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Abstract

We introduce a formalization of a fuzzy relational database model using rela-
tional calculus on the category of fuzzy relations. We also introduce general formu-
las for the notion of database operations such as ’projection’, ’selection’, ’injection’
and ’natural join’ which can be used for both traditional and fuzzy database mod-
els. We prove several elementary properties of database operations using relational
calculus. Next we demonstrate the truck backer-upper control problem using our
formulation. Every fuzzy states, operation strategies, and solving procedures are
described by database tables and formulas of relational calculus. We also show
examples of computations of fuzzy relational databases using our Mathematica
implementation.
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1. Introduction
The relational database model was first introduced by Codd (1970). One of the

advantages of the relational model is soundness for data consistency. A procedure of data
processing is sometimes described by dynamic sequences of operations which may have
ambiguities in its implementation. Since a procedure in the relational database model
is defined by a static formula, we can avoid inconsistencies in their implementations.

Relational databases commonly contain attributes, tuples, database relation, data-
base schema, and database operations. In this paper, we show properties of fuzzy
relational databases using relational calculus.

Fuzzy database relation has been introduced by Raju, Majumdar, Arun (1988), and
fuzzy operations model was introduced by Umano and Fukami, S. (1994), Nakata (2000).
Database operator is one of the important aspects in relational database properties.
Fuzzy relational database operators(’projection’, ’join’, and ’selection’) has been intro-
duced by Umano and Fukami, S. (1994). In our work, we use relational calculus to
compute database operations. We use simpler and clearer formula to compute database
operations.
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The first concept of fuzzy relation has been invented by Zadeh (1965). Kawahara,
et al. developed an algebraic formalization of fuzzy relations using relational calculus
Kawahara (1988), Kawahara and Furusawa (1999), Mori and Kawahara (1995). Okuma,
et al. introduced a relational database model using a theory of relational calculus on
the Dedekind Category Okuma and Kawahara (2000). Since the Dedekind Category in-
cludes the category of fuzzy relations, we can formalize a fuzzy relational database model
using relational calculus on the category of fuzzy relations. Further, we formalize the
notion of database operations such as ’projection’, ’selection’, ’injection’ and ’natural
join’ using formulas of relational calculus. We note that the same formulas of relational
calculus can be used for a traditional non-fuzzy relational database model. So we can
consider our fuzzy relational database theory using intuition of the traditional database
operations. We show several elementary properties of database operations using rela-
tional calculus.

There exist some trials of fuzzy relational database theory, but they are limited in
specific topics such as fuzzy graph problem Mordeson and Nair (2001), Kiss (1991). The
advantage of our framework is showing several relational database operations uniformly
using the theory of relational calculus.

Next, we apply our formulation to an example of the truck backer-upper control
problem using fuzzy logic introduced by Freeman (1994). Every fuzzy states, procedures
are described as database tables of the fuzzy relational database theory. Problem-solving
procedures are also described by static formulas of the relational calculus on the cate-
gory of fuzzy relations. Since every property is described statically, the consistency of
data can be proved formally. We also implemented operations in the theory of fuzzy re-
lational database using Mathematica1. Using our Mathematica library, we demonstrate
computations in the truck backer-upper control problem.

Finally, we list functions in our Mathematica library and examples in the Appendix.

2. Fuzzy Relation

In this section, we summarize basic notations for fuzzy relations. We denote the
set {x ∈ IR|0 ≤ x ≤ 1} as [0,1]. The supremum and infimum of a family {xλ}λ∈Λ
of elements xλ ∈ [0, 1] is denoted by

∨
λ∈Λ

xλ and
∧

λ∈Λ
xλ, respectively. In particular,

x∨x′ = max{x, x′}, x∧x′ = min{x, x′} for x, x′ ∈ [0, 1]. For two elements x, x′ ∈ [0, 1],
the relative pseudo-complement ⇒ of x relative to x′ defined by x⇒ x′ := [x ≤ x′]∨x′,
where

[x ≤ x′] :=
{

1 if x ≤ x′,

0 otherwise .

Lemma 2.1. Let x, y, z ∈ [0, 1].

x ≤ (y ⇒ z) if and only if x ∧ y ≤ z.

1 http://www.wolfram.com/mathematica/
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Proof. (→) x ≤ (y ⇒ z)↔ x ≤ [y ≤ z] ∨ z

↔ (x ≤ [y ≤ z]) ∨ (x ≤ z)
→ (x = 0 ∨ (y ≤ z)) ∨ (x ≤ z)
→ (x ∧ y ≤ z).

(←) x ∧ y ≤ z ↔ x ≤ z ∨ y ≤ z

→ x ≤ z ∨ x ≤ [y ≤ z]
→ x ≤ [y ≤ z] ∨ z

↔ x ≤ (y ⇒ z).
⊓)

Definition 2.2. A fuzzy relation α from a set A to another set B is a fuzzy
subset of the Cartesian product A × B. i.e. α : A × B → [0, 1]. It is denoted by
α : A ⇁ B. The inverse fuzzy relation α# : B ⇁ A of α is a relation defined by
α# (b, a) := α (a, b) for a ∈ A, b ∈ B. The composition α · β : A ⇁ C of α : A ⇁ B
followed by β : B ⇁ C is a fuzzy relation defined by α · β(a, c) :=

∨
b∈B

(α(a, b) ∧ β(b, c)).

The identity relation idA : A ⇁ A is defined by

idA(a, b) :=
{

1 (a = b),
0 (a ̸= b) .

Definition 2.3. We define a category FRel as follows:
An object X of FRel is a set. For two objects X and Y , a morphism set FRel(X, Y ) is
a set of fuzzy relations from X to Y . It is easy to check that FRel is a category with a
composition and an identity of relation.

Definition 2.4. Let X, Y be objects in FRel. α, β morphism in FRel(X, Y ),
a ∈ X, and b ∈ Y . We define fuzzy operations )(union), ⊓(intersection), ⊑(subset),
⇒(the relative pseudo-complement), and constants 0AB(least), ∇AB(greatest) in FRel,
as follows:

1. (α ) β)(a, b) := α(a, b) ∨ β(a, b),

2. (α ⊓ β)(a, b) := α(a, b) ∧ β(a, b),

3. α(a, b) ⊑ β(a, b) iff α(a, b) ≤ β(a, b),

4. 0AB(a, b) := 0, and

5. ∇AB(a, b) := 1.

Example 2.5. Consider A = {a, b, c, d}, B = {2, 3, 4}, C = {x, y, z}. Let α1 : A ⇁ B,
α2 : A ⇁ B, β : B ⇁ C be fuzzy relations such that we defined by α1(a, 2) = 0.1,
α1(a, 4) = 0.4, α1(c, 2) = 0.3, α1(d, 3) = 0.5, α2(a, 2) = 0.3, α2(c, 2) = 0.2, β(2, y) = 0.5,
β(4, y) = 0.2, β(3, z) = 0.6,and β(3, x) = 0.4.

The followings are examples of a union, an intersection and a composition relation:

• We have (α1 ) α2)(a, 2) = 0.3, (α1 ) α2)(a, 4) = 0.4, (α1 ) α2)(c, 2) = 0.3 for
(α1 ) α2) : A ⇁ B.
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• We have (α1 ⊓ α2)(a, 2) = 0.1, (α1 ⊓ α2)(c, 2) = 0.2 for (α1 ⊓ α2) : A ⇁ B.

• We have (α1·β)(a, y) = (α1(a, 2)∧β(2, y))∨(α1(a, 3)∧β(3, y))∨(α1(a, 4)∧β(4, y)) =
0.1 ∨ 0 ∨ 0.2 = 0.2 for (α1 · β) : A ⇁ C.

Definition 2.6. Let α : X ⇁ Y, β : Y ⇁ Z be fuzzy relations for all x ∈ X,
y ∈ Y and z ∈ Z. The residue composite α ✄ β : X ⇁ Z is defined by:

(α ✄ β)(x, z) =
∧

y∈Y

(α(x, y)⇒ β(y, z))

Proposition 2.7. Let α : X ⇁ Y, β : Y ⇁ Z and γ : X ⇁ Z be fuzzy relations.
1. αβ ⊓ γ ⊑ α(β ⊓ α#γ),

2. γ ⊑ α ✄ β if and only if α# · γ ⊑ β, and

3. (0XY ✄ β) = ∇XZ .

Proof. 1. Let fx ∈ X and z ∈ Z.

(α · β ⊓ γ)(x, z) = (α · β)(x, y) ∧ γ(x, z)
=

∨

y∈Y

(α(x, y) ∧ β(y, z) ∧ γ(x, z))

=
∨

y∈Y

(α(x, y) ∧ β(y, z) ∧ α#(y, x) ∧ γ(x, z))

⊑
∨

y∈Y

(α(x, y) ∧ β(y, z)) ∧
∨

x′∈X

(α#(y, x′) ∧ γ(x′, z))

=
∨

y∈Y

(α(x, y) ∧ β(y, z)) ∧ (α# · γ)(y, z)

=
∨

y∈Y

(α(x, y) ∧ (β ⊓ α# · γ)(y, z))

= α · (β ⊓ α# · γ)(x, z)

So we have α · β ⊓ γ ⊑ α · (β ⊓ α# · γ).

2. Let y ∈ Y and z ∈ Z

α# · γ(y, z) ⊑ β(y, z)↔ ∀y∀z : α# · γ(y, z) ≤ β(y, z)
↔ ∀y∀z :

∨

x∈X

(α#(y, x) ∧ γ(x, z)) ≤ β(y, z)

↔ ∀y∀z∀x : α#(y, x) ∧ γ(x, z) ≤ β(y, z)
↔ ∀y∀z∀x : γ(x, z) ∧ α#(y, x) ≤ β(y, z)
↔ ∀y∀z∀x : γ(x, z) ⊑ α#(y, x)⇒ β(y, z) [By Lemma 2.1]
↔ ∀x∀z : γ(x, z) ⊑

∧

y∈Y

α(x, y)⇒ β(y, z)

↔ ∀x∀z : γ(x, z) ⊑ (α ✄ β)(x, z)
So we have γ ⊑ α ✄ β ↔ γ ⊑ α ✄ β.
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3. Let x ∈ X and z ∈ Z

(0XY ✄ β)(x, z) =
∧

y∈Y

0XY (x, y) ✄ β(y, z)

=
∧

y∈Y

[0XY (x, y) ≤ β(y, z)] ∨ β(y, z)

=
∧

y∈Y

1 ∨ (β(y, z)) = 1 = ∇XZ(x, z)

So we have (0XY ✄ β) = ∇XZ .

Definition 2.8. Furusawa and Kawahara (2014) Dedekind Category D is a cat-
egory satisfying the following axioms D1(Complete Heyting Algebra(CHA)), D2(Converse),
D3(Dedekind Formula), and D4(Residual Composition).
We denote a morphism α ∈ D(X, Y ) as α : X ⇁ Y .
D1. For all pairs of objects X and Y the hom-set D(X, Y ) consisting of all morphisms
of X into Y is a complete Heyting algebra (namely, a complete distributive lattice)
D(X,Y) = (D(X,Y), ⊓, &, ⊑, 0XY , ∇XY ) with the least morphism 0XY and the greatest
morphism ∇XY .

That is, if α, αi ∈ D(X, Y ) for an index set I, we have the followings:
(a) ⊑ is a partial order on D(X, Y ),

(b) 0XY ⊑ α ⊑ ∇XY ,

(c) &i∈Iαi ⊑ α iff αi ⊑ α for all i ∈ I,

(d) α ⊑ ⊓i∈Iαi iff αi ⊑ α for all i ∈ I, and

(e) α ⊓ &i∈Iαi = &i∈I(α ⊓ αi).
D2. There is given a converse operation# : D(X, Y ) → D(Y, X). That is, for all
morphisms α, α′ ∈ D(X, Y ), β ∈ D(Y, Z), the following converse laws hold:

(a) (αβ)# = β#α#,

(b) (α#)# = α, and

(c) α ⊑ α′, then α# ⊑ α′#.

D3. For all morphisms α ∈ D(X, Y ), β ∈ D(Y, Z) and γ ∈ D(X, Z), the Dedekind
formula αβ ⊓ γ ⊑ α(β ⊓ α#γ) holds.
D4. For all morphisms, we denote α ∈ D(X, Y ) as α : X ⇁ Y and β ∈ D(Y, Z) as
β : Y ⇁ Z, the residual composite α✄ β : X ⇁ Z is a morphism such that γ ⊑ α✄ β if
and only if α#.γ ⊑ β for all morphisms γ : X ⇁ Z.

Example 2.9. Consider a category Relo whose objects are all nonempty set and in
which a hom-set Relo(X, Y ) between objects X and Y is the set of all (binary) fuzzy
relations on X if X = Y , and ∇XY = 0XY , otherwise. That is, a hom-set Relo(X, Y )
is singleton set when X and Y are distinct. Then it is easy to verify that the category
Relo is dedekind category. The conditions (D1) and (D2) are trivial, and (D3) and (D4)
also hold as follows:
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(a). If X = Y = Z, then (D3) and (D4) are clear from Proposition 2.7.1 and 2.7.2.

(b). If X = Y ̸= Z, then β = 0Y Z , and γ = 0XZ .
So α · β ⊓ γ = α · 0Y Z ⊓ 0XZ = 0XZ holds. Since 0XZ ⊑ α · (β ⊓ α# · γ), then we
have α · β ⊓ γ ⊑ α · (β ⊓ α# · γ) (D3).
Since γ ⊑ α ✄ β ↔ 0XZ ⊑ α ✄ 0Y Z and α# · γ ⊑ β ↔ α# · 0XZ ⊑ 0Y Z , then we
have γ ⊑ α ✄ β and α# · γ ⊑ β for any α, β, γ (D4).

(c). If X ̸= Y then α = 0XY .
So α · β ⊓ γ = 0XY · β ⊓ γ = 0XZ holds. Since 0XZ ⊑ α · (β ⊓α# · γ), then we have
α · β ⊓ γ ⊑ α · (β ⊓ α# · γ) (D3).
Since γ ⊑ α ✄ β ↔ γ ⊑ 0XY ✄ β ↔ γ ⊑ ∇XZ and α# · γ ⊑ β ↔ 0Y X · γ ⊑ β ↔
0Y Z ⊑ β, then we have γ ⊑ α ✄ β and α# · γ ⊑ β for any α, β, γ (D4).

Proposition 2.10. Furusawa and Kawahara (2014)
Let α : A ⇁ B, β : A ⇁ B and βλ : A ⇁ B (λ ∈ Λ) be fuzzy relations. Then we have
Basic properties of dedekind categories:

1. (α · 0Y Z = 0XZ) ∧ (0V X · α = 0V Y ).

2. If (α ⊑ α′) ∧ (β ⊑ β′) then (α · β ⊑ α′ · β′).

3. If (α ⊑ α′) ∧ (β ⊑ β′) then (α′ ✄ β ⊑ α ✄ β′).

4. α ⊓ ((kαk) = (k(α ⊓ αk).

5. α · (⊓jβj) · γ ⊑ ⊓jα · βj · γ, α · ((jβj) · γ = (jα · βj · γ.

6. id#
X = idX , 0#

XY = 0Y X . ∇#
XY = ∇Y X ,

7. (⊓kαk)# = ⊓kα#
k , ((kαk)# = (kα#

k .

8. ((kαk) ✄ β = ⊓k(αk ✄ β).

9. α ⊑ α · α# · α.

10. α · β ⊓ γ ⊑ (α ⊓ γ · β#) · (β ⊓ α# · γ).

11. [f · (β ⊓ β′) · g# = (f · β · g#) ⊓ (f · β′ · g#)], for all f : X ⇁ Y , and for all
g : W ⇁ Z.

12. [f ·(β ⇒ β′) ·g# = (f ·β ·g#)⇒ (f ·β′ ·g#)], for all f : X ⇁ Y , for all g : W ⇁ Z.

13. If f ⊑ g then f = g, for all f, g : X ⇁ Y .

14. If (u ⊑ idX) then (u# = u),

15. If (u ⊑ idX) ∧ (v ⊑ idX) then (u · v = u ⊓ v), and

16. If (u ⊑ idX) ∧ (v ⊑ idX) then (u ✄ v) ⊓ idX = (u⇒ v) ⊓ idX .
⊓(

Lemma 2.11. Let f : A ⇁ B, α, β : B ⇁ C, and g : C ⇁ D be fuzzy relations.
If ff# ⊑ id and g#g ⊑ id then we have f · (α ⊓ β) · g = (f · α · g) ⊓ (f · β · g)

⊓(
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3. Fuzzy Relational Database
In this chapter, we review a formalization which is introduced by Okuma and

Kawahara (2000) and introduce new formalization of database operations.

Definition 3.1. Let A = {a1, a2, ..., an} be a finite set of attributes. For any
attribute ai ∈ A, we define a set Dai called an attribute domain. We denote the
product set

∏
a∈X

Da by DX for finite subset X of A.

Definition 3.2. A database scheme R =
(
A, {Da}a∈A

)
is a pair of an attribute

set and a class of attribute domains. Let X, Y be subsets of A, we denote the projection
function DX to Da by ρXa and DX to DY by ρX,Y .

Proposition 3.3. If X ⊑ Y ⊑ Z,then:

ρ#
Y,X · ρY,X ⊑ idX , idY ⊑ ρY,X · ρ#

Y,X and ρZ,X = ρZ,Y · ρY,X .

⊓$

Definition 3.4. A database relation r is a fuzzy relation r : DA ⇁ DA which
satisfies r ⊑ idA where idA is an identity function on A. We can consider a fuzzy relation
r as a function r : DA × DA → [0, 1] and for a tuple t ∈ DA, we call r(t, t) the fuzzy
value of t.

Lemma 3.5. Let r1, r2 : DA ⇁ DA be database relation, we have

r1 = r#
1 , and r1.r2 = r1 ⊓ r2.

⊓$

Definition 3.6. Let f and r be database relations f , r : DA ⇁ DA. The selection
σf (r) of r with f is the database relation defined by

σf (r) = r · f : DA ⇁ DA.

Proposition 3.7. Let f , r1, and r2 be database relations f , r1, r2 : DA ⇁ DA.

1. σf (r1 $ r2) = σf (r1) $ σf (r2), and

2. σf (r1 ⊓ r2) = σf (r1) ⊓ σf (r2).

Proof. 1. σf (r1 $ r2) = (r1 $ r2).f = (r1.f) $ (r2.f) = σf (r1) $ σf (r2).

2. Since f ⊑ id then f#f ⊑ id, so we get σf (r1 ⊓ r2) = (r1 ⊓ r2).f = (r1.f) ⊓ (r2.f)
= σf (r1) ⊓ σf (r2) by Lemma 2.11.

⊓$

Proposition 3.8. Let f , r, and g be database relations f , g, r : DA ⇁ DA.

1. σf"g (r) = σf (r) $ σg(r), and

2. σf⊓g (r) = σf (r) ⊓ σg(r).
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Proof. 1. σf!g (r) = r.(f ! g) = (r.f) ! (r.g) = σf (r) ! σg(r).

2. Since r ⊑ id then r#r ⊑ id, so we get σf⊓g (r) = r.(f ⊓ g) = (r.f) ⊓ (r.g) =
σf (r) ⊓ σg(r) by Lemma 2.11.

⊓!

Example 3.9. Consider A = {Name, Job, Experience, Salary} then we have domain
of A DA = DN ×DJ ×DE ×DS , and rH : DA ×DA → [0, 1] (cf. Table 1). We select
the relation with salary equal or more than 60000.

Table 1: Table Relation High Experience High Salary

rH Name Job Experience Salary Fuzzy Value
John Engineer 8 60000 0.67

Ashok Manager 9 70,000 0.80
Mary Secretary 8 40,000 0.50
James Engineer 12 80,000 1.00
Robin Engineer 9 60,000 0.80

We define f : DA ⇁ DA, by f((n, j, e, s), (n, j, e, s)) =
{

1 s > 60000,
0 otherwise.

The selection σf (rH) = r · f : DA ⇁ DA is shown in Table 2. We denote σf (rH) by
σSalary >60000(rH).

Table 2: Fuzzy Selection σSalary>60000 (rH)

σf (rH) Name Job Experience Salary Fuzzy Value
Ashok Manager 9 70000 0.8
James Engineer 12 80000 1

Definition 3.10. Let X ⊑ A and r : DA ⇁ DA a database relation. The projec-
tion πA,X (r) is the database relation defined by

πA,X (r) = ρ#
A,X · r · ρA,X : DX ⇁ DX .

Example 3.11. Let A = {Name, Job, Experience, Salary}, rH : DA ×DA → [0, 1] be
database relation defined by Tabel 1. Table 3.11 is result of the projection to the set of
attribute Y = {Job, Salary}.

Proposition 3.12. Let X ⊑ A and r1 : DA ⇁ DA, r2 : DA ⇁ DA be database
relations.

1. πA,X (r1 ! r2) = πA,X (r1) ! πA,X (r2), and

2. πA,X (r1 ⊓ r2) ⊑ πA,X (r1) ⊓ πA,X (r2).
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Table 3: Fuzzy Projection πA,Y (rH)

πA,Y (rH) Job Salary Fuzzy Value
Engineer 80000 1
Manager 70000 0.8
Secretary 40000 0.5
Engineer 60000 0.8

Proof. 1. πA,X (r1 ! r2) = ρ#
A,X · (r1 ! r2) · ρA,X = (ρ#

A,X · r1 · ρA,X)! (ρ#
A,X ·

r2 · ρA,X) = πA,X (r1) ! πA,X (r2).

2. By Proposition 2.10.5, we have πA,X (r1 ⊓ r2) = ρ#
A,X · (r1.r2) · ρA,X ⊑ (ρ#

A,X · r1 ·
ρA,X) ⊓ (ρ#

A,X · r2 · ρA,X) = πA,X (r1) ⊓ πA,X (r2).
⊓!

Example 3.13. Let X = {x1, x2}, Y = {y1, y2} be domain of attributes. Consider
r1, r2 : X ⇁ Y database relations defined by Table 4.

Table 4: Relation r1 and r2

r1 X Y Fuzzy Value
x1 y1 1
x2 y2 1

r2 X Y Fuzzy Value
x1 y2 1
x2 y1 1

From Table 4, then we have, πA,Y (r1) = πA,Y (r2) = idY . But, πY (r1 ⊓ r2) = ⊘ ̸=
idY , so we have πY (r1 ⊓ r2) ̸= πA,Y (r1) ⊓ πA,Y (r2).

Table 5: Fuzzy Projection r1 and r2

πA,Y Y Fuzzy Value
y1 1
y2 1

Definition 3.14. Let X ⊑ A and rX : DX ⇁ DX be a database relation. The
injection ηX,A (rX) of rX to A is the database relation defined by

ηX,A (rX) = (ρA,X · rX · ρ#
A,X) ⊓ idA : DA ⇁ DA.

Proposition 3.15. Let X ⊑ A ⊑ B and rX , r′
X : DX ⇁ DX be a database rela-

tion.

1. ηX,A(rX ! r′
X) = ηX,A(rX) ! ηX,A(r′

X),

2. If rX ⊑ r′
X then ηX,A(rX) ⊑ ηX,A(r′

X),

3. ηX,A(rX · r′
X) = ηX,A(rX) · ηX,A(r′

X),

4. ηX,A(rX ⊓ r′
X) = ηX,A(rX) ⊓ ηX,A(r′

X), and
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5. ηA,B(ηX,A(rX)) = ηX,B(rX).

Proof. Suppose that rX and r′
X be database relation, so rX ⊑ idX , and r′

X ⊑ idX

1. Using Proposition 2.10.5,

ηX,A(rX " r′
X) = ρA,X · (rX " r′

X) · ρ#
A,X ⊓ idA

= ρA,X · rX · ρ#
A,X " ρA,X · r′

X · ρ#
A,X ⊓ idA

= ρA,X · (rX " r′
X) · ρ#

A,X ⊓ idA

= (ρA,X · rX · ρ#
A,X ⊓ idA) " (ρA,X · r′

X · ρ#
A,X ⊓ idA)

= ηX,A(rX) " ηX,A(r′
X).

2. ηX,A(rX) = (ρA,X · rX · ρ#
A,X ⊓ idA) ⊑ (ρA,X · r′

X · ρ#
A,X ⊓ idA) = ηX,A(r′

X).

3. (⊑) Since rX · r′
X ⊑ rX and rX · r′

X ⊑ r′
X , we have ηX,A(rX · r′

X) ⊑ ηX,A(rX) and
ηX,A(rX · r′

X) ⊑ ηX,A(r′
X). Then we get ηX,A(rX · r′

X) ⊑ ηX,A(rX) · ηX,A(r′
X)

(⊒) Since, ρ#
A,X · ρA,X ⊑ idX , we have,

ηX,A(rX) · ηX,A(r′
X) = ((ρA,X · rX · ρ#

A,X) ⊓ idA) · ((ρA,X · r′
X · ρ#

A,X) ⊓ idA)
⊑ ρA,X · rX · ρ#

A,X · ρA,X · r′
X · ρ#

A,X

⊑ ρA,X(rX · r′
X)ρ#

A,X

ηX,A(rX) · ηX,A(r′
X) ⊑ ρA,X(rX · r′

X)ρ#
A,X .

and also we have,

((ρA,X · rX · ρ#
A,X) ⊓ idA) · ((ρA,X · r′

X · ρ#
A,X) ⊓ idA) ⊑ idA

ηX,A(rX) · ηX,A(r′
X) ⊑ idA.

Then we have, ηX,A(rX) · ηX,A(r′
X) ⊑ ρA,X(rX · r′

X).ρ#
A,X ⊓ idA = ηX,A(rX · r′

X).

4. Using Lemma 3.5, ηX,A(rX ⊓ r′
X) = ηX,A(rX · r′

X). Using (3), ηX,A(rX · r′
X) =

ηX,A(rX) · ηX,A(r′
X) = ηX,A(rX) ⊓ ηX,A(r′

X)

5. (⊑)We note that ρB,X = ρB,A · ρA,X .
We have

ηA,B(ηX,A(rX)) = ρB,A · (ρA,X · rX · ρ#
A,X ⊓ idA)ρ#

B,A ⊓ idB

⊑ (ρB,A · ρA,X · rX · ρ#
A,X · ρ#

B,A) ⊓ (ρB,A · idA · ρ#
B,A) ⊓ idB

⊑ (ρB,A · ρA,X · rX · ρ#
A,X · ρ#

B,A) ⊓ idB

= ρB,X · rX · ρ#
B,X ⊓ idB , and

ηA,B(ηX,A(rX)) ⊑ ηX,B(rX)
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(⊒) Since rX ⊑ idX , We have

ηX,B(rX) =ρB,X · rX · ρ#
B,X ⊓ idB

=ρB,X · (rX ⊓ idX) · ρ#
B,X ⊓ idB

⊑(ρB,X · rX · ρ#
B,X) ⊓ (ρB,X · idX · ρ#

B,X) ⊓ idB

=(ρB,X · rX · ρ#
B,X) ⊓ (ρB,X · ρ#

B,X) ⊓ idB

=(ρB,A · ρA,X · rX · ρ#
A,X · ρ#

B,A) ⊓ (ρB,A · ρ#
B,A) ⊓ idB (∗)

⊑ρB,A · (ρA,X · rX · ρ#
A,X · ρ#

B,A ⊓ ρ#
B,A · ρB,A · ρ#

B,A) ⊓ idB

⊑ρB,A · (ρA,X · rX · ρ#
A,X · ρ#

B,A ⊓ idA · ρ#
B,A) ⊓ idB

⊑ρB,A · (ρA,X · rX · ρ#
A,X ⊓ idA · ρ#

B,A · ρB,A) · ρ#
B,A ⊓ idB

⊑ρB,A · (ρA,X · rX · ρ#
A,X ⊓ idA) · ρ#

B,A ⊓ idB

So we have ηX,B(rX) ⊑ ηA,B(ηX,A(rX)).

(*) We note that idB ⊑ ρB,X · ρ#
B,X and idB ⊑ ρB,A · ρ#

B,A, then we get ρB,X ·
ρ#

B,X ⊓ idB = ρB,A · ρ#
B,A ⊓ idB.

⊓%

Definition 3.16. Let X, Y ⊑ A and Z = X % Y . For database relations rX :
DX ⇁ DX and rY : DY ⇁ DY . The natural join rX ◃▹ rY of rX and rY is the
database relation defined by

rX ◃▹ rY = ηX,Z(rX) · ηY,Z(rY ) : DZ ⇁ DZ .

Proposition 3.17. Let X, Y, Z ⊑ A be a attribute set, α : DX ⇁ DX , β : DY ⇁
DY , γ : DZ ⇁ DZ a fuzzy database relation, then:

1. (α ◃▹ β) ◃▹ γ = α ◃▹ (β ◃▹ γ).
2. (%λ∈Λαλ) ◃▹ β = %λ∈Λ(αλ ◃▹ β).
3. (⊓λ∈Λαλ) ◃▹ β = ⊓λ∈Λ(αλ ◃▹ β).
4. If α ⊑ α′ and β ⊑ β′ then α ◃▹ β ⊑ α′ ◃▹ β′.

Proof. 1. We have (α ◃▹ β) ◃▹ γ = (ηX∪Y,X∪Y ∪Z(α ◃▹ β) · ηZ,X∪Y ∪Z(γ)
= (ηX∪Y,X∪Y ∪Z((ηX,X∪Y (α)) · (ηY,X∪Y (β)) · ηZ,X∪Y ∪Z(γ)
= ((ηX∪Y,X∪Y ∪Z(ηX,X∪Y (α))) · (ηX∪Y,X∪Y ∪Z((ηY,X∪Y (β))) · ηZ,X∪Y ∪Z(γ)
= (ηX,X∪Y ∪Z(α) · ηY,X∪Y ∪Z(β)) · ηZ,X∪Y ∪Z(γ)
= ηX,X∪Y ∪Z(α) · (ηY,X∪Y ∪Z(β) · ηZ,X∪Y ∪Z(γ))
= ηX,X∪Y ∪Z(α) · (ηY ∪Z,X∪Y ∪Z(ηY,Y ∪Z(β)) · (ηY ∪Z,X∪Y ∪Z(ηZ,Y ∪Z(γ)))
= ηX,X∪Y ∪Z(α) · (ηY ∪Z,X∪Y ∪Z(ηY,Y ∪Z(β) · ηZ,Y ∪Z(γ))
= ηX,X∪Y ∪Z(α) · (ηY ∪Z,X∪Y ∪Z(β ◃▹ γ))
= α ◃▹ (β ◃▹ γ).
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Then we get (α ◃▹ β) ◃▹ γ = α ◃▹ (β ◃▹ γ).

2. Since ηX,X∪Y (!λ∈Λαλ) = !λ∈Λ(ηX,X∪Y αλ), we have

((!λ∈Λαλ) ◃▹ β = (!λ∈ΛηX,X∪Y (αλ)) · ηY,X∪Y (β)
= !λ∈Λ(ηX,X∪Y (αλ) · ηY,X∪Y (β))
= !λ∈Λ(αλ ◃▹ β).

3. Since ηX,X∪Y (⊓λ∈Λαλ) = ⊓λ∈Λ(ηX,X∪Y αλ) we have
((⊓λ∈Λαλ) ◃▹ β = (⊓λ∈ΛηX,X∪Y (αλ)) · ηY,X∪Y (β)
Since ηX,X∪Y (αλ), ηX,X∪Y (β) ⊑ id, we have

(⊓λ∈ΛηX,X∪Y (αλ)) · ηY,X∪Y (β) = ⊓λ∈Λ(ηX,X∪Y (αλ) · ηY,X∪Y (β))
= ⊓λ∈Λ(αλ ◃▹ β).

4. Prop 2.10.5 and Prop 3.15.2, we have
α ◃▹ β = ηX,X#Y (α) · ηY,X#Y (β) ⊑ ηX,X#Y (α′) · ηY,X#Y (β′) = α′ ◃▹ β′.

⊓!

Example 3.18. Let LIKES = {Student, Course} and TEACH = {Teacher, Course}.
Consider rLIKES : DLIKES × DLIKES → [0, 1] defined by Table 6 and rT EACH :
DT EACH ×DT EACH → [0, 1] defined by Table 7.

Table 6: rLIKES

LIKES Student Course Fuzzy Value
John DBMS 0.90
Mary DBMS 0.70
John AI 0.80

Ashok AI 0.95

Table 7: rT EACH

TEACH Teacher Course Fuzzy Value
Rao DBMS 0.80
Rao AI 0.60

Johnson DBMS 0.60
Johnson AI 0.90

We note that:LIKES!TEACH = {Student, Course, Teacher}. The natural join
of rLIKES and rT EACH is expressed in Table 8

Table 8: Fuzzy Natural Join rLIKES ◃▹ rT EACH

Student Teacher Course Fuzzy Value
John Rao DBMS 0.80
John Johnson DBMS 0.60
John Rao AI 0.60
John Johnson AI 0.80

Marry Rao DBMS 0.70
Marry Johnson DBMS 0.60
Ashok Rao AIS 0.60
Ashok Johnson AI 0.90

4. Fuzzy Process on Truck Backer-Upper
In this section, we try to implement fuzzy database table and database opera-

tions. We show the advantage of fuzzy database table to solve control problem. In our



A Formalization of a Fuzzy Relational Database Model Using Relational Calculus 95

framework, we show fuzzy membership functions using fuzzy database table and define
formalization of the defuzzification using fuzzy database operation. The difficulty of our
works is how to define continue function of membership value. The interesting of our
implementation is our formalizations of fuzzy database table and operations useful to
implement in control problem and show the moving clearly.

One of popular simple control problem is a truck backer-upper. We will work on
here is a simple version taken from the work of Kosko (1992). The object of the control
system is to back up the truck so that it arrives perpendicular to the target position
(xT , yT ). We consider the target position is (60,100). The point (x, y) is the center of the
rear of the truck, φ is the angle of the truck axis to the horizontal, and θ is the steering
angle measured from the truck axis. The controller takes as input of the position of the
truck, specified by the pair (x, φ), and outputs the steering angle θ.

Figure 1: Model of Truck Figure 2: Moving Problem

Freeman (1994) introduced several fuzzy membership functions for positions, truck an-
gle, and steer angles. In our framework work, we define those membership using our
fuzzy relational database model. So, we have to design fuzzy relational database for
parking problem of truck backer-upper from every start position (x, y, φ) to reach tar-
get position(x=60, y=100, φ = 90). Using our formalization we try to show automatic
moving truck as we show in Figure 2.

4.1. Formulation Using Our Fuzzy Relational Model
In fuzzy truck backer-upper problem, there are input and output elements. The

input element are X-axis truck position(’XPosition’), and angle of truck(’APosition’).
Based on information(’XPosition’ and ’APosition’) of truck and target position, we can
decide fuzzy rules to compute angle of steer so the truck will move to get target po-
sition. For example, if XPosition=50(in the near ”Center” from target position), and
APosition=100(near ”Vertical”) so the angle of steer should be small negative or near
0o. So, we have to define fuzzy relational database table for a classification of XPosition,
APosition, SPosition and fuzzy rules.

Let PT = {XPosition, PItem}. ’PItem’ is classification of range X-axis position,
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we consider DP Item = {Left(’LE’), Center(’CE’), Right(’RI’)}, DXP osition = [0, 100],
and rP T : DP T ⇁ DP T be a database relation defined by Table 9.

Table 9: Table of classification X Position (rP T )

rP T XPosition PItem Fuzzy Value

0 ≤ x ≤ 30 LE 1
30 < x ≤ 60 LE -1/30 x + 2
40 ≤ x ≤ 60 CE 1/20 x - 2

60 < x ≤ 80 CE -1/20 x+4
60 ≤ x ≤ 80 RI 1/20 x-3

80 < x ≤ 100 RI 1

Let AT = {APosition, AItem}. ’AItem’ is classification of range angle of truck, we
consider DAItem = {Right Below(’RB’), Right Upper(’RU’), Vertical(’VE’), Left Upper
(’LU’), Left Below(’LB’)}, DAP osition = [−180, 180], and rAT : DAT ⇁ DAT be a
database relation defined by Table 10.

Table 10: Table of Classification Angle(φ) Position(rAT )

rAT APosition AItem Fuzzy Value
−100 ≤ a ≤ −45 RB 1/55 a + 100/55
−45 < a ≤ 10 RB -1/55 a + 10/55
−10 ≤ a ≤ 35 RU 1/45 a - 10/45
35 < a ≤ 90 RU -1/55 a+90/55
60 ≤ a ≤ 90 VE 1/30 a-2

90 < a ≤ 120 VE /30 a+4
100 ≤ a ≤ 155 LU 1/55 a-100/55

155 < a ≤ 190 LU -1/55 a+190/55
170 ≤ a ≤ 225 LB 1/55 a-170/55

225 < a ≤ 280 LB -1/55 a+280/55

Let ST = {SPosition, SItem}. ’SItem’ is classification of range angle of steer, we
consider DSItem = {Negative(’NE’), Zero(’ZE’), Positive(’PO’)}, DSP osition = [−30, 30],
and rST : DST ⇁ DST be a database relation defined by Table 11.

Table 11: Table of Classification angle Steer(rST )

rST SPosition SItem Fuzzy Value
−30 < s ≤ −15 NE 1/15 s + 2

−15 < s ≤ 0 NE -1/15 s
−5 < s ≤ 0 ZE 1/5 s + 1
0 < s ≤ 5 ZE -1/5 s + 1
0 < s ≤ 15 PO 1/5 s
15 < s ≤ 30 PO 1

Example 4.1. In Table 9, the first row (0≤ x≤ 30, LE, 1) means rP T (((x, LE), (x, LE)))
= 1 for 0 ≤ x ≤ 30.

And the second row (30 < x ≤ 60, LE, −1/30x+2) means rP T (((x, LE), (x, LE)))
= −x/30 + 2 for 30 < x ≤ 60.
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4.2. Fuzzy Rules
A fuzzy rules table is a relation between some attributes input table(PItem and

AItem) with attribute output table(classification of steer angle ’SItem’). Using a fuzzy
rules table, we also can design a defuzzification to compute angle of steer.

Let FR = {AItem, PItem, SItem}. Consider rF R : DF R ⇁ DF R be a database
relation of fuzzy rules defined by Table 12.

Table 12: Table of Fuzzy Rule (rF R)

rF R AItem PItem SItem Fuzzy Value
RB LE PO 1
RB CE PO 1
RB RI PO 1
RU LE NE 1
RU CE PO 1
RU RI PO 1
VE LE NE 1
VE CE ZE 1
VE RI PO 1
LU LE NE 1
LU CE NE 1
LU RI PO 1
LB LE NE 1
LB CE NE 1
LB RI NE 1

4.3. Fuzzy Algorithm
Different from the Freeman method, we use database operations (Selection, Pro-

jection, and Natural Join) to construct a fuzzy system.
Let A = PT ! AT ! ST , for a ∈ A and t0 ∈ DA, we define a database relation

Eq(t0) : Da ⇁ Da by

Eq(t0)(t, t) =
{

0 (t ̸= t0),
1 (t = t0).

Let A = PT ! AT ! FR, x ∈ DXP osition and φ ∈ DAP osition. A database re-
lation f : DX ⇁ DX for the selection σf is defined by f = ηXP osition,X(Eq(x)) ·
ηAP osition,X(Eq(φ)). The Output operations rout can be defined by the equation using
database operations as follows:

rout(x, φ) = πA,SItem(σf (rP T ◃▹ rAT ◃▹ rF R)).

Example 4.2. Let the start position of truck at (x, y) = (20, 0) and the start angle of
truck φ = −90, The selection σXP osition=20, AP osition=−90 of natural join (rP T ◃▹ rAT ◃▹
rF R) is showed in Table 13. The output rOut(20,−90) is showed in Table 14.

Table 13: σXP osition=20, AP osition=−90(rP T ◃▹ rAT ◃▹ rF R)

XPosition PITem APosition AItem SItem Fuzzy Value
20 LE -90 RB PO 2/11
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Table 14: rOut(20,−90)

SItem Fuzzy Value
PO 2/11

Then, we got the result of rout(20,−90)(PO, PO) = 2/11. It means the steer
position will be in ’Positive’ with the fuzzy value 2/11.
The defuzzification process is a process to compute a real value of steer angle using a
classification in the output rout(x, φ). In this case, we use Mamdani-Centroid for the
defuzzification process.

Let Da ⊑ R, where R is a set of all real numbers. For a database relation f : Da ⇁
Da, we define the fuzzy sum S(f) and the centroid E(f) as follows:

Sa(f) =
∑

{f(t, t) ∈ [0, 1] | t ∈ Da},

Ea(f) =
∑

{t · f(t, t) ∈ [0, 1] | t ∈ Da}/S(f).

A database relation rc is defined by

rc = πST,SP osition(rST ◃▹ rout(x, φ)) : DST ⇁ DST .

We get the defuzzification θc of rc by θc = Ea(rc).

1 SimulateTruck (x, y, φ);
Input : Start position of truck (x, y, φ)
Output : Set of update position (xt, yt, φt)
Variable: rc, θc

2 while not TargetPosition(xt, yt) do
3 rout(xt, φt) = πX,SItem(σX P osition=x∧AP osition=φt(rP T ◃▹ rAT ◃▹ rF R)).;
4 rc = πST,SP osition(rST ◃▹ rout(x, φt)).;
5 θc = ESP osition(rc);
6 xt+1 = xt + 5cos(θc),
7 yt+1 = yt + 5sin(θc),
8 φt+1 = φt + θc.;
9 t = t + 1;

10 end
11 return collection set {(x0, y0, φ0), (x1, y1, φ1), . . . , (xn, yn, φn)};

Figure 3: Algorithm Moving of Truck Backer-Upper

In this section, we would like to explain more detail the example of fuzzy truck
backer-upper. Using algorithm in Figure 3, we follow the algorithm and fuzzy database
tables to make the movement of truck backer-upper automatically.

The followings are equations of moving truckFreeman (1994):

xt+1 = xt + 5cos(θc),
yt+1 = yt + 5sin(θc), and
φt+1 = φt + θc.
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Controlling the angle of the steer θc, the coordinate (x, y) and angle of truck φ will
be updated, the truck moves to the target position (60, 100).

20 40 60 80 100

20

40

60

80

100

Figure 4: Moving result with start pos.
(x0 = 50, y0 = 0, φ0 = 100)

20 40 60 80 100

20

40

60

80

100

Figure 5: Moving result with start pos.
(x0 = 20, y0 = 0, φ0 = −90)

Example 4.3. We consider the start position (x, y) = (20, 0) with the angle of truck φ=-
90. We got the output rOut(20,−90) = {(PO, PO), (PO, PO), 2/11} as shown in Exam-
ple 4.2. Next, we continue to get a real value of the steer angle using the defuzzification
process. In the defuzzification process, there are some steps to compute an angle of steer
θc, we use Mathematica 10.0.1 to compute the defuzzification process and the algorithm
is shown in Appendix. In the Appendix, we use function ’defuzzy’ to compute the angle of
steer θc. In the Appendix, the result of defuzzy[ST, rST, rOut[20,-90]] is 15.8016, it
means angle of steer θc is 15.8016 when the position x = 20 and φ = −90(rOut(20,−90)).
Then, the position of the truck move from (x0, y0, φ0) = (20, 0,−90) to the new posi-
tion (x1, y1, φ1) = (20 + 5.cos 15.8016, 0 + 5.sin 15.8016, −90 + 15.8016). The new
position causes updating the new output rout(x1, φ1) then we get the new θc. This algo-
rithm process of the truck backer-upper will stop if the truck reach the target position
(xt, yt, φt) = (60, 100, 90).

The result of the truck with the start position (x, y) = (20, 0) and the angle of
truck φ=-90 showed in the Figure 5. We showed the result of the truck with the start
position (x, y) = (50, 0) and the angle of truck φ=100 in Figure 4. The results showed
an application of our algorithm using fuzzy relational database table to a fuzzy control
problem.

5. Conclusion and Future Works
Fuzzy relational database is a combination of relational database and fuzzy theory.

We introduce a new method for solving fuzzy problems. In Freeman’s method, they
introduced several fuzzy membership functions for positions, truck angles, and steer
angles. They also defined fuzzy rule tables and introduced several computations for
each operations. In our framework, each positions, truck angles, steer angles and a
fuzzy rule table are both represented as tables of fuzzy relational database. Further,
we do not use problem specific computations. The decision procedure is defined using
relational database operations, such as projection, selection and natural join. Using
relational calculus, we can extend notions of traditional relational database to fuzzy
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relational database. Fuzzy relation is useful to make simple institutional notions into
the database tables. We can see in the example of truck backer-upper problem, using
fuzzy relational database operations the truck can reach the position that we want.

Our example in this paper, we fixed the target position and tables for fuzzy mem-
bership properties. So we can change the start position but we can not use the same
tables for another target position. One of the next challenges is making fuzzy dy-
namic relational database. That is we introduce automatic construction of tables for
fuzzy membership properties if we change the target position. A system with automatic
changing is called a fuzzy dynamic relational database.

Further, we should investigate properties of database using formulas of relational
calculus. We are going to formalize the notion of properties of fuzzy relational database
such as the traditional notion of functional dependencies.
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A Appendix

To compute fuzzy relational database problem, we make Mathematica Library ”Re-
lational Database”. In this section, we show mathematica code in ”Relational Database”
Library 2.

A1. Fuzzy Operation

1. FuzzyProjection[A,r,y]

::Projection of fuzzy relation set database rdb with attributes A to at-
tributes y, such that y is subset of A

A Complete set of attribute of a fuzzy relation
r Fuzzy relations set of element every attribute
y Set of attribute that we want to select, subset set of A return pair ele-

ments of attribute fuzzy sets y.
return pair elements of fuzzy relation sets.

2. FuzzyNaturalJoin[A1,A2,r1,r2]

::::Join relation between fuzzy relation set database r1 with attributes x
and fuzzy relation set database r2 with attributes y

A1,A2 Complete set of attribute of a fuzzy relation
r1,r2 Fuzzy relations set of element every attribute
return pair elements of union attribute fuzzy sets x with elements r1 and y with

elements r2.

3. FuzzySelection[A,r,Condition]}

::Selection of fuzzy relation set database r with attribute A, with some
condition in attribute a, for example a¡b, a¿b, b¡a¡c, etc. b and c is value
that we want

A Complete set of attribute of a fuzzy relation
r Fuzzy relations set of element every attribute
Condition Condition that is selected, consider a is subset of A. So the condition is

mean the condition of a that we want.
return pair elements of fuzzy relation sets.

4. rOut[{XPosition, X}, {APosition, P}, {a1, r1}, {a2, r2}, {rule, fr, out}]

2 https://github.com/KyushuUniversityMathematics/FuzzyRelationalDatabase
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::From formalization in section 3.3, we can compute class of steer and
fuzzy value

XPosition Attibute ”X Position” in rP T

X Actual position of truck in X-Axis
APosition Attribute ”A Position” in rAT

a1,a2 ”a1” Attributes set of rP T , ”a2” attributes set of rAT

r1,r2 ”r1” database relation rP T , ”r2” database relation rAT

rule ”rule” Attributes set of rF R

fr ”fr” database relation rF R

out The attribute that we want to be projected, in this case we want to
project in ”S Item”

return pair elements of fuzzy relation sets.

5. Defuzzy[A, r, rOut]

::The result of defuzzy is angle of steer (”S Position” attribute)
A Complete set of attribute of rST

r Fuzzy relations set of element every attribute rST
rOut Result of rOut.
return pair elements of fuzzy relation sets.

6. Execution Result
Fuzzy Selection[Example 3.9]

✓ ✏
In[5]:= Name = 1; Job = 2; Expr = 3; Sal = 4;
A = {Name, Job, Expr, Sal};

In[4]:= DB[Name] = {"John", "Ashok", "Mary", "James", "Robin"};
DB[Job] = {"Engineer", "Manager", "Secretary"};
DB[Expr] = {8, 9, 12};
DB[Sal] = {60000, 70000, 40000, 80000};
rHEHS = {{{"John", "Engineer", 8, 60000}, {"John", "Engineer",

8, 60000}, 0.67},
{{"Ashok", "Manager", 9, 70000}, {"Ashok", "Manager", 9,
70000}, 0.8},
{{"Mary", "Secretary", 8, 40000}, {"Mary", "Secretary",
8, 40000}, 0.5},
{{"James", "Engineer", 12, 80000}, {"James", "Engineer",
12, 80000}, 1},
{{"Robin", "Engineer", 9, 60000}, {"Robin", "Engineer",
9, 60000}, 0.8}};

In[10]:= FuzzySelection[A, rHEHS, {Sal} > 60000]

Out[10]= {{{"Ashok", "Manager", 9, 70000}, {"Ashok", "Manager",9,
70000}, 0.8}, {{"James", "Engineer", 12, 80000}, {"James",
"Engineer", 12, 80000}, 1}}✒ ✑

Fuzzy Projection[Example 3.11]
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In[29]:= FuzzyProjection[A, rHEHS, {Job, Sal}]

Out[29]= {{{"Engineer", 60000}, {"Engineer", 60000}, 0.8},
{{"Engineer", 80000}, {"Engineer", 80000}, 1},
{{"Manager", 70000}, {"Manager", 70000}, 0.8},
{{"Secretary", 40000}, {"Secretary", 40000}, 0.5}}✒ ✑

Fuzzy Projection[Example 3.13]✓ ✏
In[11]:= X = 1; Y = 2; A = {X, Y};

In[12]:= DB[X] = {x1, x2}; DB[Y] = {y1, y2};
r1 = {{{x1, y1}, {x1, y1}, 1}, {{x2, y2}, {x2, y2},

1}}; r2 = {{{x1, y2}, {x1, y2}, 1}, {{x2, y1}, {x2, y1}, 1}};

In[14]:= FuzzyProjection[A, r1, {Y}]
Out[14]= {{y1, y1, 1}, {y2, y2, 1}}

In[15]:= FuzzyProjection[A, r2, {Y}]
Out[15]= {{y1, y1, 1}, {y2, y2, 1}}

In[16]:= FuzzyProjection[A, FuzzyIntersection[r1, r2], {Y}]
Out[16]= {}✒ ✑

Fuzzy Natural Join[Example 3.18]✓ ✏
In[17]:= Student = 1; Course = 2; Teacher = 3; Likes = {Student,

Course}; Teach = {Teacher, Course};
DB[Student] = {"John", "Mary", "Ashok"};
DB[Course] = {"DBMS", "AI"};
DB[Teacher] = {"Rao", "Johnson"};

In[23]:= rLikes = {{{"John", "DBMS"}, {"John", "DBMS"}, .9},
{{"Mary","DBMS"}, {"Mary", "DBMS"}, .7},
{{"John", "AI"}, {"John", "AI"}, .8},
{{"Ashok", "AI"}, {"Ashok", "AI"}, .95}};

rTeach = {{{"Rao", "DBMS"}, {"Rao", "DBMS"}, 0.8},
{{"Rao", "AI"}, {"Rao", "AI"}, 0.6},
{{"Johnson", "DBMS"}, {"Johnson", "DBMS"}, 0.6},
{{"Johnson", "AI"}, {"Johnson", "AI"}, 0.9}};

In[24]:= FuzzyNaturalJoin[Likes, Teach, rLikes, rTeach]
Out[24]= {{{"Ashok", "AI", "Johnson"}, {"Ashok", "AI", "Johnson"},

0.9}, {{"Ashok", "AI", "Rao"}, {"Ashok", "AI", "Rao"},
0.6}, {{"John", "AI", "Johnson"}, {"John", "AI", "Johnson"},
0.8}, {{"John", "AI", "Rao"}, {"John", "AI", "Rao"},
0.6}, {{"John", "DBMS", "Johnson"}, {"John", "DBMS", "Johnson"},
0.6}, {{"John", "DBMS", "Rao"}, {"John", "DBMS", "Rao"},
0.8}, {{"Mary", "DBMS", "Johnson"}, {"Mary", "DBMS", "Johnson"},
0.6}, {{"Mary", "DBMS", "Rao"}, {"Mary", "DBMS", "Rao"}, 0.7}}✒ ✑

rOut [Example 4.2]
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In: rOut[20, -90]
Out: {{"PO", "PO", 2/11}}✒ ✑

Deffuzification✓ ✏
In: defuzzy[ST, rST, rOut[20,-90]]
Out: 15.8016✒ ✑

Simulation✓ ✏
simulateTruck[x0_, y0_, phi0_] :=
Module[{x = x0, y = y0, phi = phi0, newPhi, result = {}},
While[y <= 95., newPhi = phi + Defuzzy[ST, rST, rOut[x, phi]];
AppendTo[
result, {x, y,

phi} = {x + 5 Cos[newPhi Pi/180], y + 5 Sin[newPhi Pi/180],
newPhi} // N];];

result]

In: v = simulateTruck[20, 0, -90]
Out: {{21.3615, -4.81105, -74.1984}, {24.0561, -9.02287, -57.3906}, \
{27.9092, -12.2093, -39.5897}, {32.5643, -14.0343, -21.4075}, \
{37.5505, -14.4055, -4.2579}, {42.5484, -14.2637,

1.62512}, {47.5473, -14.3691, -1.20728}, {52.5473, -14.3678,
0.0141637}, {57.5465, -14.2781, 1.02786}, {62.4818, -13.4764,
9.22697}, {66.9799, -11.293, 25.8924}, {70.6186, -7.86369,
43.3035}, {73.0944, -3.51968, 60.3196}, {74.1942, 1.35785,
77.2928}, {73.9802, 6.35327, 92.4532}, {72.421, 11.1039,
108.17}, {70.3027, 15.6331, 115.065}, {68.0903, 20.117,
116.262}, {65.7765, 24.5494, 117.565}, {63.4128, 28.9553,
118.213}, {61.322, 33.4972, 114.718}, {59.8477, 38.2749,
107.15}, {59.0678, 43.2137, 98.9734}, {58.5053, 48.182,
96.4588}, {58.2508, 53.1755, 92.9179}, {58.3342, 58.1748,
89.0445}, {58.6217, 63.1665, 86.7039}, {58.8276, 68.1623,
87.6395}, {59.004, 73.1592, 87.9787}, {59.1534, 78.157,
88.2879}, {59.2795, 83.1554, 88.5538}, {59.3865, 88.1542,
88.7743}, {59.4772, 93.1534, 88.9601}, {59.5543, 98.1528, 89.1165}}✒ ✑
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