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Abstract

Estimation for a density ratio has an important role in statistical inference. We can
use the estimator for testing homogeneity of two samples, detecting change point
etc. Let f(z) and g(x) denote probability density functions and g(zo) # 0 (zo € R).
There are several ways to estimate the density ratio f(zo)/g(zo). In this paper we
discuss a kernel estimation that is a popular method in nonparametric statistical
inference. A naive estimator is constituted from separate estimators of f(zo) and
g(z0), which we call an indirect estimator. Another estimator is proposed by Cwik
and Mielniczuk (1989), which we call a direct estimator. Extending Cwik and
Mielniczuk (1989)’s method, we propose a new direct estimator, and derive an
asymptotic mean squared error. We also prove central limit theorem of the new
estimator, and compare mean squared errors of the proposed estimator and the
direct estimator by simulation.

1. Introduction

Let Xq,---, X, and Y3, -+, Y, denote two independent random samples ob-
tained from two populations with distribution functions F'(z) and G(z), and prob-
ability density functions f(z) and g(z), respectively. For fixed zo € R, let us
consider the estimation of the density ratio f(zo)/g(zo) where g(zo) # 0. The
density ratio is not only related to the likelihood ratio concept, but also has a
variety of applications in statistical inferences, like testing equality of two samples,
discriminant analysis, estimation of separation measures etc. Let h = h, be a
sequence of positive numbers which converges to 0 and (m + n)h,, — co. Let K
be a kernel function which satisfies

/j:o K(u)du = 1.

For the sake of simplicity, we assume m = n and use the same kernel K(t) for
kernel estimators of f(zo) and g(zo), which are given by

-~ 7i i xo—Xi
and

~ _ 1 - zo — Y
o) = o oK (5.
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respectively. In addition, the kernel estimator of G(x¢) is defined as

é(a:o):%zn:vv(“”o;n),

i=1

where .
W(t) = [ K(u)du.

The kernel estimator was introduced by Fix and Hodges (1951), and Akaike (1954).
Rosenblatt (1956) and Parzen (1962) have obtained basic properties of the estima-
tor. Mean integrated squared errors of the kernel density estimators are discussed
in many papers. The best order of the bandwidth, which minimizes the mean inte-
grated squared errors of the density estimators, is O(n_l/ ®). There are also many
papers which studied bias reduction, bandwidth selection, etc. It is easy to show
asymptotic normality of a standardized kernel estimator. First we introduce a indi-
rect and direct estimators of the density ratio f(zo)/g(xo). The indirect estimator
is defined as f(zo)/g(z0). Absava and Nadareishvili (1985) studied asymptotic
properties of the indirect estimator and proved strong uniform consistency. Mo-
tivated by the fact that f(x)/g(x) is the density function of G(X1) evaluated at
G(z), Cwik and Mielniczuk (1989) introduced the following direct kernel estimator

of f(z0)/g(xo0) -
flzo) 1\ Gn(r0) — Gn(Xi)
g($0)_nh§K( h )7

where Gn(z) = >°7" | I(Y; < z)/n is an empirical distribution function, and I(-) is
an indicator function. They discussed its strong uniform consistency, asymptotic
normality and applications in discriminant analysis.

These estimators have both advantage and disadvantage. We can see that
the indirect estimator has smoothness because of the kernel density estimator is
smooth, but the indirect estimator can diverge when the denominator is too small.
On the other hand, the direct estimator does not diverge, but it is not smooth
because it uses emgrigal distribution function. Since the empirical distribution
is a step function, g Ezg) takes discrete values with probability 1. Since @() is a
smooth function, we propose the following smooth direct estimator

fl@o) 1 Glo) — G(X0)
g(zo) W§K< h >

In this paper, we will discuss asymptotic properties of the direct smooth esti-
mator. In Section 2, we derive a mean squared error and the central limit theorem
for the smooth direct estimator. In Section 3, we simulate mean squared error

of the new estimator gE;g; and compare its mean squared errors with the direct
estimator £(20)
g(zo)

2. Mean squared error and central limit theorem

In this section, we will obtain the mean squared errors and show the asymptotic
normality of the new estimator. First, we will discuss the mean squared error. For
the kernel distribution estimator, we have the following moment evaluations.
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THEOREM 2.1. Assume that (i)g'(u) ewists and |g'(u)] < M for M > 0 and
u € R, (ii) K is a symmetric around the origin 0 and satisfies [u’K (u)du < co.
Ifh=0(n"%)(0 < d < 1/2), then for p > 2 we have

E{|G(x0) — Glao)} = O(h**) + O (i) .

np/2

PROOF. Since @(a:o) is a mean of i.i.d. random variables, we can apply the
moment evaluations of martingales (see Dharmadhikari et al. (1968)). Since G(xo)
has a bias, we consider the following decomposition

(z0) — G(z0)
= Gzo)—E {W (“%Yl)} +E {W (”“’0 ;Ylﬂ — G(xo).

Here we use the symmetric kernel K (-) and then it follows from the discussion of
the kernel distribution estimator that

Q)

B [W (%)} ~ Glao) = —“Qf g (z0) + O(h°),

where p12 = [u?K (u)du. Since W(-) is bounded, we get
Xo — Y1
E
()
oo (5%) [ (557

Therefore, it follows from the moment evaluations of martingales that for p > 2

o (252 -

S

P

=0(1),

and then
p

=0(1).

P

E ’é(mo) — G(xo)

Glao) — E {W (“’(’;Yl)} ‘pmfﬂ

P
< orlp

o — Y1 p+2p71

< e P?E 'W (T) — E(W)

= O™ "?) +0(n™).
This completes the proof of the theorem.

Hereafter we assume that the support of the kernel function K(-) is [-1, 1].
Let us define L

S(G (w)
r(u) = .
)= @)

Then we have the following AM S E(asymptotic mean squared error).

THEOREM 2.2. In addition to the conditions in Theorem 1, we assume that the
support of K is [~1,1], [ K" (u)du = 0 and K™ is bounded. If h = O(n=%)(1/6 <
d < 1/4) and r™ (u) is bounded, AMSE of the new estimator is given by

. {f(ro) f(wo)}

= Bi(z0) + O <%+h6), (1)

29
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where
G S Ve L [f@0) | PO [ e
Bi(zo) f{ 5 2g2( 0)} puah”™ + o {g(mo) + gg(mo)} —1K (u)d
and
r(G(zo)) = 95(11;0) {g9(z0) [g(z0) [ (x0) — f(z0)g" (x0)]

39" (z0) [g(x0) f'(w0) — f(z0)g (w0)] } -
PROOF. See appendix.

Chen et al. (2009) obtained the asymptotic mean squared errors of the indirect
and direct estimators as follows:

Flao)  flao) |
EH@(m) g(xo)}

—_— 2
o {0 220V v (B B )

= Ba(x0) + O (% + h5> (2)

g(xo)  g(wo) n2h
(3)
where
_Jf(=@0)  fg” P aa 1 [ f@o) | @) [P e
Batan) = { 0~ Gateo) } '+ S { oy + Tstay } K o
and

Bs(x0) = {T(GZ(“”O))}Q pah* + ni {f(“‘"o) + fQ(xD)} 711 K?(u)du.

By using asymptotic mean squared errors (1), (2) and (3), we can compare the
estimators, theoretically.

Example Let us consider the case that f(z) = g(z) (x € R), h = n~ /% and
K(u) =15(1 — u2)21(|u\ < 1)/16. It is easy to see that

1" "
7 (G(x0)) = 0, f(330)7fg
(G(xo0)) 29(z0) 247
If the distribution F'(z) is standard normal N(0, 1), we get
2 2
o —4/5 (xzg — 1) § fo— x2/2

Bl(.’Eo) = n {7196 —|—7 (1—|— 2me ) s
TL_4/5 10v27 eﬁg/g
7 ’

5

1
(zo) =0, 2 = 1, and / K2(u)du ==,
7 4 7

By(zo) =

1
Bg(l‘o) = n74/570.

Thus we have Bs(zo) < Bi(zo) < B2(zo) for any zo € R.

—~—

Though % has small asymptotic mean squared error in the above example,

J(@0) i gmaller
g(z0)

it is not smooth estimator. The asymptotic mean squared error of
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—

than the indirect estimator, and Z((:Zg; is smooth. Furthermore, as shown in the

f(zo)
> g(=o)

next section, when the sample size is small has small mean squared errors.

f(ZO)

g(zo)

As a kernel estimator of the density ratio, we recommend

For the bandwidth h = n~'/®, we have the asymptotic normality of the new
estimator as follows.

THEOREM 2.3. Assume the conditions of Theorem 2. If h = n~'/®, we have
Vi |10 _F@o) |y, o)
g(xo)  g(o) Y
where
.TO fg//
= 2792(1’0) M2,
af { } / K
gz
PROOF. See appendix.
3. Simulation
We compare the mean squared errors (M SE) of the new estimator f((l"); and the
direct estimator £ e 0) by simulation. Based on 10,000 repetitions, we simulate the

mean squared errors When n=10,h=n""% and K(u) = 15(1 —u*)*I(|Ju| < 1)/16
which satisfies the condition [ K”(u)du = 0. Since the underlying distribution
does not affect the simulation results significantly, we only consider the case that
the underlying distribution is a normal N(u,o?). Using the following samples, we

simulate M SE of 5885 and the ratio of M SEs of the direct and new estimators.

Figure 1 and 2 : N(0,1) and Y; ~ N(0,1)
N(0.5,1) and Y; ~ N(0,1)
N(0,4) and Y; ~ N(0,1)

~ N(0,1) and Y; ~ N(0.5,1)

1

~ N(0,1) and Y; ~ N(0,4)

X~
Figure 3 and 4 : X; ~
Figure 5 and 6 : X; ~
Figure 7 and 8 : X;
X

AR A

Figure 9 and 10 :

In many cases, the simulated MSEs of the new estimator % are smaller

than those of the direct estimator. This comes from the fact that the sample size
n = 10 is small. The new estimator is smooth enough even when the sample size
is small, whereas the direct estimator is not smooth. The proposed new estimator
is smooth and has small M SFE, and then the new estimator is useful.
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VI J J : 2 4 o ) :
Figure 1: MSE{ géxﬁﬁ} Figure 2: MSE{ [z} } /MSE{WCS)}
L J : :

Figure 3: MSE{ J;g;gg} Figure 4: MSE{
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0.97 0.98 0.99 1.00 1.01 1.02
1 1 1 | 1 1

0.96
1

: : F(z0)
Figure 5: MSE{ g(x;’) }

Figure 6: MSE{

—

f(=zo)
g(zo)

s

P

f(zo)
g(xo)

|

5 M o : : 5 4 0 : :
Figure 7: MSE{ géiﬁ; } Figure 8: MSE{ ggg; } /MSE{ ﬁig; }
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0.90 0.92 0.94 0.96 0.98
1 1 1 1 1

0.88
1

Figure 9: MSE{ g(w‘;) } Figure 10: MSE{ g(mz) } /MSE{ g(wg) }

4. Appendix

Proof of Theorem 2.
By using Taylor expansion we have the following representation

Fleo) L §n g (Gla) - G
glwo) ~ mh&™ < D )
_ 1 G(zo) — G(Xi)
- E i=1 r <T)
+% 2 %K' <w) {G(x0) — G(z0)} — {G(X) — G(X)}]
+% T;K” (M) [{G(xo) — G(z0)} — {G(X,) — G(X,)})?
+% 4 G%K(S) (w) [{G(IO) — G(wo)} — {@(Xz) _ G(Xz)}}g
1 n 1 . . R \
toh ; WK( ) (8) {G(zo) — G(w0)} — {G(X:) — G(X:)}]
- J1+J2+J3+J4+J5 (say)’

where 4 lies in between {G(z0) — G(z0)}/h and {G(X;) — G(X:)}/h.
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For the first term Ji, by using the transformation u = [G(zo) — G(y)]/h, we get

Bl = E{ZZK(G(MG(X))}

/oo %K (7G(xo),:G(y)) fy)dy

— 00

G(zo)/h
= /[ K(u)r(G(zo) — uh)du.

G(z0)—1]/h

Since the support of K(-) is [—1, 1], we get [G(zo) — 1]/h < —1 and G(zo)/h > 1
for sufficently small h. Thus we have

G(zo)/h 1
/ K(u)r(G(zo) — uh)du = K(u)r(G(zo) — uh)du.
[G(z0)—1]/h -1

By using the Taylor expansion, we can show that

E[J1]

H(G(wo) + 5ph®"(Glao)) + O(h)

Similarly, we can get the following approximation

Varlh] = —Var {K(M)}

e (e () e (e )

_ %;gs; /lez(u)du—l—O(%).

Let us define

An(z,y) = {G(z) - G(2)} - {G(y) - G¥)},



36

M. MoToyAMA and Y. MAESONO

and then J> can be further represented as

T = nhzh ( G(Xi))A (w0, X3)
= ( Gy)A (20, y)dFn(y
= ( Gy An(z0,y)d[Faly

/ ( Otar) = G) G(y)) (@0, y)dF(y)
_ hQ/K( G(y>A(;c0yd[F
TR L Gy PREER

9(y)

_ / (G“"O) G(y>A (w0, y)d[Fu(y

—/[ W) _ Sl K(G )Amde()
(y) 9=
Gy
de [ o) (L= CUD) 4, oo, pacin)
= Jo1 + Jaz2 + Jo3 (say)
We evaluate expectations and variances of the above Jor (kK =1,---,3). Since for

any function «(-), we have

B{ [ atar.n - 1} =o.

where Fi,(y) = >_1, I(Xi <y)/n. Then we get

E[J21]

e [ (B

and if h = O(n~=%) (1/6 < d < 1/4), we have

D) oan, il () - P

ot = ] (%

) K (G(mo)h— G(z))

X An(xo,y)An(zo, 2)d[Fn(y) — F(y)ld[Fn(2) *F(Z)]}

)

e

()
} dFo(

2= FE
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Therefore we have

Next, we consider J22. By using the Taylor expansion, we get

Q G)
~= G
=
= = 3
o o —~
8 < SO
~ ~— h
Am Q =
= + = 2
E mV/ ~ +
> ST S
= | o' o
G — 8|8 |
o T —~
lle lle § =I> o
> =z <
8 Z ~ O
— = < 3
G X ~ — =
S S
< s = = 3
[ B e— 8 _ —
S s
5| § 5|8 S 2 =
NN N2 ~ S
=D =I> , S X
= 3
S © 2 2
—~|~ |~ ffg X —
2|2 S [ Q
== <l - o -
e — |
/, /,\}
—_—— - - "
[a] N o o ~—
=% gl S{ SIS
Il Il Il I Il
8
>,
Y

IW(y)| <1 and |G(y)| <1, we get

Since

)
88 2o
S
| G)
N———
—— =
@7@ 2
| > X
|
/
/
Al
_I;h
S

| —
—N
—
N
—
G}
|
VRS
Ny
HES
N
N—
—
|
—
5
8
—
G}
|
7N
Ny
_h\m/
o ~—
L9
S
=
=S
=
== 3
xX X
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nh?

nh2

1

°()

Therefore, we have

We procee

and

E[J2s] = O(h

d to evaluate E[Jos]. It follows from Lemma 4 of Stute (1984) that

[x (G(xo>h— G(y)) Gl =

{/OuK

Thus we can show that

Jo3

I
o

= T

HH
/Q)
8

S =

—
Q [

’)

OYAMA and Y. MAESONO

()]
(5

S

>
‘,_. 5| =

= 3
2 N

=
8
—
—_—
Jo
s
I
2
S

(wo) v [ G(z0) — G(y)
(20) (

) A (20, 1)dG(y)

e (Gl G0) g

i (S0 2C0 e

?)]
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By using the Taylor expansion, we have

Bl = Illgé ;/K(G(mo)h— G(ZU)) {%,uthg”(y)JrO(hzl) dy
_ _§u oh? f(“’ /1K(u)%(G*1(G(a:O)—uh))du+0(h4)
= Lk fgg (20) + O(h").

Similarly, we obtain

Var[Jas]
= E[J3] — {E[J2s]}
e Gy
< E[G(y) — g)|[G(2) — g(2)ldydz — { E[J2s]}
] (e ()
xE HK y_hy) —g(y)] HK (_TY> —9( )} dyd
(B[]}
- ] J () o)
x{/hiK(y%)K(%)g( Jds + O(1) + O )}dyd
(%)
= e i)

_ £EB$$]/i/ /K<mx>$*f%“}{'ZﬁV7
e uO )K<~%’—(Zh )
2

s)dsdudv + O L

e ]///K WK s
= o [ ja+0(7)

)g(xo — th)dtdudv + O (%)

39
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) = a2 (@) + 0(1), ©)
Var[Jxs] = %;((zz;/ﬁ(t)dHO(%)' (7)

Similarly, we can show that

- ;ﬁE{K Glo );G(Xi)> {O(h4) +0 (%)}}

- % {O(h4)+o (%)}/K” (G(x )h_G(y)) fy)dy

_ % {O(h )+ 0 (%) } [ K" (u)r(G(z0) — uh)du

- # {O(h“) +0 <%) } /71 K" (u) {r(G(x0)) — uhr'(G(z0)) + v>O(h*)} du
= 0.

Here we use the assumption [ K”(u)du = 0. Since h = O(n~%)(1/6 < d < 1/4), it
follows from Theorem 1 that

E[J3]
. E{ZK (Sl ) (o) - Gan)} - (60 - GOx)
<> K (G(“’ );G(X)> [{G(x0) — G(xo)} — {G(X;) — G(X;)}] }

|
2
s

) [(G(ao) — o)} — {B(X,) — G(me}

- o(lomro(d)-om o)

E[Js] = O(h*) and Var[Js) = O (7) . (8)
Similarly, by using Theorem 1 we get

E[J4] = O(h) + O (%) O(h?), VarlJ = O <7) )
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and

BJs] = O(h) and VmUd:O(%) (10)
Since Ji is a function of Xi,..., X, and Ja3 is a function of Yi,...,Y,, we have

Cov(J1, J23) = 0. Using the Cauchy-Schwarz inequality we can show that
Cov(J1, Jag) (k=1,2) and Cov(J1,J;) (£ = 3,4,5) are all O(1/nvh). Combining
(4) ~ (10), we can get the proof of Theorem 2.

Proof of Theorem 3
It follows from the definition of each term that

Joo) _Jloo) L[ (Glao) = Gly) .
g(zo)  g(x) ~ h /K( h )d[Fn(y) F(y)]
L[ g (C@)=C)Y 4p,)  San)

h /K ( h ) F) PIED)

+Jo1 + Jaz + Jaz + J3 + Ja + Js.
From the proof of Theorem 2, we can show that
vnh(Jo1 + Joo2 + J3 + Ja + Js) L0

and

VTLhJ23 i) 7fg (:E())

Thus, it is easy to see that

van [ [ (S22 299 aip ) - P+

1"

L fg 2
— N |- .
(~2% woe.?)

Since
1 G(z _ flzo)
P [ (v -
1[50 4 (G0 G gy Fla0)
= i/ ( ) e -
_ WK () du — L (0)
= [ @) —umK G- 7o
_ r"(G(x0)) 2 4y f(xo)
= T(G(ZEO)) + #th -+ O(h ) — m
— Lg?@mﬁ+m#y
we have
. 1 G(wo) — G(y) _ f(@o)] _ r"(G(x0))
nl;ngom [E/K (7h )dF(y) g(xo)} = 5 2.

Finally, by the Slutsky’s theorem, we can derive

m{f(:co) B f(wo)] L N(pa,0?).

g(wo)  g(wo)

41



42

M. MoToyAMA and Y. MAESONO

Acknowledgement
This work was supported by JSPS KAKENHI Grant number JP16H02790.

References

Absava, R.M. and Nadareishvili, M.M. (1985). Nonparametric estimation of the
probability density in the case of the unknown measures in d-dimensional Eu-
clidean space. Acad. Nauk Gruzin, Vol. 117, 257-260. In Soobshch.

Akaike, H. (1954). An approximation to the density functionAnn. Inst. Statist.
Math., Vol. 6, 127-132.

Chen, S.M. and Hsu, Y. S. and Liaw, J. T. (2009). On kernel estimators of den-
sity ratio. Statistics, Vol. 43, 463-479.

Cwik, J. and Mielniczuk, J. (1989). Estimating density ratio with application to
discriminant analysis. Comm. Statist. Theory Meth., Vol. 18, 3057-3069.

Dharmadhikari, S. W., Fabian, V. and Jogdeo, K. (1968). Bounds on the mo-
ments of martingales. Ann. Math. Statist., Vol. 39, 1719-1723.

Fix, E. and Hodges, J. L. (1951). Discriminatory analysis nonparametric discrim-
ination: consistency properties Report No.4, Project no.21-29-004.

Parzen, E. (1961). On estimation of a probability density function and mode. Ann.
Math. Statist., Vol. 33, 1065-1076.

Rosenblatt, M. (1956). Remarks on some nonparametric estimates of a density
function. Ann. Math. Statist., Vol. 27, 832-837.

Stute, W. (1984). Asymptotic normality of nearest neighbor regression functions
estimates. Ann. Statist., Vol. 12, 917-926.

Received June 8, 2018
Revised August 20, 2018



