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Abstract

The relevance vector regression (RVR) is a Bayesian nonlinear regression proce-
dure whose model is expressed in terms of kernel functions, like the support vector
regression (SVR). In order to overcome the sensitivity to outliers of the RVR,
the robust relevance vector regression (RRVR) procedures have been proposed. A
crucial issue in the model building process of the RRVR is the choice of kernel
parameters. The selection of these parameters can be viewed as a model selection
and evaluation problem. In this paper, we derive a model selection criterion for the
Bayesian predictive distribution of the RRVR models. Monte Carlo experiments
and real data analysis show that our model selection criterion performs well in
various situations.

Key Words and Phrases: Basis expansions, Bayesian predictive distribution, Model selection,

Robustness.

1. Introduction

Nonlinear regression modeling procedures are useful for analyzing data with a com-
plex structure and these procedures have been widely developed in various fields of sta-
tistical science (see, e.g., Bishop, 2006; Hastie et al., 2009). Basis expansion methods are
known to be efficient for constructing nonlinear regression models. The essential idea of
basis expansions is to express a regression function as a linear combination of specified
nonlinear functions, called basis functions (Konishi and Kitagawa, 2008; Hastie et al.,
2009). In order to capture the nonlinear structure of the data, various types of basis
functions have been proposed: e.g., natural cubic splines (Green and Silverman, 1994),
B-splines (Eilers and Marx, 1996; de Boor, 2001; Imoto and Konishi, 2003), radial ba-
sis functions (Bishop, 1995; Ripley, 1996; Ando et al., 2008; Hastie et al., 2009), and
thin plate splines (Girosi et al., 1995). These regression models are characterized by
parameters that need to be estimated. However, maximum likelihood and least squares
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methods often yield unstable estimated models. To overcome this difficulty, regulariza-
tion methods and the Bayesian approach have been widely used in model estimation
(see, e.g., Denison et al., 2002; Figueiredo, 2003; Bishop, 2006).

The relevance vector regression (RVR; Tipping, 2000; Tipping, 2001) is a nonlinear
regression procedure which expresses a model as a linear combination of kernel functions
with forms similar to those in the support vector regression (SVR; Vapnik, 1995; Vapnik,
1998). The coefficient parameters of the RVR model are automatically estimated, and
most of these are determined to be zero by a Bayesian methodology using automatic
relevance determination (ARD; Neal, 1996). It is known that the RVR overcomes some
weak points of the SVR, e.g., a selection problem of a trade-off parameter and a lack of
probability structure, and many successful examples by the RVR in various fields have
been reported (see, e.g., Liu et al., 2006; Cheng et al., 2013; Bai et al., 2014).

However, the RVR is sensitive to outliers because of the assumption that the errors
are Gaussian distributed with same variance parameter. This is important since it is
known that the goodness of fit for the data and predictive accuracy decrease when the
data include outliers. To overcome this difficulty, Han and Zhao (2010) proposed the
robust relevance vector regression (RRVR) procedure, in which the errors are assumed
to be Gaussian distributed with different variance parameters. Mitra et al. (2010) also
introduced the RRVR procedure using the sparse outlier modeling approach.

A crucial issue for the RRVR model building process is the selection of the optimal
values of the parameters of the kernel basis functions. This selection can be viewed as a
model selection and evaluation problem. In order to solve the model selection problem,
Stone (1974) presented the cross-validation (CV) method, which is one of the popular
model evaluation criteria. The CV evaluates the goodness of statistical models from a
predictive point of view by separating the data into training data and test data. Craven
and Wahba (1979) subsequently proposed the generalized cross-validation (GCV) which
approximates the leave-one-out CV criterion without data separation. The Akaike infor-
mation criterion (AIC; Akaike, 1973; Akaike, 1974) is another well-known model selection
criterion; the AIC evaluates the Kullback-Leibler (KL) divergence (Kullback and Leibler,
1951) between a statistical model and an unknown true model. In the modified Akaike
information criterion (mAIC) method proposed by Hastie and Tibshirani (1990), an off-
set term in the AIC is replaced by the trace value of the prediction matrix, called the
hat matrix. Schwarz (1978) presented the Bayesian information criterion (BIC) for eval-
uating the goodness of a statistical model estimated by the maximum likelihood method
from a Bayesian point of view. However, the RRVR is a Bayesian regression procedure,
and these information criteria were not derived to evaluate Bayesian statistical models.
We consider here how to solve this model selection problem from a theoretical point of
view. In Bayesian regression analysis, it is important to obtain a Bayesian predictive
distribution from a predictive viewpoint. However, there has been little research on
choosing the optimal values of kernel parameters in the RRVR framework by evaluating
the Bayesian predictive distribution.

In this paper, we derive a model selection and evaluation criterion for the Bayesian
predictive distribution in the RRVR framework. In deriving our proposed procedure,
we referred the predictive information criterion (PIC) proposed by Kitagawa (1997). In
Kitagawa (1997), the PIC was derived as an estimator of the KL divergence between the
Bayesian predictive distribution and the true model in the framework of the Bayesian
regression model based on Gaussian noise with known variance. The PIC has been used
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to evaluate various statistical models, e.g., Bayesian regression models with unknown
variance (Kim et al., 2012), the Bayesian lasso by Park and Casella (2008) (Kawano
et al., 2014), and the RVR models (Matsuda, 2015). In the model selection process
of the RRVR, the values of the kernel parameters are selected to minimize a proposed
criterion. The performance of this proposed model selection criterion is investigated in
various situations by using Monte Carlo simulations and real data examples.

The remainder of the paper is organized as follows. Section 2 describes the non-
linear regression model building process of the RVR. In Section 3, we describe the
framework of the RRVR models. We derive a model selection criterion for the Bayesian
predictive distribution of the RRVRs in Section 4. Monte Carlo simulations and a real
data analysis are presented in Section 5 to examine the performance of our model se-
lection strategy. Concluding remarks are given in Section 6. Detailed derivations of the
Bayesian predictive distribution and the PIC are relegated to the Appendix.

2. Relevance vector regression

Suppose that n observations {(yi, xi); i = 1, · · · , n} are obtained in terms of the
response variable y and explanatory variable x. In order to analyze data with a nonlinear
structure, we consider the regression model

yi = u(xi) + εi, i = 1, · · · , n,

where u(x) is an unknown regression function and errors εi are independently distributed
according to N(εi; 0, β

−1), where the notation indicates a Gaussian distribution over εi
with mean 0 and variance β−1 (β > 0).

Tipping (2000, 2001) presented a sparse Bayesian procedure for constructing regres-
sion models called the relevance vector regression (RVR). In model building processes
based on the RVR, kernel functions are used as basis functions as follows:

u(xi;w) = w0 +

n∑
j=1

wjkj(xi, xj) = wTϕ(xi),

where kj(x, x
′) are the kernel functions and ϕ(x) = (1, k1(x, x1), · · · , kn(x, xn))

T is a
vector of basis functions. For the kernel function, Gaussian, polynomial, and sigmoid
types are widely used. For more details about kernel functions, we refer the reader
to Bishop (2006). If the error terms εi are independently distributed according to
N(εi; 0, β

−1), then the model has the likelihood function

f(y|w, β) = (2πβ−1)−
n
2 exp

{
−β

2
(y − Φw)T (y − Φw)

}
,

where y = (y1, · · · , yn)T and Φ = (ϕ(x1), · · · , ϕ(xn))
T .

Next, we assume that the coefficient vector w has an automatic relevance determi-
nation (ARD; Neal, 1996) prior

p(w|α) =
n∏

j=0

N(wj ; 0, α
−1
j ) = (2π)−

n
2 |A| 12 exp

{
−1

2
wTAw

}
, (1)
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where α = (α0, α1, · · · , αn)
T is a vector of hyperparameters andA = diag(α0, α1, · · · , αn).

Then, from Bayes’ theorem, the posterior distribution of w is

p(w|y, α, β) = (2π)−
n
2 |Σ|− 1

2 exp

{
−1

2
(w − µ)TΣ−1(w − µ)

}
,

where the posterior mean µ and covariance matrix Σ are, respectively,

µ = βΣΦTy, Σ = (A+ βΦTΦ)−1.

The estimated values of hyperparameters α and variance parameter β are ob-
tained by the type-II maximum likelihood method (Berger, 1985), which maximizes
the marginal likelihood function

p(y|α, β) =
∫

p(y|w, β)p(w|α)dw = Nn(y;0, C),

where C = β−1In +ΦA−1ΦT and In is an n×n identity matrix. Setting the derivatives
of the marginal likelihood to zero, we obtain the estimators of α and β as

α̂j =
γj
µ2
j

(j = 0, 1, · · · , n),

β̂−1 =
||y − Φµ||2

n−
∑n

j=0 γj
,

where µj is the j-th element of the posterior mean µ, γj = 1 − αjΣjj , Σjj is the j-th
diagonal element of the posterior covariance matrix Σ, and || · || is the Euclidean norm.

3. Robust relevance vector regression

3.1. RRVR1: An approach using different variance parameters

The RVR is sensitive to outliers because of the assumption that the Gaussian errors
are distributed with same variance parameter. To overcome this difficulty, Han and Zhao
(2010) proposed the robust relevance vector regression (RRVR) procedure, which has the
errors distributed with different variance parameters. Henceforth, we call this method
RRVR1.

For n independent observations {(yi, xi); i = 1, · · · , n}, the RRVR1 model is given
by

yi = wTϕ(xi) + εi, i = 1, · · · , n,

where εi are independently distributed as N(εi; 0, σ
2/βi), in which σ2 is the average

variance parameter and βi are the individual variance parameters. Here, the prior
distribution of βi is assumed to be the gamma distribution Gamma(ai, bi), where ai > 0
and bi > 0. Then, the RRVR1 model has the following likelihood function:

f(y|w, β, σ2) = (2πσ2)−
n
2 |B| 12 exp

{
− 1

2σ2
(y − Φw)TB(y − Φw)

}
,
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where B = diag(β1, · · · , βn). Assuming ARD prior distribution (1) for coefficients w the
posterior distribution of w is given by

p(w|y, α, β, σ2) = (2π)−
n
2 |Σ|− 1

2 exp

{
−1

2
(w − µ)TΣ−1(w − µ)

}
,

where the posterior mean µ and covariance matrix Σ are, respectively,

µ = σ−2ΣΦTBy, Σ = (A+ σ−2ΦTBΦ)−1.

Then, the marginal likelihood function is

p(y|α, β, σ2) =

∫
p(y|w, β, σ2)p(w|α)dw = Nn(y;0, C),

where C = σ2B−1 + ΦA−1ΦT . The estimators of α, β, and σ2 are obtained by maxi-
mizing the logarithm of the product of p(y|α, β, σ2) and p(β) as follows:

α̂j =
γj
µ2
j

(j = 0, 1, · · · , n),

β̂i =
2ai + 1

2bi + σ−2[(yi − ϕ(xi)Tµ)2 + ϕ(xi)TΣϕ(xi)]
(i = 1, · · · , n),

σ̂2 =
(y − Φµ)TB(y − Φµ)

n−
∑n

j=0 γj
,

where γj = 1− αjΣjj , and Σjj is the j-th diagonal element of the posterior covariance
matrix Σ.

Since these formulas depend on each other, the calculation must be repeated until
a convergence condition is satisfied. In this optimization, most coefficient parameters
are estimated to be zero and the corresponding kernel functions are removed from the
model. The estimated model is then constructed using some design points corresponding
to non-zero coefficients, where these design points are referred to as relevance vectors
(RV; Tipping, 2001).

3.2. RRVR2: An approach using sparse outlier model

Mitra et al. (2010) proposed the RRVR procedure using the sparse outlier modeling
approach. Henceforth, we call this method RRVR2. In the framework of the RRVR2,
the model is given by

y = Φw + ε+ s,

where ε = (ε1, · · · , εn)T is a Gaussian component of the noise, εi is distributed according
to N(εi; 0, β

−1), and s = (s1, · · · , sn)T is a component due to outliers. The above
equation can be written as

y = Ψws + ε,

where Ψ = [Φ; In] is an n×(2n+1) matrix andws = [wT , sT ]T is the (2n+1)-dimensional
coefficient vector.
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Here, we consider an ARD prior over the coefficients ws, and then the posterior
distribution can be obtained by a Gaussian distribution N(ws;µ,Σ), where the posterior
mean and covariance matrix are given by, respectively,

µ = βΣΨTy, Σ = (A+ βΨTΨ)−1,

where A = diag(α0, · · · , α2n). The updates of the parameters are similar with those of
RVR in Section 2.

4. Model selection criterion

4.1. Predictive information criterion for the RRVR1

The Bayesian predictive distribution in the framework of the RRVR1 model is given
by

h(z|y, α̂, β̂, σ̂2) = N(z;µp,Σp),

where z = (z1, · · · , zn)T is a vector of future data generated independently of the ob-
served y, µp = Φµ̂, Σp = σ̂2B̂−1 + ΦΣ̂ΦT , µ̂ = σ̂−2Σ̂ΦT B̂y, Σ̂ = (Â + σ̂−2ΦT B̂Φ)−1,

Â = diag(α̂0, α̂1, · · · , α̂n) and B̂ = diag(β̂1, · · · , β̂n). The derivation of the Bayesian pre-

dictive distribution is given in Appendix A. Here, we denote h(z|y, α̂, β̂, σ̂2) as h(z|y).
The predictive information criterion (PIC) was proposed by Kitagawa (1997) for

evaluating the goodness of the Bayesian predictive distribution. The PIC of the RRVR1

model is

PIC = −2 log h(y|y) + 2Eq(y)

[
log h(y|y)− Eq(z)

[
log h(z|y)

]]
,

where q(·) is the unknown true distribution. Then, we assume that

q(z) = p(z|θq) = p(z|wq, βq, σ
2
q ) = N(z|µq,Σq),

where the true mean µq and the covariance matrix Σq are given by, respectively,

µq = Φwq, Σq = σ2
qB

−1
q ,

where Bq = diag(βq1, · · · , βqn).
Then, we obtain

Eq(y)

[
log h(y|y)− Eq(z)

[
log h(z|y)

]]

= −1

2
Ep(y|θq)

[
(y − µp)

TΣ−1
p (y − µp)− Ep(z|θq)

[
(z− µp)

TΣ−1
p (z− µp)

]]

= −1

2
tr

{
Σ−1

p Ep(y|θq)

[
(y − µq)(µq − µp)

T + (µq − µp)(y − µq)
T

]}
.

If we define a matrix Hp such that µp = σ̂−2ΦΣ̂ΦT B̂y = Hpy, then

Ep(y|θq)

[
(y − µq)(µq − µp)

T

]
= −σ2

qB
−1
q HT

p . (2)
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The derivation of (2) is given in Appendix B. Similarly, we can obtain

Ep(y|θq)

[
(µq − µp)(y − µq)

T

]
= Ep(y|θq)

[{
(y − µq)(µq − µp)

T

}T]
= −σ2

qHpB
−1
q .

Consequently, the PIC in the framework of the RRVR1 model is obtained as follows:

PIC = n log(2π) + log |Σp|+ (y − µp)
TΣ−1

p (y − µp) + σ2
q tr{Σ−1

p (B−1
q HT

p +HpB
−1
q )}

= n log(2π) + log |Σp|+ (y − µp)
TΣ−1

p (y − µp) + 2σ2
q tr(Σ

−1
p HpB

−1
q ).

However, this criterion depends on the unknown true values βq and σ2
q . We replace these

values by their estimators as follows:

PIC = n log(2π) + log |Σp|+ (y − µp)
TΣ−1

p (y − µp) + 2σ̂2tr(Σ−1
p HpB̂

−1).

We select the optimal kernel parameters so that they minimize the PIC.

4.2. Predictive information criterion for the RRVR2

In the framework of the RRVR2 model, the Bayesian predictive distribution is the
Gaussian distribution with mean µp and Σp given by

µp = β̂ΦΣ̂wΦ
Ty, Σp = β̂−1In +ΦΣ̂wΦ

T ,

where Σ̂w is the (n + 1) × (n + 1) matrix whose (i, j)-th element is (Σ̂)ij . Here (A)ij
means the (i, j)-th element of the matrix A and Σ̂ = (Â+ β̂ΨTΨ)−1.

According to Matsuda (2015), the PIC in the framework of the RRVR2 model is
obtained by

PIC = n log(2π) + log |Σp|+ (y − µp)
TΣ−1

p (y − µp) + 2β̂−1trΣ−1
p H,

where H = β̂ΦΣ̂ΦT is the hat matrix.

4.3. Other model selection criteria

4.3.1. Cross-validation

The cross-validation (CV; Stone, 1974) method evaluates a statistical model from
a predictive point of view. The leave-one-out CV (=

∑n
i=1{yi − û(−i)(xi)}2/n) was

introduced as an estimator of the predictive squared error by separating the data used for
model estimation and evaluation, where û(−i)(x) is the regression function constructed
from the (n−1) observations with the i-th observation (yi, xi) removed. The leave-one-
out CV is equivalent to the n-fold CV, in which the data is partitioned into n dataset
for training and testing. K-fold CV method is defined by dividing the data into K parts
{S1, · · · , SK} as follows

1

K

K∑
k=1

1

nk

∑
i∈Sk

{
yi − û(−Sk)(xi)

}2

.
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4.3.2. Generalized cross-validation

The CV method is known to be computationally expensive because of the data
separation. In order to overcome this difficulty, Craven and Wahba (1979) introduced
the generalized cross-validation (GCV) given by

GCV =
1

n

∑n
i=1{yi − û(xi)}2

{1− tr(H)/n}2
,

where H = σ−2ΣΦTB is the hat matrix. The GCV can avoid the high computational
cost of the conventional CV. For the details of the cross-validation methods, we refer the
reader to Stone (1974), Geisser (1975), Efron (1982), and Konishi and Kitagawa (2008).

4.3.3. Akaike information criterion

The Akaike information criterion (AIC; Akaike, 1973; Akaike, 1974) was proposed
for evaluating the goodness of statistical models from a predictive point of view based on
the KL divergence (Kullback and Leibler, 1951) between the statistical models estimated
by the maximum likelihood method and the true model. Replacing the number of free
parameters in AIC with the trace of the hat matrix H, Hastie and Tibshirani (1990)
introduced the modified Akaike information criterion (mAIC). The mAIC for the RRVR1

model is given by

mAIC = n log(2πσ̂2)− log |B̂|+ σ̂−2(y − Φŵ)T B̂(y − Φŵ)

+2tr{σ̂−2(Â+ σ̂−2ΦT B̂Φ)−1ΦT B̂}.

4.3.4. Bayesian information criterion

Schwarz (1978) presented the Bayesian information criterion (BIC), which is a
model evaluation criterion for statistical models obtained from a Bayesian point of view.
In a similar way to obtaining the mAIC, the mBIC of the RRVR1 model is can be
obtained as

mBIC = n log(2πσ̂2)− log |B̂|+ σ̂−2(y − Φŵ)T B̂(y − Φŵ)

+ log(n)tr{σ̂−2(Â+ σ̂−2ΦT B̂Φ)−1ΦT B̂}.

The optimal values for the kernel parameters are then those that minimize these model
selection and evaluation criteria.

5. Numerical examples

We demonstrated our model selection and evaluation criterion for the RRVR1.

5.1. Monte Carlo simulations

For the numerical simulations, we assumed that repeated random samples {(xi, yi);
i = 1, · · · , n} with n = 50 or 100 were generated from a true regression model yi =
u(xi) + εi, where we considered the following true regression models:

u1(x) =
sin(x)

x
,
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Figure 1: True curves (dotted lines; left, u1; middle, u2; right, u3) and generated data
(black dots) with outliers (white circles).

u2(x) = sin(2πx3),

u3(x) = 3 exp(−3x) sin(3πx).

Here, the design points xi were randomly distributed over the interval [−10, 10] in the
case of u1(x) and [0, 1] in the other cases, and the errors εi were independently and
normally distributed with mean zero and variance σ2 = 0.12, 0.22, or 0.32. In order to
consider the situation that the data include outliers, we add random samples {(xk, yk =
0.8); k = 1, · · · , l} in the case of u1(x) and {(xk, yk = 1.2); k = 1, · · · , l} in the other
cases with l = 5 or 10, where xk were also randomly distributed in the same interval as
each of the design points. Figure 1 shows the true curves along with the generated data
with outliers.

In constructing a regression model, we consider the Gaussian kernel function

k(x, x′) = exp

{
− (x− x′)2

2h2

}
, (3)

where h2 is the width parameter and we set the candidate values {1.52, 1.62, · · · , 3.52}
in the case of u1(x) and {0.302, 0.312, · · · , 0.502} in the other cases, and set the hyper-
parameters a and b to 1. The optimal value of the parameter of the kernel function is
then the one that minimizes the model evaluation criterion.

We performed 200 repetitions for each model situation and then calculated the
mean squared error between the estimated value and the value of the true model, namely,∑n

i=1{u(xi)− û(xi)}2/n, as the goodness of the predictive accuracy. Tables 1 to 3 show
the simulation results for the mean value (MEAN) and standard deviation (SD) of the
mean squared error in each situation.

The simulation results are summarized as follows. First, in many cases, the PIC
performs well for the model selection problem from a predictive point of view (i.e., it
provides a small mean squared error). The mAIC and mBIC have inferior results in all
cases. In several situations, the 10-fold CV (i.e., we use K = 10) and the GCV perform
better than the PIC, but there are cases when the CV methods perform significantly
worse than the PIC. Therefore, the PIC is considered to be better and more stable model
selection and evaluation criterion than other methods.
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Table 1: Simulation results for the true function u1(x). The bold values correspond to
the smallest means.

Mean squared error (MEAN(SD)×10−2)
n σ l 10-fold CV GCV mAIC mBIC PIC

50 0.1 5 0.370(0.976) 0.462(0.875) 0.752(0.530) 0.645(0.161) 0.298(0.338)
10 0.853(1.885) 1.065(1.882) 1.925(1.370) 1.797(1.075) 0.569(1.295)

0.2 5 1.256(1.787) 1.242(1.858) 2.086(0.698) 2.108(0.711) 1.177(0.777)
10 1.885(2.542) 1.872(2.594) 3.722(1.205) 3.586(1.156) 1.599(1.284)

0.3 5 2.146(1.952) 2.085(1.977) 3.140(1.131) 3.154(1.258) 2.187(1.178)
10 2.981(2.467) 2.861(2.600) 4.384(1.573) 4.494(1.910) 3.006(1.686)

100 0.1 5 0.154(0.069) 0.170(0.066) 0.189(0.074) 0.182(0.066) 0.155(0.070)
10 0.171(0.098) 0.193(0.100) 0.211(0.090) 0.204(0.066) 0.145(0.082)

0.2 5 0.550(0.309) 0.576(0.310) 0.618(0.260) 0.623(0.269) 0.582(0.259)
10 0.581(0.35) 0.640(0.337) 0.683(0.318) 0.662(0.259) 0.582(0.284)

0.3 5 1.092(0.548) 1.109(0.569) 1.204(0.447) 1.220(0.485) 1.154(0.441)
10 1.363(1.127) 1.358(1.131) 1.591(0.601) 1.599(0.653) 1.368(0.661)

Table 2: Simulation results for the true function u2(x). The bold values correspond to
the smallest means.

Mean squared error (MEAN(SD)×10−2)
n σ l 10-fold CV GCV mAIC mBIC PIC

50 0.1 5 1.140(2.019) 1.151(2.054) 2.437(1.685) 2.546(1.673) 0.806(1.803)
10 1.805(4.075) 2.170(3.681) 4.25(3.176) 3.782(3.265) 1.173(2.674)

0.2 5 1.532(1.760) 1.743(1.781) 2.873(1.327) 2.901(0.687) 1.235(1.037)
10 2.856(3.292) 3.097(3.314) 5.330(2.793) 5.282(3.400) 1.956(3.372)

0.3 5 2.361(1.813) 2.469(1.880) 3.483(1.284) 3.594(1.431) 2.269(1.360)
10 3.884(3.685) 4.073(3.678) 5.591(2.781) 5.727(3.479) 3.191(3.006)

100 0.1 5 0.306(1.075) 0.276(1.433) 0.905(0.319) 1.488(0.116) 0.192(0.817)
10 0.318(1.521) 0.367(1.534) 1.582(0.405) 2.017(0.141) 0.220(0.383)

0.2 5 0.665(1.000) 0.689(1.029) 1.857(0.324) 2.148(0.249) 0.628(0.301)
10 0.823(1.147) 0.926(1.130) 2.263(0.691) 2.411(0.313) 0.660(0.581)

0.3 5 1.209(0.951) 1.223(1.015) 2.286(0.575) 2.481(0.519) 1.192(0.589)
10 1.520(1.294) 1.557(1.315) 2.782(0.897) 2.843(0.594) 1.302(0.973)
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Table 3: Simulation results for the true function u3(x). The bold values correspond to
the smallest means.

Mean squared error (MEAN(SD)×10−2)
n σ l 10-fold CV GCV mAIC mBIC PIC

50 0.1 5 0.750(3.347) 0.650(3.434) 4.352(0.595) 3.914(0.679) 0.552(1.166)
10 1.884(4.740) 2.012(4.952) 6.821(2.224) 6.380(0.735) 0.757(2.312)

0.2 5 1.532(3.783) 1.544(4.407) 3.760(2.121) 3.797(1.049) 1.368(1.068)
10 2.686(5.453) 2.396(5.688) 6.228(2.203) 5.845(0.982) 1.617(2.619)

0.3 5 2.381(2.027) 2.306(3.943) 3.105(1.202) 3.758(1.198) 2.350(1.283)
10 3.903(4.442) 3.590(6.371) 4.730(2.724) 5.368(2.197) 3.362(2.762)

100 0.1 5 0.204(2.408) 0.214(2.432) 1.666(0.163) 1.717(0.128) 0.170(0.142)
10 0.274(2.804) 0.297(2.871) 4.779(0.248) 4.677(0.265) 0.203(0.208)

0.2 5 0.558(1.647) 0.556(1.438) 1.301(0.291) 1.144(0.334) 0.582(0.285)
10 0.668(2.413) 0.682(2.327) 3.213(0.441) 2.624(0.396) 0.606(0.437)

0.3 5 1.187(0.977) 1.167(1.058) 1.487(0.565) 1.542(0.638) 1.243(0.57)
10 1.196(1.354) 1.241(1.186) 1.797(0.573) 1.702(0.649) 1.283(0.567)

5.2. Real data analysis

We investigated the performance of our model procedure for choosing the kernel
parameters of the RRVR1 model through an analysis of fossil data (Bralower et al.,
1997). The fossil dataset, which is available in the SemiPar R package (Ruppert et
al., 2003), has 106 observations on fossil shells. Each observation consists of the age in
millions of years as x and a ratio of strontium isotopes as y. Because the range of values
of variable y is very small, for the analysis, we normalized the values of y.

We compared our proposed procedure to other model selection criteria by using
a subset of the data for testing and the remainder for training. More specifically, we
selected a random subset of size m (= 10 or 20) from the fossil data for testing and
added l (= 5 or 10) random outliers to the remaining data. The x values of the outliers
were randomly distributed over the interval [90, 125] and the y values were all set to
−2. Figure 2 shows an example of the fossil data and outliers. We fitted the RRVR1

model with Gaussian kernel (3) and selected the optimal value of kernel parameter h2,
i.e., the value that minimizes the model selection criterion, for each criterion. We set
the candidates of the kernel parameter as {2.52, 3.02, · · · , 7.52}.

For each situation, we performed 200 repetitions and calculated the mean predictive
error for the test data, namely,

∑m
i=1{u(xi) − û(xi)}2/m. Table 4 shows the results in

terms of the mean value (MEAN) and standard deviation (SD) of the mean predictive
error. The result presented to demonstrate that the PIC performs well in all situations.

6. Conclusion

We derived a model selection criterion for evaluating the Bayesian predictive distri-
bution of RRVR models by Han and Zhao (2010) and Mitra et al. (2010). This criterion
enabled us to objectively select an optimal value of the kernel parameter in RRVR mod-
els. Monte Carlo experiments and real data analysis showed that our proposed criterion
performs well in various situations.

It is interesting to extend our methodology for other Bayesian procedures and
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Figure 2: Fossil data with outliers.

Table 4: Results for the fossil data. The bold values correspond to the smallest means.

Mean predictive error (MEAN(SD))
m l GCV mAIC mBIC PIC

10 5 0.150(0.075) 0.174(0.066) 0.176(0.067) 0.148(0.074)
10 0.166(0.137) 0.168(0.090) 0.167(0.074) 0.152(0.093)

20 5 0.156(0.057) 0.180(0.055) 0.180(0.055) 0.155(0.054)
10 0.164(0.084) 0.172(0.065) 0.170(0.044) 0.159(0.083)
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the regularization methods: e.g., the nonconvex penalization methods (She and Owen,
2011). We consider these topics as future research.

Appendix

A. Derivation of Bayesian predictive distribution

The Bayesian predictive distribution of the RRVR1 model is given by

h(z|y, α̂, β̂, σ̂2)

=

∫
p(z|ŵ, β̂, σ̂2)p(w|y, α̂, β̂, σ̂2)dw

=

∫
N(z; Φw, σ̂2B̂−1)N(w; µ̂, Σ̂)dw

= c1

∫
exp

{
−1

2

(
σ̂−2(z− Φw)T B̂(z− Φw) + (w − µ̂)T Σ̂−1(w − µ̂)

)}
dw

= c2 exp

{
−1

2
σ̂−2zT B̂z

}∫
exp

{
−1

2

(
w − (Σ̂−1 + σ̂2ΦT B̂Φ)−1(Σ̂−1µ+ σ̂−2ΦT B̂z)

)T

(Σ̂−1 + σ̂2ΦTBΦ)(
w − (Σ̂−1 + σ̂2ΦT B̂Φ)−1(Σ̂−1µσ̂−2ΦT B̂z)

)}
+
1

2
(Σ̂−1µ+ σ̂−2ΦT B̂z)T (Σ̂−1 + σ̂2ΦT B̂Φ)−1(Σ̂−1µσ̂−2ΦT B̂z)dw

= c3 exp

{
−1

2

(
zT (σ̂−2B̂ − σ̂−4B̂Φ(Σ̂−1 + σ̂−2ΦT B̂Φ)−1ΦT B̂)z

−2σ̂−2zT B̂Φ(Σ̂−1 + σ̂−2ΦT B̂Φ)−1Σ̂−1µ̂

)}
= c3 exp

{
−1

2

(
zT (σ̂2B̂−1 +ΦΣ̂ΦT )−1z

−2σ̂−2zT B̂Φ(Σ̂−1 + σ̂−2ΦT B̂Φ)−1Σ̂−1µ̂

)}
= c3 exp

{
−1

2

(
z− σ̂−2(σ̂2B̂−1 +ΦΣ̂ΦT )B̂Φ(Σ̂−1 + σ̂−2ΦT B̂Φ)−1Σ̂−1µ̂

)T

(σ̂2B̂−1

+ΦΣ̂ΦT )−1

(
z− σ̂−2(σ̂2B̂−1 +ΦΣ̂ΦT )B̂Φ(Σ̂−1 + σ̂−2ΦT B̂Φ)−1Σ̂−1µ̂

)}
,

where c1, c2, and c3 are constant values. Here, the equation

(Σ̂−1 + σ̂−2ΦT B̂Φ)−1 = Σ̂− Σ̂Φ(σ̂2B̂−1 +ΦΣ̂ΦT )−1ΦT Σ̂

is used. Also, we have

σ̂−2(σ̂2B̂−1 +ΦΣ̂ΦT )B̂Φ(Σ̂−1 + σ̂−2ΦT B̂Φ)−1Σ̂−1µ̂

= σ̂−2(σ̂2B̂−1 +ΦΣ̂ΦT )B̂Φ(Σ̂− Σ̂Φ(σ̂2B̂−1 +ΦΣ̂ΦT )−1ΦT Σ̂)Σ̂−1µ̂
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= Φµ̂− ΦΣ̂ΦT (σ̂2B̂−1 +ΦΣ̂ΦT )−1Φµ̂+ σ̂−2ΦΣ̂ΦT B̂Φµ̂

−σ̂−2ΦΣ̂ΦT B̂ΦΣ̂ΦT (σ̂2B̂−1 +ΦΣ̂ΦT )−1Φµ̂

= Φµ̂+ σ̂−2ΦΣ̂ΦT B̂Φµ̂− σ̂−2ΦΣ̂ΦT B̂(σ̂2B̂−1 +ΦΣ̂ΦT )(σ̂2B̂−1 +ΦΣ̂ΦT )−1Φµ̂

= Φµ̂.

Therefore, we obtain

h(z|y, α̂, β̂, σ̂2) = N(z;µp,Σp),

where µp = Φµ̂ and Σp = σ̂2B̂−1 +ΦΣ̂ΦT .

B. Derivation of predictive information criterion

We assume that q(z) = N(z|µq,Σq), where µq = Φwq and Σq = σ2
qB

−1
q , and obtain

Ep(y|θq)

[
(y − µq)(µq − µp)

T

]
= Ep(y|θq)

[
(y − µq)

{
(µq − y) + (y −Hpy)

}T]
= −σ2

qB
−1
q + Ep(y|θq)

[
(y − µq)y

T

]
(I −Hp)

T

= −σ2
qB

−1
q + Ep(y|θq)

[
(y − µq)(y − µq)

T

]
(I −Hp)

T

= −σ2
qB

−1
q + σ2

qB
−1
q (I −HT

p )

= −σ2
qB

−1
q HT

p .
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