,, /(z) and
Gi,m,¢(z). Therefore these functions are polyharmonic weak Maass forms of weight

k. O]

We next construct a basis for H]:'! in terms of the functions Fy ,, /(z) and Gy, ¢(2)
explicitly as a generalization of Lagarias-Rhoades” works [LR16]. The strategy is as
follows. First we recall Duke-Jenkins” works [D]08a, DJ08b] on a basis for the space
of weakly holomorphic modular forms H;/ 2! After that, generalizing Lagarias-
Rhoades’ works, we construct a basis for H, for any k € }Z. Finally we prove
Theorem 1.1.4 and the half-integral weight version (Theorem 3.3.2) as our first main
result.

3.2 Basis for H;/Z’!

Duke-Jenkins [D]08a, DJ08b] constructed a standard basis for the space H ,1/ 2= M}(
of weakly holomorphic modular forms. First we recall the case of integral weight.
For an even integer k € 2Z, we define an integer {; by k = 12¢; + k" where k' €
{0,4,6,8,10,14}. By using the valence formula for weakly holomorphic modular
forms on SL,(Z), we see that for each integer m > —/, there exists the unique
weakly holomorphic modular form fj ,(z) with the Fourier expansion of the form

fim(z) = a7+ ) ap(m,n)q".

1’l>€k
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Then they showed that the set {fi,,(z) | m > —{;} is a basis of M}, and these func-
tions are given by the generating function

Z fk (T)qm _ fk(T)f2fk<Z>
e j(z) = j(7)
where fi(z) := A(z)%*Ep(z) with Ex(z) := G oo(z) for K > 0and Eg(z) := 1. In
particular they follow that ay(m, n) € Z and

ax(m,n) = —ap_y(n,m), (3.2.1)

(see [DJ08a, Corollary 1]). For example, the first few of the basis with k = 0 are given
by

foo(z) =1,

fo1(z) = j(z) — 744 = g1 + 1968844 + 214937604 + - - - ,

foa(z) = j(z)* — 1488j(z) + 159768 = g2 + 429875207 + 404919093964% + - - - .
(3.2.2)

We now describe these basis functions f ,,(z) in terms of our functions Fy ,, ¢(z)
and Gy, ¢(z). Our first goal is to show the following proposition.

Proposition 3.2.1. Let k € 2Z. Under the above notations, the function fi ,(z) is ex-
pressed in terms of the functions Fy ,, ¢(z), Gkm¢(z) as follows.

1. Fork <0,

Sim(2) = Fo—mo(z) + Y ax(m,n)Fy,o(z).

£k<f’l<0

2. Fork =0andm >0, fomu(z) = Fo,—mo(z) —2401(m),and foo(z) = (7w/3)Fo0,-1(z) =
1.

3. Fork =2, fom(z) = Go,—mo(2).

4. For k > 4, the set {Gy y0(z) | 0 < m < {y} is a basis for the space Sy of holomorphic
cusp forms.
(a) Form >0, fxm(z) — I'(k)Gg —m0(z) is a holomorphic cusp form.
(b) For m =0, fxo(z) — Gro,(z) is a holomorphic cusp form.

(c) For m <0, fxm(z) is a holomorphic cusp form.
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Let k < 0 be an even integer. Then ¢, < 0, thatis, m > —¢; > 0 holds. Note that
by Lemma 2.1.2,

esgn(m)m'%

I(s— sgn(m)%)

e—m’(s—sgn(m)%)

I (s +sgn(m)3

(47t|my)

Prm(y,s) = (47|mly)” ZMjgn i

1
m)g.s—3

(3.2.3)

,s—%(47r‘m‘y)'

_k
S ehly) W

Then by Theorem 2.3.1 and (2.1.5), we have

k

_m -2 [0],— B _ k (47'()171{

=q Ta-h w o (y)e(—mx) + (0,1 2) T2—% (3.2.4)
3

K\ _[nf*'@nln) "2 -
+ —m /1 - A s )
2 Ck, <n 2> F(l — % + SgH(Tl)%) uk,n (y)e(nx)

[0 ]

Here we use (2.1.1). Since u; " (y) decays exponentially as y — co by Proposition

2.1.8, the function

fm(z) — [Fk,_m,o<z> Y a(m, m)Eo(2) (3.2.5)

€k<1’l<0

has no exponentially growing term. In addition by Lemma 2.1.10, we see that its §j-
image should be a holomorphic cusp form. However since any preimage of a non-
zero holomorphic cusp form must have exponentially growing terms (see [BFOR17,
Lemma 5.13]), the function (3.2.5) is a holomorphic modular form of weight k < 0,
that is, equals 0.

Next we let k = 0. Then ¢y = 0, and fy(z) is given as the polynomial in j(z) of
the form g~ 4 O(q) like as (3.2.2). Thus we have foo(z) =1 = (71/3)Fy0,-1(z), and
for m > 0 by (3.2.4) we have

Fo-mo(z) =g " —ug)] w(y)e(—mx) +47mco—n(0,1) + Y co—m(n,1)|n|~ 1ug)11 (y)e(nx).

n#0
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Similar as above, we see that Fy _,0(z) — fom(z) = 47co—m(0,1). Here the coeffi-
cient ¢k ,, (0,s) with m # 0 is given by

1

ckm(0,8) = 2kns+§i_k|m|s_§ ) = ) 2T
0" alor (3.2.6)
_ 2kns+§i—k|m|—s—§+l0'2571(|m’)’
¢(2s)

which was shown by Ramanujan [Ram18]. In particular, ¢o_,(0,1) = 601(m)/ 7,
that is, Fo,—m0(z) — fom(z) = 2401 (m) holds.

For k = 2, it holds that /, = —1. In general, for k > 2 and m > 0, by (3.2.3) we
have

) (3.2.7)

gl B (o)l

n>0

Then we see that Gy, —,0(2z) — f2,m(z) is @ holomorphic modular form of weight 2 on
SL,(Z), that is, equals 0. As for k > 2, we recall Petersson’s result.

Theorem 3.2.2. [Pet50, Satz 3, special case, modified version] Let k € %Z withk > 3/2
and T be a finite set of positive integers. Then for constants a,, € C,

Y @uGimo(z) =0

mel

if and only if there exists a weakly holomorphic modular form of weight 2 — k of the form

O
ka_lq +0(1).

mel

Proof. Since Gy, —1(z) = 0 for any k > 3/2 and m > 0, by Theorem 1.1.5 we have

o 4rm)1-k
0=) @nGrmo(2) =), G <06m(k_)1sz,m,o(Z)>
merl merl
(47{)1_k

= 1 €2—k|: Z nl;(mlFZ—k,—m,O(z):| :

mel
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Then the inner sum is a weakly holomorphic modular form of weight 2 — k, and by
(3.2.4) this has the Fourier expansion of the form

Ky
Y rd "+ o).

mel

By the results 1, 2 of Proposition 3.2.1, the converse also holds. O

By this theorem and an easy remark
b+l = —1, (3.2.8)

we can easily check that the set {Gy,,0(z) | 0 < m < {;} is a basis for the space
Sk of holomorphic cusp forms of weight k on SL,(Z). Note that this implies the
well-known fact dim¢ Sy = ¢. For m = 0, by Theorem 2.3.1 and (3.2.6) it holds that

_27ik
Groo(z) =1+ l(ﬂ(kz)% ;Uk—l(”)qn-

Thus fi0(z) — Gko,0(z) is a holomorphic cusp form. Similarly by (3.2.7), for m > 0,

fem(z) = T(k)Gr,—m,0(2)

is a holomorphic cusp form. This concludes the proof of Proposition 3.2.1.

We next consider the case of half-integral weight with Kohnen’s plus condition.
Duke-Jenkins [D]J08b] constructed the following similar basis by using the Shimura
correspondence. Here we shall review their results. For k = A +1/2 with an integer
Ax € Z, we define an integer ¢ by 2A; = 12¢; + k where k' € {0,4,6,8,10,14}.
Moreover we put

(3.2.9)

| 260 = (=)™ if 4 is odd,
e 20y if ¢y is even.

For each integer m > — Ay satisfying (—1)%1m = 0,1(4), there exists the unique
weakly holomorphic modular form fj ,,(z) with Fourier expansion of the form

fim@Z) =g "+ Y, a(mn)g". (3.2.10)

Tl>Ak
(=1)%n=0,1(4)
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In particular, these coefficients are integral and satisfy the same relation as (3.2.1)
ax(m,n) = —ap_y(n,m).

Then Duke-Jenkins showed that the set { fi ,,(z) | m > — Ay, (=1)*lm =0,1(4)} is
a basis for H;/ 2! In this case also we show the following proposition.

Proposition 3.2.3. Let k € Z + 1/2. Under the above notations, the function fy ,(z) is
expressed in terms of the functions Fy y, ,(z), Gym ,(z) as follows.

1. Fork <1/2,

fk,m (Z) = Fk,fm,O(Z) + Z ak(mz”)Fk,n,O(Z)'
Ak<1’l<0
(—1)*n=0,1(4)

2. Fork=1/2and m > 0, fl/Z,m(Z) = Pl/Z,fm,O(Z)f Lli’ldfl/Z,O(Z) = (4.7'[/3)1:1/2,0,,1(2) =
0(z).
3. Fork=3/2,

(a) If m is not a square, then f3, ,(z) = \/2%G3/2,m,0(z).

(b) If m is a non-zero square, then

f3/2,m(z) = \/ZE <G3/2,—m,0(z) — \;LEG3/2,0,0(2)).

4. For k > 3/2, the set {Gxmo(z) | 0 < m < Ax} is a basis for the space Sy of
holomorphic cusp forms.
(a) Form >0, fxn(z) — T'(k)Gg —p0(z) is a holomorphic cusp form.
(b) For m =0, fxo(z) — Gro,0(z) is a holomorphic cusp form.
(c) Form <0, fiu(z) is a holomorphic cusp form.

The cases of k < 1/2and k > 3/2 follow in parallel to the cases of integral weight
k <Oand k > 2. Weletk =1/2. Then Ay = 0, and by Lemma 3.1.3 we have

47

fi/20(2z) = ?Fl/z,o,q(z) = 0(z2).

For m > 0, similar as the case of k < 0 we see that f1/5,(z) = Fi/2,—mo(z). As for
k = 3/2, we have A3/, = —1. For m > 0, we consider the function G35 _,,0(z). By
Theorem 1.1.5 and Lemma 3.1.3, we see that G35, 0(z) with a non-square m is a
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weakly holomorphic modular form while G35, 0(z) with a square m is a harmonic
weak Maass form. However for a square m, we see that the function

4
Gs/2,-mo(z) — ﬁGa/z,o,o(@

is annihilated by the action of 3,,, that is, this is a weakly holomorphic modular
form. By the fact that H;;% = M;/2 = {0}, the remaining arguments are similar as
in the case of k = 2. We conclude the proof of Proposition 3.2.3.

Remark 3.2.4. For k > 5/2, we can also express the Duke-Jenkins basis in terms of
our functions Gy, ,(z) explicitly. For example, Jeon-Kang-Kim [JKK-pre] gave such
expression by using the Petersson inner product.

3.3 Basis for H; and H,Z’!

In this section, we first give a basis for the space H of polyharmonic (non-weak)
Maass forms. After that we give a proof of Theorem 1.1.4 and Theorem 3.3.2 for
half-integral weight.

The integral weight and non-weak case (Theorem 1.1.2) was shown by Lagarias-
Rhoades. Here we consider the case of half-integral weight k € Z + 1/2 as an ana-
logue of their work. Since we always assume Kohnen'’s plus-condition, the behavior
of f € Hj at the cusps 0 and 1/2 is determined by that at ico. We recall that Fy ,, ¢(z)
and Gy, ¢(z) are defined by

1
Y Fome(z) <s + k_ 1) ifk<1/2,

2
Plu(zs) =q F K\ * .
Z Gime(z) (s — 5 ifk>3/2,
leZ

after taking the meromorphic continuation. In addition, we recall that the coeffi-
cients Fy ,, ¢(z) and Gy, ¢(z) vanish if £ < 0 except for F , » 1(z) # 0 withn > 0.
Our first main goal in this section is to show the following theorem.

Theorem 3.3.1. Let r > 1 be an integer, and k € Z +1/2. Then

1. For k < —1/2, H;/z = {0} and {Fio0(2),..., Fror—1(2)} is a basis for H =
H7’+1/2
Habei

2. Fork=1/2,{Fi/20,-1(2),.-.,F1/20,—2(2)} is a basis for H ,, = H{;zl/z.
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3. Fork = 3/2, H;;% = {0} and {G3/200(2),---,G3/20,-1} is a basis for H},, =

r+1/2
H3/2 .

4. For k > 5/2, we have H = H,:fl/z = E} + Sy, where EJ is spanned by a basis
{Gk00(2),...,Gror—1(2)} and Sy consists of holomorphic cusp forms on I'o(4).

The argument of the proof is similar as [LR16, Proof of Proposition 10.1]. First we
let k = 1/2. It is known that the space H%g = M;, of holomorphic modular forms
with Kohnen’s plus condition has dimension 1 and is spanned by the theta function
0(z). By Proposition 2.1.9, every f(z) € H} s, has a Fourier expansion of the form

f2)= ¥ culls (y)e(nx) +cg.
n=0,1(4)

By the action of /5, we have

1— — _
Gnf(z) = seus)sm — L by ()e(nx)
0<n=0,3(4)

1T —
=56 — Yo T, (dmn)ign,
0<n=0,3(4)

that is, §1,2f(z) is a holomorphic modular form of weight 3/2. However since there
is no function in H;g = M7 /5 the result ¢1/5f(z) should be 0. Thus we see that
f has depth 1/2 actually. Similarly we can show that Hj, = H{;ZU 2 by induc-
tion. Next we show dimH{j}l < dimHj , + 1. We assume that dimHj ,, = m
and dimH{E > m + 2. Then we can take m + 2 linearly independent functions
fo(z) = 0(2), fi(2),... fus1(z) € Hﬁ; On the other hand, for 1 < i < m+1, it
holds that 0 # Aj2fi(z) € Hf,,. By our assumption of dimHj,, = m, there are
some constants a; € C such that Y7 a;A /5 fi(z) = 0. Thus g(z) = Y aifi(z)
satisfies A1 /,¢(z) = 0, thatis, g(z) = 6(z) up to a constant multiple. This contradicts
our assumption. By Theorem 1.1.5 we easily see that F; /5,_»(z) € Hj /Z\H{h1 This

concludes the proof for k = 1/2.

As for k = 3/2, there is no holomorphic modular form in H; //g, and Gz/20,0(2)
is a harmonic Maass form. If there exists another function f € H; /27 then we have
C3/2f(z) = 6(z) up to a constant multiple. That means that there exists a constant
a such that Gs/00(z) — «f(z) is a holomorphic modular form of weight 3/2, that
is, equals to 0. Thus we see that the space H; P has dimension 1. By the above
result, every f(z) € H3 ﬁ satisfies 3/2f (z) = 6(z) up to a constant multiple, that is,
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Hg’ g H)} /o holds. By the same argument, we can conclude the proof for k = 3/2.

We can also show the remaining cases. For k > 5/2, we note that any function
F(z) € H;_'k satisfying ¢, xF(z) = f(z) € Sy must not be in H} , (see [BFOR17,
Lemma 5.13]). Then we can easily check that for any f(z) € H\Si, there exists
{ € Z>¢ such that A{f(z) = Gyp(z) up to a constant multiple. The remaining proof
is completely similar as above.

Finally we give a proof of Theorem 1.1.4 and its half-integral weight version as
follows.

Theorem 3.3.2. Let r € 7~ be a positive half-integer. For a half-integer k = Ay +
1/2 € Z +1/2, we define an integer Ay as (3.2.9). For each integer m > — Ay with
(—1)M m = 0,1 (mod 4), the unique weakly holomorphic modular form fi ,,(z) is given
as in (3.2.10). Then the set U, ’H;{/ 2 is a basis for Hy'. Here each set 7—[;;/ 2 is given by

{Fime—1(z) | m > A, (=1)"m =0, 1( )} ifk < -1/2,
0t — ) tR2me(z) - 8v/mo(m)Fya00-1(2) |0 <m=0,1(4)} ifk=1/2,
¢ {Ga/ome(z) |0 <m=0,3(4)}U {G3/2,0,€fl( z)} ifk=3/2,
{Gim(z) | m> Ay, (—1)™m =0,1(4)} ifk>5/2,

{Beme—1(z) |m < Ay, (—1)™m =0,1(4)} ifk<-1/2,

qyt-120 _ ) Famea(@) [0 > = 0,1(4)} U {F1/204-2(2)} ifk=1/2,
¢ {Gsramp1(2) = 2200(=m)Gajppr1(z) [ 0> m=0,3(4)} ifk =3/2,
{Gme-1(z) | m < Ay, (=1)"m =0,1(4)} ifk>5/2

for £ € Zs1, where 55(m) equals 1 or 0 according as m is square, and we put Ey ,, o 1(2), Gi m ¢ (2)
as follows.

Fim,-1(2) = Fom—1(z) + Y. ax(—m, n)Fyp0-1(2),
Ar<n<0
(—=1)*n=0,1(4)

Giemyo(2) 1= MGy 0(z) — Y. ae(—n,m)n* Gy o(2).
O<n§Ak
(—=1)Mn=0,1(4)

Proof. We prove two theorems (Theorem 1.1.4 and Theorem 3.3.2) simultaneously.

Proposition 3.2.1 and 3.2.3 implies that the set ’Hi/ > is a basis for H, /2! For higher

sz 1/2,!

depth, by Theorem 1.1.5 we see that the image set of H,f! (resp. ') under

Cpo A[ 1 (resp. AE 1) also consists of a basis for H k (resp H;/ 2! ") by using the
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facts (3.2.8) and

Apt Ay p = { -1 %f A =L (mod 2),

-3 if Ak % fk (mod 2)
That means the functions in Hf’! (resp. Hi_l/ ') are linearly independent. Here
we assume that there exists another function f € H,:’!\H,Z_l/ 2! Then its image un-
der (2r — 1)-times action of -operator is expressed as a linear combination of basis
functions of weakly holomorphic modular forms. That means that a suitable linear
combination of f(z) and functions in H,C’! isin H]Z_l/ 2! Therefore we see that the set
7 H;{/ 2! spans the space H,:’! inductively. O
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Chapter 4

Traces of CM values and cycle
integrals

In this chapter, we give the precise statement of Theorem 1.2.1, and prove it.

41 CM values

First we recall the definition of the twisted traces of CM values. For a non-square
discriminant d = 0,1 (mod 4), we define Q; and Q:{ as in (1.2.1). In addition for a
fundamental discriminant D, we consider a genus character defined by

(%), (a,b,c,D) =1and (r,D) = 1 where Q represents 7,

(4.1.1)
0, (a,b,¢c,D) > 1.

xp(Q) = {
It is known that this character is well-defined on Q;p/ SLy(Z). For more details, see
[GKZ87, Section I-2]. When the product dD < 0, for a polyharmonic weak Maass
form f € H;k' with k € Z, we define the twisted trace of CM values of f by

) (REF)(wo) ifk <0,
Tryp(f) := )3 - xp(Q) x 3 f(ag) itk =0,
Qe /1y (z) U (Lk f)(ag) ifk >0,

where Ry and Ly are the raising and lowering operator defined in Definition 2.2.2,
and we put R,Lk‘ :=R_p0R_40---0Ry and L’ék :=LyoLg0---0Ly. By (2.3.3)and
(2.3.4), we immediately see that

IK| .
(arefm) 1) RE Pa(z,s) ik <0,

——— o bom(z,8) = 412
(s— k)™ (=:3) { LK Py (z,5) ifk >0 (*12)
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form # 0,and form =0

T'(s) REPyo(z,5) ifk <0,

————DPyolz,8) = 4.1.3
T(s — [k|) bl 5) {LngZk,o(z,s) if k > 0. (4.13)

By these relations, the problems on any weight k € 2Z come down to the case of
weight 0 studied in [DIT11a]. First we review their results.

Our first aim is to compute the twisted trace Try p(Po,m(z,s)) for a discriminant
d and a fundamental discriminant D or D = 1 with dD < 0. The following lemma
plays a crucial role to this aim.

Lemma 4.1.1. [DIT11a, Lemma 8] Let ¢ : R~o — C be a function satisfying ¢(y) =
O(y*) asy — 0 for some a > 1, and suppose that dD is not a square, (not necessary to be
negative). Then for all m € Z we have the identity

Y xo(Qa(im(z)e(nRe(z)) = 3 > ¥ (D)”(d'"fp (2D,

QeQl,/Tw 2 Tmo<i=o() \ " Ve

where

Kt (m,n,c) = v2e % <l—|—< /4)>K1/2(m,n,c),

and z is defined by a g, that is, the root of Q(z,1) = 0in $) for dD < 0, and the apex of the
circle Sq, that is,
_ —b ivdD

for Q(z,1) = az* + bz + ¢ with discriminant 0 < dD # [J.

Proof. Considering the complete set of representatives of Q7 /T explicitly, we get
the preliminary formula in terms of the Salié sum S,,(d,D,c), (see the proof of
[DIT11a, Lemma 8]). Combining with [DIT11a, Proposition 3], we obtain this lemma.

O

From this lemma, we can compute the twisted trace Try p(Poyn(z,s)) explicitly.
By the definition of Py, (z,s), we have

Pom(ng,s) =}, @om(Im(yag),s)e(mRe(yag))
YET\I'

w
- 2Q Y. @om(Im(yag),s)e(mRe(yag)),
YeTW\T /T
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and hence

Tryp(Pom(z8)) = Y, xp(Q Y,  ¢om(Im(yag),s)e(mRe(yag))

Qe g,/ 7eraT/Tg
= Y xp(Q)¢om(Im(ag),s)e(mRe(ag)).
QeQ;p/Te

Here we use yag = ag,. By Lemma 4.1.1 for Re(s) > 1, we thus have

Tryp(Pom(z,s)

T 5, (D) (2

n\m 0<c=0(4
n>0

Moreover by Lemma 2.1.6, for m # 0

o (VL) e ) (S D) (3 )

Therefore, after applying the Legendre duplication formula

227I0(s)T (s + 3)
NG ,

comparing with Theorem 2.3.3 we obtain that

I'(2s) =

T(S)_120<n|m(%)b (%P, 5+14), ifm#0,

balh v (4.1.4)
2712 |D|2Lp(s)by 4(0,5 + 1), ifm=0,

Tryp(Pom(z,5)) = {

1
2
as mentioned in [DIT11a, (5.2)]. To state our main theorem for any weight k € 27,

we need the following lemmas.

Lemma 4.1.2. For a positive integer k € Z~, we have

R¥ 5, P g (2,8) ZR o Fooime(z)(s —1— k)",
/=0

L Poim (2, 5) Z L5y Gatm,e(2) (s — k)"
(=0
Proof. By (4.1.2), (4.1.3), and the fact that Py (2, s) has no pole in Re(s) > 3/4 except
for Py(z,s) ats = 1, we see that the functions in the left hand side are holomorphic
ats = 1+ k and s = k, respectively. By the analyticity of P ,,(z,s) and Cauchy’s
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integral theorem, for kK > 0 we have

L Pka( )
szPka Z, S 227_[1/ kadS'(S—k)é

= L U o [ (2

= Z LY Gop i (2) (s — k)"
=0

Similarly we can obtain the remaining case. ]
Lemma 4.1.3. Let m € Z be an integer. If dD < 0, we have

Tty p (Fok,—m,e(2)) = Trg p(Faxme(z)) ifk <0,
Tryp(Gok,—m,e(2)) = Trap(Gogme(z)) ifk > 0.

Proof. Since the case of m = 0 is trivial, we assume that m # 0 here. By Lemma 4.1.2,
it suffices to show them for Try p(Pax 1 (2,5)). By (4.1.2) we have

I'(s)
(s — [Kl)

Moreover by (4.1.4), we immediately see that the value Try p(Pyu(z,5)) is indepen-

Tra,p (Potm(2,8)) = (47t|m])~* Try,p(Pom(z,9)).

dent of the sign of m. O

Here we introduce a non-standard notation for convenience.

Definition 4.1.4. Assume that a function f(s) has the Laurent expansion f(s) =
Yo ci(s —a)’ ats = a. Then we denote by LCL_,[f(s)] the /-th Laurent coefficient c,.

Moreover we consider the following function defined in terms of the Maass-
Poincaré series.

Definition 4.1.5. Letk € Z, m € Z, and D a fundamental discriminant. Then we
define the function Fy p (2, s) by

L“*lJ r(s+l§+l)
= (1)t 2z
2 D s 1
£ —k a nd —ap+ 2 - :
DI (artlm) ¥ |Z<> P e (55 +3) im0
X n>0

Zsal

s 1 .
2Lp(s )r(s)PL;%,O (z, 5+ > ifm=0,
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where a = a(2k, D) = kif (-1)*D < 0and a = 1 — kif (—1)*D > 0.

Then we see that the holomorphic part of each Laurent coefficient of this function
Fokpm(z, 5) is realized as the generating function of the twisted traces of CM values.

Theorem 4.1.6. Let D be a fundamental discriminant or D = 1. For an integer k € Z and
a positive integer m € Z~o, we put a = k if (—1)¥D < 0Oanda =1 —kif (-1)*D > 0.
Then the holomorphic part of the Laurent coefficient of the function Foi p (2, ) is given by

(ch:k [FZk,D,m (Zr S)] )hol

— (_\F ] ps —k1 ot AT ne fnz\D\
(=D)Lt 2 D2 (47tm) T"LC,_4 [T (s (m/n>

knltk—s . sthtl
+ ch:k (5(4_7-[17;!)@(5)21’(%5 1) ( ) Z< D/ )Trn2D1<P2kO<Z S)):| lf(_l)kD >0,

2 nlm
0 if (—1)kD <0

a1
+ 2 dz Tr_ Sgn(D)d,D(sz,m,f)qd

—sgn(D)d=0,1(4)
a>0

fork >0, and fork <0

(LCE [ Forpm(z,8)])™

a+1 —k ll —112
= (-1 )L J\D[ 2(4rtm)~ LCS 1 C(s+ k)~ |Z<m/n> D]

° if (~1)"D >0,
D .
S E <m/n>TrnZD,1(P2k,0(Z,S))] if (—1)*D <0

a1
+ Z d7z Tr_ sgn(D)d,D(PZk,m,Z)qd'

—sgn(D)d=0,1(4)
a>0

Here the holomorphic part is defined as Definition 2.1.11.
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Theorem 4.1.7. Under the same notations as in Theorem 4.1.6, the holomorphic part of the
Laurent coefficient of the function Fyy po(z,s) is given by

:+k+1

[D3Lp(s)

(LC_[Far,po(z,5)])"
F(S)F(SJFI;A)] if(_l>kD <0,

| &2 |y s—k—1_
(-1t JLC_ |:2 (s —k)

0 |p—2stk—s=ka2 s {2s—1) T(s)I(s—3)
LCs_k[z 254k 17 ID|2Lp(s) £29) r(s—k)r(s—’%T“)

a—1
+ 2 dz Tr_ Sgn(D)d,D(sz,O,Z)qd
—sgn(D)d=0,1(4)
d>0

] if (—1)fD >0

fork > 0, and fork <0

(LC._y_[Fapo(z )]

L= s+k—2 — K2 sy [(r(=5") if (—1)k

B (-nl= et [2 D] (LD() F(}Lk() l) if (—1)kD >0,
14 ~25—k+1 - s 0(2s 2 if(—1)k

Ll o2 DliLo(o) S S (;k)] i (~1)D < 0

a-1
+ ). A2 Tt ggn(p)a,0 (Far0,)q"
—sgn(D)d=0,1(4)
d>0

Proof. By Theorem 2.3.3 the Maass-Poincaré series has the Fourier expansion of the

form

S 1 S 1 mZ
a+%,—%§|D| (Z, > + 4> goa_f_%,_’%m‘ <y/ ) + 4>€< 2 | |x>

S
b 0,
* a+%ﬂ;’§D< 2

440

We shall call them the additional term, the constant term, and the main term, re-
spectively. First we consider the case of m # 0. The first additional term is given
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by

s 1
goa-l,-%,_nZ‘D‘ <y/ E + 4)6(_7/12‘1)‘3()

= (4712 D|y) %" te(—n?|D|x)
_ mi(2a+1) 7711'(5-;11-%—1)
e 4 I E—
X [M+ . (4m®|Dly) + W

(=) -] NED IR

from (3.2.3). Here the first term in the last line has the Taylor expansion of the form

_a_1
Y2 46(_”2’D’x)Mi(%+%),%,%(47Tn2]D|y)
_yv b )
_];)ZJJI a+1 n2|D|(y)€(—7’l |D|x)(5—a)]
R N G S L )
_];) 2! U1 o (W)e(=n[D]x) (s =1 +a),

as well as the second term. By (2.1.5) we thus have

LC'_, [The additional term of Forpm(z,8) 00

a+1 a _ _ D a 7712
— (—1)LTJ]D]2(47Tm) kLCf:k[F(s —k) 1]}% (m/n)n q D]

for k > 0, and similarly for k < 0.

We next consider the constant term. By Lemma 2.3.7 and (4.1.4), theterm b, 1/, _ 2 p,
is given by
s 1 at1 _g_ statl -1, - _a
busg o (05 1 ) = (CDUF 12 E(0) DI oy (Poo(e, )
Remark that the value by, ,4(0,5/2 + 1/4) in the equation (4.1.4) is independent of
the choice of D, so we applied the equation (4.1.4) for D = 1,d = (—1)*"!n?|D| here.
In addition note that (—1)?*!|D| = D always holds. Therefore by Lemma 4.1.2 and
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(4.1.3),

LC._,[The constant term of Fy p (2, 5)]"!

s—a+2

ol (47rm)~k2=a=s ™3
k{(s = 2)0(s)T(53%)T(s) Z,;n
, (47rm)~k2l+k=s sthtl D o
e e e & () et ta= 1o
0 ifa=k

D o hol
<m/n > Tr,2p 1 (Paro (2, S))yz]

for k > 0, and similarly for k < 0.

Finally we compute the main term. By Lemma 2.3.7, for d # 0,

1 at1 m?D s 1\ n° a
_1\L5 ) m-L s lyn _a
bu+§ f’”—22|D| (d - 4_) ( 1) : b%,sgn(D)d( n2 2 + 4) ma |dD| =

Note that (—1)? = —sgn(D) holds. Moreover we can easily check that

s 1 |d|*~3 (4rd]) -

W a4 g) =
o+ d<y 2+4> T(*—Ff—i-sgn(d
d|*=2 (4rd]) -
I'(5+%+sgn(d

~
—~

S~—
—~
A=
S—

S~—

T.

o

N
~

Thus we have

LC._;[The main term of Fyy p (2, 5)]""

a-1
= 2 dz LCf:k Tr_sgn(D)d,D(sz,m(Z/S)) qd
— sgn(D)d=0,1(4)
d>0

a—1
= Z d2Tr_ sgn(D)d,D (GZk,m,K)qd
—sgn(D)d=0,1(4)
a>0
for k > 0, and similarly for k < 0. The case of m = 0 can be obtained by the same

way. O

By virtue of Theorem 4.1.6 and 4.1.7, we can define two maps by

TS (Gatm(2)) := LC, 4 [Fakpm(2,9)],

T2

(4.1.5)
CM (sz,m,f,(z)) = chzlfk[]:Zk,D,m(er)]
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for (—1)¥D > 0, and

TE (Gatm(2)) := LCE_ [Farpm (2, 5)],

b . (4.1.6)
Ty (Fakm,e(2)) = LCs_y [ Fok,pm(2,5)]

for (—1)¥D < 0. Moreover for basis functions in Theorem 1.1.4, we define these
maps by extending them linearly. Then these define the maps from a polyharmonic
weak Maass form of weight 2k to a polyharmonic weak Maass form of weight 3/2 —
k and k +1/2, respectively. Actually, these linear maps give Theorem 1.2.1 for dD <
0.

4.2 Cycle integrals

We next consider the twisted traces of cycle integrals. Under the same notations as
in Section 4.1, for a non-square positive dD > 0, we define the twisted trace of cycle
integrals of f € Hj; by

Tp(f)i= o= L a0(Q) [ f@)Q 1) L0E

T Qe Qup/T To\So Q(z1)

Here, for Q(X,Y) = aX?+bXY +cY? € Qup, Sq is the geodesic characterized by the
semi-circle a|z|? + bRe(z) + ¢ = 0 oriented counter-clockwise if 2 > 0 and clockwise
ifa < 0. Similar as in Section 4.1, we shall compute the twisted trace Try p (Pax (2, 5))
for a non-square positive dD > 0. By the same argument as in the proof of [DIT11a,

Lemma 7], we get

27tTrg,p (Pok,m (2, 8))

—mb —mb\ . _
= T 0@ ) ot T xolQe( G ) @nolo)
QeQ;,/Tws Q€Q, /Ty

where we put

(s) == /On P2k m (\2/? sin9,s>e<m\/@ cos 9) LD)k(eﬁ:Zie _ 1)kﬂ

-
® 2a (4a)k sin@’

2k,m,Q

Here we alert that our action of SLy(Z) on Q; is the right action while theirs in
[DIT11a] is the left action. Then for v = [ §] € SL,(Z), they hold that

(QN)(z1) = (z+d)2Q(1z,1), dyz = (cz+d) 2z, 7S = Sgy 1,
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which are slightly different from [DIT11a, (4.2), (4.4)]. By a simple calculation we see
that

+ _ (20)*(dD)* /’” vdD . mvdD Ko i k-1
<I>2k,m,Q(s)— @0y ; Pokm 2a] sinf,s |e 2] cos B )" sin""" 0d6.

Since the 1 : 1 correspondence between Q;D and Q,, by [a,b,c] <+ [—a,—b, —c| and
the property xp(—Q) = sgn(D)xp(Q), we get

mb
2 T wlQe( e )@l #(-1/D>0,
271Tryp(Poxm(z,5)) = Q€9 /T 24

0 if (—1)*D < 0.

That is why we now assume that (—1)¥D > 0. We first let m # 0. Then by (2.3.1),

®;; . 0(8) is written as

|m|) ki : m
@5 o(s) = (47| |r)(25)(dD) L2k<27ry 2\;/@,0,

where we put

Lo (t,s) : / Mg (m)ks 2t51n9)exp(zsgn( )tc059+ik9)sfln€9.

Moreover we put ¢o (t,5) := Lyk(27t|m|t,s). Then by Lemma 4.1.1, for Re(s) > 1
we have

2(4 ~kik(dD)? dD
2T Paon(s)) = 2 D 5 @e( e Y (V5
QeQi, /Te
(4n\m| ki dD§ D\ K*(d, ™2, c) 2,/[dD]
- En 0<cZ%> <”) Ve Pokm ( nce )
_ (4m|m|)HiF dD% <D> K*(d,™P, ¢ )L <47r [m? D )
l—v( §10<CZO n \ﬁ 2k | |

Thus our problem is reduced to compute this integral Ly (t,s). The case of k = 0
was computed in [DIT11a, Lemma 9] by using Lommel’s integral representation and
the Neumann series expansion of the J-Bessel function. Here we give another proof
of their lemma including any weight 2k € 2Z. Simple calculations with (2.1.2) give
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us the differential equation

2

,d 1 1)\
atzLZk(t s)+ <t2 + i <s - 2) >L2k(t,s) =0.

Since this is a variant of the Bessel differential equation, we see that fors —1/2 ¢ Z
the functions t1/2];_15(t) and t'/2];,,_,(t) are the linear independent solutions of
this differential equation. Here the J-Bessel function is defined in (2.3.5). Then there
exist functions a(s) and b(s) such that

Loe(t,s) = a(s)E2 ]y (1) +b(s)E2 ]y (1),

N\»—l

Since the M-Whittaker function satisfies

M (2tsinf@) = (2tsin0)°(1+O(t)) ast—0

sgn(m)k,s—1

by Lemma 2.1.7, we have

Lok(t,s) = /07[(2511’19)5 exp(ik@)sidneg B (1+0(t))

_ 2me%r(s) '
I (=5 (=5

(4.2.1)

t*'(1+0(t)) ast—0

for Re(s) > 0. (see [MOS66, p.8]). Thus for Re(s) > 1/2, comparing with the
asymptotic behavior of the J-Bessel function, we immediately see that

2715 KT (s 1 11
Lok(t,s) = F(M;l)r(g)m)l"( 2)25 it z]sf%(t)
= %2~ /7T (2s) S(fk))i((;l) £, 1 (8).

Therefore we get the explicit formula

21tTry p(Pog (2, 5))

ko1 . /D\ KT (d,2;c 4 [m?2
S IR R LR o ol O L VA C )

n|m0<c=0(4)
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where we put

Buls) = (~1) f(r( ;))r(gzk)) (42.2)

By a similar computation as above, for m = 0 we have

K*(d,0;c)

stz

2Tt (P (55)) = B (92 a0l ¥ 1 (1) 1

S
n=1 \T/ 1 0<c=0(4)

Thus by comparing with Theorem 2.3.3, we get a similar relation like as (4.1.4),

21tTry p(Pog (2, 5))

| Bu(s)(4r[m])*(d )k20<n|m (%)b%,d(ijng%) ifm#£0, (4.23)
Byk(s)T(s)2° 17 |d|2 D' Lo (s)by 4(0,5 + ) ifm =0,

for a non-square positive dD > 0 with (—1)¥D > 0.

Remark 4.2.1. As mentioned above, for d < 0, D < 0 the twisted traces of cycle inte-
grals automatically vanish. On the other hand, Jeon-Kang-Kim [JKK16] considered
the "modified" twisted trace TrZ,D to hold the equation (4.2.3) even for this case. For
a square dD > 0, this cycle integral diverges in general. Andersen [And15] gave the
suitable values in this case by extracting two terms contributing to divergence from
the sum of the definition of Py ,,(z,s). In particular, his traces also satisfy the equa-
tion (4.2.3). Another construction of the "regularized" cycle integrals for a square dD
was given in [BFI15].

In this thesis for a square dD > 0, we define Tr (P, (2,5)) by the right-hand
side of (4.2.3) divided by 27, simply. In addition, we denote by Trgf]g)(l-}k,m,g) and
Trd D(Gka ¢) the (-th Laurent coefficient of Trreg 3 (Pogm(z,8)) ats =1 —kand s = k,
respectively. By (4.2.3) we immediately see that Lemma 4.1.3 also holds for dD > 0.
Similar as Definition 4.1.5, we now define the function.
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Definition 4.2.2. Letk € Z,m € Z,and D a fundamental discriminant with (—1)*D >
0. Then we define the function Gy p (2, s) by

Gokpm(z,8) = (— )Lk+1JB2k()F(S—|—k+1)

2 2
_ s 1 .
X 3‘;’6

zsfkfl :+k+1 ’ ’s+k

s 1 .
D (s)T'(s )P]:rl ( 2+4> ifm=0.

Then we see that the holomorphic part of each Laurent coefficient of this func-
tion Gox p.m(2,s) is realized as the generating function of the twisted traces of cycle
integrals.

Theorem 4.2.3. Let D be a fundamental discriminant or D = 1. For an integer k € Z
with (—1)¥D > 0 and a positive integer m € Z-, the holomorphic part of the Laurent
coefficient of the function Gy p (2, s) is given by

(LC i [Gok D (2, 8)]) ™

— (~)I| D (drm) K2 n)chf:k[

ol

1 1
+ Z d2 Trsgn(D)d,D (G2k,m,€ ) q + Z d—2 Tr:gi(p)d,[) (GZk,m,é ) qd
sgn(D)d=0,1(4) sgn(D)d=0,1(4)
4>0,d|D|£0 d>0,d|D|=0]

fork >0, and for k <0

(LCL_1_k[Gak,pm(z,8)])™

:vmwmﬂwmr<>1mﬂkkﬂﬂmmﬂﬁﬁﬁﬁ o
’ (47.[m)7k227k757.[%+1 D 4
+ LCSZl—k (S _ %)é(s)r(%)l"(s) ;ﬂ <m/n>n TrnzD,l (PZk,O(ZIS)):|

_1
+ 2 d szgn( D)d,D (Fkal)q + Z d- T;;gn( D)d,D (PZk,m,é)qd‘

sgn(D)d=0,1(4) sgn(D)d=0,1(4)
d>0,d|D|#0 d>0,d|D|=0

Here TI‘;E% (Fok,m,e) and TI‘;EgD (Gokm,¢) are defined as above.
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Theorem 4.2.4. Under the same notations as Theorem 4.2.3, the holomorphic part of the
Laurent coefficient of the function Gy p m(z,s) is given by

(LCL_t[Garpo(z,8)])"

- Fl)tk%lJLCf:k r(S)ZS_k_zﬂ_HkT+3 IDlsékLD(s)BZk(s)r<S+kH>}

2
+ Y d _%Trsgn(D)d,D (Gako,e(2))g” + Y d_%Tr;gq(D)d,D (Garoe(2))q”
sgn(D)d=0,1(4) sgn(D)d=0,1(4)
4>0,d|D|£0 4>0,d|D|=0

fork > 0, and fork <0

(LCy_¢[Gakpo(z,8)])"

2 2

1 1
+ ) d zTrsgn(D)d,D(PZk,O,é(Z))qd+ Y. d ZTr;;gn(D)d,D(sz,o,e(z))fld-
sgn(D)d=0,1(4) sgn(D)d=0,1(4)
d>0,d|D|#0 d>0,d|D|=0

Proof. These theorem follow from the completely same argument as the proof of
Theorem 4.1.6 and 4.1.7. O

Then we can define the map by

ng (Gatm,e(2)) := LCL[Gar,p,m(2,5)],

e g (4.2.4)
Teye (Fam,e(2)) := LCs—y [Got,0,m(2,5)]

for (=1)¥D > 0, and similar as Section 4.1 we can extend it to the map from a
polyharmonic weak Maass form of weight 2k to a polyharmonic weak Maass form
of weight k + 1/2. In particular, this gives Theorem 1.2.1 for dD > 0.

Finally we immediately obtain the relations among these three linear maps under
the ¢-operator by the definitions.

Theorem 4.2.5. Let k € Z. In addition, for convenience we put Ty (a(s)Po m(z,8)) :=
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a(s)Forpm(z,s) and Tg};j(uc(s)PZk,m(z,s)) = a(s)Gok p.m (2, s) with a function w(s) in-
dependent of z. Then we have

1 ifk >0,
G—k)(5+k—1) ifk<0
Eer 1 Tox (Pan(2,5)) = (—DF|D|7 (470) 2 212, (2P (2, 9))

T (EakPom(2,8)) = TEG (Pam(2,5)) ¥ {

Cyc
{ 1 ifk <0,
xq T(s+k) .
I'(s—k) k>0

K kD
(?k-&-%Tg};z_(PZk,m(ZrS)) = (=)D (47) 2T (EakPotu(z,9))

1 ifk >0,
xq I'(s+k—1)

Ts—kt1) 7k=0O

Thus we have

1
Ay Tt (P (z,9)) = 3T (BakPan(z,9)),

1
Dy TEr (P (2,5)) = ;chDy’j(AszZk,m(Z,S))-
Remark 4.2.6. We alert that the theta function 6(z) := Y, q”z is not a generating
function of traces of cycle integrals, but the term 36(z) /27> appears as the —2-th

Laurent coefficient of T(lz’yt(Polo(z,s)) = Go10(z,5) ats = 1. Then we have

1, o - 14 (7T
A%Tc;c(l) =1LC., [A%Tcyt <3P0,o(z,s)>}

T
= ELCszl1 {Té’;(s(l — s)Po,o(z,s))}

7T _
— _ELCsjl {Té’yt(Po,o(z,s))}

1
= —59(2).

By combining this theorem and Lemma 2.1.10, we see that the Fourier coef-
ficients of the non-holomorphic part of polyharmonic weak Maass forms of half-
integral weight are also realized as traces of CM values and cycle integrals. We note
that Theorem 4.2.5 was partly established by Alfes-Neumann and Schwagenscheidt
[ANS18, ANS18-pre] recently.
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4.3 Applications

As applications we show Corollary 1.2.3 and 1.2.4. By the definitions (4.1.6) and
(4.2.4), for D > 1 we easily see that

_ 3|D|:Lp(1
O (o 1) = LE 1 Gnpo(ers)] = 2L M)
and for D < 0
1
_ _ 3|D|2Lp(1
T (Foo-1) = LC. Y [Fopo(zs)] = !!27T2£>()9(Z)_

On the other hand, by Theorem 4.1.7, 4.2.4, and the fact Fy,_1(z) = 3/, we have

1
3|D|2Lp(1 3

Tg’j(FO,O,_l) = LZD() + — Z d’%Trd,D(l)qd + (square-index part),

y 27T

0<d=0,1(4)
dD£0

_ 3|D|2Lp(1) 3 1

T (Foo—1) = ’|27IZD() += ) 4 2Try p(1)q°.

T 0<d=0,1(4)

These results tell us for D # 1

\% ’dD’LD(l) ifd =0
Tl'd/D(l) = 7T ! (431)
0 ifd # 0.
Similarly, for D > 1, we easily see that
o _s43 s s+1 3
T8 (Fogn) = LCL 192 20 F Do) (T3 ) | 0(6)
D|7Lp(1
Lollioy
and for D < Qand D = 1, we have
_ s s+1\] 3 D[?Lp(1
T&x (Fooo) = LCi, [zs L7~ D|5Lp (s)r< > ﬂ 5 -0(2) + ’|7Tf’()1:%,0,0(z),

1, _ _ 513 s+ 1 3 1
T (o 1) = L T2 2 # 40RO (T3 ) | 30) + 2 Fia0fc),

respectively. We assume that both of a positive discriminant d and the product 4D
are not square numbers. By (1.1.4), it holds that Fy0(z) = (3/7)(—log(y|n(2)|*)) +
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¢ with some constant c. Then these results tell us for D # 1

Try o (~ log(yl(2)1*)) = 5 Trun(Faoo(2) — )

T

= 3 Tta,p(Fooo(2))

= 73-['|dD7LLD(1) X (d-th Fourier coefficient of F, 00(2)
T +/|dD|Lp(1 1

= 3|7|ID()7rd 2Trg1 (Foo,-1(2))

IDILp(1)Trg(1).
This concludes the proof of Corollary 1.2.3.

Finally we show Corollary 1.2.4. For the case of dD < 0, by (4.1.3) and (4.1.4) we
have

Tl‘d,D(EZk(ZIS)) = I’(SIﬁ(—S?H)Trd’D<EO(Z’S))
_ r<s) 5— _% s E 1
_WZ L |D| LD(S)b%,O<d,2—|—4>'

Moreover combining with (2.3.20) we see that

Trap(Ex(z,8)) = ‘DZIP F(SF(—S)IkD LD(CS()ZLSE;/(S) L, (m/n) (m[;/n>n15025_1(n),

where we putd = m?D’ withm € Z-( and a fundamental discriminant D’ or D’ = 1.
As for the case of 0 < dD # [, by (4.2.3) we have

!/

Trop (Exe(z,5)) = 2281 (6) P21 Lo ()L () ¥ /)

L > 1-s ( )
o 5 g(zs) = m/n n O2s—1(1N).

By (4.2.2), we conclude the proof of Corollary 1.2.4.
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