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Abstract
Maass forms are a generalization of the classical (weakly) holomorphic modular
forms. This is required to be an eigenfunction of the hyperbolic Laplacian instead of
the holomorphicity on the upper half plane. In particular, if the eigenvalue is zero,
then it is called a harmonic Maass form. After his 2002 thesis, Zwegers found that
Ramanujan’s mock theta functions are realized as the holomorphic part of harmonic
Maass forms of weight 1/2. Nowadays, the holomorphic part of a harmonic Maass
form is called a mock modular form generally.

As another topic, for the real analytic Eisenstein series E(z, s), the constant term
of its Laurent expansion at s = 1 is given by Kronecker’s first limit formula. How-
ever much less known are its higher Laurent coefficients. In 2016, Lagarias and
Rhoades focused on the property that these higher coefficients are annihilated by
a number of iterations of the action of the hyperbolic Laplacian, and called them
polyharmonic Maass forms. In their works, basic properties of polyharmonic Maass
forms were established. Especially, the above Kronecker’s limit function gives an
example of polyharmonic Maass form of weight 0 and depth 3/2.

In this thesis, we introduce a new object called a "polyharmonic weak Maass
form" to include all these objects, and study their properties. First, we obtain a basis
for the C-vector space of polyharmonic weak Maass forms on SL2(Z) explicitly as
an extension and completion of Lagarias-Rhoades’ works. These are constructed by
using the Maass-Poincaré series instead of the Eisenstein series. Moreover, we get
similar results even for half-integral weight. Moreover these basis functions satisfy a
certain differential recurrence relation under the ξ-operator. This is a generalization
of the ramp relation, which is a differential recurrence relation among polyharmonic
Maass forms studied by Lagarias-Rhoades.

Second, we define the holomorphic part of a polyharmonic weak Maass form,
that is, an extension of mock modular forms, and consider their Fourier coefficients.
After Zagier (2002) and Duke-Imamoḡlu-Tóth (2011), for a harmonic Maass form of
integral weight 2k, we know that the generating function of certain averages (traces)
of CM values (for k ≤ 0) or cycle integrals (for k ≥ 0) with suitable definitions be-
comes the holomorphic part of a polyharmonic weak Maass form of weight k + 1/2
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or 3/2 − k and depth ≤ 3/2. Here we describe a similar assertion for polyharmonic
weak Maass forms of any integral weight 2k and any depth r by extending the tech-
nique of Duke-Imamoḡlu-Tóth. Furthermore, by using the above differential recur-
rence relation, we also get an explicit expression of its non-holomorphic part. As a
corollary, we provide natural alternative proofs for some classical results on traces
of Kronecker’s limit function within the framework of the theory of polyharmonic
weak Maass forms.

This thesis consists of four chapters. In Chapter 1 we introduce the motivation
and the main results of this works. In Chapter 2 we review some basics on special
functions and the Maass-Poincaré series. In Chapter 3 we construct polyharmonic
weak Maass forms to obtain the first main theorem. Finally in Chapter 4, we define
the trace functions, and give proofs of the second main theorems on the generating
functions of the traces.
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Chapter 1

Introduction

The theory of harmonic Maass forms has been the subject of extensive research
since Zwegers [Zwe02], Bruinier-Funke [BF04], Bringmann-Ono [BO06], and Zagier
[Zag09]. This relatively new topic not only gives one answer to the mystery of Ra-
manujan’s mock theta functions, but plays important roles in several fields, combi-
natorics, number theory, Moonshine, mathematical physics, and so on. The present
work gives a generalization of harmonic Maass forms called "polyharmonic weak
Maass forms", inspired by the recent work of Lagarias-Rhoades [LR16]. One of the
main aims of this thesis is to generalize Zagier’s [Zag02] and Duke-Imamoḡlu-Tóth’s
[DIT11a] works on traces of CM values and cycle integrals of modular forms, and
investigate the Fourier coefficients of polyharmonic weak Maass forms. There are
many good references on the history of mock theta functions and harmonic Maass
forms, for example [Ono10], [Duk14], [Fol17], and [BFOR17].

1.1 Polyharmonic weak Maass forms

We begin by discussing Kronecker’s first limit formula to give a motivation of poly-
harmonic Maass forms. The Riemann zeta function ζ(s) := ∑∞

n=1 n−s has a simple
pole at s = 1, and the following Laurent expansion is known.

ζ(s) =
1

s − 1
+ γ + O(s − 1),

where γ = 0.577215 . . . is Euler’s constant. As an analogue we now consider the
real analytic Eisenstein series given by

E(z, s) := ∑
(m,n)∈Z2\(0,0)

ys

|mz + n|2s (1.1.1)
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for s ∈ C with Re(s) > 1 and a modular variable z = x + iy in the upper half plane
H := {z = x + iy ∈ C | x, y,∈ R, y > 0}. It is a non-holomorphic modular form of
weight 0 on SL2(Z) := {[ a b

c d ] | a, b, c, d ∈ Z, ad− bc = 1}, and meromorphically con-
tinued to the whole s-plane. Then this Eisenstein series has the Laurent expansion
of the form

E(z, s) =
π

s − 1
+ 2π(γ − log2 − log(

√
y|η(z)|2)) + O(s − 1) (1.1.2)

where, for q := e(z) := e2πiz, η(z) := q1/24 ∏∞
n=1(1 − qn) is the Dedekind eta func-

tion. This is so-called Kronecker’s first limit formula. This limit formula has been ex-
tensively studied since a long time ago as reviewed in [DIT18]. However much less
known are higher Laurent coefficients of E(z, s). In 2016, Lagarias-Rhoades [LR16]
considered these coefficients from the viewpoint of harmonic Maass forms. We
loosely recall that harmonic Maass forms of weight k, originally defined by Bruinier-
Funke [BF04], are smooth functions in x, y on H satisfying: (1) modular transforma-
tion laws on SL2(Z), (2) annihilated by the hyperbolic Laplace operator ∆k, and (3)
suitable growth conditions at cusps. Here ∆k is defined by

∆k := −y2
(

∂2

∂x2 +
∂2

∂y2

)
+ iky

(
∂

∂x
+ i

∂

∂y

)
.

Then we can easily check that the constant term in (1.1.2) transforms like a modular
form of weight 0, but does not vanish under the action of ∆0, that is, this is not a
harmonic Maass form. In fact, since the image under ∆0 is given by the constant
1/2, this constant term is annihilated by the action of ∆2

0 := ∆0 ◦ ∆0. In general, we
let Fℓ(z) be the ℓ-th Laurent coefficient of E(z, s) at s = 1. Then by the known fact

∆0E(z, s) = s(1 − s)E(z, s),

Lagarias-Rhoades indicated that each coefficient satisfies that ∆ℓ+2
0 Fℓ(z) = 0, and

called such functions "polyharmonic Maass forms". We note that they assumed that
polyharmonic Maass forms grow at most polynomially at cusps as the growth con-
dition.

On the other hand, in the works of Bringmann-Diamantis-Raum [BDR13], and
Jeon-Kang-Kim [JKK14], similar functions called sesqui-harmonic Maass forms ap-
peared. They are also annihilated by the action of ∆2

k , but allowed the exponen-
tially growth at cusps. Thus they are not polyharmonic Maass forms in the sense
of Lagarias-Rhoades. First, we shall introduce a larger space called "polyharmonic
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weak Maass forms" to include all their functions.

Throughout this article, for a fixed k ∈ 1
2 Z, let Γ = SL2(Z) if k ∈ Z, and Γ =

Γ0(4) if k ∈ Z + 1/2. Here Γ0(4) is the congruence subgroup of SL2(Z) defined by
Γ0(4) := {[ a b

c d ] ∈ SL2(Z) | c ≡ 0 (mod 4)}. Then for any γ = [ a b
c d ] ∈ Γ, set

jk(γ, z) :=

{ √
cz + d if k ∈ Z,( c

d

)
ϵ−1

d

√
cz + d if k ∈ Z + 1/2,

where the branch of
√

z is taken with arg(
√

z) ∈ (−π/2, π/2],
( ·
·
)

is the Kronecker
symbol, and ϵd = 1 if d ≡ 1 (mod 4) and ϵd = i if d ≡ 3 (mod 4). We define the
weight k slash operator by ( f |kγ)(z) = jk(γ, z)−2k f (γz), where γz := (az + b)/(cz +
d).

Definition 1.1.1. A function f : H → C is called a polyharmonic weak Maass form
of weight k ∈ 1

2 Z and depth r ∈ Z>0 if

1. f is smooth in x and y, where z = x + iy,

2. ( f |kγ)(z) = f (z) holds for any γ ∈ Γ,

3. (∆k)
r f (z) = 0 holds, where ∆k is the hyperbolic Laplace operator defined by

∆k := −y2
(

∂2

∂x2 +
∂2

∂y2

)
+ iky

(
∂

∂x
+ i

∂

∂y

)
,

4. there exists an α > 0 such that f (x + iy) = O(eαy) as y → ∞, uniformly in
x ∈ R.

We denote the space of such functions by Hr,!
k .

Throughout this article, we additionally assume Kohnen’s plus condition when
k ∈ Z + 1/2. (For the details, see Section 2.1). In the sense of Lagarias-Rhoades,
polyharmonic Maass forms are defined by replacing the fourth condition with

4’. there exists an α > 0 such that f (x + iy) = O(yα) as y → ∞, uniformly in
x ∈ R,

and we denote by Hr
k ⊂ Hr,!

k the subspace of polyharmonic Maass forms. Moreover
we define the half-integral depth. Let ξk be the Maass-type differential operator
defined by

ξk := 2iyk ∂

∂z̄
.
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This operator was introduced by Bruinier-Funke [BF04]. The important property is
that this is the "half-integration" of the hyperbolic Laplace operator in the sense of
∆k = −ξ2−k ◦ ξk. That is why we say that f is of depth r + 1/2 if f satisfies

ξk ◦ ∆r
k f (z) = 0.

We shall recall Lagarias-Rhoades’ works on polyharmonic Maass forms in Hr
k. To

construct polyharmonic Maass forms, they considered the real analytic Eisenstein
series of weight k ∈ 2Z defined by

Ek(z, s) := ∑
γ∈Γ∞\Γ

ys− k
2

∣∣∣∣
k
γ, (1.1.3)

where Γ∞ = {±[ 1 b
0 1 ] | b ∈ Z} is the stabilizer of the cusp i∞ in SL2(Z). It is well-

known that this Eisenstein series converges absolutely for Re(s) > 1 and uniformly
on compact subsets in H, and meromorphically continued to the whole s-plane. In
particular, this series is an eigenfunction of the hyperbolic Laplace operator ∆k with
the eigenvalue (s − k/2)(1 − k/2 − s), that is,

∆kEk(z, s) =
(

s − k
2

)(
1 − k

2
− s
)

Ek(z, s)

holds. Then we consider the Laurent expansion of Ek(z, s) at the harmonic points
s = k/2, 1− k/2, and let Fk,ℓ(z) and Gk,ℓ(z) be the ℓ-th Laurent coefficients as follows.

Ek(z, s) =


∑
ℓ∈Z

Fk,ℓ(z)
(

s +
k
2
− 1
)ℓ

if k ≤ 0,

∑
ℓ∈Z

Gk,ℓ(z)
(

s − k
2

)ℓ

if k ≥ 2,

It is known that the coefficients Fk,ℓ(z) and Gk,ℓ(z) vanishes for all ℓ < 0 except for
F0,−1(z) = 3/π. Here we note that E(z, s) = 2ζ(2s)E0(z, s) in (1.1.1). Then Lagarias-
Rhoades showed the following theorem.

Theorem 1.1.2. [LR16, Theorem 1.1, 1.2, 2.2, modified version] Let k ∈ 2Z be an even in-
teger, and r ≥ 1 an integer. Then the functions Fk,ℓ(z), Gk,ℓ(z) for ℓ ≥ 0 are non-zero
polyharmonic Maass forms and satisfy the following.

1. For k ≤ −2, H1/2
k = {0} and {Fk,0(z), . . . , Fk,r−1(z)} is a basis for Hr

k = Hr+1/2
k .

2. For k = 0, {F0,−1(z), . . . , F0,r−2(z)} is a basis for Hr
0 = Hr−1/2

0 .
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3. For k = 2, H1/2
2 = {0} and {G2,0(z), . . . , G2,r−1(z)} is a basis for Hr

2 = Hr+1/2
2 .

4. For k ≥ 4, it holds that Hr
k = Hr−1/2

k = Er
k + Sk, where Er

k is spanned by a basis
{Gk,0(z), . . . , Gk,r−1(z)} and Sk consists of holomorphic cusp forms on SL2(Z).

For example, the first few coefficients are given by

Gk,0(z) = 1 +
(−2πi)k

Γ(k)ζ(k)

∞

∑
n=1

σk−1(n)qn for k ≥ 4,

G2,0(z) = 1 − 3
πy

− 24
∞

∑
n=1

σ1(n)qn,

F0,0(z) = − 3
π

log(y|η(z)|4) + 6
π

(
γ − log 2 − 6ζ ′(2)

π2

)
,

Fk,0(z) =
2kπi−k

ζ(2 − k)

[
ζ(1 − k) +

∞

∑
n=1

σk−1(n)qn
]
+ y1−k

+
2kπi−k

Γ(1 − k)ζ(2 − k)

∞

∑
n=1

σk−1(n)(4πn)−
k
2 u[0],−

k,−n(y)e(−nx) for k < 0

(1.1.4)

where σk(n) := ∑d|n dk and u[0],−
k,−n(y) is defined in (2.1.4). Moreover they showed the

recursion formulas under the ξ-operator as follows. (They called them ramp and
tower relations).

Theorem 1.1.3. [LR16, Theorem 2.3, modified version] Let k ∈ 2Z be an even integer, and
ℓ ∈ Z an integer. Then

ξkFk,ℓ(z) = (1 − k)G2−k,ℓ(z) + G2−k,ℓ−1(z),

ξkGk,ℓ(z) = F2−k,ℓ−1(z)

By this theorem, for example we obtain the following "Maass sequence":

· · · ξ2−k−−→ 1
k − 1

Gk,1(z)
ξk−→ 1

k − 1
F2−k,0(z)

ξ2−k−−→ Gk,0(z)
ξk−→ 0.

In other words, we can construct preimages of the Eisenstein series Gk,0(z) under the
ξ-operator. On the other hand, as for the discriminant function ∆(z) := η(z)24 ∈ S12,
Ono [Ono09] constructed its preimage R∆(z) satisfying ξ−10R∆(z) = ∆(z) up to a
constant multiple. However it has an exponentially growing term, that is, R∆(z) ̸∈
H1

−10 but R∆(z) ∈ H1,!
−10. In general, by [BFOR17, Lemma 5.13], any preimage of

a holomorphic cusp form must have exponentially growing terms at the cusps. In
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order to consider the Maass sequence for holomorphic cusp forms, we need poly-
harmonic weak Maass forms naturally.

For the purpose of constructing polyharmonic weak Maass forms, we consider
the Maass-Poincaré series Pk,m(z, s) with k ∈ 2Z and m ∈ Z more generally. This
Poincaré series is a generalization of Niebur’s Poincaré series [Nie73], appeared
in [Fay77, Theorem 3.1]. To construct harmonic Maass forms, Bruinier [Bru02],
Bringmann-Ono [BO06, BO07] used this series. We give the precise definition in
Section 2.3. This function converges absolutely and uniformly in Re(s) > 1, and has
the meromorphic continuation to Re(s) > 3/4. Moreover this function also satisfies
that

∆kPk,m(z, s) =
(

s − k
2

)(
1 − k

2
− s
)

Pk,m(z, s).

Then we consider the similar Laurent expansion of the form

Pk,m(z, s) =


∑
ℓ∈Z

Fk,m,ℓ(z)
(

s +
k
2
− 1
)ℓ

if k ≤ 0,

∑
ℓ∈Z

Gk,m,ℓ(z)
(

s − k
2

)ℓ

if k ≥ 2.

In particular, since Pk,0(z, s) = Ek(z, s), we have Fk,0,ℓ(z) = Fk,ℓ(z) and Gk,0,ℓ(z) =

Gk,ℓ(z). Then we obtain the following results as a completion and a generalization
of Lagarias-Rhoades’ works.

Theorem 1.1.4. Let r ∈ 1
2 Z>0 be a positive half-integer. For an even integer k ∈ 2Z,

we define an integer ℓk by k = 12ℓk + k′ where k′ ∈ {0, 4, 6, 8, 10, 14}. For each integer
m ≥ −ℓk, the unique weakly holomorphic modular form of the form fk,m(z) = q−m +

∑n>ℓk
ak(m, n)qn is given. Then the set

∪2r
i=1 H

i/2,!
k is a basis for Hr,!

k . Here each set Hi/2,!
k
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is given by

Hℓ,!
k =


{Fk,m,ℓ−1(z) | m > ℓk} if k ≤ −2,
{F0,m,ℓ−1(z) | m > 0} if k = 0,
{G2,m,ℓ(z) | m > 0} ∪ {G2,0,ℓ−1(z)} if k = 2,
{G̃k,m,ℓ(z) | m > ℓk} if k ≥ 4,

Hℓ−1/2,!
k =


{F̃k,m,ℓ−1(z) | m ≤ ℓk} if k ≤ −2,
{F0,m,ℓ−1(z) | m < 0} ∪ {F0,0,ℓ−2(z)} if k = 0,
{G2,m,ℓ−1(z) | m ≤ −1} if k = 2,
{Gk,m,ℓ−1(z) | m ≤ ℓk} if k ≥ 4

for ℓ ∈ Z≥1, where we put F̃k,m,ℓ−1(z), G̃k,m,ℓ(z) as follows．

F̃k,m,ℓ−1(z) := Fk,m,ℓ−1(z) + ∑
ℓk<n<0

ak(−m, n)Fk,n,ℓ−1(z),

G̃k,m,ℓ(z) := mk−1Gk,m,ℓ(z)− ∑
0<n≤ℓk

ak(−n, m)nk−1Gk,n,ℓ(z).

Here the functions fk,m(z) are Duke-Jenkins’ basis constructed in [DJ08a, DJ08b],
reviewed in Section 3.2. As analogues of Theorem 1.1.2 and 1.1.4, we also obtain
similar results for a half-integral weight k ∈ Z + 1/2 in terms of the Laurent coef-
ficients of the function P+

k,m(z, s), (see Theorem 3.3.1, and 3.3.2). Moreover similar
recursion formulas as Theorem 1.1.3 hold as follows.

Theorem 1.1.5. Let k ∈ 1
2 Z be a half-integer. For m ̸= 0 we have

ξkFk,m,ℓ(z) = (4π|m|)1−k
{
(1 − k)G2−k,−m,ℓ(z) + G2−k,−m,ℓ−1(z)

}
,

ξkGk,m,ℓ(z) = (4π|m|)1−kF2−k,−m,ℓ−1(z),
(1.1.5)

and for m = 0,

ξkFk,0,ℓ(z) = (1 − k)G2−k,0,ℓ(z) + G2−k,0,ℓ−1(z),

ξkGk,0,ℓ(z) = F2−k,0,ℓ−1(z).
(1.1.6)

In some special cases, a basis for Hr,!
k was already studied. For example, the

cases of k = 1/2, r = 1 and k = 2, r = 1 are given by Duke-Imamoḡlu-Tóth [DIT11a,
DIT16] in terms of traces of cycle integrals and regularized inner products, the case
of k < 0, r = 1 is mentioned by Bringmann-Kane-Rhoades [BKR13, Section 1.1], the
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cases of k = 3/2, r = 1 and more generally k ∈ 1
2 Z, r = 1 are considered by Jeon-

Kang-Kim [JKK13, JKK-pre], and so on. Moreover, for harmonic weak Maass forms,
Bruinier-Funke [BF04, Theorem 3.7] showed the surjectivity of the map ξk : H1,!

k ↠
H1/2,!

2−k . As a corollary of Theorem 1.1.4, Theorem 3.3.2, and Theorem 1.1.5, we obtain
a generalization of this surjectivity.

Corollary 1.1.6. For any half-integer k ∈ 1
2 Z and r ∈ 1

2 Z>0, the map

ξk : Hr,!
k → Hr−1/2,!

2−k

is surjective.

1.2 Traces of CM values and cycle integrals

We are next concerned with the Fourier coefficients of polyharmonic weak Maass
forms. For an integer d ≡ 0, 1 (mod 4), we denote by Qd the set of binary quadratic
forms such that

Qd := {Q(X, Y) = [a, b, c] = aX2 + bXY + cY2 | a, b, c ∈ Z, b2 − 4ac = d}. (1.2.1)

In addition if d is not a square number, we split Qd = Q+
d ⊔Q−

d into the subsets of
forms with a > 0 and a < 0. Then the group SL2(Z) acts on this space by

Qd ↶ SL2(Z) : Q(X, Y) ◦
[

a b
c d

]
:= Q(aX + bY, cX + dY).

Then it is well-known that it has finitely many classes Qd/SL2(Z). In particular the
order |Q+

d / SL2(Z)| for a negative fundamental discriminant d and |Qd/ SL2(Z)|
for a positive fundamental discriminant gives the (narrow) class number h(d) of the
quadratic field Q(

√
d). For a general non-square discriminant d, see [AIK14, Chapter

6], and the case of square discriminant is shown in [Koh85, p.243].

For a negative discriminant d, the Kronecker-Hurwitz class number H(|d|) also
plays important roles. When d is a negative discriminant, for each Q ∈ Qd, the order
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of the stabilizer wQ := | SL2(Z)Q| is equal to 6, 4, or 2 according as Q is SL2(Z)-
equivalent to X2 + XY +Y2, X2 +Y2 up to a constant multiple, or otherwise, respec-
tively. Then the Kronecker-Hurwitz class number H(|d|) is defined by

H(|d|) := ∑
Q∈Q+

d /SL2(Z)

2
wQ

for d < 0, (1.2.2)

and H(0) = −1/12 additionally. This function was originally studied by Kronecker
and Hurwitz, and there are many works on this function, for example [Coh75],
[Zag75], [HZ76]. In particular, Zagier, in his 1975 paper [Zag75], showed the gener-
ating function ∑d≤0 H(|d|)q−d is the holomorphic part of a certain harmonic Maass
form of weight 3/2 on Γ0(4).

As a real quadratic analogue, Duke-Imamoḡlu-Tóth [DIT11a] considered the fol-
lowing function for a non-square positive discriminant d.

Trd(1) :=
1

2π ∑
Q∈Qd/ SL2(Z)

∫
SL2(Z)Q\SQ

√
ddz

Q(z, 1)
for 0 < d ̸= □, (1.2.3)

where SQ is the geodesic connecting two roots of Q(z, 1) = 0 from (−b +
√

d)/2a
to (−b −

√
d)/2a, which is characterized by the semi-circle a|z|2 + b Re(z) + c = 0

oriented counter-clockwise if a > 0 and clockwise if a < 0. Here we let εd > 1 be
the smallest unit with positive norm in the quadratic order Od of the discriminant
d. Then we know that the inner integral is given by 2 log εd if (a, b, c) = 1. As
shown in [Sar82], this unit εd is realized as εd = (t0 + u0

√
d)/2 with the smallest

positive solution (t0, u0) of the Pell equation t2 − du2 = 4. Then for a fundamental
discriminant d, the Dirichlet class number formula is equivalent to

Ld(1) =
π√
|d|

×
{

H(|d|) if d < 0,
Trd(1) if d > 0,

(1.2.4)

where Ld(s) := ∑∞
n=1

( d
n

)
n−s is the Dirichlet L-function. Duke-Imamoḡlu-Tóth showed

a similar statement as Zagier that there exist suitable values Trd(1) for square num-
bers d such that the generating function ∑d>0 Trd(1)qd is the holomorphic part of a
certain polyharmonic Maass form of weight 1/2 and depth 3/2 on Γ0(4), and whose
non-holomorphic part is closely related to Zagier’s generating function. Especially
this gives an important example of polyharmonic Maass forms.
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They also considered similar traces for the elliptic modular j-function. The ellip-
tic modular j-function is defined by

j(z) :=
G4,0(z)3

∆(z)
=

1
q
+ 744 + 196884q + 21493760q2 + · · · ,

where G4,0(z) is the usual Eisenstein series given in (1.1.4), and ∆(z) is the dis-
criminant function. This gives a weakly holomorphic modular form of weight 0
on SL2(Z). In particular, the special values of the j-function at imaginary quadratic
points are algebraic numbers, so-called singular moduli, and play crucial roles to
give an answer to Kronecker’s Jugendtraum. As another aspect, Zagier [Zag02] con-
sidered their traces defined by

Trd(j − 744) := ∑
Q∈Q+

d /SL2(Z)

2
wQ

(j(αQ)− 744) for d < 0, (1.2.5)

similar as (1.2.2). Here αQ is the unique root of Q(z, 1) = 0 in the upper half plane
H. Then he asserts that the value is a rational integer and the generating function
−q−1 + 2 + ∑d≤1 Trd(j − 744)q−d is a weakly holomorphic modular form of weight
3/2 on Γ0(4).

On the other hand, as a real quadratic analogue of singular moduli, Kaneko
[Kan09] defined the "value" of the j-function at a real quadratic point. Of course,
we can not consider such values in the literal sense because the real axis is out of
the domain of the j-function. Kaneko defined this "value" by using Hecke’s hyper-
bolic Fourier expansions [Hec25]. (Petersson [Pet41] also studied such expansions).
Essentially, Kaneko’s "value" is given in terms of the cycle integral

val(ηQ) =
1

2 log εd

∫
SL2(Z)Q\SQ

j(z)

√
ddz

Q(z, 1)

like as in (1.2.3), where ηQ ∈ R is one of the roots of the primitive form Q(z, 1) =

0, (that is, (a, b, c) = 1), and d > 0 is the discriminant of Q(z, 1). Unfortunately,
as Kaneko mentioned, "numerical experiments suggest that it is very unlikely that
val(ηQ) is itself an algebraic number". However, Duke-Imamoḡlu-Tóth [DIT11a]
considered their traces for a non-square positive discriminant d defined by

Trd(j − 744) :=
1

2π ∑
Q∈Qd/ SL2(Z)

∫
SL2(Z)Q\SQ

(j(z)− 744)

√
ddz

Q(z, 1)
for 0 < d ̸= □
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as an analogue of Zagier’s works. Then they showed that there exist suitable values
Trd(j − 744) for square numbers d such that the generating function ∑d>0 Trd(j −
744)qd is a mock modular form, that is, the holomorphic part of a certain harmonic
Maass form of weight 1/2 on Γ0(4), whose non-holomorphic part is given by the
non-holomorphic Eichler integral of Zagier’s generating function of Trd(j − 744)
with d < 0.

A simple question is whether one can give a similar result for any polyharmonic
weak Maass form f of weight 0 and more general weight k ∈ 2Z. By using the Maass
differential operators Rk and Lk, we can shift the weight of a modular form +2 and
−2, respectively, (see Definition 2.2.2). Furthermore we can consider the twisted
version of traces by a genus character χD(Q) with a fundamental discriminant D
defined by (4.1.1). Then for a fundamental discriminant D or D = 1, a discriminant
d ≡ 0, 1 (mod 4) such that dD < 0, and a polyharmonic weak Maass form f ∈ Hr,!

2k

with k ∈ Z, we consider the trace

Trd,D( f ) := ∑
Q∈Q+

dD/ SL2(Z)

2
wQ

χD(Q)×


(R−2 ◦ R−4 ◦ · · · ◦ R2k f )(αQ) if k < 0,
f (αQ) if k = 0,
(L2 ◦ L4 ◦ · · · ◦ L2k f )(αQ) if k > 0.

Under this notation, the Kronecker-Hurwitz class number H(|d|) can be written as
H(|d|) = Trd,1(1). As for a non-square positive discriminant, we shall employ an-
other type definition

Trd,D( f ) :=
1

2π ∑
Q∈QdD/ SL2(Z)

χD(Q)
∫

SL2(Z)Q\SQ

f (z)Q(z, 1)k

√
dDdz

Q(z, 1)
for 0 < dD ̸= □

following Shintani’s work [Shin75] on construction of holomorphic cusp forms of
half-integral weight. Then the works of Zagier [Zag75, Zag02] and Duke-Imamoḡlu-
Tóth [DIT11a] show the modularity of the generating functions of Trd,D(1) and Trd,D(jm)
with m ∈ Z>0, where jm ∈ C[j] is the unique polynomial in j of the form jm(z) =

q−m +O(q). After their works, Bruinier-Funke [BF06] and Bruinier-Funke-Imamoḡlu
[BFI15] reproduced these results (depth 1/2 or 1, and D = 1 cases) by using theta
lifts. For a harmonic weak Maass form (depth 1 case) in the cases of dD < 0, k ≤ 0,
and dD > 0, k ≥ 0, similar modularity results are known by several recent works
[AE13], [Alf14], [ANS18], [ANS18-pre], [BGK14], [BO13], [Höv12], [JKK16], and so
on. In addition, Jeon-Kang-Kim [JKK14] considered Trd,D( f ) for dD > 0 and a spe-
cial f ∈ H3/2,!

0 .
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Our second main result is to generalize these results on the modularity of the
generating functions of Trd,D( f ) to any polyharmonic weak Maass forms of any
weight k ∈ 2Z as follows.

Theorem 1.2.1. Let k ∈ Z, r ∈ 1
2 Z>0, and D a fundamental discriminant or D = 1. For

any polyharmonic weak Maass form f ∈ Hr,!
2k , there exist suitable values Trreg

d,D( f ) for square
indices dD = □, and suitable additional values Tradd

d,D( f ) such that the generating functions



∑
d

Tradd
d,D( f )qd + ∑

− sgn(D)d≡0,1(4)
d>0

d−
k
2 Tr− sgn(D)d,D( f )qd if (−1)kD > 0,

∑
d

Tradd
d,D( f )qd + ∑

− sgn(D)d≡0,1(4)
d>0

d
k−1

2 Tr− sgn(D)d,D( f )qd if (−1)kD < 0,

∑
d

Tradd
d,D( f )qd + ∑

sgn(D)d≡0,1(4)
d>0,d|D|=□

d−
1
2 Trreg

sgn(D)d,D( f )qd

+ ∑
sgn(D)d≡0,1(4)

d>0,d|D|̸=□

d−
1
2 Trsgn(D)d,D( f )qd if (−1)kD > 0

are the holomorphic parts of polyharmonic weak Maass forms of weight 3/2− k, k+ 1/2, k+
1/2, respectively. Here the first sum with respect to Tradd

d,D( f ) on each line is a finite sum
over d ∈ Z. In particular, for dD > 0 with (−1)kD < 0, the traces Trd,D( f ) automatically
vanish.

Since we constructed a basis for Hr,!
2k in Theorem 1.1.4, it is enough to show

this theorem only for these basis, or more simply only for the functions F2k,m,ℓ(z)
and G2k,m,ℓ(z). Precisely in (4.1.5), (4.1.6), and (4.2.4), we construct maps sending
F2k,m,ℓ(z) and G2k,m,ℓ(z) to a polyharmonic weak Maass form of half-integral weight
whose holomorphic part is given as above. Moreover we give the ξ-image of these
polyarhomonic weak Maass forms explicitly in Theorem 4.2.5. Thus we also obtain
the non-holomorphic part explicitly.

Remark 1.2.2. The definition of the "holomorphic part" depends on the choice of
the Fourier expansion of polyharmonic weak Maass forms. In this article, we fix
the Fourier-Whittaker expansion as in Proposition 2.1.9, and define the holomorphic
part in Definition 2.1.11.

Finally we explain some applications. Here we consider the function f (z) =

−log(y|η(z)|4) appearing in Kronecker’s first limit formula. As shown in Theorem
1.1.2, this function is a polyharmonic Maass form of weight 0 and depth 3/2. By ap-
plying Theorem 1.2.1, we get polyharmonic Maass forms whose Fourier coefficients
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in their holomorphic parts are given by Trd,D(1) and Trd,D( f (z)). By comparing these
polyharmonic Maass forms, we get the following equation.

Corollary 1.2.3. Let D ̸= 1 be a fundamental discriminant. The d-th (0 < d ̸= □ and
dD ̸= □) Fourier coefficient of the holomorphic part of F1/2,0,0(z) gives the equation

Trd,D(−log(y|η(z)|4)) =
√
|D|LD(1)Trd,1(1),

where LD(s) := ∑∞
n=1

(D
n

)
n−s is the Dirichlet L-function.

The case that both d and D are coprime fundamental discriminants with dD < 0
was originally established by Kronecker [DIT18, (41)]. As for the case that both d and
D are coprime fundamental discriminants with dD > 0 was written down by Siegel
[DIT18, (65)]. This corollary gives a new proof of this equation in the framework of
polyharmonic Maass forms, and naturally we can remove the assumptions that d is
a fundamental discriminant and coprime to D. As an example, in the case of d = 20
and D = −4, since Q−80/ SL2(Z) = {[3,−2, 7], [1, 0, 20], [2, 0, 10], [4, 0, 5], [3, 2, 7], [4, 4, 6]},
and Q20/ SL2(Z) = {[1,−4,−1], [2,−2,−2]}, we have L−4(1) = π/4 and

Tr20,−4(− log(y|η(z)|4)) = log
4
9

∣∣∣∣η
( 1+2

√
5i

3

)
η
(−1+2

√
5i

3

)
η(2

√
5i)η

(√5i
2

) ∣∣∣∣4,

Tr20,1(1) =
log ε20

π
+

log ε5

π
=

8
π

log
1 +

√
5

2

that is,
4
9

∣∣∣∣η
( 1+2

√
5i

3

)
η
(−1+2

√
5i

3

)
η(2

√
5i)η

(√5i
2

) ∣∣∣∣4 =

(
1 +

√
5

2

)4

,

i.e. ∣∣∣∣η
( 1+2

√
5i

3

)
η
(−1+2

√
5i

3

)
η(2

√
5i)η

(√5i
2

) ∣∣∣∣ =
√

3
2
· 1 +

√
5

2
.

We also get another type of explicit formulas by (2.3.20), (4.1.4), and (4.2.3).

Corollary 1.2.4. Let k ∈ Z be an integer, and D, D′ fundamental discriminants or 1 with
DD′ ̸= □. Put d = D′m2 with m ∈ Z>0 and

B̃2k,d,D(s) :=


Γ(s)

Γ(s − |k|) , if DD′ < 0,

(−1)k Γ(s)|dD| k
2

2π

2sΓ
( s−k

2

)
Γ
( s+k

2

)
Γ(s − k)Γ(s + k)

, if 0 < DD′ ̸= □.
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Then for dD < 0 or (−1)kD > 0, we have

Trd,D(E2k(z, s)) = B̃2k,d,D(s)
|DD′| s

2

2s
LD(s)LD′(s)

ζ(2s) ∑
n|m

µ(m/n)
(

D′

m/n

)
n1−sσ2s−1(n).

The weight 0 case was already written in [DIT11a]. For example, taking the
residue at s = 1 for the case of D = 1, d = D′, m = 1, and k = 0, we have

TrD′,1(1) =

√
|D′|LD′(1)

π
.

This is the Dirichlet class number formula as mentioned in (1.2.4). For another case
of D = 1, d = D′ < 0, m = 1, and k = 1 − ℓ < 0, we have

TrD′,1(F2−2ℓ,0,0(z)) =
|D′| ℓ2 Γ(ℓ)ζ(ℓ)

2ℓζ(2ℓ)
LD′(ℓ),

where F2−2ℓ,0,0(z) is defined by

F2−2ℓ,0,0(z) = ∑
γ∈Γ∞\Γ

y2ℓ−1
∣∣∣∣
2−2ℓ

γ ∈ H1
2−2ℓ.

More generally for a fundamental discriminant d and D = 1, we take the ℓ-th Lau-
rent coefficient of

Ld(s) =
2sζ(2s)

B̃2k,d,1(s)|d|
s
2 ζ(s)

Trd,1(E2k(z, s))

at s = k if k > 0 and s = 1 − k if k ≤ 0. Then the derivative value of the Dirichlet
L-function at a positive integer appears from the left-hand side, while the trace of a
certain polyharmonic Maass form (which is a linear combination of polyharmonic
Maass forms) appears from the right-hand side.

The thesis is organized as follows. In Chapter 2, we introduce some important
objects of this thesis. In particular, we define the Maass-Poincaré series and review
some basic properties to construct polyharmonic weak Maass forms explicitly. After
that, in Chapter 3, we construct a basis for the space of polyharmonic weak Maass
forms (Theorem 1.1.4, 3.3.2), and show the differential recurrence formulas under
the ξ-operator (Theorem 1.1.5). Finally in Chapter 4, we define the twisted traces
of CM values and cycle integrals, and consider their generating functions (Theorem
1.2.1).
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Chapter 2

Preliminaries

2.1 Whittaker functions and polyharmonic Maass forms

First we define Whittaker functions by the integral representation. The basics for
the theory of Whittaker functions are written in [WW62, Chapter 16], and lots of
formulas are reviewed in [GR00, MOS66, NIST].

Definition 2.1.1. [MOS66, 7.4.1, 7.4.2] For two complex parameters µ, ν ∈ C with
Re(ν ± µ + 1/2) > 0 and z ∈ C with | arg(z)| < π, M-Whittaker function is defined
as follows.

Mµ,ν(z) := e
z
2 zν+ 1

2
Γ(1 + 2ν)

Γ
(
ν + µ + 1

2

)
Γ
(
ν − µ + 1

2

) ∫ 1

0
tν+µ− 1

2 (1 − t)ν−µ− 1
2 e−ztdt.

Another type of Whittaker function is defined for Re(ν−µ+ 1/2) > 0 and | arg(z)| <
π/2 by

Wµ,ν(z) := e
z
2 zν+ 1

2
1

Γ
(
ν − µ + 1

2

) ∫ ∞

1
tν+µ− 1

2 (t − 1)ν−µ− 1
2 e−ztdt.

We can easily check that the integrals in the definitions are holomorphic in each
variable µ, ν, and z. By Hartog’s theorem, these Whittaker functions are holomorphic
with respect to all variables. Since the function zν+1/2 has branch points, M and W-
Whittaker functions also do. In addition, the recurrence formula [MOS66, 7.2.2]

Wµ,ν(z) = z1/2Wµ− 1
2 ,ν+ 1

2
(z) +

(
1
2
− µ − ν

)
Wµ−1,ν(z)



16 Chapter 2. Preliminaries

extends the domain of W-Whittaker function to any µ and ν. Moreover, the Mellin-
Barnes integral representation [MOS66, 7.4.2]

Wµ,ν(z) =
e−

z
2 zµ

2πi

∫ i∞

−i∞

Γ(s)Γ
( 1

2 − µ − ν − s
)
Γ
( 1

2 − µ + ν − s)

Γ
( 1

2 − µ + ν
)
Γ
( 1

2 − µ − ν
) zsds

gives the analytic continuation to | arg(z)| < 3π/2 and µ, ν with 1/2− µ ± ν ̸∈ Z≤0.
Here the path of integration is to be such that it separates the poles of Γ(s) and

Γ
(

1
2
− µ − ν − s

)
Γ
(

1
2
− µ + ν − s

)
.

From this integral representation, we immediately see the symmetric property

Wµ,ν(z) = Wµ,−ν(z). (2.1.1)

These functions are known as the standard solution of the following differential
equation.

Dµ,νw(z) :=
d2w
dz2 +

(
− 1

4
+

µ

z
+

1
4 − ν2

z2

)
w = 0. (2.1.2)

However, since the Wronskian is given by W(Mµ,ν(z), Wµ,ν(z)) = −Γ(1+ 2ν)/Γ(ν−
µ + 1/2), (see [MOS66, 7.1.2]), these solutions are linearly dependent when ν − µ +

1/2 ∈ Z≤0. Note that in general the vanishing of the Wronskian does not give the
linear dependence, but for analytic functions, this is a sufficient condition for linear
dependence. (see [Boc1900, Section 4]). On the other hand, we easily see that the
function M+

µ,ν(z) := W−µ,ν(eπiz) is also a solution of the above differential equa-
tion, and the Wronskian is given by W(Wµ,ν(z),M+

µ,ν(z)) = e−πiµ (see also [MOS66,
7.1.2]). Therefore, we can take M+

µ,ν(z) and Wµ,ν(z) as two linear independent solu-
tions.

Here we review some known results on the Whittaker functions.

Lemma 2.1.2. [GR00, 9.233(1)] For −3π/2 < arg(z) < π/2 and 2ν ̸∈ Z<0, we have

Mµ,ν(z) =
Γ(2ν + 1)

Γ
(
ν − µ + 1

2

) eπiµM+
µ,ν(z) +

Γ(2ν + 1)
Γ
(
ν + µ + 1

2

) e−πi(ν−µ+ 1
2 )Wµ,ν(z).
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Lemma 2.1.3. [MOS66, 7.2.1] We have the following differentiation formulas.

d
dz

[
e

z
2 z−µWµ,ν(z)

]
=

(
1
2
+ ν − µ

)(
1
2
− ν − µ

)
e

z
2 z−µ−1Wµ−1,ν(z),

d
dz

[
e−

z
2 zµWµ,ν(z)

]
= −e−

z
2 zµ−1Wµ+1,ν(z).

Lemma 2.1.4. [MOS66, 7.2.1] We have the following differentiation formulas.

d
dz

[
e

z
2 z−µ Mµ,ν(z)

]
=

(
1
2
+ ν − µ

)
e

z
2 z−µ−1Mµ−1,ν(z),

d
dz

[
e−

z
2 zµ Mµ,ν(z)

]
=

(
1
2
+ ν + µ

)
e−

z
2 zµ−1Mµ+1,ν(z).

Lemma 2.1.5. [MOS66, 7.2.4] We have the following formula.

Mµ,µ−1/2(z) = Wµ,µ−1/2(z) = e−
z
2 zµ.

Lemma 2.1.6. [MOS66, 7.2.4] We have the following formula.

M0,ν(z) = Γ(ν + 1)22νz
1
2 Iν

(
z
2

)
,

where Iν(z) is the I-Bessel function defined in (2.3.5).

Lemma 2.1.7. [MOS66, 7.1.1] For 2ν ̸∈ Z<0, the M-Whittaker function has the series
expansion of the form

Mµ,ν(z) = e−
z
2 zν+ 1

2

∞

∑
n=0

(
ν − µ + 1

2

)
n

(2ν + 1)nn!
zn,

where (a)n := Γ(a + n)/Γ(a) is the Pochhammer symbol.

We now consider polyharmonic weak Maass forms defined in Definition 1.1.1.
As mentioned there, we always assume Kohnen’s plus condition when k ∈ Z + 1/2
additionally. This is a condition on the Fourier expansion. By the second condition
of the definition, any polyharmonic weak Maass form f satisfies f (z + 1) = f (z).
Since f is smooth in x, it has the Fourier expansion of the form

f (x + iy) = ∑
n∈Z

an(y)e(nx),
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where e(z) := e2πiz, and the coefficients are given by

an(y) :=
∫ 1

0
f (x + iy)e(−nx)dx. (2.1.3)

Then Kohnen’s plus condition requires that the n-th coefficient an(y) vanishes unless
(−1)k−1/2n ≡ 0, 1 (mod 4). By this assumption, we can control the cusp conditions
at all cusps by the fourth condition in Definition 1.1.1. To explain it briefly, we divide
the function f (z) = f0(4z) + f1(4z), where

f0(z) := ∑
n≡0(4)

an

(
y
4

)
e
(

nx
4

)
, f1(z) := ∑

(−1)k−1/2n≡1(4)

an

(
y
4

)
e
(

nx
4

)
.

Then by the modular transformation law of f for [ 1 0
4 1 ] ∈ Γ0(4), we easily see that

f
(
− 1

z

)
=

1 − i2k

22k zk f0

(
z
4

)
,

f
(

z
2z + 1

)
= (1 − i2k)

(
z +

1
2

)k

f1

(
z +

1
2

)
,

where we define zk =
√

z2k.

Originally, the space of polyharmonic Maass forms, denoted by Hr
k as in Section

1.1, were introduced by Lagarias-Rhoades [LR16] to study the higher Laurent co-
efficients of the real analytic Eisenstein series. For any k ∈ 1

2 Z, the ξ-differential
operator is defined by ξk := 2iyk ∂

∂z̄ . Recall that Wirtinger’s differential operators are
defined by

∂

∂z
:=

1
2

(
∂

∂x
− i

∂

∂y

)
,

∂

∂z̄
:=

1
2

(
∂

∂x
+ i

∂

∂y

)
.

This ξ-operator was introduced in [BF04]. By the definition, the action of the ξ-
operator kills holomorphic functions. Moreover, we easily see the important equa-
tion ∆k = −ξ2−k ◦ ξk. That is why a weakly holomorphic modular form can be
regarded as a polyharmonic weak Maass form of depth 1/2. In general we charac-
terize a polyharmonic weak Maass form of depth r + 1/2 by the condition

ξk ◦ (∆k)
r f (z) = 0.

In particular we write Mk := H1/2
k ⊂ M!

k := H1/2,!
k for the spaces of holomorphic

modular forms and weakly holomorphic modular forms, respectively. Note that all
these spaces are vector spaces over C.
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We next consider the Fourier coefficients an(y) defined in (2.1.3) more precisely.
Let f be a polyharmonic weak Maass form of weight k ∈ 1

2 Z and depth r ∈ Z>0. By
the third condition of the definition, this function satisfies

(∆k)
r f (z) = (∆k)

r
[

∑
n∈Z

an(y)e(nx)
]
= 0.

By the general theory of the Fourier expansion, the termwise derivative in x of the
Fourier series is valid. The termwise derivative in y is also justified as follows: By
the smoothness, we easily see that

∂

∂y
f (x + iy) = ∑

n∈Z

∫ 1

0

∂

∂y
f (x + iy)e(−nx)dx · e(nx)

= ∑
n∈Z

∂

∂y

∫ 1

0
f (x + iy)e(−nx)dx · e(nx) = ∑

n∈Z

∂

∂y
an(y)e(nx).

Thus we can take termwise derivative in ∆k, and get

(∆k)
r
[

∑
n∈Z

an(y)e(nx)
]
= ∑

n∈Z

(D̃k,n)
ran(y) · e(nx) = 0,

where

D̃k,n := −y2 ∂2

∂y2 − ky
∂

∂y
+ (4π2n2y2 − 2πkny).

We first consider the solutions to the differential equation D̃k,nan(y) = 0 for n ̸= 0 of
the form an(y) = y−

k
2 bn(4π|n|y). By a direct calculation, we have

D̃k,nan(y) = −y2− k
2

[
16π2n2 ∂2bn

∂y2 (4π|n|y) +
(
− 4π2n2 +

2πkn
y

+
k
2 −

k2

4
y2

)
bn(4π|n|y)

]
= −16π2n2y2− k

2

[
∂2bn

∂y2 (4π|n|y) +
(
− 1

4
+

sgn(n) k
2

4π|n|y +
1
4 −

( k−1
2

)2

(4π|n|y)2

)
bn(4π|n|y)

]
= −16π2n2y2− k

2 (Dsgn(n) k
2 , k−1

2
bn)(4π|n|y) = 0.

Thus we get

an(y) = c+n y−
k
2 M+

sgn(n) k
2 , k−1

2
(4π|n|y) + c−n y−

k
2 Wsgn(n) k

2 , k−1
2
(4π|n|y).
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It becomes easier for n = 0 we have

D̃k,0a0(y) = −y2 ∂2

∂y2 a0(y)− ky
∂

∂y
a0(y) = 0,

that is, a0(y) = c+0 + c−0 y1−k.

For general r, we consider the functions introduced in [ALR18, Section 3.3],

u[j],−
k,n (y) :=


y−

k
2

∂j

∂sj Wsgn(n) k
2 ,s− 1

2
(4π|n|y)

∣∣∣∣
s= k

2

if n ̸= 0,

∂j

∂sj y1− k
2−s
∣∣∣∣
s= k

2

= (−1)j(log y)jy1−k if n = 0,

u[j],+
k,n (y) :=


y−

k
2

∂j

∂sj M
+
sgn(n) k

2 ,s− 1
2
(4π|n|y)

∣∣∣∣
s= k

2

if n ̸= 0,

∂j

∂sj ys− k
2

∣∣∣∣
s= k

2

= (log y)j if n = 0.

(2.1.4)

By a direct calculation, we have

D̃k,nu[j],−
k,n (y) =

∂j

∂sj

[(
s − k

2

)(
1 − k

2
− s
)

y−
k
2 Wsgn(n) k

2 ,s− 1
2
(4π|n|y)

]∣∣∣∣
s= k

2

= j(1 − k)u[j−1],−
k,n (y)− j(j − 1)u[j−2],−

k,n (y),

and so on. (For other cases, see Lemma 2.1.10 as below). By Lemma 2.1.5, we have

u[0],−
k,n (y)e(nx) = (4πn)

k
2 qn, if n > 0,

u[0],+
k,n (y)e(nx) = (4π|n|eπi)

k
2 qn, if n < 0.

(2.1.5)

Especially we see that these functions u[j],±
k,n (y) are annihilated by the action of (D̃k,n)

j+1,
that is, these functions give 2r solutions to the differential equation (D̃k,n)

ran(y) = 0.
Note that for any n ∈ Z and k ̸= 1, these 2r solutions u[j],±

k,n (y) (0 ≤ j ≤ r − 1) are
linearly independent. Moreover Andersen-Lagarias-Rhoades showed

Proposition 2.1.8. [ALR18, Corollary A.3.] For y > 0 and n ̸= 0, the function u[j],−
k,n (y)

decays exponentially as y → ∞, while u[j],+
k,n (y) grows exponentially as y → ∞.

Therefore, we get the Fourier-Whittaker expansion of a polyharmonic weak Maass
form.
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Proposition 2.1.9. For k ∈ 1
2 Z and r ∈ Z>0, a polyharmonic weak Maass form f ∈ Hr,!

k

has the following Fourier-Whittaker expansion.

f (x + iy) = ∑
n∈Z

r−1

∑
j=0

(
c+n,ju

[j],+
k,n (y) + c−n,ju

[j],−
k,n (y)

)
e(nx),

where the coefficients c+n,j ∈ C vanish for almost all indices (n, j). In addition, if k ∈
Z + 1/2, then it is required to satisfy Kohnen’s plus-condition. Moreover if all coefficients
c+n,j = 0 for n ̸= 0, then f ∈ Hr

k strictly.

In order to consider the case of half-integral depth, we show the following lemma.

Lemma 2.1.10. Under the above notations, we have

ξk(u
[j],−
k,n (y)e(nx))

=

{
j(1 − k)u[j−1],−

2−k,−n(y)e(−nx)− j(j − 1)u[j−2],−
2−k,−n(y)e(−nx) if n > 0,

−u[j],−
2−k,−n(y)e(−nx) if n < 0,

ξk(u
[j],+
k,n (y)e(nx))

=

{
−u[j],+

2−k,−n(y)e(−nx) if n > 0,

j(1 − k)u[j−1],+
2−k,−n(y)e(−nx)− j(j − 1)u[j−2],+

2−k,−n(y)e(−nx) if n < 0,

ξk(u
[j],−
k,0 (y)) = (−1)j

(
ju[j−1],+

2−k,0 (y) + (1 − k)u[j],+
2−k,0(y)

)
,

ξk(u
[j],+
k,0 (y)) = (−1)j−1 ju[j−1],−

2−k,0 (y),

where we put u[j],±
k,n (y) = 0 for any j < 0.

Proof. For n ̸= 0, by the analyticity of the function Wµ,ν(z), we have

ξk(u
[j],−
k,n (y)e(nx)) = ξk

(
y−

k
2

∂j

∂sj Wsgn(n) k
2 ,s− 1

2
(4π|n|y)

∣∣∣∣
s= k

2

e2πinx
)

=
∂j

∂s̄j ξk

(
e2πnyy−

k
2 Wsgn(n) k

2 ,s− 1
2
(4π|n|y)e2πinx−2πny

)∣∣∣∣
s̄= k

2

.
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Then the inner differentiation is

ξk

(
e2πnyy−

k
2 Wsgn(n) k

2 ,s− 1
2
(4π|n|y)e2πinx−2πny

)
= iyk

(
∂

∂x
+ i

∂

∂y

)(
e2πnyy−

k
2 Wsgn(n) k

2 ,s− 1
2
(4π|n|y)e2πinz

)
= (4π|n|) k

2 yk ∂

∂y

(
e2πny(4π|n|y)− k

2 Wsgn(n) k
2 ,s− 1

2
(4π|n|y)

)
· e−2πinz̄.

By Lemma 2.1.3,

=


(

s̄ − k
2

)(
1 − k

2
− s̄
)

y
k
2−1W k

2−1,s̄− 1
2
(4πny)e(−nx) if n > 0,

−y
k
2−1W− k

2+1,s̄− 1
2
(4π|n|y)e(−nx) if n < 0.

Therefore we have

ξk(u
[j],−
k,n (y)e(nx))

=


∂j

∂s̄j

((
s̄ − k

2

)(
1 − k

2
− s̄
)

y−
2−k

2 W− 2−k
2 ,s̄− 1

2
(4πny)e(−nx)

)∣∣∣∣
s̄= k

2

if n > 0,

∂j

∂s̄j

(
−y−

2−k
2 W2−k

2 ,s̄− 1
2
(4π|n|y)e(−nx)

)∣∣∣∣
s̄= k

2

if n < 0.

If n > 0, then

ξk(u
[j],−
k,n (y)e2πinx) =

(
j
(

1 − k
2
− s̄
)

∂j−1

∂s̄j−1

(
y−

2−k
2 W− 2−k

2 ,s̄− 1
2
(4πny)e(−nx)

)
− j(j − 1)

∂j−2

∂s̄j−2

(
y−

2−k
2 W− 2−k

2 ,s̄− 1
2
(4πny)e(−nx)

))∣∣∣∣
s̄= k

2

= j(1 − k)u[j−1],−
2−k,−n(y)e(−nx)− j(j − 1)u[j−2],−

2−k,−n(y)e(−nx).

If n < 0, we have
ξk(u

[j],−
k,n (y)e(nx)) = −u[j],−

2−k,−n(y)e(nx).

We can get the formulas for u[j],+
k,n (y) by the same calculation. The remaining case of

n = 0 follows from direct calculations.

By this lemma, we see that the index j decreases under iteration of the action
of the ξ-operator. Finally these functions u[j],±

k,n (y)e(nx) reach the holomorphic func-
tions as (2.1.5). As mentioned above, for the Fourier-Whittaker expansion in Propo-
sition 2.1.9, the termwise derivative in ξ is valid. Thus by Lemma 2.1.10, a function
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f ∈ Hr,!
k with an integral depth r is strictly in Hr−1/2,!

k if and only if c−n,r−1 = 0 for all
n ≤ 0 and c+n,r−1 = 0 for all n > 0.

Definition 2.1.11. When f (z) ∈ Hr,!
k has the Fourier-Whittaker expansion as in

Proposition 2.1.9, we call the part

∑
−∞≪n≤0

c+n,0u[0],+
k,n (y)e(nx) + ∑

n>0
c−n,0u[0],−

k,n (y)e(nx)

the holomorphic part of f (z), which we denote by f (z)hol.

Remark 2.1.12. In the special case of depth 1, the holomorphic part of a harmonic
weak Maass form is called a mock modular form. In this context, Definition 2.1.11
gives a generalization of mock modular forms. A point to note is that the definition
of the holomorphic part depends on the definition of the Fourier expansion. For
example, the Fourier expansion considered in [DIT11a, (2.6)] is different from ours.

2.2 Differential operators in the theory of harmonic Maass
forms

Here we review some differential operators in the theory of harmonic Maass forms
based on [BFOR17, Chapter 5]. As we mentioned above, the differential operator
ξk := 2iyk ∂

∂z̄ plays important roles in this theory. First we recall the basic properties
of this operator.

Lemma 2.2.1. Let f be a smooth function on H, k ∈ 1
2 Z, and γ ∈ SL2(Z), with γ ∈ Γ0(4)

if k ∈ Z + 1/2. Then we have

ξk( f |kγ) = (ξk f )|2−kγ.

Proof. Let γ = [ a b
c d ] and

ρk(γ) :=

{
1 if k ∈ Z,( c

d

)
ϵ−1

d if k ∈ Z + 1
2 .
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Then j(γ, z) = ρk(γ)
√

cz + d holds. By the definition of the ξ-operator, we have

ξk( f |kγ)(z) = 2iyk ∂

∂z̄
j(γ, z)−2k f (γz)

= 2iykρk(γ)
−2k

(cz̄ + d)−k ∂

∂z̄
f (γz)

= 2iρk(γ)
2k(cz + d)k yk

|cz + d|2k (cz̄ + d)−2 ∂ f
∂z̄

(γz)

= ρ2−k(γ)
2k−4(cz + d)k−22i

yk

|cz + d|2k
∂ f
∂z̄

(γz)

= (ξk f )|2−kγ.

Here we use the chain rule

∂

∂z̄
( f ◦ g) =

(
∂ f
∂z

◦ g
)

∂g
∂z̄

+

(
∂ f
∂z̄

◦ g
)

∂ḡ
∂z̄

.

This concludes the proof.

Bruinier-Funke [BF04] showed that this operator ξk sends a harmonic weak Maass
form in H1,!

k to a weakly holomorphic modular form in H1/2,!
2−k , and this map is sur-

jective. In general, by the definition of polyharmonic weak Maass forms, we imme-
diately see that ξk sends a polyharmonic weak Maass form in Hr,!

k to Hr−1/2,!
2−k . On the

surjectivity, we show in Corollary 1.1.6.

Furthermore, there are other two types of differential operators studied by Maass.

Definition 2.2.2. The raising operator Rk and the lowering operator Lk are defined
by

Rk := 2i
∂

∂z
+

k
y

, Lk := −2iy2 ∂

∂z̄
.

Then we know the following properties.

Lemma 2.2.3. [Bum98, Section 2.1], [BFOR17, Lemma 5.2] Let f be a smooth function on
H, k ∈ 1

2 Z, and γ ∈ SL2(Z), with γ ∈ Γ0(4) if k ∈ Z + 1/2.

1. With respect to the slash operator, we have that

Rk( f |kγ) = Rk( f )|k+2γ,

Lk( f |kγ) = Lk( f )|k−2γ.
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2. If f is an eigenfunction of ∆k with eigenvalue λ, then

∆k+2(Rk( f )) = (λ + k)Rk( f ),

∆k−2(Lk( f )) = (λ − k + 2)Lk( f ).

3. The weight k hyperbolic Laplace operator may be expressed as

−∆k = Lk+2 ◦ Rk + k = Rk−2 ◦ Lk.

Proof. These follow from similar computation as in the proof of Lemma 2.2.1. For
more details, see [BFOR17].

2.3 The Maass-Poincaré series

We now consider the series called the Maass-Poincaré series of weight k ∈ 1
2 Z. In

general for an integer m ∈ Z and a smooth test function ϕ : R>0 → C satisfying
ϕ(y) = O(yα) as y → 0 for some α > 1 − k/2, the associated Poincaré series of
weight k is defined by

Gk,m(z, ϕ) := ∑
γ∈Γ∞\Γ

(
ϕ(Im(z))e(m Re(z))

)∣∣∣∣
k
γ.

By an easy estimate, we see that this sum converges absolutely and uniformly on
compact subsets in H, and defines a smooth modular form of weight k on Γ.

By specializing the test function to the function

φk,m(y, s) :=

{
Γ(2s)−1(4π|m|y)−k/2Msgn(m) k

2 ,s−1/2(4π|m|y) if m ̸= 0,

ys−k/2 if m = 0,
(2.3.1)

we get the Maass-Poincaré series. As before, we put Γ = SL2(Z) if k ∈ Z and
Γ = Γ0(4) if k ∈ Z + 1/2. Since Mµ,ν(y) = yν+1/2(1 + O(y)) as y → 0 by Lemma
2.1.7, this test function satisfies φk,m(y, s) = O(ys−k/2) as y → 0, that is, the Maass-
Poincaré series

Pk,m(z, s) := ∑
γ∈Γ∞\Γ

(
φk,m(y, s)e(mx)

)∣∣∣∣
k
γ
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converges absolutely and uniformly on compact subsets in Re(s) > 1. We can easily
check that this function Pk,m(z, s) is an eigenfunction of the hyperbolic Laplacian,

∆kPk,m(z, s) =
(

s − k
2

)(
1 − k

2
− s
)

Pk,m(z, s). (2.3.2)

This follows from the facts that ∆k = −ξ2−k ◦ ξk and ξk( f |kγ) = (ξk f )|2−kγ. Of
course we can also get the refined version

ξkPk,m(z, s) = (4π|m|)1−k
(

s̄ − k
2

)
P2−k,−m(z, s̄) for m ̸= 0,

ξkPk,0(z, s) =
(

s̄ − k
2

)
P2−k,0(z, s̄) for m = 0

and similar formulas under Rk and Lk

RkPk,m(z, s) = 4π|m|
(

s +
k
2

)
Pk+2,m(z, s),

LkPk,m(z, s) =
1

4π|m|

(
s − k

2

)
Pk−2,m(z, s)

(2.3.3)

for m ̸= 0, and

RkPk,0(z, s) =
(

s +
k
2

)
Pk+2,0(z, s),

LkPk,0(z, s) =
(

s − k
2

)
Pk−2,0(z, s),

(2.3.4)

by using Lemma 2.1.4 and the formula [MOS66, 7.2.2]

(1 + 2ν − 2µ)Mµ−1,ν(z) + 2(2µ − z)Mµ,ν(z)− (1 + 2ν + 2µ)Mµ+1,ν(z) = 0.

We next consider the Fourier expansion of the Maass-Poincré series. This is
given by the same argument as [Koh85, Proposition 4], and the details are written in
[JKK13, Theorem 3.2, Lemma 3.5–3.7]. For convenience, we put

Wk,n(y, s) :=


Γ(s + sgn(n) k

2 )
−1|n|k−1(4π|n|y)−k/2Wsgn(n) k

2 ,s−1/2(4π|n|y) if n ̸= 0,
(4π)1−ky1−s−k/2

(2s − 1)Γ(s − k/2)Γ(s + k/2)
if n = 0.
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In addition we recall the usual I and J-Bessel functions defined by

Iν(y) :=
∞

∑
m=0

(y/2)ν+2m

m!Γ(ν + m + 1)
,

Jν(y) :=
∞

∑
m=0

(−1)m(y/2)ν+2m

m!Γ(ν + m + 1)

(2.3.5)

for fixed ν and y > 0. [MOS66, Section 3.1]. Then the following result is known.

Theorem 2.3.1. [JKK13, Theorem 3.2] For Re(s) > 1, the Maass-Poincaré series Pk,m(z, s)
has the Fourier expansion

Pk,m(z, s) = φk,m(y, s)e(mx) + ∑
n∈Z

ck,m(n, s)Wk,n(y, s)e(nx),

where the coefficients ck,m(n, s) are given by

2πi−k ∑
c>0

Kk(m, n, c)
c

×



|mn| 1−k
2 J2s−1

(
4π
√
|mn|

c

)
if mn > 0,

|mn| 1−k
2 I2s−1

(
4π
√
|mn|

c

)
if mn < 0,

2k−1πs+k/2−1|m + n|s−k/2c1−2s if mn = 0, m + n ̸= 0,
22k−2πk−1Γ(2s)(2c)1−2s if m = n = 0.

Here we put

Kk(m, n, c) :=



∑
d(c)∗

ad≡1(c)

e
(

am + dn
c

)
, if k ∈ Z,

∑
d(c)∗

ad≡1(c)

(
c
d

)
ϵ2k

d e
(

am + dn
c

)
, if k ∈ Z + 1/2,

called the (generalized) Kloosterman sum.

Moreover, for the half-integral weight case, we consider the function P+
k,m(z, s) :=

pr+k (Pk,m(z, s)) satisfying Kohnen’s plus condition, where pr+k is Kohnen’s projection
operator introduced by Kohnen [Koh85, p.250]. For the weight k = λk + 1/2 with
λk ∈ Z, this operator is defined by

pr+k (g) := (−1)⌊
λk+1

2 ⌋ 1
2
√

2

(
∑

ν (mod 4)

(
g|k A

)
|kBν

)
+

1
2

g
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where

A :=

([
4 1
0 4

]
, e

πi
4

)
, Bν :=

[
1 0

4ν 1

]
,

and the slash operator for (γ, ϕ(z)) is defined by g|k(γ, ϕ(z)) := ϕ(z)−2kg(γz).

Remark 2.3.2. We alert that the definition of the slash operator in Kohnen’s paper
[Koh85] is slightly different from ours. There is a typo that the term 2λ + 1 in the
exponent in the definition of B in [JKK13, p.2577] is superfluous.

Also in this case, the Fourier expansion of P+
k,m(z, s) is given by the same argu-

ment in the proof of [Koh85, Proposition 4], and the details are completed in [JKK13,
Section 4].

Theorem 2.3.3. [JKK13, Theorem 4.4] Let k = λk + 1/2. For any m and s satisfying
(−1)λk m ≡ 0, 1 (mod 4) and Re(s) > 1, the function P+

k,m(z, s) = pr+k (Pk,m(z, s)) has
the Fourier expansion

P+
k,m(z, s) = φk,m(y, s)e(mx) + ∑

(−1)λk n≡0,1(4)

bk,m(n, s)Wk,n(y, s)e(nx),

where the coefficients bk,m(n, s) are given by

2πi−k ∑
c>0

(
1 +

(
4
c

))
Kk(m, n, 4c)

4c

×



|mn| 1−k
2 J2s−1

(
4π
√
|mn|

4c

)
if mn > 0,

|mn| 1−k
2 I2s−1

(
4π
√
|mn|

4c

)
if mn < 0,

2k−1πs+k/2−1|m + n|s−k/2(4c)1−2s if mn = 0, m + n ̸= 0,
22k−2πk−1Γ(2s)(8c)1−2s if m = n = 0.

In particular, we have

bk,m(n, s) = bk,n(m, s) (2.3.6)

by the above formula.

Next we shall recall the analytic continuation of these Maass-Poincaré series. For
the integral weight case k ∈ 2Z, the meromorphic continuation to Re(s) > 3/4 + ε

for any ε > 0 is given in [DIT16, Section 3.2] by using this Fourier expansion and the
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Weil bound

K0(m, n, c) ≪ε (m, n, c)1/2c1/2+ε, (2.3.7)

(see [Wei48], [Hoo57, Lemma 2], [DIT11a, (3.9)]).

Here we consider the meromorphic continuation of P+
k,m(z, s) to Re(s) = 3/4. By

the definition of the I and J-Bessel functions, we easily see that

I2s−1(y) =
y2s−1

22s−1Γ(2s)
(1 + O(y)), J2s−1(y) =

y2s−1

22s−1Γ(2s)
(1 + O(y))

as y → 0. The Weil-like bound

K1/2(m, n, c) ≪ε c1/2+ε (2.3.8)

for any m, n ∈ Z and ε > 0 considered in [DIT11a, p.965], and the easy facts

K3/2(m, n, c) = −iK1/2(−m,−n, c), Kk+2(m, n, c) = Kk(m, n, c) (2.3.9)

give the analytic continuation of bk,m(n, s) to Re(s) > 3/4 + ε. First we consider the
meromorphic continuation of the coefficient bk,m(n, s) to Re(s) = 3/4.

For the case of mn < 0, by the definition of the I-Bessel function, we have

bk,m(n, s) = 2πi−k ∑
c>0

(
1 +

(
4
c

))
Kk(m, n, 4c)

4c
|mn| 1−k

2
1

Γ(2s)

(
π
√
|mn|

2c

)2s−1

+ 2πi−k ∑
c>0

(
1 +

(
4
c

))
Kk(m, n, 4c)

4c
|mn| 1−k

2

∞

∑
ℓ=1

1
ℓ!Γ(2s + ℓ)

(
π
√
|mn|

2c

)2s−1+2ℓ

,

(2.3.10)

and for the case of mn > 0 the sign (−1)ℓ appears in the second line. The second
line converges in Re(s) > −1/4 + ε, and then define a holomorphic function. Since
the first line is expressed as

(2π)2si−k|mn|s− k
2

Γ(2s)

[
2Z(4)

k,m,n(s)− Z(8)
k,m,n(s)

]
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where

Z(N)
k,m,n(s) := ∑

0<c≡0(N)

Kk(m, n, c)
c2s , (2.3.11)

it is enough to consider the analytic continuation of Z(N)
k,m,n(s). Such type of the

Dirichlet series is called the Kloosterman zeta function. Selberg [Sel65] gave the
meromorphic continuation of this zeta function, and estimates on its growth were
studied by Goldfeld-Sarnak [GS83] and Pribitkin [Pri00]. Here we shall recall these
results based on [Pri00].

For k ∈ Z + 1/2, m ∈ Z, and a positive integer N ≡ 0 (mod 4), Selberg’s
Poincaré series is defined by

PSel
k,m,N(z, s) := ∑

γ∈Γ∞\Γ0(N)

(
c
d

)
ϵ2k

d

(
cz + d
|cz + d|

)−k

Im(γz)se(mγz).

This series converges absolutely and uniformly on compact subsets in Re(s) > 1,
and the function y−k/2PSel

k,m,N(z, s) defines a non-holomorphic modular form of weight
k on Γ0(N). Selberg [Sel65] derived the meromorphic continuation of this series to
the whole s-plane by employing the spectral theory. In particular, this Poincaré seies
is meromorphically continued to Re(s) > 1/2 with at most a finite number of simple
poles in 1/2 < s < 1 as mentioned in [GS83, p.247]. The Kloosterman zeta function
can be obtained as the Fourier coefficients of Selberg’s Poincaré series. First we recall
the Fourier expansion of Selberg’s Poincaré series.

Lemma 2.3.4. For Re(s) > 1, Selberg’s Poincaré series has the Fourier expansion

PSel
k,m,N(z, s) = yse(mz) + y1−s ∑

n∈Z

dk,m(n, y, s)e(nx),
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where

dk,m(n, y, s) := 2i−k
∞

∑
j=0

(2π)j+1

j!
(−m/y)jZ(N)

m,n (s + j)

×



4−s− j
2 (4πny)s+ j

2−1

Γ
(
s + k

2 + j
) W k+j

2 ,s+ j−1
2
(4πny) if n > 0,

4−s− j
2 (4π|n|y)s+ j

2−1

Γ
(
s − k

2

) W− k+j
2 ,s+ j−1

2
(4π|n|y) if n < 0,

2−2s−j Γ(2s + j − 1)
Γ
(
s + k

2 + j
)
Γ
(
s − k

2

) if n = 0.

Proof. This follows from the same argument as the proof of [Koh85, Proposition 4].
We put ψm(z, s) := yse(mz). By the definition we have

PSel
k,m,N(z, s) = yse(mz) + ∑

0<c≡0(N)
(c,d)=1

(
c
d

)
ϵ2k

d

(
cz + d
|cz + d|

)−k

ψm

(
az + b
cz + d

, s
)

= yse(mz) + ∑
0<c≡0(N)

d(c)∗

(
c
d

)
ϵ2k

d ∑
h∈Z

(
c(z + h) + d
|c(z + h) + d|

)−k

ψm

(
a(z + h) + b
c(z + h) + d

, s
)

,

where we take integers a and b satisfying ad − bc = 1. Here we use the fact that the
character

( c
·
)

and ϵd have a period c for c ≡ 0 (mod 4). Since the inner sum is an
invariant under z 7→ z + 1, this has the Fourier expansion of the form

∑
h∈Z

(
c(z + h) + d
|c(z + h) + d|

)−k

ψm

(
a(z + h) + b
c(z + h) + d

, s
)
= ∑

n∈Z

β
(c,d)
k,n (y, s)e(nx),

where the Fourier coefficient β
(c,d)
k,n (y, s) is given by

β
(c,d)
k,n (y, s) =

∫ 1

0
e(−nx) ∑

h∈Z

(
c(z + h) + d
|c(z + h) + d|

)−k

ψm

(
a(z + h) + b
c(z + h) + d

, s
)

dx

=
∫ ∞

−∞
e(−nx)

(
cz + d
|cz + d|

)−k

ψm

(
az + b
cz + d

, s
)

dx.
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By putting x′ := (cx + d)/(cy), we have

β
(c,d)
k,n (y, s) =

∫ ∞

−∞
e(−nx′y)e(nd/c)(x′ + i)−

k
2 (x′ − i)

k
2 ψm

(
a
c
− 1

c2y(x′ + i)
, s
)

ydx′

= c−2sy1−se
(

ma + nd
c

) ∫ ∞

−∞
e(−nxy)(x + i)−s− k

2 (x − i)−s+ k
2 e
(
− m

c2y(x + i)

)
dx.

Thus we have

dk,m(n, y, s) = ys−1 ∑
0<c≡0(N)

d(c)∗

(
c
d

)
ϵ2k

d β
(c,d)
k,n (y, s) (2.3.12)

= ∑
0<c≡0(N)

d(c)∗

(
c
d

)
ϵ2k

d c−2se
(

ma + nd
c

)

×
∫ ∞

−∞
e(−nxy)(x + i)−s− k

2 (x − i)−s+ k
2 e
(
− m

c2y(x + i)

)
dx.

(2.3.13)

Continuing the computation gives

β
(c,d)
k,n (y, s)

= c−2sy1−se
(

ma + nd
c

) ∫ ∞

−∞
e(−nxy)(x + i)−s− k

2 (x − i)−s+ k
2

∞

∑
j=0

1
j!

(
− 2πim

c2y(x + i)

)j

dx

= i−kc−2sy1−se
(

ma + nd
c

) ∞

∑
j=0

(2π)j

j!

(
−m
c2y

)j ∫ ∞

−∞
e(−nxy)(1 − ix)−s− k

2−j(1 + ix)−s+ k
2 dx.

By Hejhal [Hej83, p.353, (5.7)], it holds that

∫ ∞

−∞
(1 − iY)−α(1 + iY)−γeiXYdY =


2π

2−
α+γ

2 X
α+γ

2 −1

Γ(γ)
W−α+γ

2 , α+γ−1
2

(2X) if X > 0,

π22−α−γ Γ(α + γ − 1)
Γ(α)Γ(γ)

if X = 0.
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Applying this formula for Y = − sgn(n)x, X = 2π|n|y for n ̸= 0 and Y = x, X = 0
for n = 0, we have

β
(c,d)
k,n (y, s) = i−kc−2sy1−se

(
ma + nd

c

) ∞

∑
j=0

(2π)j+1

j!

(
−m
c2y

)j

×



2−s− j
2 (2πny)s+ j

2−1

Γ
(
s + k

2 + j
) W k+j

2 ,s+ j−1
2
(4πny) if n > 0,

2−s− j
2 (2π|n|y)s+ j

2−1

Γ
(
s − k

2

) W− k+j
2 ,s+ j−1

2
(4π|n|y) if n < 0,

21−2s−j Γ(2s + j − 1)
Γ
(
s + k

2 + j
)
Γ
(
s − k

2

) if n = 0.

Thus this and (2.3.12) conclude the proof of the lemma.

We next consider the meromorphic continuation of the zeta function Z(N)
k,m,n(s).

Here by the fact (2.3.9), they hold that Z(N)
k+2,m,n(s) = Z(N)

k,m,n(s) and Z(N)
3/2,m,n(s) =

−iZ(N)
1/2,−m,−n(s). Thus we can assume that m > 0 without loss of generality. The

following lemmas are given in [Pri00], and the details are written for the case of
m > 0 and n > 0. Here we check the case of m > 0 and n < 0 along his argument.

Lemma 2.3.5. [GS83, Lemma 2], [Pri00, Lemma 1] For m > 0, n < 0, k ∈ Z + 1/2, and
Re(w)− L > Re(s) > 1 with L ∈ Z≥0, we have that

⟨PSel
k,m,N(z, s), PSel

−k,−n,N(z, w)⟩

= i−k4−w+1πs−w+1|n|s−w Γ(w + s − 1)
Γ
(
s − k

2

)
Γ
(
w + k

2

) L

∑
j=0

(−4π2m|n|)jΓ(w − s − j)
j!

Z(N)
k,m,n(s + j)

+ R(N)
k,m,n(s, w; L),

where

⟨PSel
k,m,N(z, s), PSel

−k,−n,N(z, w)⟩ :=
∫

Γ0(N)\H
PSel

k,m,N(z, s)PSel
−k,−n,N(z, w)

dxdy
y2 ,

and

R(N)
k,m,n(s, w; L) = ∑

0<c≡0(N)

Kk(m, n, c)
c2s

∫ ∞

0
yw−s−1e−2π|n|y

×
∫ ∞

−∞
e(−nxy)(x + i)−s− k

2 (x − i)−s+ k
2

∞

∑
j=L+1

1
j!

(
− 2πim

c2y(x + i)

)j

dxdy.
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Proof. By the definition of the Petersson inner product, we have

⟨PSel
k,m,N(z, s), PSel

−k,−n,N(z, w)⟩ =
∫

Γ0(N)\H
PSel

k,m,N(z, s)PSel
−k,−n,N(z, w)

dxdy
y2

=
∫

Γ∞\H
PSel

k,m,N(z, s)ywe(−nz)
dxdy

y2 .

By applying Lemma 2.3.4 with the preliminary formula (2.3.13),

=
∫ ∞

0

∫ 1

0

[
yse(mz) + y1−s ∑

n′∈Z

dk,m(n′, y, s)e(n′x)
]

yw−2e(−nz)dxdy

= δm,n

∫ ∞

0
ys+w−2e−2π(m−n)ydy +

∫ ∞

0
dk,m(n, y, s)yw−s−1e2πnydy

= ∑
0<c≡0(N)

d(c)∗

(
c
d

)
ϵ2k

d c−2se
(

ma + nd
c

) ∫ ∞

0
yw−s−1e−2π|n|y

×
∫ ∞

−∞
e(−nxy)(x + i)−s− k

2 (x − i)−s+ k
2 e
(
− m

c2y(x + i)

)
dxdy

= ∑
0<c≡0(N)

d(c)∗

(
c
d

)
ϵ2k

d c−2se
(

ma + nd
c

) ∫ ∞

0
yw−s−1e−2π|n|y

×
[ ∫ ∞

−∞
e(−nxy)(x + i)−s− k

2 (x − i)−s+ k
2

L

∑
j=0

1
j!

(
− 2πim

c2y(x + i)

)j

dx

+
∫ ∞

−∞
e(−nxy)(x + i)−s− k

2 (x − i)−s+ k
2

∞

∑
j=L+1

1
j!

(
− 2πim

c2y(x + i)

)j

dx
]

dy.

Here we know that [MOS66, 7.5.2]

∫ ∞

0
e−y/2ys−1Wµ,ν(y)dy =

Γ
(
s + ν + 1

2

)
Γ
(
s − ν + 1

2

)
Γ(s − µ + 1)
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for Re(s ± ν + 1/2) > 0, the first term equals

∑
0<c≡0(N)

d(c)∗

(
c
d

)
ϵ2k

d c−2se
(

ma + nd
c

) ∫ ∞

0
yw−s−1e−2π|n|y

×
[ ∫ ∞

−∞
e(−nxy)(x + i)−s− k

2 (x − i)−s+ k
2

L

∑
j=0

1
j!

(
− 2πim

c2y(x + i)

)j

dx
]

dy

= i−k
L

∑
j=0

4−w+j+2πs−w+2j+2|n|s−w+j+1(−m)j

j!Γ
(
s − k

2

) Z(N)
k,m,n(s + j)

×
∫ ∞

0
e−2π|n|y(4π|n|y)w− j

2−2W− k+j
2 ,s+ j−1

2
(4π|n|y)dy

= i−k4−w+1πs−w+1|n|s−w Γ(w + s − 1)
Γ
(
s − k

2

)
Γ
(
w + k

2

) L

∑
j=0

(−4π2m|n|)jΓ(w − s − j)
j!

Z(N)
k,m,n(s + j)

for Re(s + w) > 1 and Re(w − s) > L. We write R(N)
k,m,n(s, w; L) for the second term.

Applying this lemma to L = 0 and w = s + 2, we get

Z(N)
k,m,n(s) = ik4s+1π|n|2

Γ
(
s − k

2

)
Γ
(
s + k

2 + 2
)

Γ(2s + 1)

×
[
⟨PSel

k,m,N(z, s), PSel
−k,−n,N(z, s + 2)⟩ − R(N)

k,m,n(s, s + 2; 0)
] (2.3.14)

for m > 0 and n < 0. As for the case m > 0 and n > 0, from [Pri00, Lemma 1] we
have

⟨PSel
k,m,N(z, s), PSel

k,n,N(z, w)⟩
= δm,n(4πn)1−s−w̄Γ(s + w̄ − 1)

+ i−k4−w̄+1πs−w̄+1ns−w̄Γ(s + w̄ − 1)
L

∑
j=0

(−4π2mn)jΓ(w̄ − s − j)
j!Γ
(
s + k

2 + j
)
Γ
(
w̄ − k

2 − j
)Z(N)

k,m,n(s + j)

+ R(N)
k,m,n(s, w; L),

where δm,n is Kronecker’s delta function, and R(N)
k,m,n(s, w; L) is redefined for m, n > 0

by replacing w with w̄. In this case also applying this expression to L = 0 and



36 Chapter 2. Preliminaries

w = s̄ + 2, we have

Z(N)
k,m,n(s) = ik4s+1πn2 Γ

(
s + k

2

)
Γ
(
s − k

2 + 2
)

Γ(2s + 1)

×
[
⟨PSel

k,m,N(z, s), PSel
k,n,N(z, s̄ + 2)⟩ − δm,n(4πn)−2s−1Γ(2s + 1)− R(N)

k,m,n(s, s̄ + 2; 0)
]

.

(2.3.15)

By [Pri00, Lemma 2, (a)] we know that the functions R(N)
k,m,n(s, s̄ + 2; 0) for m > 0, n >

0 and R(N)
k,m,n(s, s + 2; 0) for m > 0, n < 0 are holomorphic for Re(s) > 0. Thus

(2.3.14), (2.3.15), and the meromorphic continuation of PSel
k,m,N(z, s) by Selberg give the

meromorphic continuation of the Kloosterman zeta function Z(N)
k,m,n(s) to Re(s) > 0.

Moreover for any ε > 0 and ε ≤ Re(s) ≤ 1 + ε, we have that

R(N)
k,m,n(s, s̄ + 2; 0) = O

(
(mn)1−Re(s)+ε

n2

)
for m > 0, n > 0,

R(N)
k,m,n(s, s + 2; 0) = O

(
(m|n|)1−Re(s)+ε

|n|2

)
for m > 0, n < 0,

(2.3.16)

as m, |n| → ∞, (see [Pri00, Lemma 2]). As for the estimates of the Petersson inner
product we have

Lemma 2.3.6. [Pri00, Lemma 3, (a)] For m > 0, 0 < ε ≤ 1/2, and 3/2 ≤ Re(s) ≤ B
with B ≥ 3/2, we have that

||PSel
k,m,N(z, s)|| = O(m1−Re(s)+ε).

Here we recall that the Cauchy-Schwarz inequality gives

|⟨PSel
k,m,N(z, s), PSel

k,n,N(z, s̄ + 2)⟩|2 ≤ ||PSel
k,m,N(z, s)|| · ||PSel

k,n,N(z, s̄ + 2)|| for n > 0,

|⟨PSel
k,m,N(z, s), PSel

−k,−n,N(z, s + 2)⟩|2 ≤ ||PSel
k,m,N(z, s)|| · ||PSel

−k,−n,N(z, s + 2)|| for n < 0

with m > 0. This and (2.3.16) give that the Kloosterman zeta function Z(N)
k,m,n(s) at

around s = 3/4 has at most polynomial growth as |n| → ∞. (If PSel
k,m,N(z, s) has a

simple pole at s = 3/4, we replace PSel
k,m,N(z, s) with (s − 3/4)PSel

k,m,N(z, s)). Therefore
we see that the first line in (2.3.10) has the moromorphic continuation at around
s = 3/4 having at most polynomial growth as |n| → ∞ for a fixed m.

Finally to get the meromorphic continuation of the Maass-Poincaré series Pk,m(z, s),
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we estimate the growth of the second line in (2.3.10) as |n| → ∞. Here we use a sim-
ilar argument as [DIT16, Section 3.2]. We easily see that it is enough to estimate the
sub-part

∑
0<c≡0(4)

Kk(m, n, c)
c

[
I2s−1

(
4π
√
|mn|

c

)
− 1

Γ(2s)

(
2π
√
|mn|

c

)2s−1]
, (2.3.17)

and the version replacing I with J. By the integral representations [GR00, 8.411.7,
8.431.3]

J̃ν(y) := Jν(y)−
(y/2)ν

Γ(ν + 1)
=

yν+1

2νΓ
(
ν + 1

2

)√
π

∫ π

0

eiy cos θ − 1
y

sin2ν θdθ,

Ĩν(y) := Iν(y)−
(y/2)ν

Γ(ν + 1)
=

yν+1

2νΓ
(
ν + 1

2

)√
π

∫ π

0

ey cos θ − 1
y

sin2ν θdθ

for Re(ν) > −1/2, we see that for a fixed 1/4 < Re(s) < 2,

J̃2s−1

(
4π
√
|mn|

c

)
≪
∣∣∣∣mn

c2

∣∣∣∣Re(s)

,

Ĩ2s−1

(
4π
√
|mn|

c

)
≪


∣∣∣∣mn

c2

∣∣∣∣Re(s)

if c >
√
|mn|,

e
4π
√

|mn|
c

∣∣∣∣mn
c2

∣∣∣∣Re(s)

if c ≤
√
|mn|.

The case of I-Bessel function, that is, mn < 0, we have trivially

∑
c≤
√

|mn|

Kk(m, n, c)
c

Ĩ2s−1

(
4π
√
|mn|

c

)
≪ e4π

√
|mn||mn|Re(s)+ 1

2 . (2.3.18)

For the remaining part, since the Kloosterman zeta function satisfies

∑
0<c≡0(4)

|Kk(m, n, c)|
c2 Re(s)+1

≪ε ∑
0<c≡0(4)

c
1
2+ε

c2 Re(s)+1

for any ε > 0 by (2.3.8), we have∣∣∣∣ ∑
c>
√

|mn|

Kk(m, n, c)
c

Ĩ2s−1

(
4π
√
|mn|

c

)∣∣∣∣≪ |mn|Re(s) (2.3.19)

for Re(s) > 1/4 + ε. We note that this estimate is very loose, of course, but it is
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enough to get the meromorphic continuation of the Maass-Poincaré series at around
s = 3/4. From the results (2.3.18) and (2.3.19), the function (2.3.17) is evaluated
by e4π

√
|mn||mn|Re(s)+1/2. Combining with the results that the Kloosterman zeta

function Z(N)
k,m,n(s) at around s = 3/4 has at most polynomial growth as |n| →

∞, we then see that bk,m(n, s) in (2.3.10) at around s = 3/4 is also evaluated by
e4π

√
|mn||mn|Re(s)+1/2. Similarly the case replacing I with J has at most polynomial

growth. On the other hand, the function Wk,n(y, s) decays exponentially as e−2π|n|y

as |n| → ∞. Therefore we see that the Fourier expansion in Theorem 2.3.3 and the
meromorphic continuation of the Kloosterman zeta functions give the meromorphic
continuation of the Maass-Poincaré series at around s = 3/4.

Finally we consider the case of mn = 0. By the definition we have bk,0(n, s) =

bk,n(0, s) and

bk,0(n, s) = 2kπs+ k
2 i−k|n|s− k

2

[
2Z(4)

k,0,n(s)− Z(8)
k,0,n(s)

]
if n ̸= 0,

bk,0(0, s) = 22k−2sπki−kΓ(2s)
[

2Z(4)
k,0,0(s)− Z(8)

k,0,0(s)
]

if n = 0,

where Z(N)
k,m,n(s) is the Kloosterman zeta function defined in (2.3.11). We now com-

pute this Kloosterman zeta function explicitly. This was given in [Shi75], [Stu80],
and [IS12]. Here we review their results. First by (2.3.9) we can assume that k = 1/2.
By the definition, this zeta function is written as

Z(N)
1/2,0,n(s) = ∑

0<c≡0(N)

1
c2s ∑

d(c)∗

(
c
d

)
ϵde
(

dn
c

)
.

As shown in [Stu80, Lemma 1, 2], we put c = Nc′ = 2rc0, where c0 is odd. Then
a coprime number d to c can be expressed as d = 2rm + c0 p with m (mod c0)∗, p
(mod 2r)∗. Then we have

∑
d(c)∗

(
c
d

)
ϵde
(

dn
c

)
= ∑

m (c0)∗
∑

p (2r)∗

(
2rc0

2rm + c0 p

)
ϵ2rm+c0 pe

(
n

2rm + c0 p
2rc0

)
.
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Since r ≥ 2, this equals

= ∑
m (c0)∗

∑
p (2r)∗

(
2r

2rm + c0 p

)(
c0

2rm + c0 p

)
ϵc0 pe

(
n

2rm + c0 p
2rc0

)

= ∑
m (c0)∗

∑
p (2r)∗

(
2r

c0

)(
2r

p

)(
c0

2rm + c0 p

)
ϵc0 pe

(
n

2rm + c0 p
2rc0

)
.

By the quadratic reciprocity law of the Kronecker symbol, we can easily show that(
2r

c0

)(
c0

2rm + c0 p

)
ϵc0 p =

(
−1
c0

)(
m
c0

)
ϵc0 ϵp

Thus we have

∑
d(c)∗

(
c
d

)
ϵde
(

dn
c

)
= ∑

m (c0)∗
∑

p (2r)∗

(
2r

p

)(
−1
c0

)(
m
c0

)
ϵc0 ϵpe

(
n

2rm + c0 p
2rc0

)
,

that is,

Z(N)
1/2,0,n(s) =

∞

∑
c0=1
odd

∞

∑
r=2(if N=4)
r=3(if N=8)

1
(2rc0)2s ∑

m (c0)∗
∑

p (2r)∗

(
2r

p

)(
−1
c0

)(
m
c0

)
ϵc0 ϵpe

(
n

2rm + c0 p
2rc0

)

=
∞

∑
c0=1
odd

1
c2s

0

(
−1
c0

)
ϵc0 ∑

m (c0)∗
e
(

n
m
c0

)(
m
c0

)
×

∞

∑
r=2(if N=4)
r=3(if N=8)

1
22rs ∑

p (2r)∗

(
2r

p

)
ϵpe
(

n
p
2r

)

=: Z̃1/2,0,n(s)× A(N)
n (s).

Then we have

2Z(4)
1/2,0,n(s)− Z(8)

1/2,0,n(s) = Z̃1/2,0,n(s)
[

2A(4)
n (s)− A(8)

n (s)
]

= Z̃1/2,0,n(s)
[

A(4)
n (s) + 2−4s(−1)⌊n/2⌋(1 + i)

]
.
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In particular since n ≡ 0, 1 (mod 4), it holds that (−1)⌊n/2⌋ = 1. Therefore the prob-
lem is replaced with computing two functions Z̃1/2,0,n(s) and the multiplicative fac-
tor. Actually, Shimura [Shi75, Proposition 1] computed Z̃1/2,0,n(s), and Ibukiyama-
Saito [IS12, Section 2] computed this multiplicative factor. We thus have

b1/2,0(Dm2, s) = 22−4sπs+1/4|D|s−1/4 LD(2s − 1/2)
ζ(4s − 1) ∑

n|m
µ(m/n)

(
D

m/n

)
n3/2−2sσ4s−2(n)

b1/2,0(0, s) = π1/225/2−6sΓ(2s)
ζ(4s − 2)
ζ(4s − 1)

,

(2.3.20)

for a positive integer m and a fundamental discriminant D or D = 1, (see [DIT11a,
(2.24), (2.25)]). Moreover by Theorem 2.3.3 and (2.3.9), we have the following lemma.

Lemma 2.3.7. Let k = λk + 1/2. Then

bk,m(n, s) = (−1)⌊
λk+1

2 ⌋b1/2,(−1)λk m((−1)λk n, s)

×


|mn| 1−2k

4 if m ̸= 0, n ̸= 0,
2k− 1

2 π
2k−1

4 |m + n|− 2k−1
4 if mn = 0, m + n ̸= 0,

22k−1πk− 1
2 if m = n = 0.

Since the value LD(s) has at most polynomial growth as D → ∞, that is, bk,m(n, s)
also does as |n| → ∞, this gives the meromorphic continuation to the whole s-plane.
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Chapter 3

The construction of polyharmonic
weak Maass forms

3.1 Laurent expansion of the Maass-Poincaré series

In Section 2.3, we considered the Maass-Poincaré series Pk,m(z, s) and P+
k,m(z, s), and

gave the meromorphic continuation. Especially the differential equation (2.3.2)

∆kPk,m(z, s) =
(

s − k
2

)(
1 − k

2
− s
)

Pk,m(z, s)

also holds for P+
k,m(z, s). We now consider the Laurent expansion of these Poincaré

series at the harmonic points s = k/2 or 1 − k/2 according as k > 1 or k < 1,
respectively. Then we denote by Fk,m,ℓ(z) and Gk,m,ℓ(z) the ℓ-th Laurent coefficients,
that is, we have

Pk,m(z, s) =


∑
ℓ∈Z

Fk,m,ℓ(z)
(

s +
k
2
− 1
)ℓ

if k ≤ 0,

∑
ℓ∈Z

Gk,m,ℓ(z)
(

s − k
2

)ℓ

if k ≥ 2,
(3.1.1)

for an integral weight k ∈ Z, and

P+
k,m(z, s) =


∑
ℓ∈Z

Fk,m,ℓ(z)
(

s +
k
2
− 1
)ℓ

if k ≤ 1/2,

∑
ℓ∈Z

Gk,m,ℓ(z)
(

s − k
2

)ℓ

if k ≥ 3/2,
(3.1.2)

for a half-integral weight k ∈ Z + 1/2. In order to investigate these Laurent coeffi-
cients, we prepare the following results.
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Lemma 3.1.1. Let φk,m(y, s) be as (2.3.1). For any k ∈ 1
2 Z and m ∈ Z, we have

ξk φk,m(y, s)e(mx) =


(4π|m|)1−k

(
s̄ − k

2

)
φ2−k,−m(y, s̄)e(−mx) if m ̸= 0,(

s̄ − k
2

)
φ2−k,0(y, s̄) if m = 0,

Proof. This immediately follows from Lemma 2.1.4.

Theorem 3.1.2 (Theorem 1.1.5). Let k ∈ 1
2 Z be a half-integer. For m ̸= 0 we have

ξkFk,m,ℓ(z) = (4π|m|)1−k
{
(1 − k)G2−k,−m,ℓ(z) + G2−k,−m,ℓ−1(z)

}
,

ξkGk,m,ℓ(z) = (4π|m|)1−kF2−k,−m,ℓ−1(z),
(3.1.3)

and for m = 0,

ξkFk,0,ℓ(z) = (1 − k)G2−k,0,ℓ(z) + G2−k,0,ℓ−1(z),

ξkGk,0,ℓ(z) = F2−k,0,ℓ−1(z).
(3.1.4)

Proof. For an even integer k ≤ 0, by (3.1.1) we have

Pk,m(z, s) = ∑
ℓ∈Z

Fk,m,ℓ(z)
(

s +
k
2
− 1
)ℓ

.

By Lemma 2.2.1 and Lemma 3.1.1, for m ̸= 0 we have

ξkPk,m(z, s) = ∑
γ∈Γ∞\Γ

(ξk φk,m(y, s)e(mx))
∣∣
2−kγ

= (4π|m|)1−k
(

s̄ − k
2

)
P2−k,−m(z, s̄)

= (4π|m|)1−k
(

s̄ − k
2

)
∑
ℓ∈Z

G2−k,−m,ℓ(z)
(

s̄ − 2 − k
2

)ℓ

= (4π|m|)1−k ∑
ℓ∈Z

[
(1 − k)G2−k,−m,ℓ(z) + G2−k,−m,ℓ−1(z)

](
s̄ +

k
2
− 1
)ℓ

.

On the other hand, the Laurent expansion of the left-hand side is given by

ξkPk,m(z, s) = ∑
ℓ∈Z

aℓ(z)
(

s̄ +
k
2
− 1
)ℓ

,
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where the Laurent coefficients aℓ(z) are given by

aℓ(z) =
1

2πi

∫
C

ξkPk,m(z, s)ds̄(
s̄ + k

2 − 1
)ℓ+1 .

Here C is a Jordan curve lying in an annulus in which the function ξkPk,m(z, s) is anti-
holomorphic in s, (i.e. holomorphic in s̄) , and going around the point s̄ = 1 − k/2.
By the analyticity of Pk,m(z, s), we have

aℓ(z) = ξk

[
1

2πi

∫
−C̄

Pk,m(z, s)ds(
s + k

2 − 1
)ℓ+1

]
= ξkFk,m,ℓ(z).

Thus term by term comparison in (s̄ + k/2 − 1)ℓ yields

ξkFk,m,ℓ(z) = (4π|m|)1−k
{
(1 − k)G2−k,−m,ℓ(z) + G2−k,−m,ℓ−1(z)

}
.

The remaining cases follow by the same argument. For a half-integer k ∈ Z + 1/2,
they also follow from the definition of Kohnen’s projection operator and Lemma
2.2.1.

We now check when the Laurent coefficient with a negative index does not van-
ish. First, we consider the integral weight case. By the Weil bound (2.3.7), unless
m = n = 0, the series in the coefficients ck,m(n, s) in Theorem 2.3.1 converges abso-
lutely at s = k/2 if k ≥ 2 and s = 1 − k/2 if k ≤ 0. As for m = n = 0, we easily see
that

ck,0(0, s) = (−4πi)k Γ(2s)
4s ∑

c>0

φ(c)
c2s

= (−4πi)k Γ(2s)
4s

ζ(2s − 1)
ζ(2s)

,
(3.1.5)

where φ(c) is Euler’s totient function. Thus this coefficient ck,0(0, s) has a simple
pole at s = 1. Since the multiplicative term Wk,n(y, s) has no pole at these points, we
have Fk,m,ℓ(z) = Gk,m,ℓ(z) = 0 for all ℓ < 0 when k < 0, k > 2. For k = 2, since the
simple pole of c2,0(0, s) at s = 1 is cancelled out by the zero of the function W2,0(y, s),
it also holds that G2,m,ℓ(z) = 0 for all ℓ < 0. On the other hand, for k = 0 the simple
pole of c0,0(0, s) is not cancelled out, and we thus have F0,m,ℓ(z) = 0 for all ℓ < 0
except for F0,0,−1(z) = 3/π.
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As for the half-integral weight case, the coefficients bk,m(n, s) similarly converge
absolutely at s = k/2 if k > 3/2 and s = 1 − k/2 if k < 1/2. For k = 1/2 and 3/2 we
need the meromorphic continuation to Re(s) = 3/4 discussed in Section 2.3. From
(2.3.20), the coefficient b1/2,0(n, s) has a simple pole at s = 3/4 with residue

Ress= 3
4

b1/2,0(m2, s) =
3

2π ∑
n|m

µ(m/n)σ1(n) =
3m
2π

(the Möbius inversion formula)

for a positive integer m, 3/(16π) if n = 0, and 0 otherwise. Thus we have

F1/2,0,−1(z) =
3

16π
W1/2,0(y, 3/4) + ∑

n>0

3n
2π

W1/2,n2(y, 3/4)e(n2x)

=
3

4π
+ ∑

n>0

3
2π

qn2
=

3
4π

θ(z).

For m ̸= 0, by the meromorphic continuation of P+
1/2,m(z, s), we see that F1/2,m,ℓ(z) =

0 for ℓ ≤ −2. Then by Theorem 1.1.5, we see that F1/2,m,−1(z) with m ̸= 0 is anni-
hilated by the action of ∆1/2. Moreover by the Fourier expansion of P+

1/2,m(z, s) in
Theorem 2.3.3 and Lemma 2.1.2, we see that F1/2,m,−1(z) has no exponentially grow-
ing term. Thus ξ1/2F1/2,m,−1(z) ∈ H1/2

3/2 strictly. However, it is well-known that the
space M3/2 of holomorphic modular forms without Kohnen’s plus-condition is gen-
erated by θ(z)3. (see [Kob93, Proposition 4 in Section IV-1]). Since the function θ(z)3

does not satisfy the plus-condition, there is no function in H1/2
3/2 . Thus the function

F1/2,m,−1(z) should be a holomorphic modular form of weight 1/2, that is, a multiple
of the theta function. By the symmetric property (2.3.6), the function F1/2,m,−1(z) has
the constant term 3

√
m/(2π) · W1/2,0(y, 3/4) = 6

√
m/π if m is a square number,

and 0 otherwise. In conclusion we have

Lemma 3.1.3. [DIT11a, Lemma 3] Let m be an integer. Then we have

F1/2,m,−1(z) = θ(z)×


3

4π
if m = 0,

6
√

m
π

if m is a non-zero square,

0 otherwise.

For k = 3/2, by Lemma 3.1.3 and Theorem 1.1.5, we easily see that G3/2,m,ℓ(z) =
0 for all m ∈ Z and ℓ < 0.

Then the following theorem holds.
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Theorem 3.1.4. Let k ∈ 1
2 Z be a half-integer, m ∈ Z an integer. Then the functions

Fk,m,ℓ(z) and Gk,m,ℓ(z) are polyharmonic weak Maass forms of weight k on Γ = SL2(Z) if
k ∈ Z and Γ = Γ0(4) if k ∈ Z + 1/2.

Proof. By Theorem 1.1.5, and the fact ∆k = −ξ2−k ◦ ξk, the action of ∆k decreases
the index ℓ. Since the functions Fk,m,ℓ(z) and Gk,m,ℓ(z) are 0 for a negative ℓ < 0
(or ℓ < −1 in exceptional cases), these functions are annihilated by a number of
iterations of the action of the ∆k. The smoothness and the modular transformation
law are inherited from the Maass-Poincaré series Pk,m(z, s). Moreover by Lemma
2.1.2, Theorem 2.3.1, and Theorem 2.3.3, we see that the exponentially growing terms
u[j],+

k,n (y) can come from only the term φk,m(z, s) in the Fourier expansion, that is, there

are only finitely many u[j],+
k,n (y) in the Fourier-Whittaker expansion of Fk,m,ℓ(z) and

Gk,m,ℓ(z). Therefore these functions are polyharmonic weak Maass forms of weight
k.

We next construct a basis for Hr,!
k in terms of the functions Fk,m,ℓ(z) and Gk,m,ℓ(z)

explicitly as a generalization of Lagarias-Rhoades’ works [LR16]. The strategy is as
follows. First we recall Duke-Jenkins’ works [DJ08a, DJ08b] on a basis for the space
of weakly holomorphic modular forms H1/2,!

k . After that, generalizing Lagarias-
Rhoades’ works, we construct a basis for Hr

k for any k ∈ 1
2 Z. Finally we prove

Theorem 1.1.4 and the half-integral weight version (Theorem 3.3.2) as our first main
result.

3.2 Basis for H1/2,!
k

Duke-Jenkins [DJ08a, DJ08b] constructed a standard basis for the space H1/2,!
k = M!

k

of weakly holomorphic modular forms. First we recall the case of integral weight.
For an even integer k ∈ 2Z, we define an integer ℓk by k = 12ℓk + k′ where k′ ∈
{0, 4, 6, 8, 10, 14}. By using the valence formula for weakly holomorphic modular
forms on SL2(Z), we see that for each integer m ≥ −ℓk, there exists the unique
weakly holomorphic modular form fk,m(z) with the Fourier expansion of the form

fk,m(z) = q−m + ∑
n>ℓk

ak(m, n)qn.
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Then they showed that the set { fk,m(z) | m ≥ −ℓk} is a basis of M!
k, and these func-

tions are given by the generating function

∑
m≥−ℓk

fk,m(τ)qm =
fk(τ) f2−k(z)
j(z)− j(τ)

,

where fk(z) := ∆(z)ℓk Ek′(z) with Ek′(z) := Gk′,0,0(z) for k′ > 0 and E0(z) := 1. In
particular they follow that ak(m, n) ∈ Z and

ak(m, n) = −a2−k(n, m), (3.2.1)

(see [DJ08a, Corollary 1]). For example, the first few of the basis with k = 0 are given
by

f0,0(z) = 1,

f0,1(z) = j(z)− 744 = q−1 + 196884q + 21493760q2 + · · · ,

f0,2(z) = j(z)2 − 1488j(z) + 159768 = q−2 + 42987520q + 40491909396q2 + · · · .

(3.2.2)

We now describe these basis functions fk,m(z) in terms of our functions Fk,m,ℓ(z)
and Gk,m,ℓ(z). Our first goal is to show the following proposition.

Proposition 3.2.1. Let k ∈ 2Z. Under the above notations, the function fk,m(z) is ex-
pressed in terms of the functions Fk,m,ℓ(z), Gk,m,ℓ(z) as follows.

1. For k < 0,

fk,m(z) = Fk,−m,0(z) + ∑
ℓk<n<0

ak(m, n)Fk,n,0(z).

2. For k = 0 and m > 0, f0,m(z) = F0,−m,0(z)− 24σ1(m), and f0,0(z) = (π/3)F0,0,−1(z) =
1.

3. For k = 2, f2,m(z) = G2,−m,0(z).

4. For k ≥ 4, the set {Gk,m,0(z) | 0 < m ≤ ℓk} is a basis for the space Sk of holomorphic
cusp forms.

(a) For m > 0, fk,m(z)− Γ(k)Gk,−m,0(z) is a holomorphic cusp form.

(b) For m = 0, fk,0(z)− Gk,0,0(z) is a holomorphic cusp form.

(c) For m < 0, fk,m(z) is a holomorphic cusp form.
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Let k < 0 be an even integer. Then ℓk < 0, that is, m ≥ −ℓk > 0 holds. Note that
by Lemma 2.1.2,

φk,m(y, s) =
esgn(m)πi k

2

Γ
(
s − sgn(m) k

2

) (4π|m|y)− k
2 M+

sgn(m) k
2 ,s− 1

2
(4π|m|y)

+
e−πi(s−sgn(m) k

2 )

Γ
(
s + sgn(m) k

2

) (4π|m|y)− k
2 Wsgn(m) k

2 ,s− 1
2
(4π|m|y).

(3.2.3)

Then by Theorem 2.3.1 and (2.1.5), we have

Fk,−m,0(z) := Pk,−m

(
z, 1 − k

2

)
= q−m − (4πm)−

k
2

Γ(1 − k)
u[0],−

k,−m(y)e(−mx) + ck,−m

(
0, 1 − k

2

)
(4π)1−k

Γ(2 − k)

+ ∑
n ̸=0

ck,−m

(
n, 1 − k

2

)
|n|k−1(4π|n|)− k

2

Γ
(
1 − k

2 + sgn(n) k
2

)u[0],−
k,n (y)e(nx).

(3.2.4)

Here we use (2.1.1). Since u[0],−
k,n (y) decays exponentially as y → ∞ by Proposition

2.1.8, the function

fk,m(z)−
[

Fk,−m,0(z) + ∑
ℓk<n<0

ak(m, n)Fk,n,0(z)
]

(3.2.5)

has no exponentially growing term. In addition by Lemma 2.1.10, we see that its ξk-
image should be a holomorphic cusp form. However since any preimage of a non-
zero holomorphic cusp form must have exponentially growing terms (see [BFOR17,
Lemma 5.13]), the function (3.2.5) is a holomorphic modular form of weight k < 0,
that is, equals 0.

Next we let k = 0. Then ℓ0 = 0, and f0,m(z) is given as the polynomial in j(z) of
the form q−m +O(q) like as (3.2.2). Thus we have f0,0(z) = 1 = (π/3)F0,0,−1(z), and
for m > 0 by (3.2.4) we have

F0,−m,0(z) = q−m −u[0],−
0,−m(y)e(−mx)+ 4πc0,−m(0, 1)+ ∑

n ̸=0
c0,−m(n, 1)|n|−1u[0],−

0,n (y)e(nx).
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Similar as above, we see that F0,−m,0(z) − f0,m(z) = 4πc0,−m(0, 1). Here the coeffi-
cient ck,m(0, s) with m ̸= 0 is given by

ck,m(0, s) = 2kπs+ k
2 i−k|m|s− k

2 ∑
c>0

1
c2s ∑

a(c)∗
e2πi am

c

= 2kπs+ k
2 i−k|m|−s− k

2+1 σ2s−1(|m|)
ζ(2s)

,

(3.2.6)

which was shown by Ramanujan [Ram18]. In particular, c0,−m(0, 1) = 6σ1(m)/π,
that is, F0,−m,0(z)− f0,m(z) = 24σ1(m) holds.

For k = 2, it holds that ℓ2 = −1. In general, for k ≥ 2 and m > 0, by (3.2.3) we
have

Gk,−m,0(z) := Pk,−m

(
z,

k
2

)
=

1
Γ(k)

[
q−m + ∑

n>0
ck,−m

(
n,

k
2

)
nk−1qn

]
.

(3.2.7)

Then we see that G2,−m,0(z)− f2,m(z) is a holomorphic modular form of weight 2 on
SL2(Z), that is, equals 0. As for k > 2, we recall Petersson’s result.

Theorem 3.2.2. [Pet50, Satz 3, special case, modified version] Let k ∈ 1
2 Z with k ≥ 3/2

and I be a finite set of positive integers. Then for constants αm ∈ C,

∑
m∈I

αmGk,m,0(z) ≡ 0

if and only if there exists a weakly holomorphic modular form of weight 2 − k of the form

∑
m∈I

αm

mk−1 q−m + O(1).

Proof. Since Gk,m,−1(z) = 0 for any k ≥ 3/2 and m > 0, by Theorem 1.1.5 we have

0 = ∑
m∈I

αmGk,m,0(z) = ∑
m∈I

ξ2−k

(
αm

(4πm)1−k

k − 1
F2−k,−m,0(z)

)
=

(4π)1−k

k − 1
ξ2−k

[
∑

m∈I

αm

mk−1 F2−k,−m,0(z)
]

.
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Then the inner sum is a weakly holomorphic modular form of weight 2 − k, and by
(3.2.4) this has the Fourier expansion of the form

∑
m∈I

αm

mk−1 q−m + O(1).

By the results 1, 2 of Proposition 3.2.1, the converse also holds.

By this theorem and an easy remark

ℓk + ℓ2−k = −1, (3.2.8)

we can easily check that the set {Gk,m,0(z) | 0 < m ≤ ℓk} is a basis for the space
Sk of holomorphic cusp forms of weight k on SL2(Z). Note that this implies the
well-known fact dimC Sk = ℓk. For m = 0, by Theorem 2.3.1 and (3.2.6) it holds that

Gk,0,0(z) = 1 +
(−2πi)k

Γ(k)ζ(k) ∑
n>0

σk−1(n)qn.

Thus fk,0(z)− Gk,0,0(z) is a holomorphic cusp form. Similarly by (3.2.7), for m > 0,

fk,m(z)− Γ(k)Gk,−m,0(z)

is a holomorphic cusp form. This concludes the proof of Proposition 3.2.1.

We next consider the case of half-integral weight with Kohnen’s plus condition.
Duke-Jenkins [DJ08b] constructed the following similar basis by using the Shimura
correspondence. Here we shall review their results. For k = λk + 1/2 with an integer
λk ∈ Z, we define an integer ℓk by 2λk = 12ℓk + k′ where k′ ∈ {0, 4, 6, 8, 10, 14}.
Moreover we put

Ak :=

{
2ℓk − (−1)λk if ℓk is odd,
2ℓk if ℓk is even.

(3.2.9)

For each integer m ≥ −Ak satisfying (−1)λk−1m ≡ 0, 1(4), there exists the unique
weakly holomorphic modular form fk,m(z) with Fourier expansion of the form

fk,m(z) = q−m + ∑
n>Ak

(−1)λk n≡0,1(4)

ak(m, n)qn. (3.2.10)
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In particular, these coefficients are integral and satisfy the same relation as (3.2.1)

ak(m, n) = −a2−k(n, m).

Then Duke-Jenkins showed that the set { fk,m(z) | m ≥ −Ak, (−1)λk−1m ≡ 0, 1(4)} is
a basis for H1/2,!

k . In this case also we show the following proposition.

Proposition 3.2.3. Let k ∈ Z + 1/2. Under the above notations, the function fk,m(z) is
expressed in terms of the functions Fk,m,r(z), Gk,m,r(z) as follows.

1. For k < 1/2,

fk,m(z) = Fk,−m,0(z) + ∑
Ak<n<0

(−1)λk n≡0,1(4)

ak(m, n)Fk,n,0(z).

2. For k = 1/2 and m > 0, f1/2,m(z) = F1/2,−m,0(z), and f1/2,0(z) = (4π/3)F1/2,0,−1(z) =
θ(z).

3. For k = 3/2,

(a) If m is not a square, then f3/2,m(z) =
√

π

2
G3/2,−m,0(z).

(b) If m is a non-zero square, then

f3/2,m(z) =
√

π

2

(
G3/2,−m,0(z)−

4√
π

G3/2,0,0(z)
)

.

4. For k > 3/2, the set {Gk,m,0(z) | 0 < m ≤ Ak} is a basis for the space Sk of
holomorphic cusp forms.

(a) For m > 0, fk,m(z)− Γ(k)Gk,−m,0(z) is a holomorphic cusp form.

(b) For m = 0, fk,0(z)− Gk,0,0(z) is a holomorphic cusp form.

(c) For m < 0, fk,m(z) is a holomorphic cusp form.

The cases of k < 1/2 and k > 3/2 follow in parallel to the cases of integral weight
k < 0 and k > 2. We let k = 1/2. Then A0 = 0, and by Lemma 3.1.3 we have

f1/2,0(z) =
4π

3
F1/2,0,−1(z) = θ(z).

For m > 0, similar as the case of k < 0 we see that f1/2,m(z) = F1/2,−m,0(z). As for
k = 3/2, we have A3/2 = −1. For m > 0, we consider the function G3/2,−m,0(z). By
Theorem 1.1.5 and Lemma 3.1.3, we see that G3/2,−m,0(z) with a non-square m is a
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weakly holomorphic modular form while G3/2,−m,0(z) with a square m is a harmonic
weak Maass form. However for a square m, we see that the function

G3/2,−m,0(z)−
4√
π

G3/2,0,0(z)

is annihilated by the action of ξ3/2, that is, this is a weakly holomorphic modular
form. By the fact that H1/2

3/2 = M+
3/2 = {0}, the remaining arguments are similar as

in the case of k = 2. We conclude the proof of Proposition 3.2.3.

Remark 3.2.4. For k ≥ 5/2, we can also express the Duke-Jenkins basis in terms of
our functions Gk,m,r(z) explicitly. For example, Jeon-Kang-Kim [JKK-pre] gave such
expression by using the Petersson inner product.

3.3 Basis for Hr
k and Hr,!

k

In this section, we first give a basis for the space Hr
k of polyharmonic (non-weak)

Maass forms. After that we give a proof of Theorem 1.1.4 and Theorem 3.3.2 for
half-integral weight.

The integral weight and non-weak case (Theorem 1.1.2) was shown by Lagarias-
Rhoades. Here we consider the case of half-integral weight k ∈ Z + 1/2 as an ana-
logue of their work. Since we always assume Kohnen’s plus-condition, the behavior
of f ∈ Hr

k at the cusps 0 and 1/2 is determined by that at i∞. We recall that Fk,m,ℓ(z)
and Gk,m,ℓ(z) are defined by

P+
k,m(z, s) =


∑
ℓ∈Z

Fk,m,ℓ(z)
(

s +
k
2
− 1
)ℓ

if k ≤ 1/2,

∑
ℓ∈Z

Gk,m,ℓ(z)
(

s − k
2

)ℓ

if k ≥ 3/2,

after taking the meromorphic continuation. In addition, we recall that the coeffi-
cients Fk,m,ℓ(z) and Gk,m,ℓ(z) vanish if ℓ < 0 except for F1/2,n2,−1(z) ̸= 0 with n ≥ 0.
Our first main goal in this section is to show the following theorem.

Theorem 3.3.1. Let r ≥ 1 be an integer, and k ∈ Z + 1/2. Then

1. For k ≤ −1/2, H1/2
k = {0} and {Fk,0,0(z), . . . , Fk,0,r−1(z)} is a basis for Hr

k =

Hr+1/2
k .

2. For k = 1/2, {F1/2,0,−1(z), . . . , F1/2,0,r−2(z)} is a basis for Hr
1/2 = Hr−1/2

1/2 .
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3. For k = 3/2, H1/2
3/2 = {0} and {G3/2,0,0(z), . . . , G3/2,0,r−1} is a basis for Hr

3/2 =

Hr+1/2
3/2 .

4. For k ≥ 5/2, we have Hr
k = Hr−1/2

k = Er
k + Sk, where Er

k is spanned by a basis
{Gk,0,0(z), . . . , Gk,0,r−1(z)} and Sk consists of holomorphic cusp forms on Γ0(4).

The argument of the proof is similar as [LR16, Proof of Proposition 10.1]. First we
let k = 1/2. It is known that the space H1/2

1/2 = M+
1/2 of holomorphic modular forms

with Kohnen’s plus condition has dimension 1 and is spanned by the theta function
θ(z). By Proposition 2.1.9, every f (z) ∈ H1

1/2 has a Fourier expansion of the form

f (z) = ∑
n≡0,1(4)

c−n u[0],−
1/2,n(y)e(nx) + c+0 .

By the action of ξ1/2, we have

ξ1/2 f (z) =
1
2

c−0 u[0],+
3/2,0(y)− ∑

0<n≡0,3(4)
c−−nu[0],−

3/2,n(y)e(nx)

=
1
2

c−0 − ∑
0<n≡0,3(4)

c−−n(4πn)3/4qn,

that is, ξ1/2 f (z) is a holomorphic modular form of weight 3/2. However since there
is no function in H1/2

3/2 = M+
3/2, the result ξ1/2 f (z) should be 0. Thus we see that

f has depth 1/2 actually. Similarly we can show that Hr
1/2 = Hr−1/2

1/2 by induc-
tion. Next we show dimHr+1

1/2 ≤ dimHr
1/2 + 1. We assume that dimHr

1/2 = m
and dimHr+1

1/2 ≥ m + 2. Then we can take m + 2 linearly independent functions
f0(z) = θ(z), f1(z), . . . fm+1(z) ∈ Hr+1

1/2 . On the other hand, for 1 ≤ i ≤ m + 1, it
holds that 0 ̸= ∆1/2 fi(z) ∈ Hr

1/2. By our assumption of dimHr
1/2 = m, there are

some constants αi ∈ C such that ∑m+1
i=1 αi∆1/2 fi(z) = 0. Thus g(z) := ∑m+1

i=1 αi fi(z)
satisfies ∆1/2g(z) = 0, that is, g(z) = θ(z) up to a constant multiple. This contradicts
our assumption. By Theorem 1.1.5 we easily see that F1/2,0,r−2(z) ∈ Hr

1/2\Hr−1
1/2 . This

concludes the proof for k = 1/2.

As for k = 3/2, there is no holomorphic modular form in H1/2
3/2 , and G3/2,0,0(z)

is a harmonic Maass form. If there exists another function f ∈ H1
3/2, then we have

ξ3/2 f (z) = θ(z) up to a constant multiple. That means that there exists a constant
α such that G3/2,0,0(z) − α f (z) is a holomorphic modular form of weight 3/2, that
is, equals to 0. Thus we see that the space H1

3/2 has dimension 1. By the above
result, every f (z) ∈ H3/2

3/2 satisfies ξ3/2 f (z) = θ(z) up to a constant multiple, that is,
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H3/2
3/2 = H1

3/2 holds. By the same argument, we can conclude the proof for k = 3/2.

We can also show the remaining cases. For k ≥ 5/2, we note that any function
F(z) ∈ H1,!

2−k satisfying ξ2−kF(z) = f (z) ∈ Sk must not be in H1
2−k (see [BFOR17,

Lemma 5.13]). Then we can easily check that for any f (z) ∈ Hr
k\Sk, there exists

ℓ ∈ Z≥0 such that ∆ℓ
k f (z) = Gk,0,0(z) up to a constant multiple. The remaining proof

is completely similar as above.

Finally we give a proof of Theorem 1.1.4 and its half-integral weight version as
follows.

Theorem 3.3.2. Let r ∈ 1
2 Z>0 be a positive half-integer. For a half-integer k = λk +

1/2 ∈ Z + 1/2, we define an integer Ak as (3.2.9). For each integer m ≥ −Ak with
(−1)λk−1m ≡ 0, 1 (mod 4), the unique weakly holomorphic modular form fk,m(z) is given
as in (3.2.10). Then the set

∪2r
i=1 H

i/2,!
k is a basis for Hr,!

k . Here each set Hi/2,!
k is given by

Hℓ,!
k =


{Fk,m,ℓ−1(z) | m > Ak, (−1)λk m ≡ 0, 1(4)} if k ≤ −1/2,
{F1/2,m,ℓ−1(z)− 8

√
mδ□(m)F1/2,0,ℓ−1(z) | 0 < m ≡ 0, 1(4)} if k = 1/2,

{G3/2,m,ℓ(z) | 0 < m ≡ 0, 3(4)} ∪ {G3/2,0,ℓ−1(z)} if k = 3/2,
{G̃k,m,ℓ(z) | m > Ak, (−1)λk m ≡ 0, 1(4)} if k ≥ 5/2,

Hℓ−1/2,!
k =


{F̃k,m,ℓ−1(z) | m ≤ Ak, (−1)λk m ≡ 0, 1(4)} if k ≤ −1/2,
{F1/2,m,ℓ−1(z) | 0 > m ≡ 0, 1(4)} ∪ {F1/2,0,ℓ−2(z)} if k = 1/2,
{G3/2,m,ℓ−1(z)− 4√

π
δ□(−m)G3/2,0,ℓ−1(z) | 0 > m ≡ 0, 3(4)} if k = 3/2,

{Gk,m,ℓ−1(z) | m ≤ Ak, (−1)λk m ≡ 0, 1(4)} if k ≥ 5/2

for ℓ ∈ Z≥1, where δ□(m) equals 1 or 0 according as m is square, and we put F̃k,m,ℓ−1(z), G̃k,m,ℓ(z)
as follows．

F̃k,m,ℓ−1(z) := Fk,m,ℓ−1(z) + ∑
Ak<n<0

(−1)λk n≡0,1(4)

ak(−m, n)Fk,n,ℓ−1(z),

G̃k,m,ℓ(z) := mk−1Gk,m,ℓ(z)− ∑
0<n≤Ak

(−1)λk n≡0,1(4)

ak(−n, m)nk−1Gk,n,ℓ(z).

Proof. We prove two theorems (Theorem 1.1.4 and Theorem 3.3.2) simultaneously.
Proposition 3.2.1 and 3.2.3 implies that the set H1/2,!

k is a basis for H1/2,!
k . For higher

depth, by Theorem 1.1.5 we see that the image set of Hℓ,!
k (resp. Hℓ−1/2,!

k ) under
ξk ◦ ∆ℓ−1

k (resp. ∆ℓ−1
k ) also consists of a basis for H1/2,!

2−k (resp. H1/2,!
k ) by using the
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facts (3.2.8) and

Ak + A2−k =

{
−1 if λk ≡ ℓk (mod 2),
−3 if λk ̸≡ ℓk (mod 2).

That means the functions in Hℓ,!
k (resp. Hℓ−1/2,!

k ) are linearly independent. Here
we assume that there exists another function f ∈ Hr,!

k \Hr−1/2,!
k . Then its image un-

der (2r − 1)-times action of ξ-operator is expressed as a linear combination of basis
functions of weakly holomorphic modular forms. That means that a suitable linear
combination of f (z) and functions in Hr,!

k is in Hr−1/2,!
k . Therefore we see that the set∪2r

i=1 H
i/2,!
k spans the space Hr,!

k inductively.
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Chapter 4

Traces of CM values and cycle
integrals

In this chapter, we give the precise statement of Theorem 1.2.1, and prove it.

4.1 CM values

First we recall the definition of the twisted traces of CM values. For a non-square
discriminant d ≡ 0, 1 (mod 4), we define Qd and Q+

d as in (1.2.1). In addition for a
fundamental discriminant D, we consider a genus character defined by

χD(Q) :=

{ (D
r

)
, (a, b, c, D) = 1 and (r, D) = 1 where Q represents r,

0, (a, b, c, D) > 1.
(4.1.1)

It is known that this character is well-defined on QdD/ SL2(Z). For more details, see
[GKZ87, Section I-2]. When the product dD < 0, for a polyharmonic weak Maass
form f ∈ Hr,!

2k with k ∈ Z, we define the twisted trace of CM values of f by

Trd,D( f ) := ∑
Q∈Q+

dD/ SL2(Z)

2
wQ

χD(Q)×


(R|k|

2k f )(αQ) if k < 0,
f (αQ) if k = 0,
(Lk

2k f )(αQ) if k > 0,

where Rk and Lk are the raising and lowering operator defined in Definition 2.2.2,
and we put R|k|

k := R−2 ◦ R−4 ◦ · · · ◦ R2k and Lk
2k := L2 ◦ L4 ◦ · · · ◦ L2k. By (2.3.3) and

(2.3.4), we immediately see that

(4π|m|)−k Γ(s)
Γ(s − |k|)P0,m(z, s) =

{
R|k|

2k P2k,m(z, s) if k < 0,
Lk

2kP2k,m(z, s) if k > 0
(4.1.2)
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for m ̸= 0, and for m = 0

Γ(s)
Γ(s − |k|)P0,0(z, s) =

{
R|k|

2k P2k,0(z, s) if k < 0,
Lk

2kP2k,0(z, s) if k > 0.
(4.1.3)

By these relations, the problems on any weight k ∈ 2Z come down to the case of
weight 0 studied in [DIT11a]. First we review their results.

Our first aim is to compute the twisted trace Trd,D(P0,m(z, s)) for a discriminant
d and a fundamental discriminant D or D = 1 with dD < 0. The following lemma
plays a crucial role to this aim.

Lemma 4.1.1. [DIT11a, Lemma 8] Let ϕ : R>0 → C be a function satisfying ϕ(y) =

O(yα) as y → 0 for some α > 1, and suppose that dD is not a square, (not necessary to be
negative). Then for all m ∈ Z we have the identity

∑
Q∈Q+

dD/Γ∞

χD(Q)ϕ(Im(zQ))e(m Re(zQ)) =
1
2 ∑

n|m
∑

0<c≡0(4)

(
D
n

)K+
(
d, m2D

n2 , c
)

√
c

ϕ

(
2
√
|dD|

nc

)
,

where

K+(m, n, c) :=
√

2e−
πi
4

(
1 +

(
4

c/4

))
K1/2(m, n, c),

and zQ is defined by αQ, that is, the root of Q(z, 1) = 0 in H for dD < 0, and the apex of the
circle SQ, that is,

zQ :=
−b
2a

+
i
√

dD
2|a|

for Q(z, 1) = az2 + bz + c with discriminant 0 < dD ̸= □.

Proof. Considering the complete set of representatives of Q+
dD/Γ∞ explicitly, we get

the preliminary formula in terms of the Salié sum Sm(d, D, c), (see the proof of
[DIT11a, Lemma 8]). Combining with [DIT11a, Proposition 3], we obtain this lemma.

From this lemma, we can compute the twisted trace Trd,D(P0,m(z, s)) explicitly.
By the definition of P0,m(z, s), we have

P0,m(αQ, s) = ∑
γ∈Γ∞\Γ

φ0,m(Im(γαQ), s)e(m Re(γαQ))

=
wQ

2 ∑
γ∈Γ∞\Γ/ΓQ

φ0,m(Im(γαQ), s)e(m Re(γαQ)),
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and hence

Trd,D(P0,m(z, s)) = ∑
Q∈Q+

dD/Γ

χD(Q) ∑
γ∈Γ∞\Γ/ΓQ

φ0,m(Im(γαQ), s)e(m Re(γαQ))

= ∑
Q∈Q+

dD/Γ∞

χD(Q)φ0,m(Im(αQ), s)e(m Re(αQ)).

Here we use γαQ = αQγ. By Lemma 4.1.1 for Re(s) > 1, we thus have

Trd,D(P0,m(z, s)) =
1
2 ∑

n|m
n>0

∑
0<c≡0(4)

(
D
n

)K+
(
d, m2D

n2 , c
)

√
c

φ0,m

(
2
√
|dD|

nc
, s
)

.

Moreover by Lemma 2.1.6, for m ̸= 0

φ0,m

(
2
√
|dD|

nc
, s
)
=

Γ
(
s + 1

2

)
Γ(2s)

22s−1
(

8π|m|
√
|dD|

nc

)1/2

Is− 1
2

(
4π

c

√
m2

n2 |dD|
)

.

Therefore, after applying the Legendre duplication formula

Γ(2s) =
22s−1Γ(s)Γ

(
s + 1

2

)
√

π
,

comparing with Theorem 2.3.3 we obtain that

Trd,D(P0,m(z, s)) =

{
Γ(s)−1 ∑0<n|m

(D
n

)
b 1

2 ,d
(m2D

n2 , s
2 +

1
4

)
, if m ̸= 0,

2s−1π− s+1
2 |D| s

2 LD(s)b 1
2 ,d
(
0, s

2 +
1
4

)
, if m = 0,

(4.1.4)

as mentioned in [DIT11a, (5.2)]. To state our main theorem for any weight k ∈ 2Z,
we need the following lemmas.

Lemma 4.1.2. For a positive integer k ∈ Z>0, we have

Rk
−2kP−2k,m(z, s) =

∞

∑
ℓ=0

Rk
−2kF−2k,m,ℓ(z)(s − 1 − k)ℓ,

Lk
2kP2k,m(z, s) =

∞

∑
ℓ=0

Lk
2kG2k,m,ℓ(z)(s − k)ℓ.

Proof. By (4.1.2), (4.1.3), and the fact that P0,m(z, s) has no pole in Re(s) > 3/4 except
for P0,0(z, s) at s = 1, we see that the functions in the left hand side are holomorphic
at s = 1 + k and s = k, respectively. By the analyticity of Pk,m(z, s) and Cauchy’s
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integral theorem, for k > 0 we have

Lk
2kP2k,m(z, s) =

∞

∑
ℓ=0

1
2πi

∫
C

Lk
2kP2k,m(z, s)
(s − k)ℓ+1 ds · (s − k)ℓ

=
∞

∑
ℓ=0

Lk
2k

[
1

2πi

∫
C

P2k,m(z, s)
(s − k)ℓ+1 ds

]
(s − k)ℓ

=
∞

∑
ℓ=0

Lk
2kG2k,m,ℓ(z)(s − k)ℓ.

Similarly we can obtain the remaining case.

Lemma 4.1.3. Let m ∈ Z be an integer. If dD < 0, we have

Trd,D(F2k,−m,ℓ(z)) = Trd,D(F2k,m,ℓ(z)) if k ≤ 0,

Trd,D(G2k,−m,ℓ(z)) = Trd,D(G2k,m,ℓ(z)) if k > 0.

Proof. Since the case of m = 0 is trivial, we assume that m ̸= 0 here. By Lemma 4.1.2,
it suffices to show them for Trd,D(P2k,m(z, s)). By (4.1.2) we have

Trd,D(P2k,m(z, s)) = (4π|m|)−k Γ(s)
Γ(s − |k|)Trd,D(P0,m(z, s)).

Moreover by (4.1.4), we immediately see that the value Trd,D(P0,m(z, s)) is indepen-
dent of the sign of m.

Here we introduce a non-standard notation for convenience.

Definition 4.1.4. Assume that a function f (s) has the Laurent expansion f (s) =

∑ℓ cℓ(s − a)ℓ at s = a. Then we denote by LCℓ
s=a[ f (s)] the ℓ-th Laurent coefficient cℓ.

Moreover we consider the following function defined in terms of the Maass-
Poincaré series.

Definition 4.1.5. Let k ∈ Z, m ∈ Z, and D a fundamental discriminant. Then we
define the function F2k,D,m(z, s) by

F2k,D,m(z, s) := (−1)⌊
a+1

2 ⌋ Γ
( s+a+1

2

)
Γ(s − |k|)

×


|D| a

2 (4π|m|)−k|m|a ∑
n|m
n>0

(
D
n

)
n−aP+

a+ 1
2 ,−m2

n2 |D|

(
z,

s
2
+

1
4

)
if m ̸= 0,

2s−a−1π− s+a+1
2 |D| s

2 LD(s)Γ(s)P+
a+ 1

2 ,0

(
z,

s
2
+

1
4

)
if m = 0,
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where a = a(2k, D) = k if (−1)kD < 0 and a = 1 − k if (−1)kD > 0.

Then we see that the holomorphic part of each Laurent coefficient of this function
F2k,D,m(z, s) is realized as the generating function of the twisted traces of CM values.

Theorem 4.1.6. Let D be a fundamental discriminant or D = 1. For an integer k ∈ Z and
a positive integer m ∈ Z>0, we put a = k if (−1)kD < 0 and a = 1 − k if (−1)kD > 0.
Then the holomorphic part of the Laurent coefficient of the function F2k,D,m(z, s) is given by

(LCℓ
s=k[F2k,D,m(z, s)])hol

= (−1)⌊
a+1

2 ⌋|D| a
2 (4πm)−kLCℓ

s=k[Γ(s − k)−1] ∑
n|m

(
D

m/n

)
naq−n2|D|

+

 LCℓ
s=k

[
(4πm)−k21+k−sπ

s+k+1
2(

s − 1
2

)
ζ(s)Γ

( s+k−1
2

)
Γ(s) ∑

n|m

(
D

m/n

)
Trn2D,1(P2k,0(z, s))

]
if (−1)kD > 0,

0 if (−1)kD < 0

+ ∑
− sgn(D)d≡0,1(4)

d>0

d
a−1

2 Tr− sgn(D)d,D(G2k,m,ℓ)qd

for k > 0, and for k ≤ 0

(LCℓ
s=1−k[F2k,D,m(z, s)])hol

= (−1)⌊
a+1

2 ⌋|D| a
2 (4πm)−kLCℓ

s=1−k[Γ(s + k)−1] ∑
n|m

(
D

m/n

)
naq−n2|D|

+


0 if (−1)kD > 0,

LCℓ
s=1−k

[
(4πm)−k22−k−sπ

s−k+2
2(

s − 1
2

)
ζ(s)Γ

( s−k
2

)
Γ(s) ∑

n|m

(
D

m/n

)
Trn2D,1(P2k,0(z, s))

]
if (−1)kD < 0

+ ∑
− sgn(D)d≡0,1(4)

d>0

d
a−1

2 Tr− sgn(D)d,D(F2k,m,ℓ)qd.

Here the holomorphic part is defined as Definition 2.1.11.



60 Chapter 4. Traces of CM values and cycle integrals

Theorem 4.1.7. Under the same notations as in Theorem 4.1.6, the holomorphic part of the
Laurent coefficient of the function F2k,D,0(z, s) is given by

(LCℓ
s=k[F2k,D,0(z, s)])hol

=


(−1)⌊

k+1
2 ⌋LCℓ

s=k

[
2s−k−1π− s+k+1

2 |D| s
2 LD(s)

Γ(s)Γ
( s+k+1

2

)
Γ(s − k)

]
if (−1)kD < 0,

LCℓ
s=k

[
2−2s+kπ− s−k+2

2 |D| s
2 LD(s)

ζ(2s − 1)
ζ(2s)

Γ(s)Γ
(
s − 1

2

)
Γ(s − k)Γ

( s−k+1
2

)] if (−1)kD > 0

+ ∑
− sgn(D)d≡0,1(4)

d>0

d
a−1

2 Tr− sgn(D)d,D(G2k,0,ℓ)qd

for k > 0, and for k ≤ 0

(LCr
s=1−k[F2k,D,0(z, s)])hol

=


(−1)⌊

2−k
2 ⌋LCℓ

s=1−k

[
2s+k−2π− s−k+2

2 |D| s
2 LD(s)

Γ(s)Γ
( s−k+2

2

)
Γ(s + k)

]
if (−1)kD > 0,

LCℓ
s=1−k

[
2−2s−k+1π− s+k−1

2 |D| s
2 LD(s)

ζ(2s − 1)
ζ(2s)

Γ(s)Γ
(
s − 1

2

)
Γ(s + k)Γ

( s−k
2

)] if (−1)kD < 0

+ ∑
− sgn(D)d≡0,1(4)

d>0

d
a−1

2 Tr− sgn(D)d,D(F2k,0,ℓ)qd.

Proof. By Theorem 2.3.3 the Maass-Poincaré series has the Fourier expansion of the
form

P+

a+ 1
2 ,−m2

n2 |D|

(
z,

s
2
+

1
4

)
= φ

a+ 1
2 ,−m2

n2 |D|

(
y,

s
2
+

1
4

)
e
(
− m2

n2 |D|x
)

+ b
a+ 1

2 ,−m2

n2 |D|

(
0,

s
2
+

1
4

)
(4π)

1
2−ay

1−a−s
2(

s − 1
2

)
Γ
( s−a

2

)
Γ
( s+a+1

2

)
+ ∑

(−1)ad≡0,1(4)
d ̸=0

b
a+ 1

2 ,−m2

n2 |D|

(
d,

s
2
+

1
4

)
Wa+ 1

2 ,d

(
y,

s
2
+

1
4

)
e(dx).

We shall call them the additional term, the constant term, and the main term, re-
spectively. First we consider the case of m ̸= 0. The first additional term is given
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by

φa+ 1
2 ,−n2|D|

(
y,

s
2
+

1
4

)
e(−n2|D|x)

= (4πn2|D|y)− a
2−

1
4 e(−n2|D|x)

×
[

e−
πi(2a+1)

4

Γ
( s+a+1

2

)M+
−( a

2+
1
4 ),

s
2−

1
4
(4πn2|D|y) + e−

πi(s+a+1)
2

Γ
( s−a

2

) W−( a
2+

1
4 ),

s
2−

1
4
(4πn2|D|y)

]
,

from (3.2.3). Here the first term in the last line has the Taylor expansion of the form

y−
a
2−

1
4 e(−n2|D|x)M+

−( a
2+

1
4 ),

s
2−

1
4
(4πn2|D|y)

=
∞

∑
j=0

1
2j · j!

u[j],+
a+ 1

2 ,−n2|D|(y)e(−n2|D|x)(s − a)j

=
∞

∑
j=0

(−1)j

2j · j!
u[j],+

a+ 1
2 ,−n2|D|(y)e(−n2|D|x)(s − 1 + a)j,

as well as the second term. By (2.1.5) we thus have

LCℓ
s=k[The additional term of F2k,D,m(z, s)]hol

= (−1)⌊
a+1

2 ⌋|D| a
2 (4πm)−kLCℓ

s=k[Γ(s − k)−1] ∑
n|m

(
D

m/n

)
naq−n2|D|

for k > 0, and similarly for k ≤ 0.

We next consider the constant term. By Lemma 2.3.7 and (4.1.4), the term ba+1/2,−n2|D|
is given by

ba+ 1
2 ,−n2|D|

(
0,

s
2
+

1
4

)
= (−1)⌊

a+1
2 ⌋21+a−sπ

s+a+1
2 ζ(s)−1n−a|D|− a

2 Tr(−1)a+1n2|D|,1(P0,0(z, s)).

Remark that the value b1/2,d(0, s/2 + 1/4) in the equation (4.1.4) is independent of
the choice of D, so we applied the equation (4.1.4) for D = 1, d = (−1)a+1n2|D| here.
In addition note that (−1)a+1|D| = D always holds. Therefore by Lemma 4.1.2 and
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(4.1.3),

LCℓ
s=k[The constant term of F2k,D,m(z, s)]hol

= LCℓ
s=k

[
(4πm)−k22−a−sπ

s−a+2
2(

s − 1
2

)
ζ(s)Γ

( s−a
2

)
Γ(s) ∑

n|m

(
D

m/n

)
Trn2D,1(P2k,0(z, s))y

1−a−s
2

]hol

=

 LCℓ
s=k

[
(4πm)−k21+k−sπ

s+k+1
2(

s − 1
2

)
ζ(s)Γ

( s+k−1
2

)
Γ(s) ∑

n|m

(
D

m/n

)
Trn2D,1(P2k,0(z, s))

]
if a = 1 − k,

0 if a = k

for k > 0, and similarly for k ≤ 0.

Finally we compute the main term. By Lemma 2.3.7, for d ̸= 0,

b
a+ 1

2 ,−m2

n2 |D|

(
d,

s
2
+

1
4

)
= (−1)⌊

a+1
2 ⌋b 1

2 ,− sgn(D)d

(
m2D

n2 ,
s
2
+

1
4

)
na

ma |dD|− a
2 .

Note that (−1)a = − sgn(D) holds. Moreover we can easily check that

Wa+ 1
2 ,d

(
y,

s
2
+

1
4

)
=

|d|a− 1
2 (4π|d|)− a

2−
1
4

Γ
( s

2 +
1
4 + sgn(d)

( a
2 +

1
4

)
)

∞

∑
j=0

1
2j · j!

u[j],−
a+ 1

2 ,d
(y)(s − a)j

=
|d|a− 1

2 (4π|d|)− a
2−

1
4

Γ
( s

2 +
1
4 + sgn(d)

( a
2 +

1
4

)
)

∞

∑
j=0

(−1)j

2j · j!
u[j],−

a+ 1
2 ,d
(y)(s − 1 + a)j.

Thus we have

LCℓ
s=k[The main term of F2k,D,m(z, s)]hol

= ∑
− sgn(D)d≡0,1(4)

d>0

d
a−1

2 LCℓ
s=k

[
Tr− sgn(D)d,D(P2k,m(z, s))

]
qd

= ∑
− sgn(D)d≡0,1(4)

d>0

d
a−1

2 Tr− sgn(D)d,D(G2k,m,ℓ)qd

for k > 0, and similarly for k ≤ 0. The case of m = 0 can be obtained by the same
way.

By virtue of Theorem 4.1.6 and 4.1.7, we can define two maps by

TD,+
CM (G2k,m,ℓ(z)) := LCℓ

s=k[F2k,D,m(z, s)],

TD,+
CM (F2k,m,ℓ(z)) := LCℓ

s=1−k[F2k,D,m(z, s)]
(4.1.5)
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for (−1)kD > 0, and

TD,−
CM (G2k,m,ℓ(z)) := LCℓ

s=k[F2k,D,m(z, s)],

TD,−
CM (F2k,m,ℓ(z)) := LCℓ

s=1−k[F2k,D,m(z, s)]
(4.1.6)

for (−1)kD < 0. Moreover for basis functions in Theorem 1.1.4, we define these
maps by extending them linearly. Then these define the maps from a polyharmonic
weak Maass form of weight 2k to a polyharmonic weak Maass form of weight 3/2−
k and k + 1/2, respectively. Actually, these linear maps give Theorem 1.2.1 for dD <

0.

4.2 Cycle integrals

We next consider the twisted traces of cycle integrals. Under the same notations as
in Section 4.1, for a non-square positive dD > 0, we define the twisted trace of cycle
integrals of f ∈ Hr,!

2k by

Trd,D( f ) :=
1

2π ∑
Q∈QdD/Γ

χD(Q)
∫

ΓQ\SQ

f (z)Q(z, 1)k

√
dDdz

Q(z, 1)
.

Here, for Q(X, Y) = aX2 + bXY+ cY2 ∈ QdD, SQ is the geodesic characterized by the
semi-circle a|z|2 + b Re(z) + c = 0 oriented counter-clockwise if a > 0 and clockwise
if a < 0. Similar as in Section 4.1, we shall compute the twisted trace Trd,D(P2k,m(z, s))
for a non-square positive dD > 0. By the same argument as in the proof of [DIT11a,
Lemma 7], we get

2πTrd,D(P2k,m(z, s))

= ∑
Q∈Q+

dD/Γ∞

χD(Q)e
(
−mb

2a

)
Φ+

2k,m,Q(s) + ∑
Q∈Q−

dD/Γ∞

χD(Q)e
(
−mb

2a

)
Φ−

2k,m,Q(s),

where we put

Φ±
2k,m,Q(s) :=

∫ π

0
φ2k,m

(√
dD

2|a| sin θ, s
)

e
(

m
√

dD
2a

cos θ

)
(dD)k

(4a)k (e
±2iθ − 1)k dθ

sin θ
.

Here we alert that our action of SL2(Z) on Qd is the right action while theirs in
[DIT11a] is the left action. Then for γ = [ a b

c d ] ∈ SL2(Z), they hold that

(Qγ)(z, 1) = (cz + d)2Q(γz, 1), dγz = (cz + d)−2dz, γSQ = SQγ−1 ,
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which are slightly different from [DIT11a, (4.2), (4.4)]. By a simple calculation we see
that

Φ±
2k,m,Q(s) =

(2i)k(dD)k

(4a)k

∫ π

0
φ2k,m

(√
dD

2|a| sin θ, s
)

e
(

m
√

dD
2|a| cos θ

)
eikθ sink−1 θdθ.

Since the 1 : 1 correspondence between Q+
dD and Q−

dD by [a, b, c] ↔ [−a,−b,−c] and
the property χD(−Q) = sgn(D)χD(Q), we get

2πTrd,D(P2k,m(z, s)) =


2 ∑

Q∈Q+
dD/Γ∞

χD(Q)e
(
−mb

2a

)
Φ+

2k,m,Q(s) if (−1)kD > 0,

0 if (−1)kD < 0.

That is why we now assume that (−1)kD > 0. We first let m ̸= 0. Then by (2.3.1),
Φ+

2k,m,Q(s) is written as

Φ+
2k,m,Q(s) =

(4π|m|)−kik(dD)
k
2

Γ(2s)
L2k

(
2π|m|

√
dD

2a
, s
)

,

where we put

L2k(t, s) :=
∫ π

0
Msgn(m)k,s− 1

2
(2t sin θ) exp(i sgn(m)t cos θ + ikθ)

dθ

sin θ
.

Moreover we put ϕ2k,m(t, s) := L2k(2π|m|t, s). Then by Lemma 4.1.1, for Re(s) > 1
we have

2πTrd,D(P2k,m(z, s)) =
2(4π|m|)−kik(dD)

k
2

Γ(2s) ∑
Q∈Q+

dD/Γ∞

χD(Q)e
(
−mb

2a

)
ϕ2k,m

(√
dD

2a
, s
)

=
(4π|m|)−kik(dD)

k
2

Γ(2s) ∑
n|m

∑
0<c≡0(4)

(
D
n

)K+
(
d, m2D

n2 , c
)

√
c

ϕ2k,m

(
2
√
|dD|

nc

)

=
(4π|m|)−kik(dD)

k
2

Γ(2s) ∑
n|m

∑
0<c≡0(4)

(
D
n

)K+
(
d, m2D

n2 , c
)

√
c

L2k

(
4π

c

√
m2

n2 |dD|, s
)

.

Thus our problem is reduced to compute this integral L2k(t, s). The case of k = 0
was computed in [DIT11a, Lemma 9] by using Lommel’s integral representation and
the Neumann series expansion of the J-Bessel function. Here we give another proof
of their lemma including any weight 2k ∈ 2Z. Simple calculations with (2.1.2) give



4.2. Cycle integrals 65

us the differential equation

t2 ∂2

∂t2 L2k(t, s) +
(

t2 +
1
4
−
(

s − 1
2

)2)
L2k(t, s) = 0.

Since this is a variant of the Bessel differential equation, we see that for s − 1/2 ̸∈ Z

the functions t1/2 Js−1/2(t) and t1/2 J1/2−s(t) are the linear independent solutions of
this differential equation. Here the J-Bessel function is defined in (2.3.5). Then there
exist functions a(s) and b(s) such that

L2k(t, s) = a(s)t
1
2 Js− 1

2
(t) + b(s)t

1
2 J 1

2−s(t).

Since the M-Whittaker function satisfies

Msgn(m)k,s− 1
2
(2t sin θ) = (2t sin θ)s(1 + O(t)) as t → 0

by Lemma 2.1.7, we have

L2k(t, s) =
∫ π

0
(2 sin θ)s exp(ikθ)

dθ

sin θ
· ts(1 + O(t))

=
2πe

πi
2 kΓ(s)

Γ
( s+k+1

2

)
Γ
( s−k+1

2

) · ts(1 + O(t)) as t → 0
(4.2.1)

for Re(s) > 0. (see [MOS66, p.8]). Thus for Re(s) > 1/2, comparing with the
asymptotic behavior of the J-Bessel function, we immediately see that

L2k(t, s) =
2πe

πi
2 kΓ(s)

Γ
( s+k+1

2

)
Γ
( s−k+1

2

)Γ
(

s +
1
2

)
2s− 1

2 t
1
2 Js− 1

2
(t)

= ik2s− 1
2
√

πΓ(2s)
Γ
( s−k

2

)
Γ
( s+k

2

)
Γ(s − k)Γ(s + k)

t
1
2 Js− 1

2
(t).

Therefore we get the explicit formula

2πTrd,D(P2k,m(z, s))

= B2k(s)(4π|m|)−k|2m| 1
2 π(dD)

k
2+

1
4 ∑

n|m
∑

0<c≡0(4)
n− 1

2

(
D
n

)K+
(
d, m2D

n2 ; c
)

c
Js− 1

2

(
4π

c

√
m2

n2 dD
)

,
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where we put

B2k(s) = (−1)k 2sΓ
( s−k

2

)
Γ
( s+k

2

)
Γ(s − k)Γ(s + k)

. (4.2.2)

By a similar computation as above, for m = 0 we have

2πTrd,D(P2k,0(z, s)) = B2k(s)Γ(s)2s−1|dD| s+k
2

∞

∑
n=1

(
D
n

)
1
ns ∑

0<c≡0(4)

K+(d, 0; c)

cs+ 1
2

.

Thus by comparing with Theorem 2.3.3, we get a similar relation like as (4.1.4),

2πTrd,D(P2k,m(z, s))

=

{
B2k(s)(4π|m|)−k(dD)

k
2 ∑0<n|m

(D
n

)
b 1

2 ,d
(m2D

n2 , s
2 +

1
4

)
if m ̸= 0,

B2k(s)Γ(s)2s−1π− s+1
2 |d| k

2 |D| s+k
2 LD(s)b 1

2 ,d
(
0, s

2 +
1
4

)
if m = 0,

(4.2.3)

for a non-square positive dD > 0 with (−1)kD > 0.

Remark 4.2.1. As mentioned above, for d < 0, D < 0 the twisted traces of cycle inte-
grals automatically vanish. On the other hand, Jeon-Kang-Kim [JKK16] considered
the "modified" twisted trace Tr∗d,D to hold the equation (4.2.3) even for this case. For
a square dD > 0, this cycle integral diverges in general. Andersen [And15] gave the
suitable values in this case by extracting two terms contributing to divergence from
the sum of the definition of P2k,m(z, s). In particular, his traces also satisfy the equa-
tion (4.2.3). Another construction of the "regularized" cycle integrals for a square dD
was given in [BFI15].

In this thesis for a square dD > 0, we define Trreg
d,D(P2k,m(z, s)) by the right-hand

side of (4.2.3) divided by 2π, simply. In addition, we denote by Trreg
d,D(F2k,m,ℓ) and

Trreg
d,D(G2k,m,ℓ) the ℓ-th Laurent coefficient of Trreg

d,D(P2k,m(z, s)) at s = 1 − k and s = k,
respectively. By (4.2.3) we immediately see that Lemma 4.1.3 also holds for dD > 0.
Similar as Definition 4.1.5, we now define the function.



4.2. Cycle integrals 67

Definition 4.2.2. Let k ∈ Z, m ∈ Z, and D a fundamental discriminant with (−1)kD >

0. Then we define the function G2k,D,m(z, s) by

G2k,D,m(z, s) := (−1)⌊
k+1

2 ⌋ B2k(s)
2π

Γ
(

s + k + 1
2

)

×


|D|k(4π)−k ∑

n|m
n>0

(
D
n

)
n−kP+

k+ 1
2 , m2

n2 |D|

(
z,

s
2
+

1
4

)
if m ̸= 0,

2s−k−1π− s+k+1
2 |D| s+k

2 LD(s)Γ(s)P+
k+ 1

2 ,0

(
z,

s
2
+

1
4

)
if m = 0.

Then we see that the holomorphic part of each Laurent coefficient of this func-
tion G2k,D,m(z, s) is realized as the generating function of the twisted traces of cycle
integrals.

Theorem 4.2.3. Let D be a fundamental discriminant or D = 1. For an integer k ∈ Z

with (−1)kD > 0 and a positive integer m ∈ Z>0, the holomorphic part of the Laurent
coefficient of the function G2k,D,m(z, s) is given by

(LCℓ
s=k[G2k,D,m(z, s)])hol

= (−1)⌊
k+1

2 ⌋|D|k(4πm)−k(2π)−1LCℓ
s=k

[
e−

πi(s−k)
2 B2k(s)

]
∑
n|m

(
D

m/n

)
nkqn2|D|

+ ∑
sgn(D)d≡0,1(4)

d>0,d|D|̸=□

d−
1
2 Trsgn(D)d,D(G2k,m,ℓ)qd + ∑

sgn(D)d≡0,1(4)
d>0,d|D|=□

d−
1
2 Trreg

sgn(D)d,D(G2k,m,ℓ)qd

for k > 0, and for k ≤ 0

(LCℓ
s=1−k[G2k,D,m(z, s)])hol

= (−1)⌊
k+1

2 ⌋|D|k(4πm)−k(2π)−1LCℓ
s=1−k

[
e−

πi(s−k)
2 B2k(s)

]
∑
n|m

(
D

m/n

)
nkqn2|D|

+ LCℓ
s=1−k

[
(4πm)−k22−k−sπ

s−k
2 +1(

s − 1
2

)
ζ(s)Γ

( s−k
2

)
Γ(s) ∑

n|m

(
D

m/n

)
n−kTrn2D,1(P2k,0(z, s))

]
+ ∑

sgn(D)d≡0,1(4)
d>0,d|D|̸=□

d−
1
2 Trsgn(D)d,D(F2k,m,ℓ)qd + ∑

sgn(D)d≡0,1(4)
d>0,d|D|=□

d−
1
2 Trreg

sgn(D)d,D(F2k,m,ℓ)qd.

Here Trreg
d,D(F2k,m,ℓ) and Trreg

d,D(G2k,m,ℓ) are defined as above.
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Theorem 4.2.4. Under the same notations as Theorem 4.2.3, the holomorphic part of the
Laurent coefficient of the function G2k,D,m(z, s) is given by

(LCℓ
s=k[G2k,D,0(z, s)])hol

= (−1)⌊
k+1

2 ⌋LCℓ
s=k

[
Γ(s)2s−k−2π− s+k+3

2 |D| s+k
2 LD(s)B2k(s)Γ

(
s + k + 1

2

)]
+ ∑

sgn(D)d≡0,1(4)
d>0,d|D|̸=□

d−
1
2 Trsgn(D)d,D(G2k,0,ℓ(z))qd + ∑

sgn(D)d≡0,1(4)
d>0,d|D|=□

d−
1
2 Trreg

sgn(D)d,D(G2k,0,ℓ(z))qd

for k > 0, and for k ≤ 0

(LCℓ
s=1−k[G2k,D,0(z, s)])hol

= LCℓ
s=1−k

[
21−4s−kπ− s+k

2 |D| s+k
2 LD(s)B2k(s)

ζ(2s − 1)
ζ(2s)

Γ(2s)(
s − 1

2

)
Γ
( s−k

2

)]
+ ∑

sgn(D)d≡0,1(4)
d>0,d|D|̸=□

d−
1
2 Trsgn(D)d,D(F2k,0,ℓ(z))qd + ∑

sgn(D)d≡0,1(4)
d>0,d|D|=□

d−
1
2 Trreg

sgn(D)d,D(F2k,0,ℓ(z))qd.

Proof. These theorem follow from the completely same argument as the proof of
Theorem 4.1.6 and 4.1.7.

Then we can define the map by

TD,+
Cyc (G2k,m,ℓ(z)) := LCℓ

s=k[G2k,D,m(z, s)],

TD,+
Cyc (F2k,m,ℓ(z)) := LCℓ

s=1−k[G2k,D,m(z, s)]
(4.2.4)

for (−1)kD > 0, and similar as Section 4.1 we can extend it to the map from a
polyharmonic weak Maass form of weight 2k to a polyharmonic weak Maass form
of weight k + 1/2. In particular, this gives Theorem 1.2.1 for dD > 0.

Finally we immediately obtain the relations among these three linear maps under
the ξ-operator by the definitions.

Theorem 4.2.5. Let k ∈ Z. In addition, for convenience we put TD,±
CM (α(s)P2k,m(z, s)) :=
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α(s)F2k,D,m(z, s) and TD,+
Cyc (α(s)P2k,m(z, s)) := α(s)G2k,D,m(z, s) with a function α(s) in-

dependent of z. Then we have

TD,−
CM (ξ2kP2k,m(z, s)) = TD,+

CM (P2k,m(z, s̄))×
{

1 if k > 0,
(s̄ − k)(s̄ + k − 1) if k ≤ 0

ξk+ 1
2
TD,−

CM (P2k,m(z, s)) = (−1)k|D| k−1
2 (4π)1−k2−k−2TD,+

Cyc (ξ2kP2k,m(z, s))

×

 1 if k ≤ 0,
Γ(s + k)
Γ(s − k)

if k > 0

ξk+ 1
2
TD,+

Cyc (P2k,m(z, s)) = (−1)k+1|D| k
2 (4π)−k21−kTD,−

CM (ξ2kP2k,m(z, s))

×

 1 if k > 0,
Γ(s + k − 1)
Γ(s − k + 1)

if k ≤ 0.

Thus we have

∆k+ 1
2
TD,±

CM (P2k,m(z, s)) =
1
4

TD,±
CM (∆2kP2k,m(z, s)),

∆k+ 1
2
TD,+

Cyc (P2k,m(z, s)) =
1
4

TD,+
Cyc (∆2kP2k,m(z, s)).

Remark 4.2.6. We alert that the theta function θ(z) := ∑n∈Z qn2
is not a generating

function of traces of cycle integrals, but the term 3θ(z)/2π2 appears as the −2-th
Laurent coefficient of T1,+

Cyc(P0,0(z, s)) = G0,1,0(z, s) at s = 1. Then we have

∆ 1
2
T1,+

Cyc(1) = LC−1
s=1

[
∆ 1

2
T1,+

Cyc

(
π

3
P0,0(z, s)

)]
=

π

12
LC−1

s=1

[
T1,+

Cyc(s(1 − s)P0,0(z, s))
]

= − π

12
LC−2

s=1

[
T1,+

Cyc(P0,0(z, s))
]

= − 1
8π

θ(z).

By combining this theorem and Lemma 2.1.10, we see that the Fourier coef-
ficients of the non-holomorphic part of polyharmonic weak Maass forms of half-
integral weight are also realized as traces of CM values and cycle integrals. We note
that Theorem 4.2.5 was partly established by Alfes-Neumann and Schwagenscheidt
[ANS18, ANS18-pre] recently.
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4.3 Applications

As applications we show Corollary 1.2.3 and 1.2.4. By the definitions (4.1.6) and
(4.2.4), for D > 1 we easily see that

TD,+
Cyc (F0,0,−1) = LC−1

s=1[G0,D,0(z, s)] =
3|D| 1

2 LD(1)
2π2 θ(z),

and for D < 0

TD,−
CM (F0,0,−1) = LC−1

s=1[F0,D,0(z, s)] =
3|D| 1

2 LD(1)
2π2 θ(z).

On the other hand, by Theorem 4.1.7, 4.2.4, and the fact F0,0,−1(z) = 3/π, we have

TD,+
Cyc (F0,0,−1) =

3|D| 1
2 LD(1)

2π2 +
3
π ∑

0<d≡0,1(4)
dD ̸=□

d−
1
2 Trd,D(1)qd + (square-index part),

TD,−
CM (F0,0,−1) =

3|D| 1
2 LD(1)

2π2 +
3
π ∑

0<d≡0,1(4)
d−

1
2 Trd,D(1)qd.

These results tell us for D ̸= 1

Trd,D(1) =


√
|dD|LD(1)

π
if d = □,

0 if d ̸= □.
(4.3.1)

Similarly, for D > 1, we easily see that

TD,+
Cyc (F0,0,0) = LC1

s=1

[
Γ(s)2s−2π− s+3

2 |D| s
2 LD(s)B0(s)Γ

(
s + 1

2

)]
3

2π
θ(z)

+
|D| 1

2 LD(1)
π

F1
2 ,0,0(z),

and for D < 0 and D = 1, we have

TD,−
CM (F0,0,0) = LC1

s=1

[
2s−1π− s+1

2 |D| s
2 LD(s)Γ

(
s + 1

2

)]
3

2π
θ(z) +

|D| 1
2 LD(1)
π

F1
2 ,0,0(z),

T1,+
Cyc(F0,0,−1) = LC0

s=1

[
Γ(s)2s−2π− s+3

2 ζ(s)B0(s)Γ
(

s + 1
2

)]
3

2π
θ(z) +

1
π

F1
2 ,0,0(z),

respectively. We assume that both of a positive discriminant d and the product dD
are not square numbers. By (1.1.4), it holds that F0,0,0(z) = (3/π)(− log(y|η(z)|4)) +
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c with some constant c. Then these results tell us for D ̸= 1

Trd,D(− log(y|η(z)|4)) = π

3
Trd,D(F0,0,0(z)− c)

=
π

3
Trd,D(F0,0,0(z))

=
π

3

√
|dD|LD(1)

π
× (d-th Fourier coefficient of F1

2 ,0,0(z))

=
π

3

√
|dD|LD(1)

π
πd−

1
2 Trd,1(F0,0,−1(z))

=
√
|D|LD(1)Trd,1(1).

This concludes the proof of Corollary 1.2.3.

Finally we show Corollary 1.2.4. For the case of dD < 0, by (4.1.3) and (4.1.4) we
have

Trd,D(E2k(z, s)) =
Γ(s)

Γ(s − |k|)Trd,D(E0(z, s))

=
Γ(s)

Γ(s − |k|)2s−1π− s+1
2 |D| s

2 LD(s)b 1
2 ,0

(
d,

s
2
+

1
4

)
.

Moreover combining with (2.3.20) we see that

Trd,D(E2k(z, s)) =
|DD′| s

2

2s
Γ(s)

Γ(s − |k|)
LD(s)LD′(s)

ζ(2s) ∑
n|m

µ(m/n)
(

D′

m/n

)
n1−sσ2s−1(n),

where we put d = m2D′ with m ∈ Z>0 and a fundamental discriminant D′ or D′ = 1.
As for the case of 0 < dD ̸= □, by (4.2.3) we have

Trd,D(E2k(z, s)) =
B2k(s)

2π
Γ(s)|m|k |DD′| s+k

2

2s
LD(s)LD′(s)

ζ(2s) ∑
n|m

µ(m/n)
(

D′

m/n

)
n1−sσ2s−1(n).

By (4.2.2), we conclude the proof of Corollary 1.2.4.
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