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Abstract

Stability of stationary solutions of the incompressible Navier-Stokes
system and the corresponding artificial compressible system is consid-
ered. Both systems have the same sets of stationary solutions and the
incompressible system is obtained from the artificial compressible one
in the zero limit of the artificial Mach number e which is a singular
limit. It is proved that if a stationary solution of the incompressible
system is asymptotically stable and the velocity field of the station-
ary solution satisfies an energy-type stability criterion by variational
method with admissible functions being only potential flow parts of
velocity fields, then it is also stable as a solution of the artificial com-
pressible one for sufficiently small e. The result is applied to the Tay-
lor problem. In general, the range of € for which the above mentioned
stability result holds shrinks when the spectrum of the linearized op-
erator for the incompressible system approaches to the imaginary axis.
This can happen when a stationary bifurcation occurs. It is proved
that when a stationary bifurcation from a simple eigenvalue occurs,
the range of € can be taken uniformly near the bifurcation point to
conclude the stability of the bifurcating solution as a solution of the
artificial compressible system.
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1 Introduction

This thesis studies the stability of stationary solutions of the artificial com-
pressible system which originates from the incompressible Navier-Stokes sys-
tem

dive = 0,
ov—vAv+v-Vv+Vp = g.

Here v = "(vl(z,t),v%(x,t),v%(x,t)) and p = p(x,t) denote the unknown
velocity field and pressure, respectively, at time ¢ > 0 and position z € (2,
where €2 is a bounded domain of R? with smooth boundary 99; g = g(z)
is a given external force. The artificial compressible system for (1.1)-(1.2)
then takes the form

E0p +dive = 0, (1.3)
ov—-—vAv+v-Vo+Vp = g. (1.4)

Here € > 0 is a small parameter, called the artificial Mach number.
We consider (1.1)—(1.2) and (1.3)—(1.4) under the boundary condition

Vo = V.. (1.5)

Here v, is a given velocity field satisfying |, a0 U« -1 dS = 0, where n denotes
the unit outward normal to 0.

In this thesis we are interested in the relation of stability properties be-
tween stationary solutions of (1.1)—(1.2) and (1.3)—(1.4) under the boundary
condition (1.5).

The artificial compressible system (1.3)—(1.4) was proposed by A. Chorin
([3, 4, 5]) and R. Temam ([23, 24]). In [3, 4, 5], the system (1.3)-(1.4)
was introduced to find numerically stationary solutions of the incompressible
Navier-Stokes equation (1.1)—(1.2). The idea is as follows. Obviously, the
set of stationary solutions of (1.1)—(1.2) is the same as that of (1.3)—(1.4).
If solutions of the artificial compressible system (1.3)—(1.4) converge to a
function u, = " (ps, v,) as t — oo, then the limit u, is a stationary solution of
(1.3)—(1.4), and thus, u; is a stationary solution of (1.1)—(1.2). By using this
method, Chorin numerically obtained stationary cellular convection patterns
of the Bénard convection problem described by the Oberbeck-Boussinesq



equation

dive = 0,
Pr ! (9w +v-Vv)— Av + Vp — VRale; = 0,
00 +v-VO—-—AO—+VRav-e3 = 0

in the infinite layer {x = (2/,23);2' = (z1,22) € R*0 < 23 < 1}. Here
O(x,t) is the temperature deviation from the heat conductive state; e3 =
T(O7 0,1) € R% Pr > 0 and Ra > 0 are non-dimensional parameters, called
the Prandtl and Rayleigh numbers, respectively

Since the limit function ug in Chorin’s method is a large time limit of
solutions of (1.3)—(1.4), us is stable as a solution of (1.3)—(1.4). The following
questions were then addressed in [19]:

(a) whether u; is stable as a solution of (1.1)—(1.2) with (1.5), in other
words, whether u, represents an observable stationary flow in the real
world,

(b) conversely, what kind of stationary flows can be computed by Chorin’s
method.

These questions were formulated in [19] as stability problems of stationary
solutions of the incompressible system and the corresponding artificial com-
pressible one. Since the incompressible system (1.1)—(1.2) is obtained from
the artificial compressible one (1.3)—(1.4) as the limit € — 0, one could ex-
pect that solutions of (1.1)—(1.2) would be approximated by solutions of
(1.3)-(1.4) with e <« 1. However, the limiting procedure is a singular limit,
so it is not straightforward to conclude that stability properties of ug as a
solution of (1.1)—(1.2) are the same as those as a solution of (1.3)—(1.4) even
if 0 <ex 1.

The convergence of solutions as € — 0 was discussed in [23, 24, 25] for the
system (1.3)—(1.4) with the additional stabilizing nonlinear term + % (divv)v
on the left of (1.4); and it was shown that there exists a weak solution ' (p,, v.)
for each € > 0 such that ve — v in L*(0,T; L*(Q)?) and Vps — Vp weakly
in H1(Q x (0,7)) for all T'> 0 along a sequence ¢ — 0, where ' (p,v) is a
weak solution of (1.1)—(1.2). We also mention interesting works by Donatelli
9, 10] and Donatelli Marcati [11, 12] where similar convergence results were
obtained in the case of unbounded domains by using dispersive estimates for
the linear semigroup therein. For the stability questions, we need to investi-
gate the spectrum of the linearized operators around a stationary solution.



The purpose of this thesis is to investigate whether (1.3)—(1.4) gives a good
approximation of (1.1)—(1.2), when 0 < ¢ < 1, from the view point of the
stability of stationary solutions.

In [19], the above questions were considered for the Oberbeck-Boussinesq
equation (1.6)—(1.8) in the infinite layer under the boundary condition v = 0,
6 =0on {x3 =0,1} and a periodic boundary condition in 2’ = (x1,z5). The
results can be restated for the systems (1.1)-(1.2) and (1.3)-(1.4) in the
following way.

We introduce the linearized operators around a stationary solution us =
T (ps, v,) associated with the systems (1.1)~(1.2) and (1.3)~(1.4) under (1.5).
Here and in what follows - stands for the transposition. Let L : L2(Q2) —
L2(9)) be the operator defined by

L= —vPA +P(v, -V + "(Vo,))

with domain D(LL) = [H?(Q) N H(Q)]> N L2(Q2). Here H*(Q) denotes the
k th order L?-Sobolev space on 2, P is the orthogonal projection, called
the Helmholtz projection, from L*(Q)% to L2(Q), and L2() denotes the
set of all L2-vector fields w on  satisfying divw = 0 and w - n|sg = 0,
where n denotes the unit outward normal to 9€2. We define the operator

L. : HY(Q) x L*(Q)? — HX(Q) x L?(Q)?, acting on u = " (p,w), by

I 0 Zdiv
T A\V —vA+4wv-V+ (Vo)

with domain D(L.) = H}(Q) x [H*(Q) N H} ()], Here H(Q) denotes the
set of H! functions on © that have zero mean value over €.

As for the question (a), it was proved in [19] that if there exists a positive
number by such that p(—L.,) DO {A € C;ReX > —by} for some sequence
e, — 0 as n — oo, then there exists a positive constant by such that p(—L) D
{\ € C;Re A > —by}. Therefore, a stationary solution obtained by Chorin’s
method with 0 < € < 1 is stable as a solution of the incompressible system
(1.1)—(1.2). Furthermore, the instability result was proved: if o(—L) N {\ €
C;ReA >0} # 0, then o(—L) N{A € C;Re A > 0} # ) for 0 < e < 1. This
shows that unstable stationary solutions of (1.1)—(1.2) cannot be obtained
by Chorin’s method with 0 < e < 1.

As for the question (b), it was shown in [19] that if p(—L) D {\ €
C;Re )\ > —bg} for some positive constant by, then there exist positive con-
stants ko and by such that p(—L¢) D {A € C;ReX > —b;} for 0 < € < 1,
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provided that

. Re (w - Vo, w) e
lnfweHé(Q)fi,’LU;éO ||V1U||%2 > —Kp. (19)

This gives a sufficient condition for us to be computed by Chorin’s method
with 0 < € < 1. The corresponding result for the Oberbeck-Boussinesq sys-
tem (1.6)—(1.8) is stated exactly in the same form; and the result is applicable
to stable bifurcating cellular convective patterns of the system (1.6)—(1.8),
such as roll pattern, hexagonal pattern and etc., since they bifurcate from
v =0, § =0, and hence, the condition (1.9) is satisfied near the bifurcation
point. (Observe that the condition (1.9) is independent of 6, and 6.) How-
ever, the condition (1.9) is stringent since most of its applications might be
limited to stationary flows whose velocity fields are sufficiently small. We
note that the condition (1.9) seems to be the standard energy stability cri-
terion; but this is not the case; the standard energy stability criterion for
the Oberbeck-Boussinesq system (1.6)—(1.8) should be formulated in order
for the functional

[Vw||2:+||VO||2:—Re {2V Ra(w-es, 0) 2 —Pr ' (w-Vv,, w) 2 — (w-V,, 0) 12}

to be positive definite. Here us = ' (p,, v, 0;) is a stationary solution of
(1.6)—(1.8). In fact, the condition (1.9) arises from a compressible aspect of
the system (1.3)—(1.4), more precisely, eigenvalues related to diffusion waves
whose imaginary parts are of order O(e~!). This suggests us one direction
to investigate the nature of the condition (1.9).

In this thesis we consider the following two subjects:

(i) improvement of the condition (1.9),
(ii) stability of bifurcating stationary solutions.

The aim of the first subject (i) is to improve the condition (1.9) in such
a way that we could treat stationary flows whose velocity fields are not nec-
essarily small and also could see some of compressible aspects of the system
(1.3)—(1.4) with (1.5). We show that the condition (1.9) can be replaced by

f Re ((Qw) - Vv, Qw) 2
e w0 v QuE,

—Ko. (1.10)



Here Q = I — P is the orthogonal projection from L?*(Q2)? to the space
G*(Q)) = {Vp;p € HL(Q)} which is the orthogonal complement of LZ(€2).
More precisely, if p(—L) D {\ € C; ReX > —by} for some positive constant
bo, then there exist positive numbers €y, kg and by such that p(—L.) D {\ €
C; ReA > —by} for 0 < € < ¢, provided that the condition (1.10) holds. See
Theorem 3.1 below.

The same result also holds for the case of the Oberbeck-Boussinesq system
(1.6)—(1.8). For simplicity, in this thesis, we consider the above improvement
only in the context of the Navier-Stokes system (1.1)—(1.2).

As an application, we consider the Taylor problem, namely, a flow between
two concentric infinite cylinders, whose inner cylinder rotates with a uniform
speed and outer one is at rest. If the rotation speed is sufficiently small, then
a laminar flow, called the Couette flow, is stable. When the rotation speed
increases, beyond a certain value of the rotation speed, the Couette flow
is getting unstable, and a vortex pattern is observed. The vortex pattern is
periodic in the direction of the axis of the cylinders and it is called the Taylor
vortex. This phenomenon has been studied mathematically as a bifurcation
problem for the incompressible system (1.1)—(1.2) (see [6, 16, 17, 20, 26]). The
velocity field near the bifurcation point of the Taylor vortex is not necessarily
small, but one can show that the condition (1.10) is satisfied with v, being
the Taylor vortex under axi-symmetric perturbations (i.e., w in (1.10) are
azi-symmetric). In section 5, we discuss not only the stability of the Taylor
vortex but also the stability and instability of the Couette flow by applying
the main result of this thesis and the instability result of [19].

As was shown in [19], the spectrum of —L, near the imaginary axis is
divided into two parts. One part locates in a region with imaginary part of
O(1) as € — 0, and this part is obtained by small perturbations of eigen-
values of —IL. when 0 < ¢ < 1. The other part locates in a region with
imaginary part of O(¢™1), and this part consists of eigenvalues arising from a
compressible aspect of —L.. In [19] the condition (1.9) was used to show that
the eigenvalues in this region have negative real parts. The idea to obtain
the condition (1.10) instead of (1.9) is as follows. By using the Helmholtz
decomposition, w in (1.9) is written as a sum of the incompressible part Pw
and the potential flow part V¢ = Qw. Since —L is sectorial, we see that
A +L) F||z2 = O(Im A|7Y) || F| 12 as [Im A\| = co. So, if [Im A\| = O(e™1),
then we expect that the incompressible part Pw becomes small in L2 as e — 0
since [Im A|~! = O(e) — 0, which implies that the parts including Pw of the
numerator in (1.9) is getting smaller when € — 0. In fact, we can show that
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if w is the velocity component of (A+ L.)"'F with A near the imaginary axis
and [Im A\| = O(e™!), then

1
[Pwll2@) < CLell Fllm@perzo + € [Qulliz@}. (L11)

Using this estimate, one can show that the condition (1.9) can be replaced

by the condition (1.10). To obtain (1.11), we establish the estimate
Alllvll2@) + vl a2 + Pl @)
3 (1.12)
< Clllgllzz@ + A1l 200) + 19145 50,

for a solution "(p,v) of the Stokes system with nonhomogeneous boundary
data:

divve = 0,
AWw—-—Av+Vp = g, (1.13)
v|89 = 1/)7

where A € {\ € C; |arg\] < 7 — a} for some 0 < a < 5, g € L*(Q) and
Y € H?(09) with 9 - n|sg = 0. See Lemma 3.12 below.

As for the second subject (ii), we note that ¢y in Theorem 3.1 depends
on by and it may occur that ¢y — 0 as by — 0. So if by approaches to zero,
we have to take the range of € smaller and smaller. This is inconvenient to
consider the stability of a bifurcating stationary solution near the bifurcation
point; the range of € shrinks when the bifurcation parameter approaches its
critical value. We show that the range of € can be taken uniformly near the
bifurcation point when the stability of a bifurcating solution from a simple
eigenvalue is considered.

The properties of the eigenvalues of the linearized operator around bi-
furcating solution near the bifurcation point is well known. Let v, be a
basic stationary solution with a bifurcation parameter 7, and let L, de-
note the linearized operator around wv, for (1.1)-(1.2). We assume that
p(=L,)) D {\ € C; Re X > —bo}\{)\,} uniformly in 1 € [—no, 7] for some
positive constants by and no. Here A, is a simple eigenvalue of —IL, and A,
crosses the origin when 7 crosses 0. Then a stationary bifurcation occurs at
n = 0 and there exists a nontrivial solution branch {n(d),v(d)}, where n(J)
and 9(§) are analytic in ¢ (0 < |0| < dp). We denote by L(d) the linearized
operator around v(6).

As for the spectrum of —IL(9), it holds that

p(-L(8) > {1 € C; Red > — 2B\ {A)}
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for 0 < |0] < &p. Here A(9) is analytic in 6 and satisfies A(0) = 0. Therefore,
the stability of ©(9) as a solution of (1.1)—(1.2) is determined by sgn(A(d))
the sign of A(6).

We denote by L(e, §) the linearized operator around ©(d) for the artificial
compressible system (1.3)—(1.4). We will show, by a perturbation argument,
that the spectrum of —L(e, §) near the origin is given by a simple eigenvalue
A€, 0) which satisfies

e, 0) = c1(€2,0)N(0),

where ¢; (€2, §) satisfies ¢;(¢?,6) > 1 uniformly for 0 < € < ¢; and 0 < |6] < .
As a consequence, we have

sgn(A(e, 0)) = sgn(A(0))

for 0 < e < ¢ and 0 < || < dp. This implies that if ©(d) is unstable as a
solution of (1.1)-(1.2). Then it is also unstable as a solution of (1.3)—(1.4)
for 0 < € < €;. Furthermore, if sgn(A(6)) > 0 and (1.10) is satisfied with
vy = 0(0) for 0 < |6] < dp, then ©(J) is stable as a solution of (1.3)—(1.4) for
0<e<e.

This thesis is organized as follows. In section 2 we introduce notations
used in this thesis. In section 3 we give an improvement of the condition (1.9).
In section 3.1 we state the result about the stability criterion for stationary
solutions (Theorem 3.1). We apply Theorem 3.1 to the Taylor problem in
section 3.2. In section 3.3 we prove Theorem 3.1. We show that the condition
(1.9) can be replaced by the condition (1.10). In section 4 we consider the
stability of bifurcating stationary solutions. In section 4.1 we state the result
about the stability of bifurcating stationary solutions (Theorems 4.5 and
4.6). Section 4.2 is devoted to the proofs of Theorems 4.5 and 4.6. Section5
is devoted to a derivation of a solution formula for the problem (1.13) with

) = 0.

2 Notation

We first introduce notation used in this thesis. For 1 < p < co we denote by
L?(D) the usual Lebesgue space over D and its norm is denoted by || || .»(p).
The mth order L? Sobolev space over D is denoted by H™(D), and its norm
is denoted by || - |[|[gmpy. When D = Q, we simply denote these norms by
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|- llps || - llzm. The inner product of L?(D) is denoted by (-, -)2(py, i.¢.,

(fs 9)2(p) I/Df(:c)@d:c.

Here z denotes the complex conjugate of z € C. When D = ) we simply
denote (-, -)z2(py by (+,-). We also defined the weighted inner product ((-,-))
by

€

((u1,u)), = € (p1,p2) + (w1, wo)

for U; = T(pj,'lUj>, ] = ]_,2

We set
H)(D) = the H'(D)-closure of C5°(D),
H™ (D) = the dual space of Hy(D),
HY(D) = {f € Lige(D) : |V {llz2p) < o0},
H™Y(D) = the dual space of H'(D).

We define L2(Q) and H¥(Q) by
L2(Q) = {f € LA(Q); / f(x)dz = 0},

HE(Q) = HYNQ) N L2(Q) (k> 1).
We set

Lg(Q) ={ve LQ(Q)?’; diveo =0 in Q, v - n|gg = 0}.

Here and in what follows, n denotes the unit outward normal to 0. It is
known that (L?(Q2))? = L2(Q) @& G*(Q2), where G*(Q) = {Vp; p € H:(Q)} is
orthogonal complement of L2((Q).

The orthogonal projection P from L?*(2)3 onto L2 () is called the Helmholtz
projection. We set Q =1 —P.

We denote the resolvent set of an operator A by p(A) and the spectrum
of A by o(A). Let X and Y be Banach spaces. We denote by B(X,Y) the
set of bounded linear operators from X to Y.

We introduce the linearized operators for the Navier-Stokes and the cor-
responding artificial compressible systems. Let u, = '(ps, v,) be a smooth
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stationary solution of (1.1)—(1.2), (1.5). The equations for the perturbation
is then written as

divw = 0, (2.1
ow —rvAw+v,-Vw+w - -Vo, 4w -Vw+ Vp =

The boundary condition is the non-slip one:
wl|q = 0. (2.3)
Applying the Helmholtz projection P we have

C;—’f + Lw + P(w - Vw) = 0. (2.4)

Here L is the linearized operator around v, on L?(Q) defined by

D(L) = (H*(Q) N Hy(Q2))° N L3 (),
Lw = —vPAw + P(vs - Vw + w - Vg), (w € D(L)).

The corresponding artificial system is written as

d
d—QZ + Lou+ N(u,u) = 0. (2.5)

Here u = " (p,w); L. is the linearized operator around u, on H(2) x L?(2)3
defined by

D(Le) = H, () x (H*(Q) N Hy (),

I 0 =div _

¢ V —vA+wv,-V+ T (Vo,))’

and N (u,u) is the nonlinear operator given by N(u,u) = "(0,w - Vw) (u =
T(p, w)).
3 Stability criterion for stationary solutions

In this section, we consider what kind of stationary flows can be computed
by Chorin’s method and improve the stability result given in [19].

13



3.1 Stability criterion

We give a sufficient condition in order for a stable stationary solution of
(1.1)-(1.2) to be stable as a solution of (1.3)—(1.4) for 0 < e < 1.

Theorem 3.1. Suppose that p(—L) D {\ € C; Re X > —by} for some posi-
tive constant by. Then there exist positive constants €qy, ko and by such that

of
f Re ((Qw) - Vg, Qw)
weH} ()%, w0 IVQw|[3
then p(—L) D {X € C; Re A > —b1} for all 0 < € < €.

— Ko, (31)

Remark 3.2. If we consider flows an unbounded domain 2 which is trans-
lation invariant in the unbounded directions of ) such as an infinite lager
and a cylindrical domain, then we can consider a stationary flow which is
periodic in the unbounded directions of ). For definiteness, let us consider a
cylindrical domain whose unbounded direction is the x1-axis. The problem is
then formulated in the basic period domain Q,., under the periodic boundary
condition in x1. In this case, if the stationary solution vs which is periodic
in w1 satisfies O, vs # 0, then 0 is always an eigenvalue of —IL, due to the
translation invariance in x1. As in [19], one can prove the following result
instead of Theorem 3.1.

Suppose that p(—=L) D {A € C; ReA > —by} \ {0} for some positive
constant by and 0 is a simple eigenvalue with Ker (—L) = span {0,,vs}. Then
there exist positive constants €y, kg and by such that if

R : ER
inf ¢ (Qu) VUQ Qu) > —Ko,
weH&,per(Qper):g’w#O ||VQw||2

then p(—Lc) D {A € C; ReX > —b1} \ {0} for all 0 < € < ¢ and 0 is a
simple eigenvalue with Ker (—Lc) = span {0, us}. Here Hy 0. (Qper) denotes
the set of all H functions on Qe which vanish on 9Q and satisfy the periodic
boundary condition in x1; and us = ' (ps, vs) with p, being the corresponding
pressure.

Remark 3.3. On can easily see from the proofs of Theorem 3.1 and [19,
Theorem 3.3] that the same result also holds for the case of the Oberbeck-
Boussinesq system (1.6)—(1.8).

As an application of Theorem 3.1 we will consider the Taylor problem.

14



3.2 Application to the Taylor problem

We consider the Navier-Stokes equation

dive = 0, (3.2)
1
v —vAv+v-Vo + p—Vp = 0, (3.3)

in a domain Qg, g, between two concentric cylinders with radii R; and Ry,
Ry < Ry. In the cylindrical coordinates (7,0, z), the domain Qg, g, is repre-
sented as

Qryr, = {(r,0,2) : Ry <1 < Ry, 0 €0, 2n], z € R},
and the velocity field v is given by
v=1"e, +1'ey + ve.

with e, = "(cosf,sin®,0), ey = "(—sinf, cosh,0), e, = "(0,0,1). Here
v", v? and v* are the r, § and z-components of v, respectively. The inner and
outer cylinders rotate with constant angular velocities w; and ws, respectively.
We assume that w; > 0.

The boundary conditions are given by

/UT|T=R1,R2 = UZ|T'=R1,R2 = 07 /U9|T:R1 = WlRl, UG‘T‘:RZ = WQRQ. (34)

We impose a periodic boundary condition in z, i.e.,

2
v, p are —ﬂ—periodic in z, (3.5)

*

where o, > 0 is a given wave number.
We rewrite the problem (3.2)—(3.5) in a non-dimensional form. We intro-
duce the following non-dimensional variables:

. pawwi Ry

IB:dCE,U:wlRlﬁ,t:—t,p b,
v d

where d = Ry — Ry. Then (3.2) and (3.3) are transformed into

div;o = 0,
0D — As® + RO - Vb + Vip = 0,

15



where R = wlRld is the Reynolds number. The domain g, g, is transformed
into 2

~ 1
Q= {(70,%) : 1i—n<r<E g [0,2r], 7 € RY.

Here R = @ is the Reynolds number; and n = g—;. The boundary condi-
tions (3.4) and (3.5) become

7 _z 0 a0y oy b _w
Ve 1o =0 n 1 =0, 0 =1, 00 = m (3.8)
where w = Z—f, and
- 2m e .
v, p are —-periodic in Z, (3.9)
«Q
where o« > 0 is a wave number. In what follows we omit the tildes ” ~ 7 in the

non-dimensional quantities &, ¢, ¥, p, and simply write them as x, t, v, p.
In the cylindrical coordinates (7,60, 2) and v = v"e, + v’ey + v7e., the
problem (3.6)—(4.21) is written as

dive = 0,
ov" + Rl(v- V)" —1(?)?] = —dp+ (Av" — 21) - —89v ),
O + R[(v- V) + o] = —19pp + (Av? — S0 + Z9p07),
Ov*+R(v-Vr = —0,p+ Av?,
v ’r_i 1 =0 ’,,_7 1 =0, UO‘T:L =1, Uelr:L = —,
n’l—nm n’l—n 1-n 1—n 77
and
2m

v, p are —-periodic in z.
Q@

Here dive = 10,(rv") + 10p0? + 0.0%, v -V = 070, + 2190y + v?0, and
A=0?+10, + 50 + 02
This problem has a stationary solution ' (pc,v¢), the Couette flow, of

the form

vc:vg( )eg, vg( )—ar—ir—

pc = po(r R/ {UC
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where ,
w=n" . nl-w)

n(l+mn)" " (L= —n?)
The perturbation " (¢, w) = (p — pc,v — v¢) is governed by

a =

divw = 0, (3.10)
dw — Aw + R(ve - Vw +w - Vo) + Rw - Vw + Vg = 0, '
w2 2 =0, (3.11)
and 5
w, g are —W—perlodlc in z. (3.12)
a

We introduce function spaces. We denote the basic period domain by €2,:

n 1
Qo ={(r,0,z): —— —. 0 2m), ——
{(r,0,2) 1_n<r<1_77 € [0, 27, a<z< }

The symbol Cpg, Stands for the space of restrictions to €2, of functions in

C*(Q) which are Z-periodic in 2; and C’g%er denotes the space of restrictions

to €2, of functlons in C*° which are Z*-periodic in z and vanish near r =
n _1
1-n’ 1-n°

We set
L2, = the L*(Q,)-closure of C5°

per 0,per>»

HY = the H"(Q,)-closure of C2°

per per?
Hj e, = the H'(Q4)-closure of C3°,.
We note that if f € Hg,,,, then f|.—_r/q = fl:=r/a and f‘rzlj 2L =0
The inner product of f; € L2, (j = 1,2) is denoted by

per

(fth):/Q fifardrdddz,

where f denotes the complex conjugate of f. The mean value of a function
f over €, is denoted by (f):

(f) |Q |/ frdrddd:z.
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The set of all f € Lper with (f) = 0 is denoted by L2

per*a €.,

per* = {f € Lper : <f> = 0}

Furthermore, we set
HE . =HY NI?

per,* per per,x*

We denote by C°

ooer.o the set of all vector fields v in (CgS
0. We set

Goer)” with dive =

L2, . =the L*(Q,)*closure of

per,o 0 ,per,o*

It is known that (L2,.)* = L2, , ® G2, where G2, = {Vp; p € H},, .} is

per pera
the orthogonal complement of L]gew

Applying the Helmholtz projection P to (3.10) we have

d
W Lrcw = —RP(w - Vw).

Here Lz ¢ is the linearized operator around v which is defined by

Lrc: L2, — L2

o,per o,per’

N L2

o,per’

D(Lrc) = (H%, N H,

per

Lrcow = —PAw + RP(ve - Vw + w - Vo) (w € D(Lge)).

,per)

The corresponding artificial compressible problem are written as

d 0

where © = (¢, w) and Lg ¢ is the linearized operator around the Couette
flow defined by
Lrce: HY, . x (L2,) — H . x(L3,)°

per,x per per,x per

D(LRL',E) H;er * (Hpge’r N H&per) )

I (0 1dlv
RCe =V A+ R(ve -V 4+ T(Voe)) )

Since the Couette flow and Taylor vortices are axisymmetric, in what follows,
we restrict the consideration to axisymmetric functions, namely, we consider

vector fields v = v"e, + v%ey + v7e. and scalar functions ¢ with v", v%, v*

18



and ¢ independent of #. For simplicity, function spaces of axisymmetric ones
and the linearized operators restricted to such function spaces are denoted
by the same symbols.

The instability of the Couette flow and the occurrence of the formation of
Taylor vortex patterns are stated mathematically in the following way. We
fix o, w and n and assume that w > 0.

There exists a critical number R. > 0 such that when R < R., the
Couette flow v¢ is asymptotically stable, whereas, when R > R., the Couette
flow ve becomes unstable; in other words, if R < R, then p(—Lz.c) D {X €
C;Re )\ > —by} for some positive constant by = by(R), whereas, if R > R.,
then o(—Lg o) N{A € C;Re X > 0} # 0.

When R > R., for each R with 0 < R — R. < 1, there exists an
axisymmetric stationary solution (the Taylor vortex) vy = vo + ¥p with
0,vr # 0 which bifurcates from vec at R = R, supercritically. The bifur-
cating solution is unique for R ~ R, up to translations in z. Furthermore,
vr is orbitally stable, more precisely, the linearized operator Lg r around
vp satisfies p(~Lz.r) D {N\;ReX > —by} \ {0} for some positive constant
by = EO(R) and 0 is a simple eigenvalue due to the translation invariance in
z, the eigenspace is spanned by 0,vr.

The existence of the bifurcating branch of Taylor vortices vy was shown
by Velte [26], Tudovich [16], and Kirchgéssner and Sorger [20]; and the su-
percritical bifurcation of vy and spectral properties of Lz r are shown by
numerical computations for a certain range of values of a;, n, w and R when
w > 0 (even when w is slightly negative); see the book [6] by Chossat and
looss. Hereafter we assume that the above mentioned instability of v¢, su-
percritical bifurcation of vy and the spectral properties of L 7 hold true.

A direct computation gives Re ((Qw)-Vve, Qw) = 0 for w = w'(r, 2)e,+
w?(r, 2)eg +w*(r, 2)e,, since Qw = 9,¢, + 0.¢. for such w and v, = vy(r)y.
Applying Theorem 3.1 and the instability result [19, Theorem 3.2] to Lz ¢,
we have the following result.

Theorem 3.4. If R < R, then p(—Lgrce) DO {A € C;ReX > —b1} with
some positive constant by = by (R) for sufficiently smalle > 0; and if R > R,
then o(—Lgr o) N{A € C;Re X > 0} # 0 for sufficiently small € > 0.

We next consider the stability of the Taylor vortex vy. Since vy = vo+or
bifurcates from v at R., we see that ||[Vor|. — 0 as R — R.. We then
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find that

Re ((Qw) - Vur, Qw) _ Re ((Qw) - Vor, Qw)
IVQw||3 IVQw||3

for R, 0 < R — R, < 1. We apply Theorem 3.1 (cf., Remark 3.2) to obtain
the following result.

> —C||Vor|e = —ko

Theorem 3.5. If R > R. and R — R, < 1, then p(—Lgr.) DO {X €
C;Re X > —bi} \ {0} with some positive constant by = by(R) for sufficiently
small € > 0 and 0 is a simple eigenvalue with Ker (—Lg r.) = span {0,ur}.
Here up = " (pr,vr) with pr being the pressure of the Taylor vortex.

3.3 Proof of Theorem 3.1

In this section we give a proof of Theorem 3.1. We consider the resolvent
problem for —L,:

M+ Lu=F, u="(p,w)ec D(L,), (3.13)

where F' = T(f,g) € H}(Q) x L*(2)? is given.
For simplicity we set ¥ = 1. The problem (3.13) is then written as

Elp+divw = €Xf, (3.14)
2w — Aw + v, - Vw+w -V, +Vp = g, (3.15)
'w|aQ = 0. (316)

Throughout this section we assume that
p(=L) D {A € C;Re A > —by} (3.17)

for some positive constant by.

The following two propositions imply that the part of the spectrum o(—L.)
near the imaginary axis can lie only in a region Im A = O(e™!) under the as-
sumption (3.17).

Proposition 3.6. There exist positive constants a and b such that {\ €
C;Re X > —ae*|lm A + b} C p(—L) for all0 < e < 1.

Proposition 3.6 can be proved by the standard Matsumura-Nishida energy
method as in the proof of [19, Proposition 6.1]. We omit the proof.
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Proposition 3.7. There exist positive numbers €; and a; such that
{A € C;Re X > —by, [N < are '} C p(—L)

for all 0 < e < ¢.

Proof. Similarly to the proof of [19, Proposition 4.3 (ii)], by using the solv-
ability result for the nonhomogeneous Stokes problem (see, e.g., [13, 15]), one
can show that 0 € p(—L,), i.e., R(L.)(= the range of L.)= H}(Q) x L*(Q)>.
Proposition 3.7 can then be proved by the same perturbation argument as
in the proof of [19, Proposition 6.3]. This completes the proof. O

Remark 3.8. Under the situation of Remark 3.2, Proposition 3.7 is stated
as
{IA€C;ReA > —bp, |\ < are '3\ {0} C p(—L.) (3.18)

and 0 is a simple eigenvalue of L.. In fact, by [19, Proposition 4.3/, we
see that 0 is a simple eigenvalue of L.. Furthermore, by [19, Proposition
6.2/, one can see that if A € ¥\ {0}, then the argument of the proof of [19,
Proposition 6.3] works well without restricting to the subspace Y1, = R(L,)
to conclude (3.18), with the replacement of the estimate in the end of the
proof of [19, Proposition 6.3] by

i

A+ L)' Fll gisrexre < B

{el Al + 1 Fl2}-

The argument in the proof of [19, Proposition 6.3] to obtain the Neumann
series on Y1, = R(L.) does not work since Y1, = R(L.) is not invariant
under .,?;,{J; but the Neumann series can be obtained just by removing the
restriction to Y1, = R(Le); and, with this modification, the proof of [19,
Proposition 6.3] can be completed.

Theorem 3.1 follows from Propositions 3.6 and 3.7 without the condition
(3.1) if \/b/a < a;. In the case \/b/a > ai, there exists some range of A
near the imaginary axis with Im A = O(e™!) which should be proved to be in
p(—L) for 0 < e < 1.

To complete the proof of Theorem 3.1, it suffices to deduce the a priori
estimate for solutions of (3.13) uniformly for A = p +i? with —po < p < iy
and a;/2 < |n| < 24/b/a, where j and p; are some positive constants.
In fact, if we obtain such a uniform a priori estimate, then it follows that
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A= p+i%—po < p <, a/2 < |n| < 2¢/bfa} C p(—Lc) by a stan-
dard continuation argument since A = £i%t € p(—Lc) for 0 < € < e by
Proposition 3.7. We will establish an approprlate a priori estimate under the
condition (3.1).

We begin with estimating the H'-norm of the velocity component w of
a solution u = T (p, w) of (3.13) for A near the imaginary axis with Im \ =

O(e™).

Proposition 3.9. Let A = p+142 with pu,n € R. Suppose that u =T (p,w) €
D(L.) is a solution of (3.13). For given positive numbers p11 and 1, there
ezist positive constants 6, and C" = C'(||vs||c1, B,2) such that if

inf{Re(VH‘Z—ZE’W;gO € H2(Q), p £ 0, g—ﬁbﬂ = 0} > —0

and
2

L <n<(Cle
128 <p<p,m N>
then

62 62
(7’ + Bn)llwl3 +nllVw|; < C {(77 + F)Ilgllg + Ellfllip}

. . 2
for all 0 < e < C"min{1,n,, /u* — e s ® ,/Hi*} with 1, = max{l%, 1}

To prove Proposition 3.9, we prepare several estimates for a solution of
(3.13).

The following estimate can be proved in a similar manner to the proof of
[19, Proposition 6.5]. For the convenience of the readers we give its proof.

Proposition 3.10. Let p; and n. be given positive numbers. Let u =
T(p,w) € D(L¢) be a solution of (3.13) with X = p+ 142, p,n € R. There
ezists a positive constant C' = C'(||vs||c1, B, 2) such that if

B 1

. ne 1
< (' 1,n.,—,—— e <
e < C'min{1,n., } “qog SHSHL M SNS -

e i
with 1, = max{%, p1}, then
(° + 26" n) |wllz + 0l Vw]); < —64nRe (w- Vo, w)+C(*n° +€) | Gall2[|[w]-.

Here G = A\g — V f; and C is a positive constant depending only on ||vs||c
and Q.
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Proof. Let u = "(p,v) € D(L,) be a solution of (3.13). Then, by (3.14), we

have
1

=)

Substituting this into (3.15), we obtain

1
= di —f
D ivw + )\f
ENw — ENAw — Vdivw + EA(vs - Vw +w - Vo) = Gy, (3.19)
We take the inner product of (3.19) with w. It follows that

EN w3+ EXN|Vw]3+ ||divw|; = —€A(v, - Vw +w - Vo, w) + (G, w).
(3.20)
Since \* = <[L2 - Z—;) + 2i#1, the real part of (3.20) yields

(€n® =) w3 + €pl Vw3 + [|divw]3
= —e?uRe (w - Vug, w) + enlm (vs - Vw + w - Vo, w) + €Re (G, w).
(3.21)
Therefore,

(n* = ep?)lwll3 < (Ep+3+en)||Vwlf3
H(EplVvslloo + en(llvs]Z, + I Vvslloo)) lw]3
+E[Gall2]wl2-
(3.22)
The imaginary part of (3.20) yields

2pm|wllz + 0l Vw3
= —eulm (vs - Vw + w - Vog, w) — nRe (w - Vg, w) + elm (G, w)

2
1
< —nRe(w - Vo, w) + (ezﬁll’vs\lio +6!u!HVvsHoo) w3
1
5l Vwls + €| Galla]wll,
and hence,
2 1 2
]y + 50Vl

2
1
< —pRe(w- Vo, w) + (ezguvsuio +e!uH|VvsHoo) [eo]l2 + €| Galls o]l

23
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By (3.22) and (3.23), we have

3
] 277M 2
L +2 w
<12 2 /m) |wl3 +

< —nRe(w - vs, w)

11— e — en)|| Vel
c {@m e+ el Vol + (e + ez%gﬂmuzo} I
+c<e2n+e>\|cwzr|w|\2,
and consequently, if € < 5——
(”—3 LY ) ol + Ll Vel
12 12 16
< —nRe (w-vs,w)
+C{(62wz+6772+6|ﬂ\)HVvsHoo (@ + ) }le!%
£O(En+ |G allw]ls

Therefore, there exists a positive constant C' = C’(||vs]|c1, §) such that if

52 1
R 8_u Py M < < —,

) ne 1
<’ 1,7, &=, —
e < C'min{1,n,, <

i’ Vv H ’

then

1 1
351 6% )IIWI|§+1—677IIVWII3 < —nRe (w-Vw,, w)+C( 7’ +6) | Gil2 w2

This completes the proof. 0

We next estimate incompressible part of w.

Proposition 3.11. Let g, 1 and n. be given positive numbers. Let u =
T(p,w) be a solution of (3.13) with A = u + i, —po < p < py, >, If
w = v + Vo is the Helmholtz decomposition of w, then

2 €z 2 € 2 € 2
vz < C9—=<IVelim + 5 1Velli + =gl
n2 n n
€ 2 2 € 2 2
+ﬁllvsllmllvwllz+?IIVvslloollwllz ,
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3
’]72
lvl[}: < C {E—gHWPHip +IVelke + llglls + lvslS IVl + I\Vvsl\ioll'wl\i} :

To prove Proposition 3.11 we make use of the following estimate for the
Stokes system with nonhomogeneous boundary data.

Lemma 3.12. Suppose that " (p,v) € HY(Q) x H?*(Q) is a solution of

dive = 0,
A —Av+Vp = g, (3.24)
v|89 = 1/)7

with A € {\ € C; |larg\] < m —w} for some 0 < w < 5, g € L*(Q) and

P € H%((?Q) satisfying ¥ - n|oq = 0. Then there exists a positive constant
C =C(w,Q) such that

IMlllz + [wllme + llplm < C{lgllz + N9 200 + 1913 % 00))
HZ2(8Q)

Lemma 3.12 will be proved in section 4.

Proof of Proposition 3.11. Let u = "(p,w) € D(L.) be a solution of
(3.14)—(3.16) and let w = v + V¢ be the Helmholtz decomposition of w

Then, divo = 0, v - n|sg = 0, g_mag = w - nlyo and [, pdr = 0. Since
w|gn = 0, we see that
0
o _,
on |y
and
dive = 0,
AW —Av+Vqg = g— (vs- Vw+w - V),
Vjga = — V|-
Here
q=Ap—Ap+p.
Note that

0
/qda::/()\gp Ap+p)d / g00[
Q Q a0 0
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By Lemma 3.12 with 4 replaced by —V|,q, we have

(Alllvllz + vl 2 + llglla
3
< CUAED N2 00) + 191l 13 ) + Igll2 + ([0l Vawlle + [[Vos[loo[w]]2}

3
< C{AEVellm + [IVellmz + lgllz + [[vsll< [ Vw2 4+ [[Vos|[co||w]|2}-

Therefore, if A = p+12, —po < pp < py and n > 1., then

loll3 < CLAIT2IVellin + N IVelE: + A lgls
HA (a2 I Vawll; + Vs [lwll5)}

C €2 9 € 9 € 9
{1Vl + el + 15 9l

IN

2
(vl Vel + Vol fewl) |
and
Il +llalZn < Cfnde 2IVelE + IVl + gl
v ZIVwll + Vo, 2wl

This completes the proof. O
The potential flow part Vi satisfies the following estimates.

Proposition 3.13. Let w = v + Vy be as in Proposition 3.11. Then
there exists a positive constant C' = C'(|vs|lc1) such that if 0 < € <
C’ min{1, Z—’;, N« } with p, = max{uo, p1}, the following estimates

64
1A¢]; < C {nszH% +en||[Vwl; + ﬁIIGAIIS} ,

1 e
SIvadi < {n2|lw|!§ T en| Vel + € Av]3 + ;HGAII%} |

hold with Cy > 0 independent of o, p1, 1«, €, and $2.
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Proof. Let w = v + Vo be the Helmholtz decomposition of w. Since
divw = Ay, we see from (3.21) that

1Apll; = — (€ =n?)wlz — € ul|Vawlf3

—?uRe (w - Vg, w) + enlm (v, - Vw + w - Vo, w)
+e?Re (G, w)

i llwll3 + ol Vw3 + € | Vo[l |w]3

+en||[ Vw3 + en(([vsll%, + [[Vosloo)[[wlf3

+e?Re (G, w),

IN

and hence,

1A¢ll3 < w3 + (Epo + en)||[ Vw]|3
|| Vsl + en(|[vs]|2 + [|[VUs]loo) Haw]l3
+e®Re (Gy, w).

It follows that if € < Z—i, then

1A¢l3 < (207 + 2en((lvs 1% + [[Voslloo)) w3

¢l (3.25)
+2en|| Vw3 + ﬁHGAH%-

Therefore there exists a positive constant C" = C’(||vs||c1) such that if € <
C’ min {Z—’:, 77*}, then
2 2 2 ) € 2
18618 < C: { Pl + el Vwll + SIGAIE)

We next estimate ||[VAg|3. We take the inner product of (3.19) with
—V Ay to obtain

—2X2(w, VAP) + EXNAw, VAp) + |[VAp|3

(3.26)
= N, Vw +w - Vo, VAp) — 2(Gy, VAp).

Since w|pg = 0 and divw = Ayp, we have

—&\(w, VAp) = €N (divaw, Ap) = X7 Aplf3,
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EXNAwW, VAp) = EXNAv, VAp) + X[ VAp|[3.
Taking the real part of (3.26), we thus have
(€ =) Apl3 + EullVAQI; + VA3
1
< SIVAGIE + 3 P{llv Vel + Vol lwl3}
3 3
+5e [Gallz + € Al Av]3.
2 2
This implies that, if X = p + 42 with —pg < p < py, 1 > 1,, then

Al + (5~ ) VA3
< PIAGIE + (e + )| Ao (327)
432 + ) (oI Tl + [V 2 ol + S Gl
By (3.25) and (3.27), if € < = and € < g, then
NG + IV Al

< 20’ |lwl3 + 2enl| V]| + 2en(||vs]I3, + Vsl w3

34M22A234N22 2 | Waw|l2
oz TOlAvllz +3(s + o[ Vel
2 4
4H 2 2 2, 0¢ 2
ez T OIVollwls + 5 751G
Therefore, there exists a positive constant C' = C'(]|vs||c1) such that if
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e < C'min{1,n,, =, Z—z,n*,u*

2
3

,\/%}, then
1
IV A3
2
W
< (8772 1265+ ) Vo + Benfos 2 + ||Vvs||oo>) wl2
12
i (8677 12 e2>||vs||zo) Vo2
2 10e*
FO(e! L5+ ) Avl + =Gl

4
€
< C{'rzzH’wH%+677||Vw\|§+62|\Av||§+;HGﬂI%}-

This completes the proof. O
We are now in a position to prove Proposition 3.9.
Proof of Proposition 3.9. Let w = v + Vi be the Helmholtz decomposi-
tion of w. Then
—nRe (w - Vog,w) < —nRe (Ve Vo, Vo) +n{|Re (v - Vo, Vi)
+|Re (Vy - Vg, v)| + |[Re (v - Vg, v)|}
< —nRe (Ve - Vo, Vo)

1
+rn[[Voslloo[[Vellzs + (1 4+ —)nl Vsl |05

_ 7
for any k > 0. Choose k = 64 V0o

see from Proposition 3.10 that

(n° + Bn)llw3 + 0l Vw][3 (3.28)
< —conRe (Vi - Vg, Vo) + Cnl|[ Voo [[0[[3 + C(20* + ) |Gall2] w2,
where ¢y = 64.

We estimate the second term on the right-hand side of (3.28). By Propo-
sitions 3.11 and 3.13, there exists a positive constant C' = C'(Q2) such that

- Then, since [|w]]3 = [|v]|3 + [[V]3, we

1 103
?HVAsD!I% < C{U2H'w||§+6?7HVwH§+62772HV<pH?p+62HVA¢H§
+e%1gll3 + Ellval1Z [IVwl; + €] Vo2, [|w])3

G}
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This implies that if n? < ﬁ, then

LIVAGIE < C{0P + eIVl lwl + (en + &[v,|1%) Vw3
13 &t
e IVell3 + gl + ZIGl3}

(3.29)

By (3.29), Proposition 3.11 and the elliptic estimates: |Vl g+ < C||[VF T Agpl|
(k=1,2), we have

3 5 03
ol < O{(<5 +ebnd ) IAglE + 0P + Vo) fawl?
€6
e e+ € v2) [ Vwll3 + e gll3 + & Gal3 (3.30)
62 62 62
+5 19113 + S, 2N Vw3 + SV, 2 lwl3}

Furthermore, Proposition 3.13 gives
4
Magl? < ¢, {n3uw|r% eVl + %HGAH%} | (331)
It then follows from (3.28), (3.30) and (3.31) that
(o + )l + 0l Vel + 5 21 Ag];
< —conRe (Ve - Vg, Vi)
Lol + SRVl + S Gal2
2 2 on
+Cnl| Vsl [ (2072 + éEnt ) A3
+E(0 + V%) w3

2
€
+e*(en + €], %) I Vawll3 + ﬁHvsHooHVwH%

e 2 4 2 € 2 e 2
+EHVvslloo||ng +€*||gllz + PH9H2 + ?||GA||2

+C (" + ) |Gl w2

From this we see that there exists a positive constant C' = C'(||vs]|c1, B, )
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such that if ¢ < C'min{l, .}, n < %, then

1 1
1(773+52 mwllz + 77||Vw||2+ 77||A90||2
—ConRe(V@ Vvs,VsO) + 06 77H9H2 +C(En* + )| Gallzwl

+C—HG/\”2 + C H9H2

1
8(n +B2 )\lelrc@nRe(V@-V%Vs&)

+c( Fent o VGl + e+ < )||g||2.
Therefore, we conclude that if

) { Re (Vg - Vv, Vo)
inf
A3

dyp

2 —_—
o € HD(Q), 0 #0, 5

90 86001

then

€ €?
0 + Sl + 0l Vol + nll Al < O (n+ )l + IV I3}
This completes the proof. 0]
It remains to derive the estimates for ||p||g: and || 02wl

Proposition 3.14. Under the assumption of Proposition 3.9 (with C" suit-
ably replaced),

02wl + [pll2 < C{ (1+ D) gl + 1111 }

2
for all 0 < e < C"min{1,n,, , /u* , u*,n*u* , \/L}

Proof. We see from (3.14)—(3.16) that

divw = €f — e,
—Aw+Vp = g— A w—v,-Vw —w -V,

’w|39 = 0.
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The elliptic estimate for the Stokes system ([15, 22]) then gives

10Fwll> + IVl < CLElfllar + € [Alllp]lm
Hlgllz + [All[wllz + [[vs]loo[[Veollz + [[Vos [l w2}

By the Poincaré inequality, we have
Epllm < C(€ns +en) || Vpll2

with C'= C(Q) > 0. Therefore, if € < \/% and 7 < €, then
1072wll2 + [[Vpl2
< L€ Nl +llgllz + IMwllz + lvsllocl Vel + Vsl lw]l2}-

This, together with Proposition 3.9, implies the desired conclusion. This
completes the proof. ([l

We give a proof of Lemma 3.12. We first estimate a solution ' (p,v) of
the following problem on the half-space R} = {z = (2/, z3); 2/ = (21, 22) €
R2, T3 > 0}

dive = f,
A —Av+Vp = g, (3.32)
IU’.’E3=0 = '(,b

Here A\ € C is a parameter; f and g are given functions on R?; and ¢ =
T ("), % ("), 4% (2")) is a given function on R? satisfying v - n|ops =
—3(2') =0 (2 € R?). We denote by %, the sector defined by

Yo={reClarg\| <71 —w}.
We have the following estimate.

Lemma 3.15. Let w be a positive number satisfying 0 < w < 5. If X €
Y, \{0}, then

Noll2qe) + 1020 2qes) + 10apl e
< CAMI N2 cag) + 10eFll 2oy + ey
3
IRl + 193 g -

Here C,, is a positive constant depending only on w.
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To prove Lemma 3.15, we introduce some notation. For A € C\ (—oo, —|¢'|?],
A #0and & € R% ¢ # 0, we denote the principal branch of the square root

of A+ |¢)2 by 1 = (N, &), e
pr = (N, &) =/ A+ €2
(+)

with Repy > 0. For a complex number p, we define functions g, (3, ys)
and hy,(z3) by

1
g;(ft) ($3,y3) = ﬂ {6_“|m3_y3| + e—#(9ﬂ3+y3)}

and )
hy(z3) = —e H2.

We also introduce functions §® (z3,y3) and h(x3) which are defined by

()

[ (£)

+
(3, y3) = 9y, (3, 3) — 9|(§/|)($3, Ys)

and B
hxs) = by, (23) — hie(23).
We denote by §(z3) the Dirac delta function.
For a function K(z3,y3) on (0,00) x (0,00) we denote by K f the inte-

gral operator fooo K (x3,y3)f(y3) dys. The Fourier transform in 2’ variable is
denoted by F':

(J,—_-/f)(gl) _ 5 f(x/)eiﬁ’.x’ d.ﬁEl, 5/ e R27

and its inverse is denoted by F'~!. We also employ the notation f (&) for the
Fourier transform (F'f)(¢'). Then the solution " (p,v) of (3.32) is written as

(58) = FOPFF@) + PR (3)) (z)
= F TR ) FE i)y | () (3.33)

e Q)

with F = T(f,g),g = "(g',¢*). Here
f‘(>\7 fla T3, yS) = GA()V §/7 xs, ?/3) + f{()\v Sla T3, yS)
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is the integral kernel of the solution operator for the problem (3.32) with
v = 0, and

T\ € as) = 0, G\, €, x3,0) + Dy, H(N, €', 235, 0),
where
G(Aa€'a$3,y3)
= (w3 — y3)Qo

)\9|(;|)(£E3,y3) —iTﬁ’gf§|)(:v3,y3) —3x39\(§|)(3?37y3)

+ —Zf'g\(a)(f?nys) 0 0
—%gfgf (23,Y3) 0 0
0 0 0

10 gt (3, y3) 15 0
0 0 9;(;)(373, Ys3)
0 0 0

+[ 0 #aﬂ (23, Y3) —%axsﬁ(_)(ﬂcg, y3)
0 _F/\g/ Dy 0 (23, y3) —iaggg(_)(xay Ys3)
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with @)y being the 4 x 4 diagonal matrix )y = diag(1,0,0,0), and
H<)‘7 5/7 T3, y3)
0 iT£,h|£ll($3)€_uly3 0

=10 —f/zflﬁ(mg)e_“lyi” 0

0 L¢ Oy h(xs)e 1% ()

A
0 0 0
| P (@3)Bo(ys) Py (23)B(ys) I, (23)55(ys)
0 0 0
—i "¢ Mg (23)Polys)  —i"E Mg (w3) Blys)  —i &My (23)B(ys)
| SEhabs)  SER)Bl)  SEh)t) |

T ¢t -~ ZT !

— 9, () Bolys)  — € Duai(w) Blys)  —E Dughi(is) Ba(ys)
with gy = p1(A, &) and

A /
Bo(ys) = Bo(A, €' y3) = mel& lvs,
B = B(\. & = _L e~tys _ o=l lys
<y3) ( 7£7y3) |§,|(,U/1_ |§,|)( )7

and

ﬁs(ll:a) = 53()\,§’7y3) _ m Zf |£/| (e,myg o €—|§'|y3).

The solution formula (3.33) will be derived in the end of this section.
To estimate " (p,v), we prepare elementary inequalities.

Lemma 3.16. Let w € (0,5). Then there exists a positive constant C' de-

pending only on w such that the following inequalities hold uniformly for
A€ X, \{0}:
. _ 1 1
i)  CTHAE +[ED < lml < CONE + €D,
(i) C7'ml < Rem < Clml,

! 1 1 1 1
vee —p1r3 —|£ |1’3 < C _ ! - _§Re,u41x3 + —§|€‘$3 .
(iii) e e | < Clpn — €] (|§/|e Reule >
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Inequalities (i) and (ii) can be proved by an elementary computation;
and estimate (iii) can be proved by using the mean value theorem. (Cf., [18,
Lemma 3.15].)

We will use the following generalized Young inequality.

Lemma 3.17. Let K(x3,y3) be a function on (0,00) x (0,00) satisfying

sup/ | K (x3,y3)| dws < M; and sup/ | K (23, y3)| dys < My
0 0

y3>0 z3>0

for some constants My > 0 and M, > 0. Set

KF(x3) = /000 K(z3,y3)F(y3) dys.

Then 11
K F|[z2(0,00) < M7 M3 || F[| 2(0,00)-

See, e.g., [14] for a proof of Lemma 3.17.

Proof of Lemma 3.15. The estimate for F [ FF is well-known. In fact,
one can obtain the desired estimate for F'I'FF by using Lemmas 3.16
and 3.17. As for F Iz F [7(0,%)], we set "(pp,vp) = FAlpF [7(0,9)].
Then, by a direct computation, we see from (3.33) that

pe = —i(pn + &)y (23)€ - 4,

{)B _ :u’lh‘,u«l (‘r3)’(ﬁ/ + %h‘ﬂl (333)5/ : 1/}/:’_ %(/1/1 ‘i: |£,|>}~l(.'173)§/ . ’l&/
=5 (1 + [€]) 0y h(3)E" - 4/
The desired estimates can be obtained by applying Lemma 3.16. This com-

pletes the proof. O

We turn to the proof of Lemma 3.12. We fix w € (0,%). Let C, be
the positive constant in Lemma 3.15. Then for each £ € 00 there exist
an open neighborhood O; of z, a local coordinate system with coordinates

T = (&', %3) in & and a smooth function h(Z’) such that
O: NQ = {(2,%3); h(Z') < &3 < h(Z') +7, |7 <r},

O N0 = {(F', 23); 23 = h(Z), |T']| < r},
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0,h(0)) =2, V#h(0) =0, Vaih(Z)] <
(0,1(0)) =z (0) E}llgl (@) < 21,
for some positive constants v and r. By a translation and a rotation of the
coordinate system we can write Z as z. We set ®(z) = ' (2/,25 — h(z')).
Then y = ®(z) is a diffeomorphism from Oz to an open set Oz of R? and

P(O;NQ) ={y=(,u3); [¥| <7, 0<ys <7},

P(O; NON) ={y= (v, ys3); |V| <7, ys =0}, (3.34)
IVyh(y)] < S for|y| <.

Since 0 is compact, there exist (V) ..., ™) € 9Q such that 9Q c UN_,0,,,
Onm = O,mm and diffeomorphisms &, : O, — O, D, (z) = T(2' 25 —
hm(2')), m = 1,..., N, which satisfy (3.34) with Oz replaced by O,, for
some h = hpy, (), r =1y, and v = 7.

We take an open set Oy such that Oy C Q and Q C UﬁzoOm, and
introduce a partition of unity {Xm} o subordinate to {O,,}N_, satisfying
SUpPXm C O, BN _Xm = 1 on Q.

We make the following transformation of x,,p and x,,v :

Pm(y) = Omp) (@, (1)),
om(y) =T (0),(y),75,(1))),
Oy, () (Xm'v’)(% ),
() = =Vyh(y) - (xm?) (@, (1) + (xm0*) (@7 ().

Furthermore, Y,,g is transformed into g,, = "(g..(y), 3" (y)) in a similar

manner.
Under these transformation the localized problem for (3.24) on ,, =
O, N is transformed into the following one on R’ :

divo,, = v-Vxnm,
AOy — Ay + Vi = G, (3.35)
'67/71’3/3:0 = ;717 ﬁfn‘y3=0 =0.

Here 'v'/ﬁm denotes (v - V) (@, (y)) and G, = T(é:n, G3 ), where
é;n = (p%i,;;m) - Qme v = VA + g/m + (Vyh)Oys b

_Q(Vy’h) V 8@/3 m (A h)ays m |V h|282 0,

Y3 m’
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G = —Vyh- G, 42V, (Vyh) -Vt + (AyVyh) -6+ Vyh - Vybm
+(p5;X/m> - 2V:L"X/m_\'/vx7)3 — V3 Ay Xom + 5}21 - 2<Vy’h) ) vy’aysﬁ)gz
—(Ayh)dy, W, — |V h|*02 0y,

Here
wy, =0y, +V'h- v,
Applying Lemma 3.15 to (3.35), we have the following estimate.
Proposition 3.18. Let A € ¥,\{0}. Then
AN Ol 22y + 10l 12w ) + 10yDm r2(es)
< LM VXl + 190 Vo) llz)
+ 1PV xmll2es) + 1 VX - Vol 2as) + 100 xmll2es
+ ||f’m||L2(Ri) + ||8y6m||L2(R§r)

. E =
Gl ety Mty + 9Bl g -
where C!, depends only on w.
Proof. We have
IGnllz@s)y < 120Vyhlloo{l0ypml 2@z + 10500l 2@z}
+C{”pvamHL2(Ri) + [ VaXm - vrv”H(Ri) + HUAJUXmHL?(Ri)
+||r‘~’m||L2(Ri) + Hay'{’mHL?(Ri) + HgmHL?(Ri)}‘
Noting that 12|V, h|l« < 1 and applying Lemma 3.15 to (3.35), we obtain
N6l o) + 1028l 2ges) + 10, nll e
1 . -
< §{||8ypmHL2(R3+) + ”aSUmHL?(]Ri)}
+CAM - VXl sy + IV (0 Vi) 22

+||pv:vaHL2(Ri) + [ Vaxiom - vmv”LQ(Ri) + H’vAerHLQ(Ri)
Homll 2wy + [10yOmll 2

~ 3. 7 it
+||gm||L2(Ri) + |/\|4 H"ubmHLz(RQ) + ||¢m||H%(R2)}’
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and hence,

MOl 23y + 105 0m | L2 &)+ [10yDm | 2 Ri
< 200{|2  Vxmllg ey HIV(v- Vo) e RY)
+||pVme||L2(Ri) + ||Va:Xm Vol p2ge ) + ||’UAme||L2(Ri)
‘|'||'~’mHL2(R1) + ||ay'~’mHL2(R1)
gl 2wy + Nl @) + [l o -
This completes the proof. 0
We then have the following estimate.
Proposition 3.19. Let A € X, \{0} with |A\| > 6 for some § > 0. Then
Mol + ol + 10,5l
< M llella- + folla + llpll + llglle + A Lzzm + 16113

Proof. By Proposition 3.18 we have

Allwllz + 195v]l2 + 10:p]l2
< C{MIollur + ol + Ipllz + lglls + N9l 2c00) + 1] 3 o))

Since |A| > 4§, using the Poincaré inequality: ||p||z2q) < [|0zp]|r2(q) for p €
H(Q), we see that

(Mllvll2 + [[vll2 + 187 ]l2 + (2]l
< C{Mw a1 + vl + ol + Iglla + A3 9]z + 1911, 0,

oo
5= —do — [ vAvd
|Vvl; /mvan o /Q'v vdzx,

IVo]l2 < C{llvllz2o0) + [[v]l2 + (10702}
This, together with (3.36), gives the desired estimate. O

1(3.36)

Furthermore, since

we have

Lemma 3.12 follows from Proposition 3.19 by a compactness argument as
given in [13].
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We finally give a proof of solution formula (3.33). To this end, we intro-
duce the integral kernel of the generalized resolvent for the adjoint problem
for (3.32) with ¢ = 0:

B —dive* = g,
A — Av* = Vp* = f, (3.37)
v*’ISIU = 0.

The solution of (3.37) has a representation similar to (3.33). In fact, it holds

that
(wi) = (5

where T*(z,y) = (F'T*F)(x,y) with [*(\, &, z3,y3) = "T(
£

‘~

denote the integral kernel of F'I' F by I'(z,y) = [ i@’ =)

by
_ Li(z,y) Ti(z,y)
Poy) = <F21(33»y) F22(flf>y)>

/15/ yg,ZEg). We
P(Avglax&y?)) dg/

where T'1o(z,y) is an 1 X n matrix; T's; (2, y) is an n x 1 matrix; and Tes(z, y)
is an n X n matrix. Similarly we write

FTI(‘/E’ y) FTQ(I7 y)
M(x,y) = :
F;l (l’, y) F;2($7 y)
It follows that
p*(z) =ITq(z) + T f(2), vi(z) =15q(x) + 5 f(x).

Let ¢ € Cg°(RY) and f € C3°(R3)?. Since v - ngps =9 -n = —¢* =0,
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we have
[ @) + o) Fe

~ [ ple) T e + 5N de + [ o)X= B)F5a(o) + T ()

[, o) VTl T T e

V(@) (T5,9(x) + T5, f (2))da

(= Ayo(o)Tha() + Tof @)ds — /

3
OR3.

ars, s,
v(z) (qu(x) + Wf@)) ds,

divo(z)(Thig(x) + 1o f (2))de

g(z) - (Tq(x) + Tio f (x))dx — / () <8F§1q( ) + OT's, f

. T on. (.r))de

OR3
+ [ T+ T @)
Ol'1o
( [ et s [ S Ewnv@as+ [ T, q) )
Ol
+ </Ri Laa(y, z)g(x)dz — - on, (y, ©)¢(x)dS, + /Ri Loi(y, 2) f(x)dz, f) ;
We thus obtain
p) = D) + Tog(e) = [ T2 y)g@)s, (339
oR3. UMty
Ol'9
v(z) = To1 f(2) + Ta2g(x) — 9 (@, y)b(y)dS,. (3.39)
or3 0Ty
Since 2

Gy = 0y, o0 OR% = {(v,y3); ¥ € R? y5 = 0} = R?, we obtain the
solution formula (3.33) from (3.38) and (3.39).
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4 Stability of bifurcating stationary solutions

Our interest in this section is in the stability of a stationary solution bifur-
cating from a basic stationary flow. In Theorem 3.1, ¢y depends on by and it
may occur that ¢g — 0 as by — 0. Therefore, the range of € for which The-
orem 3.1 holds shrinks as the spectrum o(—L) approaches to the imaginary
axis. This can happen when a bifurcation occurs as a control parameter ap-
proaches its critical value. In this section we show that the range of € can be
taken uniformly near the bifurcation point when the stability of a bifurcating
solution from a simple eigenvalue is considered.

4.1 Formulation and results

We consider the following situation. Let v be a basic stationary flow with
a bifurcation parameter R (e.g., R is the Reynolds number) and let the
linearized operator around vg be written as

L = —PA + RPM|vg],
with domain D(LL) = [H*(Q) N HL(Q)]? N L2(2), where
Myjw =v - Vw +w - V.
We assume that a stationary bifurcation occurs in the following way.

(AO) There exists a positive number R, such that if R is smaller than R,
then vy is stable; and if R is larger than R., then vy is unstable and
a stationary bifurcation occurs at R = R..

We thus introduce a bifurcation parameter n = R — R, and write vg as
v, and the linearized operator IL as LL,;:

L, = ~PA+(R.+nB(v, -V +("Vv,)
= —PA+ (R.+ n)PMv,],

We denote by L; the adjoint operator of L,,
Ly = —PA + (R, + 1)PM’[v,]
with domain D(LL,) = D(L), where
M*v]jw = —v - Vw + (Vv)w.

We make the following assumptions.
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(A1) v, is a smooth stationary solution.
(A2) v, is analytic in n in H*(Q)>.

(A3) 0 is a simple eigenvalue of —ILy with Ker(LLy) = span{wy}.
The eigenprojection for the eigenvalue 0 is Pyw = (w)wy. Here and in
what follows the symbol (w) for w € L*(Q)? is defined by

(w) = (w, wy),

where w; is the eigenfunction for the eigenvalue 0 of Lf satisfying

<’U.70> =1.
(A4) <M[’UQ]U}0 + RCM[vl]w()) 7& 0, where V1 = 8,7’0,7|,,:0.

(A5) There exists a positive constant by > 0 such that

{A€C; ReX > —bo}\{0} C p(—Ly)

We look for a solution branch {n, w,}, w, # 0, of
(NS), L,w, + (R.+ n)PN(w,, w,) = 0.

Here N(w,,, w,) = w, - Vw,. Note that w, = 0 is a solution of (NS), for
all n. Under (A1)-(A4) we have a nontrivial solution branch. In fact, by
applying the standard bifurcation theory ([7]), one can prove the following
proposition.

Proposition 4.1. Assume (A1)-(A4). There exist a positive constant &y and
a solution branch {n(d), w,(8)} of (NS), with n=n(d) of the form

1(0) = 60(9),

w,(0) = §(wo + dw;(0)),

where o(8) is analytic in & (|6| < &), and w1 (8) is analytic in § in H*(Q) (|6] <
do)-

We next consider the stability of ©(6) = vy,s) + wy,(d). The linearized
operator around ©(4) is denoted by

L(0) = —PA 4+ (R. + n(6))M[v(9)].
As for the spectrum of —IL(d), we have the following proposition.
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Proposition 4.2. Assume (A1)-(A5). There ezists positive number &y such
that

. b
p(—L(5)) 5 {} € C: ReA > —Zbo, A2,

P-LE)NAEC N < 2) = A6)),

for all § € (=6p,00). Here A(9) is a simple eigenvalue given by

\B) = —a(9)3 1)

where a(d) is an analytic function of § € (—do, do) satisfying
a(0) = —(MlwoJwo + RM[v:]wo)(# 0).
Proposition 4.2 was obtained by Crandall-Rabinowitz [8] (See also [1]).

Concerning the stability of ©(6), we have the following proposition.
Proposition 4.3. Assume (A0)-(A5).
(1) a(0) = —(Mvo|wy + R-M[v;]wy) > 0.

(ii) A(0) = M\6F+O (%) if and only if n(§) = ned*+O(5%1). In this case,
it follows that \y = —ka(0)ng. Therefore, sgn(A\(0)) = —sgn(n(d)) for
0< ]l <« 1.

See Figure 1.

w, w, wy

k: odd k: even k:even
>0 24, <0 Mm<0e >0

s u
s
s s s
/0 u K 0 u K 0 u
a s /

Figure 1: Bifurcation diagram of the incompressible system (NS),,
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We next consider relations between A and n®.
Proposition 4.4. The following (a)-(c) are equivalent:
(a) \D(0)=0 forl=1,--- k.
(b) nV(0) =0 fori=1,--- k.
(c) c=D(0) =0 forl=1,--- k.

Proof. We will prove the proposition by induction on k. Differentiating A(J)
we have

05A(0) = &(8)01)(8) + a(6)7(0) + a(6)dij(9),

and so
IsA(0) = a(0)n(0).

Therefore, we see that
0sA(0) = 0 if and only if ¢(0) = n(0) = 0.

This shows that the proposition holds for £ = 1. Let £ > 2 and suppose that
the proposition is true for £ — 1. Then

k

o) = Y () 010e i)

_ 59Ha()®) + kol (a0, (1)
Since,
O (a0} = 3 (F 1) e,
we see from (4.1) that
AR(0) = ka(0)7* =V (0) = —ka(0)n™(0).

This shows that the proposition is true for k£ and the proof of the proposition
is complete. Il

We next consider the stability of the bifurcating solution ¥(d) as a solution
of the artificial compressible system (1.3)—(1.4). We denote by L(e,d) the
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linearized operator around o(d) which is an operator on H!(Q) x L*(Q)3
given by

0 Zdiv
L(e, 6) =
V. —A+ (Re +n(0))M[5(0)]
with domain D(L(e,d)) = D. We also introduce M(d) and M(9) defined by

M(0) = (Re +n(6))M[v(9)] — R Mlwvo],

0 0
M(5) - ( ) |
0 M(6)

It follows from Proposition 4.1 that M(J) and M (§) can be expanded as

M(8) = > "My,
k=1

o0 0 0
M) =Y 6"My, My = ( )

=1 0 My

Here M, satisfies the estimate
[Mywll2 < cpllwl| (4.2)

uniformly for w € H'(Q2) with positive constant ¢ satisfying Y 7o, cx0* < oo
for |6] < 4.
The result is stated as follows.

Theorem 4.5. Let A(0) = X\ed* +O(6F) with A, # 0 for some k > 1. Then
there exist positive constants 61 = d1(by, vo) and €; = €1(by, vy) such that

P(~L(e.0) N {r e T N < 2 = (M),

e, 8) = 0"((1 + (€)M + Ax(e, 9))

with some Ay(€,0) = O(9) uniformly for 0 < € < €, 0 < |§] < 8. Here
c1(€%) satisfies |c1(€?)| < 1 for 0 < e <.

Applying Theorem 3.1 and Theorem 4.5 we have the following result on
the stability of the bifurcating solution ©(d) as a solution of the artificial
compressible system (1.3)—(1.4).
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Theorem 4.6. Assume that (A0)-(A5). There ezist positive constants €; =
e1(bo, vo) and 8, = 61(by, vo) such that the following assertions hold true for
0 < 4] < 6.

(i) If ©(9) is unstable as a solution of (1.1)—(1.2) then so is v(9) as a solution
of (1.3)—(1.4) for 0 < e < €.

(ii) Let ©(0) be stable as a solution of (1.1)~(1.2). Then there ezists k > 0
such that if

f Re (Qw, - Vo(6), Qw,)) 2
POty T

—K, (4.3)

then there exists €5 = 62(52), vy) > 0 such that ©(0) is stable as a solution of
(1.3)—(1.4) for 0 < € < €.

Similarly to the proof of Theorems 4.5 and 4.6, it is possible to prove the
stability and instability of the basic flow v,. In fact, one can show that the
spectrum of the linearized operator L, satisfies

3.
o(—L,) ={A € C; Re A > _Zb(]} U{\}, n € [=n0,m0]

for some positive constant ny. Here A, is a simple eigenvalue of —IL, and
satisfies
Ay = a(0)n + O(n).

Let L, be the linearized operator around w, = '(p,,v,) of the artificial
compressible system. Here p, is the pressure corresponding to v,. As in the
proof of Theorem 4.5, we have the following result.

Theorem 4.7. There erist positive constants i = ﬁl(l;o,vo) and €3 =
e3(bo, vo) such that

b
a@d@@m{AeC;thf}:{&m}

A = n(cr(€)a(0) + Acy)
with some A, = O(n) uniformly for 0 < e <e3 and 0 < |n| < 7.

Combining Theorems 4.5 and 4.7, we can see that the same exchange of
stability as in the case of (1.1)—(1.2) holds for the case of (1.3)—(1.4) uniformly
for small e. For definiteness, we consider the case where £ is even and 7y, is
positive in Proposition 4.3 (ii). In this case we have the following result.
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Theorem 4.8. Let k be even and 1, be positive in Proposition 4.3 (ii). Then
there exist positive constants €4 and 0y such that

1) The basic flow v, s s unstable for 0 < |6] < 9y and 0 < € < €4.
n(0)
(i) There exist positive constants €5, 03, Ty and K such that if

g Re (Qw - Vv, Qw)
1 weH (2)3,w#0 ||va||2

> —K,
then v, is stable for —i, < n < 0 and 0 < € < €5 and v(0) is stable for
0<1]0] <d3 and 0 < € < es5.

The other cases where k is odd or 7 is negative, one can obtain similar
results. See Figure 2.

w, w, wy
k:odd k:even k:even
Me>06 2, <0 M <024 >0
8 u
8
S S S
n n n
/ 0 u 0 u i u
u s u

Figure 2: Bifurcating diagram of the artificial compressible system

4.2 Proofs of Theorems 4.5 and 4.6

To prove Theorem 4.5 we introduce the operator L., on H}(Q) x L*(Q)3
defined by
D(L.)) =D := HX(Q) x [H*(Q) N Hy(Q)]?,

0 E%div
Ley= )
V A=A+ RMwv)

We also introduce the operator A,(6):
A\(O)w = —Aw + R-M[vo|w + M(d)w.
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We give an expression for Ee_)l\ in terms of (A+£)~*. To do so, we prepare
the following lemma.

Lemma 4.9. ([19, Lem.4.2]) There exists a bounded linear operator V :
HI(Q) — [H*(Q) N H(Q)]® such that

divVf=Ff |Vfilgz <C|fllm
for f e HI ().

This lemma follows from the solvability for the nonhomogeneous Stokes
problem divv = f, —Av + Vp = 0 under the boundary conditions v|gq = 0.
See, e.g., [15].

The following expression and estimate for E;l\ were obtained in [19].

Lemma 4.10. (/19, Prop.6.2]) Let A € ¥y := {\ € C; Re A > —b}\0. Then

g plg — AV ]
230 = (e o e v )

_ 1
ILoAF sz < C(W + DL f e + llgll2}

for F ="T(f,g) € H:{(Q) x L?(Q)%. Here py = pxlg] € H(Q) is the unique
function satisfying

2w — Aw + R-MvoJw + M(0)w + Vpr =g

with w = (A+1L(8))"'Pg; and C is a positive constant independent of X € ¥
and F'.

We first show that the spectrum of —L(e, §) near the origin consists of a
simple eigenvalue which is analytic in €2 and .

Lemma 4.11. Let A\(§) = A\p0" +O(0"+Y) with Ay # 0 for some k > 1. Then
there exist positive constants 61 = d1(bg, vo) and €1 = €1(by, vy) such that

P(-Lled) N{A € C N < ) = (Ae.0))

Jor 0 < € < € and 0 < |[0] < 0;. Here \(€,0) is a simple eigenvalue of
—L(e,8) and is analytic in €* and 6.
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Proof. By Lemma 4.10, if |A\| =g, 0 <1y < %50, then

_ 1
ILoAF sz < CT—O{EQIIfIIHI + llgll=} (4.4)

for F = T(f,g) € H:{(Q) x L*(Q)?. We set

10
J = .
0 0
It then follows from (4.4) and (4.2) that

||A£;;JF||Hle2 < CE| flan, (4.5)

_ 0 o
ILAMO)F sz < C%HQHHl < C;OIIQ\IH2- (4.6)

We see from (4.5) and (4.6) that there exist positive constants €y and dy
which depend only on by and vy such that if 0 < e < ¢y and 0 < |§] < o,
then

1
IALT + LM (0)F |l s> < §HFHH1xH2

for all F' € D(L(e,6)) uniformly for A with %O <A < %lN)O. This implies that
there exists a bounded inverse (I + AE;}\J + ﬁ;)l\M((S))*l on D(L(e,0)) for

0<e<e,0<|d <dand %0 <A < %l;g, with estimate
I(I+ALNT + LAM0) ™ Fllancmz < 2/ Fll s,
It then follows that A + L(e, d) has the inverse
A+ L(e,0) " = (I + AL T + LM ()L ) (4.7)

which is bounded on H(Q2)x L?(Q)? and is also bounded from H!(Q)x L?(2)3
to D(L(¢,d)). Furthermore, (A + L(e,§)) ™! is given by the Neumann series:

A+ L(e,8)) 7 =Y (DAL + LIAMO)N L

N=0
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and hence, by Lemma 4.10, it is analytic in €2, § and . We set
1

P(e,d) = 5 |,\|:‘L0()\ + L(e,0)) "t dA (4.8)
= i ﬂ/ ACAT + LMYV L d N
- 27 i €,A €, €,A :
N=0 IAl=3

Then, by [19, Thm.5.2 (ii)], P(e,d) is the total eigenprojection to the eigen-
values lying inside of {\; |A\| = 2} and it is analytic in €? and § in B(X,Y)
with X = HY(Q) x L2(Q)? and Y = HM(Q) x H2(Q)?. If § = 0, then P(e, 0)
is an eigenprojection for the eigenvalue 0 of —L(e,0). Since 0 is a simple
eigenvalue of —IL(0), we see from [19, Prop.4.3] that 0 is a simple eigenvalue
of —L(e,0) and the eigenprojection P(e,0) for 0 is given by

P(e,0)u = ((u,up)) upe (u€ HHQ) x L*(Q)?).
Here

%

* p[)
uO - * )

wy

where py and pf are the pressures corresponding to w, and wy, respec-
tively, i.e., L(e,0)ug = L*(¢,0)us = 0. Note that u is independent of e
and ((uo,e, ug)), = 1. Since P(e, d) is continuous in € and 9, we find from the
perturbation theory that dimR(P(e,d)) = dim(P(e,0)) = 1, and hence,

e =cofe) ( 20) . coet) = 1+ i),

P~L(e ) N X A < 2 = A6 6),

where A(e, d) is a simple eigenvalue of —L(e, ).
We now show that A(e, d) is analytic in €? and §. Let

_ (p(ed) _
uted) = (160)) = Ple.opun.
Then u(e, ) is analytic in €2 and § in H!(Q) x H?(2)? and

—L(e, 0)u(e, 8) = A(e, 6)u(e, 9). (4.9)
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Taking ((-,-)), of (4.9) with v we have

A€, 0)((ule, 0), ug)) = —((L(€, O)ule, 9), ug)).-

Clearly, ((u(e,d),us)), is analytic in €* and §. We also have

(L (e, 8)ule,0) i),
= (v (e, 8), 5z + (Ao(d)uw(e, ) + Vi(e,0),wp)
= (divw(e, 5)apé)L2 + (AO(é)w((':? 5)7 ’lUS)

This shows that ((L(e, d)u(e, d),us)), is analytic in € and §. Furthermore,

since ((u(e,0),uf)) le=s=0 = (wo) = 1, we see that ((u(e,d),us)), # 0 for
sufficiently small € and §. Therefore, we have
)\(6, 5) — _ <<L(€’ 5)“(67 52’ u0>>e’
<<U(€, 5)7 U’O>>e

and hence, conclude that A(e, d) is analytic in €? and 4. O]

(4.10)

From the proof of Lemma 4.11 one can see that A(e, §) is given by a small
perturbation of A\(d). In fact, we have the following relation.

Lemma 4.12. [t holds that X\(0,0) = A(9).

Proof. We see from [19, Prop.5.1(ii)] that
P(e,0)F — P(0,0)F in H:(Q) x H*(Q)* as € — 0. (4.11)

Here

I1(6) e Ji=in PAlg]dA
P0,0)F = (]P’(é)IP’gg) - (% fM:gO()'\—i— (6))'Pgdx )

2

Since P(d) is the total eigenprojection for the eigenvalues of —IL(d) lying in
|A| = %, P(6) is the eigenprojection for the eigenvalue A(d). Therefore,

u(e, d) = u(0,0) = (5]((%’(?)) in H(Q) x H*(Q)? as ¢ — 0,
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where w(0, ) is an eigenfunction of —IL(d) and p(0, ) is the corresponding
pressure, i.e., (L1 x@) + M(6))u(0,6) = 0. (In [19], the convergence in (5.9)
is written in H 1(9) >< L2(2)3; but it is easily verified that the convergence in
(5.9) also holds in H}(Q) x H?(2). In fact, it follows from (4.6), (4.7) and
(4.8).) In (4.10) we let € — 0. Then

(divw(O, 5)7p8)L2 + (A0(5)w(07 5) + Vp(o, 5)7 w8>

A09) (w(0,0), wp) 1
_ (L(O)w(0,9), wg)
(w(0,4), w)
A(9)(w(0,6), wg)
(’lU(O, )7 w())
= \(0).
This completes the proof. O

To complete the proof of Theorem 4.5, we prepare the following lemma.

Lemma 4.13. Let A(d) be expanded as \(0) = > ;2  Nd' and let k € N. If
AN=0forl=0,---,k—1, then

Ak = — <Mm+1 kam71>

and

Pk —1 0
U, = = —L(1,0 _ :
’ ( Wi ) 10) ( Arwo + quzlo My 1 Whm—1 )

Here py. is the pressure corresponding to Wy.

The proof of Lemma 4.13 will be given in the end of this section.
We expand A(e,0) in § in the following way.

= 6" (e, 0).
k=0

We then have the following relation.
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Lemma 4.14. If \; =0 for 1 =0,--- ,k — 1, then
A(6,0) = co()A(0,0) = ()
and furthermore, if Ay = 0, then

uk(e, 0) = Co(EQ)Uk.

Proof. By Lemma 4.12, we have
A0,8) =¥ A4(0,0) = > 6F A
k=0 k=0

Therefore, by assumption, A\;(0,0) =0 for [ =0,--- ,k — 1, and we also have
Ae(0,0) = A\g. Since u(e, d) is analytic in €2 and &, we have

u(e, 0) = Zékuk(e, 0).
k=0
We recall that L(e, §) is written as

L(e,0) = L(€,0) + M(8) = L(e, 0) + i 6F My,

0 0
where M (&) = > 52 6F M = >0, oF ( ) . Since
0 My

(A(e,0) + L(e,0))u(e, ) = 0,

we have
D A (e, 0)ui(e,0)+ Y 6'L(e, 0)uun(e, 0)+ D ™M, 1€, 0) = 0.
m,l=0 =0 m,l=0

We equate the coefficient of each power of § to 0. As for the coefficient of 6°,
we have

)\0(6, O)U()(E, 0) + L(E, O)Uo(E, 0) = 0,

and so
>\0(€7 0) = 07 UO(ev O) = P(E7 O)U'O,e = Ug,e = CO(‘EQ)UO-
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From the coefficient of §*, we see that
(Ao(€, 0) + L€, 0))ua(e, 0) + Ar(€, 0)uo(e, 0) + Miug(e, 0) = 0,
and hence,
M (e,0) = —((Myuofe,0), ug)), = —cofe) (My W),

This, together with Lemma 4.13, implies that \;(e,0) = co(€?)\;. We thus
find that the lemma holds for £ = 1.

Suppose that lemma holds for & = m. Then \;(€,0) = ¢o(e?)\(0,0) = 0
and (e, 0) = co(e?)U;(0,0) for L = 0,--- ,;m. On the other hand, as for the
coefficient of 6™+, we have

m+1

(Mo(€, 0)+L(e, 0))tts1(€,0)+ > Ni(€,0)ttmy1—i(e, 0) +Z My 1 —i(€,0) = 0,
=1 1=0
and hence,
)‘m+1(€a0> = _Z<<Ml+1um—l(€7 0)?“8»6
1=0

m
= —cole E (M1 W, 0).
1=0

Therefore, by Lemma 4.13, we have

Am1(€,0) = co(€*) Amr1.

Furthermore, if \,,11 = 0, then

Um41 (67 O) - _L<€7 0)_1 Z Ml+lum—l

m

—1
E M1,y
=0

= 00(62)Um+1~

Here we used the fact that L(e,0)™'F = L(1,0)"'F for all F of the form
F = "(0,g). This shows that the lemma holds for kK = m + 1 and the proof
of the lemma is complete. O
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We are now in a position to prove Theorem 4.5

Proof of Theorem 4.5. By the assumption of Theorem 4.5, we have \; = 0
for { =0,1,--- ,k — 1. Therefore, we see from Lemma 4.14 that \;(¢,0) =0
forl=1,--- k—1and A\(¢,0) = co(€)A\g. It then follows that

Me, 8) = 8Fco(e)Ae(0,0) + io: 6" \i(e,0)

I=k+1

= " (Co(E)Ak + ioj 5l)\k+l(€, O)) .

=1

Since cp(€?) — 1 = O(e€?), setting c;(e?) = co(e?) — 1, we have the desired
result. This completes the proof. O]

We finally give a proof of Theorem 4.6.

Proof of Theorem 4.6. Since A(¢) is analytic in 0, we see that A(J) has the
form A(§) = A\p6% + O(6*+1) with A\, # 0 for some k € N. By Proposition 4.2,
the stability of ©(J) as a solution of (1.1)—(1.2) is determined by sgnA(d). We
see that there exist a positive constant &y such that sgn(\(5)) = sgn(\,6*)
for [6] < . On the other hand, by Theorem 4.5, we find that the spectrum
near the origin consists of a simple eigenvalue (e, d):

e, 0) = 6 ((1 4 (€)M + Aw(e, 9)).

Since |c1(€?)] < 5 for 0 < e < €1, we see that there exists a positive constant
01 such that

sgn(A(e, 0)) = sgn(Apo") (4.12)

for 0 < e <e and 0 < [§] < 4.

If ©(§) is unstable as a solution of (1.1)—(1.2), then sgn(\(8)) = sgn(M\0*) =
1, and hence, by (4.12), sgn(A(d)) = 1 for 0 < e <€ and 0 < [0] < |01]. This
shows (i).

As for (ii), we see from the arguments in [19, Sect.6] and section 3 of this
thesis that o(—L(¢e,0)) N {\; Re A > —?—150} may consist of A(e,d) and a part
of the spectrum in a region with Im A = O(e~1). If ©(§) is stable as a solu-
tion of (1.1)—(1.2), then sgn(A(d)) = sgn(M\,0*) = —1, and hence, by (4.12),
sgn(A(e,0)) = —1 for 0 < e < ¢; and 0 < |0| < ;. Concerning the part of
the spectrum in a region with Im A = O(¢™ 1), we see from Theorem 3.1 (and
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its proof) that it lies in the left-half plane strictly away from the imaginary
axis uniformly in 0 < € < ¢ and 0 < |§] < §; (by taking ¢, > 0 smaller
if necessary), provided that the condition (4.12) holds. As a consequence,
there exists a positive constant by such that o(—L(e,d)) C {\; ReX < —b}
for 0 < e < e and 0 < || < ;. This completes the proof. O

It remains to prove Lemma 4.13. To this end we employ the following
lemma.

Lemma 4.15. Let F = "(0,g) with g € L*(Q)3. Then L(1,0)u = F is
solvable if and only if (g) = 0. In this case, there exists a unique solution
u="(p,w) € HYQ)x [HX(Q)NH(Q)]? of L(1,0)u = F satisfying (w) = 0.

Proof. If F = T(0,g), then L(1,0)u = F is written as

divw = f,

—Aw + RMv)w +Vp = g,

wlpo = 0,
which is reduced to L(0)w = Pg. Since 0 is a simple eigenvalue of —IL(0),
we see that L(0)w = Pg is solvable if and only if (Pg) = (g) = 0. In this

case there exists a unique solution w € D(IL(0)) of L(0)w = Pg satisfying
(w) = 0. It then follows that there exists a unique p € H}(2) such that

Vp =g — (—Aw + R-M]vo|w).

This completes the proof. O
Proof of Lemma 4.13. Let I1(§) = 5 5 (A +L(0)) "t dA\. Then II(4)

2mi Ja=tp
is the eigenprojection for the eigenvalue A(6). Set W () = II(d)w,. Then
W () is an eigenfunction for the eigenvalue A(§) and is analytic in ¢ in
H?(Q)? satisfying W (0) = wg. We write (A(0) + L(5))W (5) =0 as

(A(0) + Lo+ i SFPM, )W (8) = 0.

k=1

It follows that

i STMNW,, + i S LoW,, + i ST MPM, W, = 0.

1,m=0 m=0 1,m=0
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We equate the coefficient of each power of § to 0. Then we have

m m—1
Mo+ L)W + > AWy + > PM W, =0 (4.13)

I=1 1=0
form=20,1,2,---. For m = 0, we have \gWy + LoW, = 0, and hence
/\0 = O, WO = W(O) = Wwy.

We prove the lemma by induction on k. Let &k = 1. We see from (4.13) with
m = 1 that
(Ao +Lo)Wy + MW, + PM, W, = 0.

Taking (- ) of this equation, we have A\ + (MW;) = 0, and so
>\1 = —<M1’LUO>.

Furthermore, by Lemma 4.15, we have

— _ -1 0
tr= L(LO) ( )\1’1170 ‘|‘M1’UJO ) '

This shows that the lemma holds for £ = 1. Suppose that the lemma holds
for k = m. We will show that the lemma also holds for k = m + 1. Assume
that \; =0 for [l =0,--- ,m. Then, by induction assumption, we have

_ Pk _ -1 0
U= ( Wi ) =110 ( o My Wiy )

for k = 1,--- ,m. Furthermore, it follows from (4.13) with m replaced by
m+ 1 that A1 + > 00 (Mip1W,,—y) = 0, and hence,

m

Amir == (M W),

=0

By Lemma 4.15, we see that the equation

0
Ll,OU:— m
(1,0) (MM%+2@MMWM>

has a unique solution U,, 1 = < 5;”1 > € HXQ) x [H*(Q)N Hg(Q2)]? with
m+1

(Wpua1) = 0. This completes the proof. O
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4.3 Applications

We can apply Theorems 4.6 and 4.8 to the Taylor problem discussed in
section 3.2 to see that the structure of the bifurcation and stability of the
artificial compressible system coincides with that of the incompressible sys-
tem uniformly for small e. In this section, we consider another example,
the Rayleigh-Bénard convection problem. For simplicity, we consider the
two-dimensional problem. The Rayleigh-Bénard convection phenomenon is
governed by the Oberbeck-Boussinesq equation

dive = 0, (4.14)
Pr ! (9w +wv-Vv) — Av + Vp — VRale, = 0, (4.15)
00 +v-V0—Af—+VRav-e; = 0. (4.16)

The corresponding artificial compressible system is written as

e0p+dive = 0, (4.17)
Pr ! (O +v-Vv)— Av+Vp — VRafe, = 0, (4.18)
00 +v-V0—-Af—+VRav-e;, = 0. (4.19)

Here 0 = 0(x,t) denote the unknown temperature deviation from the heat
conductive state at time ¢ > 0 and position x € R?; e; = "(0,1) € R?%
Pr > 0 and Ra > 0 are non-dimensional parameters, called Prandtl and
Rayleigh numbers, respectively. These systems are considered in the two-
dimensional infinite layer :

Q={z=(xr1,z2);21 € R,0 < 25 < 1}.

The Oberbeck-Boussinesq equation (4.14)—(4.16) describes convection phe-
nomena of viscous fluid occupying €2 heated from below (heated at xo = 0)
under the gravitational force. It is well known ([2, 16, 17, 21]) that under
the boundary conditions

,U|I2:0,1 = 07 9|x2:0,1 — 07 (420)

there exists a critical number Ra,. > 0 such that when Ra < Ra,, the heat
conductive state v = 0, § = 0 is stable, while, when Ra > Ra,, the heat con-
ductive state is unstable and convective cellular stationary solutions bifurcate
from the heat conductive state.
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To be more precise, we consider (4.14)—(4.16) and (4.17)—(4.19) under the
boundary conditions (4.20) and the periodicity condition

p, v and ¢ are Z-periodic in zy, (4.21)

where « is a positive constant. We also impose the following condition of
reflection symmetry:

p and v! are even in x4,
(4.22)

v? and @ are odd in z.

Let us = " (ps, vs,05) = 7(0,0,0) be the trivial solution of (4.14)—(4.16)
which represents the heat conductive state. We introduce the linearized
operator around U, = "(v,,0,) = "(0,0) associated with problem (4.14)-
(4.16) under (4.20)—(4.22). We define the operator Lg,:X — X by

I —PrPA  —PrvRalPe,
Ra =\ _V/Ra'e, —A
with domain D(L) = {[(HZ2, N H} ,.,)?] % [H2.,. N H] ]} N X. Here

X ={"(v,0) e L?,  xL?, ;0" v? and 0 satisfy (4.22)}.

per,o per

We also introduce the linearized operator around u, = '(0,0,0) as-
sociated with (4.17)—(4.19) under (4.20)—(4.22). We define the operator
L.:Y =Y by

0 Zdiv 0
L.=|PrV —PrA —PrvRae,
0 —vRa'es —A
with domain D(L.) = {H},., x [HZ, N Hg ., J> x [HZ, NH] .|} NY. Here

Y = {T(pvvve) € H! (L2 )2 x Lf,er;p, v', v? and 0 satisfy (4.22)}.

per,* per

The arguments in sections 3 and 4 are also valid for the Oberbeck-
Boussinesq settings (4.14)—(4.16) and (4.17)—(4.19); and the results in sec-
tions 3 and 4 also hold. It is known ([2], [16], [17], [21]) that there exists a
positive number Ra, such that the assumptions (A0)—(A5) are satisfied by
replacing R, R. and L,, with Ra, Ra, and Lg,, »; and so, the following result
holds for the incompressible system.
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Proposition 4.16. There exist a positive constant oy and a solution branch
{n(0),U,(0)} of (4.14)-(4.16), (4.20), (4.21) with Ra = Ra. +n, n =n(d) of
the form

where o(8) is analytic in & (16| < &), and Uy(8) is analytic in & in H*(Q) x
H*(Q) (6] < do). Furthermore, U,(0) is stable.

Since U, = '(0,0) and ||U,(0)||g2xm2z < C0, condition (4.3) is satisfied
by both the velocity fields of Uy and U,,(0) if |§| < &y for some small positive
number dy. We can apply Theorems 4.6 and 4.8 to obtain the following result.

Theorem 4.17. There exist positive constants €; and 61 such that the fol-
lowing assertions hold true for 0 < |6 < d;.

(i) The heat conductive state Uy, = (0, 0,0) is stable when Ra < Ra. and
unstable when Ra = Ra. +n(0) for 0 < |0| < and 0 < € < €.

(i) The bifurcating solution U,(8) = " (p,(0),w,(4),0,(0)) with n = n(J)
is stable for 0 < |§] < 6; and 0 < € < €. Here p,(0) is the pressure
corresponding to U, (6).

5 Derivation of solution formula (3.33) with
Y =0

In this section we derive the solution formula (3.33) for the problem (3.32)

with 1 = 0. The solution formula (3.33) holds for the general n-dimensional

problem on R”? = {z = (¢/,,); ' € R"™* z, > 0}, n > 2, with obvious

modifications: ¢ € R*> — ¢ € R !, 23 — z,, y3 — y,. We thus give a

derivation of the solution formula for the general n-dimensional problem.
Let us consider the problem on the half-space:

divv = f,
AMw—Av+Vp = g, (5.1)
'U‘zn:o = 0
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We denote the Fourier cosine and sine transforms in z,, € (0,00) by F.
and Fj, respectively:

F. = / f(zy) cos &y, day,
0

Fs :/ f(z,)sin&,x, dx,.
0

For " (p(z,),v'(x,),v"(x,)) (x, € (0,00)) we define F('(p,v’,v")) by

P -Fcp
Flv (fn) = ‘FC’UI (€n>7 én € (O’ OO)
" Fu™

For simplicity in notation we denote F.F'f and F.F'g by f and g, respec-
tively.
Applying F'F to (5.1) we have
igl'fvl+§nvn = f’
A+ Vg0 +v0,,v'(0) +il'p = g,

(5.2)
A+viEP" = &p = g%
’U|In:0 = 0.

This problem is written as

p S 0 /

Alv | =[4g|-v|0,v(0) (Un> = (O> ’
v 0

i gn O, Z7,=0

where
0 i'¢ &n

A= | & I+v|¢)? 0
—&n 0 A+ v[E)?

Multiplying the second and third equations of (5.2) by ¢’ and &,, respectively,
and using the first equation (5.2), we have

—(€P+Ep =18 g +&ug" — N+ v[E]P)f —vig' - 0,,0'(0),
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and hence,
A+ v[E)E il
€17 €17

Here and in what follows we write £ = (£/,&,) € R™, & € R*™!, and |¢| =

VI + &

We set \g = A + v/[¢|2. Substituting (5.3) into (5.2), we obtain

(g — v, v'(0)) — 2 g". (5.3)

1 7
! — . /_ a$ ! 0 _ !
o= Ll 0., 0(0) -
i&’ 1 gy, , &€’
= — +(— - —v0,,v'(0)) + "
!5\2f ()\0 )\0‘62)(9 (0)) WEEK
and
n . n gn
S W A W
&n & ¢ 1 &
N Wf a NISE (9" = v0:,0'(0)) + (/\o B /\0|§|2)g '
It follows that
Ao i€ &
A W Ve e
A== 0 0 [+ |0 Lo G
&n 0 _ it ¢ _ &
g 0 0 0 e L oEe
and
p f 0
]| =A"1g | -A | vo,,v(0)
U, g 0

Our next task is to represent 0,,v'(0) in terms of A, v, f and g. To this
end, we consider an adjoint problem:

il -u — dr,u™ = 0,
M F ([P -2 W +iflq = 0, (5.4)
"+ v(|E)? =02t — g =
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We obtain

02,0 = &g,
R = MEhul g
92w = HVTWU”—%&U”Q.
Set
p
Q = 4. v
U o= o, v=|"
" Q
ur = 0,u" U’
UTL
It then follows from (5.4) and (5.5) that
d
L y=pv
dz,, ’
where
0 0 0 1 0
0 0 0 0 1
0 0 0 0 0
B=11pr o 0 0 0
€oMuEE g o 0
0 0 AMEE 1o
We write B as
. € 0
- n+1 . i’ Mv|€'|?
- (). a- (¥ ue
0 0
0 00
A,=|( 0 0 0],
-0 0
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(5.5)

o O o= OO

0

0 ;
Mvl¢|?



where I;, denotes the k x k identity matrix. We then compute

plnyr —Inta
Bl =
Iz | ( ~A - Ag)
= |p(p— Az) — A4
2200 1S 0
= [0 w2 of-[i¢ 2m-1 0
1 2 Y
o0 p 0 0 20
pr =g 0 0
— || - E-Wna o
Ly 0 pe— 2
y? - €' 0 ) 0 0
I S I 0 0
- 0 0 (2=, 0
%/L 0 0 u? — %
2 22 A
= (=P =),
v
where \), = H”—J&/'Q Therefore, the eigenvalues of B are given by u =

+119, £[¢'|. Here and in what follows we set

/)\/
Mo = _Oa
v

and take the principal branch of \/¥ in such away that \/g > 0 for A >
—v|€'|>. We look for solutions that decay as x, — oo, and so consider the
eigenvectors for the eigenvalues p = —pg, —|&'|.

As for p = —pgy we see that

X X
p(v)=-m ().
which can be rewritten as

Y = _NOXv
AlX —+ AQY = _,U/OY
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This gives
AlX — IU()AQX - ,U%X = 0.

We thus obtain

€ -2 0 0\ [Xo 0
i pofllx]=1o0
o 0 0) \x» 0

Noting that [£'|* — pf = —2, we see that if A # 0 or & # 0, then Xy = 0.
Since £ - X' — Y™ = 0, we have i¢' - X' 4+ uoX™ = 0. We thus see that the

eigenspace for the eigenvalue —pg is spanned by wy, - -+ ,w,_1, where
0 0
—Ho :
wy] = 0 e_NOxn7 Cee W1 = . e HOTn
) —Ho
&1 &l

We next compute the eigenspace for the eigenvalue —|¢’|. We consider
X\ 0 X
5(v)--e(7)

{ Y = —|¢1X,

This can be written as

A X + AY = —|¢'Y,

and hence,
A X — €A X — €)X = 0.

We thus obtain

0 0 0 X0 0
W CElepro X' =0
e o 2/ X\

This gives ’
EXo+2X =0,
1Xo+2X"=0.
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Since i&"- X' —Y"™ = 0, we have i’ - X' +|¢'| X™ = 0. Therefore the eigenspace
for the eigenvalue —|¢’| is spanned by w,,, where

A
w, = | —ig" | e ¥l

=€l

We denote the real inner product of L?(0,00) by (f, g):

(f.9) = / " Fen)glan) .

Let T(p,v), v = T(v',v"), be asolution of (5.2) and let " (q,u), u = " (u/, u"),
be a solution of (5.4). It then follows that

A+ vE]P) (v u) — (07, v, u) + (i€'p, u') + (O, p. u")
+ (Zfl - + a:]cnvna q) = (fv Q) + (97 U)

By integration by parts, we have

This implies that

P(0)
where
P(0) = v8,,0™(0) — p(0), w= (Z,)  F= (g)
We set
Tul(O)
S = :
Tun(o)
We then find that
(wy, F) Twy (Yn) F (yn)
u@xn’v'(o) a1 . > -1 :
)= ) "
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Here

S

(_MOInl Zg, )
—i'e =g
Since

51 = (Mo‘” 0)+ to (—e‘ualé’(—ual)(—ﬂf'> uﬁf’)
€[

0 o) TR =\ —pli'E 1
_ _i ([n_l ())+ 1 (ig:g// lﬁ’)
po \ O 0/ (€] = o) \ =& po
and
.
W1 \Yn
. 1‘(y) B 0 — ol HoYn  glemHoyn
(Yn) := : Ae €l iTee Il _|¢r|olelun |
Twn(yn>
we have
ST () = (O € e e
0 0 0
.\ 1
1€7(1"] — p2o)

Nl a—lE N yn et T el (a=poyn _ o= l€'lyn ;&0 c12( La—toyn — 1 o—|¢lyn
x<“56 g/ (emrom — e I¥lom) g (e — e >>‘

Mage 11 g TE (e Hovn — o= I€lyn) MO|§/|(M_10€—uoyn — ﬁe—lﬁ/lyn)

We thus obtain

v0,,v'(0) = /OOO(S_lTW(yn))’F(yn) dy,.

We compute

A y
STVTW () = (0L, ; 0)erovm 4 = (j¢"(00)e €l
( (y )) ( 1 )e + |£,|(|£,| _,UO) <Z§ )e
; _ §/T§/ M —HoYn __ _|€/‘yn
BT A S SA
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and hence,

0
(STHTW (yn))
0
0 0 0 0 0 0
=10 —Le ¥ 0]+ | Bo(§ yn) B(E yn) Bnl€,yn)
0 0 0 0 0 0
Here "
1 ’
Bo(€ yn) = — e € lun,
&) = 180 — I
§/T§/ B e
B(& yn) = ——————(eHovn — o~ I€lyn)
S )
ig! ,
ﬂn glayn - e*,uoyn — ef‘f lym .
( ) M0—|§"< )
Since
1 1 £ 1
—1 — _aa%n -1 n _ ~ A—aTn
& {@%ﬂﬂ} A L?#a?} PG
and
=[] =% 3 Gave erra)
LA v[E €2 pg €2 €2+ &2
1 1
- __ _e—#own _ |5 |zn
e =g )
we have
1€/ |  o—1€/lon _ €|
o )‘Iéleél +vo o wre e 3%(\&%6 )
FoAT = e e uuoe_“”” 5P e — 500 P e
Os, (e ¢17n) ~ 580, g e S €O — 307 My e
h
o e (a) = ——eH0% — €l
0’ Ho ¢']
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It then follows that

0
. f_lA_l (SITW,)
0

0 0 O 0 iTé‘/h|£,|(xn)e_l~’»0yn O
_ o —1iomelantun) +1o f%huo,lﬁ’l(mn)e_#oy” 0
0 0 *

vV po

0 0 %axnhuo,lw(xn)e_#oyn 0
0 0 0
| o (@) Bo(Wn) 5 huuo (@) BUn) g () B (Y1)
0 0 0
i &' hyer () Bo () —i" &g (x0) B(yn) —i &l (2n) B (yn)
+ Eng,huo el@)foly) S el (@) Blyn) flT&/huo €1(@n) Ba(yn)

ire
_ )\ 8xnh,uo,|§/ (-flfn)ﬂO(yn) _Tsaznhuo,mq(xn)B(yn) - )\ aﬂ?nhﬂoyml (an)ﬁn(?/n)
0 0 0
I U R TS W

vV po

0 0 0

To compute FHA7LT(f,g', g")], we use the following relations:

1]
2 +§2ff Fe | e Fof = FlgP £, (5.7)
1 e )
M2+€2‘F5f:fc ;e ‘st:fs[gu f]7 (58)

én |
mrald = c{;e g ]fcfzsnfc[g,sﬂf]=—fs[0xn<g;+>f>], (5.9)

25—1- 3 Fof = &aFe {iewn} Fof = gn]:s{g;(;)f] = Fel0s, (g;(;)f)]- (5.10)

Here we used the fact (g,(f)f)’xnzo = 0 to obtain the relation (5.10). By
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(5.7)—(5.10), we have

f 0 f(& 5 yn)
Flat g :/0 G()‘vflaxn;yn) F'g'(& yn) | dyn

q" F'g" (& yn)
*11 0
+/ ——¢€ ~Ho(@n+yn) f’gl(fl’yn) dyn
0 v o 0

Therefore, we obtain the desired solution formula

F'p 0 F'f(&yn)
P | = [T GO ) | P € | d
Flot 0 F' ”(5’ Yn)
oo F'f(E,yn)
+/ H()\,,f/,xn,yn) F' /(fl n) dyp.
0 F'g" (& yn)
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