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Abstract

As a primal problem we take a quadratic minimization without constraint. The
problem has a Golden terminal function. We associate the primal problem with two
dual problems — (1) complementary and (2) identical —. Each dual problem is
derived through two dualizations — (i) plus-minus and (ii) dynamic —. Plus-minus
dualization is based upon Fenchel duality, while dynamic dualization Lagrange
duality. In any derivation, completing the square is performed simultaneously.
The primal and both duals are completely solved. The solution is characterized by
the Golden number. The optimum points constitute two types of Golden path. It
is shown that the primal and the complementary dual have Golden complementary
duality and that the primal and the identical dual have Golden identical duality.

Key Words and Phrases: primal, dual, plus-minus dualization, dynamic dualization, completing
the square, Golden complementary duality, Golden identical duality

1. Introduction

Recently a dual theory of quadratic optimization without constraint has been de-
veloped by Iwamoto (2007), Kira and Iwamoto (2008), Iwamoto (2013), Iwamoto et
al. (2013, 2014). The theory is closely related to conjugate function (Fenchel (1953),
Rockafeller (1974), Kawasaki (2003)), minimum transform and quasilinearization (Bell-
man (1981, 1984, 1986), Iwamoto (1987, 2013)). The objective function originates from
a linear-quadratic (LQ) model in dynamic optimization (Bellman (1967, 1969, 1971,
1972)). However, until recently any dual approach has never been applied to such LQ
model.

In this paper we expand the dual method into a wider class of dualizations and
apply it to a new objective function with an additional Golden terminal function. We
associate one primal problem with two dual problems — (1) complementary dual and
(2) identical dual —. Each dual problem is derived by two dualizations — (i) plus-
minus dualization and (ii) dynamic dualization —. While (i) is based upon Fenchel
duality, (ii) Lagrange duality. Further each dualization is accompanied by two ones —
(a) dualization 1 and (b) dualization 2 —. This paper consists of two parts. Part I
discusses a complementary duality. The Golden complementary duality is established.

* Faculty of Systems Science and Technology, Akita Prefectural University, 84-4 Aza Ebinokuchi
Tsuchiya, Yurihonjo, 015-0055, Japan. tel +81-184-27-2135 yutaka@akita-pu.ac.jp

T Faculty of Economics, University of Nagasaki, Kawashimo 123, Sasebo, 858-8580, Japan. tel +81—
956—47-6904 ueno@sun.ac.jp

¥ Professor emeritus, Kyushu University, Kashii-Eki-Higashi 4-23-6, Fukuoka 813-0012, Japan. tel
+81-92-672-1665 iwamotodp@kyudai.jp



64 Y. KiMURA, T. UENO and S. IWAMOTO

Part II discusses an identical duality. The Golden identical duality is established. Due
to the Golden premium, the solution and method become very fruitful.

Part 1
Complementary Duality

2. Primal problem and dual problem

As an n-variable quadratic optimization, we consider a minimization problem of
x=(x1,2Z2,...,Tpn):

minimize Z [(zp—1— zi)* + xi] +o e

k=1
(P) subject to (i) z € R"
(if) o =c

where ¢ € R. Hereafter ¢ denotes the Golden number

14+5
2

¢ = ~ 1.61803.

It satisfies
1:g=92:¢7", 240" =1

The Golden number ¢ is also defined as a positive solution to a quadratic equation
22—z —-1=0.

LEMMA 2.1. (Iwamoto et al.(2014)) The Golden number ¢ satisfies

1. Z¢2k—1 — ¢2n -1
k=1

2. - ¢—2k — ¢—1 _¢—2n—1

3. ¢ 4 T = g2 n=..-2-1012,...
n

4' 22¢—3k—1 _|_¢—3n—2 — ¢—2.
k=1

DEFINITION 2.2. (Iwamoto(2013)) Let ¢ be any real constant. A finite sequence
{xn}nZI with
Tp=cop 2" or mp,=cop "
is called Golden path (GP). The former is called 1 : ¢, while the latter ¢ : 1.

2 at a

THEOREM 2.3. The primal problem (P) has a minimum value m = ¢ lc
point

&= (@1, Boy vy o1, dn) = c(¢72, o7 oL, g7 BT g7,
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The minimum point & is a GP of 1 : ¢.

PRrROOF. Theorem 2.3 together with Theorem 2.4 is proved in the following deriva-
tion process of dual problem (D) from (P) (see Plus-minus dualization 1 and Lemma
4.1).

The problem (P) has a dual problem of n-variable p = (u1, 2, ..., fn):

n—1

Maximize 2cu; — Z [ui + (uk — Mk+1)2] — ou2
k=1

(D) : : n
subject to (i) p€ R™.

THEOREM 2.4. The dual problem (D) has a mazimum value M = ¢~1c at a point

W= 1 e gy ) = c(07 678 L @m BT, gm Bl

The maximum point p* is also a GP of 1 : ¢.
A triplet between the minimum solution of (P) and the maximum solution of (D)
holds as follows.

1. (Duality) The minimum value is equal to the maximum value : m = M. The
common value is a quadratic function of initial value ¢, whose coefficient is the
inverse ¢~! to Golden number.

2. (Golden) Both the minimum point (%1, #2, ..., 2,) and the maximum point
(13, ps, ..., pk) are Golden paths of 1 : ¢.

3. (Complementarity) An alternate sequence of the minimum point and the
maximum point constitutes a Golden path of ¢ : 1:

* A * A * A
(-1:07 M1, T1, Moy, T2, oy My, an)

= (1, 67 072 970 L, T, g7,
The triplet is called Golden complementary duality (GCD).

3. Duality theorem

We consider a function f : R™ — (—o00,00]. An effective domain is defined by
dom(f) = {zx e R" : f(x) < oo}

A convex function f : R™ — (—o00, 00] and a concave function g : R™ — (—o00, 00| define
its conjugate functions f*, g. as follows, respectively:

f*(A) = Sup [(\z)— f(x)], AeR"

reRn

g«(A) = xlenlgn [(A,2) —g(z)], AeR™
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THEOREM 3.1. Fenchel duality theorem (e.g. see Fenchel (1953), Rockafeller (1974),
Borwein and Lewis (2000), Kawasaki (2003)) Let a function f be convex, and g be con-
cave. If two effective domains dom(f), dom(—g) are not separated, then it holds that

inf [f(z)—g(x)] = Sup [g.(A) = [*(N)].
x€R" \ER™
In the following we consider a function h : R™ — (—o00,00). A convex function
h:R" — (—00,00) defines its minimum transform (e.g.see Bellman (1957, 1981, 1984,
1986), Iwamoto (1987, 2013) ) h, : R™ — (—o00, 00) as follows:
he(A) = min [h(z) — (N, 2)].

xER™
Hereafter we assume that both the minimum and maximum exist.

COROLLARY 3.2. Let two functions f, g : R* — (—00,00) be differentiable and
convezx. Then it holds that

i = M (A (=N ] 1

min [ 7(2)+g(x)] = Max [£.(0) +g.(~))] (1)

Corollary 3.2 holds true for a more general setting, as Theorem 3.1 does. Here we

choose to not give the setting. Instead, we give a simple proof under the existence of

minimum in (1). This proof suggests plus-minus dualization. The proof is outlined as
follows. First it holds that

F@) + @) = @)= x) + gle) + (0a)
> min [f(z) — (\a) + g(@) + (\,2)]
> min [f(z) — (\@)] + min [g(z) — (-\,2)]

= fi(A) +g.(=X)  (z,\) € R"XR"™.
This implies that

i > — .
min [£(2) + 9(e)] > Max [ £.() + (-]
_ On the other hand, let T be a minimizer. Then we get f'(Z) + ¢'(Z) = 0. Setting
A= f'(T) = —¢'(T), we have

f*(>‘ )_(X’f)
A

9:(=A) = g(@) - (=\ 7).

S~—
[
=
5

Thus we have

mnin [f(z) +9(2)] = f(@)+9(z)

IA
=
o
"
™
>
~—
+
<Y ~—
*

|
e
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Hence

min [ f(z) +g(2)] = Max [fi(A) +g.(=A)].

rER™

Our plus-minus dualization is based upon (1). In particular, two equalities

f@) +9@) = f@) - ANT)+9(@) +(\7)
f@+g@ =0
are crucial under differentiable convexity. This hints plus-minus dualization, which is
applied in the following.

4. Plus-minus dualization

Now we show that
n—1

Maximize 2cp; — Z [u% + (g — Mk+1)2] — oul
k=1

(D) : : n
subject to (i) p€R

is derived from (P) through two plus-minus dualizations.
We consider the primal problem (P). Let I(z) be the objective value for x =
(z1,x9,...,x,) satisfying (i), (ii):

n

2 1
E (Tg—1 — xk) +xk]+¢ nv To = cC.
k=1

4.1. Plus-minus dualization 1

Then take any p = (u1, ..., 1) € R™. Subtracting 2uy (zx—1 — xx) from (zp_1 —
zx)? and adding it to 27, we have !

= [(who1 — 2x)® = 2up(@re1 — o) + 2F + 2Ty — 7)) + 672
k=1

Plus-minus dualization 1 completes the square of (zp_1 — xy) first, and completes the
square of xp second. Separating the summation into two, we get

= > [(@h-1 —aw)® = 2u(wr-1 — 2]

k=1
n—1

+ Z [mi + 2pp (To—1 — k)| + A2 4 2t (T 1 — T0).
k=1
The first completion yields

n n
2 2 2
Do [y =) = 2 (wpr —w)] = Y [(wror — @ — i)” — p] -
k=1 k=1
I The subtraction/addition leads to Fenchel duality theorem. Thus the dualization is called plus-minus.
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The second yields

1
(27 + 2k (Tem1 — 21)] + ¢22 + 20 (Tp—1 — 25,)
1

S
|

>
Il

n—1
2cp + Z [mi = 2(pr — Mk+1)€1?k] + px2 — 20, fin
k=1

n—1

2cpn + Z {{mk - (:uk - Nk+1)}2 — (Mk — ,uk+1)2] + ¢($n _ ¢_1Mn)2 . (b_l'ui.
k=1

Summing up the two completions, we obtain

NE

I(z) = [(Tho1 — e — p)? — pi] + 20

>
Il

(2)

3
,l_.H

37 [{an = = as)} = G = poesn)?] + 6 — 07 )2 = 672,

=~
Il
—

Let us define

n—1

T(u) = 2cp1 = > [ 7 + (ke — pai1)?] — dpl.
k=1
Then it holds that
J(u) < I(x) on R"x R". (3)

The sign of equality holds iff
Tpo1 — T = Pr, Tk = prp—frr1 1<k<n-—1 )

—1
Tp—1—Tn = HUn, Tp = @ Hn

holds. The equality condition (4) constitutes a system of 2n linear equations in 2n
variables (z, p).

LEMMA 4.1. The system (4) has a unique solution (&; pu*) :
(&1, B2, vy B, @n) = (@72 674 L., ¢ @7 o),
(55 3y s s i) = (970, @70, o, @7 BT pmBrml),
Then both sides in (3) are equal to ¢~ 1c2.

The solution (&; u*) is called Golden complementary.
Therefore, as a dual to minimization of I(x), we get maximization of J(u). Con-
versely, minimization of I(x) leads maximization of J(u).

Hence we have
THEOREM 4.2. Both (P) and (D) are dual to each other.

This duality is called complementary, which comes from the equality condition (4).
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4.2. Plus-minus dualization 2

The objective value I(z) is written as

|
—

n

I(z) = [(Zk—1 — )+ a:i] + (Tno1 — 20)? + qi)xi, To = c.

g

1y-«-s ) € R™. Subtracting 2(up — pg+1)xk from x% and adding

Then take any p = (u
it to (zx_1 — z%)?, we have
n—1
I(z) = [(wh1 — @k)® + 2(pk — prgr) T + T3 — 2(pk — frg1)Tx)

k=1
+ (l’n,1 - xn)Q + 2lunxn + (b{Bi - 2,U/nxn

Plus-minus dualization 2 completes the square of zj first, and then does the square of
(k-1 — xy). Separating the summation into two, we get

n—1
I() = > [(@h-1 = 26)? + 20k — e8] + (@01 — 2n)” + 2pnay
k=1

n—1
+ 3 [k = 20k — prrr)Tk] + ST — 2pn .
k=1
The former is completed as

n—

1
[(@r—1 — 2k)® + 20k — prg1)2k] + (a1 — T0)? + 2nan
1

e
n—1

= 2cm + Y (@1 — 2x)” = 2un(zh-1 — 21)] — 2pnn
k=1

+ (xn—l - xn)Q + 2un~rn

= 20/1,1 + Z [($k71 — xk)2 — Q/Lk(xk*l — xk)}
k=1

2ep1 + Y [(zho1 — 2 — i)® — 7] -
k=1
The latter is as follows:
1
(27 = 2(p — pis1) i) + 072 — 20020
1

n

a
=l

- 2 _ _
=y [{ﬁk — (e = ps1) ) — (i — NIHI)Q} +(rn — ¢ n)? — 7 ik
k=1
The two completions are summed up to

I(x) = 2cp + Z [(961%1 — T — Mk)2 - Mﬂ

k=1
n—1

+ Z {{xk N ('uk - Mk+1)}2 - (Mk - Mk+1)2} + ¢(‘rn - ¢_1Mn)2 - (b_l,ui.
k=1
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This identity is the same as (2). Thus the same procedure as in Plus-minus duality 1
shows that both the problems are dual to each other.

5. Dynamic dualization

This section shows that (D) is derived from (P) through two dynamic dualizations.

5.1. Dynamic dualization 1
The problem (P) has the objective function

n

I(x) = Z[(xk_l—xk) il +o7 ek, wo=c

k=1
In dynamic dualization 1, let us define u = (ug,us,...,uy,) by

Uy = Tp—1 —x 1< k<n. (5)

Then I(x) is written as 2

I(2) = ) (uf +23) + ¢ 'a;
k=1
The equality (5) implies that Z ck(zp—1 — x — ug) = 0 for any constants {ci}. Hence
k=1

n
Z up + cp(Tpo1 — T —ug) + 5 | + ¢
=1

Now let us take any p = (u1,...,un) € R™ and set ¢ as
e, = 2u 1 <k<n.

Then it holds that
= > [uf +2pk(@ror — 2 —up) + 23] + ¢~
k=1

Separating the summation into two, we get

n

n
I(z) = Z (up — 2pkur) + Z [2} + 2k (zhe1 — 2k) | + 07122
k=1 k=1

The given unconditional minimization (primal) problem is extended to an equivalent conditional
problem by introduction of new variables defined as a linear form. Then the Lagrange dual approach
together with the completion of the square yields an identity with respect to the expanded variables.
Finally reverting to an equality between the original (primal) variables and the Lagrange multipliers
(dual variables), we obtain an inequality together with equality condition. Thus dynamic dualiza-
tion consists of three steps (i) expansion to conditional problem, (ii) Lagrange dualization, and (iii)
reversion to only original variables.
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From

n—1

> p(weor — k) = epr— Y (Hk — fks1)Th — finTn
k=1 k=1
and 1+ ¢~ = ¢, we have

n
Z T+ 2 (Tp—1 — ) | + ¢ '
k=1

= 2cuy + Z — 2(pg — uk+1)xk] + T2 — fin .

Completing the two squares, we get

n n—1
I(x) = Y (uf = 2meun) + 201 + Y [27 = 20k — pryr)x | + 627 — pinn
k=1 k=1
n n—1
2
= {(we =) = pi}+2cm + Y [{fk — (k= 1)} = (ke = pasn)®
k=1 k=1

+ ¢(xn - (b_lﬂn)z - ¢_1 ;

Reverting to (5), we obtain an identity:

n n—1
= Z {(Ik—1 — Tk — Mk)2 - M%} + 2cp + Z [{zk — (b — uk+1)}2 — (ke — Hk+1)2
k=1 k=1

+ o, — ¢ ) — o7 i
We note that the objective function of (D) is

n—1

T(n) =2¢p — Y [} + (ke — pr1)” ] — opl.
k=1

Therefore like as in Plus-minus dualization 1 we see that both problems are dual to each

other.

5.2. Dynamic dualization 2

The problem (P) has the objective function

n—1
I(z) = [(@ho1 — ) + 27 |+ (@n—1 — z0)” + P2
k=1
In dynamic dualization 2, we define u = (u1,us, ..., u,) by

up, =2 1<k<n. (6)
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Then we have
I(z) = [(:ck,l —xp)* + ui] + (Tpo1 — Tn)? + Qu.
k=1
It holds that for any constants {cx}

Z -1 _Ik +ui+ck(xk _uk)] +(xn—1 _xn)2+¢u%+cn(xn_un)~
k=1

Let us take any pu = (u1,. .., 4n) and set ¢i as
ek = 2(uk —prr1) 1<k<n-—1, ¢, = 2uy.

Then we have
I(z) = [(who1 — )+l + 2(pk — pierr) (T — k) |

+ (zp—1 — xn)2 + (/buf1 + 200 (2 — up). (7)

One completion in (7) yields

Z p—1 = 2)? +up + 2(uk — perr) (@6 — we) | + (@no1 = 20)? + 2002,

+ ¢(un - ¢ ,un)Q - ¢71M2
The remaining term is
n

1
[(wp-1 = 21)® + uf + 20k — per1) (@ — wr) | + (@no1 = 20)? + 22
=1

=

n—1

= [(@h—1 — 2k)? + 2(pk — pkr1)Tr + ui — 200k — frs1)uk | + (Tno1 — 0)* + 20Ty

k=1
From
n—1 n—1
D (k= prs)mr = cpr = > pk(@ro1 = Tk) + fnn1
k=1 k=1

we complete the term as follows:
1
[(@ro1 — 1) 4 2(pk — prg1)Tr + = 20k — g1k | + (Tno1 — Tn)” + 24Ty

n

k=1

n—1

= 2cpy + Z [(@h-1— ) = 2ue (o1 — zn) + ujp — 200k — firsr)u ]
k=1

+ ($n71 - xn)Q - 2,u/n(xn71 - xn)

n—1

= 2cpu1 + Z [(%—1 — = p)? = i+ {un — (e — pen) Y = (e — Hk+1)2]
k=1

+ (Tn—1 — Tn — Nn)Q - Ni'
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Hence we have an equality

n—1

I(x) = 2 + Z [(@eo1 — e — ) — g+ {un — (e — prg1) > = (or — peg1)? |
k=1

+ (.’L’n,1 —Tp — Mn)Q - /’[/’I?L + (b(un - (b_llin)2 - ¢_1M721-
Reverting to (6), we have an identity:

n—1

I(x) = 2cm + Y [ (ko1 — 2k — ) = pf + Lok — (e — 1)} — (e — piy) ]
k=1

+ (Tp-1 — 2n — /~Ln)2 - /’L’?L + o(xn — ¢_1ﬂn)2 - ¢_1ﬂ72r

Hence the same discussion as in the preceding three dualizations claims that both prob-
lems are dual to each other.

Part II
Identical Duality

6. Another dual problem

We have shown that the problem (P) has a dual problem (D). It is shown that
both problems have the Golden complementary duality (GCD). Now we show that (P)
has another dual problem (D) with a different kind of duality. The problem (D?) has

an n-variable A = (A1, A2, ..., \,), which is defined as follows.
n—1 n n—1 n—1
Maximize  2¢(3° A+ 0An) = [ 30 (D0 AN+ 0Aa)” + D0 AF + 0r2]
k=1 k=1 i=k k=1

(D) : : n
subject to (i) A€ R

n—1
where Z A = 0. From 1+ ¢~! = ¢, (D?) is also expressed as

l=n

Maximize QC(Xn: e+ 67N — [Xn:(zﬂ: N+ + Z X+ oA
k=1

k=1 k=1 I=k
subject to (1) A€ R™

THEOREM 6.1. The problem (D) has a mazimum value M = ¢~'c? at a point
AT = ( >lka )‘37 L) Z—la )‘:1) = C((b_Q, ¢_4a Ty ¢—(2n—2), ¢—2n)).

PROOF. This is shown in the following derivation process of dual problem (D?)
from (P) (see Plus-minus dualization 1 and Lemma 7.1).
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Thus we have the following triplet between the minimum solution of (P) and the
maximum solution of (D?):

1. (Duality) The minimum value is equal to the maximum value : m = M. The
common value is a quadratic function of initial value ¢, whose coefficient is the
inverse ¢! to Golden number.

2. (Golden) Both the minimum point (%1, #2, ..., 2,) and the maximum point
(A5, A5, ..., A%) are Golden paths of 1 : ¢.

3. (Identical) Further both the optimum points are identical :
(T1, oy oovy &n) = (AT, A5, ooy AD).

This triplet is called Golden identical duality (GID).

7. Plus-minus dualization

This section shows that (D?) is derived from (P) through two plus-minus dualiza-
tions. We note that the primal problem (P) has the objective value

n—1
I(z) = Z [(zh—1 — xr)® + fﬂi] + (Tno1 —mn)* + 915,  To=c.
k=1

7.1. Plus-minus dualization 1
Take any A = (A1, A2,...,A\,) € R". First subtract 2\;z, from z2 and add it to

(rr—1 — x1)%. Second subtract 2\, x, from ¢z2 and add it to (z,—1 — x,)?. Then we
have

n—1

I(m) = Z [(mk,1 — .”L'k>2 + 2z + .Ti — 2)\]@1‘1@}
k=1
+ (xnfl - xn)2 + 2¢)\n$n + d)xi - 2¢)\nxn

Plus-minus dualization 1 completes the square of xj first, and completes the square of
(k-1 — xp) second. The first completion is

n—1
I(x) = [(Cﬂkfl _$k)2+2)\k1']€+(1']€ _>\k)2 —)\i}
k=1
+ (-rn—l - xn)Q + 20 Ty + (b(xn - >\n)2 - ¢)\i
n—1
= [(zho1 — ) + 202k | + (Tno1 — 20)% + 20,20
k=1 .
+ 37 [ = M)? = A2] + dl@n — Aa)? — A2,
k=1

As for the second, let us transform z to y by

Yp = xp_1— 2 1<k<n
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namely
Tp=c—Yy1—Yo— -~y 1<k<n

Then we have

n—l

(Tho1 — 2)2 4+ 2025 | + (o1 — 20)? + 200,20

S

Il |
- — |I
_

yzmk(cfzyo} 2+ 200 (c— Y w)
=1 =1

=

n—1

= ZAHM +Z[ =23 M+ A | + 42— 207y
=k

n—1

. Zx,ﬁw +Z[{yk— Z/\H—qb)\ }2—(2_:&4—@5)\”)2}
=k
(n_(b)\n) _(QS)\n)z

Summing up the two completions, we have

n—1 n—1 n—1 n—1
= 2e(3 M+ oh) + > [ {yk -+ ¢An)}2 -+ ¢An)2]
k=1 k=1 1=k 1=k
n—1

+ (g — ) = (DA + D [ (= M)? = AL ] + 6l — An)? — 0A7

k=1

From y, = 211 — xx, we have an identity:

n
2 —1,.2
E (Tp—1 — xk) +mk]+¢ x;
k=1
n—1 n—1

= QC(E As 4+ 0N, + Z[{zk_l —ze— (DN +¢,\n)}2 B (Tf A +¢>\n)2}

n—1

F (@no1 = 20— X)) = (D) + D [(@h = M)? = A2 ] + d(zn — Mn)® = 0AL. (8)

k=1
Now let us define
n—1 n—1
=203 M+ 0xa) = [ (X M+ on) + YA+ 02,
k=1 k=1 =k k=1

Then we have an inequality
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The sign of equality holds iff

n—1

xkfl_xkzz)\l'i‘(ﬁ)\n; T = M\ 1<k<n-1

=k (10)
Tpn—1 —Tp = (b)\na Ty = )\n

holds.
The equality condition (10) constitutes a system of 2n linear equations in 2n-
variables (z, ).

LEMMA 7.1. The system (10) has a unique solution (&; \*) :
(1, T2y« ooy Bnts @) = c(@d72, ¢~ o, ¢ 7D 7))
A Ags s A, ALY = 072, 07, oL, o7 g,
Then both the sides in (9) are equal to ¢p~1c>.

The solution (Z; A*) is called Golden identical.
Therefore, as a dual to minimization of I(x), we have maximization of J(A). Con-
versely, a dual of maximization of J()) is minimization of I(z).

Thus we have
THEOREM 7.2. Both problems (P) and (D?) are dual to each other.

This duality is called identical, which comes from the equality condition (10).

7.2. Plus-minus dualization 2

For brevity let us take
Tp_1 — Tk = Uk 1<k <n.

The objective value of (P) becomes

n—1

I(x) = > (uf +a3) +ul + o).
k=1

Then we take any A = (A1,...,A,) € R" and set
n—1
o= > N+or, 1<k<n—1, ¢ = oA,
I=k

Subtracting 2c,uy, from ui and adding it to %, we have

n—1
I(z) = Z(ui — 2cpup + x5+ 2cpup) + U — 2¢,U, + AT + 20Uy,
k=1
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Plus-minus dualization 2 completes the square of w; first, and then does the square of
xk. Completing the first square and separating the summation into two, we get

3
|
—

I(.Z‘) = [(uk — Ck)Q — Ci + .Z‘i + 2ck(xk,1 - l‘]g)]

=~
Il
—

+ (up — €n)? — 2 + ¢ap + 200 (Tp_1 — Tn)

I
NE

[(uk —cp)? — ci]

k=1
n—1
+ Z [xi + 2¢(xp—1 — xk)] + qﬁxi + 2¢ (Tp—1 — Tp)-
k=1
From
n—1 n—1
Z ck(Th—1 —xK) = woc1 — Z(Ck — Ch1)Th — Cpp—1
=1 k=1

we have the second completion as follows:

Z o3 4 2c(xp_1 — x;g)] + ¢z + 2¢, (Tn_1 — Tn)

= 2x9c1 + Z —2(ex — ck_,_l)xk] + (j):pf, — 2Ch Ty

2z0c1 + Z (xi — 2)\kmk) + p(x2 — 2020)

n—1

= 2z0c1 + Y [ (k= M) = AL ] 4 B(an — An)” — 0A2.

k=1

Summing up both completions, we obtain

n
Z uk—ck —Cz}

k=1
n—1
+2aoer + 3 [ (k= M)® = AL ]+ b(an — An)® — oA
k=1

This is nothing but (8). Thus the remaining discussion is same as in Plus-minus dual-
ization 1. Hence we see that both problems (P) and (D?) are dual to each other.

Remark 1

The primal problem

n

minimize Z [(CEkq — xk)2 + SE%] + dfl ;

(P) subject to (i) x € R"
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has the identical dual problem

n—1

n—1 n n—1
Maximize  2¢(3° A+ 0An) = [ 300 A+ 0Aa)” + DN+ 0r2]
k=1 k=1

subject to (i) A€ R™

ES
Il
—
-~
I
>

(D)

The (D?) is transformed into the complementary dual problem

n—1

Maximize 2cuq — {Z (2 + (ke — 1) ] + QS/;%}
k=1

(DY) . , n
subject to (i) p€R

through a transformation A — p :

pe = > N4 1<kE<n—1, = ¢\, (11)

The (D) is nothing but (D), which is discussed in Part 1: Complementary Duality. The
inverse transformation is p — A :

MNe = e — o1 L<k<n—1, X\, = ¢ 'p,. (12)
That is, both duals (D), (D?) are transformed into each other through transformations
(11), (12).
8. Dynamic dualization

This section shows that (D?) is derived through two dynamic dualizations. We
remark that (P) has the objective function

Z (zh—1 —ap)> +2p |+ (Tpo1 —z0)* + 922, 0 =rC.
k=1

8.1. Dynamic dualization 1
In dynamic dualization 1, let us define u = (ug,uo,...,u,) by
Up = Tp 1<k<n. (13)
Then the objective value of (P) becomes

I(z) = Y [(wp—1 —2)? Fup] + (@ao1 — @0)® + gul.
k=1

The equality (13) implies that Z ck(zp — uy) = 0 for any constants {cx}. Hence
k=1

Z S —ak)? Fuf k(@ — uk) | 4 (Tao1 — 20)? + Gl + o (@0 — un).
k=1
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Now take any A = (A1,...,A,) € R™ and set
e, = 20 1<k<n-—-1, ¢, = 20\,.

Then we have
n—1

Z 1—CCk —|—uﬁ—|—2/\k(xk—uk)]

k=1
+ (Tp-1 — xn)2 + gzbui + 20, (z, — up).

First completing the square of u; and then separating the summation into two, we get

n—1
I({E) = [(xkfl —xk)2+2)\kxk+(uk _>\k)2 —)\z}
k=1
+ (-/En—l - xn)2 + 20\ zy, + ¢(un - )‘n)z - (b)‘i
n—1

= [(zp—1— ) + 2Mewi | + (Tp—1 — 0)% + 20 1,

n—1

) [k = M)? = A2 ]+ Glun — An)? — OAZ.

k=1
In order to complete the square of (zy_1 — k), we introduce a transformation z — y :
Y =1 — 2 1<k<n.
This yields
Tp=c—Yy1—Yo— - —yr 1<k<n.

Then the completion is

(Tho1 — 2) 2+ 2025 | + (Tt — 20)? + 20020

3

Il |
— — H \
L—

yi+zxk(c—zyz>}+y,%+2¢xn(c—zyz)

k =1 =1
n—1 n—1
— ZAk+¢A + 30 [07 =23 M+ oh)ue | + 92 — 200
k=1 =k
n—1 n—1 n—1
= 2¢(3" Ao+ 0ha) + [{yk— ZAqubA }2—(2)\1+¢)\n)2}
= k=1 =k

(yn - ¢>\n) - (¢>\n)_2

Summing up the two completions, we have
n—1 n—1 n—1 2 n—1
= 23 M+ ox) + D [{me = S N+ o)} = (S n+on)?]
k=1 k=1 1=k 1=k

n—1
+ (yn - ¢>\n)2 - (¢>\n)2 + Z [(uk - )\k)2 - )‘i] + (b(un - )‘n)Q - qj))‘i
k=1
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From y, = xx_1 — =g, up = T, we obtain an identity:

n
Z Tp—1 — Tk) +xi]+¢>_1xi

k=1
n—1 -1 n—1 n—1
26(3 M+ 6% Z[{mH —m (N on) ) (D a+on)’]
k=1 =k =k
n—1
+ (1'71—1 —Tp — ¢An)2 - (¢>\n)2 + Z [(Ik - Ak)2 - Ai] + ¢(In - )\n)2 - d))‘i
k=1

This is the same as (8). Thus both problems (P) and (D?) are dual to each other.

8.2. Dynamic dualization 2

In dynamic dualization 2, we define u = (u1,us, ..., u,) by
Up = Th_1 — Tk 1<k<n. (14)
The objective value of (P) is
n—1
I(z) = Zuk+xk +u? + 2.

It holds that for any constants {cx}

n—1

I(z) = Z [uf + 2ex (21 — 2k —ur) + 27 | +ulh + 9rh + 2¢0(Tn1 — T — up).
k=1

Now take any A = (A1,...,A,) € R™ and set

n—1

k=Y NAoA, 1<k<n—1, ¢y = oA, (15)
=k

First completing the square of uj and separating the summation into two, we have

I(x) = [(uk — Ck)z — C% + $% + QCk(xk,1 — (L’k)]

+ (un — n)? = cp + ¢xp + 200 (Tn—1 — T)

= i [(ukfck)zfci]

k=1
n—1
+ Z [mi + 2¢(Tp—1 — xk)] + ¢x2 + 2¢, (1 — x0).
k=1
From
n—1 n—1

D ek(wio1 — k) = wocr — D (Ck — Chp1)Th — Cnn_1

k=1 k=1
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we have the second completion

Z 3 4 2cp(xp_1 — xk)] + ¢px2 + 2, (Tn_1 — Tn)

= 2x9c1 + Z —2(ex — C;H_l)xk] + ¢x2 — 2c,2,

= 2zgc; + Z — 2)\kxk (b(xi —2\nZy)
n—1

= 2xpc1 + Z [(zk - )\k)2 - /\i] + o(xn — )\n)z - ¢>\i.
k=1

Summing up the two completions, we obtain an identity:

= Z[(ukfck)2fci}

k=1
n—1
+ 2zc1 + Z [(@e — Ae)® = A2 ] + @ — An)® — OAL.
k=1

From (14) and (15), it turns out that the identity is the same as (8). Thus both the
problems are dual to each other.

Acknowledgement

The authors would like to thank anonymous referee for careful reading and some useful
comments.

References

Bellman, R.E. (1957). Dynamic Programming, Princeton Univ. Press, New Jersey.

Bellman, R.E. (1967). Introduction to the Mathematical Theory of Control Processes,
Vol. I, Linear Equations and Quadratic Criteria, Academic Press, New York.

Bellman, R.E. (1969). Methods of Nonlinear Analysis, Vol. I, Academic Press, New
York.

Bellman, R.E. (1971). Introduction to the Mathematical Theory of Control Processes,
Vol. II, Nonlinear Processes, Academic Press, New York.

Bellman, R.E. (1972). Methods of Nonlinear Analysis, Vol. II, Academic Press, New
York.

Bellman, R.E. (1981). List of Publications: Richard Bellman, IEEE Transactions on
Automatic Control AC-26, No.5(Oct.), 1213-1223.

Bellman, R.E. (1984). Fye of the Hurricane: an Autobiography, World Scientific, Sin-
gapore.



82 Y. KiMURA, T. UENO and S. IWAMOTO

Bellman, R.E. (1986). The Bellman Continuum: A Collection of the Works of Richard
E. Bellman (Roth, R.S. Ed.), World Scientific, Singapore.

Borwein, J.M. and Lewis, A.S. (2000). Convexr Analysis and Nonlinear Optimiza-
tion Theory and Examples, Springer-Verlag, New York.

Fenchel, W. (1953). Convex Cones, Sets and Functions, Princeton Univ. Dept. of Math,
New Jersey.

Iwamoto, S. (1987). Theory of Dynamic Program, Kyushu Univ. Press, Fukuoka, (in
Japanese).

Iwamoto, S. (2007). The Golden optimum solution in quadratic programming, FEd.
Takahashi, W. and Tanaka, T., Proceedings of the International Conference on Non-
linear Analysis and Conver Analysis (Okinawa, 2005), Yokohama Publishers, Yoko-
hama, 109-115.

Iwamoto, S. (2013). Mathematics for OptimizationIl: Bellman FEquation, Chisen
Shokan, Tokyo, (in Japanese).
Iwamoto, S., Kimura, Y., Ueno, T. and Fujita, T. (2013). R.Bellman, Dynamic Pro-

gramming, Chapl, A multi-stage allocation process : its dual. (in Japanese), Feder-
ation of Automatation and Control; A Colletion of Papers, 56, 574-579.

Iwamoto, S., Kimura, Y. and Fujita, T. (2014). A Golden complementary duality in
quadratic optimization problem, Ed. Takahashi, W. and Tanaka, T., Proceedings
of the 3rd Asian Conference on Nonlinear Analysis and Optimization (NAO 2012
Matsue), Yokohama Publishers, Yokohama, 115-126.

Kawasaki, H. (2003). Extremal Problems (in Japanese), Yokohama-Publishers, Yoko-
hama.

Kira, A. and Iwamoto, S. (2008). Golden complementary dual in quadratic optimiza-
tion, Springer-Verlag Lecture Notes in Artificial Intelligence, 5285, 191-202.

Rockafeller, R.T. (1974). Conjugate Duality and Optimization, STAM, Philadelphia.

Received August 4, 2015
Revised June 21, 2016



