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Abstract. Copulas have lately attracted much attention as a tool in finance and insurance for
dealing with multiple risks that cannot be considered independent. The normal copula, widely used
in practice, is known to have the same tail dependence parameter as the product copula. The present
paper brings into question the common interpretation of this fact as evidence that the normal copula
lacks tail dependence, both by providing numerical examples and by mathematically determining
the asymptotic behaviour of the tail dependence.
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1. INTRODUCTION

1.1. CopruLAS

Copulas have gained increasing popularity in risk manage-
ment as a tool for investigating dependent risks. We begin
by reviewing rudimentary definitions and facts on copulas.
See Nelsen [2] for further reference.

Definition 1. A copula is C: [0,1]?> — [0, 1] with the fol-
lowing properties:

(1) C(u,0) = C(0,v) =0, C(u,1) = u, and C(1,v) = v
for all u,v € [0, 1];

(2)if 0 <wu <uy <land 0 < vy < vy <1, then

C(ug,v2) — Cluy,ve) — C(ug,v1) + C(uy,v1) > 0.

Example 1. The function C(u,v) = uv is a copula and
called the product copula.

For a bivariate random variable (X,Y"), let Fx and Fy
denote the marginal distribution functions and let Fxy
denote the joint distribution function: Fx(z) = P(X < z),
Fy(y) = P(Y <y),and Fxy(z,y) = P(X <z, Y <y)
for z,y € R. We say that (X,Y) is continuous if Fx and
Fy are both continuous.

Theorem 1 (Sklar). If (X,Y) is a continuous bivariate
random variable, then there exists a unique copula Cxy
such that

Fxy(z,y) = Cxy(Fx(z), Fy(y))

for all x,y € R.

Example 2. The independence of X and Y is equivalent
to Cx y being the product copula.

Remark 1. If we write

F~Y(u) =inf{z € R | F(z) > u}
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for univariate distribution functions F', we have
C'va(u, U) = FX7y (F);l(u), F;l(v))

In this paper, the focus will be on the normal copula:

Definition 2. Let —1 < p < 1. If (X,Y) is a normally
distributed bivariate random variable such that E[X]
ElY] =0, V(X)=V(Y) =1, and Cov(X,Y) = p, then
Cx y is called the normal copula (or Gaussian copula) with
correlation p and denoted by C,.

1.2. TAIL DEPENDENCE OF COPULAS

Definition 3. Let C be a copula. We define A¢: (0,1) —
[0,1] by

1—2t+C(t,1)
B 1—t
We call lim; » Ac(t) the upper tail dependence parameter
of C, if it exists.

Ac(t)

Remark 2. If (X,Y) is a continuous bivariate random
L-P(X < F' (1)) -P(Y < By, (1)
+HP(X < (1), Y < Fy (1))

variable, then
1-P(X < Fx'(t)

P(X > F¢'(), Y > Fy ' (1)
P(X > F'(1)
=P(Y > Fy'(t) | X > F5'(t)).

>\CX,Y (t) -

Example 3. If C is the product copula, then Ac(t)
1—-t—0ast "1.

The normal copula is known to have upper tail depen-
dence parameter 0:

Proposition 1. The normal copula with arbitrary corre-
lation p € (—1,1) has upper tail dependence parameter 0.
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Product copula vl\ii(ﬁlm;l:cgl.); la C
t=0.8 0.2000 0.4358
t=20.9 0.1000 0.3240
t=0.95 0.0500 0.2438
t=0.99 0.0100 0.1294
t =0.995 0.0050 0.0993
t = 0.999 0.0010 0.0543

Table 1: Upper tail dependence Ac(t) of the product and
normal copulas

This proposition, with Example 3 in mind, is often in-
terpreted to mean that the normal copula exhibits no tail
dependence. However, Table 1 suggests that the product
and normal copulas have different rates at which Ao (t) con-
verges to 0. The purpose of this paper is to completely
describe how A, () converges to 0.

Now we state a particular case of our main theorem, of
which the complete statement will be given in Section 2
(Theorem 3).

Theorem 2. We have

(1+p)3 — AL g2

)\Cp (t) = 271‘(1 — p) e 20+0)
1 a2
X (s_l - ;12'0 P +O(s_5)>
-p

ast 1, where s = ®~L(t) N oo, with ® denoting the
distribution function of the standard normal distribution:
t=®(s) = (2m)" /2 [° . exp(—2?/2) du.

Theorem 2 gives the leading behaviour of A¢, (t):
Corollary 1. We have

O+pP(

T, 1 —t)i%(—log(l —t))_ﬁ

Ac, () ~ (4m) "5

ast 1.

Since the proof of Corollary 1 requires Proposition 3, we
defer it to the end of Subsection 3.1.

Remark 3. Heffernan [1] mentions the asymptotic order
in a different language. Let (X,Y) be a continuous bi-
variate random variable such that Cxy = C, and the
marginals are both unit Fréchet, i.e. Fx(z) = Fy(z) =
exp(—1/x) for > 0. Then [1] states that

PX,)Y >z)~ cp(logx)fﬁpﬂP(X > x)%

as x /" 0o, where ¢, is a positive constant depending on p.
By Remark 2, this implies that
P(X,Y > —1/logt)

1—t

~cp(l— t)ﬁzrf

)\cp(t) =
1(log (=1/logt)) ™
~ cp(1— )75 (— log(1 — 1)) T
ast /1.
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2. PRECISE STATEMENT OF THE MAIN
THEOREM

This section is devoted to giving the precise statement of
our main theorem. Henceforth we fix a real number p with
—1 < p <1 and denote \¢, (t) simply by A(t).

We define sequences (@, )n>0 and (b, )n>0 of real numbers
by

=0

(1-p)",
by = (—1)"(2n — 1)!

where (—1)!! = 1 by definition. We further define a se-
quence (cp)n>0 of real numbers by the following equation
between formal power series in X:

oo
E e X" =
n=0

In other words, we define (c,)n>0 recursively by setting
co = ag/bp and
1 n—1
Cp = % (an - Z bnkck>
k=0
for n > 1.

The first three terms of the sequences are as follows:

S panX™

S X € R[[X]].

1
ag =1, a1=—(1+p)(1+>

L—p
2 3

= (2 12 )
bo=1, by =—1, by=3

1+2p— p?
co =1, 01:7ﬁ7
. 3+ 13p — 3p? — 3p° +2p
‘T (1—p)?

Now our main theorem goes as follows:

Theorem 3 (Main Theorem).
N, we have

For every positive integer

(1+p)?

M=y =)

N-1

R (Z cns—2n—1+o<s—2N—1>>
n=0

ast /1, where s = ®71(t) S c.

3. PROOF OF THE MAIN THEOREM

Let 1/2 <t <1 and put s = &~

=[] sl
=" rep( 5 )

L(t) > 0. If we set

x? = 2pry + y°

2(1-p?) >dm@h
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then A\(t) = A/B by Remark 2. We shall estimate A and
B separately.

Let R4, N, and N denote the sets of positive real num-
bers, nonnegative integers, and positive integers, respec-
tively.

3.1. ESTIMATE OF B

Proposition 2. If 0 €¢ R, and N € N, then

(—]_)N/ e_$2/2 dx > _9 /2 Z b 0~ 2n— 1
0

Proof. For n € Ny, set

In:/ T~
0

Then the left-hand side of the required inequality is
(-D)N .
Since integration by parts gives

I, =- /00 2" e ") d
0

S
_ _[‘,E—n 1 —1:2/2 go +/ —n— 1 —n—Qe—xz/Q dr
0

—gn-1 792/2

_ 2
ne= % /2 4y,

(TL + 1) n+2;

we have

N-1
— 2 — —
N@ 0°/2 § bne 2n—1
n=0

N-1

= N (=N (20 — 1)t/

n=0

N-1

= (=DM (@2n — D) (Lon + 20 + 1) Iop40)
n=0

N-1

=) ((=1)N"(2n — 1)y,

n=0

— (71)N+”+1(2n + ]-)”1277,+2)
NI — 2N - )Ly
< (-D)N . O

I
—

Proposition 3. For every N € N, we have

N-1
—s2/2 (Z bns—Qn—l + O(S_2N_1)>
n=0

B =

as s / 00.

Proof. If N’ is an even integer with N’ > N, then Propo-
sition 2 shows that

N’'—1

752/2 Z b, g—2n—1
1 2 —
_ —s%/2 b —2n—1 —2N-1
= e s +0(s .
7o (Z o)

(0]

By taking N’ to be an odd integer with N’ > N, we may
similarly obtain

N-1
—s2/2 b g—2n—1 —2N-1
—e E nS +O0(s ) |-
& (n—O )

The proposition follows from these estimates. O

B <

Proof of Corollary 1, assuming Theorem 2. Proposition 3
shows that
—s2/2 —1
oiopa
V2

which in turn implies that

[\v]

—log(l —t) ~ %

It follows from Theorem 2 that

(L0 s,

t) ~ 2(1+p)
© an(l-p) ¢
) 3/ —s2/2 —1\ TF / 2\ — T
_ (4m) s, | LD (e s >” <8> "
1—-p V2m 2
P 1 —p — P
~ (4m)" T+ (1tpp) (1- t)iTﬂ(—log(l—t)) lip.[]
3.2. ESTIMATE OF A

We set « = /(1 —p)/2 and 8 = /(1 + p)/2, so that «
and § are positive real numbers with o? + 52 = 1.

Lemma 1. We have

A= 66782/2 /OO </00 e~ /2 dz)
™ as/B aw+fBs
x elaw+Bs)?/2o—w?/2 gy,
< 2% — 2pxy + y?
exp| —————5—
2(1 - p?)

2 — 2pxy + y?
. o I
21— p?) ) r

Proof. Symmetry gives

> dx dy

1
ol
T>Y>s 2m4/1 — p2

o/
= exp| —
27('@5 T>y>s

We use the change of variables
z\ _ (Bz+afw—a’s
y)  \Bz—afw+a’s

= (- (o)

y)/2a8 + as/fB
r>y>s <= Bz+afw—a’s>pz—afw+a®s>s
— w>as/B, 2> aw+ Ps

Since
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and
a? =2pry+y* _ (x+y)?  (z-y)?
2(1-p?) 41+p)  4(1-p)
~(282)* | (20pw — 207s)?
T 8p2 8a?
22 (Bw — as)?
—2 7 2
B zj_ (aw + Bs)?  w? + s?
2 2 2
we have

%) oo
/as/ﬁ »/aw+ﬂs

- 23
exp(—Z; + (aw "2‘ Bs)?  w? ;‘ 32)
X |det <g _Oéaﬁﬁ) ‘ dz dw

e /2 dz>

x elaw+Bs)/2o—w?/2 g, - [

Sy
™ as/fB aw+Bs

Lemma 2. For every K € N, we have

(~1)%A

( Kﬁ 75/22

n=0

Proof. Lemma 1 and Proposition 2 show that
(-nFA
6 —s2/2

St | (<1>K / eZQ/de)
™ as/fB aw+fBs

% e(aw+ﬂs)2/26—w2/2 dw

5 o K—1
> Ees /2/ (_1)K<Z bn(aw+ﬁs)2n1>

i as/p n=0

x e /2 gy
B .

_ 1 KF _—s%/2

(-1

K—-1

X b, / (aw + ﬂs)*2"7167w2/2 dw.
n=0 as/B

For n € N and j,k € Ny with j <k, we define
2k =i n+j -1

(2k — 215! (n — 1)1°

Tjkn =
Lemma 3. If n € N and k € Ny, then we have the follow-
ing:
(1)
(2)
(3)

T0,k+1,n = T0,k,n(2k 4+ 1).
Thtlktln = Thin(n+ k).

Tiktin = Tjkn(2k—j+ 1)+ 71 kn(n+j—1) for
=1,...,k

/ (aw + Bs) “2n—lo—w?/2 gy
s/B
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Proof. Straightforward. O

Lemma 4. Ifn, K € N, then

v< [ jﬁ

> (=)

(w4 Bs) e 12

>

0<j<k<K-1

((71)krj7k7na72k+2jf16n+2k+1

9L 1 —n2e2 /932
Xank 16045/2[3).

Proof. Put u = s/ for simplicity. For m € Ny and n € N,

set
o0
Im,n = / w
as/B

(oo}
= / w_m
au

Then what we need to show is that

™aw + 55)7"67“’2/2 dw

(cw + BQU)_”e_“’z/Q dw.

(_1)KIOJL
K-1

k
_ 1 k] 202
_1)K _ )kE e 2k+2j 1U n—2k 16 a‘u /2.
j=0

k=0

Since integration by parts gives

%)
—m—1
Im,n = _/ w
au

_[w—m—l(aw + B2u)—ne—w2/2]°°

au

+/ ((_m m—2(aw+ﬂ2u)—n
+w ™ (—an)(aw + [3211)7”71)671”2/2 dw
—m—lu—m—n—le—a2u2/2

(aw + B2u) (e /2) dw

- Dw

=«

— (m =+ 1)Im+2,n — an[m+1,n+17

we have

k
j( —2k+j—1, —n—2k—1_—a3u?/2
Y rjkmed (a7 e 2 — Ik—jnij)

=0
k
= Z Tk ne’ ((Qk —J+ D log—jionts
i=0

+a(n+ j)ak—ji1ntit1)
k
= 1k (2k — j 4+ Dlop_jiant;
j=0
k+1
+ Z Tj—1,kn0 (N + j — 1) Iok—j12n+j
j=1
k+1
= Z Tj,k+1,n06]12k—j+2,n+j
§=0
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by Lemma 3. It follows that

K-1 k 5 o
(_1)K Z(_1)kZrj,k,na_2k+2]_1u_n_2k_1e_a u®/2
k=0 §=0

K-1 k
= (D% > (-1)* (Z Tjkn@ Iok—jnyj

=0

k+1
+ g Tj k41,00 T2k —j12 ntj
j=0

K-1 k
= (-D¥ <(—1)k > rikne ok gy

=0

k+1
k+1 ]
— (=DM k1m0 ok 2y

=0

K
K _
E T Km0 Iog 5 ntj

=0

- (_1)K <T0,0,7L10,n - (_1)

K

. .
= (=1 Tom =Y 1k Ik jint;
i=0

< (=

Lemma 5. Ifl and m are integers with 0 <1 < m, then

>

Proof. For each | € Ny, let P, be the statement that the
lemma is true for all m > [. We shall prove P; by induction
on [.

To establish Py, we need to prove that

" (m+n)!
> DI

n=0

(m4+1—n)l(m—14+n)!
m—1—n)!l(2n)!!

= (20 — D)NNE2m).

(2m)!

for all m > 0. If m = 0, then both sides are 1. Suppose

that equality holds for m. Then

jasy (m+mn+1)!
(2n)!!

from which it follows that

m—+1

>

n=0

(m+n+1)!

o m A

DI . O

7

Therefore equality holds for m + 1 as well. Hence P, has
been verified.
Now suppose that P is true. Let m > [+ 1. Since
(m—Il4+n+1)! (m—-I+n-1)
(m—Il—n+1)! (m—Il—n—1)!
~(m—Il+n-1)
B (m—l—n—i—l)!((

m—Il+n)m—1+n+1)

—(m —l-n+1))
:EZ_TZ;B: -2n(2m — 20 + 1)

for 0 <n<m-—10-—1, we have

—l—=n)(m

m—l—

1
(m+l—n+1lm—-I1+n-1)
Z (m—1—n-1)!2n)"

n=0
m—I[—1
n=0
m—1l—1

D

n=0

(m+l—-—n+D(m—-I+n+1)!
(m—1—n+1)!(2n)!

m+l—n+1lm—-1+n-1)
(m—1—n+1)!I2n)N

The inductive hypothesis shows that

2n(2m — 20+ 1).

m—Il—1
(m+l—-n+D(m—-I01+n+1)!
nz:% (m—1—n+1)1(2n)N
m—I+1
B (m+l—-—n+Dl(m—I+n+1)!
N ;::0 (m—1-—n+1)!(2n)!
2L+ 1)12m —20+1)!  (2D)!(2m — 20 + 2)!
B 1!(2m — 20)!! C0I(2m — 20+ 2)!!
(2l 1)im 42 - 2LE ZST;D?'Z + 1)
(20)!(2m — 21 + 1)!
 2m =20
and that
L = D (m =1 +n—1)
Z:O ( (m_1_31(+1)!(2n)u Ranem - 21 +1)
m—Il—1
B m+l-—n+Dl(m—-I01+n-1)!
= (@m-2+1) ; (m—1—n+1)(2n —2)!!
m—Il—2
_ (m+1—n)l(m—1+n)!
=(2m—20+1) nZ:‘B e
—2m-20+1) ((2[ —DIE2m)l — (213(;3;(2_%%212)” D

(20)!(2m — 21)!
01(2m — 20)!! )
= (20 — )N(2m + )1 — (2 + D)N(2m)!

21+ 1)1(2m — 20+ 1) (20)!(2m — 21 + 1)

(2m — 2N (2m — 20!
Therefore we have
m—Il—1
m+l—n+Dm-101+n-1)!
S O g = @ e
= ! il
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as required. O

Proposition 4. For every N € N, we have

(1+p)3
T o 1-p

N-1
« <Z an32”2+0(52N2)>.
n=0

Proof. Lemmas 2 and 4 show that

2 _1-p 2
e~ 2" 30T, ®

(DA

Kﬁ —52/2 —2n—1_—w?/2
> (—1 Z bp (aw + Bs) e dw

_ as/B

Kﬁ —s2/2_—a2s%/28?

> (—1)f =e /e ®
T
Y (D)™ = D kanga
0<n<K-1
0<j<k<K-1

% a—2k:+2]—1ﬂ2n+2k+28—2n—2k—2)

for every K € N.
Now let N € N. If K > N, then

S (DR @r = 1) k2
0<n<K—1
0<j<k<K—1
a72k+2jf152n+2k+2572n72k72)

1

— mﬂ2m+2 —2m—2
(e
<D

n>0, 0<j<k
n+k=m

+ O(S—ZN—2)
N—-1
_ Z <(1)m62m+282m2
m=0
m m—l1
X Z a2t Z(Qn — 1)!!rmln7mn72n+1>
=0 n=0

(8721\772)

— <(_1)mﬂ2m+28—2m—2

—2k+25—-1
(271 — 1)!!Tj,k,2n+1a 2 >

+
S

m=0
= Q21 m+lfn m — 1+ n)!
Z m—1— n) (2n)!!
+O(s772)
_N_l 1™ (2 - DU o 2m42 —2m—2
- ZO( ) m ZZ 21)” Q@ /8
m= =0
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by Lemma 5, and so
(-nFA
Kﬁ —s%/2_—a?s?/242
> (—1)F —em /2T E
T

= o0 — 1)
X (Z(—l)m@m)!!(Z ((21)”)(1

=0

2l—1> /321'”-‘1-28—2771—2

2

e L [y
=D T,

N-—1
x (Z ((—1)”1(2;71”3”(1 oy
m=0
T2l 1) 0\ oo
’ @ EIEA > 2 )
O(S—QN—2)>
— K 1 1+P *S /26 2(1+p)

\/ 1—p

(Za s—2m 2 O( —2N— 2))

By taking an odd K and an even K, we may obtain the
proposition. O

.2 __l-p_
e S /26 PICETYR

Propositions 3 and 4 complete the proof of Theorem 3.
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