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Abstract : We study holomorphic mappings from Kahler manifolds relating to the
hyperbolicity or parabolicity of the domain manifolds. First, we study the existence of
bounded harmonic functions and bounded holomorphic functions on Kahler Cartan-
Hadamard manifolds. Next, we survey the Schwarz lemma on Kahler manifolds, and
raise some problems to estimate the gradient of holomorphic mappings. In the last,

we prove 2 types of the general Schwarz lemma on a Kahler CH manifold as a partial

answer to the above problem.




Summary

In this thesis, we study holomorphic mappings from I<dhler manifolds relating to the
existence of bounded holomorphic functions and to the hyperbolicity or parabolicity of
the domain manifolds. All over this work, under the theory of several complex variables,
evaluations of the Hessian and Laplacian of the distance function play important roles

in the proof of our results.

In Chapter 1, we study the existence of bounded harmonic functions and bounded
holomorphic functions on Kéhler Cartan-Hadamard(CH) manifolds. In the first, we
solve the Dirichlet problem at infinity on a Riemann manifold whose sectional curvature
is bounded above by a quadratic decaying function and below by a negative constant.
Next, we apply the above solution to Complex Analysis on a Kdhler CH manifold,
whose metric restricted to every geodesic sphere is conformal to that of the standard
sphere. And we show that there exists a holomorphic extension from the sphere at
infinity and it coincides with the solution of the Dirichlet problem at infinity, if the
problem is solvable. So we see that such a manifold admits many bounded holomorphic
functions. Moreover we show that a IKahler CH manifold of the same type whose
sectional curvature is bounded above by a quadratic decaying function is biholomophic

to a bounded strictly pseudoconvex domain in C™ .

On the other hand, it is well known that the Schwarz-type lemma is closely re-
lated to the Liouville’s theorem which shows the nonexistence of bounded holomorphic
functions. So we survey the Schwarz lemma on KKdhler manifolds tracing back to the
classical Schwarz-Pick lemma in Chapter 2 . And we raise some problems relating to
the Schwarz lemma, that is, let F(r) be a negative monotone-decreasing or monotone-

increasing function of 7 , the distance from a point, and if the Ricci curvature of a
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Kahler CH manifold is bounded below by F(r) , does the Schwarz type lemma hold
wp' te F(r) ?

As a partial answer to the above problem we give 2 types of the general Schwarz
lemma. One is the general schwarz lemma on a Kahler CH manifold whose Ricci
curvature is bounded below by a quadratic decaying function of r , and the other is by
a quadratic growing function. Using these results, we give some formula to estimate a

growth of a bounded holomorphic function.
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Chapter 1

The Dirichlet Problem at Infinity
and Complex Analysis on
Cartan-Hadamard Manifolds

1.1 Introduction

In this paper we shall study hyperbolicity of Cartan-Hadamard manifolds.

In Section 1.1 we shall define and solve the Dirichlet problem at infinity for Lapla-
cian A , which gives a partial extension of the result of Anderson [1] and Sullivan [15]
in Theorem 1.1(cf.[4]). In Section 1.2 we apply the solution of the Dirichlet problem
at infinity to a complex analysis on a Kahler Cartan-Hadamard manifold whose metric
restricted to every geodesic sphere is conformal to that of the standard sphere. It seems
that the sphere at infinity of such a manifold admits a CR-structure. In fact we can
define a CR-function at infinity on the sphere at infinity. We shall show in Theorem
1.2 that there exists a holomorphic extension from the sphere at infinity and it coin-
cides with the solution of the Dirichlet problem at infinity, if the Dirichlet problem at
infinity is solvable. So we see that such a manifold admits many bounded holomorphic
functions. By the similar method we shall show in Theorem 1.3 that such a manifold is
biholomorphic to a strictly pseudoconvex domain in C" , if the holomorphic sectional
curvature Kj(z) isless than —1/(1+7(z)?), where r(z) is a distance function from

a pole. Theorem 1.3 is a partial answer to a conjecture raised by Green and Wu(8].



1.2 Dirichlet problem at infinity

Let M be a Riemannian manifold of dimension n with metric g;; . We denote
by T,M the tangent space at p € M . Fora C? function u , we define the Hessian
D?u of u at p by

D*u(X,Y) = X(Yu) — (DxY)u

for X,Y € T,M , where Dy is the covariant derivative. The Laplacian Au of u

is the trace of D?u , which is expressed by

1 6 1 6U
- Y B 11 s
Au = ;59 anj(g g Gx,-)

in a local coordinates (z1,---,T.) , where ¢ = det(g;;) and (¢“) = (gi;;)~! . By
the definition, for an orthonormal basis X,,---, X, of T,M we see that Au, =
:i(D%u)(X;, X;) -

A C? function u on M issaid to be harmonicif Au =0 . u is subharmonic if
Au > 0, and u is superharmonicif Au < 0. A continuous function u is subharmonic
if it is everywhere a subsolution of the Dirichlet problem [7]. The maximum principle
and the Harnack’s principle are valid for harmonic functions globally on M [2,3].

Let M be a simply connected complete Riemannian manifold of nonpositive sec-
tional curvature, M is called a Cartan-Hadamard manifold. By the well known
theorem of Cartan-Hadamard, for any p € M exp: T,M — M is a diffeomorphism.
We can construct the boundary of M following Everlein and O’Neil [5].

DEFINITION. Two normal geodesic rays 7 (t),v2(t)(t > 0) in M are said to be

asymptotic if there is a constant ¢ > 0 such that dist (7;(t),72(t)) < ¢ forall ¢t >0.
We see that the asymptotic relation is an equivalence relation.

DEFINITION. Sphere at infinity S(oo) is the set of asymptotic classes of geodesic

raysin M .




Let M = M U S(c0) and fix a point o € M. For v € T,M we define the cone

around v of angle é§ by
C(v,6) = {z € M :<, (v,%(0)) < 6},

where v.(t) is the normal geodesic rays through z starting from o, and <, denotes
angle in T,M . Let T(v,6,7) = C(v,0) \ Bo(r) be the truncated cone of radious r ,
where B,(r) is the geodesic r -ball around o . The set of all T(v,6,r) , for all
v€ToM ,and r>0,and By(r),forall g€ M and r > 0, defines a local basis of
topology on M [5]. It is called the cone topology. The cone topology is independent
of the choice of the origin o € M . In this topology M is homeomorphic to a closed

ball B in R™,and S(oc0) is h meomorphic to the boundary 0B.

Dirichlet problem at infinity. Given a continuous function f on S(o0), find

u € CO(M) satisfying Au=0 on M and u= f on S(o0).

The maximum principle implies that if the Dirichlet problem at infinity is solvable,
then there are many bounded harmonic functions on such a manifold. Anderson [1] and
Sullivan [15] showed that the Dirichlet problem at infinity is solvable if the sectional
curvature K(z) satisfies —a? < K(z) < —b?, where a and b are positive constants.
Theorem 1.1 is a partial extension of the result of Anderson[1] and Sullivan[15], and
the proof is based on Anderson-Sullibvan[2]. The second inequality of (1.1) in Theorem
1.1 is a little similar to the inequality: curvature(z) < r(z)~2, in fact the condition:

=

curvature(z) < r(z)~* implies several properties relating to hyperbolicity (cf.Greene-

Wu(9]).

THEOREM 1.1. Let M be a Cartan-Hadamard manifold and K(z) be the

sectional curvature at * € M . Suppose relative to some o€ M

1
—2<I,l‘ ) S —
@ & hls 1+ r(z)**

for two constants a >0 and 2 > e > 0, then the Dirichlet problem at infinity is

for zeM (1.1)

uniquely solvable, where r(z) = dist(o,z) .




In the following of this section M always denotes a Cartan-Hadamard manifold

with metric g = (gi;;) , and o € M is fixed.

LEMMA 1.1. If the sectional curvature K(z) satisfies

1
1+ r(z)”"

K(7) < for zeM (1.2)

for a constant 2 > e > 0, then for any two normal geodesic rays 7(t),12(t) starting

from o€ M with angle 6 =<, (%1(0),%2(0)) < 7/4 , we have

dist(11(2), v2(t)) > 2t + 2(2 + ) ~/*(log 6 — 1). (1.3)

Proof. For every integer m , we see that K(z) < —1/(1+m)?™¢ on B,(m) .
Comparing (1.2) with the space of constant curvature —1/(1+m)2~ , by the Rauch’s

comparison theorem we obtain
dist(y1(t), 12(t)) > 2t +2(1 + m)'=*/%(logf — 1)  for 0 <t < m.
Define the function f(¢) on t € [0,00) by
f(t) =2t +2(1 +m)'=2(logh — 1), if te[m—1,m).

We get
dist(71(t),72(t)) > f(t) on t€[0,00)

. On the other hand
ft)>2t+2(2+1)"*%(logf —1) on te|(0,00)

since 6 < w/4. Then we have (1.3) for all ¢ > 0.

LEMMA 1.2. If K(z) satisfies (1.2) on M , then for any positive constant &

with 1 >6>1—¢/2 there exist positive constants 1 ,and C; such that

exp(—r17%)

r(z)’

A exp(=r(z)'7%) < ~C, (1.4)




on M\ B,(r).

Proof. If K(z) < —C? for a positive constant C , then the Hessian comparison

theorem of Greene-Wu [9] implies
D?r(z) > C coth(Cr(z))- G
, where G = g — dr @ dr. By the same reason of the proof of Lemma 1.1, we have
D*(z) > (1+m)?!.G

if m—1<7<m. Allof the above inequalities on each interval [m,m + 1) implies

1

DQT(JU) 2 2+ T(x))l—E/Q ’

G (1.5)

on M . Direct computations give

Aexp(—r(z)'7%) < (1 - 6) exp(—r(x)l“s)_AT(x)T:T($)—6 for r(z)>1.

By (1.5) we have

explor(e)' ) Ore)
r(z)% (2 4 r(z))' /2

Aexp(—r(z)'7%) < (1 -6)

Since 1—¢/2 < § we obtain (1.4) for sufficiently large r; .

Let h be a continuous function on the geodesic unit sphere S,(1) in M with
center at o € M . We extend h radially along rays from o to a function h, on
M\ o with boundary values h on S(co). Let X:[0,00) — [0,1] bea C? function
satisfying

= 1] e,y
/\(t)_{ 0, t€[2,00).

We define a C? function H(z) on M by

[ (@, 9 holy)dy
| (@, 9Py
M

Hiz) = ' (1.6)
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where 7(z,y) = dist(z,y) and the integral is with respect to the volume form on
M . We see that H(z) is continuous on M and H = h on S(o0) . If we
put A (t) = AM¢2) , we have D2A(r?) = \dr ® dr + M\D?r . If K(z) satisfies

0> K(z) > —a? , then we have
0 < D?ry(z) < a- coth(ary(z))- G

for any z,y € M by the Hessian comparison theorem [9], where 7,(z) = r(z,y) .
Thus we obtain

—ng u DQ(Ty(a:)Q) < CQQ, T,y € M,

for a positive constant Cy . We see that

AH(:L‘()) = A[H—ho(xo)](.’l}o)
[ (20,9 (holy) — holwo))dy
A[LM - ].
] Mr(zo, 9y

The curvature bounds imply that the volumes of B,(1) and B.(2) are bounded from

below and above for any z € M. Then we have the following lemma.

LEMMA 1.3.  If 0> K(z) > —a® on M , then we have

| AH(z) |< C3 sup |ho(y) —ho(z)| for =z € M, (1.7)
yeB,(?)

where C3 1S a positive constant.

Proof of the theorem. We identify S(oco) with the set of geodesic rays starting
from o . We can approximate h of C°S(c0)) by Lipshitz continuous functions on
So(1) ~ S(c0) . By the maximum principle and the Harnack’s principle, if a sequence
of harmonic functions wu, € C°(M) converges uniformly on S(o00),ur converges
uniformly on M to a harmonic function u € C°(M) . Thus we may assume that
h is Lipshits continuous on S,(1) . We extend h radially on M . Define H(z)

by(1.6). From Lemma 1.3 for a positive constant C; we get

Hia y < Gy malp %5 (2,
(z) 4 MAx (z,y)
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since H is Lipshitz continuous with respect to <, (z,y) . By Lemma 1.1 we obtain
max <, (z,y) < exp(5— (2 + r(z))/?)
Y€ B:(2)

if 7(z) > 2. Then there exits a positive constant Cs such that

| AH(z) |< Csexp(—(2+7)/%), r(z) > 2. (1.8)

Choose a constant § with 1> ¢ > 1 —¢/2, and for arbitraly positive constant Cg

we define function F*(z) and F~(z) on M by

F*(z) = H(z) + Ce exp(—1(z)' ™),
F~ (&)= H{z) —Cq exp(—r(z)'~°).

From (1.4)and (1.8) we have

AF* (@) < Cromp(~(2-+ @) ) - G ERTE )
AF~(z) > —Csexp(—(2 + r(2))*?) + Cu C6exp(—r(§21"5)
r(z)

on T € M\ By(r;) . If we fix a constant r, with 7o > r , F* and F~ is
superharmonic and subharmonic respectively on M \ B,(r2) since ¢/2 > 1 —§ .

Moreover we choose Cg such that

max H(z) — min H(z) < Csexp(—r3%) (1.9)
z€M zeM

Now we define G*(z) and G~(z) by

G*(a) = min{_jpf  H(a)+ Coexpl(—r}"), F*()}
T olT2

G~ (z) = max{ sup H(z)—- Csexp(—-r3~°%), F~(z)}

€ Bo(r2)

We have that G*(z) and G~(z) are continuous on M and constant on B,(r2) .
Then G*(z) is superharmonic and G7(z) is subharmonic on M. By (1.9) we can

check G*(z) > G~ (z) on M, moreover we can find a constant 73 > ro such that

Cs exp(—r3~%) — (max H(z) — min H(z)) > Csexp(—r3~°). (1.10)
€M zeM

I & ]




(1.10)implies

FH(z)<_inf H(z)+ Coexp(-rs™")
F~(z)> sup H(z)-Cg exp(—r3°)
€ Bo(r2)

for 7 € M\ B,(r3). The above inequalities mean F*(z) = G*(z) and F~(z) =
G~ (z) on M\ B,(r3) . Hence G*(z) = G~ (z) = h(z) on S(o0). G*(z) and
G~(z) are barrier functions to solve the Dirichlet problem at infinity by the Perron
method. Consequently there is the Perron solution which is exactly the solution of
the Dirichlet problem at infinity. The uniqueness follows from the maximum principle.

This completes the proof.

Remark. Professor H. Wu informed the author that H. Wu and R. Schoen proved
that if —a-7r(z)? < K(z) < —Tg).; (b >2), then the Dirichlet problem at infinity

1s solvable.

1.3 Complex analysis on Kihler Cartan-Hadamard
manifold

Now we prove the existence of bounded holomorphic functions on Kahler Cartan-
Hadamard manifold (in short Kdhler CH manifold) M in a special class. For this
purpose we will consider the Dirichlet problem at infinity for 0 like that for A . If the
sphere at infinity S(co) should admit a CR-structure and M should be hyperbolic
in a sense, there would be a holomorphic extension to M . However, in general
S(c0) admits no differentiable structure. We shall define a CR-function on S(00)
for a special class of Kahler CH manifolds, and extend to a holomorphic function on
M . The boundedness of the extended function follows from the absolute maximum
principle.

Furthermore we shall show in Theorem 1.3 that a manifold in the special class is

biholomorphic to a bounded domain in C" under some curvature condition.
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Let M be acomplex manifold of dimension n, n > 2. Let J be the complex
structure of M. For a real C* hypersurface N of M and a point p of N , we
define the vector subspace H,(N) of T,N ® C by

H(N)={Z€T,N®C:JZ=—V/-1Z}.

We see that dim¢H, = n — 1. Let h be a complex valued function on N . If
Zh =0 for every Z € H,(N) , we call that h satisfies the tangential Cauchy-Riemann
equation at p . If h satisfies the tangential Cauchy-Riemann equation at every point
of N,wecall h a CR-functionon N .

In the following let M be a Kéahler CH manifold of complex dimension n,n > 2.

Suppose that the metric of M is of the form
ds* = dr* + g(r,0)*{d03 + sin® 0od03 + - - - +sin®@y - - - sin® o, _1d63,},  (1.11)

where in terms of the geodesic polar coordinates at 0,6 = (6,,- - -,02,) is a spherical
angle of S,(1) , and 7 denotes the distance from o, i.e. each geodesic sphere with
center at o is conformal to the standard sphere in R?" . The Dirichlet problem
at infinity on such manifolds is studied by Choi [4]. For example, every rotationally
symmetric manifold satisfies this condition (cf. Milnor [12], Shiga [14]). Identifying
S,(1) with S(co), for any h € C°(S(00)) we define a continuous function h, on
M\ o by
ho(r,8) = h(6) for 6 € S(00) ~ S,(1).

DEFFINITION. We call h € C%S(00)) a CR-function at infinity with respect to
o€ M ,if ho(v,0) is differentiable on M € o and h,(1,0) is a CR-function on
S,(1).

The following lemma shows that our definition is natural for the above manifolds.

We denote by CR,(c0) the set of all CR-functions at infinity with respect to o € M .

13




Note that there exists a bijection between CR,(o0) and the set of all CR-functions

on S,(1). Regarding B,(2) a domain in C" , we see that CR,(c0) is not empty.

LEMMA 1.4. Let M be a Kihler CH manifold of complex dimension n(n > 2) .
Assume that the Kahler metric in terms of the geodesic polar coordinates at o s of
the form (1.11). If h € CR,(c0) , then h,| S,(t) is a CR-function on S,(t) for all
t>0.

Proof. 1t is sufficient to show that for any rays «(t¢) starting from o€ M,Zh =0
at (t) for all Z € H,,)(So(t)) and t > 0. Then we fix aray ~(¢) and to > 0.
In the geodesic polar coordinates we denote (1) by (1,6), and we may assume that
sinfy,- - -,sin 65, are not 0.

For any Zo € H.(,)(So(to)) we denote by Z(t) the parallel vector field along
v(t) with Z(tp) = Zy . Since J is parallel and Z(t) is always orthogonal to ~(t) ,
we see that Z(1) € H,1)(So(1))-

We define the vector field X;(t) along ~(¢) by

1 d

/X’,‘t = " 7 0 112
(t) g(t,0")sin by - - - sin6;_, 96; el
i=2,--+,2n . Therefore
dg 1 3]
o X (8 = 4 LR TR NS
Vi Xil?) at g%sinb - - - sin6_, 06;
s o I )
2 2n 11 1i

*=2gsin @, ---sinf,_, 90, = gsinb,---sindi_, or’

where we put

9 3 et @
10 g, = Flng T Ei:zﬂige—k-

We see that T'{; =0 and T%, = f~19f/0r. Since the metric tensor is diagonal with

\Y

respect to the polar coordinates, other T%;’s are vanished. Then Vi, X;(t) =0, that
is, X;(t) is parallel for all 7 > 2.

{Xi(to)} is an orthonormal frame of T )(S,(t)) . So we may set
Y (t) = BEyat Xi(t),

14




J(Y (t) = BRZab“Xi(t)

. Thus we have
Z(t) = 22 {a* Xi(t) + V=10" X, ()} (1.13)

h € CR,(c0) implies Z(1)h, = 0 at ~(1) . In the geodesic polar coordinates we

have
k /
et a O0ho(1,6")
9 S G e 06,
b* Oho(1,6")
o = 14
i Sy ey Ty e et (114)
by(1.12) and (1.13). Similarly
k /
N —1v2n a aho(t079)
Z(tO)ho(tO’e ) =49 Ek=2 sin 9/2 ...sin 92_1 80[::
bt Oho(to, 8’
s Lo,

3 / 2 /
sinf,---sinf,_; 06

Recall that h(tg,0) = ho(1,0) , hence Z(to)ho = 0 at ~(to) by (1.14). This

completes the proof.

THEOREM 1.2. Let M be a Kdahler CH manifold of complezx dimension n,n > 2 .
Assume that the Dirichlet problem at infinity is solvable on M , and the Kahler metric

in terms of the geodesic polar coordinates at o € M is of the form
ds? = dr® + g(r,0)>{d63 + sin? 05df2 + - - - + sin @ - - - sin® Op,_1d63, }.

Then for any h € CR,(00) , there exists a holomorphic function H on M with
boundary values h , and H coincides with the solution of the Dirichlet problem at

infinity.

Remark. Trivial examples of Kahler manifolds as above are C™ and the unit ball
B in C™ with the invariant metric. For the ball B we may identify a CR-function

at infinity with respect to the origin as a CR-function on 0B , hence we can extend it
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to a holomorphic function on B by the well known method (Hérmander{10, Theorem
2.3.2’]). On one hand by Liouville’s theorem we see that any CR-function at infinity on
the sphere at infinity of C™ can not be extended to a holomorphic function on C" .
So in order to extend a function of C'R,(c0) to a holomorphic functin, we need some
hypothesis on N relating to hyperbolicity. The hypothesis that the Dirichlet problem
at infinity be solvable is fulfilled if, for example, the sectional curvature K(z) satisfies

—a>< K(z) < =1/(1 + r(z)*¢) by Theorem 1.1.

Proof. We denote h by h =h!++/—1h?, where h! = Re h,h? =Im h . Since
the Dirichlet problem at infinity is solvable on M , there exist harmonic functions H*
and H? on M with H'=h! and H? = h? on S(co0). Thus we have only to show
that H = H' ++/—1H? is holomorphic on M .

It is shown in Greene-Wu[9] that a Kdhler CH manifold is a Stein manifold. By
Lemma 1.4 h, is a CR-function on S,(r) for all 7> 0. We see that the boundary
So(r) of By(r) is connected and B,(r) is relatively compact in M . Then we can find
a holomorphic function H, on B,(r) with H, =h, on S,(r) (Shiga (13, Theorem
2-5]). So we have a sequence of holomorphic functions {H,} with H, = h, on S,(k)
for k€ N.Put H} =Re H, and H? =Im H,. Then H} and H} are harmonic
on B,(r) since M is Kihler. In the polar coordinates we have hl(k,0) = H}(k,6),
and h2(k,0) = H3(k,0) on S,(k). Since H' and H? are continuous on M , for

any € > 0 there is a large integer ky such that
| Hi(k,0) — H(k,0) |<e for j=1,2
on S,(k) for all k> kg . The maximum principle implies
|Hi - H|<e for j=1,2

on By(k) for all k > ko . This means that {H,} converges to H uniformly on
every compact subset of M . Then H is holomorphic since {H,} is a sequence of

holomorphic functions.
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If the Dirichlet problem at infinity is solvable on a Cartan-Hadamard manifold
M , then we see that there is the harmonic measure p* on S(oo) from the Riesz
representation theorem. Then we have the following corollary (cf.Anderson[l] and

Anderson-Sullivan(2]).

COROLLARY. Let M be a Kahler CH manifold of complez dimension n,n > 2 .
Assume that the Dirichlet problem at infinity is solvable on M , and the Kahler metric

in terms of the geodesic polar coordinates at o € M 1is of the form
ds? = dr* + g(r,0)*{d05 + sin® 62d63 + - - - + sin®f, - - - sin? Oy, _1d62, }.

And let p® is the harmonic measure on S(oo) . Then for every h € CR,(c0) ,

h{z) = /s(oo) hdp®

s a holomorphic function on M with boundary values h .

Let M; and M, be complex manifolds of comples dimension n,n > 2. Let D,
and D, be bounded domains with smooth boundaries 0D;,0D, respectively. We call
a C*® mapping f of 0D, to 0Dy a CR-mapppingif f.(H,(0D1)) C H ) (8D2)
for all p € D;. Note that f is a CR-mapping if and only if for any CR-function h
on 0D, foh is a CR-function on 0D; Shiga[13].

Let M be a complex manifold and djs the Kobayashi pseudodistance. If dys
is a distance and M is complete with respcet to dj; , M is said to be complete
hyperbolic.

Let D be adomainin C*. D is called a strictly pseudoconvex domain with C*
boundary if there exist an open neighborhood U of D and a strictly plurisubharmonic
function 7(z) on U of class C*¥ suchthat D = {z € U : r(z) <0} and gradr(z) # 0
for all z € 9D .

THEOREM 1.3. Let M be a Kahler CH manifold of complex dimension n,n > 2 .

Assume that the Kahler metric in terms of the geodesic polar coordinates at o s of
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the form
ds® = dr? + g(r,0)*{df3 + sin® 02d9§ + -+ +sin?fy - - - sin? Oon-1d03,},

and the holomorphic sectional curvature Ky(z) satisfies Kn(z) < —1/(1 +r(z)?) .

Then M is biholomorphic to a strictly pseudoconvexr domain in C™ .

Remark. It is shown in Shiga [14] that if g(r,6) = g(r), and the holomorphic
radial curvature K(z) satisfies K(z) < _Rp)l_l‘(i)_ngx_) , then M is biholomorphic
to the unit ball in C™ (cf. Milnor [12]).

The following lemma is given in Fridman [6)].

LEMMA 1.5. Let D D C™ be a bounded strictly pseudoconver domain with C3
boundary, and M is a completely hyperbolic manifold of complex dimension n. Suppose
that M can be exhausted by biholomorphic images of D, that is ,for any compact
K C M there is a biholomorphic imbedding Fy, : D — M such that Fi(D) C K.
Then M is biholomorphically equivalent either to D or to the unit ball in C™ .

Proof of the theorem. Recall that M is a Stein manifold. Choose a holomorphic
coordinate neighborhood U of M such that B,(¢) CC U for a positive € . By

the Hessian comparison theorem Greene-Wu(9], 7(z)?

is strictly plurisubharmonic on
M since M is Kdhler. We see that gradr(z)?# 0 on M \o. Then we may regard
B,(e) as a strictly pseudoconvex domain with C* boundary in C™ . We define a

diffeomorphism fi from S,(¢) to S,(k) € N by
fr(e, ) = (k, 6)

where (7,6) is the polar coordinates at o . Lemma 1.4 implies that f, is a
CR-diffeomorphism. We see that S,(¢) and S,(k) are connected. From the Bochner-
Hartogs’ theorem on Stein manifolds (Shiga [13]) we see that B,(¢) is biholomorphic
to B,(k) for all integer k. For any compact set K in M , there exists an integer

k so that B,(k) D K since exp, : T,M—M is a diffeomorphism. So M is
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exhausted by biholomorphic images of the strictly pseudoconvex domain B,(e). Since
Kin(z) < =1/(1 +r(z)?) and M is complete, M is complete hyperbolic from the
theorem of Green and Wu ([9], Theorem E).

It follows that M is biholomorphically equivalent either to the unit ball B in
C™ or to B,(¢) from Lemma 1.5. Both B,(¢) and B are strictly pseudoconvex,

then the theorem is proved.
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Chapter 2

Gradient Estimates of
Holomorphic Maps and A General
Schwarz Lemmma on Kahler CH
Manifolds

2.1 Introduction

In this chapter we shall survey the Schwarz lemma on Kahler manifolds, and raise
some problems to estimate the gradient of holomorphic mappings. In the latter part of
this chapter we prove 2 types of the general Schwarz lemma on a Kahler CH manifold
as a partial answer to the above problem.

The classical Schwarz-Pick lemma states that every holomorphic map from unit
disc into itself is distance-decreasing with respect to the Poincaré metric. From the
geometrical viewpoint , the distance-decreasing or volume-decreasing property of a
holomorphic map has been studied succesfully in Ahlfors [1], Chern [3], Kobayashi
(6], Lu 7] and Yau [12]. From the analytical viewpoint, we are interested in that the
gradient of a holomorphic map is estimated by curvature conditions. This was also
studied in Ahlfors (1] and Yau [12].

Relating to these works, we recall the following question raised by Greene-Wu [4].
What s the largest metric on the unit disc for which a Schwarz-type lemma holds ¢

In this connection the following question is raised naturally for a Kahler CH man-

ifold M . Let F(r) be a negative monotone-decreasing or monotone-increasing
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function of r , where v s the distance function on M from a point of M . If the
Ricci curvature is bounded below by F(r) , does the Schwarz-type lemma hold up to
F(r)?

In a more explicit style we can describe the above as follows : If f is a holomorophic
map from M to a Hermitian manifold whose curvature is bounded above by a constant
—3? , and if the Ricci curvature of M satisfies Ric > —a?r(z)® |, then does f*ds% <
0‘2‘;(2@—6-(13%, holds 2 In particular if é is negative, it may give more exact estimates
of the gradient of holomorphic maps. Moreover if é is less than -2, it may give some
information for studying hyperbolicity or parabolicity of M . On one hand if ¢ is
positive, it means that Schwarz-type lemma holds under unbounded Ricci curvature
conditions. Here we shall give two theorems which are corresponding to the cases that
6 is equal to -2 and equal to 2 of the above problem. So we may expect that these

results show the possibility that the above problem be solved affirmatively.

2.2 Preliminaries

Let M be a Riemannian manifolds of dimension m and p be a point of M .
We denote by T,M the tangent space at p, and by X a tangent vector of T,Af .
Let (, ) be the Riemannian inner product of M , and |X| be a length of the
vector X € T,M . For a C? function v on M , we define the Hessian D?u of u

at p e M by
Dxu(X,Y) = X(Yu) — (DxY)u

for X,Y € T,M , where DxY isthe covariant derivative associated with the Riemann
connection. The Laplacian Au of u is defined as the trace of D?u . In other words,

if { X; } is an orthonormal basis of T,M , then
Au = E,' D2U(X,',X,').
The curvature tensor R is defined by

R(X,Y)Z = -DxDyZ + DyDxZ + Dixy|Z,
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so that (R(X,Y)X,Y) has the same sign as the sectional curvature of the plane

spanned by X and Y . The Ricci tensor Ric(Y,Z) is defined by

Ric(Y, Z) = = (R(X:,Y)Z, X) .

2

X|® for

We say that the Ricci curvature is bounded below —a? if Rie(X,X) > —a?
all X .

The well-known theorem of Cartan-Hadamard says that if M is simply connected,
complete Riemannian manifold of nonpositive curvature, then the exponential map
exp ,: T,M — M is a diffeomorphism. In this case we call M a Cartan-Hadamard
manifold.

Let M and N be a Riemann manifold of dimension m and n respectively.
And we denote by ds3, and ds3 a Riemannian metric of M and N respectively.

Let f be a differential map from m to N . We define the 2-form f*ds% on M by
sl X, Y) = dsil £.X, 1.Y)

for arbitraly p € M and X,Y € T,M . For a positive number C , the inequality
f*d% < C ds%, at p means that the inequality f*d%(X,Y) < C ds3,(X,Y) is valid
for any X,Y € T,M . In this case we say that the gradient of f 1is estimated by
C in this paper. Moreover if there is a real-valued function C(z) on M such that
frd4 < C(z)ds%, forall z € M , wesay that f is distance-decreasing up to C(z)

in this paper.

Also, we shall give some definitions with respect to a complex manifold. Let M be a
Hermitian manifold, and let (, ) be a Hermitian inner product. X denotes a tangent
vector of type (1,0) of holomorphic tangent space T,M . If R is the curvature tensor
of the canonical Hermitian connection on M , the holomorphic bisectional curvature
determined by X,Y is defined by

(R(X, X)Y,Y)
XY P

for |X[,[Y|#0

We say that the holomorphic bisectional curvature is bounded above —[3% if
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(R(X,X)Y,Y) < -p%|X|-|Y]
for all X,Y . Similarly as in a Riemannian case, the Ricci tensor is defined as
Ric(Y, Z) = Z; (R(X;,Y)Z,X;) .

We say the Ricci curvature is bounded below —o? if R(X,X)> —a?|X|* forall X.
If a complete Kahler mainfold A is simply connected with nonpositive sectional
curvature, we call M a Kahler CH manifold. A Kahler CH manifold is also diffeo-

morphic to its tangent space.

2.3 Survey of the Schwarz lemma

In the first, we recall the classical Schwarz-Pick lemma:

Let D be the unit disc in the complex plane C , and f be a holomorphic map
from D into itself. Then for the Poincaré metric ds% , it follows that f*ds% < ds?

and the inequality holds everywhere unless f is biholomorphic.

This means every holomorphic map from D into itself decreases distance with respect
to the Poincaré metric. And the distance-decreasing property of holomorphic map has
been generalized to various forms . For example, it is generalized to higher dimensional
case by Bochner-Martin [2].

However Ahlfors [1] was the first to generalize Schwarz lemma by considering the

curvature conditions. His result is stated as follows:

Let D be the unit disc in C with the invariant metric ds% whose Gaussian

curvature is equal to a negative constant —o?

. And let M be a Riemann surface
with hermitian metric ds%, whose Gaussian curvature is bounded above by a negative
constant —(% . Then every holomorphic map f from D to M satisfies f*ds%, <

2
a5 ds?

p
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Moreover this was generalized by Kobayashi [5] and by others to higher dimen-
sional case. Most of these generalizations of Schwarz Lemma originate from Ahlfors’s

generalization.

Next, we consider the higher dimensional case for general manifolds. Let A and
N be same dimensional manifolds, and f be a holomorphic map from M to N . Now
we define the general elementary symmetric function u associated with f according
to Chern [3] and Lu [7). So u is defined by u = |det(df)|> according to Chern [3].
We can see that u means the volume ratio of f . The following result is shown in

Chern (3]:

Let R be the scalar curvature of M , and Ric be the Ricci curvature of N .
Then it follows that %Alogu > R—Tr(f*(Ric)) , where Tr(f*(Ric)) means the trace

of the inverse image of the Ricci form of N .
Using this formula, Chern [3] generalized the Schwarz lemma as follows:

Let B be the n-dimensional unit ball in C" with the standard Kahler metric,
and N be an n-dimensional hermitian FEinstein manifold with scalar curvature <

—2n(n+ 1) . Then every holomorphic map f: B — N is volume-decreasing.

This was also generalized by Kobayashi [6] to more general manifolds .

After that Lu 7] showed a similar formula relating to a distance ratio. Let M and
N be a Hermitian manifods of complex dimension m , and n respectively. And let
f be a holomorphic map from M to N . According to Lu, the general symmetric

function is defined by u = Z;|df|> The following result is shown in Lu [7].

Suppose that the Ricci curvature of M satisfies Ric > a at a point p € M , and
the holomorphic bisectinal curvature of N is bounded above by [ at f(p) . Then,
at p, we have Au > 2(au — Bu?) and Alogu > 4(a — Bu) .
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About ten years later Yau showed the Schwarz lemma in the most general style [12]

using Lu’s formula. It is mentioned as follows:

Let M be a complete Kihler manifold with Ricci curvature bounded below by —a?
(¢ > 0), and N be a Hermitian manifold with holomorphic bisectional curvature
bounded from above by —[(% (8 > 0) . Then every holomorphic map f from M to
N satisfies frds% < %7.2(13%,.
The points of this result are that the domain manifold is a general manifold, the
gradient of f 1is estimated by the Ricci curvature of domain manifold, and moreover

this lemma immediately implies the Liouville’s theorem, that is:

A complete Kahler manifold with non-negative Ricci curvature does not admit any

bounded holomorphic functions.

Before introducing new Schwarz-type lemma, we would like to mention some results

related to Kahler CH manifolds.

2.4 Kahler CH manifolds

Here we turn to study Kéahler CH manifold. From 1970’s a Kahler CH manifold has
been studied succesfully. And it has been always studied that: When M s hyperbolic
or when M is parabolic? Note that we frequently see various partial differential
equations in considering these problems. Now we shall make reference to the most
typical results relating to these problems .

Let o be a fixed point of M , and we denote by 7(z) the distance function from

o to z in M . The following result is shown in Siu-Yau [10].

If M 1is a Kahler CH manifold of complez dimension n with sect. curv. >
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2
—r;?)_q for positive constants « and €, then M s biholmorphic to C" .
Note that the proof of this theorem uses the L? estimates of the 0 problem. And the

curvature condition of this theorem was improved by Greene-Wu [4].

On the other hand Greene-Wu proved the following in [4]:

If M s a Kahler CH manifold of complex dimension n with sect. curv. <
2
—(1—:*_—6;(—7:)25 then M is complete hyperbolic in the sense of Kobayash:.
Moreover we recall some results for restricted cases in this direction. For a rotationally

symmetric case the following is shown by Milnor [8] and Shiga [9]:

Let M be a Kahler CH manifold of complex dimension n . Suppose that the Kahler
metric of M is of the form ds? = dr? + g(r)%d6? , where (r,0) be the geodesic polar
coordinates on M . We denote by K(r) the holomorphic radial curvature. Then
(1) If K(r)> —;21—%)& ,then M is biholomorphic to C™ .

(2) If K(r) < —}%l-*_o—ger for positive ¢ , then M is biholomorphic to the unit ball in
@

And we have the following result. However we have few results in this direction.

Let M be a Kahler CH manifold of complex dimension n . Suppose that the
Kdhler metric of M is of the form ds®> = dr? + g(r,0)2d6? with respect to the

geodesic polar coordinates on M . If sect. curv. < ————1(——)'2' for positive ¢ , then

L s-¥ie
M s biholomorphic to a strictly pseudoconvex domain in C™ .

Proof. M is a Stein manifold since a Kdhler CH manifold is always a Stein
manifold by Greene-Wu[4] . Choose a holomorphic coordinate neighborhood U of
M such that B,(¢) cC U for a positive e . By the Hessian comparison theorem of

Greene-Wu[4], 7(x)? is strictly plurisubharmonic on M since M is Kéhler. We have
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that gradr(z)? # 0 on M\o. Then we may regard B,(¢) as a strictly pseudoconvex
domain with C* boundary in C” . We define a diffeomorphism f; from S,(¢) to
So(k) € N by

fi(e,0) = (k,0)

where (r,0) is the polar coordinates at o . Lemma 1.4 in Chapter 1 implies that
fr is a CR-diffeomorphism. We see that S,(¢) and S,(k) are connected. From
the Bochner-Hartogs’ theorem on Stein manifolds we see that B,(e) is biholomorphic
to B,(k) for all integer k. For any compact set K in M , there exists an integer
k so that B,(k) D K since exp, : T,M—M is a diffeomorphism. So M is
exhausted by biholomorphic images of the strictly pseudoconvex domain B,(¢). Since
Ki(z) < =1/(1 + r(z)?) and M is complete, M is complete hyperbolic from the
theorem of Greene-Wu ([4], Theorem E).

It follows that M is biholomorphically equivalent either to the unit ball B in
C™ orto B,(¢) from Lemma 1.5. Both B,(¢) and B are strictly pseudoconvex,

then the theorem is proved.

2.5 Schwarz lemma on Kahler CH manifolds

Now we return to estimate the gradient of holomorphic maps from a Kéahler CH
manifold. In this section let o be a fixed point of M , and we denote by 7(z) the
distance function from o to z in M .

Here we notice that the ordinary Schwarz lemma does not tell us a local estimate
of a holmorphic map, in other words, the gradient is bounded by a very constant on a

manifold. Hence the following question is raised naturally:

Can we estimate the gradient of holomorphic map locally by a local ratio of the

domain’s curvature and the object’s curvatute?

On one hand, in connection with the Liouville’s theorem, the following conjecture
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has been raised for about twenty years (cf. Wu [13]):

Let M be a complete Kihler CH manifold, For positive numbers « and ¢
2
Q

(z)

suppose that Ric > — e then does M admit non-constant bounded holomorphic

functions?

However we know few results in this direction. In connection with these questions

and the Schwarz lemma, the following question is raised for a Kahler CH manifold M .

Let F(r) be a negative monotone-decreasing or monotone-increasing function of
r . If the Ricci curvature of M is bounded below by F(r) on M , does the Schwarz
type lemma hold up to F(r) on M ?

This formulation means that the gradient of a holomorphic map can be estimated
locally by its Ricci curvature. We expect this formulation will show more presice
estimates than ordinary Schwarz-type lemma. In a more explicit style we can reform

the above question as follows :

If f s a holomorophic map from M to a Hermitian manifold whose curvature is
bounded above by a constant —f(3% , and if the Ricci curvature of M satisfies Ric >

2. A
—a?r(z)® for constants o and &, then does f*ds% < L’gga—jldsﬁl holds ?

In particular if this problem is solved affirmatively for a negative number ¢ , it
may give more exact estimates of the gradient of holomorphic maps for large r .
Furthemore if ¢ 1is less than -2, we expect that it may give some information for
deciding hyperbolicity or parabolicity of M . On one hand if é is positive, it means
that the Schwarz-type lemma holds under unbounded Ricci curvature conditions. And
it also assurts that every holomorphic map from such a manifold is destance-decreasing

up to its Riccl curvature. Moreover these two theorems suggest us that we may expect
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a good many various forms of the Schwarz-type lemma for a general manifold.
In the following we shall give two theorems which will be an affirmative answers to

the above problem for the cases: 6 =2 and § = -2 .

2.6 Laplacian estimates of the distance function

First, we shall estimate the Laplacian of the distance function on our manifolds.

LEMMA 2.1. Let M be a Cartan-Hadamard manifold of dimension m . Let o
be a point of M , and r(z) = dist(z,0) . Then we have the followings :
m~—1 :
(A) AT(.Z‘) > m on M .
(B) Let p be a point of M such that dist(o,p) > 1, and [l(z) = dist(z,p) . If the

$
Ricci curvature satisfies Ric > ﬁ;}‘g for a positive constant o on M | then we
have

m— 14 2a%(2 4+ A?)
A <
ST
for all z € M ,where A= dist(o,p) .

Proof. (A) follows directly from the Laplacian comparison theorem Greene-Wu(4]
since M is a nonpositive curved manifold and Ar(z) = @) for the Euclidean
space R™.

For arbitrarily point z € M ,let «(t) be a minimal geodesic joining p and z .
And we denote by (t) the tangent vector of ~ . Once again from Siu-Yau[10] we

have

Al(a:)<m_1 1

= /Ol(z)tQ Ric(4(¢))dt. (2.1)

The trigonometric inequality implies that |I(y(t)) — A| < r(y(t)) for all ¢ > 0. Note

that [(y(t)) =t . Then the curvature condition leads

2
—&2 =@

2 TH @) 214G = AP

Ric(7(1))
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If I(z)>2A, we get

/1(1) (

2A T)
| Riethnar = /O £ Ric(3(t)dt + | ¢* Ric(3())dt

2A I(z) —2a2
t2(—a?)dt + ey
/0 (=ar) 24 1+ (t—A)°

vV

dt

since Ric> —a? on M .

Direct computations give

d g2 _2t(1+ A7 —tA)
@O T Ore-A)
2t(1 — A?)
<
~ L = 4F)
< 0

9
because ¢t > 2A and A > 1. Therefore i—ﬁg is monotone decreasing and

e )
2
less than 4. Then we have ﬁ <4 for t> 2A . Hence we obtain
I(z) I(z)
/ £2 Ric(4(t))dt > —§a2A3 = / 4a2dt. (2.2)
0 2A

Using (2.1) and (2.2) we have

- 2 o8 2 _ 2 2
Al(w)<m 1 8a*A° 4o Sm 1+12((;)(2+A)

= dla) * 3i(z)* * I(z)

The last inequality follows from {(z) > 2A .
If I(z) <2A, we get

o?l(z)?
3

I(2)
/ t2 Ric(4(t))dt > —
0

since Ric > —a? . From (2.1) we have

_ 2 e 2 42 L 542
Al(z)gm 1+al(x)sm 1+4aA/3Sm 1+2a°A
I(z) g [(x) B

Thus we have proved (B) for all z € M .

LEMMA 2.2. Let M be a Cartan-Hadamard manifold of dimension m . Let

o be a point of M , and r(z) = dist(z,0) . If the Ricci curvature of M satisfies
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Ric > —a?(1 4+ r(z)?) on M , then we have the followings :

(4) srizy<m=ly rle) | Ha)’ o

(B) Let p be a point of M such that p # o, and I(z) = dist(x,p) . Then we have

m—1 o1+ A4%l(z) o?Al(z)?  ®l(z)?
Al(z) <
@<g 3 Rabl Lt
for z € M , where A= dist(o,p) .
Proof. From (2.1) we have
s oo il o /’(T) £2 (1 4 12)dt (2.3)
= w(z) . r(x)Jo ' :

Integrating (2.3), we obtain (A) .

Let ~(t) be a minimal geodesic joining p and arbitrarily z € M . From
A+1(y(t)) > r(y(t)) and (2.3), we have
m—-1 o

l(z) ~ Uz)

Integrating the above, we have directly (B) .

Al(z) <

I(z)
. /0 12 (14 (t + A)?)dt.

2.7 Quadratic decaying condition

In this section we shall give gradient estimetes of a holomorophic map from a Kahler
CH manifold whose Ricci curvarure is bounded from below by a quadratic decaying

function. Again we recall Yau's general Schwarz lemma [12]

GENERAL SCHWARZ LEMMA. Let M be a Kahler manifold with Ricci curvature
bounded below by —a® (a>0), and N be a Hermitian manifold with holomorphic
bisectional curvature bounded from above by —p3? (B > 0) . Then if there is a

b
nonconstant holomorphic map f from M to N , we have frds% < %Tds%,.
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The following theorem is a partial answer to our problem raised in Section 2.5, and
gives more accuracy of gradient estimates adding the curvature conditions of quadratic
decay. And Theorem 2.1 shows that every holomorphic map between manifolds satis-
fying the conditions of the theorem is destance-decreasing up to their Ricci curvatures.
The proof is essentially based on Yau [11] and Yau[12]. However in order to simplify

the proof, we shall use the argument of Ahlfors [1] and Wu [13].

THEOREM 2.1. Let M be a Kdihler CH manifold of complex dimension m(m >
2) , and N be a Hermitian manifold of complex dimension n with holomorphic
bisectional curvature bounded from above by —B? (8 > 0) . Suppose that the Ricci
curvature of M satisfies Ric > —a?/(1+7(x)?) , where r(x) is the distance function
from a fized point o of M . Then if there is a nonconstant holomorphic map f
from M to N , we have
F*de% < —2—,—0‘2 ods?,.
T (L +r(z))
Let M and N be a Hermitian manifods of complex dimension m , and n
respectively. And let f be a holomorphic map from M to N . According to Lu

(7], we define the general elementary symmetric function u(z) associated with f on

M . By choosing a orthonormal basis {X;} of type (1,0) at = € M , and we define
u(z) by

u(z) = i |df(X:)|?  for ze€ M. (2.4)

From the definition we can see f*ds% < u(z)ds3, . The following result is shown in

Lu[7].

PROPOSITION 2.1 Let M and N be a Hermitian manifold of dimension m,n
respectively. And let u(z) be the general elementary symmetric function on M of a
holomorphic map f from M to N defined as above. Suppose that for a point p in

M the Ricci curvature of M satisfies Ric > a at p , and the holomorphic bisectinal
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curvature of N is bounded above by [ at f(p) . Then we have at p ,

Au(p) > 2(au(p) — Bu(p)?) (2.5)
Alogu(p) 2 4(a — fu(p)). (2.6)

Proof of Theorem 2.1. By the definition of the general elementary symmetric
function u(z) , it suffices to prove that u(z) < o?/{6%(1 +7(z)?)} . And we have

2
; (2.7

| Q

u(z) <

)

on M from Yau[12], since the Ricci curvature of M is bounded below by —a? . For
a sufficiently small positive number e , we define a C* function (1 + 7(z)*™¢)u(z)
on M . Then either (1+ r(z)>=¢)u(z) attains its supremum at some point or, there
is a sequence {gx} in M such that

L b S ()~ )ular) = TS r(2)* Ju(z).

First, we suppose that (1 + 7(z)?>%)u(z) attains its supremum at ¢ € M . In this
case we shall consider for three cases ; 7(¢) =0,7(¢) <1,and 7(q)>1.

If ¢g=o0,it follows from (2.7) that

(1+r(z)*)u(z)

IN

14 7(0)%¢)u(o)
0)

2

I
=

<

Bk

Therefore we have that u(z) on M if g=o.

2

< oy

- A +r(z)7)
Next, we assume ¢ # o , and (1+7(q)?>%)u(q) > 0. Hence log{(1+7(z)> ¢)u(z)}

is well defined near ¢ . We see that log(1+ r(z)27¢)u(z) also achieves its maximum

at ¢ . From the maximum principle we have

Alog{(1+7(¢)**)u(q)} < 0. (2.8)
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Direct computation implies

Alog(l+r(z)*™) = T%(—Q:E)_?*{T(x)l_eAr(I) +(1=¢e)r(z)™c -
2—¢

r(z)f +r(z)?

(2 — &)r(z)?~%
14 r(z)*e J

> (r(z)Ar(z) — 1)

According to Lemma 2.1(A), we see Ar(z) > (2m — 1)/7(z) . Then we have

2—¢€ (2 N 6)(2m — 2)
Alog(1l + r(z)*7°) P
_@_—i__ 2.9)
() + (@) (2
From (2.8) we see that
0> Alog{(1 +r(q)>)u(q)} = Alogu(q) + Alog(l +1(g)*™*).
Using (2.6) and (2.9), we get
—a® 3m —4
0 > 4(m +u(g)B%) + Q£ r@?
e
= 4(Tr(q)2 +u(q)B?)
since m > 2 . Therefore we have
(1+TWVM@)S%7 (2.10)

Hence we have for all z € M

(1+7(z)**)u(z)

IA

(1+7(q)*%)u(q)
o’(1+r(g)*™)
Bl +r(g))

In particular if we suppose 7(g) > 1, then we have immediately from (2.10)

IN

(1 +7(z)*)u(z)

IN

(1 +7(g)*)ulq)

IN

(1+7%(q))ula)

a?

?.

IN




2
that for any small positive constant ¢ if (1+7(2)*")u(z) achieves its supremum at

Then we obtain u(z) < 7

some point ¢. , then it follows that

a? a®(1 4 7(g:)*°) }
(1+7(2)*7%) B°(Q + r(g))(1 + r(2)®~) "

on M , where ¢, satisfies 0 < r(¢.) < 1. Hence it remains to consider the case that

u(z) < max{ﬁz (2.11)

(1 +r(z)2¢)u(z) does not achieves its supremum.

Now let {gr} be a sequence in M such that

lim. sup (1 4 r(ar)* " ula) = B e r(2)*)u(z).

Choosing a subsequence adequately we may assume that limy_., 7(gx) = 0o , and

331(11:() ))(1+r(a:)2_5)u(a:) = (14 7(q)*)u(q), (2.12)

r(g) < 7(grsr)

for all integer k , where B,(r(qx)) is the ball of radious r(gx) arround o € M. Let
Bi(R) be the ball of radious R arround ¢, € M, and let I(z) be the distance from
qr - So we define a real-valued C* function ®(z) on Bi(R) by

®(z) = (1+r(2)*)u(z)(R? = I(2)*)*.

We see that ®(z) = 0 on the boundary 0Bi(R) of Bi(R),and &®(z) > 0 in
Bi(R) . Hence ®(z) attains its maximum at an interior point p; of Bi(R) . From

(2.13), we see

r(qr) < r(pe) < (@) + R . (2.13)

Since ®(pr) > 0, log ®(z) is well defined as a C*° function near p; . Then
log ®(x) also attains its maximum at pi , hence Alog ®(pr) < 0 . Therefore, at py
we have,

0 > Alog{(1+ r(pe)” )u(pe)(R* — U(pr)*)’}
= Alog(1+4 7(p)?¢) + Alogu(p) + 224 log(R? — I(pi)?)

3¢




Since (2.6) and (2.9) , we obtain at p

3m —4 —a?
0> 7 + 4

2 2 9
T(pk)E +T(pk) 5 S pk ﬂ } + 2A lOg(R l(pk) ) . (214)

IS

So that we shall estimate the third term of the right-hand side. Direct computation

gives

20(pe)Al(pr) 2R?* + 2l(pi.)?
R*—1(p)? (R —1(m)*)*

We may assume 7(gr) > 1. So from Lemma 2.1(B) we have

Alog(R? = I(pi)?) = —

(2.15)

2C,  2R*+2(py)’
R?—1(p)®  (R®=U(pe)?)?
_,(C1+ DR — (G — Di(pi)*
(R® = U(p)?)? ’
where we set C; = m—1+2a%(2+7(qx)?) . We define the real valued function ¢(€,7)

for £,me R by

Alog(R? — U(pi)?) >

p(&,m) = (C1 +1)€ — (C1 = ). (2.16)

Using (2.16) and (2.14) we have

- 3m —4 40(R, (pr))

02Uy P Gy o e 21
Deviding (2.17) by 4% , we get
1 o> (3/4)m-1 e(R, 1(pr))
U(pk) S ?{1+T(pk)2 T(pk)5+7"(10k)2 (R2 l( )‘2)2}
1 a’ P(R,U(pr))
< ?{1 +T(pk)2—e (RQ 1(pe) )2} (2.18)

Here we assumed that r(pr) > 1 from (2.13). So the last inequality follows from
m>2 and 1+ 7(pe)?¢ <14 r(p)? . Since @& attains its maximum at p, , we

obtain from (2.18) that

O(qr) < O(px) = u(pe)(1+ r(pe)* )R = U(px)?)?
o’(R? = I(pi)?)? L+ r(pi)” (R, U(pi))
B B? '
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(2.19)




Deviding (2.19) by R*, and combining ®(q) = u(qe)(1 + r(qx)?>~¢)R* , we have

o’ o % r(pk)”~)o(R, I(pr))
,3‘2 ﬂ2R4 :

Next, we shall show that (1 +7(px)?>7¢)o(R,I(pr))/R* tends to zero, when R — co.

w(g)(1 +r(q)”™) <

(2.20)

The definition of C; implies C; > 1 . Then we see that
o(R,1) < (Cy + l)R2

by (2.16). From (2.13) it follows that 7(pr) < 2R if R is large enough. Hence we
have

(14 (2R)*™¢)(C, + 1)R?
R4

(1+7(pe)* ") (R, U(pr))
R4

<

for sufficiently large R . Since the right-hand side tends to zero when R — oo, thus

we have proved
(1+7(p)* ") (R, U(px))

= =l

limR_m

This implies from (2.20) that

(1 +r(e)>)ulae) < 5.

=

2
By the definition of ¢ , (14 r(z)?>%)u(z) < &% follows for all z € Bo(r(qt)) .

=

Letting k¥ — oo such that 7(q)) — oo, we have

012

U(I) i ﬁg(l-’rT‘(CL‘)Q—E)

on M .
Combining (2.11) we have proved that for arbitrarily small constatnt & > 0
% % Q21 + r(qe)*™)

L+ @) B+ (@) B0 + (@)1 + r@) )

for all z in M , where ¢ isthe maximum point of (14 r(z)?7¢)u(z) while it attains

}.

wla) < max{ﬁ2

its maximum satisfying 7(¢.) < 1. Since the right-hand side is continuous relative to

€ near € =0 , then we have

0’2

A* (1 +1()*)
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u(z) <




on M . This completes the proof.

Next, we shall estimate a growth of a holomorphic map from a Kahler CH manifold
whose Ricci curvature satisfies the condition of Theorem 2.1. The following corollaries

are immediately applications of Theorem 2.1.

COROLLARY 2.1. Let M be a Kéhler CH manifold of complex dimension m(m > 2),
and N be a Hermitian manifold of complex dimension n with holomorphic bisectional
curvature bounded from above by —f3% (B > 0) . Suppose the Ricci curvature of M

satisfies Ric > —a?/(1 + r(z)?) , where r(z) is the distance function from a fized

point o of M . And let f be a holomorphic map from M to N . Then we have

dist x(£(z), £(0)) < %log{rm + (r(z)? + 1)'/2)

on M .

Proof. We may assume that f is a nonconstant map. We denote by |X]|,,
and |Y|y the length of tangent vectors X € TM,Y € TN measured by each metric
of M and N respectively. Let 7(t) be a unit speed geodesic in M from o to z .
So we can define the piecewise-smooth curve o(t) on N by o(t) = f(y(t)) . Hence

we have,

distn(7(2), S0 < [ 16(0)]y

We see that |a(t)|% = |f(3())|% = f*ds%(4(t),4(¢)) . And Theorem 2.1 gives

2
o 2

ﬁ?(l +_T(V(t))Q)dSAl(ﬁ(t)vﬁ(t)y

lo(t)|y <

Since ~(t) is parametrized by its arclength, then we have
(z) «

il

0 BI+D)

r(z)
JARLOIT IS
«

Bl log{r(z) + (r(z)* +1)/2}.
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Thus we complete the proof.

COROLLARY 2.2. Let M be a Kdhler CH manifold of complex dimension m(m > 2) .
Suppose the Ricci curvature of M satisfies Ric > —a?/(1+ r(z)?) , where r(z) is
the distance function from a fized point o of M . If there is a bounded holomorphic
function f on M such that f(o) =0 , then we have

(2r(z) +1)*/2 =1
[F4 £ dsun | )I}(27_(x)+1)u/2+1

on M .

Proof. ~ We may assume that sup|f| =1 deviding f by sup|f|. Therefore we
can regard f as a holomorphic map from M into the unit disc D in C. Let ds%
be the Poincaré-Bergman metric of D defined by

d82D = —l 5 2dfc'/\d?,
(1—1z]%)
which has the constant holomorphic curvature -4 . Mesuring the distance from o to

z € D by this metric , it follows that

1+ |z|

distp(z,0) = §log 1l

Combining Corollary 2.1, we have

og T < Slog{r(a) + (e + 1))
< %10g(27‘(:r) +1).
Hence we obtain
L+ If(x)| r af2
T—If@) <&@V

Simplifying above equation, we get

(2r(z) + 1)"/2 =4
(9 (@) o 1B 41

|f(z)] <

for all x € M . This completes the proof.
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2.8 Quadratic growing condition

In this section we shall extend the general Schwarz lemma for Kahler CH manifolds
whose Ricci curvature is greater than a negative function with quadratic growth. The
point of Theorem 2.2 is that it is the Schwarz-type lemma under unbounded Ricci cur-
vature conditions. And Theorem 2.2 also shows that every holomorphic map between
manifolds satisfying the conditions of the theorem is destance-decreasing up to their

Ricei curvatures. It is described as follows.

THEOREM 2.2. Let M be a Kdhler CH manifold of complex dimension m(m >
1) , and N be a Hermitian manifold of complex dimension n with holomorphic
bisectional curvature bounded from above by —3% (8 > 0) . Suppose the Ricci curvature
of M satisfies Ric > —a?(1 + r(x)?) , where r(z) is the distance function from a
fized point o of M . Then if there s a nonconstant holomorphic map f from M
to N , we have
Crmo(1 +r(z)?)

72

where the constant Cp o 1S given by Cn o = max{3a? 4m + 2a?} .

frdsy < dsiy,

Proof. In the first, we have from direct computation that

YD)
Alog(1+r(z)?) = iTi—(I—)Q{r(x)Ar(:L‘) 3= %}
2

According to Lemma 2.2(A), we have on M

Alog(1 + r(x)") 2{2m + o’r()*/3 + o’r(2)"/5}

1+ r(z)?
B o8
< 4m L 2a°r(7) ' (2.21)
1+17(2) 3

Note that Lemma 2.2(A) holds for ¢ # o, but (2.21) holds globally on M since

Alog(1+7(x)?) is continuouson M . Let u(z) be the general elementary symmetric
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function associated with f . So it suffices to prove that

u(z) < Small ; ()")

on M . After the manner of the proof of Theorem 2.1, we define a C* function

u(z)/(1+7(x)?) on M . Then either u(z)/(1+r(z)?) attains its supremum at some

point or, there is a sequence {gx} in M such that

lim sup;._, o 1 +(7f](k(])k). = SUD,e s I—% 3

We suppose that wu(z)/(1+ r(z)?) attains its supremum at some point ¢ € M .
So log{u(z)/(1+r(z)?)} is well defined near ¢ . We see that log{u(z)/(1+r(z)?)}

also achieves its maximum at ¢ . From the maximum principle we see that

u(q)
5 i et e i I
%63 +7(q)® ~

Hence we have

% = Alogu(g) — Alog(1 +1(g)*).

Using (2.6) and (2.21), we get

0> Alog

0 > 4{-a*(1+7(q)%) +u(q)B?) - 1+4:ZQ)2 L 20[37“

at ¢ . Therefore we obtain

we) o’ +4m/(L+1(0)*) + o’r()*/( 4 7(9)°)

L+r(gP? ~ 5
20% + 4m
S /32 »
Since 1) 5 < u(q) = , we have proved that if ——u—(i)—z attains its supremum
L+7(2)” = 147(g)"" 1 +7(2)

at some point in M , then for all z € M

u(z) . 20 + 4m.

R (2.22)
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Suppose that u/(1+ r?) does not achieve its supremum in any compact subset
in M . So we can find a sequence {gi} in M satisfying 7(q) < 7(@kt1)

im0 7(qr) = 00 and

(0 L
s () = u(qr) -~ (2.23)
B, (rl) 1NN s Thsatal Gl

for all integer % . So it follows that

. u(q) u(z)
lim sup ————— = sup ————.
k_.go 1+ r(qk)2 1618 1+ r(x)2

Let Bi(R) be the R -ball around ¢ , and I(z) be the distance from ¢. . So we

(
define a real-valued C* function ®(z) on Bi(R) b

(R* - 1(17)2)2”(53)
1+ nag)?

d(z) =

We see that &(z) attains its maximum at an interior point pp of By(R) since

®(z) >0 in Bi(R) and ®(z) =0 on IBk(R) . From (2.23), we see

r(qe) < 7(pr) <7(qx)+ R . (2.24)

Since ®(pr) >0, we get Alog ®(pr) < 0. Hence we have at p ,

(R? = U(pe)*)*u(ps)
147 (pk)
2A log(R? — I(pe)?) + Alogu(py) — Alog(1 + r(pe)?).

0 > Alog

Since (2.6) and (2.21) , we obtain

0 2 4(=a*(1+ () + ulp)) - [
o M—kQAlog(R —I(pr)?) (2.25)

at pr . We define a real valued function @(R,&,n) of R,& and né€ R by

©(R,&,m) = R*+¢° ! 7
% a2(32—€2){2ma;1+(1 +;7 )& +Q§—+ SN
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So using (2.15) and Lemma 2.2(B), the fourth term of the right-hand side of (2.25)

becomes

AlOg(R = l(pk) ) = _(21];2 j;i)(kp)k?))? R? = l; )2{2771 i

(14 7(q))pe)* | rla)l(pe)® | Upe)*
i ; = T g1

_20(R, U(p), m(ax)) 7
(= (e it

Substituting (2.27) into (2.25) we have at py

0 2 4{-a(1+r(nP) + up)P) ~
o 2d%r(p)” 49(R (k) (k)
3 (-0 -
Deviding (2.28) by 4(1 + r(px)?)#? and simplifying it we have
u(ps) 7 m o(1, U(pr),7(gx))
T S P T W e 2

Since & attains its maximum at p, , we obtain from (2.29)

70X (R? — U(p)?)® | m(R% — U(ph)*)? w(R»l(pk)ﬂ‘(qk))}.

P(qr) < P(pw) < {

65° B+rp)?)* 1+ 1(pe))
Hence we get from ®(q) = u(qr)R*/(1 + 7(qx)?) that
U((]k) 7&2 m (R l(pk) (qk))

T4 r(a)? = 688 T PO+ T RBA+ (o))

We may put R =r(q), then from R > I(p,) and (2.26) we see

PR 1(pi), r(ar)) < (2m + (g + 50%r(ai)’

From (2.24) we have

i Za" - 3 1 3a?
u(qr) o ao 4 2m+ e a2_
1+7(q)”  68°  Br(a)” 28

Therefore we obtain

u(z) 3> 3m+1

T+ ~ B FPr(a)
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for € B,(r(qr)) . Letting & — oo such that r(g) — oo, then we have proved that

u(z) i 3a?
1+7r(z)? ~ B

on M if w(z)/(1 + r(z)?) does not attain its supremum. Combining ( 2.22) we

complete the proof.

Note that we need not the condition m > 2 in Theorem 2.2. Using the estimate

of Theorem 2.2, we can get the following corollaries.

COROLLARY 2.3. Let M bea Kdahler CH manifold of complez dimension m(m >
2) , and N be a Hermitian manifold of complex dimension n with holomorphic
bisectional curvature bounded from above by —(% (B > 0) . Suppose the Ricci curvature
of M satisfies Ric > —a?(1 +r(z)?) , where r(z) is the distance function from a
fized point o of M . Andlet f be a holomorphic map from M to N . Then we

have

disty(f(z), f(0)) < - gga {2r(z) + r(z)?}

on M , where C,, o= max{3a? 4m + 2a%} .

Proof. ~ We may also assume that f is a nonconstant map. We denote by |X|,,
and |Y|y the length of tangent vectors X € TM,Y € TN measured by each metric
of M and N respectively. Let ~(¢) be a unit speed geodesic in M from o to z .
So we can define the piecewise-smooth curve o(t) on N by o(t) = f(y(t)) . Hence

we have,

dist(f(@), S@) < [ 16(0)]y d

We see that




And Theorem 2.2 gives

Cma(1+7(7(1)%)
ﬁ?

Since «(t) is parametrized by its arclength, then we have

"(2) {/Call + t2)
/ dt
0 B

Cm.a(2r(z) + 7()?)
23 '

|6(t)| % < ds3; (¥(), ¥(2)).

Il

r(z)
| 16l dt

IN

Thus we complete the proof.

COROLLARY 2.4. Let M be a Kihler CH manifold of complex dimension m(m > 1) .
Suppose the Ricci curvature of M  satisfies Ric > —a?(1 + r(z)?) , where r(zx) is
the distance function from a fized point o of M . If there is a bounded holomorphic
function f on M such that f(o) =0 , then we have

) r(x 2
f(2)] < {sup |f|} tanh{¥ Cima(2r(z) + 7(2) )}

TEM 8

on M , where C,,o = max{3a? 4m + 2a?%} .

Proof.  We may assume that sup|f| =1 deviding f by sup|f|. Therefore we
can regard f as a holomorphic map from M into the unit disc D in C. Let ds%

be the Poincaré-Bergman metric of D defined by

disg; = =dz A dZ,

1
AT
(1=12]%)
which has the constant holomorphic curvature -4 . Mesuring the distance from o to

2z € D Dby this metric , it follows that

1+ |z|
L=z

1
distp(z;0) &= §log

From Corollary 2.3, we have

3 Cma
og 1 Eh < Yom 2 20(a) 4 ()
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Hence we obtain

1+|f(~'5)| Crmsa X ()2
RS < e (2 0r(o) + 1))

Simplifying above equation, we get

(1 2,
|f(@)] < tanh \EGW;) + ()

for all £ € M . This completes the proof.

Remark. In the last, the we remark that it is still an open problem whether the
exponent 2 of 7(z) appeared in those theorems is best possible or not. However we

think it is not easy to improve the exponent larger than 2 after the same manner.
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