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Abstract

Estimation for a density ratio has an important role in statistical inference. We can
use the estimator for testing homogeneity of two samples, detecting change point
etc. Let f(x) and g(x) denote probability density functions and g(x0) ̸= 0 (x0 ∈ R).
There are several ways to estimate the density ratio f(x0)/g(x0). In this paper we
discuss a kernel estimation that is a popular method in nonparametric statistical
inference. A naive estimator is constituted from separate estimators of f(x0) and
g(x0), which we call an indirect estimator. Another estimator is proposed by Ćwik
and Mielniczuk (1989), which we call a direct estimator. Extending Ćwik and
Mielniczuk (1989)’s method, we propose a new direct estimator, and derive an
asymptotic mean squared error. We also prove central limit theorem of the new
estimator, and compare mean squared errors of the proposed estimator and the
direct estimator by simulation.

1. Introduction

Let X1, · · · , Xm and Y1, · · · , Yn denote two independent random samples ob-
tained from two populations with distribution functions F (x) and G(x), and prob-
ability density functions f(x) and g(x), respectively. For fixed x0 ∈ R, let us
consider the estimation of the density ratio f(x0)/g(x0) where g(x0) ̸= 0. The
density ratio is not only related to the likelihood ratio concept, but also has a
variety of applications in statistical inferences, like testing equality of two samples,
discriminant analysis, estimation of separation measures etc. Let h = hn be a
sequence of positive numbers which converges to 0 and (m + n)hn → ∞. Let K
be a kernel function which satisfies∫ ∞

−∞
K(u)du = 1.

For the sake of simplicity, we assume m = n and use the same kernel K(t) for
kernel estimators of f(x0) and g(x0), which are given by

f̂(x0) =
1

nh

n∑
i=1

K

(
x0 −Xi

h

)
and

ĝ(x0) =
1

nh

n∑
i=1

K

(
x0 − Yi

h

)
,
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respectively. In addition, the kernel estimator of G(x0) is defined as

Ĝ(x0) =
1

n

n∑
i=1

W

(
x0 − Yi

h

)
,

where

W (t) =

∫ t

−∞
K(u)du.

The kernel estimator was introduced by Fix and Hodges (1951), and Akaike (1954).
Rosenblatt (1956) and Parzen (1962) have obtained basic properties of the estima-
tor. Mean integrated squared errors of the kernel density estimators are discussed
in many papers. The best order of the bandwidth, which minimizes the mean inte-
grated squared errors of the density estimators, is O(n−1/5). There are also many
papers which studied bias reduction, bandwidth selection, etc. It is easy to show
asymptotic normality of a standardized kernel estimator. First we introduce a indi-
rect and direct estimators of the density ratio f(x0)/g(x0). The indirect estimator

is defined as f̂(x0)/ĝ(x0). Absava and Nadareishvili (1985) studied asymptotic
properties of the indirect estimator and proved strong uniform consistency. Mo-
tivated by the fact that f(x)/g(x) is the density function of G(X1) evaluated at
G(x), Ćwik and Mielniczuk (1989) introduced the following direct kernel estimator
of f(x0)/g(x0)

f̃(x0)

g(x0)
=

1

nh

n∑
i=1

K

(
Gn(x0)−Gn(Xi)

h

)
,

where Gn(x) =
∑n

i=1 I(Yi ≤ x)/n is an empirical distribution function, and I(·) is
an indicator function. They discussed its strong uniform consistency, asymptotic
normality and applications in discriminant analysis.

These estimators have both advantage and disadvantage. We can see that
the indirect estimator has smoothness because of the kernel density estimator is
smooth, but the indirect estimator can diverge when the denominator is too small.
On the other hand, the direct estimator does not diverge, but it is not smooth
because it uses empirical distribution function. Since the empirical distribution

is a step function, f̃(x0)
g(x0)

takes discrete values with probability 1. Since Ĝ(·) is a
smooth function, we propose the following smooth direct estimator

f̂(x0)

g(x0)
=

1

nh

n∑
i=1

K

(
Ĝ(x0)− Ĝ(Xi)

h

)
.

In this paper, we will discuss asymptotic properties of the direct smooth esti-
mator. In Section 2, we derive a mean squared error and the central limit theorem
for the smooth direct estimator. In Section 3, we simulate mean squared error

of the new estimator f̂(x0)
g(x0)

and compare its mean squared errors with the direct

estimator f̃(x0)
g(x0)

.

2. Mean squared error and central limit theorem

In this section, we will obtain the mean squared errors and show the asymptotic
normality of the new estimator. First, we will discuss the mean squared error. For
the kernel distribution estimator, we have the following moment evaluations.
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Theorem 2.1. Assume that (i)g′(u) exists and |g′(u)| ≤ M for M > 0 and
u ∈ R, (ii) K is a symmetric around the origin 0 and satisfies

∫
u2K(u)du < ∞.

If h = O(n−d)(0 < d < 1/2), then for p ≥ 2 we have

E{|Ĝ(x0)−G(x0)|p} = O(h2p) +O

(
1

np/2

)
.

Proof. Since Ĝ(x0) is a mean of i.i.d. random variables, we can apply the

moment evaluations of martingales (see Dharmadhikari et al. (1968)). Since Ĝ(x0)
has a bias, we consider the following decomposition

Ĝ(x0)−G(x0)

= Ĝ(x0)− E

[
W

(
x0 − Y1

h

)]
+ E

[
W

(
x0 − Y1

h

)]
−G(x0).

Here we use the symmetric kernel K(·) and then it follows from the discussion of
the kernel distribution estimator that

E

[
W

(
x0 − Y1

h

)]
−G(x0) = −µ2h

2

2
g′(x0) +O(h3),

where µ2 =
∫
u2K(u)du. Since W (·) is bounded, we get

E

∣∣∣∣W (
x0 − Y1

h

)∣∣∣∣p = O(1),

and then

E

∣∣∣∣W (
x0 − Y1

h

)
− E

{
W

(
x0 − Y1

h

)}∣∣∣∣p = O(1).

Therefore, it follows from the moment evaluations of martingales that for p ≥ 2

E
∣∣∣Ĝ(x0)−G(x0)

∣∣∣p
≤ 2p−1E

∣∣∣∣Ĝ(x0)− E

[
W

(
x0 − Y1

h

)]∣∣∣∣p + 2p−1

∣∣∣∣E [W (
x0 − Y1

h

)]
−G(x0)

∣∣∣∣p
≤ cn−p/2E

∣∣∣∣W (
x0 − Y1

h

)
− E(W )

∣∣∣∣p + 2p−1

∣∣∣∣E [W (
x0 − Y1

h

)]
−G(x0)

∣∣∣∣p
= O(n−p/2) +O(h2p).

This completes the proof of the theorem.

Hereafter we assume that the support of the kernel function K(·) is [−1, 1].
Let us define

r(u) =
f(G−1(u))

g(G−1(u))
.

Then we have the following AMSE(asymptotic mean squared error).

Theorem 2.2. In addition to the conditions in Theorem 1, we assume that the
support of K is [−1, 1],

∫
K′′(u)du = 0 and K(4) is bounded. If h = O(n−d)(1/6 ≤

d ≤ 1/4) and r(4)(u) is bounded, AMSE of the new estimator is given by

E

[{
f̂(x0)

g(x0)
− f(x0)

g(x0)

}2]
= B1(x0) +O

(
1

n
+ h6

)
, (1)
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where

B1(x0) =

{
r′′(G(x0))

2
− fg′′

2g2
(x0)

}2

µ2
2h

4 +
1

nh

{
f(x0)

g(x0)
+

f2(x0)

g3(x0)

}∫ 1

−1

K2(u)du

and

r′′(G(x0)) =
1

g5(x0)

{
g(x0)

[
g(x0)f

′′(x0)− f(x0)g
′′(x0)

]
−3g′(x0)

[
g(x0)f

′(x0)− f(x0)g
′(x0)

]}
.

Proof. See appendix.

Chen et al. (2009) obtained the asymptotic mean squared errors of the indirect
and direct estimators as follows:

E

[{
f̂(x0)

ĝ(x0)
− f(x0)

g(x0)

}2]
= B2(x0) +O

(
1

n
+ h5

)
(2)

and

E

{ f̃(x0)

g(x0)
− f(x0)

g(x0)

}2
 = B3(x0) +O

(√
logn

n2h
+ h2

√
logn

n
+

logn

n
+ h6

)
,

(3)
where

B2(x0) =

{
f ′′(x0)

2g(x0)
− fg′′

2g2
(x0)

}2

µ2
2h

4 +
1

nh

{
f(x0)

g2(x0)
+

f2(x0)

g3(x0)

}∫ 1

−1

K2(u)du

and

B3(x0) =

{
r′′(G(x0))

2

}2

µ2
2h

4 +
1

nh

{
f(x0)

g(x0)
+

f2(x0)

g2(x0)

}∫ 1

−1

K2(u)du.

By using asymptotic mean squared errors (1), (2) and (3), we can compare the
estimators, theoretically.

Example Let us consider the case that f(x) = g(x) (x ∈ R), h = n−1/5 and
K(u) = 15(1− u2)2I(|u| ≤ 1)/16. It is easy to see that

r′′(G(x0)) = 0,
f ′′(x0)

2g(x0)
− fg′′

2g2
(x0) = 0, µ2 =

1

7
, and

∫ 1

−1

K2(u)du =
5

7
.

If the distribution F (x) is standard normal N(0, 1), we get

B1(x0) = n−4/5

{
(x2

0 − 1)2

196
+

5

7

(
1 +

√
2πex

2
0/2
)}

,

B2(x0) = n−4/5 10
√
2π

7
ex

2
0/2,

B3(x0) = n−4/5 10

7
.

Thus we have B3(x0) < B1(x0) < B2(x0) for any x0 ∈ R.

Though f̃(x0)
g(x0)

has small asymptotic mean squared error in the above example,

it is not smooth estimator. The asymptotic mean squared error of f̂(x0)
g(x0)

is smaller



On direct kernel estimator of density ratio 31

than the indirect estimator, and f̂(x0)
g(x0)

is smooth. Furthermore, as shown in the

next section, when the sample size is small, f̂(x0)
g(x0)

has small mean squared errors.

As a kernel estimator of the density ratio, we recommend f̂(x0)
g(x0)

.

For the bandwidth h = n−1/5, we have the asymptotic normality of the new
estimator as follows.

Theorem 2.3. Assume the conditions of Theorem 2. If h = n−1/5, we have

√
nh

[
f̂(x0)

g(x0)
− f(x0)

g(x0)

]
L−→ N(µ⋆, σ

2
⋆),

where

µ⋆ =

{
r′′(G(x0))

2
− fg′′

2g2
(x0)

}
µ2,

σ2
⋆ =

{
f(x0)

g(x0)
+

f2(x0)

g3(x0)

}∫ 1

−1

K2(u)du.

Proof. See appendix.

3. Simulation

We compare the mean squared errors (MSE) of the new estimator f̂(x0)
g(x0)

and the

direct estimator f̃(x0)
g(x0)

by simulation. Based on 10,000 repetitions, we simulate the

mean squared errors when n = 10, h = n−1/5 and K(u) = 15(1−u2)2I(|u| ≤ 1)/16
which satisfies the condition

∫
K′′(u)du = 0. Since the underlying distribution

does not affect the simulation results significantly, we only consider the case that
the underlying distribution is a normal N(µ, σ2). Using the following samples, we

simulate MSE of f̂(x0)
g(x0)

and the ratio of MSEs of the direct and new estimators.

1. Figure 1 and 2 : Xi ∼ N(0, 1) and Yi ∼ N(0, 1)

2. Figure 3 and 4 : Xi ∼ N(0.5, 1) and Yi ∼ N(0, 1)

3. Figure 5 and 6 : Xi ∼ N(0, 4) and Yi ∼ N(0, 1)

4. Figure 7 and 8 : Xi ∼ N(0, 1) and Yi ∼ N(0.5, 1)

5. Figure 9 and 10 : Xi ∼ N(0, 1) and Yi ∼ N(0, 4)

In many cases, the simulated MSEs of the new estimator f̂(x0)
g(x0)

are smaller
than those of the direct estimator. This comes from the fact that the sample size
n = 10 is small. The new estimator is smooth enough even when the sample size
is small, whereas the direct estimator is not smooth. The proposed new estimator
is smooth and has small MSE, and then the new estimator is useful.
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4. Appendix

Proof of Theorem 2.
By using Taylor expansion we have the following representation

f̂(x0)

g(x0)
=

1

nh

n∑
i=1

K

(
Ĝ(x0)− Ĝ(Xi)

h

)

=
1

nh

n∑
i=1

K

(
G(x0)−G(Xi)

h

)

+
1

nh

n∑
i=1

1

h
K′
(
G(x0)−G(Xi)

h

)
[{Ĝ(x0)−G(x0)} − {Ĝ(Xi)−G(Xi)}]

+
1

nh

n∑
i=1

1

2h2
K′′

(
G(x0)−G(Xi)

h

)
[{Ĝ(x0)−G(x0)} − {Ĝ(Xi)−G(Xi)}]2

+
1

nh

n∑
i=1

1

6h3
K(3)

(
G(x0)−G(Xi)

h

)
[{Ĝ(x0)−G(x0)} − {Ĝ(Xi)−G(Xi)}]3

+
1

nh

n∑
i=1

1

24h4
K(4) (δ) [{Ĝ(x0)−G(x0)} − {Ĝ(Xi)−G(Xi)}]4

= J1 + J2 + J3 + J4 + J5 (say),

where δ lies in between {Ĝ(x0)−G(x0)}/h and {Ĝ(Xi)−G(Xi)}/h.
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For the first term J1, by using the transformation u = [G(x0)−G(y)]/h, we get

E[J1] = E

{
1

nh

n∑
i=1

K

(
G(x0)−G(Xi)

h

)}

=

∫ ∞

−∞

1

h
K

(
G(x0)−G(y)

h

)
f(y)dy

=

∫ G(x0)/h

[G(x0)−1]/h

K(u)r(G(x0)− uh)du.

Since the support of K(·) is [−1, 1], we get [G(x0)− 1]/h < −1 and G(x0)/h > 1
for sufficently small h. Thus we have

∫ G(x0)/h

[G(x0)−1]/h

K(u)r(G(x0)− uh)du =

∫ 1

−1

K(u)r(G(x0)− uh)du.

By using the Taylor expansion, we can show that

E[J1] = r(G(x0)) +
1

2
µ2h

2r′′(G(x0)) +O(h4)

=
f(x0)

g(x0)
+

1

2
µ2h

2r′′(G(x0)) +O(h4).

Similarly, we can get the following approximation

V ar[J1] =
1

nh2
V ar

[
K

(
G(x0)−G(X1)

h

)]
=

1

nh2

(
E

{
K2

(
G(x0)−G(X1)

h

)}
−
{
E

[
K

(
G(x0)−G(X1)

h

)]}2
)

=
1

nh

f(x0)

g(x0)

∫ 1

−1

K2(u)du+O

(
1

n

)
.

Let us define

An(x, y) = {Ĝ(x)−G(x)} − {Ĝ(y)−G(y)},
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and then J2 can be further represented as

J2 =
1

nh

n∑
i=1

1

h
K′
(
G(x0)−G(Xi)

h

)
An(x0, Xi)

=
1

h2

∫
K′
(
G(x0)−G(y)

h

)
An(x0, y)dFn(y)

=
1

h2

∫
K′
(
G(x0)−G(y)

h

)
An(x0, y)d[Fn(y)− F (y)]

+
1

h2

∫
K′
(
G(x0)−G(y)

h

)
An(x0, y)dF (y)

=
1

h2

∫
K′
(
G(x0)−G(y)

h

)
An(x0, y)d[Fn(y)− F (y)]

+
1

h2

∫
f(y)

g(y)
K′
(
G(x0)−G(y)

h

)
An(x0, y)dG(y)

=
1

h2

∫
K′
(
G(x0)−G(y)

h

)
An(x0, y)d[Fn(y)− F (y)]

+
1

h2

∫ [
f(y)

g(y)
− f(x0)

g(x0)

]
K′
(
G(x0)−G(y)

h

)
An(x0, y)dG(y)

+
1

h2

∫
f(x0)

g(x0)
K′
(
G(x0)−G(y)

h

)
An(x0, y)dG(y)

= J21 + J22 + J23 (say).

We evaluate expectations and variances of the above J2k (k = 1, · · · , 3). Since for
any function α(·), we have

E

{∫
α(y)d[Fn(y)− F (y)]

}
= 0,

where Fn(y) =
∑n

i=1 I(Xi ≤ y)/n. Then we get

E[J21] =
1

h2
E

{∫
K′
(
G(x0)−G(y)

h

)
An(x0, y)d[Fn(y)− F (y)]

}
= 0

and if h = O(n−d) (1/6 ≤ d ≤ 1/4), we have

V ar[J21] =
1

h4
E

{∫ ∫
K′
(
G(x0)−G(y)

h

)
K′
(
G(x0)−G(z)

h

)
×An(x0, y)An(x0, z)d[Fn(y)− F (y)]d[Fn(z)− F (z)]

}
=

1

h4
E

{∫ ∫
K′
(
G(x0)−G(y)

h

)
K′
(
G(x0)−G(z)

h

)
×
{
O(h4) +O

(
1

n

)}
d[Fn(y)− F (y)]d[Fn(z)− F (z)]

}
= O

(
1

n

)
+O

(
1

n2h4

)
= O

(
1

n

)
.
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Therefore we have

E[J21] = 0 and V ar[J21] = O

(
1

n

)
. (4)

Next, we consider J22. By using the Taylor expansion, we get

E[J22] =
1

h2

∫ [
f(y)

g(y)
− f(x0)

g(x0)

]
K′
(
G(x0)−G(y)

h

)
E{An(x0, y)}dG(y)

=
µ2

2

∫ [
f(y)

g(y)
− f(x0)

g(x0)

]
K′
(
G(x0)−G(y)

h

)
×{g′(x0)− g′(y) +O(h2)}dG(y)

=
µ2

2
h

∫ 1

−1

[
f

g
(G−1(G(x0)− uh))− f(x0)

g(x0)

]
K′ (u)

×{g′(x0)− g′(G−1(G(x0)− uh)) +O(h2)}du

=
µ2

2
h

∫ 1

−1

O(h)uK′ (u)O(h)udu

= O(h3).

Since |W (y)| ≤ 1 and |G(y)| ≤ 1, we get

V ar[J22]

= E[J2
22]− {E[J22]}2

= E
1

n2h4

∫ ∫ [
f(y)

g(y)
− f(x0)

g(x0)

] [
f(z)

g(z)
− f(x0)

g(x0)

]
×K′

(
G(x0)−G(y)

h

)
K′
(
G(x0)−G(z)

h

)
×

n∑
i=1

[{
W

(
x0 − Yi

h

)
−G(x0)

}
−
{
W

(
y − Yi

h

)
−G(y)

}]

×
n∑

j=1

[{
W

(
x0 − Yj

h

)
−G(x0)

}
−
{
W

(
z − Yj

h

)
−G(z)

}]
×dG(y)dG(z)

−{E[J22]}2

=
1

nh4

∫ ∫ [
f(y)

g(y)
− f(x0)

g(x0)

] [
f(z)

g(z)
− f(x0)

g(x0)

]
×K′

(
G(x0)−G(y)

h

)
K′
(
G(x0)−G(z)

h

)
×E

[[{
W

(
x0 − Yi

h

)
−G(x0)

}
−
{
W

(
y − Yi

h

)
−G(y)

}]

×
[{

W

(
x0 − Yi

h

)
−G(x0)

}
−
{
W

(
z − Yi

h

)
−G(z)

}]]
×dG(y)dG(z)

− 1

n
{E[J22]}2
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=
1

nh4

{
h

∫ 1

−1

[
f

g
(G−1(G(x0)− uh))− f(x0)

g(x0)

]
K′ (u)O(1)du

}2

+O

(
h6

n

)
=

1

nh2

{∫ 1

−1

O(h)uK′ (u)O(1)du

}2

+O

(
h6

n

)
= O

(
1

n

)
.

Therefore, we have

E[J22] = O(h3) and V ar[J22] = O

(
1

n

)
. (5)

We proceed to evaluate E[J23]. It follows from Lemma 4 of Stute (1984) that

∫
K′
(
G(x0)−G(y)

h

)
dG(y) = −h

[
K

(
G(x0)−G(y)

h

)]y=∞

y=−∞

= −h

[
K

(
G(x0)− 1

h

)
−K

(
G(x0)

h

)]
= 0,

and ∫
{Ĝ(y)−G(y)}dK

(
G(x0)−G(y)

h

)
=

[
{Ĝ(y)−G(y)}K

(
G(x0)−G(y)

h

)]y=∞

y=−∞

−
∫

K

(
G(x0)−G(y)

h

)
d[Ĝ(y)−G(y)]

= −
∫

K

(
G(x0)−G(y)

h

)
d[Ĝ(y)−G(y)]

= −
∫

K

(
G(x0)−G(y)

h

)
[ĝ(y)− g(y)]dy.

Thus we can show that

J23 =
1

h2

∫
f(x0)

g(x0)
K′
(
G(x0)−G(y)

h

)
An(x0, y)dG(y)

=
1

h2
{Ĝ(x0)−G(x0)}

f(x0)

g(x0)

∫
K′
(
G(x0)−G(y)

h

)
dG(y)

− 1

h2

f(x0)

g(x0)

∫
{Ĝ(y)−G(y)}K′

(
G(x0)−G(y)

h

)
dG(y)

= 0− 1

h2

f(x0)

g(x0)
h

∫
{Ĝ(y)−G(y)}dK

(
G(x0)−G(y)

h

)
= − 1

h

f(x0)

g(x0)

∫
K

(
G(x0)−G(y)

h

)
[ĝ(y)− g(y)]dy.
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By using the Taylor expansion, we have

E[J23] = − 1

h

f(x0)

g(x0)

∫
K

(
G(x0)−G(y)

h

)[
1

2
µ2h

2g′′(y) +O(h4)

]
dy

= −1

2
µ2h

2 f(x0)

g(x0)

∫ 1

−1

K (u)
g′′

g
(G−1(G(x0)− uh))du+O(h4)

= −1

2
µ2h

2 fg
′′

g2
(x0) +O(h4).

Similarly, we obtain

V ar[J23]

= E[J2
23]− {E[J23]}2

=
1

h2

[
f(x0)

g(x0)

]2 ∫ ∫
K

(
G(x0)−G(y)

h

)
K

(
G(x0)−G(z)

h

)
×E[Ĝ(y)− g(y)][Ĝ(z)− g(z)]dydz − {E[J23]}2

=
1

nh2

[
f(x0)

g(x0)

]2 ∫ ∫
K

(
G(x0)−G(y)

h

)
K

(
G(x0)−G(z)

h

)
×E

[
1

h
K

(
y − Yi

h

)
− g(y)

] [
1

h
K

(
z − Yi

h

)
− g(z)

]
dydz

− 1

n
{E[J23]}2

=
1

nh2

[
f(x0)

g(x0)

]2 ∫ ∫
K

(
G(x0)−G(y)

h

)
K

(
G(x0)−G(z)

h

)
×
{∫

1

h2
K
(y − s

h

)
K
(z − s

h

)
g(s)ds+O(1) +O(h)

}
dydz

+O

(
h4

n

)
=

1

nh2

[
f(x0)

g(x0)

]2 ∫ 1

−1

∫ 1

−1

∫
K(u)K(v)

1

g(G−1(G(x0)− uh))

1

g(G−1(G(x0)− vh))

×K

(
G−1(G(x0)− uh)− s

h

)
K

(
G−1(G(x0)− vh)− s

h

)
×g(s)dsdudv +O

(
1

n

)
=

1

nh2

[
f(x0)

g(x0)

]2 ∫ 1

−1

∫ 1

−1

∫
K(u)K(v)

{
1 + uO(h)

g(x0)

}{
1 + vO(h)

g(x0)

}
×K

(
x0 − uO(h)− s

h

)
K

(
x0 − vO(h)− s

h

)
×g(s)dsdudv +O

(
1

n

)
=

1

nh

[
f(x0)

g(x0)

]2 ∫ 1

−1

∫ 1

−1

∫
K(u)K(v)

1

g2(x0)
K2(t)g(x0 − th)dtdudv +O

(
1

n

)
=

1

nh

f2(x0)

g3(x0)

∫
K2(t)dt+O

(
1

n

)
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Therefore, we get

E[J23] = −1

2
µ2h

2 fg
′′

g2
(x0) +O(h3), (6)

V ar[J23] =
1

nh

f2(x0)

g3(x0)

∫
K2(t)dt+O

(
1

n

)
. (7)

Similarly, we can show that

E[J3]

=
1

2h3
E

{
K′′

(
G(x0)−G(Xi)

h

){
O(h4) +O

(
1

n

)}}
=

1

2h3

{
O(h4) +O

(
1

n

)}∫
K′′

(
G(x0)−G(y)

h

)
f(y)dy

=
1

2h2

{
O(h4) +O

(
1

n

)}∫ 1

−1

K′′(u)r(G(x0)− uh)du

=
1

2h2

{
O(h4) +O

(
1

n

)}∫ 1

−1

K′′(u)
{
r(G(x0))− uhr′(G(x0)) + u2O(h2)

}
du

= O(h3).

Here we use the assumption
∫
K′′(u)du = 0. Since h = O(n−d)(1/6 ≤ d ≤ 1/4), it

follows from Theorem 1 that

E[J2
3 ]

=
1

4n2h6
E

{
n∑

i=1

K′′
(
G(x0)−G(Xi)

h

)
[{Ĝ(x0)−G(x0)} − {Ĝ(Xi)−G(Xi)}]2

×
n∑

j=1

K′′
(
G(x0)−G(Xi)

h

)
[{Ĝ(x0)−G(x0)} − {Ĝ(Xj)−G(Xj)}]2

}

=
1

4nh6
E

{
K′′

(
G(x0)−G(Xi)

h

)}2

[{Ĝ(x0)−G(x0)} − {Ĝ(Xi)−G(Xi)}]4

+
n− 1

4nh6
E

{
K′′

(
G(x0)−G(Xi)

h

)
[{Ĝ(x0)−G(x0)} − {Ĝ(Xi)−G(Xi)}]2

×K′′
(
G(x0)−G(Xi)

h

)
[{Ĝ(x0)−G(x0)} − {Ĝ(Xj)−G(Xj)}]2

}
= O

(
1

nh6

)[
O(h8) +O

(
1

n2

)]
+O (1)

[
O(h8) +O

(
1

n2

)]
= O

(
1

n

)
.

Thus, we have

E[J3] = O(h3) and V ar[J3] = O

(
1

n

)
. (8)

Similarly, by using Theorem 1 we get

E[J4] = O(h6) +O

(
1

n

)
O(h2), V ar[J4] = O

(
1

n

)
. (9)
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and

E[J5] = O(h3) and V ar[J5] = O

(
1

n

)
. (10)

Since J1 is a function of X1, . . . , Xn and J23 is a function of Y1, . . . , Yn, we have
Cov(J1, J23) = 0. Using the Cauchy-Schwarz inequality we can show that
Cov(J1, J2k) (k = 1, 2) and Cov(J1, Jℓ) (ℓ = 3, 4, 5) are all O(1/n

√
h). Combining

(4) ∼ (10), we can get the proof of Theorem 2.

Proof of Theorem 3
It follows from the definition of each term that

f̂(x0)

g(x0)
− f(x0)

g(x0)
=

1

h

∫
K

(
G(x0)−G(y)

h

)
d[Fn(y)− F (y)]

+
1

h

∫
K

(
G(x0)−G(y)

h

)
dF (y)− f(x0)

g(x0)

+J21 + J22 + J23 + J3 + J4 + J5.

From the proof of Theorem 2, we can show that
√
nh(J21 + J22 + J3 + J4 + J5)

P−→ 0

and √
nhJ23

P−→ −fg′′

2g2
(x0).

Thus, it is easy to see that

√
nh

[
1

h

∫
K

(
G(x0)−G(y)

h

)
d[Fn(y)− F (y)] + J23

]
L−→ N

(
−fg′′

2g2
(x0)µ2, σ

2
⋆

)
.

Since

1

h

∫
K

(
G(x0)−G(y)

h

)
dF (y)− f(x0)

g(x0)

=
1

h

∫
f(y)

g(y)
K

(
G(x0)−G(y)

h

)
dG(y)− f(x0)

g(x0)

=

∫
r(G(x0)− uh)K(u)du− f(x0)

g(x0)

= r(G(x0)) +
r′′(G(x0))

2
µ2h

2 +O(h4)− f(x0)

g(x0)

=
r′′(G(x0))

2
µ2h

2 +O(h4),

we have

lim
n→∞

√
nh

[
1

h

∫
K

(
G(x0)−G(y)

h

)
dF (y)− f(x0)

g(x0)

]
=

r′′(G(x0))

2
µ2.

Finally, by the Slutsky’s theorem, we can derive

√
nh

[
f̂(x0)

g(x0)
− f(x0)

g(x0)

]
L−→ N(µ⋆, σ

2
⋆).
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