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Abstract

In the spirit of arithmetic topology, we study a topological analogue of Iwa-
sawa theory for representations of Galois groups. First, we present a general-
ization of the Fox formula for twisted Alexander invariants associated to repre-
sentations of knot groups over rings of S-integers of F', where S is a finite set
of finite primes of a number field F. Second, we study the twisted knot mod-
ule for the universal deformation of an SLy-representation of a knot group, and
introduce an associated L-function, which may be seen as an analogue of the
algebraic p-adic L-function associated to the Selmer module for the universal
deformation of a Galois representation.

This thesis is based on | ] and | ]
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Notation

For an integral domain A, we denote by char(A) the characteristic of A and
we denote by Q(A) the field of fractions of A.

For a, b in a commutative ring A, a = b means a = bu for some unit u € A*.

For a field F, we denote by F a fixed algebraic closure of F.

For positive integers m, n, and for a finite set of finite primes S = {p1,...,p,}
of a number field F', m =g n means m = npi* - - - p¢ for some integers ey, ..., e, €
Z, where (p;) = p; N Z. Note that m =g n if and only if |m|, = |n|, for all
(p) ¢ {(p1),-..,(pr)}, where | - |, is the p-adic absolute value normalized by
lply =p~".

For a local ring R, we denote by mp the maximal ideal of R.
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0 Introduction
0.1 Historical background

In the late of 1950’s, Iwasawa introduced the theory of Z,-extensions, p being
a prime number, and studied the asymptotic formula for p-ideal class groups in
a Zp-extension. Starting from 1980’s, several generalizations of Iwasawa theory
has been considered and has been recently intensively developed in number the-
ory. One of the main generalization of Iwasawa theory was initiated by Mazur,
Kato, Greenberg, Coates, etc., which considers the p-adic Galois representa-
tions. Meanwhile, motivated by the study of Hida on p-adic Hecke algebras,
Mazur introduced the deformation of p-adic Galois representations. As an ap-
plication, Kato and Ochiai showed that the dual Selmer module of the universal
ordinary modular GLo-deformation is finitely generated and torsion over the
p-adic Hecke algebra.

On the other hand in knot theory, in the early 1950’s, Fox proved that
the order of the first homology group of coverings branched along the knot
complement may be computed by using the Alexander polynomial of a knot.
In the middle of 1990’s, using representations of knot groups, Lin and Wada
independently introduced the generalization of the Alexander polynomial, which
is called the twisted Alexander invariants. This is one of the reasons why studies
of knots from the viewpoint of representations of knot groups, such as character
varieties, are still intriguing.

Comparing these two theories, one might notice that there are some mysteri-
ous similarities. The first mathematician who had an insight into the analogies
between knots and primes was Mazur (| ). After a long silence, the dic-
tionaries between topology of 3-manifolds and arithmetic of number rings were
started to be investigated systematically by Kapranov, Reznikov, and Morishita
in the latter half of 1990s. Shortly thereafter, significant progresses have been
made and this area - now called arithmetic topology - is becoming a driving force
to obtain parallel results between 3-dimensional topology and number theory
(cf. [ I, 1 I, [ I, 1 I, 1 ). In particular, it is known
that there is an analogy between Iwasawa theory and Alexander theory, where
the 1st homology group corresponds to the ideal class group. One of the most
interesting problems in arithmetic topology is to study a topological analogue
of Iwasawa theory for Galois group representations. In this thesis, we focus on
this open problem illustrated with some concrete examples.



0.2 Basic analogies

It has been known that there are intriguing analogies between knot theory and

number theory (cf. | ]). Here is the dictionary of basic analogies.
Number theory Knot theory
prime ideal (p) knot K
Spec(F,) < Spec(Z) U {oc} St 53 =R3U {0}
p-adic integers tubular neighborhood
Spec(Z,) Vi
p-adic numbers boundary torus
Spec(Q,) = Spec(Zy,) \ Spec(F,) Vg =V \ K
decomposition group over p peripheral group of K
D, = ré!(Spec(Q,)) Dy = m1(0V)
monodromy meridian
[y, Qp] m
Frobenius longitude
7, Q) l
prime complement knot complement
X, = Spec(Z) \ (p) Er = 8%\ int(Vg)
prime group knot group
Gy = m{" (X)) Gk =m(Fk)
Based on the above guiding principals, there are close parallels between Alexander-
Fox theory and Iwasawa theory ([ [ , Ch.9-13]). From the view-
point of deformations of group representations (| 1), they are concerned

with abelian deformations of representations of knot and Galois groups and
the associated topological and arithmetic invariants such as the Alexander and
Iwasawa polynomials, respectively.

Iwasawa theory Alexander theory

G2P = Gal(X;° /X)) G = Gal(E¥ /Ex)
X;°: cyclotomic p-cover of X, L% infinite cyclic cover of Ex
1-dim. universal representation | 1-dim. universal representation

Xp : Gp = Zp[[GP* S Z([T]]* | xx : Gx = Z[GR]* = Z[tH]"

Iwasawa module knot module
Hl(X;OaZp):Hl(XmXp) Hy(E¥,Z) = Hi(Ek, XK)
Iwasawa polynomial Alexander polynomial
(algebraic p-adic L-function)
Ao (H1(Xp, Xp)) Ao(H1(Ek, Xk))

Here Ag(H1(Xk,xK)) (resp. Ag(Hi1(X,, Xp))) means the greatest common di-
visor of generators of the initial Fitting ideal of H1(Xx, xx) (resp. H1(Xp, Xp))
over the ring Z[t*!] (vesp. Z[[T1]).



0.3 The results of this thesis

Here are the contents of this thesis. In Chapter 1, we present a generalization
of the Fox formula for twisted Alexander invariants associated to irreducible
representations of knot groups over rings of S-integers of F', where S is a finite
set of finite primes of a number field F'. The Fox formula is one of the important
results in knot theory which expresses the order of the first integral homology
group of the n-fold cyclic cover branched over a knot in terms of the Alexander
polynomial. Let K be a knot in the 3-sphere S3, M,, the n-fold cyclic cover
branched over K, and Ak (t) € Z[t*!] the Alexander polynomial of K. If A (t)
and t" — 1 have no common roots in C, then the Fox formula is given by

#Hl(Mn;Z) =

)

HAK(C:;)
i=1

where #G denotes the order of a group G and (, is a primitive n-th root of
unity (] ]). As an application, it follows immediately from the Fox formula
that the asymptotic growth of integral homology groups holds:

i log(#Hy (M, 7)) = log M(A(1),
where M(Ak(t)) is the Mahler measure of A () ([ ). We remark that
this asymptotic growth may be seen as an analogue of the Iwasawa asymptotic
formula for p-ideal class groups in a Z,-extension, p being a prime number
( ). The analogies with number theory are the motivation of our study
(IMor12)).

Recently, a generalization of the Alexander polynomial, called a twisted
Alezander invariant, which was introduced by Lin ([ ]) and Wada ([ Ds
is playing an important role in knot theory (| D). It is known (] ,
[ ]) that the twisted Alexander invariant relates to the twisted homology
group of a knot complement associated to a GL,,(R)-representation of a knot
group G, where R is a Noetherian UFD.

The purpose of Chapter 1 is to consider a generalization of the Fox formula
for twisted Alexander invariants. The following Theorem is our main result (see
Notation for symbols = and =g. In particular, when S is the empty set, =g
means the usual equality):

Theorem A Let F be a number field. Let S be a finite set of finite primes
of F so that the ring of S-integers Op g is a PID. Let p: Gx — GLp,,(OFp.s)
be a representation. Assume that Hyo(Xoo;V,) = 0, where Xo is the infinite
cyclic cover, and V, is a representation space. Let Ak ,(t) € O s[t*!] be the
twisted Alexander invariant of K associated to p. If Ak ,(t) # 0, and Ak ,(t)
and t" — 1 have no common roots in F, then we have

Nr/g <H AK,p(CﬁL))

i=1

#H1(Xn; V)) =5

)




where X, is the n-fold cyclic cover of the knot complement, Np,g : F' — Q is a
norm map, and C, is a primitive n-th root of unity.

In particular, when p is irreducible over Op g, namely if the composite of p with
the natural map GL,,(Ops) — GL,(F(p)) is irreducible over the residue field
F(p) = (OF,s)p/9(OF,s), for any prime ideal p of Op g, where (OF,s), is the
localization of Op g at p, we have Ho(X;V,) = 0 and so the conditions of
Theorem hold.

The case when n = 1 for a certain integral representation of a link group
was already proved by Silver—Williams ([ ]) using the dynamical method
( ])- Our proof is elementary and uses some number theoretic arguments.
The idea of the proof is mainly generalizations of | ] and | ]. By
the Mostow rigidity theorem, any holonomy representations attached to the
complete hyperbolic structure on the interior of the knot complement can be
lifted to a representation over S-integers. Therefore, our result is applicable to
those holonomy representations. As an application, it follows immediately from
Theorem that the asymptotic growth formulas of twisted homology groups hold:

. 1
neN;ch:{irgL,p):l n log |[#H1 (X, Vp)|p = log Mp(NF/Q(AK,p(t)))7

where p is a prime number which is not lying below S, |- |, is the p-adic absolute
value, and M), is the Ueki p-adic Mahler measure of Ag ,(t) (] D). In
particular, when S is the empty set, we have

1
lim —log(#H1 (X, V) = log M(Nr /(A (1))
We remark that these asymptotic growth formulas may be seen as analogues of
the asymptotic formula for the Tate—Shafarevich groups or the Selmer groups
of p-adic Galois representations in a Z,-extension, which was firstly studied by
Mazur ([ D.

Number theory Knot theory
Iwasawa asymptotic formula for asymptotic formula for
the p-ideal class group the knot module
asymptotic formula for asymptotic formula for
the Tate-Shafarevich/Selmer group | the twisted knot module

In Chapter 2, we study the twisted knot module for the universal defor-
mation of an SLo-representation of a knot group, and introduce an associated
L-function, which may be seen as an analogue of the algebraic p-adic L-function
associated to the Selmer module for the universal deformation of a Galois rep-
resentation. It has been known that there are intriguing analogies between knot
theory and number theory (cf. [ ). In particular, it may be noteworthy
that there are close parallels between Alexander-Fox theory and Iwasawa the-
ory (] I 1 , Ch.9-13]). From the viewpoint of deformations of group



representations (| 1), they are concerned with abelian deformations of rep-
resentations of knot and Galois groups and the associated topological and arith-
metic invariants such as the Alexander and Iwasawa polynomials, respectively.
In | ], Mazur proposed a number of problems in pursuing these analogies
for non-abelian deformations of higher dimensional representations. To carry
out Mazur’s perspective, as a first step, we developed a deformation theory for
SLo-representations of knot groups in | ]. In this paper, we continue our
study and introduce a certain L-function associated to the twisted knot mod-
ule for the universal deformation of a knot group representation, which may be
seen as an analogue of the algebraic p-adic L-function associated to the Selmer
module for the universal deformation of a Galois representation (| D-

Let K be a knot in the 3-sphere S® and G := 7 (S3\ K) the knot group. Fix
a field k whose characteristic is not 2 and a complete discrete valuation ring O
whose residue field is k. Let p: Gg — SLa(k) be a given absolutely irreducible
representation. It was shown in | ] that there exists the universal defor-
mation p : Gx — SLao(Rjp) of p, where R is a complete local O-algebra whose
residue field is k. Assume that Rj; is a Noetherian factorial domain. In this
paper, we study the twisted knot module Hi(p) := H1(S® \ K; p) with coeffi-
cients in the universal deformation p, and introduce the associated L-function
L (p) defined on the universal deformation space Spec(R5) as Ag(Hi(p)), the
greatest common divisor of generators of the initial Fitting ideal of H;(p) over
the universal deformation ring R5. In terms of our H;(p) and Lx(p), we then
formulate the problems proposed by Mazur (questions 1 and 2 of | , page
440]) as follows.

(1) Is H1(p) finitely generated and torsion as an Rz-module ?
(2) Investigate the order of the zeroes of L (p) at prime divisors of
Spec(R5).

The corresponding problems of (1) and (2) in the arithmetic counterpart,
say (1)arith and (2)arith respectively, are important issues in number theory (cf.
questions 1 and 2 of | , page 454]). In fact, (1)arith is & part of the so-called
main conjecture for p-adic deformations of a Galois representation. For the
cyclotomic deformation of a Dirichlet character, the affirmative answer to (1)ayith
is a basic result in Iwasawa theory (] 1), which asserts that the classical
Iwasawa module is finitely generated and torsion over the Iwasawa algebra. For
the Hida deformation (universal ordinary modular GLy-deformation) ([ 1,
[ 1), the affirmative answer to (1)aritn has been shown by Kato and Ochiai
( 1, 1 I, [ 1), which asserts that the dual Selmer module of the
Hida deformation is finitely generated and torsion over the universal ordinary
modular deformation ring (p-adic Hecke algebra). The problem (2)ayith remains
an interesting problem to be explored and it is related to deep arithmetic issues
(cf. question 3 of | , page 454], and Ribet’s theorem on Herbrand’s theorem
for example | D.

So it may be interesting to study the above problems (1) and (2) in the knot
theoretic situation. Our results concerning these are as follows. For (1), we give
a criterion for Hy(p) to be finitely generated and torsion over Ry under certain
conditions using a twisted Alexander invariant of K (cf. Theorem 2.3.2.2). For



(2), we give some concrete examples for 2-bridge knots K such that Lx(p) has
only one zero of order 0 or 2 (cf. Subsection 2.4.3).

Number theory Knot theory
Selmer module twisted knot module
L-function associated to L-function associated to
Selmer module for twisted knot module for
universal deformations of universal deformations of
representation of Galois group | representation of knot group

10



1 Fox formulas for twisted homology groups associated to
representations of knot groups

In this Chapter, we present a generalization of the Fox formula for twisted
Alexander invariants associated to irreducible representations of knot groups
over rings of S-integers of F', where S is a finite set of finite primes of a number
field F. As an application, we give the asymptotic growth of twisted homology
groups.

The contents of this Chapter are organized as follows. In Sections 1.1-1.3,
we review some basic materials in knot theory. In Section 1.4, we review an
algebraic tool, which is called a resultant. In Section 1.5, we prepare some num-
ber theoretic lemmas, which will be used in the sequel. In Section 1.6, we prove
the main result. In Section 1.7, we give an application which determines the
asymptotic growth of the twisted homology groups using the Mahler measure.
In the last Section, we give some concrete examples.

1.1 Twisted chain complexes

In this Section, we define twisted chain complexes, which are based on | ]
and [ ].

Let K be a knot in the 3-sphere S% and let X := S3\ K denote the knot
complement of K. Let G := m(X) denote the knot group of K.

Let X — X be the universal cover of X. Let R be a Noetherian UFD. Fix
a cellular chain complex C,(X) = C.(X; R) of X with coefficients in R and let
C.(X) = C.(X;R) be the cellular chain complex of X induced from C,(X).
Since Gk acts on X — X as the covering transformation group, C.(X) is a free
left R[G k]-module.

Let p: Gx — GL,,,(R) be a representation and V, = R™ the representation
space of p. Note that G acts naturally from right on V,. We define the
p-twisted chain complex C\.(X;V,) of X by

Cu(X;V,) =V, @piag) Cu(X).
We define the i-th p-twisted knot module H;(X;V,) by
Hi(X;V,) = Hi(Ci(X;V,)).

Next, we define the chain complex associated to p for the cyclic cover of X.
Let Y — X be the infinite cyclic cover (resp. the n-fold cyclic cover) of X. Let
a:Gg — G ~ 7 = (t) (resp. o, : G — Z/nZ = {t,) ) be the abelianization
homomorphism. Then V,[t*!] = R[tT] @ V, (vesp. V,[(t,)] = R[(t,)] @r V, )
is a right R[Gk]-module via
(1.1.1)

(rit) ®@v).g :=r(t) - alg)®vp(g), (resp. (r(t,) ®v).g:=r1(tn) - an(g) ®vp(g),)

where 7(t) € R[t*!], 7(t,) € R[{t,)], v € V, and g € Gk.

11



We define the p-twisted chain complex C,.(Y;V,) of Y by

Cu(Y3V,) =V, [t @R(c,) Cx(X), (resp. Cu(Y3V,) = V,[(tn)] @R, C(X),)
and the p-twisted homology H;(Y;V),) by
Hi(Y;V,) := Hi(Ci(Y; V).

When Y is the infinite cyclic cover Xoo, — X, we call H;(X;V,) the i-th p-
twisted Alexander module. Note that the covering transformation ¢ : Xoo — X
induces the action of (t) ~ Z on C,(Xs;V,) defined by the following:

ty C(Xoi V) = Cu(Xeo;Vp);
(r)@v)®z = (1) tev)® 2.

Since G’k is a finitely presented group and V,, is a free R-module of finite rank,
C.(Xw;V,) is a finitely generated R[t*!]-module, and since R[t*!] is a Noethe-
rian ring, Hy(Xoo;V,) is a finitely generated R[t*!]-module.

1.2 Twisted Alexander invariants

The twisted Alexander invariant Ag ,(t) is defined as follows (| N D-
We keep the same notations as before. Recall that R is a Noetherian UFD. Note
that the knot group Gi has a Wirtinger presentation

(121) <gl7 -+rY9q |T1:"':Tq71:1>.

Let Fy be the free group on the words ¢1,...,94 and 7 : R[Fy] — R[Gk]
denote the natural surjective homomorphism of group rings. We write the same
g; for the image of g; in Gx. We denote by the same « for the R-algebra
homomorphism R[Gx] — R[t*!], which is induced by «. Let us denote by the
same p for the R-algebra homomorphism R[Gg] — M,,(R), which is induced
by p. Then we have the tensor product representation

p®a: R[Gk] — M, (R[tTY]),
and the R-algebra homomorphism
®:= (p®a)on: R[Fy] — M, (R[tTY]).
Let us consider the (big) (¢ —1) x ¢ matrix P, whose (7, j) component is defined
by the m x m matrix
P (67‘1‘ ) :
agj
where % : R[Fy] — R[Fp] denotes the Fox derivative ([ ]) over R extended

from Z. For 1 < j < g, let P; denote the matrix obtained by deleting the j-th
column from P and we regard P; as an (¢ — 1)m x (¢ — 1)m matrix over R[t*1].

12



It is known ([ ]) that there is & (1 < k < ) such that det(®(gr — 1)) #0
and that the ratio

AK’p(t) . det(Pk)

= det dlgr — 1) € Q(R)(1)

is independent of such k’s. We call Ag ,(t) the twisted Alexander invariant of
K associated to p.

Similarly to the classical case, there is a relation between the twisted Alexan-
der invariant and the order ideals of p-twisted Alexander module. Let us recall
the definition of the order ideal. Let M be a finitely generated R-module. Let
us take a finite presentation of M over R:

R™ LR M 0,

where 0 is an m x n matrix over R. We define the order ideal Eq(M) of M to be
the ideal generated by n-minors of 9. The order ideal depends only on M and
independent of the choice of a presentation. Let Ag(M) be the greatest common
divisor of generators of Ey(M), which is well-defined up to multiplication by a
unit of R.

Proposition 1.2.0.1 (| 1, ) Let Xoo — X be the infinite cyclic
cover of X. For any representation p : Gg — GL,,(R), we have

Ao(H1 (X3 V)

Arcp(t) = Ao(Ho(Xoo; V)

In particular, when p : Gg — GL,(R) is irreducible over a commutative
UFD R, we have the following Corollary. We say that p : Gk — GL,,,(R) is
irreducible over a commutative UFD R if the composite of p with the natural
map GL,,(R) — GL,,(F(p)) is irreducible over the residue field F(p) = R, /pR,
for any prime ideal p of R, where R, is the localization of R at p.

Corollary 1.2.0.2 Let p: Gx — GL,,,(A) be an irreducible representation over
a PID A. Then we have

Ao(Ho(Xoo: V) =1 € A[tH],

and hence
AK,p(t) = AO(Hl(Xooa Vp))

In particular, Ak ,(t) is a Laurent polynomial over A.

In order to prove Corollary 1.2.0.2, we use the following Lemma.

Lemma 1.2.0.3 ([ , Lemma 2.5]) Let pr : Gxg — GL,,(F) be an irre-
ducible representation over a field F. Then we have

Ao(Ho(Xoo; Vi) = 1 € F[EF!].

13



First, it is easy to see that Ag(Ho(Xoo;V))) mod (p) = Ao(Ho(Xoo; Vorg,,))
for any prime ideal p of A, where (p) denotes the ideal of A[t*!] generated by p.
Suppose Ag(Ho(Xoo;V},)) is not a unit in A[t*1]. Then there exists a maximal
ideal m of A[t*1] containing Ag(Ho(Xeo;V,)). Since A is a PID, m is generated
by a prime element g of A and f(t) € A[t*!] such that f(¢) mod (q) is irreducible
over F(q), where q is a prime ideal of A generated by ¢. Hence, there exist g(t),
h(t) € A[t*!] such that Ag(Ho(Xoo; V) = qg(t) + f(t)h(t). Therefore, we have

Ao(Ho(Xoo; Viera))) = Bo(Ho(Xoo; Vp)) mod () = f(2)h(t) mod (q).

F(a)
On the other hand, by Lemma 1.2.0.3, we have Ao(Ho(Xoo;Vpy,,)) = 1 €
F(q)[t*']. This contradicts that f(¢) mod (q) is irreducible over F(q). O

1.3 Twisted Wang sequences

In this Section, we formulate an analogue of Wang sequence for twisted ho-
mology groups. We keep the same notations as before. Recall that R is a
Noetherian UFD. Note that for the n-fold cyclic cover X,, — X, the covering
P+ Xoo — X, induces the following map:
Png 1 Cu(Xoo; Vo) = Cu(Xn; Vp);
(rt)@v)®z — (rt,) ®@v)® z.

Lemma 1.3.0.1 Let p: Gxg — GL,,(R) be a representation. Then we have an
exact sequence

0= Cu(Xoo; V) 5 CulXao; V) 78 Cu(Xs V) — 0,

proof By tensoring V, over R with the exact sequence

n

0 — R[tF 'S Rt — R[(t,)] — 0,

we have the exact sequence

(1.3.1) 0= V[t SV [ = Vo [(t)] — 0.

By the right R[G k]-module structures of V,[t*1] and V,[(t,)] defined in (1.1.1),
we can see (1.3.1) is an exact sequence of the right R[Gx]-modules. Since C, (X)
is a free left R[Gk]-module of finite rank, by tensoring C,(X) from the right
over R[G ] with (1.3.1), we obtain the assertion. O

Note that Lemma 1.3.0.1 induces the following long exact sequence, which
is called the twisted Wang sequence:

s H (X3 Vo) S L (Xoos Vo) 7 HY (X3 V) 28 Ho(Xao: V) — -

Hence, when Hy(Xoo; V,) = 0, we have the following relation between Hy (X,,; V)
and Hy(Xoo; V,):

14



Proposition 1.3.0.2 Let p : Gxg — GL,,(R) be a representation. Assume that
Hy(Xoo;V,) =0. Then we have

H(X,;V,) ~ Hi(Xoo; V) /(8" — 1) Hi (X o3 V).

As we discussed in Section 1.2, when p : Gg — GL,,(4) is an irreducible
representation over a PID A, we have Ag(Ho(Xo0;V,)) = 1, and so by | ,
Theorem 3.1], we have Hy(X«;V,) = 0. Therefore, we have the following
Corollary.

Corollary 1.3.0.3 Let p: Gx — GL,,,(A) be an irreducible representation over
a PID A. Then we have

Hl(Xn; Vp) = Hl(Xoo;Vp)/(tn - 1)H1(X00;Vp)'

1.4 Resultants

In this Section, we recall the definition of the resultant and state the relation
between the resultant and the order ideal.

Let A be an integral domain. Consider the following two non-zero polyno-
mials in A[t] factor in Q(A):

m

f=f@)=a]]t-&), 9=90 =0]]C-¢)

i=1

Then we define the resultant Res(f, g) for polynomials f and g by
Res(f,g) == a™b" [[(& = ¢) = a™ [ [ 9(&0)-

]
For polynomials f, g € AJt], it is easy to see that Res(f,g) = 0 if and only if f
and g have a common root in Q(A). In addition, the resultant is symmetric up
to the sign and is multiplicative ([ , IV.8, IX.3]):

Res(f, g) = (—=1)"¢V"9Res(g, f),

Res(f, g- h) = Res(f7 g) ! Res(fa h)a

where f, g, h € A[tT!]. The resultant can be generalized for Laurent polynomi-
als since it is insensitive to units ut® with u € A* and i € Z.

The following Lemmas claim that when R is a Noetherian UFD, the great-
est common divisor of generators of the order ideal of finitely generated torsion
R[t*']-module is computable by using the resultant. Note that we say the Lau-
rent polynomial in R[t*!] is doubly monic if the highest and lowest coefficients
are units in R.

Lemma 1.4.0.1 ([ , Theorem 3.13]) Let R be a Noetherian UFD and N a
finitely generated torsion R[t™']-module. Let f(t) € R[t*'] be a doubly monic
polynomial. Then N/f(t)N is a torsion R-module if and only if Ao(N)|t=¢ # 0
for all non-zero roots ¢ of f(t) in Q(R).
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Lemma 1.4.0.2 ([ , Corollary 3.13.1]) Let R be a Noetherian UFD and let
f@), g(t) € R[tT'] having no common roots in Q(R). If f(t) or g(t) is doubly

monic, then
Ao(R[E/(F(1),9(1)) = Res(f(t), g(t))-

1.5 Number theoretic lemmas

Let us recall some facts and notions in number theory, which we shall use in
the following. We refer to | ,6.1] and | , 2.8-2.10] for these materials.
Let F be a number field. Let S = {p;,...,p,} be a finite set of finite primes of
F and Op g the ring of S-integers, namely

Ops:={a€F|vy(a) >0forallpeSp\S}

where vy, is an additive valuation of F' at p, and S is the set of all finite primes
of F. It is known that Op s is always Noetherian and if we take a sufficiently
large finite set T" of finite primes of F' containing S, then Op r turns out to be
a PID. Therefore, we may always take S so that Op g is a PID. For a € F', we
define the norm Np,q : F' — Q of a by

Npygla) := [ ola),

where o runs over all embeddings of F' in C. For an integral ideal I of Op, we
define the norm NI by #Op/I. Tt is extended multiplicatively for a fractional
ideal of Op. For a € F'*, we have [Np/g(a)| = N(a), where (a) = aOF is the
principal ideal generated by a. We say that a fractional ideal J of O is prime
to S if any prime factor of J is not in S.

Lemma 1.5.0.1 Fora € Opg \ {0}, we have

#0O0rs/a0Fr s =5 |Np/g(a).

proof For a € Opg \ {0}, we can write (a) = p]* ---pSra, where e; € Z and a
is an integral ideal prime to S. Then we have
Npjgla)l = N(a)
= Np7'---Np&Na
=g Nua
#Or/a

=g #Ops/aOps. O

Using these norms and Lemma 1.5.0.1, we have the following Lemmas. The
proof of Lemma 1.5.0.3 is a generalization of | ]

Lemma 1.5.0.2 Let F be a number field. Let S be a finite set of finite primes
of F so that the ring of S-integers Op s is a PID. Let f(t), g(t) € Ops[t*!] and
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assume that either f(t) or g(t) is doubly monic. Then Ops[t=']/(f(t),g(t)) is
a torsion Op s-module if and only if f(t) and g(t) have no common roots in F.

When f(t) and g(t) have no common roots in F, we have

#Ops[t1]/(f(1), 9(1)) =s Np/g(Res(f(1), 9(1)))].

proof Suppose f(t) is doubly monic. Since Ag(Ors[t*']/(g(t))) = g(t), and
g(¢) # 0 for all non-zero roots  of f(t) in F, by Lemma 1.4.0.1, O s[t*']/(f(t), g(t))
is a torsion Op g-module. A similar argument holds when we suppose g(t) is
doubly monic.

Next, let us investigate the order of O s[t*1]/(f(t), g(t)). Since we suppose
that O g is a PID, by regarding Or s[t=1]/(f(t), g(t)) as an O g-module, using
the structure theorem for modules over PIDs, we have

(151) Op7s[ti1]/(f(t),g(t)) ~ OF,S/CHOF,S D---D OF,S/QSOF,S7
where aq,...,as € Opg. So we have

No(Op st/ (f(1),9(1)) =u-a1- - as,

where u € O}, ¢, and hence we have

(1.5.2)

Nr/g (_H >| =5 [Np/a(B0(Or 1)/ (F(2), 90))]

Therefore, we have

#OrsI)/(1(0),90)) =[] #0r.s/a0rs (by (15.1))
=g H INp/g(ai)| (by Lemma 1.5.0.1)
=5 [Npso(Ao(Ors[t*]/(f(1), 9(1)))] (by (1.5.2))

and hence by Lemma 1.4.0.2, we have

#Op,s[t™1]/(£(2), 9(1)) =s INpjgRes(f(8),9(1)))]. O

Lemma 1.5.0.3 Let F' be a number field. Let S be a finite set of finite primes
of F so that the ring of S-integers Op g is a PID. Let N be a finitely generated
Op,s[t*!]-module with rankp(N ®o,. s F) < 0o and having no submodule of
finite length. Then N/(t" —1)N is a torsion O g-module if and only if Ag(N)
and t" — 1 have no common roots in F. When Ao(N) and t* — 1 have no
common roots in F, we have

#N/(" —1)N =5 [Np/g(Res(t" — 1, Ag(N)))|.
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proof By the right exactness of the tensor product, we have
(N/(t" = 1)N) ®op s F ~ (N @op s F)/(t" = 1)(N @0, F),
and hence N/(t™ — 1)N is a torsion O g-module if and only if
(N ®0ps F)/(t" =1)(N ®0p s F) =0,

which is the same as the multiplication map t" —1: N ®o, s ' = N Qo s I
is surjective. Since rankp(N ®oe, ; F') is finite, the surjectivity of the map
" —1: NQops F' = N Qo4 F is equivalent to its injectivity. Suppose
N ®op g F ~ @ F[t¥']/(hi(t)), where h;i(t) € Ops[t¥']. Since N has no
non-zero O s-torsion, the map t* —1: N ®o, s F' = N ®0,. s I is injective if
and only if []7_, h;(t) = Ag(N) and " — 1 have no common roots in F.

Next, let us investigate the order of N/(t™ — 1)N when Ag(N) and t" — 1
have no common roots in F. Let M be an Op g[t*!]-submodule of N such
that M ~ @&5_,Ops[t*!]/(hi(t)). Then we have M ®o, o F = N ®0, ¢ F =~
@ F[t*']/(hi(t)). Consider the following commutative diagram:

Ker(®) Ker(®3) )
~
M N N/M —0
(o3 Dy &3
M N N/M —0

. Coker(®,) —— Coker(®3) — Coker(®3) — 0,

where the homomorphisms ®;, &5 and ®3 are the multiplication maps ¢t — 1.
Since the map " — 1 : N ®o, s FF = N ®@, ¢ I is injective and N has no
submodule of finite length, we have Ker(®2) = 0. Hence, we have

(1.5.3) 0 — Ker(®3) — Coker(®;) — Coker(®Ps) — Coker(P3) — 0.

Since N ®o, s ' = M ®o, s F', by the right exactness of the tensor product,
we have
(N/M) ®0F,s F~ (N ®OF,S F)/(M ®(9F,s F) =0,

and hence N/M is torsion Op s-module. Therefore, we have
(1.5.4) #Ker(®3) = #Coker(P3).

On the other hand, since M ~ @{_,O0rs[t*1]/(hi(t)), by Lemma 1.5.0.2, we
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have

#Coker(®1) = #M/E"-1)M

NF/Q (RGS <tn — 1, ﬁhl(t)>>‘

=g ‘NF/@(Res(t" -1, AO(N)))‘ .

Therefore by (1.5.3) and (1.5.4), we have

=S

#N/(t" —1)N = #Coker(®3) = #Coker(®1) =g |Np/g(Res(t" — 1, Ag(N)))|.

O

1.6 Fox formulas for twisted Alexander invariants

In this Section, we formulate an analogue of the Fox formula for twisted Alexan-
der invariants associated to GL,,(OF,g)-representations of knot groups under
the assumption Ho(Xoo; V,) = 0. The proof is a generalization of | ]

Theorem 1.6.0.1 Let F' be a number field. Let S be a finite set of finite primes
of F so that the ring of S-integers Op s is a PID. Let p : Gxg — GLp,,(OF.s)
be a representation. Assume that Hy(Xoo;V,) = 0 and let Ag ,(t) € Or s[t*!]
be the twisted Alexander invariant of K associated to p. If Ak ,(t) # 0, and
Ak ,(t) and t™ — 1 have no common roots in F, then we have

Nr/o (H AK,p(Ci))

i=1

#Hl (Xn; Vp) =S

)

where C, 18 a primitive n-th root of unity.

proof We will verify that all conditions of Lemma 1.5.0.3 hold for N :=
Hi (X3 V).

(N has no submodule of finite length) The knot complement X is homotopy
equivalent to a finite 2-complex W with one 0-cell, ¢ 1-cells, and ¢ — 1 2-cells
[ , Chapter 11]. Since Ho(Xoo;V,) = 0, the cellular chain complex gives a
resolution

Co(We; V,) = C1(Woe; V) = N = Hi (X3 V) — 0,

where Co(Wa; V,) and Oy (Wa; V,)" are free O g[t*!]-modules of rank ¢ — 1.
Since N is a torsion R-module, this is a short free resolution, so we may apply
[ , Theorem 3.8]. Hence, N has no submodule of finite length.

(rankp (N ®o,. s F') < 00) Since N is a finitely generated R-torsion module,
N ®pr F[t*!] is a finitely generated F[t*!]-torsion module. Hence, it has finite
rank as an F-vector space, by the structure theorem for modules over PIDs.
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Hence, by applying Corollary 1.2.0.2, Proposition 1.3.0.2 and Lemma 1.5.0.3,
we have

#HI(Xn; V) = #HI(Xoo; V) /(8" = DH1(Xoo; V)
=s |NpjgRes(t" -1, Ag,,(1)))]

Nr/qQ (H AK,p(Cﬁ)) | : O

i=1

=S

In particular, when p : Gg — GL,,(Op,s) is irreducible, we have the follow-
ing Corollary.

Corollary 1.6.0.2 Let F' be a number field. Let S be a finite set of finite primes
of F' so that the ring of S-integers Op.g is a PID. Let p : Gx — GLp,,(OF,5)
be an irreducible representation, and let Ag ,(t) € Opg[tFl] be the twisted
Alezander invariant of K associated to p. If A ,(t) and t™ —1 have no common
roots in I, then we have

#Hl (Xn7 Vp) =s

)

Nr/q <H AK,ACZ))

i=1

where C, is a primitive n-th root of unity.

1.7 Asymptotic growth of twisted homology groups

We keep the notation as in Section 1.6. Let S = {p1,...,p,}. Assume that
Hy(Xo;V,) = 0, and Ag ,(t) and ¢" — 1 have no common roots in F' for all
positive integers n. Set Ag ,(t) := Np/g(Ak () € Zs,[tT'], where Sy =
{p1NZ,...,p,NZ}, and Zg, is the ring of Sp-integers of Q. Then by Theorem
1.6.0.1, we have

(17.1) SH (X0, V,) =5 ] Brp(C)].

i=1

As we remarked in Notation, when (p) ¢ Sp, (1.7.1) is equivalent to

(1.72) (X, V)l = T Bra)], -
i=1
Here, | - |, is the p-adic absolute value on C, normalized by |p|, = p~!, where
C, is the p-adic completion of an algebraic closure of the p-adic number field.
For f(t) € Zs,[t*'], we define the Mahler measure M(f(t)) of f(t) (| )
by

M(f(t)) = exp ( / ' log If(ez”ﬁ"”)dx) .
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If f(t) factors as f(t) = at® H?Zl

have M(f(¢)) = aH;lzl max(|&;],1). For f(t) € Cp[t*']\ {0} with no root on
|z|, = 1, we define the Ueki p-adic Mahler measure M, (f(t)) of f(t) (] D

by
2ry/=1,
" )p> :

(t —¢&;) in C, then by Jensen’s formula, we

1 n
M t)) ;= ex lim — lo e
Aoy =en (L tim 23

Now we are ready to state our Theorem.

Theorem 1.7.0.1 When (p) ¢ So, we have

1
li —1 H Xn7 V, = log M,,(A t)).
nEN;gciiI}}n,p):l n og |# 1( p)|p og P( K,P( ))

In particular, when S is the empty set, we have

lim = log(#H, (Xn, V,)) = log M(Br(1)).

n—oo N

proof By (1.7.2), we have

1 1 & — 2ny=1.
li —1 H(X,,V, = li — log |A no
neN;gcld%hp):l n 8 |# 1( p)|p nGN;gcldrghp):l n ; Og| K7p(e )|p
= logM,(Ak (1))

In particular, when S is the empty set, by (1.7.1), we have

o1 1S — 2nyoI,
Jim —log(#H1(Xn, V) = lim ﬁi;log\m«,p(e ]
1
= [ togl Bl s
0
= logM(Axg ,(t)).

O

Remark 1.7.0.2 Theorem 1.7.0.1 is a generalization of the result by Gonzélez-
Acuna and Short (| ]), and by Noguchi (] 1), where the case p is a
trivial representation over Z was studied.

1.8 Examples

In this Section, we discuss some concrete examples, where K will be a 2-bridge
knot and p will be an irreducible SLo(Op)-representation of a knot group Gg
with O a PID. The computation is based on Mathematica.
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Example 1.8.0.1 Let K be the trefoil knot, whose knot group is given by

Gk = (91,92 | 919291 = 929192)-

Consider the following representation:

p:Gr = 8SLa(Z); p(g1) = ((1) 1) Plg2) = (11 (1))

Then we have Ag ,(t) = t* + 1 and hence by applying Corollary 1.6.0.2, we
have the following:

) _f 2 (whenn =1, 3 mod 4),
#H1 (X3 V) = { 4 (when n =2 mod 4).

Example 1.8.0.2 Let K be the knot 51, whose knot group is given by

Gr = (91,92 | 9192919291 = 9291929192)-

Consider the following representation:

HQ\/E ); plor) = ((1) D plaz) = (—313‘/5 (1)>

where Z [HT‘/‘?)} is the ring of integers of Q(v/5). Then we have Ay ,(t) =

(t+1)(t* - 1+T\/5t2 + 1) and hence by applying Corollary 1.6.0.2, we have the
following:

pZGK—>SL2 <Z

#Hl(X V) = Q(f)/@(?’ \[) 4,
#H (X2;V,) = Noys)o2(7 - 3f)) = 16,
#H1(X5:V,) = Nois)(-2) =
#H1(X5V,) = Nys)0(8) =64

Example 1.8.0.3 Let K be the figure-eight knot, whose knot group is given
by

Gr = (91,92 | 919591 9201 = 929195 97 " 92)-
Consider the following representation:

p:GK—>SL2<Z[H;/?3D; p(gl):<(1) D,p(gz):(ui/fs ?)

where Z {%} is the ring of integers of Q(v/—3). Then we have Ak ,(t) =

#&(t? — 4t + 1) = t* — 4t + 1 and hence by applying Corollary 1.6.0.2, we have
the following:

#H1(X;V,) = Ngms)0(-2) =4,
#H1(X2;V,) = Ng/=30(—12) = 144,
#H1(X3;V,) = Ng/=30(—50) = 2500,
#H(X4;V,) = Ny =3,0(—192) = 36864



Since Ak ,(t) = (1> — 4t + 1), by Theorem 1.7.0.1, we have

lim 1 log(#H1(Xn,V,)) = 2log(2 + V/3).

n—o00 N
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2 L-functions for twisted homology groups associated to
deformations of representations of knot groups

In this Chapter, we study the twisted knot module for the universal defor-
mation of an SLo-representation of a knot group, and introduce an associated
L-function, which may be seen as an analogue of the algebraic p-adic L-function
associated to the Selmer module for the universal deformation of a Galois rep-
resentation. We then investigate two problems proposed by Mazur: Firstly we
show the torsion property of the twisted knot module over the universal defor-
mation ring under certain conditions. Secondly we compute the L-function by
some concrete examples for 2-bridge knots.

Here are contents of this Chapter. In Section 2.1, we recall the deformation
theory for SLy-representations of a group, which was developed in | ].
In Section 2.2, we show the relation between the universal deformation ring and
the character scheme over Z of SLs-representations. In Section 2.3, we study
the twisted knot module with coefficients in the universal deformation of an
SLo-representation of a knot group, and introduce an associated L-function. In
Section 2.4, we discuss some examples for some 2-bridge knots, for which we
study Mazur’s problems.

2.1 The universal deformation

In this section, we present a summary of the deformation theory for SLo-
representations of a group, which was developed in | ]. We also dis-
cuss the obstruction to the deformation problem for a group representation.
Throughout this section, let G denote a group.

2.1.1 Pseudo-representations and their deformations

Let A be a commutative ring with identity. A map T : G — A is called a
pseudo-SLay-representation over A if the following four conditions are satisfied:

(P1) T'(e) = 2 (e := the identity element of G),
(P2) T(g192) = T(g291) for any g1,92 € G,
(P3) T(91)T(92)T(g3) +T(g919293) +T(919392) —T(9192)T (93) — T(9293)T(91) —

T'(9193)T(g2) = 0 for any g1, 92,93 € G,
(P4) T(g)®> — T(g*) = 2 for any g € G.

Note that the conditions (P1) ~ (P3) are nothing but Taylor’s conditions for a
pseudo-representation of degree 2 ([ ]) and that (P4) is the condition for
determinant 1. In the following, we say simply a pseudo-representation for a
pseudo-SLy-representation. The trace tr(p) of a representation p : G — SLo(A)
satisfies the conditions (P1) ~ (P4) (] , Theorem 4.3]), and, conversely, a
pseudo-SLy-representation is shown to be obtained as the trace of a representa-
tion under certain conditions (See Theorem 2.1.2.1 below).

Let k£ be a perfect field and let O be a complete discrete valuation ring with
the residue field O/mp = k. There is a unique subgroup V of O* such that

24



E* ~V and O =V X (1 4+ mp). The composition map A : k* ~ V — O~
is called the Teichmdller lift which satisfies A(a) modmp = « for a € k. It is
extended to A : k < O by A(0) := 0. Let €£» be the category of complete
local O-algebras with residue field k. A morphism in €£» is an O-algebra
homomorphism inducing the identity on residue fields.

Let T : G — k be a pseudo-representation over k. A couple (R,T) is
called an SLy-deformation of T if R € ¢€0» and T : G — R is a pseudo-SLo-
representation over R such that 7 mod mg = T. In the following, we say
simply a deformation of T for an SLy-deformation. A deformation (Rz, T') of T
is called a universal deformation if the following universal property is satisfied:
“For any deformation (R, T) of T there exists a unique morphism 1 : R+ —+ R
in €£p such that ¢ oT = T.” Namely the correspondence 9 +— 1 o T gives the
bijection

Homege,, (R7, R) ~ {(R,T) | deformation of T'}.
By the universal property, a universal deformation (R, T') of T is unique (if it
exists) up to isomorphism. The O-algebra R= is called the universal deforma-
tion ring of T.

Theorem 2.1.1.1 | , Theorem 1.2.1].  For a pseudo-representation
T : G — k, there exists a universal deformation (Ry,T) of T

We recall the construction of (R, T). Let X, denote a variable indexed by
g € G. Then the universal deformation ring R is given by

Ry = 0[[X, (9 € G)I/T,

where Z is the ideal of the formal power series ring O[[X, (g € G)]] generated

by the elements of following type: Setting T, := X, + A\(T(g)),

) Te—-2=X.+XT(e)) —2,

(2) Tglgz - Tg2gl = X9192 - nggu

(3) qu TQQTQB + qugzga + qugsfh - Tgl!]zTgs - T(1293T(11 - T9193T92’
(4) Tg2 — Ty — 2,

for g, g1, 92,93 € G. The universal deformation T" : G — Rz is given by
T(g) := T, mod 7.

Then, for any deformation (R,T') of T, the morphism ¢ : R+ — R in €£p
defined by ¥(X,) :=T(g) — A(T'(g)) satisfies po T =T
We note that R constructed above is a complete Noetherian local O-algebra

if G is a finitely generated group.

2.1.2 Deformations of an SLy-representation

We keep the same notations as in 1.1. In this subsection we assume that
char(k) # 2, so that 2 is invertible in O and hence in any R € €£». Let
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p : G — SLy(k) be a given representation. We call a couple (R, p) an SLy-
deformation of p if R € €£0 and p : G — SLa(R) is a representation such
that p mod mgr = p. In the following, we say simply a deformation of p for an
SLy-deformation. A deformation (Rjz, p) of p is called a universal deformation
of p if the following universal property is satisfied: “For any deformation (R, p)
of p there exists a unique morphism ¢ : R; — R in €£p such that 1 o p = p”.
Here two representations pp, po of degree 2 over a local ring A are said to be
strictly equivalent, denoted by p1 & po, if there is v € Is + Ma(m4) such that
p2(g) = v~ tp1(g)y for all g € G. Namely the correspondence 1) — 1) o p gives
the bijection

Homeg, (R5, R) ~ {(R, p) | deformation of p}/ ~ .

By the universal property, a universal deformation (Rjz, p) of p is unique (if
it exists) up to strict equivalence. The O-algebra R is called the universal
deformation ring of p.

A deformation (R, p) of p gives rise to a deformation (R, tr(p)) of the pseudo-
representation tr(p) : G — k. Assume that p is absolutely irreducible, namely,
the composite of p with an inclusion SLy(k) < SLo(k) is irreducible for an
algebraic closure k of k. Then, by using theorems of Caryaol | , Theorem
1] and Nyssen | , Theorem 1], it can be shown that this correspondence by
the trace is indeed bijective. It is here that the condition char(k) # 2 is used.

Theorem 2.1.2.1 | , Theorem 2.1.2]. Let p: G — SLa(k) be an ab-
solutely irreducible representation and let R € €£». Then the correspondence
p — tr(p) gives the following bijection:

{p : G — SLy(R) | deformation of p over R}/ =
— {T : G — R| deformation of tr(p) over R}.

Now, by Theorem 2.1.1.1, there exists the universal deformation (R7,T') of
a pseudo-representation T = tr(p). By Theorem 2.1.2.1, we have a deformation
p : G — SLo(R7) of p such that tr(p) = T. Then we can verify that (R, p)
satisfies the desired property of the universal deformation of p.

Theorem 2.1.2.2 | , Theorem 2.2.2]. Let p: G — SLa(k) be an ab-
solutely irreducible representation. Then there exists the universal deformation
(Rp, p) of p, where Ry is given as Ry for T := tr(p) in Theorem 2.2.1.1.

2.1.3 Obstructions

We recall basic facts on a presentation of a complete local O-algebra and the
obstruction for the deformation problem. For R € €£», we define the relative
cotangent space ty,, of R by the k-vector space mp/(m% + mpR) and the
relative tangent space tr/o of R by the dual k-vector space of t}}/o. We note
that they are same as the cotangent and tangent spaces of R/mpR = R ®¢ k,
respectively. The following lemma is a well-known fact which can be proved
using Nakayama’s lemma (cf. | , Lemma 5.1]).
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Lemma 2.1.3.1 Let d := dimy tgo and assume d < oo. Let x1,...,1q be
elements of R whose images in R®o k form a system of parameters of the local
k-algebra R @0 k. Then there is a surjective O-algebra homomorphism

n:O[[X1,....,X4] — R
in €Lo such that n(X;) = x; for 1 <i<d.

Let Ad(p) be the k-vector space sla(k) := {X € Ma(k) | tr(X) = 0} on which G
acts by g.X = p(g)Xp(g)~! for g € G and X € sla(k). It is well-known (| ,
1.6]) that there is a canonical isomorphism between the relative cotangent space
tr, /o and the 1st group cohomology H (G, Ad(p)). We say that the deformation

problem for 7 is unobstructed if the 2nd cohomology H?(G, Ad(p)) vanishes. The
following proposition is also well-known.

Proposition 2.1.3.2 | , 1.6, Proposition 2]). Suppose that the deforma-
tion problem for p is unobstructed and dimy H'(G, Ad(p)) < co. Then the map
n in Lemma 2.1.3.1 with R = R; is isomorphic

n:O0[Xy,...,Xd] — Ry.

In this paper, we are interested in the case that G is a knot group, namely, the
fundamental group of the complement of a knot in the 3-sphere S3. We note
that the deformation problem is not unobstructed in general for a knot group
representation p, as shown in Subsection 2.2.3.

2.2 Character schemes

In this section, we show the relation between the universal deformation ring in
Section 1 and the character scheme of SLy-representations.

In Subsection 2.2.1, we recall the constructions and some facts concerning
the character scheme and the skein algebra over Z, and then describe their
relation. For the details on the materials, we consult [ I, [ , Chapter
1], [ ] and | |. In Subsection 2.2.2, via the skein algebra, we show that
the universal deformation ring may be seen as an infinitesimal deformation of the
character algebra. In Subsection 2.2.3, we show that the deformation problem
is not unobstructed for a knot group in general, using Thurston’s result on the
character variety.

2.2.1 Character schemes and skein algebras over Z

Let G be a group. Let F be the functor from the category Com.Ring of com-
mutative rings with identity to the category of sets defined by

F(A) := {G — SLa(A) | representation}
for A € Com.Ring. The functor F is represented by a pair (A(G), og), where
A(G) € Com.NRing and o : G — SLa(A(Q)) is a representation, which satisfies

27



the following universal property: “For any A € €om.fRing and a representation
p: G — SLy(A), there is a unique morphism ¢ : A(G) = A in Com.Ring such
that ¢ o og = p.” Thus the correspondence 1 — 1 o oG gives the bijection

Homeom.ming (A(G), A) =~ {G — SLa(A) | representation}.

By the universal property, the pair (A(G), o) is unique (if exists) up to isomor-
phism. We call A(G) the universal representation algebra over Z and oG : G —
SL2(A(G)) the universal representation. The pair (A(G), o¢) is constructed as
follows. Let X(g) = (X;;(g9))1<i,j<2 be 2 x 2 matrix whose entries X;;(g)’s are
variables indexed by 1 < 4,5 < 2 and g € G. Then A(G) is given as

A(G) = Z[Xi5(9) (1 < 4,5 < 239 € G)]/J,

where J is the ideal of the polynomial ring Z[X;;(g) (1 < 4,j < 2;9 € G)]
generated by

2
Xij(e) = 6y, Xij(g192) = Y Xin(91) Xj(92), det(X(g)) —1
k=1

for 1 <1i,7 <2and g € G, and the representation og : G — SLa(A(G)) is given
by
oc(g) :=X(g)mod J (g€G).

We note that when G is presented by finitely many generators g1, . .., g, subject
to the relations r; =1 (I € L), A(G) is given by

A(G) = ZXij(gn) (1 < h <n,1<ij <2)]/)
for the ideal J’ generated by

(X (g1)s -+, X(gn))ij — 65, det(X(gn)) — 1,

where 1 < i,j < 2.0 € L1 < h < n and ri(X(g1), ., X(g); denotes the
(i,9)-entry of r(X(g1),...,X(gn)). The universal representation o¢ is given
by

oc(gn) = X(gn) mod J' (1 < h <n).

So A(G) is a finitely generated algebra over Z if G is a finitely generated group.
We denote by R(G) the affine scheme Spec(A(G)) and call it the representation
scheme of G over Z. So A-rational points of R(G) corresponds bijectively to
representations G — SLy(A) for any A € Com.Ring. For p € R(G), we let
pp = poog : G — SLa(A(G)/p) be the corresponding representation, where
¥y : A(G) — A(G)/p is the natural homomorphism.

We say that a representation p : G — SLa(A) with A € Com.Ring is
absolutely irreducible if the composite of p with the natural map SLo(A) —
SLy(k(p)) is absolutely irreducible over the residue field k(p) = A, /pA, for any
p € Spec(A).
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Let PGL3 be the group scheme over Z whose coordinate ring A(PGLs) is the
subring of the graded ring Z[Y;; (1 < 4,5 < 2)]qet(y) consisting of homogeneous
elements of degree 0, where the degree of Y;; is 1. The adjoint action Ad :
R(G) x PGLy — R(G) is given by the dual action

Ad": A(G) — A(G) @2 A(PGLz); Xi5(9) = (YX(9)Y ™ 1)ij ® Y,
where Y = (Y;;)1<ij<2 and (Y X (9)Y ~!);; denotes the (i, j)-entry of Y X (¢)Y ~ 1.
Let B(G) be the invariant subalgebra of A(G) under this action of PGLy

B(G) = A(G)PCL2
={z e AG)|Ad"(z) =2z ® 1}.

We call B(G) the character algebra of G over Z. We denote by X' (G) the affine
scheme Spec(B(G)) and call it the character scheme of G over Z. The natural
inclusion

t: B(G) = A(G)
induces a morphism of schemes
#R(G) — X(G).

We denote the image of p(= py) € R(G) in X(G) under t# by [p](= [pp])-
According to | , Definition 2.5] and | , 3.1], we define the skein
algebra C(G) over Z by

C(G) =2ty (9 € G)]/1,

where I is the ideal of the polynomial ring Z[t, (¢ € II)] generated by the
polynomials of the form

te =2, tgtg, —lgigs — t9f192 (91,92 € G).

We note that C(G) is a finitely generated algebra over Z if G is a finitely gen-
erated group ([ , 3.2]). We denote by S(G) the affine scheme Spec(C(G))
and call it the skein scheme of G over Z.

Since tr(og(g)) (¢ € G) is invariant under the adjoint action of PGLy and
we have the formula

tr(og(g1))tr(oc(g2)) — tr(oc(g1g2)) — tr(oa(g; 'g2)) = 0

for g1, 92 € G, which is derived from the Cayley-Hamilton relation, we obtain a
Z-algebra homomorphism

7:C(G) — B(G)
defined by
T(tg) :=tr(oc(g)) (9 €@).

It induces the morphism of schemes

™ X(G) — S(G).
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We set
p:=107:C(G) — A(G)

so that we have the morphism of schemes
o =77 0% : R(G) — S(G).

Now we define the discriminant ideal A(G) of C(G) by the ideal generated
by the images of the elements in Z[t, (g € 7)] of the form

2 2 2
A(gl,gg) = t91929;1g;1 — 2= tg1 —+ tg2 +tg192 — tglthtglgz —4 (91,92 S G),

and the discriminant subscheme by V(A(G)) = Spec(C(G)/A(G)). We define
the open subschemes S(G)a.i, X(G)a.i and R(G)ai of S(G), X(G) and R(G),
respectively, by

S(G)ai = S(G) \V(A(G)),
X(G)ai = X(G)\ (77)"H(V(A(G))),
R(G)ai = R(G) \ (¢7)"H(V(A(G))).

The following theorem, due to Kyoji Saito, is fundamental for our purpose.

Theorem 2.2.1.1 (] ,4.2,4.3], [ , Corollary 6.8]).
(1) Forp € R(G), pp is absolutely irreducible if and only if p € R(G)a..
(2) The restriction of 7 to R(G)a;

o7 R(G)ai — S(G)ai

is a principal PGLy-bundle.
(3) The restriction of T# to X(G)a; is an isomorphism
7 X(@)ai = S(G)ai.

a.i

By virtue of Theorem 2.2.1.1 (1), we call §(Q)ai, X(G)ai and R(G)a; the
absolutely irreducible part of S(G), X(G) and R(G), respectively. We note that
X(G)ai(~ S(GQ)a) represents the functor F from the category &ch of schemes
to the category of sets, which associates to a scheme X the set of isomorphism
classes of absolutely irreducible representations G — SLo(I'(X, Ox)):

F(X) = {G — SLy(I'(X,Ox)) | absolutely irreducible representation}/ ~ .

Since gajfi and 77, are defined over 7Z, they induces maps on A-rational points

a.l

for A € Com.Ring:

¢ (A) : R(G)ai(A) — S(G)ai(A),
T (A) 1 X(@)ai(A) =5 S(Q)ai(A).

a.l

By Theorem 2.2.1.1 (3), we have the following
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Corollary 2.2.1.2 Let p: G — SLa(k) be an absolutely irreducible representa-
tion over a field k so that p € R(G)a.i(k). Let [p] € X(G)a.i(k) also denote the
corresponding prime ideal of B(G). Then the morphism T induces an isomor-
phism of local rings:

C(G)r#qp) = B(G)pp)-

The following proposition can be proved by using the vanishing of the Galois
cohomology H!(k,PGLy(k)) = 1 for a field k whose Brauer group Br(k) = 0
( , ITI, 2.2]) and Skolem-Noether theorem. For example, when k is a finite
field or an algebraically closed field, Br(k) = 0.

Proposition 2.2.1.3 (| , Lemma 3.3.1], , Proposition 2.2.27]) Let
k be a field whose Brauer group Br(k) = 0. Then wﬁi induces the following
bijection on k-rational points:

¢Zi(k) : R(G)ai(k)/PGLa(k) — S(G)ai(k).

2.2.2 The relation between the universal deformation ring and the
character scheme

Let k be a perfect field with char(k) # 2 and let O be a discrete valuation
ring with residue field k. Let p : G — SLa(k) be an absolutely irreducible
representation and let T : G — k be a pseudo-SLa-representation over k given
by the character tr(p). Let R5z(= Ry) be the universal deformation ring of p
(or T) as in Theorem 2.1.2.2. Recall that Rz is a complete local O-algebra
whose residue field is k. On the other hand, let B(G) and S(G) be the character
algebra and skein algebra of G over Z, respectively. We set

B(G)y :=B(G)®zk, X(G):=Spec(B(G)r) = X(G) ®z k,
C(G) =C(G)®zk, S(G):=Spec(C(G)x) =S(G) Rz k.

We also denote by X (@)% and S(G)31 the absolutely irreducible part of X (G)g
and S(G), respectively. By Theorem 2.2.1.1 (3), we have X (G)&! ~ S(G)a1.
The following theorem tells us that the universal deformation ring R; may be
seen as an infinitesimal deformation of the character k-algebra B(G)y at [p].

Theorem 2.2.2.1 Let [p] denote the mazimal ideal of B(G)y, corresponding to
the representation p. We then have an isomorphism of k-algebras

Ry o0k = (BOWf,
where (B(G)k)f\ﬁ] denotes the [p]-adic completion of B(G)y.

Proof. By the construction of R in Theorem 2.2.1.1, we have
Ry = O[[X, (9 € G)]I/T,

where 7 is the ideal of the power series ring O[[X, (g9 € G)]] generated by
elements of the form: setting T, := X, + A(T(g)) (A : the Teichmiiller lift),
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(1) T, — 2,

(2> Tglgz - nggn

(3) Tgl T92T93 + T919293 + Tglgsgz - Tg192T93 - T9293T91 - Tglgsngv
(4) Tg2 — Ty — 2,

where g, g1, 92,93 € G.

On the other hand, let ¢ : B(G); — k be the morphism in €om.Ring corre-
sponding to [p] € X(G)a.i(k). Since ¢ (tr(oa(g))) = tr(p(g)) = T(g) for g € G,
the maximal ideal [p] = Ker(¢)) of B(G)y corresponds to the maximal ideal
(ty — T(9) (g € G)) of C(GQ)y. Therefore Corollary 2.2.1.2 yields

(B(G)k)g = Kllzq (9 € G/,

where x, == t, — T(g) (g € G) and I" is the ideal of the power series ring
E[[z4 (9 € G)]] generated by elements of the form

te =2, tg g, —tg1g0 — tgflgz (91,92 € G).

So, in order to show that the correspondence z, — X, ® 1 gives the desired
isomorphism (B(G)k)[/\ﬁ] ~ R; ®o k, it suffices to show the following

Lemma 2.2.2.2 Let T be a function on G with values in an integral domain
whose characteristic is not 2. Let (P) be the relations given by (P1) T(1) = 2,
(P2) T(g9192) = T(9291),

(P3) T(91)T(92)T'(93) +T(919293) + T (919392) — T(9192)T'(93) — T(9293)T(91) —

T'(9193)T(g2) = 0,
(P4) T(g)?> — T(g*) =2, and let (C) be the relations given by (C1) T(1) = 2,

(C2) T(g1)T(g2) = T(g192) + T(97 ' 92),

where g, g1, g2, g3 are any elements in G.
Then (P) and (C) are equivalent.

Proof of Lemma 2.2.2.2. (P) = (C): Letting gs = g in (P3), we have
T(gl)zT(%) - T(gf)T(g;;) + T(Q%QS) +T(919391) — 2T(9193)T (91) = 0.
Using (P2) and (P4), we have
2(T(g3) + T(g193) — T(g193)T(g1)) = 0.

Letting g3 be replaced by g 1g in the above equation and noting 7' has the
value in an integral domain whose characteristic is not 2, we obtain (C2).
(C) = (P). Letting g = 1 in (C2) and using (C1), we have

T(g) = T(g7") for any g € G.
Exchanging g; and go in (C2) each other and using the above relation, we have

T(g2)T(91) = T(g291) + T(95 "91) = T(g291) + T(g1 " g2)
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and hence we obtain (P2). Next letting g1 be replaced by g1g5 in (C2), we have

(2.2.2.1) ~T(9193)T(g2) + T(g19392) + T(g5 '91 ' g2) = 0,

and letting go be replaced by gog3 in (C2), we have

(2.2.2.2) ~T(91)T(g2g3) + T(g19293) + T(g1 *g293) = 0.

By (C2), we have

T(95'91 92) = T(93)T (g5 "92) — T(g397 'g2)
= T(g3)T(g1)T(g92) — T(9192)T(93) — T(g3971 ' g2)-

Hence, using (P2) proved already, we have

T(g5 ' 91 '92) + T(g5 'g293) = T(91)T(92)T(g3) — T(9192)T (g3)
(2.2.2.3) —T(g39; ' 92) + T(97 ' 9293)
=T(91)T(92)T(g3) — T(9192)T(g3)-

Summing up (2.2.2.1) and (2.2.2.2) together with (2.2.2.3), we obtain (P3). Fi-
nally putting g; = g2 in (C2) and using (C1), we obtain (P4). O

By Lemma 2.1.3.1 and Theorem 2.2.2.1, we have the following

Corollary 2.2.2.3 Let [p] be a regular k-rational point of X(G)&'. Let d be
the dimension of the irreducible component of X(G)&1 containing [p] so that
(B(G)k)f%] is a power series ring over k on a reqular system of parameters
Z1,.-.,24. Let x1,...,xq be elements of R; such that the image of xz; in
R;®0 k ~ (B(G)k)f\ﬁ] is z; for 1 <i < d. Then there is a surjective O-algebra
homomorphism

n:O[Xy,...,X4] — Rz
in €Lo such that n(X;) = z; for 1 <i<d.

By Corollary 2.2.2.3, we obtain the following criterion which determines the
universal deformations for many examples. See Section 4.

Theorem 2.2.2.4 Let notations and assumptions be as in Corollary 2.2.2.35.
We suppose that there are g1,...,94 € G such that z; = t; — tr(p(g;)) for
1 < i < d, where t; denotes a variable corresponding to the reqular function
tr(og(gi)). Choose a; € O such that a; mod mp = tr(p(g;)) for 1 < i < d
and suppose that p : G — SLa(O|[t; — aa,...,tqa — ag]]) is a deformation of p
satisfying
tr(p(gi)) =t (1 <i<d).
Then (O[[t1 — a1,...,tq — aql], p) is the universal deformation of p.

Proof. By the universal property of (Rz, p), there is a morphism

VY Ry — O[[t1 —aq,..., tq — a4
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in €£» such that ¥ o p = p. Hence we have

(22.2.4) Bltr(p(9:)) = tr(plgs) =t 1< <d.

By Corollary 2.2.2.3, there is a surjective morphism
n:O0[[X1,...,Xd]] — R;

in €€» such that n(X;) = tr(p(g;)) — a; for 1 < i < d. Since Ypon :
O[[X1,..., X4]] = O[[t1 — a1,...,ta — a4]] is a morphism in €€» and satis-
fies, by (2.2.2.4),

Yon(Xi)=ti—a; (1<i<d),
1 on is an isomorphism in €£». Since 7 is surjective, n must be isomorphic and
soisvy. O

2.2.3 The case of a knot group

Let K be a knot in the 3-sphere S3 and let Fx denote the knot complement
S$3\ K. Let Gg denote the knot group of K, Gx = m(Eg). It is well
known that G has the following presentation of deficiency one (for example,
the Wirtinger presentation):

(2231) GK:<gl,...,gn\rlz---:rn,1:1>.

Let k be a field with char(k) # 2. Let p : Gxk — SLa(k) be an absolutely
irreducible representation and let R; be the universal deformation ring as in
Theorem 2.1.2.2. Since the character variety X' (G k)i of a knot group Gk over
a field k has been extensively studied (see | L L ] etc), we can
determine R; ®o k by Theorem 2.2.2.1 and even R; by Theorem 2.2.2.4 for
some knots K. In fact, in | ], Morishita, Takakura, Terashima and Ueki
determined R for a certain Riley-type representations p for a 2-bridge knots
K. See also Section 4 for other examples.

It is a delicate problem, however, to determine the universal deformation ring
R for a knot group representation p in general, since the deformation problem
for p is not unobstructed in general for a knot group Gk, as the following
theorem shows.

Theorem 2.2.3.1 We suppose that p : Gx — SLa(C) is an irreducible repre-
sentation and that there is a subring A of a finite algebraic number field F' and
a finite prime p of F such that A is p-integral and the image of p is contained
in SLo(A). Set k:= A/p and p:= p modyp : Gg — SLa(k). Then we have

H2(Gr, Ad(p)) # 0.

We note that the assumption in Theorem 2.2.3.1 is satisfied, for instance, when
K is a hyperbolic knot and p is the holonomy representation attached to a
hyperbolic structure on Ex such that the completion is a closed or a cone 3-
manifold. For the proof of Theorem 2.2.3.1, we recall the following lemma, which
is a special case of a more general result, due to Thurston, for 3-manifolds.
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Lemma 2.2.3.2 (| , Proposition 3.2.1] For an irreducible representation
p: G — SLa(C), the irreducible component of X(Gk)c containing [p] has the
dimension greater than 0.

Proof of Theorem 2.2.3.1. Let W be the CW complex attached to the presen-
tation (2.2.3.1). We recall herewith the construction of W:

e We prepare 0-cell b*, 1-cells g7, ..., g, where each g} corresponds to the gen-
erator g;, 2-cells ri,...,r;_y, where each r} corresponds to the relator ;.

o We attach each 1-cell g7 to the O-cell b* so that we obtain a bouquet.

e We attach the boundary of each 2-cell 7} to 1-cells of the bouquet, according
to words in r;.

We note that the knot complement Ex and the CW complex W are homotopi-
cally equivalent by Whitehead’s theorem, because they are both the Eilenberg-
MacLane space K (G, 1).

Let Ad(p) be the A-module sly(A) on which G acts by g.X = p(g) X p(g)~*
for g € G and X € sla(A). We let Ad(p)c := Ad(p) ®4 C = sl3(C) on which
G acts as g ® idc¢ for g € Gk . Since the Euler characteristic of W is zero, we
have

2

> (~1)" dime H' (G, Ad(p

=0

Z ):dime C*(W; Ad(p)c)
=0
3) (—1)"dime C*(W;C)

=0
= 0.

~.

(2.2.3.2)

Since p is irreducible, we have H°(Gg,Ad(p)c) = 0 by Schur’s lemma. So, by
(2.2.3.2), we have

(2.2.3.3) dime H?(Gx, Ad(p)c) = dime H' (G, Ad(p)c).

Since H' (G, Ad(p)c) contains the tangent space of the character variety X' (G )c
at [p] (] , Proposition 3.5]), Lemma 2.2.3.2 implies H!(G, Ad(p))c) # 0.

So, by (2.2.3.3), we have H?*(Gg,Ad(p)c) # 0. Since H?(Gk,Ad(p)c) =
H?(Gk,Ad(p)a) ®a C, we have

(2.2.3.4) H*(Gg,Ad(p)) # 0.

Let Ad(p) := Ad(p) ®4 k = sla(k) on which Gk acts as g ® idy, for g € G.
Let us consider the differentials of cochains
d s CHW; Ad(p) — CE(W; Ad(p)),
d:=d® (mod p) : CL(W;Ad(p)) — C*(W;Ad(p)).

By (2.2.3.4), all 3n-minors of d are zero. Therefore all 3n-minors of d are zero
and hence H?(Gk,Ad(p)) # 0. 0O.
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2.3 L-functions associated to the universal deformations

In this section, we study the twisted knot module Hy(p) = H;(Ek;p) with
coefficients in the universal deformation p of an SLo- representation of a knot
group G, and introduce the associated L-function Lg (p). We then formulate
two problems proposed by Mazur ([ ]): the torsion property of Hy(p) over
the universal deformation ring R5 (Problem 2.3.2.1) and the generic simplicity
of the zeroes of L (p) (Problem 2.3.2.7). Our main theorem in this section
(Theorem 2.3.2.2) gives a criterion for Hy(p) to be finitely generated and torsion
over Ry using a twisted Alexander invariant of K.

2.3.1 Fitting ideals and twisted Alexander invariants

Let A be a Noetherian integrally closed domain. Let M, M’ be finitely generated
A-modules. We say that a homomorphism ¢ : M — M’ is a pseudo-isomorphism
if the annihilators of Ker(f) and Coker(f) are not contained in height 1 prime
ideals of A.

Lemma 2.3.1.1 (cf. | , Lemma 5]). For any finitely generated torsion A-
module M, there are positive integers eq,. .., es, height 1 prime ideals p1,. .., s
of A for some s > 1, and a pseudo-isomorphism

p: M — A/

i=1

Here the set {(p;, e;)} is uniquely determined by M. If A is a Noetherian facto-
rial domain further, each prime ideal p; of height 1 is a principal ideal p; = (f;)
for a prime element f; of A.

We note that a regular local ring is a Noetherian factorial local domain (Auslander-
Buchsbaum). For example, the Iwasawa algebra O[[X]] is a 2-dimensional reg-
ular local ring, where O is a complete discrete valuation ring with char(Q) = 0
and finite residue field. Then it is known in Iwasawa theory (] ]) that a
height 1 prime ideal of O[[X]] is (w) for a prime element w of O or (f) for
an irreducible distinguished polynomial f € O[X], and a pseudo-isomorphism
means a homomorphism with finite kernel and cokernel (] , §13.2]).

Let A be a Noetherian factorial domain and let M be a finitely generated
A-module. Let us take a finite presentation of M over A

Ami>A”—>M—>O,

where 0 is an n X m matrix over A. For a non-negative integer d, we define the
d-th Fitting ideal (elementary ideal) E4(M) of M to be the ideal generated by
(n — d) minors of 0. If d > n, we let Eq(M) := A, and if n —d > m, we let
E4(M) := 0. These ideals depend only on M and independent of the choice of a
presentation. The initial Fitting ideal Eq(M) is called the order ideal of M. Let
A4(M) be the greatest common divisor of generators of Eq4(M), which is well
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defined up to multiplication by a unit of A. The rank of M over A is defined
by the dimension of M ®4 Q(A) over Q(A). The following facts are well known
([Hi12, Ch.3], | , 7.2]).

Lemma 2.3.1.2 Let 0 - M} — My — M3 — 0 be an exact sequence of finitely
generated A-modules. Then we have the followings.

(1) Ag(Mz) = Ao(M1)Ao(Ms).

(2) If the A-torsion subgroup of Ms is zero and r is the rank of Ms over A, then
Ag(My) = Ag_ (My).

For example, suppose A is a principal ideal domain and M is a finitely generated
torsion A-module. Then we have M ~ @;_, A/(a;) with (a1) D --- D (as), and
E M) = (a1 as—q), Ag(M)=ay---as_q for d < s. As another example,
let A be the Iwasawa algebra O[[X]] and M a finitely generated torsion A-
module. Then there is a pseudo-isomorphism ¢ : M — @;_, A/(f{"), where
fi is a prime element of O or an irreducible distinguished polynomial in O[X].
If ¢ is injective, in particular, if M has no non-trivial finite A-submodule, we
have Eq(M) = (f), Ag(M) = f, where f is the Iwasawa polynomial [];_, f
( , Appendix]). For higher Fitting ideals E4(M) for d > 0 in Iwasawa
theory, we refer to | ].

Next, let us define the twisted Alexander invariant for a finite connected
CW complex (see 1.2 for the case of a knot complement). Let C be a finite
connected CW complex. Let G := m1(C) be the fundamental group of C' which
is supposed to have the finite presentation

G:<g17...7gn|T1:"':Tm:1>,

where relators rq,...,7, are words of the letters ¢1,...,9,. We suppose that
there is a surjective homomorphism

a:G— (t) ~Z.

Let A be a Noetherian factorial domain. We denote by the same « the group
A-algebra homomorphism A[G] — A[t*!], which is induced by a. Let

be a representation of G of degree N over A and let us denote by the same p
the A-algebra homomorphism A[G] — My (A) induced by p. Then we have the
tensor product representation

p®a: AlG] — My (A[tE)).

The twisted Alexander invariant A(C, p;t) € A[t*!] is defined as follows. Let F
be the free group on g1, ..., g, and let 7 : F' — G be the natural homomorphism.
We denote by the same 7 the A-algebra homomorphism A[F] — A[G] induced
by w. Then we have the A-algebra homomorphism

®:= (p@a)on: A[F] — My (A[tTY]).
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Let 8%1- : A[F| — A[F] be the Fox derivative over A, extended from Z (| D-
Let us consider the (big) n x m matrix P, called the twisted Alezander matriz,
whose (7, j) component is defined by the N x N matrix

& 8rj .
9gi
For 1 < i < n, let P; denote the matrix obtained by deleting the i-th row from
P and we regard P; as an (n — 1)N x mN matrix over A[t*!]. We note that
A[t*!] is also a Noetherian factorial domain. Let D; be the greatest common

divisor of all (n — 1) N-minors of P;. Then it is known that there is i (1 <1i < n)
such that det(®(g; — 1)) # 0 and that the ratio

D,

2.3.1.1 A(C, pit) = ——————— A)(t

(23.1.1) (C.rit) = g (€ QAW

is independent of such i’s and is called the twisted Alexander invariant of C
associated to p ([ D.

2.3.2 L-functions associated to the universal deformations

Let K be a knot in the 3-sphere S® and let Ex denote the knot complement
S3\ K. Let Gk denote the knot group 7 (Ex) of K, which has the following
presentation:

(2321) GK:<gla-'-7gn‘le"'zrn—1:1>-

Let F be the free group on the words g1, ..., g, and let 7 : Z[F] — Z[G] be the
natural homomorphism of group rings. We write the same g; for the image of
g; in Gg.

Let p: Gx — SLa(k) be an absolutely irreducible representation of Gk over
a perfect field k with char(k) # 2. Let O be a complete discrete valuation ring
with residue field £ and let €£» be the category of complete local O-algebras
with residue field k. Let p : Gk — SL2(Rj5) be the universal deformation
of p (Theorem 2.1.2.2). We denote by the same p the induced algebra homo-
morphism Z[G k] — Ma(R5). Let V, be the representation space (of column
vectors) (R5)®? of p on which Gk acts from the left via p. We will compute
the twisted knot module

H.(p) i= H.(Ex; V,)

with coefficients in V,, as the homology of the chain complex C,(W;V,) of the
CW complex W attached to the presentation (3.2.1). The CW complex W was
given in Subsection 2.2.3. Since Hy(W;Z) = Hy(Ex;Z) = (t) ~ Z, we take
a:m (W) — (t) to be the abelianization map.

For a representation p : Gg — SL2(A), where A is a Noetherian factorial
domain, we define the twisted Alexander invariant Ak (p;t) of K associated to
p by (cf. 1.2)

Ag(p;t) == AW, p;t).
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We note that Ag(p;t) coincides with the Reidemeister torsion of Ex (or W)
associated to the representation p ® a over Q(A)(¢) [ , Proposition 2.2]
By Proposition 1.2.0.1, the relation between the twisted Alexander invariant
Ak (p;t) and the initial Fitting ideals of H;(p ® «) := H;(Ek;p®@ «a) (1 =0,1)
is given by

- Ao(Hi(p® )
9.3.2.2 Ag(p;t) = 2020 FA))
( ) K (p;t) Ao(Holp® )
Following Mazur’s question 1 of [ , page 440], we may ask the following

Problem 2.3.2.1 Is Hi(p) a finitely generated and torsion Rz-module ?

Here is our main theorem, which gives an affirmative answer to Problem 2.3.2.1
under some conditions using a twisted Alexander invariant of K.

Theorem 2.3.2.2 Notations being as above, suppose that the following two con-
ditions are satisfied

(1) R; is a Noetherian integral domain.

(2) There is a deformation p : Gx — SLa(R) of p, where R € €£¢ is a Noethe-
rian factorial domain, and g € G such that

(2-1) det(p(g) — I) # 0 and

(2-2) Ak(p;1) #0.

Then we have Hi(p) = 0.

Proof. We may assume that g = g,, in the presentation (2.3.2.1) of Gx. We
consider the following chain complex C,(p) := C.(W;V,) (| , 7.1]):

0 — Ca(p) 22 C1(p) 25 Co(p) — 0,

defined by

gogp) = E/{}’)@" O = (p(g1) — I’r - P(gn) — 1),

aatp) = e, | 2= (e ()
where % : Z|F| — Z[F] denotes the Fox derivative ([ 1), and 05 is regarded
as a (big) n X (n — 1) matrix whose (4, j)-entry is the 2 X 2 matrix pom (%)'

By the condition (2), let ¢ : R; — R be a morphism in €£» such that

Yop = p. Since Y(det(p(gn) — I)) = det(p(gn) — I) # 0 by (2-1), we have
det(p(gn) — I) € Q(R5)™ by the condition (1). Hence we have

(2323) Ho(p) R, Q(Rﬁ) =0.

Let C{(p) be the Rz-submodule of Ci(p) consisting of the first (n — 1)
components so that Cy(p) = Ci(p) ® V, and let 95 be the (n — 1) x (n — 1)
matrix obtained deleting the n-th row from d,. Consider the Rz-homomorphism

95 : Ca(p) — Ci(p).
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Then, by the definition (2.3.1.1) of the twisted Alexander invariant, we have
(det(93))
P(det(p(gn) — 1))

By the conditions (2-1), (2-2) and (2.3.2.4), we have det(95) € Q(R5)*. Hence
we have

(2.3.2.4) Ak(p;1) =

(2.3.2.5) Hs(p) ®r, Q(Rp) = 0.
Since the Euler characteristic of W is zero, we have
(2.3.2.6)
3 ' 3 ,
> (1) dimgr,) Hi(p) ®r, Q(Rz) =Y _(—1)"dimg(r,) Ci(p) ®r, Q(Rp)
=0 =0 3
(rankg, V, Z )iranky C; (W)
1=0
=0.

Therefore, by (2.3.2.3), (2.3.2.5) and (2.3.2.6), we have
rankg, Hi(p) = dimgr,) Hi(p) ®r, Q(R;) =0

and hence Hi(p) is torsion over R5. Since R; is Noetherian and Hy(p) is a
quotient of a submodule of (V,)®" = (R;)®?", H;(p) is Noetherian, in partic-
ular, finitely generated over R;. [

It may be interesting to note that the condition (2-2) in Theorem 2.3.2.2 on
a twisted Alexander polynomial is reminiscent of Kato’s result in number theo-
retic situation (] 1), which asserts that the non-vanishing of the L-function
at 1 of a modular form implies the finiteness of the Selmer module of the asso-
ciated p-adic Galois representation.

As a special case of Theorem 2.3.2.2, the above proof shows the following.

Corollary 2.3.2.3 Notations being as above, suppose that the following two
conditions are satisfied:

(1) R; is a Noetherian integral domain.

(2) There is g € Gk such that det(p(g) — I) # 0 and Ag(p; 1) # 0.

Then we have Hi(p) = 0.

Proof. By the assumptions, we have det(p(g,) — I),det(0% ) (Rﬁ)x, from
which we easily see that Ker(d;) = Im(02) and hence Hy(p) = O

Assume that Rj is a Noetherian factorial domain and the condition (2) of
Theorem 2.3.2.2. When H;(p) is a torsion Rz-module, we are interested in the
invariant

(2.3.2.7) Lk(p) :== Do(H1(p)),
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which we call the L-function of the knot K associated to p (cf. Remark 2.3.2.5
(3) below). We note that it is a computable invariant by the following

Proposition 2.3.2.4 Notations being as above, we have
L (p) = Az(Coker(dz))
Proof. This follows from the exact sequence of Rz-modules
0 — Hi(p) — Coker(ds) — V,, = (R5)®* — 0
and Lemma 2.3.1.2 (2). O

Remark 2.3.2.5 (1) The L-function Lk (p) is determined up to multiplication
by a unit of Rp.

(2) When H.(p) ®r, Q(R5) = 0, we have the Reidemeister torsion Ax (p;1) €
Q(R5) of Ek associated to p, which is an invariant defined without indetermi-
nacy. It may be non-trivial, even when H,(p) = 0.

(3) Our L-function Lk (p) may be seen as an analogue in knot theory of the al-
gebraic p-adic L-function for the universal Galois deformation in number theory
( ). In terms of | ], the R;-module H;(p) gives a coherent torsion
sheaf H(p) on the universal deformation space Spec(R;) and Lk (p) gives a
non-zero section of Hi(p).

We find the following necessary condition for the L-function Lk (p) to be
non-trivial under a mild condition.

Proposition 2.3.2.6 Assume that Ao(Ho(p)) = 1. If Lx(p) # 1, we have
Ak (p;1) = 0.

Proof. By (2.3.2.2), (2.3.2.7) and our assumption, we have
(2.3.2.8) Ag(p;1) = Lk(p).

Suppose Lk (p) # 1, which means Lx(p) € mp, . Let ¢ : Rz — k be the ho-
momorphism taking mod mg_. Then, by the functorial property of the twisted
Alexander invariant and (2.3.2.9) , we have

Ar(p;1) = ¢(Ak(p;1)) = ¢(Lk(p)) = 0. O

Following Mazur’s question 2 of | , page 440], we may ask the following
Problem 2.3.2.7 Investigate the order of the zeroes of L (p) on Spec(R5) at

prime divisors.

In the next section, we verify Problem 2.3.2.7 affirmatively by some examples.
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Remark 2.3.2.8 In | ], Mazur works over a field k (in fact, the field of
complex numbers) and so the L-function discussed there is, in our terms, given
by

Lk (pr) := Ao(Hi(pr)),

where py, : Gxg — SLa(R; Qo k) is the representation obtained by taking mod
mo of p. Therefore our L-function Li(p) in (3.2.6) is a finer object than

L (pr).-

2.4 Examples

In this section, we discuss concrete examples of the universal deformations of
some representations of 2-bridge knot groups over finite fields and the associated
L-functions.

Let K be a 2-bridge knot in the 3-sphere S2, given as the Schubert form
B(m,n) where m and n are odd integers with m > 0,—m < n < m and
g.c.d(m,n) = 1. The knot group Gk is known to have a presentation of the
form

Gr = (91,92 | wg1 = gaw),

where w is a word w(gy, g2) of g1 and go which has the following symmetric
form

€m—2 €Em—1

w=w(g,g2) =91'95" 9" 9",
e = (=)™ =¢  , ([-] = Gauss symbol).

We write the same g; for the image of the word g; in G .
Let A be a commutative ring with identity. For a € A* and b € A, we
consider two matrices C(a) and D(a,b) in SLy(A) defined by

Cla) == ( - ) D(a,b) = ( oY )

and we set
W(a,b) := C(a)* D(a,b)*---C(a)*2D(a,b) 1.

It is easy to see that there are (Laurent) polynomials w;;(t,u) € Z[t*, u]
(I < 4,5 < 2) such that W(a,b) = (wsj(a,b)). Let o(t,u) := wii(t,u) +
(t71 — Hwya(t,u) € Z[t*,u]. Then it is shown (| ]) that there is a unique
polynomial ®(z,u) € Z[x,u] such that

Dt +t71 u) = tho(t, u)

for an integer .

Let k be a field with char(k) # 2 and let O be a complete discrete val-
uation ring with residue field k. Let X(Gk)r denote the character variety
of Gi over k. The proof of Proposition 1.4.1 of | ] tells us that any

tr(cg,(9)) (9 € Gk) is given as a polynomial of tr(cg, (g1))(= tr(og, (92)))
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and tr(og, (g192)) with coefficients in Z. In particular, the character algebra
B(Gk)r, is generated by tr(og, (g1)) and tr(og, (g1g2)) over k. Let z and y
denote the variables corresponding, respectively, to the coordinate functions
tr(og, (91)) and tr(og, (g192)) on X(Gk). This variable x is consistent with
the variable z of ®(z,u) (and so causes no confusion). Since tr(C(a)) = a+a™!
and tr(C(a)D(a,b)) = a®> + a~2 +b, the coordinate variables z and y are related
with ¢t and u by

z=t+t' y=t>+t 2 +u=a>+u—2.
The following theorem is due to Le.

Theorem 2.4.0.1 ([ , Theorem 3.3.1]) We have
X(Gr)r = Spec(klz,y]/((y — 2* + 2)@(z,y — 2* + 2))).

Here, for a k-algebra A, the A-rational points on ®(z,y—x%+2) = 0 correspond
bijectively to isomorphism classes of absolutely irreducible representation G —
SLa(A) except the finitely many intersection points with y — x2 +2 = 0.
Example 2.4.0.2 (1) When K is the trefoil knot B(3,1), we see ®(z,y — 2%+
2)=y—1.

(2) When K is the figure eight knot B(5,3), we have ®(x,y — 22 + 2) = y* —
(1+2%)y + 222 — 1.

(3) When K := B(7,3), the knot 52, we have ®(z,y — 2% +2) = y> — (2% +
Dy? + (322 — 2)y — 222 + 1.

By Theorem 2.4.0.1, we have the following
Corollary 2.4.0.3 Let p: Gx — SLa(k) be an absolutely irreducible represen-

a.i

tation so that [p] is a regular k-rational point of X(Gk)3'. Then we have
(B(Gx)r) = kllz — tr(p(g1))]]-
So, by Theorem 2.2.2.4, we have

Corollary 2.4.0.4 Let p be as in Corollary 2.4.0.3. Suppose that p : Gx —
SL2(O[[z — «]]), where « is an element of O such that o mod mep = tr(p(g1)),
s a deformation of p satisfying

(2.4.1) tr(p(g1)) = «.

Then the pair (O[[x — ], p) is the universal deformation of p.

In the following, we discuss some concrete examples, where k will be a finite
field IF), for some odd prime number p.

Convention. Let R be a complete local ring with residue field R/mp = F,.
When the equation X? = a for a € R has two simple roots in R, we denote by \/a
for the "positive” solution, namely, (v/a)? = a and \/a mod mg € {1,..., %}
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2.4.1 Riley representations

For each 2-bridge knot K, there is a representation priley.w : Gk — SL2(C)
called Riley representation which is defined by the following:

L1 (10
g7 \o 1) 927 \w 1)

where w is a non-zero root of ®(2,w) = 0, and ®(2,u) € Z[u] is a monic
polynomial defined before. By taking an odd prime p satisfying w mod p € Fp,
we can consider the mod p representation pg;ey o, : Gk — SLa(Fp). It is known,
due to J. Ueki, that the universal deformation priiey,. : Gk — SLa2(Z,[[z — 2]])

of DRijey,w 18 given by the following [ , Theorem 4.3.3]:
| z (1=v(@)*s(x)
PRiley.w(g1) = <x244 ‘;’) » PRileyw(92) = (1+v(002))28(x) T ) '
1

where s(z) € Zy[[x —2]]* depends on K, and v(z) := /1 + 3”52(;)4 € Zy[lx—2]]*.

Let us consider the L-function associated to priley,.. Having Corollary
2.3.2.3 in our mind, since we have det(pgjjey ., (9192) — [2) = —w mod p #
0 € F,, we check the value of Ax(Pgijey w;1)- In order to do this, we con-
sider the total representation pe : Gx — SLan(Z) associated to PRiley,w, Where
N = deg(®(2,u)).

Recall that the total representation pg : Gxg — SLan(Z) is a representation
induced by priley,w, Which is given by the following:

In Iy Iy O
gl’_><0 IN>792'_>(C IN>’
where C is the companion matrix of ®(2,u), namely when ®(2,u) is given by
uN +ey_quN T 4 - 4 ¢, then

0o 0 -+ 0 —c

1 0 0 —C1
cC=l0 1 . 0 —c

0 0 1 —CN—-1

It is known, due to Silver and Williams, that the absolute value of Ak ,. (1) is
given by the following.

Theorem 2.4.1.1 ([ , Theorem 5.1]) Let K be a 2-bridge knot and pg :
Gk — SLan(Z) be a total representation associated to priley,w. Then we have
|AK e (1) =27,
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Also, note that the relation between A ,, (t) and Ak pp,., . (t) is given by the
following:

Lemma 2.4.1.2 (cf. | 1) We have

AK7P<I> (t) = H AKapRiley,u (t)v

where w range over the roots of ®(2,u) = 0.

Now, let us consider the value of Ak (Prijey ;1) Since p is odd, by taking
mod p in the equality of Theorem 2.4.1.1, we have Ak ,,(1) mod p # 0 € F,,.
Then by using Lemma 2.4.1.2, we have [[, Ak ppie,.., (1) mod p # 0 € Fy, and
80 AK priy,.. (1) mod p # 0 € Fy, namely Ag 5., - (1) # 0.

Therefore, by Corollary 2.3.2.3, we have

Hi(pritey,w) =0, Lr(priley,w) = 1.

2.4.2 Holonomy representations

For each hyperbolic knot K, there is a representation ppo : Gx — PSLy(C)
called holonomy representation, which is determined by the complete hyper-
bolic structure of the complement of K. It is known that we can lift pyo to
SLo(C)-representation, which we also denote by pne1 : Gx — SLa(C). When K
is a 2-bridge knot, we have the following expression for pyq:

Lemma 2.4.2.1 (| ) Let K be a 2-bridge hyperbolic knot and puol :
Gk — SLa(C) a lift of the holonomy representation. Then pnol @S given, up

to conjugation, by
11 10
ngi(O 1)ag2'_>:|:<w 1>a

where w is a root of ®(2,w) = 0.

Corresponding to the sign, denote the above representations by pnoi,+ : Gx —
SL2(C) respectively. As before, by taking odd prime p satistying w € F,, we can
consider the mod p representations py, 4 : Gk — SLa(FF;,) and those universal
deformations pnor + : Gx — SL2(Zy[[x £ 2]]) respectively.

Now, let us consider the L-function associated to ppo,+. For the case of
Phol,+, we have the same discussion as 2.4.1, so we have

Hl (phol,-}-) = 0, LK(phol,—i—) = 1.

For the case of pyol,—, namely when the trace of py, _(g1) is p—2 € ), we will
see in 2.4.3 (3) that it depends on primes whether Hy(pnoi,—) and L (phol,—)
are trivial or not.
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2.4.3 Other examples

(1) Let K := B(3,1), the trefoil knot, whose group is given by
Gr = (91,92 | 919291 = 929192)-

We have X(G i )ai(k) = {(z,y) € k* |y = 1}.

Let £k = F3 and O = Z3, and consider the following absolutely irreducible
representation whose PGLy(F3)-conjugacy class corresponds to the regular Fs-
rational point (z,y) = (2,1) of X(Gk)a; (Proposition 2.2.1.3):

p1: G — SLa(F3); pi(g1) = <(1) ;) > Palg2) = G (2)> '

Let p1 : Gk — SL2(Zs[[x — 2]]) be the representation defined by

z+/22-3 1
pi(g1) = i 2—/zZT=3 |
a:f\/éla:QTS _21
prlg2)={ 1 e
1 2

We see by the straightforward computation that p; is indeed a representa-
tion of Gk and a deformation of p; (see our convention). Moreover, we have
tr(pi(g1)) = x, hence p; satisfies the condition (2.4.1). Therefore (R; =
Zs[[x — 2]], p1) is the universal deformation of p;.

We easily see that Ag(Ho(p1)) = 1 and Ak (py;t) = 1+t2, hence, Ak (py;1) =
2 # 0. Therefore, by Proposition 2.3.2.6, we have

Hi(p1) =0, Li(p1) = 1.
(2) Let K := B(5,3), the figure eight knot, whose group is given by
Gk = (91,92 | 919797 " 9201 = 920195 ' 91 ' 92)-
We have X (G )ai(k) = {(z,y) € k? | 4> — (1 +2®)y+222—1 = 0}\ {(£V5,3)}.

Let Kk = F; and O = Z, and consider the following absolutely irreducible
representation whose PGLs(IF7)-conjugacy class corresponds to the regular Fr-
rational points (z,y) = (5,5) of X(Gk)a.i:

_ _ 0 6\ _ 5 6
P2+ G = SLa(F7); pa(g1) = <1 5) 1 P2(g2) = (1 0) :
Let p2 : Gk — SLa(Z7[[z + 2]]) be the representation defined by
- /22 —54u(x)
p2(91) = = -
2\Y1) — )
s oo/
r— z2 —54u(x)
A — 1
p2(92) = 2 )
71:273711‘(:1:) z+4/ 71275;1‘(2)

8 2
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where u(z) := /(22 — 1)(x? — 5). We see by the straightforward computation
that ps is indeed a representation of Gk and a deformation of p,. Moreover,
we have tr(p2(g1)) = x, hence py satisfies the condition (2.4.1). Therefore
(Rp, = Z7[[x + 2]], p2) is the universal deformation of p,.

We easily see that det(py(g2)—1) = 4 # 0 and that A (py;t) = t 244t~ 141,
hence, Ak (py; 1) = 6 # 0. Therefore, by Corollary 2.3.2.3, we have

Hi(p2) =0, Lk(p2) = 1.
(3) Let K := B(7,3), the knot 55, whose group is given by
Gr = (91,92 | 919201 '95 ' 919201 = 92019297 95 ' 9192)-
We have X (Gr)ai(k) = {(z,y) € k? | y® — (22 + 1)y? + (322 - 2)y — 222 + 1 =
0\ {(y/3. D)}
Firstly, let k = F1; and O = Z1, and consider the following absolutely

irreducible representation whose PGLy(IF11)-conjugacy class corresponds to the
regular Fy;-rational point (x,y) = (5,5) of X(Gk)a.i:

- _ 5 10\ _ 5 1
p3: Gk — SLa(F11); p3(g1) = (1 0) » Palg2) = (10 0) '

Let o := 3_2\/575 = % € Z11 so that @ mod 11 = 5, mod 11 = 0 € Fq;.

Let s = s(x) be the unique solution in Zq1[[x — «]] satisfying the equation

(2.4.3.1)  64s® —16(22% +5)s* + 4(2* +92% +6)s —4a* — 622 —1 =0

and
(2.4.3.2) s(a) =&
Such an s(x) is proved, by Hensel’s lemma (] , 84, Proposition 7]) to exist

uniquely. Now, let p3 : Gx — SLa(Z11[[x — @]]) be the representation defined
by
Tt/ x2—4s(z)

-1
p3(g1) = 2 sy promy
—s(x)+1 TNMEEE $2 45()
z++/x2—4s(x) 1

p3(92) = ° syt
S(l’) _1 z—/22—4s(x)

2
We can verify by (2.4.3.1) that ps is indeed a representation of G and by
(2.4.3.2) that ps is a deformation of 5. Moreover, we have tr(ps(g1)) = =,
hence p3 satisfies the condition (2.4.1). Therefore (Rp, = Z11[[z — o], p3) is
the universal deformation of ps.
Consider the 11-adic lifting p3 : Gx — SL2(Z11) of ps defined by p3|,—5:

54251 1
pP3lg91) = 2 5— — )
(91) a1 Nz
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5+y/25= T )
p3(g2) = 2 5—y25—as |
p—1 =5

where p is the unique solution in Z satisfying (4.5.1) with = 5 and g mod 11 =
0. Then we easily see that det(ps(g2) — I) = —3 # 0, and that Ag(ps;t) =
—2{—8u%+58u—52+5t+(—8u?+58—52)t?}, hence, Ax (p3; 1) = —2(—16u2+
1164 — 99) # 0. Therefore, by Theorem 2.3.2.2, H;(ps3) is a finitely generated
torsion Zq1[[x — a]]-module.

We let 7 := 919297 ' 95 ' 91929195 ' 91 '929195 '97 '95 " and set

= (o () o (35)) = nvom oo
2 — p3 391 7p3 892 — 1, 42,43, &, ).

By the computer calculation, we find that all 2-minors of 0y are given by

det(ay, az) = 2(z — 2){4(s — 1)a® + x — 4(2s — 1)?},

det(ay,as) = —3{4(s — 1)a* — 2(85% — 25 — 5)a? + 4(s — 1)z
+(4s — 3)(12s = 5)}(z — 2 — Va2 — 4s),

det(ay,aq) = 4(s — 1)zt — 8(s — 1)z — 4(4s® — 5s + 2)z?

(2.4.3.3) +4(8s% — Ts + 2)x — (4s — 1)?,

det(az,az) = —{4(s — 1)z* — 8(s — 1)z — 4(4s% — 55 + 2)2?
+4(8s2 — Ts + 2)x — (45 — 1)2},

det(as, ay) = 2{4(s — 1)a® + 2 — 4(2s — 1)?}(x — 2 + V22 — 4s),

det(as, aq) = 2(x — 2){4(s — 1)a® + 2 — 4(2s — 1)2}.

By (2.4.3.3) and the computer calculation, we find that z = « (s(a) = 4_4—‘/5)
gives a common zero of all 2-minors of d, and and their derivatives and is not a
common zero of the third order derivatives of all 2-minors. Hence the greatest
common divisor of all 2-minors is (z — a)?. Therefore, by Proposition 2.3.2.4,
we have

Hi(p3) ~ Z11 ® Z11, Li(ps) = (v — ).

Secondly, let k = F19 and O = Z9, and consider the following absolutely
irreducible representation whose PGL4(F1g)-conjugacy class corresponds to the
regular Fyg-rational point (x,y) = (6,6) of X(Gk)a.i:

- B 4 1\ _ 11 1
Pyt Gx — SLa(Fig); py(g1) = (1 11> » Palg2) = (1 14) ’

Let 3 := %,C = %5 € Zig so that S mod 19 = 6,¢ mod 19 = 2 € Fyg.
Let v = v(x) be the unique solution in Zg[[x — S]] satisfying the equation

(2.4.3.4) 640 — 16(2* + T)v? + 28(2? +2)v — 122> =7 =0
and
(2.4.3.5) v(B) = .
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Such a v(x) is proved, by Hensel’s lemma (| , §4, Proposition 7]) to exist
uniquely. Now, let py : Gx — SLa(Z1g[[x — f]]) be the representation defined
by

z4++4/x2—4v(x)

1
p4(gl) = ° z—+/2%2—4v(z) ’
o(z)—1  EVERE@
z—v/x2—4v(x) 1
pa(g2) = 2 3
Tt/ 22 —4v(x)
oa)—1 Vi@

We can verify by (2.4.3.4) that p, is indeed a representation of Gk and by
(2.4.3.5) that p, is a deformation of p,. Moreover, we have tr(ps(g1)) = =z,
hence p, satisfies the condition (2.4.1). Therefore (R5, = Zig[[x — B]], pa) is
the universal deformation of p,.

Consider the 19-adic lifting ps : Gx — SLa(Z19) of p, defined by p4l|.—¢:

6++/36—4v 1
pa(g1) = 2 63w | »
v—1 =5

6—+36—4v 1
pa(ge) = 2 6+v/36—4v |
v—l o ==

where v is the unique solution in Z1g satisfying (4.5.4) with z = 6 and v mod 19 =
2. Then we easily see that det(ps(g2) — I) = —4 # 0, and that Ag(py;t) =
—2{ 802 +80v — T4+ 6t + (—81% +80v — 74)t%}, hence, Ax (ps; 1) = —2(—16v>+
160v — 142) # 0. Therefore, by Theorem 2.3.2.2, Hi(py4) is a finitely generated
torsion Zig[[x — B]]-module.

We set 5 5
r r

Oy = — ), —_— = (b1, bs, b3, by).

= (o1 (7)o (7)) = oot

By the computer calculation, we find that all 2-minors of J; are given by

det(by, b)) = 2(x — 2){4(v — 1)2? + z — 4(2v — 1)?},
det(by1,b3) = —2{4(v — 1)z — 4(v — 1)z — (dv — 3)?}Va? — v
det(by,bs) = 4(v — 1)z* — (8v — 9)z3 — 2(8v2 — 10v + 5)x?
+4(8v% — 9v + 3)x — (4v — 3)?
(2.4.3.6) —(z = 2){4(v — D2? + = — 4(2v - 1)*}Va? — 4,
T det(ba, b3) = —{4(v — 1)z* — (8v — 9)z3 — 2(8v2 — 10v + 5)x?
+4(8v% — 9v + 3)x — (4v — 3)?}
—(z —2){4(v — Da? + 2 — 4(2v — 1)?}Va? — 4o,
det(by, by) = 2{4(v — 1) + o — 4(2v — 1)?}22 — 4o,
det(bs, by) = 2(z — 2){4(v — D)z® + 2 — 4(2v — 1)}

By (2.4.3.6) and the computer calculation, we find that z = 8 (v(8) = 7+T\/g) is
a common zero of all 2-minors of J; and their derivatives and is not a common
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zero of the third order derivatives of all 2-minors. Hence the greatest common
divisor of all 2-minors is (x — 8)2. Therefore, by Proposition 2.3.2.4, we have

Hi(ps) =~ Z1o @ Zng, Li(ps) = (z — B)>.

We see that all examples above answer Problems 2.3.2.1 affirmatively and
answer Problem 2.3.2.7 concretely.
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