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Abstract

Stability of stationary solutions of the incompressible Navier-Stokes
system and the corresponding artificial compressible system is consid-
ered. Both systems have the same sets of stationary solutions and the
incompressible system is obtained from the artificial compressible one
in the zero limit of the artificial Mach number ϵ which is a singular
limit. It is proved that if a stationary solution of the incompressible
system is asymptotically stable and the velocity field of the station-
ary solution satisfies an energy-type stability criterion by variational
method with admissible functions being only potential flow parts of
velocity fields, then it is also stable as a solution of the artificial com-
pressible one for sufficiently small ϵ. The result is applied to the Tay-
lor problem. In general, the range of ϵ for which the above mentioned
stability result holds shrinks when the spectrum of the linearized op-
erator for the incompressible system approaches to the imaginary axis.
This can happen when a stationary bifurcation occurs. It is proved
that when a stationary bifurcation from a simple eigenvalue occurs,
the range of ϵ can be taken uniformly near the bifurcation point to
conclude the stability of the bifurcating solution as a solution of the
artificial compressible system.
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1 Introduction

This thesis studies the stability of stationary solutions of the artificial com-
pressible system which originates from the incompressible Navier-Stokes sys-
tem

divv = 0, (1.1)

∂tv − ν∆v + v · ∇v +∇p = g. (1.2)

Here v = ⊤(v1(x, t), v2(x, t), v3(x, t)) and p = p(x, t) denote the unknown
velocity field and pressure, respectively, at time t > 0 and position x ∈ Ω,
where Ω is a bounded domain of R3 with smooth boundary ∂Ω; g = g(x)
is a given external force. The artificial compressible system for (1.1)–(1.2)
then takes the form

ϵ2∂tp+ divv = 0, (1.3)

∂tv − ν∆v + v · ∇v +∇p = g. (1.4)

Here ϵ > 0 is a small parameter, called the artificial Mach number.
We consider (1.1)–(1.2) and (1.3)–(1.4) under the boundary condition

v|∂Ω = v∗. (1.5)

Here v∗ is a given velocity field satisfying
∫
∂Ω
v∗ ·n dS = 0, where n denotes

the unit outward normal to ∂Ω.
In this thesis we are interested in the relation of stability properties be-

tween stationary solutions of (1.1)–(1.2) and (1.3)–(1.4) under the boundary
condition (1.5).

The artificial compressible system (1.3)–(1.4) was proposed by A. Chorin
([3, 4, 5]) and R. Temam ([23, 24]). In [3, 4, 5], the system (1.3)–(1.4)
was introduced to find numerically stationary solutions of the incompressible
Navier-Stokes equation (1.1)–(1.2). The idea is as follows. Obviously, the
set of stationary solutions of (1.1)–(1.2) is the same as that of (1.3)–(1.4).
If solutions of the artificial compressible system (1.3)–(1.4) converge to a
function us =

⊤(ps,vs) as t→ ∞, then the limit us is a stationary solution of
(1.3)–(1.4), and thus, us is a stationary solution of (1.1)–(1.2). By using this
method, Chorin numerically obtained stationary cellular convection patterns
of the Bénard convection problem described by the Oberbeck-Boussinesq
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equation

divv = 0, (1.6)

Pr−1 (∂tv + v · ∇v)−∆v +∇p−
√
Raθe3 = 0, (1.7)

∂tθ + v · ∇θ −∆θ −
√
Rav · e3 = 0 (1.8)

in the infinite layer {x = (x′, x3);x
′ = (x1, x2) ∈ R2, 0 < x3 < 1}. Here

θ(x, t) is the temperature deviation from the heat conductive state; e3 =
⊤(0, 0, 1) ∈ R3; Pr > 0 and Ra > 0 are non-dimensional parameters, called
the Prandtl and Rayleigh numbers, respectively

Since the limit function us in Chorin’s method is a large time limit of
solutions of (1.3)–(1.4), us is stable as a solution of (1.3)–(1.4). The following
questions were then addressed in [19]:

(a) whether us is stable as a solution of (1.1)–(1.2) with (1.5), in other
words, whether us represents an observable stationary flow in the real
world,

(b) conversely, what kind of stationary flows can be computed by Chorin’s
method.

These questions were formulated in [19] as stability problems of stationary
solutions of the incompressible system and the corresponding artificial com-
pressible one. Since the incompressible system (1.1)–(1.2) is obtained from
the artificial compressible one (1.3)–(1.4) as the limit ϵ → 0, one could ex-
pect that solutions of (1.1)–(1.2) would be approximated by solutions of
(1.3)–(1.4) with ϵ ≪ 1. However, the limiting procedure is a singular limit,
so it is not straightforward to conclude that stability properties of us as a
solution of (1.1)–(1.2) are the same as those as a solution of (1.3)–(1.4) even
if 0 < ϵ≪ 1.

The convergence of solutions as ϵ→ 0 was discussed in [23, 24, 25] for the
system (1.3)–(1.4) with the additional stabilizing nonlinear term +1

2
(divv)v

on the left of (1.4); and it was shown that there exists a weak solution ⊤(pϵ,vϵ)
for each ϵ > 0 such that vϵ′ → v in L2(0, T ;L2(Ω)3) and ∇pϵ′ → ∇p weakly
in H−1(Ω× (0, T )) for all T > 0 along a sequence ϵ′ → 0, where ⊤(p,v) is a
weak solution of (1.1)–(1.2). We also mention interesting works by Donatelli
[9, 10] and Donatelli Marcati [11, 12] where similar convergence results were
obtained in the case of unbounded domains by using dispersive estimates for
the linear semigroup therein. For the stability questions, we need to investi-
gate the spectrum of the linearized operators around a stationary solution.

6



The purpose of this thesis is to investigate whether (1.3)–(1.4) gives a good
approximation of (1.1)–(1.2), when 0 < ϵ ≪ 1, from the view point of the
stability of stationary solutions.

In [19], the above questions were considered for the Oberbeck-Boussinesq
equation (1.6)–(1.8) in the infinite layer under the boundary condition v = 0,
θ = 0 on {x3 = 0, 1} and a periodic boundary condition in x′ = (x1, x2). The
results can be restated for the systems (1.1)–(1.2) and (1.3)–(1.4) in the
following way.

We introduce the linearized operators around a stationary solution us =
⊤(ps,vs) associated with the systems (1.1)–(1.2) and (1.3)–(1.4) under (1.5).
Here and in what follows ⊤· stands for the transposition. Let L : L2

σ(Ω) →
L2
σ(Ω) be the operator defined by

L = −νP∆+ P(vs · ∇+ ⊤(∇vs))

with domain D(L) = [H2(Ω) ∩ H1
0 (Ω)]

3 ∩ L2
σ(Ω). Here Hk(Ω) denotes the

k th order L2-Sobolev space on Ω, P is the orthogonal projection, called
the Helmholtz projection, from L2(Ω)3 to L2

σ(Ω), and L2
σ(Ω) denotes the

set of all L2-vector fields w on Ω satisfying divw = 0 and w · n|∂Ω = 0,
where n denotes the unit outward normal to ∂Ω. We define the operator
Lϵ : H

1
∗ (Ω)× L2(Ω)3 → H1

∗ (Ω)× L2(Ω)3, acting on u = ⊤(p,w), by

Lϵ =

(
0 1

ϵ2
div

∇ −ν∆+ vs · ∇+ ⊤(∇vs)

)
with domain D(Lϵ) = H1

∗ (Ω) × [H2(Ω) ∩H1
0 (Ω)]

3. Here H1
∗ (Ω) denotes the

set of H1 functions on Ω that have zero mean value over Ω.
As for the question (a), it was proved in [19] that if there exists a positive

number b0 such that ρ(−Lϵn) ⊃ {λ ∈ C; Reλ ≥ −b0} for some sequence
ϵn → 0 as n→ ∞, then there exists a positive constant b1 such that ρ(−L) ⊃
{λ ∈ C; Reλ ≥ −b1}. Therefore, a stationary solution obtained by Chorin’s
method with 0 < ϵ ≪ 1 is stable as a solution of the incompressible system
(1.1)–(1.2). Furthermore, the instability result was proved: if σ(−L) ∩ {λ ∈
C; Reλ > 0} ̸= ∅, then σ(−Lϵ) ∩ {λ ∈ C; Reλ > 0} ̸= ∅ for 0 < ϵ≪ 1. This
shows that unstable stationary solutions of (1.1)–(1.2) cannot be obtained
by Chorin’s method with 0 < ϵ≪ 1.

As for the question (b), it was shown in [19] that if ρ(−L) ⊃ {λ ∈
C; Reλ ≥ −b0} for some positive constant b0, then there exist positive con-
stants κ0 and b1 such that ρ(−Lϵ) ⊃ {λ ∈ C; Reλ ≥ −b1} for 0 < ϵ ≪ 1,
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provided that

infw∈H1
0 (Ω)3,w ̸=0

Re (w · ∇vs,w)L2

∥∇w∥2L2

≥ −κ0. (1.9)

This gives a sufficient condition for us to be computed by Chorin’s method
with 0 < ϵ ≪ 1. The corresponding result for the Oberbeck-Boussinesq sys-
tem (1.6)–(1.8) is stated exactly in the same form; and the result is applicable
to stable bifurcating cellular convective patterns of the system (1.6)–(1.8),
such as roll pattern, hexagonal pattern and etc., since they bifurcate from
v = 0, θ = 0, and hence, the condition (1.9) is satisfied near the bifurcation
point. (Observe that the condition (1.9) is independent of θs and θ.) How-
ever, the condition (1.9) is stringent since most of its applications might be
limited to stationary flows whose velocity fields are sufficiently small. We
note that the condition (1.9) seems to be the standard energy stability cri-
terion; but this is not the case; the standard energy stability criterion for
the Oberbeck-Boussinesq system (1.6)–(1.8) should be formulated in order
for the functional

∥∇w∥2L2+∥∇θ∥2L2−Re {2
√
Ra(w·e3, θ)L2−Pr−1(w·∇vs,w)L2−(w·∇θs, θ)L2}

to be positive definite. Here us = ⊤(ps,vs, θs) is a stationary solution of
(1.6)–(1.8). In fact, the condition (1.9) arises from a compressible aspect of
the system (1.3)–(1.4), more precisely, eigenvalues related to diffusion waves
whose imaginary parts are of order O(ϵ−1). This suggests us one direction
to investigate the nature of the condition (1.9).

In this thesis we consider the following two subjects:

(i) improvement of the condition (1.9),

(ii) stability of bifurcating stationary solutions.

The aim of the first subject (i) is to improve the condition (1.9) in such
a way that we could treat stationary flows whose velocity fields are not nec-
essarily small and also could see some of compressible aspects of the system
(1.3)–(1.4) with (1.5). We show that the condition (1.9) can be replaced by

infw∈H1
0 (Ω)3,w ̸=0

Re ((Qw) · ∇vs,Qw)L2

∥∇Qw∥2L2

≥ −κ0. (1.10)
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Here Q = I − P is the orthogonal projection from L2(Ω)3 to the space
G2(Ω) = {∇p; p ∈ H1

∗ (Ω)} which is the orthogonal complement of L2
σ(Ω).

More precisely, if ρ(−L) ⊃ {λ ∈ C; Reλ ≥ −b0} for some positive constant
b0, then there exist positive numbers ϵ0, κ0 and b1 such that ρ(−Lϵ) ⊃ {λ ∈
C; Reλ ≥ −b1} for 0 < ϵ ≤ ϵ0, provided that the condition (1.10) holds. See
Theorem 3.1 below.

The same result also holds for the case of the Oberbeck-Boussinesq system
(1.6)–(1.8). For simplicity, in this thesis, we consider the above improvement
only in the context of the Navier-Stokes system (1.1)–(1.2).

As an application, we consider the Taylor problem, namely, a flow between
two concentric infinite cylinders, whose inner cylinder rotates with a uniform
speed and outer one is at rest. If the rotation speed is sufficiently small, then
a laminar flow, called the Couette flow, is stable. When the rotation speed
increases, beyond a certain value of the rotation speed, the Couette flow
is getting unstable, and a vortex pattern is observed. The vortex pattern is
periodic in the direction of the axis of the cylinders and it is called the Taylor
vortex. This phenomenon has been studied mathematically as a bifurcation
problem for the incompressible system (1.1)–(1.2) (see [6, 16, 17, 20, 26]). The
velocity field near the bifurcation point of the Taylor vortex is not necessarily
small, but one can show that the condition (1.10) is satisfied with vs being
the Taylor vortex under axi-symmetric perturbations (i.e., w in (1.10) are
axi-symmetric). In section 5, we discuss not only the stability of the Taylor
vortex but also the stability and instability of the Couette flow by applying
the main result of this thesis and the instability result of [19].

As was shown in [19], the spectrum of −Lϵ near the imaginary axis is
divided into two parts. One part locates in a region with imaginary part of
O(1) as ϵ → 0, and this part is obtained by small perturbations of eigen-
values of −L when 0 < ϵ ≪ 1. The other part locates in a region with
imaginary part of O(ϵ−1), and this part consists of eigenvalues arising from a
compressible aspect of −Lϵ. In [19] the condition (1.9) was used to show that
the eigenvalues in this region have negative real parts. The idea to obtain
the condition (1.10) instead of (1.9) is as follows. By using the Helmholtz
decomposition, w in (1.9) is written as a sum of the incompressible part Pw
and the potential flow part ∇ϕ = Qw. Since −L is sectorial, we see that
∥(λ+ L)−1F ∥L2 = O(|Imλ|−1)∥F ∥L2 as |Imλ| → ∞. So, if |Imλ| = O(ϵ−1),
then we expect that the incompressible part Pw becomes small in L2 as ϵ→ 0
since |Imλ|−1 = O(ϵ) → 0, which implies that the parts including Pw of the
numerator in (1.9) is getting smaller when ϵ→ 0. In fact, we can show that
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if w is the velocity component of (λ+Lϵ)
−1F with λ near the imaginary axis

and |Imλ| = O(ϵ−1), then

∥Pw∥L2(Ω) ≤ C{ϵ∥F∥H1(Ω)×L2(Ω) + ϵ
1
4∥Qw∥L2(Ω)}. (1.11)

Using this estimate, one can show that the condition (1.9) can be replaced
by the condition (1.10). To obtain (1.11), we establish the estimate

|λ|∥v∥L2(Ω) + ∥v∥H2(Ω) + ∥p∥H1(Ω)

≤ C{∥g∥L2(Ω) + |λ| 34∥ψ∥L2(∂Ω) + ∥ψ∥
H

3
2 (∂Ω)

}
(1.12)

for a solution ⊤(p,v) of the Stokes system with nonhomogeneous boundary
data: 

div v = 0,
λv −∆v +∇p = g,

v|∂Ω = ψ,
(1.13)

where λ ∈ {λ ∈ C; |argλ| ≤ π − a} for some 0 < a < π
2
, g ∈ L2(Ω) and

ψ ∈ H
3
2 (∂Ω) with ψ · n|∂Ω = 0. See Lemma 3.12 below.

As for the second subject (ii), we note that ϵ0 in Theorem 3.1 depends
on b0 and it may occur that ϵ0 → 0 as b0 → 0. So if b0 approaches to zero,
we have to take the range of ϵ smaller and smaller. This is inconvenient to
consider the stability of a bifurcating stationary solution near the bifurcation
point; the range of ϵ shrinks when the bifurcation parameter approaches its
critical value. We show that the range of ϵ can be taken uniformly near the
bifurcation point when the stability of a bifurcating solution from a simple
eigenvalue is considered.

The properties of the eigenvalues of the linearized operator around bi-
furcating solution near the bifurcation point is well known. Let vη be a
basic stationary solution with a bifurcation parameter η, and let Lη de-
note the linearized operator around vη for (1.1)–(1.2). We assume that
ρ(−Lη) ⊃ {λ ∈ C; Reλ ≥ −b̃0}\{λη} uniformly in η ∈ [−η0, η0] for some
positive constants b̃0 and η0. Here λη is a simple eigenvalue of −Lη and λη
crosses the origin when η crosses 0. Then a stationary bifurcation occurs at
η = 0 and there exists a nontrivial solution branch {η(δ), ṽ(δ)}, where η(δ)
and ṽ(δ) are analytic in δ (0 < |δ| ≤ δ0). We denote by L(δ) the linearized
operator around ṽ(δ).

As for the spectrum of −L(δ), it holds that

ρ(−L(δ)) ⊃ {λ ∈ C; Reλ ≥ −3

4
b̃0}\{λ(δ)}
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for 0 < |δ| ≤ δ0. Here λ(δ) is analytic in δ and satisfies λ(0) = 0. Therefore,
the stability of ṽ(δ) as a solution of (1.1)–(1.2) is determined by sgn(λ(δ))
the sign of λ(δ).

We denote by L(ϵ, δ) the linearized operator around ṽ(δ) for the artificial
compressible system (1.3)–(1.4). We will show, by a perturbation argument,
that the spectrum of −L(ϵ, δ) near the origin is given by a simple eigenvalue
λ(ϵ, δ) which satisfies

λ(ϵ, δ) = c1(ϵ
2, δ)λ(δ),

where c1(ϵ
2, δ) satisfies c1(ϵ

2, δ) ≥ 1
2
uniformly for 0 < ϵ ≤ ϵ1 and 0 < |δ| ≤ δ0.

As a consequence, we have

sgn(λ(ϵ, δ)) = sgn(λ(δ))

for 0 < ϵ ≤ ϵ1 and 0 < |δ| ≤ δ0. This implies that if ṽ(δ) is unstable as a
solution of (1.1)–(1.2). Then it is also unstable as a solution of (1.3)–(1.4)
for 0 < ϵ ≤ ϵ1. Furthermore, if sgn(λ(δ)) > 0 and (1.10) is satisfied with
vs = ṽ(δ) for 0 < |δ| ≤ δ0, then ṽ(δ) is stable as a solution of (1.3)–(1.4) for
0 < ϵ ≤ ϵ1.

This thesis is organized as follows. In section 2 we introduce notations
used in this thesis. In section 3 we give an improvement of the condition (1.9).
In section 3.1 we state the result about the stability criterion for stationary
solutions (Theorem 3.1). We apply Theorem 3.1 to the Taylor problem in
section 3.2. In section 3.3 we prove Theorem 3.1. We show that the condition
(1.9) can be replaced by the condition (1.10). In section 4 we consider the
stability of bifurcating stationary solutions. In section 4.1 we state the result
about the stability of bifurcating stationary solutions (Theorems 4.5 and
4.6). Section 4.2 is devoted to the proofs of Theorems 4.5 and 4.6. Section5
is devoted to a derivation of a solution formula for the problem (1.13) with
ψ = 0.

2 Notation

We first introduce notation used in this thesis. For 1 ≤ p ≤ ∞ we denote by
Lp(D) the usual Lebesgue space over D and its norm is denoted by ∥ ·∥Lp(D).
The mth order L2 Sobolev space over D is denoted by Hm(D), and its norm
is denoted by ∥ · ∥Hm(D). When D = Ω, we simply denote these norms by
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∥ · ∥p, ∥ · ∥Hm . The inner product of L2(D) is denoted by (·, ·)L2(D), i.e.,

(f, g)L2(D) =

∫
D

f(x)g(x)dx.

Here z̄ denotes the complex conjugate of z ∈ C. When D = Ω we simply
denote (·, ·)L2(D) by (·, ·). We also defined the weighted inner product ⟨⟨·, ·⟩⟩ϵ
by

⟨⟨u1, u2⟩⟩ϵ = ϵ2(p1, p2) + (w1,w2)

for uj =
⊤(pj,wj), j = 1, 2.

We set

H1
0 (D) = theH1(D)-closure of C∞

0 (D),

H−1(D) = the dual space of H1
0 (D),

Ḣ1(D) = {f ∈ L2
loc(D) : ∥∇f∥L2(D) <∞},

Ḣ−1(D) = the dual space of Ḣ1(D).

We define L2
∗(Ω) and H

k
∗ (Ω) by

L2
∗(Ω) = {f ∈ L2(Ω);

∫
Ω

f(x)dx = 0},

Hk
∗ (Ω) = Hk(Ω) ∩ L2

∗(Ω) (k ≥ 1).

We set

L2
σ(Ω) = {v ∈ L2(Ω)3; divv = 0 in Ω, v · n|∂Ω = 0}.

Here and in what follows, n denotes the unit outward normal to ∂Ω. It is
known that (L2(Ω))3 = L2

σ(Ω)⊕G2(Ω), where G2(Ω) = {∇p; p ∈ H1
∗ (Ω)} is

orthogonal complement of L2
σ(Ω).

The orthogonal projection P from L2(Ω)3 onto L2
σ(Ω) is called the Helmholtz

projection. We set Q = I − P.
We denote the resolvent set of an operator A by ρ(A) and the spectrum

of A by σ(A). Let X and Y be Banach spaces. We denote by B(X,Y ) the
set of bounded linear operators from X to Y .

We introduce the linearized operators for the Navier-Stokes and the cor-
responding artificial compressible systems. Let us = ⊤(ps,vs) be a smooth
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stationary solution of (1.1)–(1.2), (1.5). The equations for the perturbation
is then written as

divw = 0, (2.1)

∂tw − ν∆w + vs · ∇w +w · ∇vs +w · ∇w +∇p = 0. (2.2)

The boundary condition is the non-slip one:

w|Ω = 0. (2.3)

Applying the Helmholtz projection P we have

dw

dt
+ Lw + P(w · ∇w) = 0. (2.4)

Here L is the linearized operator around vs on L
2
σ(Ω) defined by

D(L) = (H2(Ω) ∩H1
0 (Ω))

3 ∩ L2
σ(Ω),

Lw = −νP∆w + P(vs · ∇w +w · ∇vs), (w ∈ D(L)).

The corresponding artificial system is written as

du

dt
+ Lϵu+N(u, u) = 0. (2.5)

Here u = ⊤(p,w); Lϵ is the linearized operator around us on H
1
∗ (Ω)×L2(Ω)3

defined by
D(Lϵ) = H1

∗ (Ω)× (H2(Ω) ∩H1
0 (Ω))

3,

Lϵ =

(
0 1

ϵ2
div

∇ −ν∆+ vs · ∇+ ⊤(∇vs)

)
;

and N(u, u) is the nonlinear operator given by N(u, u) = ⊤(0,w · ∇w) (u =
⊤(p,w)).

3 Stability criterion for stationary solutions

In this section, we consider what kind of stationary flows can be computed
by Chorin’s method and improve the stability result given in [19].
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3.1 Stability criterion

We give a sufficient condition in order for a stable stationary solution of
(1.1)–(1.2) to be stable as a solution of (1.3)–(1.4) for 0 < ϵ≪ 1.

Theorem 3.1. Suppose that ρ(−L) ⊃ {λ ∈ C; Reλ ≥ −b0} for some posi-
tive constant b0. Then there exist positive constants ϵ0, κ0 and b1 such that
if

inf
w∈H1

0 (Ω)3,w ̸=0

Re ((Qw) · ∇vs, Qw)

∥∇Qw∥22
≥ −κ0, (3.1)

then ρ(−Lϵ) ⊃ {λ ∈ C; Reλ ≥ −b1} for all 0 < ϵ ≤ ϵ0.

Remark 3.2. If we consider flows an unbounded domain Ω which is trans-
lation invariant in the unbounded directions of Ω such as an infinite lager
and a cylindrical domain, then we can consider a stationary flow which is
periodic in the unbounded directions of Ω. For definiteness, let us consider a
cylindrical domain whose unbounded direction is the x1-axis. The problem is
then formulated in the basic period domain Ωper under the periodic boundary
condition in x1. In this case, if the stationary solution vs which is periodic
in x1 satisfies ∂x1vs ̸= 0, then 0 is always an eigenvalue of −L, due to the
translation invariance in x1. As in [19], one can prove the following result
instead of Theorem 3.1.

Suppose that ρ(−L) ⊃ {λ ∈ C; Reλ ≥ −b0} \ {0} for some positive
constant b0 and 0 is a simple eigenvalue with Ker (−L) = span {∂x1vs}. Then
there exist positive constants ϵ0, κ0 and b1 such that if

inf
w∈H1

0,per(Ωper)3,w ̸=0

Re ((Qw) · ∇vs, Qw)

∥∇Qw∥22
≥ −κ0,

then ρ(−Lϵ) ⊃ {λ ∈ C; Reλ ≥ −b1} \ {0} for all 0 < ϵ ≤ ϵ0 and 0 is a
simple eigenvalue with Ker (−Lϵ) = span {∂x1us}. Here H1

0,per(Ωper) denotes
the set of all H1 functions on Ωper which vanish on ∂Ω and satisfy the periodic
boundary condition in x1; and us =

⊤(ps,vs) with ps being the corresponding
pressure.

Remark 3.3. On can easily see from the proofs of Theorem 3.1 and [19,
Theorem 3.3] that the same result also holds for the case of the Oberbeck-
Boussinesq system (1.6)–(1.8).

As an application of Theorem 3.1 we will consider the Taylor problem.
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3.2 Application to the Taylor problem

We consider the Navier-Stokes equation

divv = 0, (3.2)

∂tv − ν∆v + v · ∇v +
1

ρ∗
∇p = 0, (3.3)

in a domain ΩR1,R2 between two concentric cylinders with radii R1 and R2,
R1 < R2. In the cylindrical coordinates (r, θ, z), the domain ΩR1,R2 is repre-
sented as

ΩR1,R2 = {(r, θ, z) : R1 < r < R2, θ ∈ [0, 2π], z ∈ R},

and the velocity field v is given by

v = vrer + vθeθ + vzez

with er = ⊤(cos θ, sin θ, 0), eθ = ⊤(− sin θ, cos θ, 0), ez = ⊤(0, 0, 1). Here
vr, vθ and vz are the r, θ and z-components of v, respectively. The inner and
outer cylinders rotate with constant angular velocities ω1 and ω2, respectively.
We assume that ω1 > 0.

The boundary conditions are given by

vr|r=R1,R2 = vz|r=R1,R2 = 0, vθ|r=R1 = ω1R1, v
θ|r=R2 = ω2R2. (3.4)

We impose a periodic boundary condition in z, i.e.,

v, p are
2π

α∗
-periodic in z, (3.5)

where α∗ > 0 is a given wave number.
We rewrite the problem (3.2)–(3.5) in a non-dimensional form. We intro-

duce the following non-dimensional variables:

x = dx̃, v = ω1R1ṽ, t =
d2

ν
t̃, p =

ρ∗νω1R1

d
p̃,

where d = R2 −R1. Then (3.2) and (3.3) are transformed into

div x̃ṽ = 0, (3.6)

∂t̃ṽ −∆x̃ṽ +Rṽ · ∇x̃ṽ +∇x̃p̃ = 0, (3.7)
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where R = ω1R1d
ν

is the Reynolds number. The domain ΩR1,R2 is transformed
into Ω:

Ω = {(r̃, θ̃, z̃) : η

1− η
< r̃ <

1

1− η
, θ̃ ∈ [0, 2π], z̃ ∈ R}.

Here R = dR1ω1

ν
is the Reynolds number; and η = R1

R2
. The boundary condi-

tions (3.4) and (3.5) become

ṽr̃|r̃= η
1−η

, 1
1−η

= ṽz̃|r̃= η
1−η

, 1
1−η

= 0, ṽθ̃|r̃= η
1−η

= 1, ṽθ̃|r̃= 1
1−η

=
ω

η
, (3.8)

where ω = ω2

ω1
, and

ṽ, p̃ are
2π

α
-periodic in z̃, (3.9)

where α > 0 is a wave number. In what follows we omit the tildes ” ˜ ” in the
non-dimensional quantities x̃, t̃, ṽ, p̃, and simply write them as x, t, v, p.

In the cylindrical coordinates (r, θ, z) and v = vrer + vθeθ + vzez, the
problem (3.6)–(4.21) is written as

divv = 0,
∂tv

r +R[(v · ∇)vr − 1
r
(vθ)2] = −∂rp+ (∆vr − 1

r2
vr − 2

r2
∂θv

θ),
∂tv

θ +R[(v · ∇)vθ + 1
r
vrvθ] = −1

r
∂θp+ (∆vθ − 1

r2
vθ + 2

r2
∂θv

r),
∂tv

z +R(v · ∇)vz = −∂zp+∆vz,

vr|r= η
1−η

, 1
1−η

= vz|r= η
1−η

, 1
1−η

= 0, vθ|r= η
1−η

= 1, vθ|r= 1
1−η

=
ω

η
,

and

v, p are
2π

α
-periodic in z.

Here divv = 1
r
∂r(rv

r) + 1
r
∂θv

θ + ∂zv
z, v · ∇ = vr∂r +

1
r
vθ∂θ + vz∂z and

∆ = ∂2r +
1
r
∂r +

1
r2
∂2θ + ∂2z .

This problem has a stationary solution ⊤(pC ,vC), the Couette flow, of
the form

vC = vθC(r)eθ, v
θ
C(r) = ar +

b

r
,

pC = pC(r) = R
∫ r {vθC(s)}2

s
ds,
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where

a =
ω − η2

η(1 + η)
, b =

η(1− ω)

(1− η)(1− η2)
.

The perturbation ⊤(q,w) = (p− pC ,v − vC) is governed by

divw = 0,

∂tw −∆w +R(vC · ∇w +w · ∇vC) +Rw · ∇w +∇q = 0,
(3.10)

w|r= η
1−η

, η
1−η

= 0, (3.11)

and

w, q are
2π

α
-periodic in z. (3.12)

We introduce function spaces. We denote the basic period domain by Ωα:

Ωα = {(r, θ, z) : η

1− η
< r <

1

1− η
, θ ∈ [0, 2π], −π

α
< z <

π

α
}.

The symbol C∞
per stands for the space of restrictions to Ωα of functions in

C∞(Ω) which are 2π
α
-periodic in z; and C∞

0,per denotes the space of restrictions
to Ωα of functions in C∞ which are 2π

α
-periodic in z and vanish near r =

η
1−η

, 1
1−η

.
We set

L2
per = the L2(Ωα)-closure of C∞

0,per,

Hk
per = the Hk(Ωα)-closure of C∞

per,

H1
0,per = the H1(Ωα)-closure of C∞

0,per.

We note that if f ∈ H1
0,per, then f |z=−π/α = f |z=π/α and f |r= η

1−η
, 1
1−η

= 0.

The inner product of fj ∈ L2
per (j = 1, 2) is denoted by

(f1, f2) =

∫
Ωα

f1f2 rdrdθdz,

where f denotes the complex conjugate of f . The mean value of a function
f over Ωα is denoted by ⟨f⟩:

⟨f⟩ = 1

|Ωα|

∫
Ωα

f rdrdθdz.
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The set of all f ∈ L2
per with ⟨f⟩ = 0 is denoted by L2

per,∗, i.e.,

L2
per,∗ = {f ∈ L2

per : ⟨f⟩ = 0}.

Furthermore, we set
Hk

per,∗ = Hk
per ∩ L2

per,∗.

We denote by C∞
0,per,σ the set of all vector fields v in (C∞

0,per)
3 with divv =

0. We set
L2
per,σ = the L2(Ωα)

3-closure of C∞
0,per,σ.

It is known that (L2
per)

3 = L2
per,σ ⊕ G2

per, where G
2
per = {∇p; p ∈ H1

per,∗} is
the orthogonal complement of L2

per,σ.
Applying the Helmholtz projection P to (3.10) we have

d

dt
w + LR,Cw = −RP(w · ∇w).

Here LR,C is the linearized operator around vC which is defined by

LR,C : L2
σ,per → L2

σ,per,

D(LR,C) = (H2
per ∩H1

0,per)
3 ∩ L2

σ,per,

LR,Cw = −P∆w +RP(vC · ∇w +w · ∇vC) (w ∈ D(LR,C)).

The corresponding artificial compressible problem are written as

d

dt
u+ LR,C,ϵu = −R

(
0

w · ∇w

)
,

where u = ⊤(q,w) and LR,C,ϵ is the linearized operator around the Couette
flow defined by

LR,C,ϵ : H
1
per,∗ × (L2

per)
3 → H1

per,∗ × (L2
per)

3,

D(LR,C,ϵ) = H1
per,∗ × (H2

per ∩H1
0,per)

3,

LR,C,ϵ =

(
0 1

ϵ2
div

∇ −∆+R(vC · ∇+ ⊤(∇vC))

)
.

Since the Couette flow and Taylor vortices are axisymmetric, in what follows,
we restrict the consideration to axisymmetric functions, namely, we consider
vector fields v = vrer + vθeθ + vzez and scalar functions q with vr, vθ, vz
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and q independent of θ. For simplicity, function spaces of axisymmetric ones
and the linearized operators restricted to such function spaces are denoted
by the same symbols.

The instability of the Couette flow and the occurrence of the formation of
Taylor vortex patterns are stated mathematically in the following way. We
fix α, ω and η and assume that ω ≥ 0.

There exists a critical number Rc > 0 such that when R < Rc, the
Couette flow vC is asymptotically stable, whereas, whenR > Rc, the Couette
flow vC becomes unstable; in other words, if R < Rc, then ρ(−LR,C) ⊃ {λ ∈
C; Reλ ≥ −b0} for some positive constant b0 = b0(R), whereas, if R > Rc,
then σ(−LR,C) ∩ {λ ∈ C; Reλ > 0} ̸= ∅.

When R > Rc, for each R with 0 < R − Rc ≪ 1, there exists an
axisymmetric stationary solution (the Taylor vortex) vT = vC + ṽT with
∂zṽT ̸= 0 which bifurcates from vC at R = Rc supercritically. The bifur-
cating solution is unique for R ∼ Rc up to translations in z. Furthermore,
vT is orbitally stable, more precisely, the linearized operator LR,T around
vT satisfies ρ(−LR,T ) ⊃ {λ; Reλ ≥ −b̃0} \ {0} for some positive constant
b̃0 = b̃0(R) and 0 is a simple eigenvalue due to the translation invariance in
z, the eigenspace is spanned by ∂zvT .

The existence of the bifurcating branch of Taylor vortices vT was shown
by Velte [26], Iudovich [16], and Kirchgässner and Sorger [20]; and the su-
percritical bifurcation of vT and spectral properties of LR,T are shown by
numerical computations for a certain range of values of α, η, ω and R when
ω ≥ 0 (even when ω is slightly negative); see the book [6] by Chossat and
Iooss. Hereafter we assume that the above mentioned instability of vC , su-
percritical bifurcation of vT and the spectral properties of LR,T hold true.

A direct computation gives Re ((Qw)·∇vC , Qw) = 0 forw = wr(r, z)er+
wθ(r, z)eθ +wz(r, z)ez, since Qw = ∂rϕr + ∂zϕz for such w and vc = vθ(r)θ.
Applying Theorem 3.1 and the instability result [19, Theorem 3.2] to LR,C ,
we have the following result.

Theorem 3.4. If R < Rc, then ρ(−LR,C,ϵ) ⊃ {λ ∈ C; Reλ ≥ −b1} with
some positive constant b1 = b1(R) for sufficiently small ϵ > 0; and if R > Rc,
then σ(−LR,C,ϵ) ∩ {λ ∈ C; Reλ > 0} ̸= ∅ for sufficiently small ϵ > 0.

We next consider the stability of the Taylor vortex vT . Since vT = vC+ṽT
bifurcates from vC at Rc, we see that ∥∇ṽT∥∞ → 0 as R → Rc. We then
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find that

Re ((Qw) · ∇vT ,Qw)

∥∇Qw∥22
=

Re ((Qw) · ∇ṽT ,Qw)

∥∇Qw∥22
≥ −C∥∇ṽT∥∞ ≥ −κ0

for R, 0 < R−Rc ≪ 1. We apply Theorem 3.1 (cf., Remark 3.2) to obtain
the following result.

Theorem 3.5. If R > Rc and R − Rc ≪ 1, then ρ(−LR,T,ϵ) ⊃ {λ ∈
C; Reλ ≥ −b̃1} \ {0} with some positive constant b̃1 = b̃1(R) for sufficiently
small ϵ > 0 and 0 is a simple eigenvalue with Ker (−LR,T,ϵ) = span {∂zuT}.
Here uT = ⊤(pT ,vT ) with pT being the pressure of the Taylor vortex.

3.3 Proof of Theorem 3.1

In this section we give a proof of Theorem 3.1. We consider the resolvent
problem for −Lϵ:

λu+ Lϵu = F, u = ⊤(p,w) ∈ D(Lϵ), (3.13)

where F = ⊤(f, g) ∈ H1
∗ (Ω)× L2(Ω)3 is given.

For simplicity we set ν = 1. The problem (3.13) is then written as

ϵ2λp+ divw = ϵ2f, (3.14)

λw −∆w + vs · ∇w +w · ∇vs +∇p = g, (3.15)

w|∂Ω = 0. (3.16)

Throughout this section we assume that

ρ(−L) ⊃ {λ ∈ C; Reλ ≥ −b0} (3.17)

for some positive constant b0.
The following two propositions imply that the part of the spectrum σ(−Lϵ)

near the imaginary axis can lie only in a region Imλ = O(ϵ−1) under the as-
sumption (3.17).

Proposition 3.6. There exist positive constants a and b such that {λ ∈
C; Reλ ≥ −aϵ2|Imλ|2 + b} ⊂ ρ(−Lϵ) for all 0 < ϵ ≤ 1.

Proposition 3.6 can be proved by the standard Matsumura-Nishida energy
method as in the proof of [19, Proposition 6.1]. We omit the proof.
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Proposition 3.7. There exist positive numbers ϵ1 and a1 such that

{λ ∈ C; Reλ ≥ −b0, |λ| ≤ a1ϵ
−1} ⊂ ρ(−Lϵ)

for all 0 < ϵ ≤ ϵ1.

Proof. Similarly to the proof of [19, Proposition 4.3 (ii)], by using the solv-
ability result for the nonhomogeneous Stokes problem (see, e.g., [13, 15]), one
can show that 0 ∈ ρ(−Lϵ), i.e., R(Lϵ)(= the range of Lϵ)= H1

∗ (Ω)× L2(Ω)3.
Proposition 3.7 can then be proved by the same perturbation argument as
in the proof of [19, Proposition 6.3]. This completes the proof. □

Remark 3.8. Under the situation of Remark 3.2, Proposition 3.7 is stated
as

{λ ∈ C; Reλ ≥ −b0, |λ| ≤ a1ϵ
−1} \ {0} ⊂ ρ(−Lϵ) (3.18)

and 0 is a simple eigenvalue of Lϵ. In fact, by [19, Proposition 4.3], we
see that 0 is a simple eigenvalue of Lϵ. Furthermore, by [19, Proposition
6.2], one can see that if λ ∈ Σ \ {0}, then the argument of the proof of [19,
Proposition 6.3] works well without restricting to the subspace Y1,ϵ = R(Lϵ)
to conclude (3.18), with the replacement of the estimate in the end of the
proof of [19, Proposition 6.3] by

∥(λ+ Lϵ)
−1F∥H1×L2×L2 ≤ C

|λ|
{ϵ∥f∥H1 + ∥F ∥2}.

The argument in the proof of [19, Proposition 6.3] to obtain the Neumann
series on Y1,ϵ = R(Lϵ) does not work since Y1,ϵ = R(Lϵ) is not invariant
under L −1

ϵ,λJ ; but the Neumann series can be obtained just by removing the
restriction to Y1,ϵ = R(Lϵ); and, with this modification, the proof of [19,
Proposition 6.3] can be completed.

Theorem 3.1 follows from Propositions 3.6 and 3.7 without the condition
(3.1) if

√
b/a < a1. In the case

√
b/a ≥ a1, there exists some range of λ

near the imaginary axis with Imλ = O(ϵ−1) which should be proved to be in
ρ(−Lϵ) for 0 < ϵ≪ 1.

To complete the proof of Theorem 3.1, it suffices to deduce the a priori
estimate for solutions of (3.13) uniformly for λ = µ+ iη

ϵ
with −µ0 ≤ µ ≤ µ1

and a1/2 ≤ |η| ≤ 2
√
b/a, where µ0 and µ1 are some positive constants.

In fact, if we obtain such a uniform a priori estimate, then it follows that
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{λ = µ + iη
ϵ
;−µ0 ≤ µ ≤ µ1, a1/2 ≤ |η| ≤ 2

√
b/a} ⊂ ρ(−Lϵ) by a stan-

dard continuation argument since λ = ±ia1
ϵ

∈ ρ(−Lϵ) for 0 < ϵ ≤ ϵ1 by
Proposition 3.7. We will establish an appropriate a priori estimate under the
condition (3.1).

We begin with estimating the H1-norm of the velocity component w of
a solution u = ⊤(p,w) of (3.13) for λ near the imaginary axis with Imλ =
O(ϵ−1).

Proposition 3.9. Let λ = µ+ iη
ϵ
with µ, η ∈ R. Suppose that u = ⊤(p,w) ∈

D(Lϵ) is a solution of (3.13). For given positive numbers µ1 and η∗ there
exist positive constants δ1 and C ′ = C ′(∥vs∥C1 , β,Ω) such that if

inf
{

Re (∇φ·∇vs,∇φ)

∥∆φ∥22
;φ ∈ H2

∗ (Ω), φ ̸= 0, ∂φ
∂n |∂Ω = 0

}
≥ −δ1

and

− β2

128
≤ µ ≤ µ1, η∗ ≤ η ≤ C ′ϵ−1,

then

(η3 + β2η)∥w∥22 + η∥∇w∥22 ≤ C

{
(η +

ϵ2

η
)∥g∥22 +

ϵ2

η
∥f∥2H1

}
for all 0 < ϵ ≤ C ′min{1, η∗,

√
η∗
µ∗
, η∗
µ∗
, η∗µ

− 2
3

∗ ,
√

1
µ∗
} with µ∗ = max{ β2

128
, µ1}.

To prove Proposition 3.9, we prepare several estimates for a solution of
(3.13).

The following estimate can be proved in a similar manner to the proof of
[19, Proposition 6.5]. For the convenience of the readers we give its proof.

Proposition 3.10. Let µ1 and η∗ be given positive numbers. Let u =
⊤(p,w) ∈ D(Lϵ) be a solution of (3.13) with λ = µ + iη

ϵ
, µ, η ∈ R. There

exists a positive constant C ′ = C ′(∥vs∥C1 , β,Ω) such that if

ϵ ≤ C ′ min{1, η∗,
η∗
µ∗
,

1
√
µ1

}, − β2

128
≤ µ ≤ µ1, η∗ ≤ η ≤ 1

4ϵ

with µ∗ = max{ β2

128
, µ1}, then

(η3+2β2η)∥w∥22+η∥∇w∥22 ≤ −64ηRe (w ·∇vs,w)+C(ϵ2η2+ϵ)∥Gλ∥2∥w∥2.

Here Gλ = λg−∇f ; and C is a positive constant depending only on ∥vs∥C1

and Ω.
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Proof. Let u = ⊤(p,v) ∈ D(Lϵ) be a solution of (3.13). Then, by (3.14), we
have

p = − 1

ϵ2λ
divw +

1

λ
f.

Substituting this into (3.15), we obtain

ϵ2λ2w − ϵ2λ∆w −∇divw + ϵ2λ(vs · ∇w +w · ∇vs) = ϵ2Gλ. (3.19)

We take the inner product of (3.19) with w. It follows that

ϵ2λ2∥w∥22+ ϵ2λ∥∇w∥22+∥divw∥22 = −ϵ2λ(vs ·∇w+w ·∇vs,w)+ ϵ2(Gλ,w).
(3.20)

Since λ2 =
(
µ2 − η2

ϵ2

)
+ 2iµη

ϵ
, the real part of (3.20) yields

(ϵ2µ2 − η2)∥w∥22 + ϵ2µ∥∇w∥22 + ∥divw∥22
= −ϵ2µRe (w · ∇vs,w) + ϵηIm (vs · ∇w +w · ∇vs,w) + ϵ2Re (Gλ,w).

(3.21)
Therefore,

(η2 − ϵ2µ2)∥w∥22 ≤ (ϵ2µ+ 3 + ϵη)∥∇w∥22
+(ϵ2µ∥∇vs∥∞ + ϵη(∥vs∥2∞ + ∥∇vs∥∞))∥w∥22
+ϵ2∥Gλ∥2∥w∥2.

(3.22)
The imaginary part of (3.20) yields

2µη∥w∥22 + η∥∇w∥22
= −ϵµIm (vs · ∇w +w · ∇vs,w)− ηRe (w · ∇vs,w) + ϵIm (Gλ,w)

≤ −ηRe (w · ∇vs,w) +

(
ϵ2
µ2

2η
∥vs∥2∞ + ϵ|µ|∥∇vs∥∞

)
∥w∥22

+
1

2
η∥∇w∥22 + ϵ∥Gλ∥2∥w∥2,

and hence,

2µη∥w∥22 +
1

2
η∥∇w∥22

≤ −ηRe (w · ∇vs,w) +

(
ϵ2
µ2

η
∥vs∥2∞ + ϵ|µ|∥∇vs∥∞

)
∥w∥22 + ϵ∥Gλ∥2∥w∥2.

(3.23)
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By (3.22) and (3.23), we have(
η3

12
− ϵ2

ηµ2

12
+ 2µη

)
∥w∥22 +

η

4
(1− ϵ2µ− ϵη)∥∇w∥22

≤ −ηRe (w · vs,w)

+C

{
(ϵ2µη + ϵη2 + ϵ|µ|)∥∇vs∥∞ + (ϵη2 + ϵ2

µ2

η
)∥vs∥2∞

}
∥w∥22

+C(ϵ2η + ϵ)∥Gλ∥2∥w∥2,

and consequently, if ϵ ≤ 1
2
√
µ∗

and η ≤ 1
4ϵ
, then(

η3

12
− ϵ2

ηµ2

12
+ 2µη +

1

16
β2η

)
∥w∥22 +

1

16
η∥∇w∥22

≤ −ηRe (w · vs,w)

+C

{
(ϵ2µη + ϵη2 + ϵ|µ|)∥∇vs∥∞ + (ϵη2 + ϵ2

µ2

η
)∥vs∥2∞

}
∥w∥22

+C(ϵ2η + ϵ)∥Gλ∥2∥w∥2.

Therefore, there exists a positive constant C ′ = C ′(∥vs∥C1 , β) such that if

ϵ ≤ C ′min{1, η∗,
η∗
µ1

,
1

√
µ1

}, − β2

128
≤ µ ≤ µ∗, η∗ ≤ η ≤ 1

4ϵ
,

then

1

32
(η3+β2η)∥w∥22+

1

16
η∥∇w∥22 ≤ −ηRe (w·∇ws,w)+C(ϵ2η2+ϵ)∥Gλ∥2∥w∥2.

This completes the proof. □
We next estimate incompressible part of w.

Proposition 3.11. Let µ0, µ1 and η∗ be given positive numbers. Let u =
⊤(p,w) be a solution of (3.13) with λ = µ + iη

ϵ
, −µ0 ≤ µ ≤ µ1, η ≥ η∗. If

w = v +∇φ is the Helmholtz decomposition of w, then

∥v∥22 ≤ C

{
ϵ
1
2

η
1
2

∥∇φ∥2H1 +
ϵ2

η2
∥∇φ∥2H2 +

ϵ2

η2
∥g∥22

+
ϵ2

η2
∥vs∥2∞∥∇w∥22 +

ϵ2

η2
∥∇vs∥2∞∥w∥22

}
,
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∥v∥2H2 ≤ C

{
η

3
2

ϵ
3
2

∥∇φ∥2H1 + ∥∇φ∥2H2 + ∥g∥22 + ∥vs∥2∞∥∇w∥22 + ∥∇vs∥2∞∥w∥22

}
.

To prove Proposition 3.11 we make use of the following estimate for the
Stokes system with nonhomogeneous boundary data.

Lemma 3.12. Suppose that ⊤(p,v) ∈ H1
∗ (Ω)×H2(Ω) is a solution of

div v = 0,

λv −∆v +∇p = g,

v|∂Ω = ψ,

(3.24)

with λ ∈ {λ ∈ C; |argλ| ≤ π − ω} for some 0 < ω < π
2
, g ∈ L2(Ω) and

ψ ∈ H
3
2 (∂Ω) satisfying ψ · n|∂Ω = 0. Then there exists a positive constant

C = C(ω,Ω) such that

|λ|∥v∥2 + ∥v∥H2 + ∥p∥H1 ≤ C{∥g∥2 + |λ|
3
4∥ψ∥L2(∂Ω) + ∥ψ∥

H
3
2 (∂Ω)

}.

Lemma 3.12 will be proved in section 4.

Proof of Proposition 3.11. Let u = ⊤(p,w) ∈ D(Lϵ) be a solution of
(3.14)–(3.16) and let w = v + ∇φ be the Helmholtz decomposition of w.
Then, divv = 0, v · n|∂Ω = 0, ∂φ

∂n

∣∣
∂Ω

= w · n|∂Ω and
∫
Ω
φdx = 0. Since

w|∂Ω = 0, we see that
∂φ

∂n

∣∣∣∣
∂Ω

= 0

and 
divv = 0,

λv −∆v +∇q = g − (vs · ∇w +w · ∇vs),
v|∂Ω = − ∇φ|∂Ω .

Here
q = λφ−∆φ+ p.

Note that ∫
Ω

q dx =

∫
Ω

(λφ−∆φ+ p) dx = −
∫
∂Ω

∂φ

∂n
dσ = 0.
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By Lemma 3.12 with ψ replaced by −∇φ|∂Ω, we have

|λ|∥v∥2 + ∥v∥H2 + ∥q∥H1

≤ C{|λ|
3
4∥ψ∥L2(∂Ω) + ∥ψ∥

H
3
2 (∂Ω)

+ ∥g∥2 + ∥vs∥∞∥∇w∥2 + ∥∇vs∥∞∥w∥2}

≤ C{|λ|
3
4∥∇φ∥H1 + ∥∇φ∥H2 + ∥g∥2 + ∥vs∥∞∥∇w∥2 + ∥∇vs∥∞∥w∥2}.

Therefore, if λ = µ+ iη
ϵ
, −µ0 ≤ µ ≤ µ1 and η ≥ η∗, then

∥v∥22 ≤ C{|λ|−
1
2∥∇φ∥2H1 + |λ|−2∥∇φ∥2H2 + |λ|−2∥g∥22

+|λ|−2(∥vs∥2∞∥∇w∥22 + ∥∇vs∥2∞∥w∥22)}

≤ C
{ ϵ 1

2

η
1
2

∥∇φ∥2H1 +
ϵ2

η2
∥∇φ∥2H2 +

ϵ2

η2
∥g∥22

+
ϵ2

η2
(∥vs∥2∞∥∇w∥22 + ∥∇vs∥2∞∥w∥22)

}
and

∥v∥2H2 + ∥q∥2H1 ≤ C
{
η

3
2 ϵ−

3
2∥∇φ∥2H1 + ∥∇φ∥2H2 + ∥g∥22

+∥vs∥2∞∥∇w∥22 + ∥∇vs∥2∞∥w∥22
}
.

This completes the proof. □
The potential flow part ∇φ satisfies the following estimates.

Proposition 3.13. Let w = v + ∇φ be as in Proposition 3.11. Then
there exists a positive constant C ′ = C ′(∥vs∥C1) such that if 0 < ϵ ≤
C ′min{1, η∗

µ∗
, η∗} with µ∗ = max{µ0, µ1}, the following estimates

∥∆φ∥22 ≤ C1

{
η2∥w∥22 + ϵη∥∇w∥22 +

ϵ4

η2
∥Gλ∥22

}
,

1

η2
∥∇∆φ∥22 ≤ C1

{
η2∥w∥22 + ϵη∥∇w∥22 + ϵ2∥∆v∥22 +

ϵ4

η2
∥Gλ∥22

}
,

hold with C1 > 0 independent of µ0, µ1, η∗, ϵ, and Ω.
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Proof. Let w = v + ∇φ be the Helmholtz decomposition of w. Since
divw = ∆φ, we see from (3.21) that

∥∆φ∥22 = −(ϵ2µ2 − η2)∥w∥22 − ϵ2µ∥∇w∥22
−ϵ2µRe (w · ∇vs,w) + ϵηIm (vs · ∇w +w · ∇vs,w)

+ϵ2Re (Gλ,w)

≤ η2∥w∥22 + ϵ2µ0∥∇w∥22 + ϵ2µ1∥∇vs∥∞∥w∥22
+ϵη∥∇w∥22 + ϵη(∥vs∥2∞ + ∥∇vs∥∞)∥w∥22
+ϵ2Re (Gλ,w),

and hence,

∥∆φ∥22 ≤ η2∥w∥22 + (ϵ2µ0 + ϵη)∥∇w∥22
+{ϵ2µ1∥∇vs∥∞ + ϵη(∥vs∥2∞ + ∥∇vs∥∞)}∥w∥22
+ϵ2Re (Gλ,w).

It follows that if ϵ ≤ η∗
µ∗
, then

∥∆φ∥22 ≤ (2η2 + 2ϵη(∥vs∥2∞ + ∥∇vs∥∞))∥w∥22

+2ϵη∥∇w∥22 +
ϵ4

η2
∥Gλ∥22.

(3.25)

Therefore there exists a positive constant C ′ = C ′(∥vs∥C1) such that if ϵ ≤
C ′ min

{
η∗
µ∗
, η∗

}
, then

∥∆φ∥22 ≤ C1

{
η2∥w∥22 + ϵη∥∇w∥22 +

ϵ4

η2
∥Gλ∥22

}
.

We next estimate ∥∇∆φ∥22. We take the inner product of (3.19) with
−∇∆φ to obtain

−ϵ2λ2(w,∇∆φ) + ϵ2λ(∆w,∇∆φ) + ∥∇∆φ∥22
= ϵ2λ(vs · ∇w +w · ∇vs,∇∆φ)− ϵ2(Gλ,∇∆φ).

(3.26)

Since w|∂Ω = 0 and divw = ∆φ, we have

−ϵ2λ2(w,∇∆φ) = ϵ2λ2(divw,∆φ) = ϵ2λ2∥∆φ∥22,
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ϵ2λ(∆w,∇∆φ) = ϵ2λ(∆v,∇∆φ) + ϵ2λ∥∇∆φ∥22.

Taking the real part of (3.26), we thus have

(ϵ2µ2 − η2)∥∆φ∥22 + ϵ2µ∥∇∆φ∥22 + ∥∇∆φ∥22
≤ 1

2
∥∇∆φ∥22 + 3ϵ4|λ|2{∥vs∥2∞∥∇w∥22 + ∥∇vs∥2∞∥w∥22}

+
3

2
ϵ4∥Gλ∥22 +

3

2
ϵ4|λ|2∥∆v∥22.

This implies that, if λ = µ+ iη
ϵ
with −µ0 ≤ µ ≤ µ1, η ≥ η∗, then

ϵ2µ2∥∆φ∥22 + (
1

2
− ϵ2µ∗)∥∇∆φ∥22

≤ η2∥∆φ∥22 +
3

2
(ϵ4µ2 + ϵ2η2)∥∆v∥22

+ 3(ϵ4µ2 + ϵ2η2){∥vs∥2∞∥∇w∥22 + ∥∇vs∥2∞∥w∥22}+
3

2
ϵ4∥Gλ∥22.

(3.27)

By (3.25) and (3.27), if ϵ ≤ η∗
µ∗

and ϵ2 ≤ 1
4µ∗

, then

ϵ2
µ2

η2
∥∆φ∥22 +

1

4η2
∥∇∆φ∥22

≤ 2η2∥w∥22 + 2ϵη∥∇w∥+ 2ϵη(∥vs∥2∞ + ∥∇vs∥∞)∥w∥22

+
3

2
(ϵ4

µ2

η2
+ ϵ2)∥∆v∥22 + 3(ϵ4

µ2

η2
+ ϵ2)∥vs∥2∞∥∇w∥22

+3(ϵ4
µ2

η2
+ ϵ2)∥∇vs∥2∞∥w∥22 +

5

2

ϵ4

η2
∥Gλ∥22.

Therefore, there exists a positive constant C ′ = C ′(∥vs∥C1) such that if
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ϵ ≤ C ′min{1, η∗,
√

η∗
µ∗
, η∗
µ∗
, η∗µ

− 2
3

∗ , 1√
µ∗
}, then

1

η2
∥∇∆φ∥22

≤
(
8η2 + 12(ϵ4

µ2

η2
+ ϵ2)∥∇vs∥2∞ + 8ϵη(∥vs∥2∞ + ∥∇vs∥∞)

)
∥w∥22

+

(
8ϵη + 12(ϵ4

µ2

η2
+ ϵ2)∥vs∥2∞

)
∥∇w∥22

+6(ϵ4
µ2

η2
+ ϵ2)∥∆v∥22 +

10ϵ4

η2
∥Gλ∥22

≤ C{η2∥w∥22 + ϵη∥∇w∥22 + ϵ2∥∆v∥22 +
ϵ4

η2
∥Gλ∥22}.

This completes the proof. □
We are now in a position to prove Proposition 3.9.

Proof of Proposition 3.9. Let w = v +∇φ be the Helmholtz decomposi-
tion of w. Then

−ηRe (w · ∇vs,w) ≤ −ηRe (∇φ · ∇vs,∇φ) + η{|Re (v · ∇vs,∇φ)|
+|Re (∇φ · ∇vs,v)|+ |Re (v · ∇vs,v)|}

≤ −ηRe (∇φ · ∇vs,∇φ)

+κη∥∇vs∥∞∥∇φ∥22 + (1 +
1

κ
)η∥∇vs∥∞∥v∥22

for any κ > 0. Choose κ = β2

64∥∇vs∥∞ . Then, since ∥w∥22 = ∥v∥22 + ∥∇φ∥22, we
see from Proposition 3.10 that

(η3 + β2η)∥w∥22 + η∥∇w∥22
≤ −c0ηRe (∇φ · ∇vs,∇φ) + Cη∥∇vs∥∞∥v∥22 + C(ϵ2η2 + ϵ)∥Gλ∥2∥w∥2,

(3.28)

where c0 = 64.
We estimate the second term on the right-hand side of (3.28). By Propo-

sitions 3.11 and 3.13, there exists a positive constant C = C(Ω) such that

1

η2
∥∇∆φ∥22 ≤ C

{
η2∥w∥22 + ϵη∥∇w∥22 + ϵ

1
2η

3
2∥∇φ∥2H1 + ϵ2∥∇∆φ∥22

+ϵ2∥g∥22 + ϵ2∥vs∥2∞∥∇w∥22 + ϵ2∥∇vs∥2∞∥w∥22

+
ϵ4

η2
∥Gλ∥22

}
.
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This implies that if η2 ≤ 1
2Cϵ2

, then

1
η2
∥∇∆φ∥22 ≤ C{(η2 + ϵ2∥∇vs∥2∞)∥w∥22 + (ϵη + ϵ2∥vs∥2∞)∥∇w∥22

+ϵ
1
2η

3
2∥∇φ∥2H1 + ϵ2∥g∥22 + ϵ4

η2
∥Gλ∥22

}
.

(3.29)

By (3.29), Proposition 3.11 and the elliptic estimates: ∥∇φ∥Hk ≤ C∥∇k−1∆φ∥2
(k = 1, 2), we have

∥v∥22 ≤ C
{(

ϵ
1
2

η
1
2
+ ϵ

5
2η

3
2

)
∥∆φ∥22 + ϵ2(η2 + ϵ2∥∇vs∥2∞)∥w∥22

+ϵ2(ϵη + ϵ2∥vs∥2∞)∥∇w∥22 + ϵ4∥g∥22 + ϵ6

η2
∥Gλ∥22

+ ϵ2

η2
∥g∥22 + ϵ2

η2
∥vs∥2∞∥∇w∥22 + ϵ2

η2
∥∇vs∥2∞∥w∥22

}
.

(3.30)

Furthermore, Proposition 3.13 gives

η∥∆φ∥22 ≤ C1

{
η3∥w∥22 + ϵη2∥∇w∥22 +

ϵ4

η
∥Gλ∥22

}
. (3.31)

It then follows from (3.28), (3.30) and (3.31) that

(η3 + β2η)∥w∥22 + η∥∇w∥22 +
η

2C1

∥∆φ∥22
≤ −c0ηRe (∇φ · ∇vs,∇φ)

+
1

2
η3∥w∥22 +

ϵ

2
η2∥∇w∥22 +

ϵ4

2η
∥Gλ∥22

+Cη∥∇vs∥∞
[(
ϵ
1
2η−

1
2 + ϵ

5
2η

3
2

)
∥∆φ∥22

+ϵ2(η2 + ϵ2∥∇vs∥2∞)∥w∥22

+ϵ2(ϵη + ϵ2∥vs∥2∞)∥∇w∥22 +
ϵ2

η2
∥vs∥∞∥∇w∥22

+
ϵ2

η2
∥∇vs∥∞∥w∥22 + ϵ4∥g∥22 +

ϵ2

η2
∥g∥22 +

ϵ6

η2
∥Gλ∥22

]
+C(ϵ2η2 + ϵ)∥Gλ∥2∥w∥2.

From this we see that there exists a positive constant C ′ = C ′(∥vs∥C1 , β,Ω)
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such that if ϵ ≤ C ′min{1, η∗}, η ≤ C
ϵ
, then

1

4
(η3 + β2η)∥w∥22 +

1

2
η∥∇w∥22 +

1

4C1

η∥∆φ∥22

≤ −c0ηRe (∇φ · ∇vs,∇φ) + Cϵ4η∥g∥22 + C(ϵ2η2 + ϵ)∥Gλ∥2∥w∥2

+C
ϵ4

η
∥Gλ∥22 + C

ϵ2

η
∥g∥22.

≤ 1

8
(η3 + β2η)∥w∥22 − c0ηRe (∇φ · ∇vs,∇φ)

+C
(ϵ4
η
+ ϵ4η +

ϵ2

β2η

)
∥Gλ∥22 + C

(
ϵ4η +

ϵ2

η

)
∥g∥22.

Therefore, we conclude that if

inf

{
Re (∇φ · ∇vs,∇φ)

∥∆φ∥22
;φ ∈ H2

∗ (Ω), φ ̸= 0,
∂φ

∂n

∣∣∣∣
∂Ω

= 0

}
≥ − 1

8c0C1

,

then

(η3 + β2η)∥w∥22 + η∥∇w∥22 + η∥∆φ∥22 ≤ C
{(
η +

ϵ2

η

)
∥g∥22 +

ϵ2

η
∥∇f∥22

}
.

This completes the proof. □
It remains to derive the estimates for ∥p∥H1 and ∥∂2xw∥2.

Proposition 3.14. Under the assumption of Proposition 3.9 (with C ′ suit-
ably replaced),

∥∂2xw∥2 + ∥∇p∥2 ≤ C
{(

1 +
η

ϵ

)
∥g∥2 + ∥f∥H1

}
for all 0 < ϵ ≤ C ′min{1, η∗,

√
η∗
µ∗
, η∗
µ∗
, η∗µ

− 2
3

∗ , 1√
µ∗
}.

Proof. We see from (3.14)–(3.16) that

divw = ϵ2f − ϵ2λp,

−∆w +∇p = g − λw − vs · ∇w −w · ∇vs,
w|∂Ω = 0.
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The elliptic estimate for the Stokes system ([15, 22]) then gives

∥∂2xw∥2 + ∥∇p∥2 ≤ C{ϵ2∥f∥H1 + ϵ2|λ|∥p∥H1

+∥g∥2 + |λ|∥w∥2 + ∥vs∥∞∥∇w∥2 + ∥∇vs∥∞∥w∥2}.

By the Poincaré inequality, we have

ϵ2|λ|∥p∥H1 ≤ C(ϵ2µ∗ + ϵη)∥∇p∥2

with C = C(Ω) > 0. Therefore, if ϵ ≤ C√
µ∗

and η ≤ C
ϵ
, then

∥∂2xw∥2 + ∥∇p∥2
≤ C{ϵ2∥f∥H1 + ∥g∥2 + |λ|∥w∥2 + ∥vs∥∞∥∇w∥2 + ∥∇vs∥∞∥w∥2}.

This, together with Proposition 3.9, implies the desired conclusion. This
completes the proof. □

We give a proof of Lemma 3.12. We first estimate a solution ⊤(p,v) of
the following problem on the half-space R3

+ = {x = (x′, x3); x
′ = (x1, x2) ∈

R2, x3 > 0}: 
div v = f,

λv −∆v +∇p = g,

v|x3=0 = ψ.

(3.32)

Here λ ∈ C is a parameter; f and g are given functions on R3
+; and ψ =

⊤(ψ1(x′), ψ2(x′), ψ3(x′)) is a given function on R2 satisfying ψ · n|∂R3
+

=

−ψ3(x′) = 0 (x′ ∈ R2). We denote by Σω the sector defined by

Σω = {λ ∈ C; |argλ| ≤ π − ω}.

We have the following estimate.

Lemma 3.15. Let ω be a positive number satisfying 0 < ω < π
2
. If λ ∈

Σω\{0}, then

|λ|∥v∥L2(R3
+) + ∥∂2xv∥L2(R3

+) + ∥∂xp∥L2(R3
+)

≤ Cω{|λ|∥f∥Ḣ−1(R3
+) + ∥∂xf∥L2(R3

+) + ∥g∥L2(R3
+)

+ |λ|
3
4∥ψ∥L2(R2) + ∥ψ∥

Ḣ
3
2 (R2)

}.

Here Cω is a positive constant depending only on ω.
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To prove Lemma 3.15, we introduce some notation. For λ ∈ C\ (−∞,−|ξ′|2],
λ ̸= 0 and ξ′ ∈ R2, ξ′ ̸= 0, we denote the principal branch of the square root
of λ+ |ξ′|2 by µ1 = µ1(λ, ξ

′), i.e.,

µ1 = µ1(λ, ξ
′) =

√
λ+ |ξ′|2

with Reµ1 > 0. For a complex number µ, we define functions g
(±)
µ (x3, y3)

and hµ(x3) by

g(±)
µ (x3, y3) =

1

2µ

{
e−µ|x3−y3| ± e−µ(x3+y3)

}
and

hµ(x3) =
1

µ
e−µx3 .

We also introduce functions g̃(±)(x3, y3) and h̃(x3) which are defined by

g̃(±)(x3, y3) = g(±)
µ1

(x3, y3)− g
(±)
|ξ′| (x3, y3)

and
h̃(x3) = hµ1(x3)− h|ξ′|(x3).

We denote by δ(x3) the Dirac delta function.
For a function K(x3, y3) on (0,∞) × (0,∞) we denote by Kf the inte-

gral operator
∫∞
0
K(x3, y3)f(y3) dy3. The Fourier transform in x′ variable is

denoted by F ′:

(F ′f)(ξ′) =

∫
R2

f(x′)eiξ
′·x′
dx′, ξ′ ∈ R2,

and its inverse is denoted by F ′−1. We also employ the notation f̂(ξ′) for the
Fourier transform (F ′f)(ξ′). Then the solution ⊤(p,v) of (3.32) is written as(

p(x)
v(x)

)
= F ′−1Γ̂F ′F (x) + F ′−1Γ̂BF ′

(
0
ψ

)
(x)

= F ′−1
[∫∞

0
Γ̂(λ, ξ′, x3, y3)F̂ (ξ, y3)dy3

]
(x′)

+F ′−1

[
Γ̂B(λ, ξ

′, x3)

(
0

ψ̂

)]
(x′)

(3.33)

with F = ⊤(f, g), g = ⊤(g′, g3). Here

Γ̂(λ, ξ′, x3, y3) = Ĝ(λ, ξ′, x3, y3) + Ĥ(λ, ξ′, x3, y3)
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is the integral kernel of the solution operator for the problem (3.32) with
ψ = 0, and

Γ̂B(λ, ξ
′, x3) = ∂y3Ĝ(λ, ξ

′, x3, 0) + ∂y3Ĥ(λ, ξ′, x3, 0),

where

Ĝ(λ, ξ′, x3, y3)

= δ(x3 − y3)Q0

+


λg

(+)
|ξ′| (x3, y3) −i⊤ξ′g(+)

|ξ′| (x3, y3) −∂x3g
(−)
|ξ′| (x3, y3)

−iξ′g(+)
|ξ′| (x3, y3) 0 0

−∂x3g
(+)
|ξ′| (x3, y3) 0 0



+


0 0 0

0 g
(−)
µ1 (x3, y3)I2 0

0 0 g
(−)
µ1 (x3, y3)



+


0 0 0

0 ξ′⊤ξ′

λ
g̃(+)(x3, y3) − iξ′

λ
∂x3 g̃

(−)(x3, y3)

0 − i⊤ξ′

λ
∂x3 g̃

(+)(x3, y3) − 1
λ
∂2x3

g̃(−)(x3, y3)


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with Q0 being the 4× 4 diagonal matrix Q0 = diag(1, 0, 0, 0), and

Ĥ(λ, ξ′, x3, y3)

=


0 i⊤ξ′h|ξ′|(x3)e

−µ1y3 0

0 − ξ′⊤ξ′

λ
h̃(x3)e

−µ1y3 0

0 i⊤ξ′

λ
∂x3h̃(x3)e

−µ1y3 0



+


0 0 0

hµ1(x3)β0(y3) hµ1(x3)B(y3) hµ1(x3)β3(y3)

0 0 0



+


−i⊤ξ′h|ξ′|(x3)β0(y3) −i⊤ξ′h|ξ′|(x3)B(y3) −i⊤ξ′h|ξ′|(x3)β3(y3)

ξ′⊤ξ′

λ
h̃(x3)β0(y3)

ξ′⊤ξ′

λ
h̃(x3)B(y3)

ξ′⊤ξ′

λ
h̃(x3)β3(y3)

− i⊤ξ′

λ
∂x3h̃(x3)β0(y3) − i′⊤ξ′

λ
∂x3h̃(x3)B(y3) − i⊤ξ′

λ
∂x3h̃(x3)β3(y3)

 ,

with µ1 = µ1(λ, ξ
′) and

β0(y3) = β0(λ, ξ
′, y3) =

iλξ′

|ξ′|(µ1 − |ξ′|)
e−|ξ′|y3 ,

B(y3) = B(λ, ξ′, y3) = − ξ′⊤ξ′

|ξ′|(µ1 − |ξ′|)
(e−µ1y3 − e−|ξ′|y3),

and

β3(y3) = β3(λ, ξ
′, y3) =

iξ′

µ1 − |ξ′|
(e−µ1y3 − e−|ξ′|y3).

The solution formula (3.33) will be derived in the end of this section.
To estimate ⊤(p,v), we prepare elementary inequalities.

Lemma 3.16. Let ω ∈ (0, π
2
). Then there exists a positive constant C de-

pending only on ω such that the following inequalities hold uniformly for
λ ∈ Σω\{0}:

(i) C−1(|λ|
1
2 + |ξ′|) ≤ |µ1| ≤ C(|λ|

1
2 + |ξ′|),

(ii) C−1|µ1| ≤ Reµ1 ≤ C|µ1|,

(iii) |e−µ1x3 − e−|ξ′|x3 | ≤ C|µ1 − |ξ′||
(

1

|ξ′|
e−

1
2
Reµ1x3 +

1

Reµ1

e−
1
2
|ξ|x3

)
.
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Inequalities (i) and (ii) can be proved by an elementary computation;
and estimate (iii) can be proved by using the mean value theorem. (Cf., [18,
Lemma 3.15].)

We will use the following generalized Young inequality.

Lemma 3.17. Let K(x3, y3) be a function on (0,∞)× (0,∞) satisfying

sup
y3>0

∫ ∞

0

|K(x3, y3)| dx3 ≤M1 and sup
x3>0

∫ ∞

0

|K(x3, y3)| dy3 ≤M2

for some constants M1 > 0 and M2 > 0. Set

KF (x3) =

∫ ∞

0

K(x3, y3)F (y3) dy3.

Then
∥KF∥L2(0,∞) ≤M

1
2
1 M

1
2
2 ∥F∥L2(0,∞).

See, e.g., [14] for a proof of Lemma 3.17.

Proof of Lemma 3.15. The estimate for F−1Γ̂FF is well-known. In fact,
one can obtain the desired estimate for F−1Γ̂FF by using Lemmas 3.16
and 3.17. As for F−1Γ̂BF

[⊤(0,ψ)], we set ⊤(pB,vB) = F−1Γ̂BF
[⊤(0,ψ)].

Then, by a direct computation, we see from (3.33) that

p̂B = −i(µ1 + |ξ′|)h|ξ′|(x3)ξ′ · ψ̂′,

v̂B =

(
µ1hµ1(x3)ψ̂

′ + ξ′

|ξ′|hµ1(x3)ξ
′ · ψ̂′ + ξ′

λ
(µ1 + |ξ′|)h̃(x3)ξ′ · ψ̂′

− i
λ
(µ1 + |ξ′|)∂x3h̃(x3)ξ

′ · ψ̂′

)
.

The desired estimates can be obtained by applying Lemma 3.16. This com-
pletes the proof. □

We turn to the proof of Lemma 3.12. We fix ω ∈ (0, π
2
). Let Cω be

the positive constant in Lemma 3.15. Then for each x̄ ∈ ∂Ω there exist
an open neighborhood Ox̄ of x̄, a local coordinate system with coordinates
x̃ = (x̃′, x̃3) in x̄ and a smooth function h(x̃′) such that

Ox̄ ∩ Ω = {(x̃′, x̃3); h(x̃′) < x̃3 < h(x̃′) + γ, |x̃′| < r},

Ox̄ ∩ ∂Ω = {(x̃′, x̃3); x̃3 = h(x̃′), |x̃′| < r},
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(0, h(0)) = x̄, ∇x̃′h(0) = 0, sup
|x̃′|<r

|∇x̃′h(x̃′)| ≤ 1

24Cω

for some positive constants γ and r. By a translation and a rotation of the
coordinate system we can write x̃ as x. We set Φ(x) = ⊤(x′, x3 − h(x′)).
Then y = Φ(x) is a diffeomorphism from Ox̄ to an open set Õx̄ of R3

+ and
Φ(Ox̄ ∩ Ω) = {y = (y′, y3); |y′| < r, 0 < y3 < γ},
Φ(Ox̄ ∩ ∂Ω) = {y = (y′, y3); |y′| < r, y3 = 0},
|∇y′h(y

′)| ≤ Cω

24
for |y′| < r.

(3.34)

Since ∂Ω is compact, there exist x(1), . . . , x(N) ∈ ∂Ω such that ∂Ω ⊂ ∪N
m=1Om,

Om = Ox(m) and diffeomorphisms Φm : Om → Õm, Φm(x) = ⊤(x′, x3 −
hm(x

′)), m = 1, . . . , N , which satisfy (3.34) with Ox̄ replaced by Om for
some h = hm(x

′), r = rm, and γ = γm.
We take an open set O0 such that O0 ⊂ Ω and Ω ⊂ ∪N

m=0Om, and
introduce a partition of unity {χm}Nm=0 subordinate to {Om}Nm=0 satisfying
suppχm ⊂ Om, Σ

N
m=0χm = 1 on Ω.

We make the following transformation of χmp and χmv :

p̃m(y) = (χmp)(Φ
−1
m (y)),

ṽm(y) = ⊤(ṽ′m(y), ṽ
3
m(y))),

ṽ′m(y) = (χmv
′)(Φ−1

m (y)),

ṽ3m(y) = −∇y′h(y
′) · (χmv

′)(Φ−1
m (y)) + (χmv

3)(Φ−1(y)).

Furthermore, χmg is transformed into g̃m = ⊤(g̃′m(y), g̃
n
m(y)) in a similar

manner.
Under these transformation the localized problem for (3.24) on Ωm =

Om ∩ Ω is transformed into the following one on Rn
+:

div ṽm = ˜v · ∇χm,

λṽm −∆ṽm +∇p̃m = G̃m,

ṽ′m|y3=0 = ψ̃
′
m, ṽ3m|y3=0 = 0.

(3.35)

Here ˜v · ∇χm denotes (v · ∇χm)(Φ
−1
m (y)) and G̃m = ⊤(G̃

′
m, G̃

3
m), where

G̃
′
m = ( ˜p∇x′χm)− 2 ˜∇xχm · ∇xv′ − ˜v′∆xχm + g̃′m + (∇y′h)∂y3 p̃m

−2(∇y′h) · ∇y′∂y3ṽ
′
m − (∆y′h)∂y3ṽ

′
m − |∇y′h|2∂2y3ṽ

′
m,
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G̃3
m = −∇y′h · G̃′

m + 2(∇y′(∇y′h)) · ∇y′ṽ
′
m + (∆y′∇y′h) · ṽ′m +∇y′h · ∇y′ p̃m

+(p̃∂x3χm)− 2 ˜∇xχm · ∇xv3 − ˜v3∆xχm + g̃3m − 2(∇y′h) · ∇y′∂y3w̃
3
m

−(∆y′h)∂ynw̃
3
m − |∇y′h|2∂2y3w̃

3
m.

Here
w̃3

m = ṽ3m +∇′h · ṽ′m.

Applying Lemma 3.15 to (3.35), we have the following estimate.

Proposition 3.18. Let λ ∈ Σω\{0}. Then

|λ|∥ṽm∥L2(R3
+) + ∥∂2y ṽm∥L2(R3

+) + ∥∂yp̃m∥L2(R3
+)

≤ C ′
ω{∥λ ˜v · ∇χm∥Ḣ−1(R3

+) + ∥∇( ˜v · ∇χm)∥L2(R3
+)

+ ∥p̃∇xχm∥L2(R3
+) + ∥ ˜∇xχm · ∇xv∥L2(R3

+) + ∥ṽ∆xχm∥L2(R3
+)

+ ∥ṽm∥L2(R3
+) + ∥∂yṽm∥L2(R3

+)

+ ∥g̃m∥L2(R3
+) + |λ|

3
4∥ψ̃m∥L2(R2) + ∥ψ̃m∥Ḣ 3

2 (R2)
},

where C ′
ω depends only on ω.

Proof. We have

∥G̃m∥L2(R3
+) ≤ 12∥∇y′h∥∞{∥∂yp̃m∥L2(R3

+) + ∥∂2y ṽm∥L2(R3
+)}

+C{∥p̃∇xχm∥L2(R3
+) + ∥ ˜∇xχm · ∇xv∥L2(R3

+) + ∥ṽ∆xχm∥L2(R3
+)

+∥ṽm∥L2(R3
+) + ∥∂yṽm∥L2(R3

+) + ∥g̃m∥L2(R3
+)}.

Noting that 12∥∇y′h∥∞ ≤ 1
2
and applying Lemma 3.15 to (3.35), we obtain

|λ|∥ṽm∥L2(R3
+) + ∥∂2y ṽm∥L2(R3

+) + ∥∂yp̃m∥L2(R3
+)

≤ 1

2
{∥∂yp̃m∥L2(R3

+) + ∥∂2y ṽm∥L2(R3
+)}

+C ′′
ω{∥λ ˜v · ∇χm∥Ḣ−1(R3

+) + ∥∇( ˜v · ∇χm)∥L2(R3
+)

+∥p̃∇xχm∥L2(R3
+) + ∥ ˜∇xχm · ∇xv∥L2(R3

+) + ∥ṽ∆xχm∥L2(R3
+)

+∥ṽm∥L2(R3
+) + ∥∂yṽm∥L2(R3

+)

+∥g̃m∥L2(R3
+) + |λ|

3
4∥ψ̃m∥L2(R2) + ∥ψ̃m∥Ḣ 3

2 (R2)
},
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and hence,

|λ|∥ṽm∥L2(R3
+) + ∥∂2y ṽm∥L2(R3

+) + ∥∂yp̃m∥L2(R3
+)

≤ 2C ′′
ω{∥λ ˜v · ∇χm∥Ḣ−1(R3

+) + ∥∇( ˜v · ∇χm)∥L2(R3
+)

+∥p̃∇xχm∥L2(R3
+) + ∥ ˜∇xχm · ∇xv∥L2(R3

+) + ∥ṽ∆xχm∥L2(R3
+)

+∥ṽm∥L2(R3
+) + ∥∂yṽm∥L2(R3

+)

+∥g̃m∥L2(R3
+) + |λ|

3
4∥ψ̃m∥L2(R2) + ∥ψ̃m∥Ḣ 3

2 (R2)
}.

This completes the proof. □
We then have the following estimate.

Proposition 3.19. Let λ ∈ Σω\{0} with |λ| ≥ δ for some δ > 0. Then

|λ|∥v∥2 + ∥v∥H2 + ∥∂xp∥H1

≤ C1{|λ|∥v∥H−1 + ∥v∥H1 + ∥p∥2 + ∥g∥2 + |λ|
3
4∥ψ∥L2(∂Ω) + ∥ψ∥

H
3
2 (∂Ω)

}

Proof. By Proposition 3.18 we have

|λ|∥v∥2 + ∥∂2xv∥2 + ∥∂xp∥2
≤ C{|λ|∥v∥H−1 + ∥v∥H1 + ∥p∥2 + ∥g∥2 + |λ|

3
4∥ψ∥L2(∂Ω) + ∥ψ∥

Ḣ
3
2 (∂Ω)

}.

Since |λ| ≥ δ, using the Poincaré inequality: ∥p∥L2(Ω) ≤ ∥∂xp∥L2(Ω) for p ∈
H1

∗ (Ω), we see that

|λ|∥v∥2 + ∥v∥2 + ∥∂2xv∥2 + ∥p∥H1

≤ C{|λ|∥v∥H−1 + ∥v∥H1 + ∥p∥2 + ∥g∥2 + |λ| 34∥ψ∥L2(∂Ω) + ∥ψ∥
H

3
2 (∂Ω)

}.(3.36)

Furthermore, since

∥∇v∥22 =
∫
∂Ω

v
∂v

∂n
dσ −

∫
Ω

v∆v dx,

we have
∥∇v∥2 ≤ C{∥v∥L2(∂Ω) + ∥v∥2 + ∥∂2xv∥2}.

This, together with (3.36), gives the desired estimate. □
Lemma 3.12 follows from Proposition 3.19 by a compactness argument as

given in [13].
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We finally give a proof of solution formula (3.33). To this end, we intro-
duce the integral kernel of the generalized resolvent for the adjoint problem
for (3.32) with ψ = 0: 

−divv∗ = q,
λ̄v∗ −∆v∗ −∇p∗ = f ,

v∗|x3=0 = 0.
(3.37)

The solution of (3.37) has a representation similar to (3.33). In fact, it holds
that (

p∗(x)
v∗(x)

)
=

(
q
f

)
Γ∗(x),

where Γ∗(x, y) = (F−1Γ̂∗F)(x, y) with Γ̂∗(λ, ξ′, x3, y3) =
⊤Γ̂(λ̄, ξ′, y3, x3). We

denote the integral kernel of F−1Γ̂F by Γ(x, y) =
∫
R2 e

i(x′−y′)·ξ′Γ̂(λ, ξ′, x3, y3) dξ
′

by

Γ(x, y) =

(
Γ11(x, y) Γ12(x, y)
Γ21(x, y) Γ22(x, y)

)
where Γ12(x, y) is an 1×n matrix; Γ21(x, y) is an n× 1 matrix; and Γ22(x, y)
is an n× n matrix. Similarly we write

Γ∗(x, y) =

(
Γ∗
11(x, y) Γ∗

12(x, y)

Γ∗
21(x, y) Γ∗

22(x, y)

)
.

It follows that

p∗(x) = Γ∗
11q(x) + Γ∗

12f(x), v
∗(x) = Γ∗

21q(x) + Γ∗
22f(x).

Let q ∈ C∞
0 (R3

+) and f ∈ C∞
0 (R3

+)
3. Since v · n|∂R3

+
= ψ · n = −ψ3 = 0,
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we have∫
R3
+

(p(x)q(x) + v(x)f(x))dx

= −
∫
R3
+

p(x)div (Γ∗
21q(x) + Γ∗

22f(x))dx+

∫
R3
+

v(x)(λ̄−∆)(Γ∗
21q(x) + Γ∗

22f(x))dx

−
∫
R3
+

v(x) · ∇(Γ∗
11q(x) + Γ∗

12f(x))dx

=

∫
R3
+

∇p(x)(Γ∗
21q(x) + Γ∗

22f(x))dx

+

∫
R3
+

(λ−∆)v(x)(Γ∗
21q(x) + Γ∗

22f(x))dx−
∫
∂R3

+

v(x)

(
∂Γ∗

21q

∂nx

(x) +
∂Γ∗

22f

∂nx

(x)

)
dSx

+

∫
R3
+

divv(x)(Γ∗
11q(x) + Γ∗

12f(x))dx

=

∫
R3
+

g(x) · (Γ∗
21q(x) + Γ∗

22f(x))dx−
∫
∂R3

+

ψ(x)

(
∂Γ∗

21q

∂nx

(x) +
∂Γ∗

22f

∂nx

(x)

)
dSx

+

∫
R3
+

f(x)(Γ∗
11q(x) + Γ∗

12f(x))dx

=

(∫
R3
+

Γ12(y, x)g(x)dx−
∫
∂R3

+

∂Γ12

∂nx

(y, x)ψ(x)dSx +

∫
R3
+

Γ11(y, x)f(x)dx, q

)
L2
y

+

(∫
R3
+

Γ22(y, x)g(x)dx−
∫
∂R3

+

∂Γ22

∂nx

(y, x)ψ(x)dSx +

∫
R3
+

Γ21(y, x)f(x)dx,f

)
L2
y

.

We thus obtain

p(x) = Γ11f(x) + Γ12g(x)−
∫
∂R3

+

∂Γ12

∂ny

(x, y)ψ(y)dSy, (3.38)

v(x) = Γ21f(x) + Γ22g(x)−
∫
∂R3

+

∂Γ22

∂ny

(x, y)ψ(y)dSy. (3.39)

Since ∂
∂ny

= −∂y3 on ∂R3
+ = {(y′, y3); y′ ∈ R2, y3 = 0} = R2, we obtain the

solution formula (3.33) from (3.38) and (3.39).
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4 Stability of bifurcating stationary solutions

Our interest in this section is in the stability of a stationary solution bifur-
cating from a basic stationary flow. In Theorem 3.1, ϵ0 depends on b0 and it
may occur that ϵ0 → 0 as b0 → 0. Therefore, the range of ϵ for which The-
orem 3.1 holds shrinks as the spectrum σ(−L) approaches to the imaginary
axis. This can happen when a bifurcation occurs as a control parameter ap-
proaches its critical value. In this section we show that the range of ϵ can be
taken uniformly near the bifurcation point when the stability of a bifurcating
solution from a simple eigenvalue is considered.

4.1 Formulation and results

We consider the following situation. Let vR be a basic stationary flow with
a bifurcation parameter R (e.g., R is the Reynolds number) and let the
linearized operator around vR be written as

L = −P∆+RPM[vR],

with domain D(L) = [H2(Ω) ∩H1
0 (Ω)]

3 ∩ L2
σ(Ω), where

M[v]w = v · ∇w +w · ∇v.

We assume that a stationary bifurcation occurs in the following way.

(A0) There exists a positive number Rc such that if R is smaller than Rc,
then vR is stable; and if R is larger than Rc, then vR is unstable and
a stationary bifurcation occurs at R = Rc.

We thus introduce a bifurcation parameter η = R−Rc and write vR as
vη, and the linearized operator L as Lη:

Lη = −P∆+ (Rc + η)P(vη · ∇+ (⊤∇vη))
= −P∆+ (Rc + η)PM[vη],

We denote by L∗
η the adjoint operator of Lη,

L∗
η = −P∆+ (Rc + η)PM∗[vη]

with domain D(Lη) = D(L), where

M∗[v]w = −v · ∇w + (∇v)w.

We make the following assumptions.
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(A1) vη is a smooth stationary solution.

(A2) vη is analytic in η in H2(Ω)3.

(A3) 0 is a simple eigenvalue of −L0 with Ker(L0) = span{w0}.
The eigenprojection for the eigenvalue 0 is P0w = ⟨w⟩w0. Here and in
what follows the symbol ⟨w⟩ for w ∈ L2(Ω)3 is defined by

⟨w⟩ = (w,w∗
0),

where w∗
0 is the eigenfunction for the eigenvalue 0 of L∗

0 satisfying
⟨w0⟩ = 1.

(A4) ⟨M[v0]w0 +RcM[v1]w0⟩ ̸= 0, where v1 = ∂ηvη|η=0.

(A5) There exists a positive constant b̃0 > 0 such that

{λ ∈ C; Reλ ≥ −b̃0}\{0} ⊂ ρ(−L0)

.

We look for a solution branch {η,wη}, wη ̸= 0, of

(NS)η Lηwη + (Rc + η)PN(wη,wη) = 0.

Here N(wη,wη) = wη · ∇wη. Note that wη = 0 is a solution of (NS)η for
all η. Under (A1)-(A4) we have a nontrivial solution branch. In fact, by
applying the standard bifurcation theory ([7]), one can prove the following
proposition.

Proposition 4.1. Assume (A1)-(A4). There exist a positive constant δ0 and
a solution branch {η(δ), wη(δ)} of (NS)η with η = η(δ) of the form

η(δ) = δσ(δ),

wη(δ) = δ(w0 + δw1(δ)),

where σ(δ) is analytic in δ (|δ| ≤ δ0), and w1(δ) is analytic in δ in H
2(Ω) (|δ| ≤

δ0).

We next consider the stability of ṽ(δ) = vη(δ) + wη(δ). The linearized
operator around ṽ(δ) is denoted by

L(δ) = −P∆+ (Rc + η(δ))M[ṽ(δ)].

As for the spectrum of −L(δ), we have the following proposition.
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Proposition 4.2. Assume (A1)-(A5). There exists positive number δ0 such
that

ρ(−L(δ)) ⊃ {λ ∈ C; Reλ ≥ −3

4
b̃0, |λ| >

b̃0
4
},

σ(−L(δ)) ∩ {λ ∈ C; |λ| ≤ b̃0
4
} = {λ(δ)},

for all δ ∈ (−δ0, δ0). Here λ(δ) is a simple eigenvalue given by

λ(δ) = −α(δ)δdη
dδ

(δ),

where α(δ) is an analytic function of δ ∈ (−δ0, δ0) satisfying

α(0) = −⟨M[v0]w0 +RcM[v1]w0⟩(̸= 0).

Proposition 4.2 was obtained by Crandall-Rabinowitz [8] (See also [1]).
Concerning the stability of ṽ(δ), we have the following proposition.

Proposition 4.3. Assume (A0)-(A5).

(i) α(0) = −⟨M[v0]w0 +RcM[v1]w0⟩ > 0.

(ii) λ(δ) = λkδ
k+O(δk+1) if and only if η(δ) = ηkδ

k+O(δk+1). In this case,
it follows that λk = −kα(0)ηk. Therefore, sgn(λ(δ)) = −sgn(η(δ)) for
0 < |δ| ≪ 1.

See Figure 1.
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Figure 1: Bifurcation diagram of the incompressible system (NS)η
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We next consider relations between λ(l) and η(l).

Proposition 4.4. The following (a)-(c) are equivalent:

(a) λ(l)(0) = 0 for l = 1, · · · , k.

(b) η(l)(0) = 0 for l = 1, · · · , k.

(c) σ(l−1)(0) = 0 for l = 1, · · · , k.

Proof. We will prove the proposition by induction on k. Differentiating λ(δ)
we have

∂δλ(δ) = α̇(δ)δη̇(δ) + α(δ)η̇(δ) + α(δ)δη̈(δ),

and so
∂δλ(0) = α(0)η̇(0).

Therefore, we see that

∂δλ(0) = 0 if and only if σ(0) = η̇(0) = 0.

This shows that the proposition holds for k = 1. Let k ≥ 2 and suppose that
the proposition is true for k − 1. Then

∂kδλ(δ) =
k∑

l=0

(
k
l

)
{δ}(l)∂k−l

δ {α(δ)η̇(δ)}

= δ∂kδ {α(δ)η̇(δ)}+ k∂k−1
δ {α(δ)η̇(δ)}. (4.1)

Since,

∂k−1
δ {α(δ)η̇(δ)} =

k−1∑
m=0

(
k − 1
m

)
α(m)(δ)η̇(k−1−m)(δ),

we see from (4.1) that

λ(k)(0) = kα(0)η̇(k−1)(0) = −kα(0)η(k)(0).

This shows that the proposition is true for k and the proof of the proposition
is complete. □

We next consider the stability of the bifurcating solution ṽ(δ) as a solution
of the artificial compressible system (1.3)–(1.4). We denote by L(ϵ, δ) the
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linearized operator around ṽ(δ) which is an operator on H1
∗ (Ω) × L2(Ω)3

given by

L(ϵ, δ) =

(
0 1

ϵ2
div

∇ −∆+ (Rc + η(δ))M[ṽ(δ)]

)
with domain D(L(ϵ, δ)) = D. We also introduce M(δ) and M(δ) defined by

M(δ) = (Rc + η(δ))M[ṽ(δ)]−RcM[v0],

M(δ) =

(
0 0

0 M(δ)

)
.

It follows from Proposition 4.1 that M(δ) and M(δ) can be expanded as

M(δ) =
∞∑
k=1

δkMk,

M(δ) =
∞∑
k=1

δkMk, Mk =

(
0 0

0 Mk

)
.

Here Mk satisfies the estimate

∥Mkw∥2 ≤ ck∥w∥H1 (4.2)

uniformly for w ∈ H1(Ω) with positive constant ck satisfying
∑∞

k=1 ckδ
k <∞

for |δ| ≤ δ1.
The result is stated as follows.

Theorem 4.5. Let λ(δ) = λkδ
k+O(δk+1) with λk ̸= 0 for some k ≥ 1. Then

there exist positive constants δ1 = δ1(b̃0,v0) and ϵ1 = ϵ1(b̃0,v0) such that

σ(−L(ϵ, δ)) ∩ {λ ∈ C; |λ| ≤ b̃0
4
} = {λ(ϵ, δ)},

λ(ϵ, δ) = δk((1 + c1(ϵ
2))λk + Λk(ϵ, δ))

with some Λk(ϵ, δ) = O(δ) uniformly for 0 < ϵ ≤ ϵ1, 0 < |δ| ≤ δ1. Here
c1(ϵ

2) satisfies |c1(ϵ2)| ≤ 1
2
for 0 < ϵ ≤ ϵ1.

Applying Theorem 3.1 and Theorem 4.5 we have the following result on
the stability of the bifurcating solution ṽ(δ) as a solution of the artificial
compressible system (1.3)–(1.4).
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Theorem 4.6. Assume that (A0)-(A5). There exist positive constants ϵ1 =

ϵ1(b̃0,v0) and δ1 = δ1(b̃0,v0) such that the following assertions hold true for
0 < |δ| ≤ δ1.

(i) If ṽ(δ) is unstable as a solution of (1.1)–(1.2) then so is ṽ(δ) as a solution
of (1.3)–(1.4) for 0 < ϵ ≤ ϵ1.

(ii) Let ṽ(δ) be stable as a solution of (1.1)–(1.2). Then there exists κ > 0
such that if

infwη∈H1
0 (Ω)3,wη ̸=0

Re (Qwη · ∇ṽ(δ),Qwη)L2

∥∇Qwη∥2L2

≥ −κ, (4.3)

then there exists ϵ2 = ϵ2(b̃0,v0) > 0 such that ṽ(δ) is stable as a solution of
(1.3)–(1.4) for 0 < ϵ ≤ ϵ2.

Similarly to the proof of Theorems 4.5 and 4.6, it is possible to prove the
stability and instability of the basic flow vη. In fact, one can show that the
spectrum of the linearized operator Lη satisfies

σ(−Lη) = {λ ∈ C; Reλ ≥ −3

4
b̃0} ∪ {λη}, η ∈ [−η0, η0]

for some positive constant η0. Here λη is a simple eigenvalue of −Lη and
satisfies

λη = α(0)η +O(η2).

Let Lϵ,η be the linearized operator around uη = ⊤(pη,vη) of the artificial
compressible system. Here pη is the pressure corresponding to vη. As in the
proof of Theorem 4.5, we have the following result.

Theorem 4.7. There exist positive constants η̃1 = η̃1(b̃0,v0) and ϵ3 =
ϵ3(b̃0,v0) such that

σ(−Lϵ,η) ∩ {λ ∈ C; |λ| ≤ b̃0
4
} = {λϵ,η}

λϵ,η = η(c1(ϵ
2)α(0) + Λϵ,η)

with some Λϵ,η = O(η) uniformly for 0 < ϵ ≤ ϵ3 and 0 < |η| ≤ η̃1.

Combining Theorems 4.5 and 4.7, we can see that the same exchange of
stability as in the case of (1.1)–(1.2) holds for the case of (1.3)–(1.4) uniformly
for small ϵ. For definiteness, we consider the case where k is even and ηk is
positive in Proposition 4.3 (ii). In this case we have the following result.
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Theorem 4.8. Let k be even and ηk be positive in Proposition 4.3 (ii). Then
there exist positive constants ϵ4 and δ2 such that

(i) The basic flow vη(δ) is unstable for 0 < |δ| ≤ δ2 and 0 < ϵ ≤ ϵ4.

(ii) There exist positive constants ϵ5, δ3, η̃2 and κ̃ such that if

infw∈H1
0 (Ω)3,w ̸=0

Re (Qw · ∇v0,Qw)

∥∇Qw∥2
≥ −κ̃,

then vη is stable for −η̃2 ≤ η < 0 and 0 < ϵ ≤ ϵ5 and ṽ(δ) is stable for
0 < |δ| ≤ δ3 and 0 < ϵ ≤ ϵ5.

The other cases where k is odd or ηk is negative, one can obtain similar
results. See Figure 2.
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Figure 2: Bifurcating diagram of the artificial compressible system

4.2 Proofs of Theorems 4.5 and 4.6

To prove Theorem 4.5 we introduce the operator Lϵ,λ on H1
∗ (Ω) × L2(Ω)3

defined by
D(Lϵ,λ) = D := H1

∗ (Ω)× [H2(Ω) ∩H1
0 (Ω)]

3,

Lϵ,λ =

(
0 1

ϵ2
div

∇ λ−∆+RcM[v0]

)
.

We also introduce the operator Aλ(δ):

Aλ(δ)w = −∆w +RcM[v0]w +M(δ)w.
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We give an expression for L−1
ϵ,λ in terms of (λ+L)−1. To do so, we prepare

the following lemma.

Lemma 4.9. ([19, Lem.4.2]) There exists a bounded linear operator V :
H1

∗ (Ω) → [H2(Ω) ∩H1
0 (Ω)]

3 such that

divV f = f, ∥V f∥H2 ≤ C∥f∥H1

for f ∈ H1
∗ (Ω).

This lemma follows from the solvability for the nonhomogeneous Stokes
problem divv = f , −∆v+∇p = 0 under the boundary conditions v|∂Ω = 0.
See, e.g., [15].

The following expression and estimate for L−1
ϵ,λ were obtained in [19].

Lemma 4.10. ([19, Prop.6.2]) Let λ ∈ Σ0 := {λ ∈ C; Reλ ≥ −b̃0}\0. Then

L −1
ϵ,λF =

(
pλ[g − ϵ2AλV f ]

(λ+ L)−1P[g − ϵ2AλV f ] + ϵ2V f

)
,

∥L−1
ϵ,λF∥H1×H2 ≤ C(

1

|λ|
+ 1){ϵ2∥f∥H1 + ∥g∥2}

for F = ⊤(f, g) ∈ H1
∗ (Ω) × L2(Ω)3. Here pλ = pλ[g] ∈ H1

∗ (Ω) is the unique
function satisfying

λw −∆w +RcM[v0]w +M(δ)w +∇pλ = g

with w = (λ+L(δ))−1Pg; and C is a positive constant independent of λ ∈ Σ0

and F .

We first show that the spectrum of −L(ϵ, δ) near the origin consists of a
simple eigenvalue which is analytic in ϵ2 and δ.

Lemma 4.11. Let λ(δ) = λkδ
k+O(δk+1) with λk ̸= 0 for some k ≥ 1. Then

there exist positive constants δ1 = δ1(b̃0,v0) and ϵ1 = ϵ1(b̃0,v0) such that

σ(−L(ϵ, δ)) ∩ {λ ∈ C; |λ| ≤ b̃0
4
} = {λ(ϵ, δ)}

for 0 < ϵ ≤ ϵ1 and 0 < |δ| < δ1. Here λ(ϵ, δ) is a simple eigenvalue of
−L(ϵ, δ) and is analytic in ϵ2 and δ.
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Proof. By Lemma 4.10, if |λ| = r0, 0 < r0 ≤ 3
4
b̃0, then

∥L−1
ϵ,λF∥H1×H2 ≤ C

1

r0
{ϵ2∥f∥H1 + ∥g∥2} (4.4)

for F = ⊤(f, g) ∈ H1
∗ (Ω)× L2(Ω)3. We set

J =

(
1 0

0 0

)
.

It then follows from (4.4) and (4.2) that

∥λL−1
ϵ,λJF∥H1×H2 ≤ Cϵ2∥f∥H1 , (4.5)

∥L−1
ϵ,λM(δ)F∥H1×H2 ≤ C

δ

r0
∥g∥H1 ≤ C

δ

r0
∥g∥H2 . (4.6)

We see from (4.5) and (4.6) that there exist positive constants ϵ0 and δ0
which depend only on b̃0 and v0 such that if 0 ≤ ϵ ≤ ϵ0 and 0 ≤ |δ| ≤ δ0,
then

∥(λL−1
ϵ,λJ + L−1

ϵ,λM(δ))F∥H1×H2 ≤ 1

2
∥F∥H1×H2

for all F ∈ D(L(ϵ, δ)) uniformly for λ with b̃0
4
≤ |λ| ≤ 3

4
b̃0. This implies that

there exists a bounded inverse (I + λL−1
ϵ,λJ + L−1

ϵ,λM(δ))−1 on D(L(ϵ, δ)) for

0 < ϵ ≤ ϵ0, 0 < |δ| ≤ δ0 and b̃0
4
≤ |λ| ≤ 3

4
b̃0, with estimate

∥(I + λL−1
ϵ,λJ + L−1

ϵ,λM(δ))−1F∥H1×H2 ≤ 2∥F∥H1×H2 .

It then follows that λ+ L(ϵ, δ) has the inverse

(λ+ L(ϵ, δ))−1 = (I + λL−1
ϵ,λJ + L−1

ϵ,λM(δ))−1L−1
ϵ,λ (4.7)

which is bounded onH1
∗ (Ω)×L2(Ω)3 and is also bounded fromH1

∗ (Ω)×L2(Ω)3

to D(L(ϵ, δ)). Furthermore, (λ+ L(ϵ, δ))−1 is given by the Neumann series:

(λ+ L(ϵ, δ))−1 =
∞∑

N=0

(−1)N(λL−1
ϵ,λJ + L−1

ϵ,λM(δ))NL−1
ϵ,λ;
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and hence, by Lemma 4.10, it is analytic in ϵ2, δ and λ. We set

P (ϵ, δ) =
1

2πi

∫
|λ|= b̃0

2

(λ+ L(ϵ, δ))−1 dλ (4.8)

=
∞∑

N=0

(−1)N

2πi

∫
|λ|= b̃0

2

(λL−1
ϵ,λJ + L−1

ϵ,λM(δ))NL−1
ϵ,λd λ.

Then, by [19, Thm.5.2 (ii)], P (ϵ, δ) is the total eigenprojection to the eigen-

values lying inside of {λ; |λ| = b̃0
2
} and it is analytic in ϵ2 and δ in B(X,Y )

with X = H1
∗ (Ω)× L2(Ω)3 and Y = H1

∗ (Ω)×H2(Ω)3. If δ = 0, then P (ϵ, 0)
is an eigenprojection for the eigenvalue 0 of −L(ϵ, 0). Since 0 is a simple
eigenvalue of −L(0), we see from [19, Prop.4.3] that 0 is a simple eigenvalue
of −L(ϵ, 0) and the eigenprojection P (ϵ, 0) for 0 is given by

P (ϵ, 0)u = ⟨⟨u, u∗0⟩⟩ϵu0,ϵ (u ∈ H1
∗ (Ω)× L2(Ω)3).

Here

u0,ϵ = c0(ϵ)

(
p0
w0

)
, c0(ϵ

2) = (1 + ϵ2(p0, p
∗
0))

−1,

u∗0 =

(
p∗0
w∗

0

)
,

where p0 and p∗0 are the pressures corresponding to w0 and w∗
0, respec-

tively, i.e., L(ϵ, 0)u0 = L∗(ϵ, 0)u∗0 = 0. Note that u∗0 is independent of ϵ
and ⟨⟨u0,ϵ, u∗0⟩⟩ϵ = 1. Since P (ϵ, δ) is continuous in ϵ and δ, we find from the
perturbation theory that dimR(P (ϵ, δ)) = dim(P (ϵ, 0)) = 1, and hence,

σ(−L(ϵ, δ)) ∩ {λ; |λ| < b̃0
2
} = {λ(ϵ, δ)},

where λ(ϵ, δ) is a simple eigenvalue of −L(ϵ, δ).
We now show that λ(ϵ, δ) is analytic in ϵ2 and δ. Let

u(ϵ, δ) =

(
p(ϵ, δ)
w(ϵ, δ)

)
= P (ϵ, δ)u0,ϵ.

Then u(ϵ, δ) is analytic in ϵ2 and δ in H1
∗ (Ω)×H2(Ω)3 and

−L(ϵ, δ)u(ϵ, δ) = λ(ϵ, δ)u(ϵ, δ). (4.9)
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Taking ⟨⟨·, ·⟩⟩ϵ of (4.9) with u∗0 we have

λ(ϵ, δ)⟨⟨u(ϵ, δ), u∗0⟩⟩ϵ = −⟨⟨L(ϵ, δ)u(ϵ, δ), u∗0⟩⟩ϵ.

Clearly, ⟨⟨u(ϵ, δ), u∗0⟩⟩ϵ is analytic in ϵ2 and δ. We also have

⟨⟨L(ϵ, δ)u(ϵ, δ), u∗0⟩⟩ϵ

= ϵ2(
1

ϵ2
divw(ϵ, δ), p∗0)L2 + (A0(δ)w(ϵ, δ) +∇p(ϵ, δ),w∗

0)

= (divw(ϵ, δ), p∗0)L2 + (A0(δ)w(ϵ, δ),w∗
0).

This shows that ⟨⟨L(ϵ, δ)u(ϵ, δ), u∗0⟩⟩ϵ is analytic in ϵ2 and δ. Furthermore,
since ⟨⟨u(ϵ, δ), u∗0⟩⟩ϵ|ϵ=δ=0 = ⟨w0⟩ = 1, we see that ⟨⟨u(ϵ, δ), u∗0⟩⟩ϵ ̸= 0 for
sufficiently small ϵ and δ. Therefore, we have

λ(ϵ, δ) = −⟨⟨L(ϵ, δ)u(ϵ, δ), u∗0⟩⟩ϵ
⟨⟨u(ϵ, δ), u∗0⟩⟩ϵ

, (4.10)

and hence, conclude that λ(ϵ, δ) is analytic in ϵ2 and δ. □
From the proof of Lemma 4.11 one can see that λ(ϵ, δ) is given by a small

perturbation of λ(δ). In fact, we have the following relation.

Lemma 4.12. It holds that λ(0, δ) = λ(δ).

Proof. We see from [19, Prop.5.1(ii)] that

P (ϵ, δ)F → P (0, δ)F in H1
∗ (Ω)×H2(Ω)3 as ϵ→ 0. (4.11)

Here

P (0, δ)F =

(
Π(δ)g
P(δ)Pg

)
=

( 1
2πi

∫
|λ|= b̃0

2

pλ[g] dλ
1

2πi

∫
|λ|= b̃0

2

(λ+ L(δ))−1Pg dλ

)
.

Since P(δ) is the total eigenprojection for the eigenvalues of −L(δ) lying in

|λ| = b̃0
2
, P(δ) is the eigenprojection for the eigenvalue λ(δ). Therefore,

u(ϵ, δ) → u(0, δ) =

(
p(0, δ)
w(0, δ)

)
in H1(Ω)×H2(Ω)3 as ϵ→ 0,
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where w(0, δ) is an eigenfunction of −L(δ) and p(0, δ) is the corresponding
pressure, i.e., (L1,λ(δ) +M(δ))u(0, δ) = 0. (In [19], the convergence in (5.9)
is written in H1

∗ (Ω)×L2(Ω)3; but it is easily verified that the convergence in
(5.9) also holds in H1

∗ (Ω) × H2(Ω). In fact, it follows from (4.6), (4.7) and
(4.8).) In (4.10) we let ϵ→ 0. Then

λ(0, δ) = −(divw(0, δ), p∗0)L2 + (A0(δ)w(0, δ) +∇p(0, δ),w∗
0)

(w(0, δ),w∗
0)L2

= −(L(δ)w(0, δ),w∗
0)

(w(0, δ),w∗
0)

=
λ(δ)(w(0, δ),w∗

0)

(w(0, δ),w∗
0)

= λ(δ).

This completes the proof. □
To complete the proof of Theorem 4.5, we prepare the following lemma.

Lemma 4.13. Let λ(δ) be expanded as λ(δ) =
∑∞

l=0 λlδ
l and let k ∈ N. If

λl = 0 for l = 0, · · · , k − 1, then

λk = −
k−1∑
m=0

⟨Mm+1Wk−m−1⟩

and

Uk =

(
pk
Wk

)
= −L(1, 0)−1

(
0

λkw0 +
∑k−1

m=0Mm+1Wk−m−1

)
.

Here pk is the pressure corresponding to Wk.

The proof of Lemma 4.13 will be given in the end of this section.
We expand λ(ϵ, δ) in δ in the following way.

λ(ϵ, δ) =
∞∑
k=0

δkλk(ϵ, 0).

We then have the following relation.
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Lemma 4.14. If λl = 0 for l = 0, · · · , k − 1, then

λk(ϵ, 0) = c0(ϵ
2)λk(0, 0) = c0(ϵ

2)λk

and furthermore, if λk = 0, then

uk(ϵ, 0) = c0(ϵ
2)Uk.

Proof. By Lemma 4.12, we have

λ(0, δ) =
∞∑
k=0

δkλk(0, 0) =
∞∑
k=0

δkλk.

Therefore, by assumption, λl(0, 0) = 0 for l = 0, · · · , k− 1, and we also have
λk(0, 0) = λk. Since u(ϵ, δ) is analytic in ϵ2 and δ, we have

u(ϵ, δ) =
∞∑
k=0

δkuk(ϵ, 0).

We recall that L(ϵ, δ) is written as

L(ϵ, δ) = L(ϵ, 0) +M(δ) = L(ϵ, 0) +
∞∑
k=1

δkMk,

where M(δ) =
∑∞

k=1 δ
kMk =

∑∞
k=1 δ

k

(
0 0

0 Mk

)
. Since

(λ(ϵ, δ) + L(ϵ, δ))u(ϵ, δ) = 0,

we have

∞∑
m,l=0

δm+lλm(ϵ, 0)ul(ϵ, 0)+
∞∑
l=0

δlL(ϵ, 0)ul(ϵ, 0)+
∞∑

m,l=0

δm+1+lMm+1ul(ϵ, 0) = 0.

We equate the coefficient of each power of δ to 0. As for the coefficient of δ0,
we have

λ0(ϵ, 0)u0(ϵ, 0) + L(ϵ, 0)u0(ϵ, 0) = 0,

and so
λ0(ϵ, 0) = 0, u0(ϵ, 0) = P (ϵ, 0)u0,ϵ = u0,ϵ = c0(ϵ

2)u0.
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From the coefficient of δ1, we see that

(λ0(ϵ, 0) + L(ϵ, 0))u1(ϵ, 0) + λ1(ϵ, 0)u0(ϵ, 0) +M1u0(ϵ, 0) = 0,

and hence,

λ1(ϵ, 0) = −⟨⟨M1u0(ϵ, 0), u
∗
0⟩⟩ϵ = −c0(ϵ2)⟨M1W0⟩.

This, together with Lemma 4.13, implies that λ1(ϵ, 0) = c0(ϵ
2)λ1. We thus

find that the lemma holds for k = 1.
Suppose that lemma holds for k = m. Then λl(ϵ, 0) = c0(ϵ

2)λl(0, 0) = 0
and ul(ϵ, 0) = c0(ϵ

2)Ul(0, 0) for l = 0, · · · ,m. On the other hand, as for the
coefficient of δm+1, we have

(λ0(ϵ, 0)+L(ϵ, 0))um+1(ϵ, 0)+
m+1∑
l=1

λl(ϵ, 0)um+1−l(ϵ, 0)+
m∑
l=0

Ml+1um−l(ϵ, 0) = 0,

and hence,

λm+1(ϵ, 0) = −
m∑
l=0

⟨⟨Ml+1um−l(ϵ, 0), u
∗
0⟩⟩ϵ

= −c0(ϵ2)
m∑
l=0

⟨Ml+1Wm−l⟩.

Therefore, by Lemma 4.13, we have

λm+1(ϵ, 0) = c0(ϵ
2)λm+1.

Furthermore, if λm+1 = 0, then

um+1(ϵ, 0) = −L(ϵ, 0)−1

m∑
l=0

Ml+1um−l

= −L(1, 0)−1

m∑
l=0

Ml+1um−l

= c0(ϵ
2)Um+1.

Here we used the fact that L(ϵ, 0)−1F = L(1, 0)−1F for all F of the form
F = ⊤(0, g). This shows that the lemma holds for k = m + 1 and the proof
of the lemma is complete. □
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We are now in a position to prove Theorem 4.5

Proof of Theorem 4.5. By the assumption of Theorem 4.5, we have λl = 0
for l = 0, 1, · · · , k − 1. Therefore, we see from Lemma 4.14 that λl(ϵ, 0) = 0
for l = 1, · · · , k − 1 and λk(ϵ, 0) = c0(ϵ)λk. It then follows that

λ(ϵ, δ) = δkc0(ϵ)λk(0, 0) +
∞∑

l=k+1

δlλl(ϵ, 0)

= δk

(
c0(ϵ)λk +

∞∑
l=1

δlλk+l(ϵ, 0)

)
.

Since c0(ϵ
2) − 1 = O(ϵ2), setting c1(ϵ

2) = c0(ϵ
2) − 1, we have the desired

result. This completes the proof. □
We finally give a proof of Theorem 4.6.

Proof of Theorem 4.6. Since λ(δ) is analytic in δ, we see that λ(δ) has the
form λ(δ) = λkδ

k+O(δk+1) with λk ̸= 0 for some k ∈ N. By Proposition 4.2,
the stability of ṽ(δ) as a solution of (1.1)–(1.2) is determined by sgnλ(δ). We
see that there exist a positive constant δ0 such that sgn(λ(δ)) = sgn(λkδ

k)
for |δ| ≤ δ0. On the other hand, by Theorem 4.5, we find that the spectrum
near the origin consists of a simple eigenvalue λ(ϵ, δ):

λ(ϵ, δ) = δk((1 + c1(ϵ
2))λk + Λk(ϵ, δ)).

Since |c1(ϵ2)| ≤ 1
2
for 0 < ϵ ≤ ϵ1, we see that there exists a positive constant

δ1 such that

sgn(λ(ϵ, δ)) = sgn(λkδ
k) (4.12)

for 0 < ϵ ≤ ϵ1 and 0 < |δ| ≤ δ1.
If ṽ(δ) is unstable as a solution of (1.1)–(1.2), then sgn(λ(δ)) = sgn(λkδ

k) =
1, and hence, by (4.12), sgn(λ(δ)) = 1 for 0 < ϵ ≤ ϵ1 and 0 < |δ| ≤ |δ1|. This
shows (i).

As for (ii), we see from the arguments in [19, Sect.6] and section 3 of this
thesis that σ(−L(ϵ, δ)) ∩ {λ; Reλ ≥ −3

4
b̃0} may consist of λ(ϵ, δ) and a part

of the spectrum in a region with Imλ = O(ϵ−1). If ṽ(δ) is stable as a solu-
tion of (1.1)–(1.2), then sgn(λ(δ)) = sgn(λkδ

k) = −1, and hence, by (4.12),
sgn(λ(ϵ, δ)) = −1 for 0 < ϵ ≤ ϵ1 and 0 < |δ| ≤ δ1. Concerning the part of
the spectrum in a region with Imλ = O(ϵ−1), we see from Theorem 3.1 (and
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its proof) that it lies in the left-half plane strictly away from the imaginary
axis uniformly in 0 < ϵ ≤ ϵ1 and 0 < |δ| ≤ δ1 (by taking ϵ1 > 0 smaller
if necessary), provided that the condition (4.12) holds. As a consequence,
there exists a positive constant b0 such that σ(−L(ϵ, δ)) ⊂ {λ; Reλ ≤ −b0}
for 0 < ϵ ≤ ϵ1 and 0 < |δ| ≤ δ1. This completes the proof. □

It remains to prove Lemma 4.13. To this end we employ the following
lemma.

Lemma 4.15. Let F = ⊤(0, g) with g ∈ L2(Ω)3. Then L(1, 0)u = F is
solvable if and only if ⟨g⟩ = 0. In this case, there exists a unique solution
u = ⊤(p,w) ∈ H1

∗ (Ω)× [H2(Ω)∩H1
0 (Ω)]

3 of L(1, 0)u = F satisfying ⟨w⟩ = 0.

Proof. If F = ⊤(0, g), then L(1, 0)u = F is written as
divw = f,

−∆w +RcM[v0]w +∇p = g,

w|∂Ω = 0,

which is reduced to L(0)w = Pg. Since 0 is a simple eigenvalue of −L(0),
we see that L(0)w = Pg is solvable if and only if ⟨Pg⟩ = ⟨g⟩ = 0. In this
case there exists a unique solution w ∈ D(L(0)) of L(0)w = Pg satisfying
⟨w⟩ = 0. It then follows that there exists a unique p ∈ H1

∗ (Ω) such that

∇p = g − (−∆w +RcM[v0]w).

This completes the proof. □
Proof of Lemma 4.13. Let Π(δ) = 1

2πi

∫
|λ|= b̃0

4

(λ + L(δ))−1 dλ. Then Π(δ)

is the eigenprojection for the eigenvalue λ(δ). Set W (δ) = Π(δ)w0. Then
W (δ) is an eigenfunction for the eigenvalue λ(δ) and is analytic in δ in
H2(Ω)3 satisfying W (0) = w0. We write (λ(δ) + L(δ))W (δ) = 0 as

(λ(δ) + L0 +
∞∑
k=1

δkPMk)W (δ) = 0.

It follows that

∞∑
l,m=0

δl+mλlWm +
∞∑

m=0

δmL0Wm +
∞∑

l,m=0

δl+1+mPMl+1Wm = 0.
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We equate the coefficient of each power of δ to 0. Then we have

(λ0 + L0)Wm +
m∑
l=1

λlWm−l +
m−1∑
l=0

PMl+1Wm−l−1 = 0 (4.13)

for m = 0, 1, 2, · · · . For m = 0, we have λ0W0 + L0W0 = 0, and hence

λ0 = 0, W0 =W (0) = w0.

We prove the lemma by induction on k. Let k = 1. We see from (4.13) with
m = 1 that

(λ0 + L0)W1 + λ1W0 + PM1W0 = 0.

Taking ⟨ · ⟩ of this equation, we have λ1 + ⟨MW0⟩ = 0, and so

λ1 = −⟨M1w0⟩.

Furthermore, by Lemma 4.15, we have

u1 = −L(1, 0)−1

(
0

λ1w0 +M1w0

)
.

This shows that the lemma holds for k = 1. Suppose that the lemma holds
for k = m. We will show that the lemma also holds for k = m+ 1. Assume
that λl = 0 for l = 0, · · · ,m. Then, by induction assumption, we have

Uk =

(
pk
Wk

)
= −L(1, 0)−1

(
0∑k−1

l=0 Ml+1Wk−l−1

)
for k = 1, · · · ,m. Furthermore, it follows from (4.13) with m replaced by
m+ 1 that λm+1 +

∑m
l=0 ⟨Ml+1Wm−l⟩ = 0, and hence,

λm+1 = −
m∑
l=0

⟨Ml+1Wm−l⟩.

By Lemma 4.15, we see that the equation

L(1, 0)U = −
(

0
λm+1w0 +

∑m
l=0Ml+1Wm−l

)

has a unique solution Um+1 =

(
pm+1

Wm+1

)
∈ H1

∗ (Ω)× [H2(Ω)∩H1
0 (Ω)]

3 with

⟨Wm+1⟩ = 0. This completes the proof. □
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4.3 Applications

We can apply Theorems 4.6 and 4.8 to the Taylor problem discussed in
section 3.2 to see that the structure of the bifurcation and stability of the
artificial compressible system coincides with that of the incompressible sys-
tem uniformly for small ϵ. In this section, we consider another example,
the Rayleigh-Bénard convection problem. For simplicity, we consider the
two-dimensional problem. The Rayleigh-Bénard convection phenomenon is
governed by the Oberbeck-Boussinesq equation

divv = 0, (4.14)

Pr−1 (∂tv + v · ∇v)−∆v +∇p−
√
Raθe2 = 0, (4.15)

∂tθ + v · ∇θ −∆θ −
√
Rav · e2 = 0. (4.16)

The corresponding artificial compressible system is written as

ϵ2∂tp+ divv = 0, (4.17)

Pr−1 (∂tv + v · ∇v)−∆v +∇p−
√
Raθe2 = 0, (4.18)

∂tθ + v · ∇θ −∆θ −
√
Rav · e2 = 0. (4.19)

Here θ = θ(x, t) denote the unknown temperature deviation from the heat
conductive state at time t > 0 and position x ∈ R2; e2 = ⊤(0, 1) ∈ R2;
Pr > 0 and Ra > 0 are non-dimensional parameters, called Prandtl and
Rayleigh numbers, respectively. These systems are considered in the two-
dimensional infinite layer Ω:

Ω = {x = (x1, x2);x1 ∈ R, 0 < x2 < 1}.

The Oberbeck-Boussinesq equation (4.14)–(4.16) describes convection phe-
nomena of viscous fluid occupying Ω heated from below (heated at x2 = 0)
under the gravitational force. It is well known ([2, 16, 17, 21]) that under
the boundary conditions

v|x2=0,1 = 0, θ|x2=0,1 = 0, (4.20)

there exists a critical number Rac > 0 such that when Ra < Rac, the heat
conductive state v = 0, θ = 0 is stable, while, when Ra > Rac, the heat con-
ductive state is unstable and convective cellular stationary solutions bifurcate
from the heat conductive state.
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To be more precise, we consider (4.14)–(4.16) and (4.17)–(4.19) under the
boundary conditions (4.20) and the periodicity condition

p, v and θ are 2π
α
-periodic in x1, (4.21)

where α is a positive constant. We also impose the following condition of
reflection symmetry: {

p and v1 are even in x1,

v2 and θ are odd in x1.
(4.22)

Let us = ⊤(ps,vs, θs) =
⊤(0,0, 0) be the trivial solution of (4.14)–(4.16)

which represents the heat conductive state. We introduce the linearized
operator around Us = ⊤(vs, θs) = ⊤(0, 0) associated with problem (4.14)–
(4.16) under (4.20)–(4.22). We define the operator LRa:X → X by

LRa =

(
−PrP∆ −Pr

√
RaPe2

−
√
Ra⊤e2 −∆

)
with domain D(L) =

{
[(H2

per ∩H1
0,per)

2]× [H2
per ∩H1

0,per]
}
∩X. Here

X = {⊤(v, θ) ∈ L2
per,σ × L2

per; v
1, v2 and θ satisfy (4.22)}.

We also introduce the linearized operator around us = ⊤(0,0, 0) as-
sociated with (4.17)–(4.19) under (4.20)–(4.22). We define the operator
Lϵ : Y → Y by

Lϵ =

 0 1
ϵ2
div 0

Pr∇ −Pr∆ −Pr
√
Rae2

0 −
√
Ra⊤e3 −∆


with domain D(Lϵ) =

{
H1

per,∗ × [H2
per ∩H1

0,per]
2 × [H2

per ∩H1
0,per]

}
∩ Y . Here

Y = {⊤(p,v, θ) ∈ H1
per,∗ × (L2

per)
2 × L2

per; p, v
1, v2 and θ satisfy (4.22)}.

The arguments in sections 3 and 4 are also valid for the Oberbeck-
Boussinesq settings (4.14)–(4.16) and (4.17)–(4.19); and the results in sec-
tions 3 and 4 also hold. It is known ([2], [16], [17], [21]) that there exists a
positive number Rac such that the assumptions (A0)–(A5) are satisfied by
replacing R, Rc and Lη with Ra, Rac and LRac+η; and so, the following result
holds for the incompressible system.
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Proposition 4.16. There exist a positive constant δ0 and a solution branch
{η(δ),Uη(δ)} of (4.14)–(4.16), (4.20), (4.21) with Ra = Rac + η, η = η(δ) of
the form

η(δ) = δσ(δ),

Uη(δ) = δŨ1(δ),

where σ(δ) is analytic in δ (|δ| ≤ δ0), and Ũ1(δ) is analytic in δ in H2(Ω)×
H2(Ω) (|δ| ≤ δ0). Furthermore, Uη(δ) is stable.

Since Us = ⊤(0, 0) and ∥Uη(δ)∥H2×H2 ≤ Cδ, condition (4.3) is satisfied
by both the velocity fields of Us and Uη(δ) if |δ| ≤ δ̃0 for some small positive
number δ̃0. We can apply Theorems 4.6 and 4.8 to obtain the following result.

Theorem 4.17. There exist positive constants ϵ1 and δ1 such that the fol-
lowing assertions hold true for 0 < |δ| ≤ δ1.

(i) The heat conductive state Us =
⊤(0,0, 0) is stable when Ra < Rac and

unstable when Ra = Rac + η(δ) for 0 < |δ| ≤ δ1 and 0 < ϵ ≤ ϵ1.

(ii) The bifurcating solution Uη(δ) = ⊤(pη(δ),wη(δ), θη(δ)) with η = η(δ)
is stable for 0 < |δ| ≤ δ1 and 0 < ϵ ≤ ϵ1. Here pη(δ) is the pressure
corresponding to Uη(δ).

5 Derivation of solution formula (3.33) with

ψ = 0

In this section we derive the solution formula (3.33) for the problem (3.32)
with ψ = 0. The solution formula (3.33) holds for the general n-dimensional
problem on Rn

+ = {x = (x′, xn); x
′ ∈ Rn−1, xn > 0}, n ≥ 2, with obvious

modifications: ξ′ ∈ R2 → ξ′ ∈ Rn−1, x3 → xn, y3 → yn. We thus give a
derivation of the solution formula for the general n-dimensional problem.

Let us consider the problem on the half-space:
div v = f,

λv −∆v +∇p = g,

v|xn=0 = 0

(5.1)
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We denote the Fourier cosine and sine transforms in xn ∈ (0,∞) by Fc

and Fs, respectively:

Fc =

∫ ∞

0

f(xn) cos ξnxn dxn,

Fs =

∫ ∞

0

f(xn) sin ξnxn dxn.

For ⊤(p(xn),v
′(xn), v

n(xn)) (xn ∈ (0,∞)) we define F(⊤(p,v′, vn)) by

F

 p
v′

vn

 (ξn) =

 Fcp
Fcv

′

Fsv
n

 (ξn), ξn ∈ (0,∞).

For simplicity in notation we denote FcF ′f and FcF ′g by f and g, respec-
tively.

Applying F ′F to (5.1) we have
iξ′ · v′ + ξnv

n = f,

(λ+ ν|ξ|2)v′ + ν∂xnv
′(0) + iξ′p = g′,

(λ+ ν|ξ|2)vn − ξnp = gn,

v|xn=0 = 0.

(5.2)

This problem is written as

A

 p
v′

vn

 =

 f
g′

gn

− ν

 0
∂xnv

′(0)
0,

 (
v′

vn

)∣∣∣∣
xn=0

=

(
0
0

)
,

where

A =


0 i⊤ξ′ ξn

iξ′ λ+ ν|ξ′|2 0

−ξn 0 λ+ ν|ξ′|2

 .

Multiplying the second and third equations of (5.2) by iξ′ and ξn, respectively,
and using the first equation (5.2), we have

−(|ξ′|2 + ξ2n)p = iξ′ · g′ + ξng
n − (λ+ ν|ξ′|2)f − νiξ′ · ∂xnv

′(0),

62



and hence,

p =
λ+ ν|ξ′|2

|ξ|2
f − iξ′

|ξ|2
· (g′ − ν∂xnv

′(0))− ξn
|ξ|2

gn. (5.3)

Here and in what follows we write ξ = (ξ′, ξn) ∈ Rn, ξ′ ∈ Rn−1, and |ξ| =√
|ξ′|2 + ξ2n.
We set λ0 = λ+ ν|ξ|2. Substituting (5.3) into (5.2), we obtain

v′ =
1

λ0
(g′ − ν∂xnv

′(0))− i

λ0
ξ′p

= − iξ′

|ξ|2
f + (

1

λ0
− ξ′⊤ξ′

λ0|ξ|2
)(g′ − ν∂xnv

′(0)) +
iξnξ

′

λ0|ξ|2
gn

and

vn =
1

λ0
gn +

ξn
λ0
p

=
ξn
|ξ|2

f − iξn
⊤ξ′

λ0|ξ|2
(g′ − ν∂xnv

′(0)) + (
1

λ0
− ξ2n
λ0|ξ|2

)gn.

It follows that

A−1 =


λ0

|ξ|2 − i⊤ξ′

|ξ|2 − ξn
|ξ|2

− iξ′

|ξ|2 0 0
ξn
|ξ|2 0 0

+
1

λ0

0 0 0

0 In−1 − ξ′⊤ξ′

|ξ|2
iξnξ′

|ξ|2

0 − iξn⊤ξ′

|ξ|2 1− ξ2n
|ξ|2


and  p

v′

vn

 = A−1

 f
g′

gn

− A−1

 0
ν∂xnv

′(0)
0

 .

Our next task is to represent ∂xnv
′(0) in terms of λ, ν, f and g. To this

end, we consider an adjoint problem:
iξ′ · u′ − ∂xnu

n = 0,

λu′ + ν(|ξ′|2 − ∂2xn
)u′ + iξ′q = 0,

λun + ν(|ξ′|2 − ∂2xn
)un − ∂xnq = 0.

(5.4)
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We obtain 
∂2xn

q = |ξ′|2q,

∂2xn
u′ = λ+ν|ξ′|2

ν
u′ + iξ′

ν
q,

∂2xn
un = λ+ν|ξ′|2

ν
un − 1

ν
∂xnq.

(5.5)

Set 
Q = ∂xnq,

U ′ = ∂xnu
′

Un = ∂xnu
n

, V =


p
v′

un

Q
U ′

Un

 (5.6)

It then follows from (5.4) and (5.5) that

d

dxn
V = BV,

where

B =



0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

|ξ′|2 0 0 0 0 0
iξ′

ν
λ+ν|ξ′|2

ν
0 0 0 0

0 0 λ+ν|ξ′|2
ν

− 1
ν

0 0


.

We write B as

B =

(
O In+1

A1 A2

)
, A1 =

|ξ′|2 0 0
iξ′

ν
λ+ν|ξ′|2

ν
0

0 0 λ+ν|ξ′|2
ν

 ,

A2 =

 0 0 0
0 0 0
− 1

ν
0 0

 ,
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where Ik denotes the k × k identity matrix. We then compute

|µ−B| =

∣∣∣∣(µIn+1 −Im+1

−A1 µ− A2

)∣∣∣∣
= |µ(µ− A2)− A1|

=

∣∣∣∣∣∣
µ2 0 0

0 µ2In−1 0
1
ν
µ 0 µ2

−

|ξ′|2 0 0
i
ν
ξ′

λ′
0

ν
In− 1 0

0 0
λ′
0

ν

∣∣∣∣∣∣
=

∣∣∣∣∣∣
µ2 − |ξ′|2 0 0

− i
ν
ξ′ (µ2 − λ′

0

ν
)In−1 0

1
ν
µ 0 µ2 − λ′

0

ν

∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣


µ2 − |ξ′|2 0 0 0

− i
ν
|ξ′| µ2 − λ′

0

ν
0 0

0 0 (µ2 − λ′
0

ν
)In−2 0

1
ν
µ 0 0 µ2 − λ′

0

ν


∣∣∣∣∣∣∣∣∣

= (µ2 − |ξ′|2)(µ2 − λ′0
ν
)n,

where λ′0 = λ+ν|ξ′|2
ν

. Therefore, the eigenvalues of B are given by µ =
±µ0, ±|ξ′|. Here and in what follows we set

µ0 :=

√
λ′0
ν
,

and take the principal branch of
√

λ′
0

ν
in such away that

√
λ′
0

ν
> 0 for λ >

−ν|ξ′|2. We look for solutions that decay as xn → ∞, and so consider the
eigenvectors for the eigenvalues µ = −µ0, −|ξ′|.

As for µ = −µ0 we see that

B

(
X
Y

)
= −µ0

(
X
Y

)
,

which can be rewritten as{
Y = −µ0X,

A1X + A2Y = −µ0Y.

65



This gives
A1X − µ0A2X − µ2

0X = 0.

We thus obtain |ξ′|2 − µ2
0 0 0

i
ν
ξ′ 0 0

1
ν
µ0 0 0

X0

X ′

Xn

 =

0
0
0

 .

Noting that |ξ′|2 − µ2
0 = −λ

ν
, we see that if λ ̸= 0 or ξ′ ̸= 0, then X0 = 0.

Since iξ′ ·X ′ − Y n = 0, we have iξ′ ·X ′ + µ0X
n = 0. We thus see that the

eigenspace for the eigenvalue −µ0 is spanned by w1, · · · , wn−1, where

w1 =


0

−µ0

0
...
iξ1

 e−µ0xn , · · · , wn−1 =


0
...
...

−µ0

iξ′n−1

 e−µ0xn .

We next compute the eigenspace for the eigenvalue −|ξ′|. We consider

B

(
X
Y

)
= −|ξ′|

(
X
Y

)
.

This can be written as {
Y = −|ξ′|X,

A1X + A2Y = −|ξ′|Y,

and hence,
A1X − |ξ′|A2X − |ξ′|2X = 0.

We thus obtain 0 0 0
i
ν
ξ′ (

λ′
0

ν
− |ξ′|2)I 0

1
ν
|ξ′| 0

λ′
0

ν
− |ξ′|2

X0

X ′

Xn

 =

0
0
0

 .

This gives {
iξ′

ν
X0 +

λ
ν
X ′ = 0,

1
ν
X0 +

λ
ν
Xn = 0.
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Since iξ′ ·X ′−Y n = 0, we have iξ′ ·X ′+ |ξ′|Xn = 0. Therefore the eigenspace
for the eigenvalue −|ξ′| is spanned by wn, where

wn =

 λ
−iξ′
−|ξ′|

 e−|ξ′|xn .

We denote the real inner product of L2(0,∞) by (f, g):

(f, g) =

∫ ∞

0

f(xn)g(xn) dxn.

Let ⊤(p,v), v = ⊤(v′, vn), be a solution of (5.2) and let ⊤(q,u), u = ⊤(u′, un),
be a solution of (5.4). It then follows that

(λ+ ν|ξ′|2)(v,u)− ν(∂2xn
v,u) + (iξ′p,u′) + (∂xnp, u

n)

+ (iξ′ · v′ + ∂xnv
n, q) = (f, q) + (g, u).

By integration by parts, we have

ν∂xnv(0) · u(0)− p(0)un(0) = (f, q) + (g, u).

This implies that

⊤u(0)

(
ν∂xnv

′(0)
P (0)

)
= ⊤wF,

where

P (0) = ν∂xnv
n(0)− p(0), w =

(
q
u

)
, F =

(
f
g

)
.

We set

S =


⊤u1(0)

...
⊤un(0)

 .

We then find that

(
ν∂xnv

′(0)
P (0)

)
= S−1

(w1, F )
...

(wn, F )

 =

∫ ∞

0

S−1


⊤w1(yn)F (yn)

...
⊤wn(yn)F (yn)

 dyn.
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Here

S =

(
−µ0In−1 iξ′

−i⊤ξ′ −|ξ′|

)
.

Since

S−1 =

(
µ−1
0 I 0
0 0

)
+

µ0

|ξ′|(|ξ′| − µ0)

(
−iµ−1

0 ξ′(−µ−1
0 )(−i⊤ξ′) µ−1

0 iξ′

−µ−1
0 i⊤ξ′ 1

)
= − 1

µ0

(
In−1 0
0 0

)
+

1

|ξ′|(|ξ′| − µ0)

(
1
µ0
ξ′⊤ξ′ iξ′

−i⊤ξ′ µ0

)
and

W (yn) :=


⊤w1(yn)

...
⊤wn(yn)

 =

(
0 −µ0In−1e

−µ0yn iξ′e−µ0yn

λe−|ξ′|yn −i⊤ξ′e−|ξ′|yn −|ξ′|e−|ξ′|yn

)
,

we have

S−1⊤W (yn) =

(
0 e−µ0ynIn−1 − iξ′

µ0
e−µ0yn

0 0 0

)
+

1

|ξ′|(|ξ′| − µ0)

×

(
iλξ′e−|ξ′|yn −ξ′⊤ξ′(e−µ0yn − e−|ξ′|yn) iξ′|ξ′|2( 1

µ0
e−µ0yn − 1

|ξ′|e
−|ξ′|yn)

λµ0e
−|ξ′|yn iµ0

⊤ξ′(e−µ0yn − e−|ξ′|yn) µ0|ξ′|( 1
µ0
e−µ0yn − 1

|ξ′|e
−|ξ′|yn)

)
.

We thus obtain

ν∂xnv
′(0) =

∫ ∞

0

(S−1⊤W (yn))
′F (yn) dyn.

We compute

(S−1⊤W (yn))
′ = (0 In−1 0)e−µ0yn +

λ

|ξ′|(|ξ′| − µ0)
(iξ′ 0 0)e−|ξ′|yn

+
λ

|ξ′|(|ξ′| − µ0)
(0 − ξ′⊤ξ′

λ

i|ξ′|ξ′

λ
)(e−µ0yn − e−|ξ′|yn),

68



and hence,

−

 0
(S−1⊤W (yn))

′

0


=

0 0 0
0 −In−1e

−µ0yn 0
0 0 0

+

 0 0 0
β0(ξ

′, yn) B(ξ′, yn) βn(ξ
′, yn)

0 0 0

 .

Here

β0(ξ
′, yn) = − iλξ′

|ξ′|(µ0 − |ξ′|)
e−|ξ′|yn ,

B(ξ′, yn) = − ξ′⊤ξ′

|ξ′|(µ0 − |ξ′|)
(e−µ0yn − e−|ξ′|yn),

βn(ξ
′, yn) =

iξ′

µ0 − |ξ′|
(e−µ0yn − e−|ξ′|yn).

Since

F−1
c

[
1

ξ2n + a2

]
=

1

a
e−axn , F−1

s

[
ξn

ξ2n + a2

]
−−∂xn(

1

a
e−axn)

and

F−1
c

[
1

λ+ ν|ξ|2
1

|ξ|2

]
= F−1

c

[
−1

λ

(
1

µ2
0 + ξ2n

− 1

|ξ′|2 + ξ2n

)]
= −1

λ

(
1

µ0

e−µ0xn − 1

|ξ′|
e−|ξ′|xn

)
,

we have

F−1A−1 =

λ
1
|ξ′|e

−|ξ′|xn + νδ − i⊤ξ′

|ξ′| e
−|ξ′|xn −∂xn(

1
|ξ′|e

−|ξ′|xn)

− iξ′

|ξ′|e
−|ξ′|xn 1

ν
1
µ0
e−µ0xn + ξ′⊤ξ′

λ
hµ0,|ξ′| − iξ′

λ
∂xnhµ0,|ξ′|

−∂xn(
1
|ξ′|e

−|ξ′|xn) − i⊤ξ′

λ
∂xnhµ0,|ξ′|

1
ν

1
µ0
e−µ0xn − 1

λ
∂2xn

hµ0,|ξ′|

 ,

where

hµ0,|ξ′|(xn) =
1

µ0

e−µ0xn − 1

|ξ′|
e−|ξ′|xn .
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It then follows that

−F−1A−1

 0
S−1⊤W ′

0


=

0 0 0
0 − 1

ν
1
µ0
e−µ0(xn+yn)

0 0 0

+

0 i⊤ξ′h|ξ′|(xn)e
−µ0yn 0

0 − ξ′⊤ξ′

λ
hµ0,|ξ′|(xn)e

−µ0yn 0

0 i⊤ξ′

λ
∂xnhµ0,|ξ′|(xn)e

−µ0yn 0


+

 0 0 0
1
ν
hµ0(xn)β0(yn)

1
ν
hµ0(xn)B(yn)

1
ν
hµ0(xn)βn(yn)

0 0 0


+

 −i⊤ξ′h|ξ′|(xn)β0(yn) −i⊤ξ′h|ξ′|(xn)B(yn) −i⊤ξ′h|ξ′|(xn)βn(yn)
ξ′⊤ξ′

λ
hµ0,|ξ′|(xn)β0(yn)

ξ′⊤ξ′

λ
hµ0,|ξ′|(xn)B(yn)

ξ′⊤ξ′

λ
hµ0,|ξ′|(xn)βn(yn)

− i⊤ξ′

λ
∂xnhµ0,|ξ′|(xn)β0(yn) − i⊤ξ′

λ
∂xnhµ0,|ξ′|(xn)B(yn) − i⊤ξ′

λ
∂xnhµ0,|ξ′|(xn)βn(yn)


=

0 0 0
0 − 1

ν
1
µ0
e−µ0(xn+yn)

0 0 0

+ Ĥ(λ, ξ′, xn, yn).

To compute F−1[A−1⊤(f, g′, gn)], we use the following relations:

1

µ2 + ξ2n
Fcf = Fc

[
1

µ
e−µxn

]
Fcf = Fc[g

(+)
µ f ], (5.7)

1

µ2 + ξ2n
Fsf = Fc

[
1

µ
e−µxn

]
Fsf = Fs[g

(−)
µ f ], (5.8)

ξn
µ2 + ξ2n

Fcf = ξnFc

[
1

µ
e−µxn

]
Fcf = ξnFc[g

(+)
µ f ] = −Fs[∂xn(g

(+)
µ f)], (5.9)

ξn
µ2 + ξ2n

Fsf = ξnFc

[
1

µ
e−µxn

]
Fsf = ξnFs[g

(−)
µ f ] = Fc[∂xn(g

(−)
µ f)]. (5.10)

Here we used the fact (g
(−)
µ f)|xn=0 = 0 to obtain the relation (5.10). By
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(5.7)–(5.10), we have

F−1A−1

 f
g′

gn

 =

∫ ∞

0

Ĝ(λ, ξ′, xn, yn)

F ′f(ξ′, yn)
F ′g′(ξ′, yn)
F ′gn(ξ′, yn)

 dyn

+

∫ ∞

0

1

ν

1

µ0

e−µ0(xn+yn)

 0
F ′g′(ξ′, yn)

0

 dyn.

Therefore, we obtain the desired solution formula F ′p
F ′v′

F ′vn

 =

∫ ∞

0

Ĝ(λ, ξ′, xn, yn)

F ′f(ξ′, yn)
F ′g′(ξ′, yn)
F ′gn(ξ′, yn)

 dyn

+

∫ ∞

0

Ĥ(λ, ξ′, xn, yn)

F ′f(ξ′, yn)
F ′g′(ξ′, yn)
F ′gn(ξ′, yn)

 dyn.
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