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Abstract

Quantum chromodynamics (QCD) is the theory of the strong inter-
action between quarks and gluons. The interaction becomes small at
high energy, while it does strong at low energy. It is highly expected
from the energy dependence that the QCD matter at high tempera-
ture 7" and/or high quark chemical potential p, experiences a phase
transition from a confined state with the chiral symmetry breaking to
a deconfined state with the symmetry restoration. The phase diagram
in the T-pq plane is relevant to the early universe, compact stars and
heavy-ion collisions. The first-principle lattice QCD (LQCD) suffers
from the sign problem at finite p, where the integrand of the parti-
tion function is complex and LQCD techniques break down. Therefore
the QCD phase diagram at finite 1 is unclear. In this thesis, we pro-
pose a new strategy to investigate the QCD phase diagram at finite
ftq- There are some regions with no sign problem, imaginary p, and
real and imaginary isospin chemical potentials ;.. We then propose
an analytic continuation from the regions with no sign problem to
the real ji, region with the sign problem by using an effective model
that can evaluate the QCD partition function in all the regions. The
Polyakov-loop extended Nambu-Jona-Lasinio (PNJL) model is only
the effective model that can do this. We show that the PNJL model
reproduces LQCD data qualitatively in all the regions, but not quan-
titatively. We then extend the PNJL model in order to reproduce
the LQCD data quantitatively. The QCD phase diagram at real p, is
predicted by the new model.
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Chapter 1
Introduction

Quantum chromodynamics (QCD) is the theory of the strong interaction be-
tween quarks and gluons. The interaction becomes small at high energy, while it
does strong at low energy. As a result of the strong interaction, the QCD vac-
uum has two remarkable phenomena, spontaneous chiral symmetry breaking and
confinement. The spontaneous chiral symmetry breaking provides us the mech-
anism of generation of massive nucleons from light quarks and that of pions as
Nambu-Goldstone bosons. The confinement is a phenomenon that color charged
particles, quarks and gluons, cannot be isolated. Since the interaction decreases
with increasing the energy scale, it is natural to consider that the QCD matter
at high energy density undergoes a phase transition from a confined state with
the chiral symmetry broken to a deconfined state with the symmetry restored.
The QCD phase diagram in the plane of temperature T" and quark chemical po-
tential p1q provides us many insights of nature. The early universe after the Big
Bang would be very hot and thus have experienced the QCD phase transition at
high 7" and low pq. The core of compact stellar objects such as neutron stars
would be a relevant place for dense QCD matter at low 7' and high pq. Ex-
perimentally, the heavy-ion collisions, such as the Relativistic Heavy-ion Collider
(RHIC) at BNL, the Large Hadron Collider (LHC) at CERN and Japan Proton
Accelerator Research Complex (J-PARC) at JAEA and KEK, provides us with a
chance to create hot and/or dense QCD matter. In order to investigate the QCD
phase diagram, we have to deal with some nonperturbative methods. Lattice

QCD (LQCD) is only a reliable method of solving the nonperturbative nature,



i.e., to evaluate the partition function numerically on a spacetime lattice. LQCD
provides us many insights at finite 7" and zero p; for example the chiral phase
transition is crossover there. It, however, suffers from the sign problem at finite
ftq Where the integrand of the partition function is complex and thereby LQCD

techniques break down. The QCD phase diagram at finite p, is therefore unclear.

In this thesis, we propose a new strategy to investigate the QCD phase diagram
at finite p1q. There are some regions with no sign problem, imaginary ., real and
imaginary isospin chemical potentials p;s,. We then propose an analytic contin-
uation from the regions with no sign problem to the real jiq region by using an
effective model that can evaluate the QCD partition function in all the regions.
The Polyakov-loop extended Nambu—Jona-Lasinio (PNJL) model is an effective
model that can do this. We show that the PNJL model reproduces LQCD data
qualitatively in all the regions with no sign problem, but not quantitatively. We
then extend the PNJL model in order to reproduce the LQCD results quantita-
tively.

This thesis is organized as follows. In Chapter 2, we overview properties of QCD
at vacuum and the QCD phase diagram at finite 7" and p. This shows current
states and difficulties in the study of the QCD phase diagram. In Chapter 3,
we recapitulate thermal properties of the PNJL model at zero j,. After these
introductory chapters, Chapters 4-7 are devoted to our study. In Chapter 4, we
investigate the sign problem by using the PNJL model. We evaluate the average
phase factor as an indicator of the sign problem. The severe region where the
factor is small or zero spreads widely over the phase diagram. It is thus difficult
to investigate the phase diagram by LQCD directly. In Chapters 5 and 6, we
analyze the imaginary pq region and the real and imaginary pi, regions with
the PNJL model, respectively. For all the regions, the PNJL model reproduces
the LQCD data qualitatively, but not for the coincidence between the chiral and
deconfinement crossover transitions. In Chapter 7, we extend the PNJL model
to solve this problem. The new model reproduces LQCD data quantitatively in
all the regions with no sign problem. Finally we predict the QCD phase diagram

with the new model.



Chapter 2
Quantum Chromodynamics

In this chapter we introduce Quantum chromodynamics (QCD) as the fundamen-
tal theory of strong interactions. We discuss two important phenomena of QCD
vacuum, the spontaneous chiral symmetry breaking and confinement, which play
an important role in later parts of this work. We also discuss the QCD phase

diagram at finite temperature and finite quark chemical potential [1].

2.1 Quantum Chromodynamics

Quantum Chromodynamics (QCD), the non-Abelian gauge theory with color

SU(3). gauge invariance, is the theory of the strong interaction. The fundamen-
1
2
fermions (quarks ¢). Gluons and quarks belong to the adjoint and fundamental
representations of SU(3)., respectively. QCD is defined as a field theory with the

tal degrees of freedom are spin-1 gauge bosons (gluons A,,), and massive spin-

Lagrangian density,

L= (i D= m) = 15 LY (2.1)
where m is the current quark mass, D, = 0, + 1A}t is the covariant derivative
with the coupling constant g and t* is the generators of SU(3). satisfying the
commutation relations, [t?,°] = if®°t¢ and the normalization, tr(t%®) = %5”‘1’,
where fo¢ are the group structure constants. The field strength tensor is defined
as F, = 0,A) — 0,47 + fabCAZAlC,. The Lagrangian density is invariant under
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the SU(3). gauge transformation
¢ — Ulx)g, Ay — U@)(A, +1i9,)U'(x), (2.2)

where U(x) = exp(—i0*(x)t*). Since QCD is renormalizable, its bare parameters
g and m depend on the energy scale (). The renormalization group equation

based on the perturbative calculation reads

(@) _ 1
Am 4w In(Q?/Agep)’

(@) =2 (2.3)

where Gy = ﬁ (11 — %Nf) and N; is the number of quark flavors. The QCD
scale parameter is given by Aqcp = kexp(—1/205y9?) with the renormalization
point x and determined from experiment to be Aqcp ~ 200MeV = Ifm™'. As
long as By > 0 (N; < 16), the running coupling decreases logarithmically at
large energy (or short distance) so that the asymptotic freedom of QCD can be
realized [2]. In contrast, the coupling increases at low energy and the perturba-
tive calculation breaks down. Quarks have flavors of Ny = 6 with the masses
my, ~ mg ~ bHMeV, my ~ 150MeV, m. ~ 1.5GeV, m;, ~ 5GeV, m; ~ 170GeV,
respectively. In this thesis, we focus on physics at the energy scale ~ Agcp and
we consider mainly the two-flavor case of v and d, since the influence of heavy

quarks is negligible there.

2.2 Symmetries in QCD Lagrangian

Symmetries of Lagrangian are important to describe a main property of theories.
As for QCD, one of important symmetries is the chiral symmetry. In the massless
limit m = 0, the QCD Lagrangian density (2.1) is divided into the left- and
right-handed quark parts that are the eigenstates of the chirality operator ~s,
qr/1L = %(1 +v5)q. In this limit, the QCD Lagrangian is thus invariant under the
flavor U(N¢)r, x U(N¢)r global transformation, gr/, — exp (—i0t*) qr 1, where
t* is the generator of U(Ng). This is the chiral symmetry. The transformation
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converts the vector and axial-vector ones as

q—e W, g e g, (24)
with 8y = 0, = 0g and 05 = —60;, = Og. The corresponding conserved currents are
vector and axial-vector currents, Ji/* = gy*t*q and Jy" = gy v5t%q, and thereby

they have the following relations

Oy = iglm,t%g, (a=0,...,Nf 1), (2.5)

Oudy = ig{m,t"}ysq, (a=1,.., N} = 1), (2.6)
2N -

0. I3 = V2/Ni (z’qm%q—MgF;‘”ng), (2.7)
T

where F’jy = €upoc FP7 (€0123 = 1) is the dual field strength. The U(1)4 current Jg“
is explicitly broken even at m = 0 by the quantum effect that is originated from
the non-invariance of the path integral measure under the U(1)s transformation.

This gives rise to an unnaturally large 1’ meson mass.

2.3 QCD vacuum structure

Since the QCD running coupling becomes stronger at low energy, quarks and glu-
ons interact nonperturbatively there. There are two remarkable phenomena in the

nonperturbative regime, spontaneous chiral symmetry breaking and confinement.

2.3.1 Chiral symmetry breaking

The chiral symmetry SU(N¢)y x SU(Ng)a in the Lagrangian is broken at vacuum.
Here we consider the Ny = 2 case for simplicity. In nature, there is a triplet of
light pseudoscalar mesons 7, while the parity partner of scalar meson ¢ has much
heavier mass. This mass gap is explained as spontaneous breaking of the chiral
symmetry. For nonperturbative nature, the ground state |0) of QCD is symmetric
only under the SU(Nt)y transformation generated by the vector charges Q% =
[ &#xJP, ie., Q4|0) = 0, but not under the SU(N¢)a transformation generated
by the axial-vector charges Q4 = [d*xJ30, ie., Q%]0) = |7*) # 0, which is
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energetically degenerate with the ground state |0) and which carries the quantum
numbers of the corresponding axial charges. These are Nambu-Goldstone bosons
of light pseudoscalar mesons. The SU(N)a transformation of the pion state,

T = qiyst®q, is given as, for Ny = 2
[Q4, qivstq) = —id™qq, (2.8)

thus the chiral partner of the pseudoscalar mesons is the sigma meson o = gq and

the expectation value of the o state is an order parameter of the chiral symmetry,
(qq) = (qLgr + qraL)- (2.9)

The decay amplitude of the pion is written as
(O] T3 () |[7(p)) = —ip" fro®e™ ", (2.10)

where f; is the pion decay constant. By combining (2.6) with (2.8), we obtain

(0] [Q4 84T 10) = = (mu + ma) ), (211)

where m, and my are v and d quark masses, respectively. The expression on
the left-hand side can also be calculated from (2.10) by inserting a complete set
of pseudoscalar states in the commutator. Truncating this set by the one-pion

states |7®), one obtains
M:f2 = —m(qq) + O(m?), (2.12)

where the isospin symmetry is assumed, m, = my = m. The relation (2.12) is
called the Gell-Mann—Oakes—Renner relation [7]. Here inserting f, ~ 93MeV,
M, ~ 140MeV and m ~ 5MeV into (2.12), we obtain (gq) ~ —(250MeV)? and

the chiral symmetry is spontaneously broken at vacuum.
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2.3.2 Confinement

Another important aspect of nonperturbative QCD is quark confinement. The
mechanism is however much less known. Confinement is the phenomenon that all
color charges are completely screened in the far away region of the color source.
In the heavy quark limit, confinement means that a system with a static color
source and a static color sink at infinite separation has an infinite free energy.
More precisely, the free energy Fg, of a heavy quark QQ) pair is proportional
to the separation R of the two quarks. The free energy is obtained from the

expectation value of the Wilson loop [§]

WE) =T [Poxp (i f a,det)] (2.13)

where the integral is made over a closed path C' and P denotes the path ordering.
In order to relate the Wilson loop to the free energy, we consider the process where
a heavy static QQ pair is created at zo = 0, propagates to time zy = T — 00,

and then is annihilated. The Euclidian amplitude for the process is obtained as
(QQ| ¢ |QQ) = [ Dage SN < et (2

where H is the Hamiltonian and Fp, is the free energy. The current J* describes
the closed path C' of the creation and annihilation of the QQ pair. We take the
current J% = ¢, dz#t*6*(x — z) corresponding to a quark  moving along the
path C,

e Fao BT _ / DA S Ho At — (17(C)). (2.15)

Evaluating the expectation value of the Wilson loop, we thus get the free energy
of a heavy static particle-antiparticle pair. The free energy proportional to the
distance does not allow the flux to spread over infinite space. The factor of the

proportionality is called string tension.
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2.3.3 Relation between two phenomena

The chiral symmetry is realized only in the limit of light quark. Meanwhile, the
confinement is well defined only at heavy quark masses. Thus the two phenomena
can be considered in the opposite limits. Here we comment on the simple argu-
ment about the relation between the two phenomena. An argument [4] made by
Casher is that the chiral symmetry should be broken in the confinement phase.
The argument is simple and transparent. Suppose quarks are confined in hadrons
and the attraction is chiral invariant. In a semi-classical description a bound state
is constructed by superposing paths where the bound quarks have to reverse its
direction of motion. Since the chirality, that is helicity in massless limit, is con-
served in the interaction, the force can flip neither the spin nor the direction of
motion due to the helicity conservation. In compensation for the chirality the
chiral condensate has a non-zero expectation value and then the chiral symmetry
is spontaneously broken in the confinement phase. Another argument [5] is based
on the anomaly matching condition proposed by 't Hooft [6]. Some of the elec-
troweak anomalies are canceled between quarks and leptons. Since the leptonic
anomaly is unchanged in the confinement phase, the hadrons must represent the
flavor anomalies of QCD and ensure the cancellation of the leptonic anomaly. We
consider flavor currents such as a left-handed current J, = g§(1 — 75)7,q where
¢ is some combination of the generators of SU(N;) with tr(£?) # 0. This current

has an anomaly expressed as

2

o - 9
r F,uua(p7Q7T) = thr(fg)ewjﬁ’ypﬂq’y? (216)

La(p,g,r) = /d4x1d4x26im1+iq“ (Ju(z1)Ju(22)Ja(0)) (2.17)

where (p + ¢+ r)* = 0. This amplitude I',,, has massless poles like p?, ¢ or 2.
Thus the current J, has to create massless states, that is, the Nambu-Goldstone

boson due to the spontaneous chiral symmetry breaking.
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2.4 QCD phase diagram

Since the QCD running coupling decreases with respect to increasing the energy
scale, it is natural to consider that the QCD matter at high energy density under-
goes the phase transition from a confined state with the chiral symmetry breaking
to a deconfined state with the chiral symmetry restoration. The former (latter)
is called the hadron (quark-gluon plasma: QQGP) phase. Since the intrinsic scale
of QCD is Agcp ~ 200MeV, the QCD phase transition may take place around
temperature T' ~ Aqcp or the baryon number density p]13/ i~ Aqep = 1fm™t.

In the early universe about 10~°s after the Big Bang, the universe would have

Temperature
_ ¢ -
e * 7% ® &

.« Quark-Gluon Plasma
Agep|~ = —— — = W -

Hadron Phase

A

Color Superconductor
\ GMA“

Quark Chemical Potential

Figure 2.1: Schematic picture of the QCD phase diagram.

experienced the QCD phase transition. The core of compact stellar objects such
as neutron stars thus would be the relevant place where dense QCD matter at
low temperature is realized. For asymptotically high density, the QCD ground
state forms a condensate of quark Cooper pairs, namely the color superconductor.
Since quarks have color and flavor quantum numbers, the color superconductor
phase has a rich structure. Experimentally, the heavy-ion collisions such as the
Relativistic Heavy-ion Collider (RHIC) at BNL, the Large Hadron Collider (LHC)
at CERN and Japan Proton Accelerator Research Complex (J-PARC) at JAEA
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and KEK provides us with a chance to create hot and/or dense QCD matter [3].
Figure 2.1 sketches a schematic picture of the QCD phase diagram in the plane
of temperature 7" and quark chemical potential p,. At present, our knowledge
is limited only in asymptotically high p, region, where the perturbative calcula-
tion is available, and small y1,/7" < 1 region, where the numerical calculation on

lattice is available as explained in Sec. 2.6.

2.5 Thermodynamics of QCD

For QCD in equilibrium with volume V', temperature T' and quark chemical
potential s, the partition function of the grand-canonical ensemble Z(T) ) is
defined as

Z(T, jg) = tr (e*ﬂmfﬂqqu)) , (2.18)

where = 1/T and H and Nq are the Hamiltonian and the quark—number opera-
tors, respectively. The thermodynamic potential is defined as Q = —+ ln Z. The

partition function (2.18) is expressed as a Euclidian functional integral

B
Z(T,py) = /Dqﬁq’DA,, exp {—/0 dr/d?’x (Lg — /chjfmq)] : (2.19)

where L denotes the Lagrangian density in the Euclidian spacetime. Quarks and
gluons satisfy antiperiodic and periodic boundary conditions in 7, respectively.

Since the 7 direction is compacted, the momentum integral is replaced as

s [t 220

with the momentum p = (p, w,,) where w,, = 2n7T for gluons and w,, = (2n+1)7T

for quarks. From now on we work in Euclidean spacetime without exception. The
Wilson loop (2.13) with the path connecting two points at 7 = 0 and [ is then

rewritten into

(W) = (tr. LT(R)tr.L(0)) = e Faa®)5 (2.21)

10



2. Quantum Chromodynamics

where Fyg(R) is the free energy of heavy quarks with the separation R. Here the
contributions from two paths in the opposite space direction at 7 = 0 and [ are
canceled out each other, note that the 7 direction is compacted. The Polyakov

loop @ [9] is defined by

1 B

d(x) = gtl"CL(X), L(x) = Pexp (—1/ Ay(r, x)dr) ) (2.22)
0

where P denotes the path ordering. Therefore the Polyakov loop ®(x) is related

to the free energy Fpq at temperature 7' of two static color sources Q and Q with

a spatial separation R [10]. In the limit |R| — oo, the free energy is reduced to
Fgy = —Tn|[(®)]*. (2.23)

This expression can be related to the free energy of a single quark, F5°, and a sin-
gle antiquark, F 5 Consequently, (®) is an order parameter for the confinement.
In the confinement phase, the free energy is infinite so that (®) = 0, while (®) # 0
in the deconfinement phase. The Polyakov loop is also an order parameter of the
Zs symmetry [11] that is the center elements of color SU(3)., zx = e~ 2™*/3 for

integer k. Under a non-periodic gauge transformation Uy (x) = [2]7/?, the tem-

2k
38

as ® — 2, P. The gauge fields satisfy the periodic boundary condition and the

poral gauge field is shifted as Ay — A4+ so that the Polyakov loop is changed
Zs3 symmetry is exact in pure gauge limit. The boundary condition for quarks is
however changed as ¢(3,x) = z;q(0,x) under the transformation so that the Zs

symmetry is explicitly broken in the presence of quarks.

2.6 Lattice QCD

In order to investigate the QCD phase diagram, we have to deal with some non-
perturbative methods. Only a reliable method to do this is lattice QCD (LQCD)
where the partition function (2.19) is evaluated numerically on the spacetime lat-
tice with a lattice spacing a by using importance sampling techniques. In LQCD,
the ingredients are the link variables U, (n) = e~*41(™ that connect the neighbor

sites at n and n + . The path integral over quark fields can be carried out

11



2. Quantum Chromodynamics

analytically:
Z =33 detD[U]e %], (2.24)
noop

where D[U] tends to the Dirac operator ~,D, + m — pqys in the continuum
limit. For a lattice with N, (V) sites in each spatial (temporal) direction, the
total number of integration is N2 x N; x Ny where Ny = 4 x 8 is degrees of
freedom of the link variables at a point. For such a high-dimensional integral,
Monte-Carlo methods with importance sampling are suitable where the sampling
is generated with a probability proportional to det D[U]e~%Y]. For finite quark
chemical potential yiq, the probability is no longer positive due to the property

of the Dirac operator

[det D) = det (v, Dy +m — pigva)"
= det [y5 (7 Dy +m+ piva) 5] = det D(—p),  (2.25)

so that the importance sampling techniques break down for finite pg. This
is called the sign problem. Several approaches have been proposed so far to
circumvent the difficulty; for example, the Taylor-expansion method [13], the
reweighting method [12], and the analytic continuation from imaginary i to real
g [34; 35; 36; 37]. The Taylor-expansion method has the convergence problem,
i.e., the radius of convergence is limited to y,/7 < 1. In the reweighting method,
an expectation value of operator O at i, # 0 can be rewritten in terms of an

ensemble average at jiq = 0:

(O}, = (OR(110))0 / (R(t))o. (2.26)

where R(jq) = det D(pq)/ det D(0) is called the reweighting factor. The reweight-
ing method has the overlap problem that the factor R is small in addition to the
sign problem. For imaginary ji, there is no sign problem because of the relation
(2.25). Quantities evaluated in LQCD at imaginaryu, can be continued to real i
by some analytic functions. The truncation of the functions, however, limits the

range of applicability of this method. All the methods are still far from perfection

12



2. Quantum Chromodynamics

and the QCD phase diagram at finite i is still under discussion.
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Chapter 3

Polyakov-loop extended

Nambu—Jona-Lasinio model

In the previous chapter, we discussed the QCD phase diagram. The first-principle
lattice QCD (LQCD) is only a reliable method to investigate such a nonperturba-
tive region, however it has the sign problem at finite quark chemical potential. As
an approach complementary to LQCD, many effective models have been proposed
so far. In the QCD phase diagram, important phenomena are chiral symmetry
restoration and deconfinement. Recently an effective model which can treat both
the phenomena was proposed. The model is call the Polyakov-loop extended
Nambu-Jona-Lasinio (PNJL) model. In this chapter, we review properties of the

PNJL model at finite temperature and zero chemical potential.

3.1 PNJL Model

The Nambu-Jona-Lasinio (NJL) model [14] has a long history and has been used
extensively to describe the dynamics and the thermodynamics of light hadrons,
including investigations of the phase diagrams [15]. Such a schematic model offers
a simple and practical illustration of the mechanism of the spontaneous chiral
symmetry breaking that is a key feature of low-energy QCD. The NJL model is
based on an effective Lagrangian of quarks that interact through local current-

current couplings, assuming that gluonic degrees of freedom can be frozen into

14



3. PNJL model

pointlike effective interactions between quarks. The gluonic correlation length
calculated in lattice QCD (LQCD) [16] is small, say ~ 0.2 fm, compared with a
characteristic momentum scale AééD ~ 1 fm. Consider the non-local interaction
between two quark color currents, J* = gy*t%q, where t* are the generators of
the color SU(3). gauge group. The contribution of this current-current coupling

to the action is

1
S =~ [ dlad'yI @) Dbz )T (), (3.1

b

a
where D7)

is the full gluon propagator. This S, generates the familiar one-gluon
exchange between quarks and maintains its higher interactions. Since the gluonic
correlation length is much shorter than the typical momentum scale of quarks, the

interaction can be approximated by a local coupling between their color currents
S = =G [ dla1 (@) () (32)

By integrating out gluon degrees of freedom and absorbing them in the four-
quark interaction Sp, the local SU(3). gauge symmetry is now reduced to a
global one in the NJL model. The interaction action Sj, evidently preserves
the chiral symmetry in the massless limit. A Fiertz transformation of the color
current-current interaction (3.2) produces a set of exchange terms acting in quark-

antiquark channels: for the two-flavor case,
S = =Gy [ dial(@0)? + @it + - (33)

where 7 are the isospin SU(2) Pauli matrix. The color-singlet pair of scalar-
isoscalar and pseudoscalar-isovector operators (3.3) is a minimal subset satisfying
the chiral symmetry. The four-quark interaction (3.3) is the starting point of
the NJL model. The NJL model illustrates the spontaneous chiral symmetry
breaking, that is, the generation of massive quasiparticles from light quarks and
that of pions as Nambu-Goldstone bosons. Despite of the success to describe
the chiral symmetry breaking, the NJL model lacks the confinement mechanism,

a key feature of low-energy QCD besides the chiral symmetry breaking. The
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3. PNJL model

deconfinement phase transition is characterized by spontaneous breaking of the
Z3 center symmetry of color SU(3). as discussed in Sec. 2.5. The order parameter

is the Polyakov loop

B(x) = %trCL(x), L(x) = Pexp (—i /0 Y A, T)) | (3.4)

where Ay is the temporal gauge field and P denotes path ordering. The Polyakov-
loop extended NJL (PNJL) model, recently proposed in Ref. [64], can describe the
spontaneous breaking of the chiral symmetry and the deconfinement mechanism
simultaneously. In the PNJL model, the coupling of the Polyakov loop ® to the
quark fields ¢ is accomplished by the minimal gauge coupling procedure, where
the temporal component of the gauge field is assumed to be spatially constant
and the other components are neglected. Its basic ingredients are the NJL type
four-quark contact interaction and the coupling to a spatially-constant temporal
gauge field representing the Polyakov loop. The model Lagrangian is obtained in

the Euclidian spacetime as
L = q(vwDy + mo)q — Gi[(79)* + (7irs7q)%] + Us, (3.5)

where D, = 0, + 1A404, and my is the current quark mass. Us is an effective
potential for the Polyakov loop and is called as the Polyakov potential. In the
PNJL model, the chiral and deconfinement transitions are described as the four-

quark interaction and the Polyakov potential, respectively.

3.2 Polyakov potential

In the PNJL model the gluonic dynamics is incorporated into the Polyakov po-
tential Up. The functional form is inspired by the strong coupling expansion [17].
In the strong coupling limit, the effective action in terms of the Polyakov loop

reads

Sp = —e 7 “tro Ll (x)tr L(x;), (3.6)

n.n.
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3. PNJL model

which describes a hopping interaction between adjacent Polyakov loops. Here a
and o are the lattice spacing and the string tension, respectively. This action is
similar to the nearest neighbor interaction of a spin system of the Polyakov loop.

The partition function of the action is
Zy = /@L et = Vi, (3.7)

where DL represents the functional integral with the group invariant (Haar)
measure, i.e., the Faddeev-Popov determinant. In the mean field approximation,

the effective potential (per volume) for the Polyakov loop is obtained as
VT = 5477 d*® — In Mpaar, (3.8)
where the Haar measure for the SU(3). group is given by
Miaar = 1 — 60*® 4 4(0** 4 §3) — 3(*P)? (3.9)

in the Polyakov gauge where the temporal gauge field is diagonal and static. The
second term in (3.8) favors the confined state at ® = 0, while the first term does
the deconfined state ® = 1. Thus, the Haar measure could play an essential role
in the realization of the confinement [18]. Together with the two terms, a phase
transition takes place. Here, we distinguish the conjugate of the Polyakov loop,
P = (%trCLU, from ®; they are just identical at zero quark chemical potential,
tq = 0, but a difference between them arises at finite py. The difference has much
to do with the sign problem as discussed in Sec. 4.6.1. Inspired by the functional
form from the strong-coupling analysis, we adopt the following ansatz to fit the
pressure in the pure gluonic sector [25]:

Up = —@@*@ +0(T) In[1 — 60" + 4(D* + &°) — 3(2*P)*].  (3.10)
The parameters are determined to reproduce the LQCD data [19] in the pure
gauge limit, a(T)/T* = 3.51 — 2.47t + 15.2t* and b(T)/T* = —1.75t% with t =
To/T. The first term in a(7) is constrained by the Stefan-Boltzmann limit at

T — oo. The potential enforces the first-order phase transition at 7' = T and
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3. PNJL model

LQCD yields Ty = 270 MeV in pure gauge limit.

3.3 Thermodynamics in the PNJL model

3.3.1 Thermodynamic potential

Given the PNJL model Lagrangian (3.5), we can discuss the thermodynamics.

We start with the partition function

7 = /dA4chDq exp [—/d4x (L — pg@maq)| (3.11)

where the temporal gauge field A, is assumed to be spatially and temporally
constant in the PNJL model. For proceeding the path integral of the quark field

q, we introduce the auxiliary bosonic fields, o and 7.

N = /Da@m exp (—Gs[(qq — 0)* + (@ivsmig — m)%)) - (3.12)

Inserting the constant terms in the partition function, we can convert the four-
quark interaction to the bosonic one. The path integration over the quark fields

can be carried out and then the partition function is obtained as
7 = / dADoDrm; e Svos, (3.13)
with the bosonized action
Shos = —Indet[3(v, D, + My — pq7)] + / d'z (Gs[o” + @)+ Us), (3.14)

where the symbol det denotes the functional determinant and M, = my—2G(o+
ivsT;m;) is the dynamical quark mass. We evaluate the partition function (3.13)
in the mean field approximation. In the mean field approximation, the field
variables ¢ are replaced by the mean fields ¢. The mean field configurations are
spatially and temporally constants that contribute mostly to the path integral.
In this approximation, the partition function is reduced to Z = e=5(®) = ¢~V

where (2 is the thermodynamic potential and V is the volume. The mean fields
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3. PNJL model

are determined by minimizing the potential, i.e., the stationary condition
— =0 for p=0. (3.15)

For finite quark chemical potential y, the action (3.14) is in general complex. It
is then difficult to take the configurations that most contribute to the partition
function, i.e., the sign problem. We address this problem in Chapter 4. Here we
consider only the zero pq case where the action remains real. The thermodynamic

potential 2 in the mean field approximation is obtained as
Qe = —2]\/}l Z/A dg—ptr In [(wg)? 4+ p* + MZ] + Gslo? + 7] + Us, (3.16)
TR ) e o HO T e

where wf = w,, —ipq — A4 and w, = (2n + 1)77T are the Matsubara frequencies
for quarks. Here we introduce the momentum cutoff A since the PNJL model
is nonrenormalizable. We assume that there is no pion condensate (m;) = 0,
which is justified whenever the isospin chemical potential is zero. By using some

technique for the sum, the first term of the potential becomes
In [(ws)? +p*+ M| = [Eq+In(1+ Le*B(Eq*“Q)) +1In (1 + LTefﬂ(Eﬁ“q))} (3.17)

with the quasiparticle energy Fq = (/p* + M7 and L = e~"44 in the Polyakov

gauge. Furthermore the color trace is explicitly taken to be a form of

tI'C In (]_ + Le—ﬁ(Eq_Nq)) = In (1 + 3@6_5(Eq_ﬂq) + 3(1)*6_2/3(Eq_ﬂq) + 6_3B(Eq_ﬂq)> , (318)
tI'C In (1 + LTe—B(Eq‘f‘Nq)) = In (1 + 3(1)*6_ﬁ(Eq+Nq) + 3(1)6_25(Eq+ﬂq) + 6_35(Eq+ﬂq)) . (319)

From the stationary condition for o, we can get the relation

(o) = —4Nf%; / (ngI;StrC ( ) fi‘; - M§) = (q9), (3:20)

that is the self-consistence condition in the PNJL model. This relation connects

the scalar meson field o to the chiral condensate.
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3. PNJL model

3.3.2 Meson properties

Here we consider the mesonic fluctuations around the mean fields. We write
o(x) = (o) + do(x), m(x) = om;(x) and expand the bosonized action (3.14) per
volume around the mean field up to the second order of the mesonic fluctuations
oo, o

+ 5% (3.21)

0s’

Sbos = S(O)

bos

where Sé?s corresponds to the mean field part (3.16). The second term is obtained

as

Se) = % / 57’34 (F*(p?)do(p)do(—p) + F~(p*)omi(p)omi(—p)),  (3.22)

where p = (p, w,,) with the Matsubara frequencies w,, = 2mnT for meson. The
inverse meson propagators, F'*(p?) = %% and F~(p?) = %%7 are
obtained as

d*q Mo

FE(p? :/ tr [[ES(gHTES(q7)] + 2Gs = (2Gs)* | NTI(p? 3.23

(»*) (27T)4r[ ()T*S(q7)] + (2G5) (p)+2Gqu , (3.23)
where S(¢F) = (i - ¢& + M) ™" is the quark propagator with ¢* = ¢ & p/2 and
q = (q,wS). The trace is taken over Dirac, flavor and color. The symbol +(—)
represents the o (m;) meson mode and N* = p*> —4MZ, N~ = p? T'" = 1,
'™ =14v7; and

dq 1

I(p”) = 2Nf/ (27T)4trC[<q+)2 T P Ak (3.24)

The pion mass M, is determined by the pole of the pion propagator, while the

quark-pion coupling constant 93@ is by the residue of the pion pole,

mo
2G5Mq’

M? =gz, Jray = 1(0%). (3.25)

This relation shows that when the chiral symmetry is broken in the massless

limit my = 0, the pion behaves as the massless Nambu-Goldstone boson. The
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pion decay constant is defined as the matrix element connecting the vacuum to
the pion state through the axial current Ji*. The pion decay constant therefore

is evaluated as
ifxp"6% = (O[T (0)|7"(p)) = —igngg0®* D Mo I (p?). (3.26)

Combining (3.25) and (3.26), we obtain the Gell-Mann-Oakes—Renner relation

2 2 _ moMq

P2 = T — g (gq) + O(mid). (327

3.3.3 Parameter set

The parameters of the PNJL model, G5, A and my, are determined to reproduce
the meson properties at vacuum, the pion mass M, = 138GeV and its decay
constant f, = 93.3MeV, and the chiral condensate (Gq) = (247MeV)3. The
parameters result in A = 631.5MeV, Gy = (426.5MeV)~2 and mgy = 5.5MeV [20].

3.3.4 Chiral and deconfinement phase transitions

The order parameters of the chiral and deconfinement phase transitions are the
chiral condensate o and the Polyakov loop ®, respectively. The critical tem-
peratures of the phase transitions are determined by the peak positions of the

corresponding susceptibilities,

Xo = Xoo = <(U - <O'>)2>, Xe = Xod = <((I) - <(I)>)2>7 (328)

for the chiral and deconfinement phase transitions, respectively . The suscepti-
bility represents the correlation of the order parameters and has the maximum at
the critical point. The susceptibilities x,,,,; are defined as the inverse curvature
matrix C' of the potential

O?Q

Xeip; = O‘;i;j’ O%tpj = 8(,01‘890]" (3.29)

where ¢ is the field variables. Figure 3.1 shows T' dependence of o (solid) and ¢
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6/, P

O | |
0.1 0.2 0.3 0.4

T (GeV)
Figure 3.1: T dependence of the chiral condensate ¢ (solid) and the Polyakov
loop ® (dashed) at pq = 0. The chiral condensate is normalized by the value og

at vacuum. The bold curves represent the PNJL model results, while the thin
curves does the NJL model with my = 0 for ¢ and the Polyakov potential for ®.

(dashed) at juq = 0. The thin solid and dashed curves represent ¢ in only the NJL
sector with my = 0 and ® calculated in only the Polyakov potential. In the case
of no coupling between the quark fields and the Polyakov loop, the second-order
chiral phase transition and the first-order deconfinement transition appear at very
different critical temperatures, that is T, &~ 172MeV for the chiral phase transition
and Ty =~ 270MeV for the deconfinement one. The coupling between the quark
fields and the Polyakov loop moves the deconfinement transition to lower tem-
perature, while the chiral transition to higher temperature, and eventually both
the transitions nearly coincide with each other, T, ~ Ty ~ 220MeV. However the
nearly coincidence temperature is different from LQCD one, T, = Ty ~ 173MeV.
The difference can be understood below [21]. The Polyakov potential Us has a
parameter to determine the scale of T', i.e., Ty. When only the Polyakov potential
is considered, the first-order Zz phase transition occurs at T' = Tjy as shown by
the thin-dashed curves of Fig. 3.1. The value of the QCD scale parameter Agcp
decreases as the number of flavor N, so that T, decreases similarly. The N; de-

pendence is estimated with perturbation [21]. Here we determine Ty = 212MeV to
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(a) (b)
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Figure 3.2: (a) T dependence of the chiral condensate o (solid) and the Polyakov
loop ® (dashed) in the PNJL model with 7, = 212MeV at puq = 0. (b) T
dependence of the susceptibilities x, (solid) and y¢ (dashed) at pq = 0.

reproduce Ty = 173MeV of the LQCD result. Figure 3.2 (a) shows T' dependence
of o and ® with Ty = 212MeV. Figure 3.2 (b) shows T" dependence of the suscep-
tibilities for o and ®, x, and ye¢, with T = 212MeV. The critical temperatures
move to lower temperature and the values are T, = 216MeV and T = 173MeV.
The relative difference of the two critical temperatures is T, — T ~ 40MeV. The
result is inconsistent with the LQCD one where the two critical temperatures
coincide with each other. We address this problem in Chapter 7. From now on

Ty = 212MeV is taken unless explicitly mentioned.

3.3.5 Thermodynamic quantities

Figure 3.4 shows T' dependence of the pressure p at puq = 0. The pressure is
obtained from the thermodynamic potential €2 with p = —€2. In the mean field
approximation, the pressure is determined by the quarks moving as quasiparti-
cles in the background with the expectation values of the sigma field o and the
Polyakov loop ®. In the hadronic phase at lower T', however, the mesonic contri-
butions are dominant and we have to evaluate them. The mesonic contributions
come from the effective action with the inverse propagators (3.22) of o and 7.
In the pole approximation, where the imaginary part of the propagators corre-
sponding to the decay modes is ignored, the inverse propagators of mesons with

momentum p and masses My, are proportional to p? + M2, so that the mesonic
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pressure pp, is obtained as

Do — _g 3 /gT’;?)m (1 - e*ﬁvP”M%) . (3.30)

m=m,0

Each meson mass is determined by a pole of each meson propagator (3.23). Figure

Mass (GeV)

0 | | | |

0.1 0.15 0.2 0.25
T (GeV)

Figure 3.3: T dependence of the sigma M, (solid) and the pion mass M, (dashed)
at pqg = 0. The dotted line shows twice the quark mass M.

3.3 shows T" dependence of the sigma-meson mass M, and the pion mass M, at
ttq = 0. In the chiral symmetry broken phase at low 7', the m meson behaves as
the Nambu-Goldstone boson, while the o meson has the mass about 2M. In the
chiral symmetry restored phase at high 7', the chiral partner, 7 and o, degenerates
with each other and the mass increases with T'. Figure 3.4 shows T" dependence of
the pressure. The dashed and dotted curves represent the quark pressure in the
mean field approximation and the mesonic pressure, respectively. The solid curve
represents the total pressure in the mean field approximation plus the mesonic
correction. In the confinement phase at low T, the pressure is dominated by the
mesonic one. In the deconfinement phase at high 7', the pressure is dominated

by the quark-gluon one calculated in the mean field approximation.
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Figure 3.4: T dependence of pressure. The dashed and dotted curves represent
the quark (in the mean field) and the mesonic pressure, respectively. The solid
curve represents the total pressure of the mean field plus the mesonic correction.

3.4 Summary

We review thermodynamic properties of the PNJL model at zero quark chemical
potential pg = 0. The PNJL model can treat both the chiral and deconfine-
ment phase transition simultaneously. The model possesses the chiral properties
such as the Gell-Mann-Oakes-Renner relation. Recent study [25] reported that
the model reproduces the first-principle lattice QCD data at zero pq, but it is
highly nontrivial whether the model predicts properly physical quantities at fi-
nite chemical potential. In this thesis, we propose a new approach to test the
model reliability in the finite chemical potential regions. We show how reliable
the PNJL model is and extend the model.
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Chapter 4
Sign Problem

When we consider the effect of the quark chemical potential ;i in QCD, we
encounter the sign problem. The integrand of the partition function with fi-
nite p, oscillates hardly and hence the importance sampling in the Monte Carlo
calculation breaks down. The sign problem appears even in the mean field ap-
proximation. In this chapter, we consider the sign problem by using the PNJL
model. This chapter is mainly based on our paper of Ref. [22].

4.1 Sign Problem in the PNJL model

The PNJL model provides us with an ideal setup to consider the sign problem.
The thermal part of the PNJL thermodynamic potential (3.16) is given by

1 d3p — — i — —i¢p;
U = 2N | (55 D {In (L e HRE) (1 )} (0

with the Polyakov gauge where the temporal gauge fields ¢; is diagonal and
static. For the SU(N.) gauge group, the gauge fields ¢; satisfy the condition,
> ;¢ =0mod 27 /B. The first and second logarithms represent quark and anti-
quark excitations, respectively. In the SU(2) gauge group, the terms with j = 2
are the complex conjugate to the terms with j = 1, since ¢; = —¢o. Thus the
thermodynamic potential Qpyjr, is real and hence there is no sign problem. Unless

the gauge group is SU(2), the potential QW ;; generally takes a complex value.
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It is difficult to determine the energetically favorite values of internal variables,
i.e., ¢;, from such a complex potential. This complex potential manifests the
sign problem. The sign problem hinders the LQCD simulation at finite chemical
potential. The sign problem is actually a quite generic problem of the importance
sampling not only in the LQCD simulation but also in the mean field approxi-
mation. Note that the mean field variables are chosen to be a configuration that
maximizes the weight w ~ exp (—4V Q). When the potential is complex, there-
fore, the mean field approximation breaks down. We can also use (4.1) in order

to deduce the situation where the sign problem does not appear: for example,

e [sospin Chemical Potential
We see from (4.1) that Qpnyr(—fq) = Qpngn(fq), meaning that Qpyyy, is
positive for two degenerate quarks that have a chemical potential opposite
to each other. For example, u, = piso for u-quarks and pg = —ps for
d-quarks when it is assumed that m, = my. This reality of the potential

comes from the property of the Dirac operator D = ~, D, +m — piq74,
det D(p,) det D(pg) = | det D(pigo)|* > 0. (4.2)

This relation shows that the theory with the isospin chemical potential
corresponds to the phase-quenched theory. Some physical features of QCD

at isospin chemical potential are addressed in Chapter 6.

e Imaginary Chemical Potential
The sign problem is originated from the imbalance between the quark and
antiquark loop in (4.1). The imbalance does not appear when i is purely
imaginary, i.e., uq = i,/ for real 6,. Qpnyr, is then obviously real. Note
that, in this case, the thermodynamic potential has the dimensionless chem-
ical potential only with the form 6, — 3¢;. The chemical potential therefore
can be partially canceled by the Zy, transformation, 5¢; — B¢; + 27 /N..
This means that the potential has a periodicity of 6, with 27/N.. Some
physical features at imaginary chemical potential are addressed in Chapter

d.
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In spite of the complex potential, the partition function and the expectation val-
ues of real fields have to be real. The reality is guaranteed by charge-conjugation
symmetry of the partition function [23; 24]. The partition function Z is trans-

formed is Z¢ under charge-conjugation:
Z=2°= / DAC 5 Amal = / DA e~ SAHal — / DA e Awad = 77 (4.3)

where use has been made of the relation, S[A, —puq] = S*[A, pty). The partition
function Z is thus real even at finite quark chemical potential. The expectation
values can be evaluated similarly. Actually the expectation value of the complex

Polyakov loop is real:

(®) = / DA, P ¢ SMAvral = / DA, " =5 Avtal — (p)*, (4.4)

where the Polyakov loop ® is & = NictrCiP(e_i 5y A1d7) with the path ordering P.
The same can of course be written down for (®*). The expectation values (®)
and (®*) however differ from each other. The difference is physically natural.
The Polyakov loop represents the propagation of a quark and its conjugate does
of an antiquark. The chemical potential exceeds quarks over antiquarks, so at

fq # 0, quarks and antiquarks propagate differently and then (@) # (*).

4.2 Mean Field Approximation

In the mean field (MF) approximation, the MF variables are chosen to be a
configuration that maximizes the weight w ~ exp (—V ). This approximation
is guaranteed in the infinite volume limit V' — oo. For the real potential, the MF
variables satisfy the stationary condition where the potential is minimum. For
the complex potential, however it is difficult to determine the MF variables. The
imaginary part of the potential causes an oscillation with higher frequencies, so
that the strong cancellation occurs in the integration. This is also the case for
the PNJL model. The field configuration ¢ that contributes most importantly

to the path integral is considered to be the configuration that minimizes the real
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part of the potential. The necessary condition for this minimum is

ORe (me)

95— =0 (4.5)

In addition, it has to be ensured that the MF configuration obtained by solving

(4.5) leads to a real-valued thermodynamic potential. Two methods for making

the MF approximation have been proposed so far in the PNJL model:

)

1)

One method [25] is based on the assumption that, in the MF approximation,
the expectation values of the gauge fields, (¢3) and (¢g), are related to these
of the Polyakov loop, (®) and (®*), through

(B) = L r e B at@sde)  (@ry = L g i8NG (46)
This condition is in general not true because ® and ®* are nonlinear func-
tions of ¢3 and ¢g. Under this condition, (®*) is the complex conjugate of
(®) even in the MF approximation. In order to keep the thermodynamic
potential real, we have to take (®) = (®*) € R, leading to (¢s) = 0. The

00

derivative W:f at (¢g) = 0 is purely imaginary. The stationary condition

(4.5) is satisfied under the condition (¢s) = 0.

In the second method [64], the Polyakov loop ® and its conjugate ®* are
treated as the internal variables instead of the gauge fields ¢3 and ¢g. Since
the gauge fields appear only as the Polyakov loop in the PNJL model,
we can consider the Polyakov loop and its conjugate instead of the gauge
fields. There is no relation between the expectation values of the Polyakov
loop, (®) and (®*), and these of the gauge field, (¢3) and (¢g). In this
MF approximation, (®) and (®*) differ from each other at finite chemical

potential.

4.3 Average Phase Factor

The sign problem is the main obstacle for the first-principle numerical investi-

gations of the QCD phase diagram. Several approaches have been proposed so
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far to circumvent the difficulty: see Sec. 2.6 for the details. The success of the
approaches is linked to how difficult the sign problem is. As a good indicator of

the difficulty, we can consider the average of the phase factor

0g  det D?

with the Dirac operator D = 7, D, +m — uqvs. If the average of the phase factor
is tiny, then severe cancellations take place in the path integral. In this situation,
validity of LQCD computations should be examined carefully. Studies on the
average phase factor are therefore important in order to understand the validity
of LQCD computations. The average is obtained by taking the expectation value
of the phase factor in the phase-quenched theory where the fermion determinant

is replaced by the absolute value. In the two-flavor case, the average is

ey [ DA, e*%|det D|2e=5Ar] _ Zsn (4.8)
Pa [ DA, |det D|2e=5Av] Zoo '

Pa

where Zp, is the partition function of the ordinary two-flavor theory and Z, is
that of the two-flavor phase-quenched theory. Therefore, the average phase factor
expresses how the phase-quenched theory is different from the full theory. In the
two-flavor case, the phase-quenched theory with the quark chemical potential 1
is equivalent to the theory with the isospin chemical potential piso = f4q, as shown
in (4.2).

4.4 Purpose

It is not easy to calculate the average phase factor with LQCD even for small
chemical potential. Actually, several LQCD results on the average phase factor
are spotted [27]. It is then important to make a systematic analysis on the
phase factor by using effective theories. This was done by the chiral perturbation
theory [28; 29]. The result is consistent with the LQCD one [27] at lower T.
However, the theory is not valid for temperature near and above the transition
one T.. The purpose of this chapter is to examine the average phase factor also

above T. where the chiral perturbation theory is not applicable. In order to carry
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out such a study we have to rely on a specific model. Here we consider the
PNJL model. The PNJL model is suitable for this study since the model has
the sign problem induce by the Polyakov loop at finite chemical potential just
like QCD. We evaluate the average phase factor with the MF approximation and
investigate the relation between the Polyakov loop and the average phase factor.
We also consider the dynamical mesonic fluctuations as a correction to the MF

approximation and investigate the effect on the average phase factor.

4.5 Formulation

We start with the Lagrangian of the two-flavor PNJL model with the chemical
potential fi,

Lenin = (7w Dy + mo — vaft)q — Gy [(@)2 + (472"757?@2] + Us, (4.9)

where D, = 0, + ©A4d4,. The chemical potential ji takes i = pq for the full
theory with the sign problem and /i = 1,73 for the phase-quenched theory. Note
that, as mentioned in (4.2), the phase-quenched theory is equivalent to the theory
with the isospin chemical potential. Here we summarize the symmetries and their
breaking patterns in the two theories. For my = i = 0, the PNJL Lagrangian
has the SU(2);, x SU(2)r x U(1)y symmetry. In the full theory, the symmetry
is reduced to SU(2)y x U(1)y at finite quark masses. In the phase-quenched
theory, furthermore, the symmetry is reduced to U(1);, x U(1)y at the finite
chemical potential, where U(1)y, is the isospin subgroup and quark is transformed

—iQTs3

asq — e q under the transformation. The spontaneous breakings of the chiral
and the U(1);, symmetry are described, respectively, by the chiral condensate
o = {(Gq) and the charged pion condensate m = (Givs71q), where the 7 direction
is taken as the U(1), symmetry breaking. In the full theory, the chiral symmetry
is spontaneously broken but the U(1);, symmetry is not. In the phase-quenched

theory, both the chiral and U(1);, symmetries are spontaneously broken'.

'We address this point in Sec. 6.2.
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4.5.1 Mean Field Approximation

As discussed in Sec. 4.2, the PNJL model has the sign problem, so that the mean
field (MF) approximation cannot be defined uniquely. In the PNJL model, there
are two kinds of the MF approximations. Here we take the method I) where the

mean field variables ™ = (o, 7, ¢3, ¢g) are obtained by the stationary condition

0 Re (me) .
PR o, o=y (410

under the constraint ¢g = 0 that keeps the thermodynamic potential real. In the

MF approximation, we can obtain the MF Lagrangian as
LEvon = (10, + nafiAs — @} + My + Nivsmi)g + Gy [0> + 7] + Us  (4.11)

with Ay = ¢3A3 + ¢gAg under the Polyakov gauge, M = mg — 2G40 and N =

—2Ggm. The thermodynamic potential is then obtained as

d3p ) 1 )
mf i i 2 2
o = —22/W [SEq—i-Bln?(Eq) +Gs [0+ 7 +Us  (4.12)
with F(E!) = 1+ 3®(e P 4 ¢72954) 4 7394, Note that ® = ®* in this MF
approximation, since we set ¢g = 0. The difference between the full and the

phase-quenched theory appears only though the quasi-particle energies Eé. They

are written as

E;:Eq‘*’:“m Ey = Eq— pa, (4.13)

q

for the full theory, and, as

Ef = J(By+ po)? + N2, By = \J(By — po)? + N2, (4.14)

for the phase-quenched theory. It is clear from (4.12)-(4.14) that when the pion
condensation does not occur in the phase-quenched theory, the thermodynamic
potential (2, is the same as the thermodynamic potential €2 in the full theory.

As discussed in Chapter 7, when the chemical potential exceeds half the pion
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mass in the phase-quenched theory, the vacuum with the pion condensate is
more stable than the vacuum without the pion condensate, that is, Qg > Qpq.
The two thermodynamic potentials thus differ from each other there. In the MF
approximation, the partition function Z™ is proportional to e ?V%™ and hence

the average phase factor becomes

(em}mf = exp [—ﬁV(Qﬁl — Qgg)} ) (4.15)

Therefore the average phase factor is ()™ is 1 for the vacuum without the pion

condensate, and (e??)™f nearly zero for the vacuum with the pion condensate.

4.5.2 Effect of the Static Fluctuation

In the normal phase where there is no pion condensate, the average phase factor
does not depend on temperature and chemical potential and hence an unphysical
discontinuity appears when the chemical potential exceeds half the pion mass.
This implies that we should consider the fluctuations around the MF. Here we
consider the static (homogeneous) fluctuations (SF) up to the second order terms.
The assumption ¢g = 0 is an approximation in the MF level. The gradient %QT:f
is thus finite and pure imaginary. We expand Q™ up to quadratic terms of the

fluctuations:

‘ st 1 [ 6%Qmt
10

where ; = (¢;)™ + dip; for mean fields (¢;)™ and static fluctuations d¢p;. Since
first-order terms in d¢g are purely imaginary, we can regard an integral over ¢;

as a Fourier integral. We then obtain

24 = [Mdsp)exp (~pve) = L exp (~ov )., (4.17)

with

R 1 [/ §2Qmf -1 SQmf 2 BV n/2 52Qmf 1/2
st — me I st — e 4.1
- 2 ( 0p3 > ( d¢s ) ’ (27T> det (5%‘5%) - (418)

33



4. Sign Problem

where n is the number of fields. Note that the correction term of the poten-
tial respects contributions from non-vanishing imaginary parts of the potential.
The corrected potential Qff is real. The average phase factor with the static
fluctuations turns out to be
NSf -
< 2Z6> = st exp[ 1% <qu11 Q;fqﬂ ) (4.19)
full

We can see some features from this explanation. When the pion condensate does
not occur in the phase-quenches theory, the thermodynamic potentials of the
full and phase-quenched theories coincide with each other even in the MF+SF
approximation, Q¥ = QSf Thus the average phase factor is dominated by the
prefactor NSf o Nl ;. When the pion condensate occurs in the phase-quenched
theory, a massless mode in the 75 direction appears because we choose the 7,

direction as the massive mode. Thus the average phase factor vanishes because
of

52me 529mf
(57@5%) ’ pa = ¢ (5%59%)1)(1 ’ (4.20)

The expectation value of the Polyakov loop (®) and its conjugate (®*) are cal-
culated in the MF+SF level [25]:

8me 62me -1 a(bmf
Py = cbmf—( )( > (—) 4.21
anf aZme -1 aq)*mf
o — (@rymf ( ) ( ) (_) | 199
= e ) e ) s 4:22)
where the factor <8§;mf> is the complex conjugate of (W) and both are purely
imaginary. The factor <W> comes from the imaginary part of the potential

and then purely imaginary. This property makes the expectation values, (®)sf

and (®*)*f purely real and the expectation values are split out each other due
to the correction from the imaginary part of the potential induced by the gauge
field ng.
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4.5.3 Effect of the Dynamic Fluctuation

The static fluctuations should be considered for o, 7, ¢3 and ¢g. The PNJL
Lagrangian has the kinetic term for the quarks but not for the gauge fields, ¢3
and ¢g. Therefore we can consider both the dynamical and static fluctuations for
the meson fields, o and 7, while we keep treating only the static fluctuations for
the gauge fields. Therefore, in (4.16), the second derivative terms with respect

to the meson fields ¢ = (o, 7) are rewritten as

52me($ o y)

RO

[ iyt - sa@be ), Ttz - )
The second derivatives I';; of the potential with respect to meson fields yield the
inverse meson propagators. If there is no pion condensate, where the parity is
not broken, the scalar- and the pseudoscalar-meson modes are decoupled to each
other. Hence, the mesonic polarization function matrix I';; does not have any

off-diagonal elements. Then it is written in the momentum space as
Lii(p) o< II; (p2 + MZ‘Q) ; (4.24)

where the M; are the meson masses. Here we take the pole approximation [30]

that neglects the imaginary part of I';;, that is the scattering phase shift of quark-

IRl
antiquark scattering in the interaction channel. Since we are interested in temper-
ature lower than the critical one, and in the normal phase, the pole approximation

works well. In this approximation, the thermodynamic potential can be obtained

by a sum of four quasiparticles, o, 7°, 7%, and 7~:
dp [1 1
df _ mf ~ Y \Z(E. — . - —B(Ej—p;)
Qi = mf ¢ Ej / 2n)? [2(E] 1) + 5 In(1+e Hi)) (4.25)

with the meson energies E; = ,/p?+ Mf and the meson chemical potentials
;. In the full theory, the mesons cannot carry the chemical potentials and then
t; = 0 for all the mesons. In the phase-quenched theory where the chemical
potential corresponds to the isospin chemical potential, the 7+ mesons carry the

chemical potentials and then pi+ = 2puq, - = —2p4 and g, = pro = 0. Here
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the meson masses M; are calculated at zero chemical potential. Combined with
the static fluctuations of the gauge fields, ¢ = (¢3, ¢g), the partition function

with the mesonic dynamical fluctuations becomes

1 .
2 = < exp (—ﬁVQdf> , (4.26)

with

~ 1 /520mi\ 71/ 50mi 2 BV 52Omt 1/2
QF = 4 - [ —5- N = (= ) det . (427
T2\ o2 505 ) o ) \5o0g,) 4
The average phase factor with the dynamical fluctuations (DF) is then obtained
by

‘ N . .
<€229> = N‘Ii)fq exp [—BV <Q?§H — Qgg)} ) (4.28)
full

Even when the pion condensate does not occur in the phase-quenches theory, the
thermodynamic potentials of the full and phase-quenched theories differ from each
other in the MF+DF level due to the existence of the mesonic fluctuations. The
static fluctuations correspond to the dynamical ones with only zero momentum
since the static fluctuations are constant in the space and time. The MF+SF

calculation is thus an approximation of the MF+DF one.

4.6 Numerical Results

4.6.1 The Polyakov loop and its conjugate

As mentioned in Sec. 4.2, there are two methods for taking the MF approximation
in the PNJL model. In the method I), the expectation values of the Polyakov
loop (®) and its conjugate (®*) coincide with each other in the MF level because
of the constraint of the gauge field (¢s) = 0. Meanwhile, in the method II), the
two expectation values are split out each other in the MF level at pq # 0. It is
important to compare the difference between the MF approximations. Figure 4.1
shows T' dependence of (®) and (®*) at (a) g = 100MeV and (b) pq = 200MeV.
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Figure 4.1: T dependence of the Polyakov loop ® and its conjugate ®* in two
kinds of MF approximations at (a) pq = 100MeV and (b) p, = 200MeV.
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The result of the method I) is shown by the solid lines, where & = ®*. The
results of the method II) are shown by dashed and dotted lines for (®*) and (®),
respectively. Comparing these three lines, we can see that the difference between
the MF approximations is small. As shown in Ref. [25], the difference between
the two MF approximations is improved by considering the static fluctuations,
(4.21) and (4.22) in the method I). The splitting between (®) and (®*) is caused
by the corrections from the imaginary part of the potential induced by the gauge
field ¢g. Thus the difference (®*) — () is naively related to the imaginary part
of the potential, that is, the severeness of the sign problem. Figure 4.2 shows the
difference (®*)™f — (@)™ in the T-y, plane, where the method II ) is considered
in the MF level. The difference vanishes at zero chemical potential or large

temperature. The difference increases with p, for small 7.

SCI) 0.06
0.06
0.04 0.03
0.02
O 0
T(GeV) 2
1 (GeV)

Figure 4.2: The difference between the Polyakov loop and its conjugate (®* —®)™f
in the pq-T plane.
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4.6.2 Average Phase Factor

The average phase factor (¢*?) is a good indicator for the severeness of the sign
problem. As shown in (4.15), (4.19) and (4.28), the average phase factor depends
on the volume V. Here we take the condition, I = 43, where L and [ are the
spatial and temporal lengths, respectively, in the PNJL calculation. Thus the
volume BV = 643* is controlled by 3. This condition agrees with the condition
where many LQCD calculations have. Although the average phase factor seems
to depend on the volume, the volume dependence appears only when the ther-
modynamic potential in the phase-quenched theory differs from that in the full
theory, Qgm # (pq, Where the pion condensate occurs. When the pion condensate
occurs, meanwhile, the average phase factor is almost zero. The average phase
factor is thus dominated by the prefactor Npq/Ney in (4.19) and (4.28), and the
following results little depend on the value. Figure 4.3 shows p, dependence of
the average phase factor at T' = 0.97., T, and 1.17T., where T is the deconfine-
ment transition temperature at zero chemical potential and T, = 173MeV in the
present calculation. The red, green and blue lines are results of the MF, MF+SF
and MF+DF approximations, respectively. The results at 7' = 0.97; and T are
almost the same. The average phase factor at T' = 1.17. is larger than those
at lower T'. Therefore the average phase factor does not depend on 7" below T,
while it increases with T above T.. In the MF and MF+4SF calculations, the
average phase factor has an unphysical singularity at uq = M, /2 where M, is the
pion mass at vacuum, but it smoothly tends to zero in the MF+DF' calculation.
Furthermore the effects of the fluctuations suppress the average phase factor at

both lower and higher temperatures.

4.6.3 Comparison to the LQCD results

The average phase factor was calculated with LQCD [31] where the lattice size
is 16 x 4 and the pion mass at vacuum is MIQP ~ 280MeV. In the PNJL
calculation, we have varied the quark mass from mg = 5.5MeV to 22.5MeV to
reproduce MIQCP = 280MeV. For this value of my, the deconfinement transition
temperature becomes a bit higher value, i.e., T, = 180MeV. Figure 4.4 shows
tq dependence of the average phase factor at 7' = 0.97;, T, and 1.257,. The

39



4. Sign Problem

T T
MF
()T=0.9T, MF+SF
MF+DF ........
1 -
A
D
S
0 i
Vioost |
0 s
0 0.5 1 15
ZLLq/Mn
1.5 T T
MF
(b)T=T, MF+SF
MF+DF ........
1 -
A
D
S
Q
Y,
05 i
0 1 Te.. |
0 0.5 1 15
Zuq/Mn
T T
MF
(©T=LIT, MF+SF
MF+DF ........
1 | -
A -
D
S
0]
Vi oost .
0 [ L L P 4
0 0.5 1 15
ZLLq/Mn

Figure 4.3: The average phase factor (€*?) as a function of y, at (a)T" = 0.97T.,
(b)Te, and (c)1.17¢.. The red, green, and blue lines represent results of the MF,
MF+SF, and MF+DF approximations, respectively.
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Figure 4.4: Comparison of the PNJL results in MF+DF calculations to the LQCD

results at (a) T'= 0.97¢, (b) T and (c) 1.25T¢. In each panel, the hatched region
represents the LQCD prediction [31].
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LQCD results are evaluated from analytic continuation of LQCD data at imagi-
nary chemical potential by assuming a polynomial function. The hatched regions
represent the LQCD results with the 90% confidence level for the extrapolation.
The greed and red lines represent results of the MF+SF and MF+DF calculations,
respectively. The MF+DF calculation almost reproduces the LQCD data as a
consequence of the strong suppression by the mesonic fluctuations. Meanwhile,
the MF+SF calculation underestimates the suppression due to not including the
mesonic fluctuations with finite momentum. Below T, the pion mass is almost
constant as shown in Fig. 3.3, so that the average phase factor little change with
T because the pion modes are dominant in the fluctuations. Above T, the pion
mass increases with 7". The increase of the pion mass suppresses the pion fluc-
tuation effects, so that the average phase factor becomes larger than that below
T.. As a consequence of the suppression of the mesonic fluctuations, the average
phase factor in the MF+DF calculation is enhanced and approaches that in the
MF+SF calculation.

4.6.4 The average phase factor in the pu.-7" plane

The full plot of the average phase factor in the p,-1" plane is given in figure
4.5. In this figure, the average phase factor is calculated in the MF+SF calcula-
tion. The sign problem is exponentially bad in the pion condensate phase in the
phase-quenched theory. Before reaching this region, the average phase factor is
dominated by the mesonic fluctuations and it drops smoothly from one to zero.
The critical end point (CEP) of the first-order chiral phase transition is plotted
as a plus (4) for the PNJL model. The CEP and the first-order phase transition
are in the (e?) = 0 region. This implies that the location of the CEP cannot be
determined by LQCD directly.

4.6.5 Relation of the phase factor to the Polyakov loop

Figure 4.6 shows the relation of the average phase factor and the pion condensate
to the Polyakov loop, varying T" at j1q = 100MeV. Since @ is an increasing function
of T', the increase of ® means that of 7. The pion condensate m decreases as ¢

increases and finally vanishes at a critical value ®.. Below ®., the average phase
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Figure 4.6: The Polyakov loop ® dependence of the pion condensate m and the
average phase factor (e??) at 1, = 100MeV. Here, the pion condensate is scaled
by the chiral condensate at vacuum. The solid and dashed lines represent the
pion condensate and average phase factor, respectively.
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factor is always zero, while 7 is finite. Above ®., inversely, the average phase
factor is finite, while 7 is always zero. Thus, there is a negative correlation
between the average phase factor and the pion condensate. In contrast, there
exists a positive correlation between the average phase factor and the Polyakov
loop; the average phase factor is zero at small ® such as ® < ®., but at large ®
such as & > &, the average phase factor is finite and an increasing function of .

In the & =1 limit, the average phase factor tends to 1.

4.7 Summary

We have investigated the sign problem by using the PNJL model. The inte-
grand of the partition function with finite chemical potential jiq oscillates hardly,
so that the importance sampling breaks down. The sign problem appears even
in the mean field (MF) approximation. The MF approximation is not defined
uniquely, actually the two types of the MF approximations are possible in the
PNJL model. The difference between the two MF approximations mainly ap-
pears at the expectation value of the Polyakov loop. The difference is however
tiny and the two MF approximations give qualitatively same results. The phase
factor of the partition function is a good indicator for the severeness of the sign
problem. We have evaluated the average phase factor by using the PNJL model.
We have calculated the average phase factor in three type of approximations:
the MF, the MF with the static fluctuations (MF+SF), and the MF with the
dynamical mesonic fluctuations (MF+DF). The MF+4DF calculation reproduces
the lattice QCD (LQCD) result for the average phase factor. The average phase
factor is dominated by the mesonic fluctuations in the MF+DF calculation. The
fluctuation with the massless mode makes the sign problem worst when the pion
condensate takes place in the phase-quenched theory. The worst region is the re-
gion of jiq bigger than half the pion mass. The critical end point (CEP) exists in
the worst region in the present calculation. This implies that the location of the
CEP cannot be determined by LQCD directly. In the next chapter, we propose
one possibility to approach the finite ;4 region and even the CEP. This approach
is based on the first-principle LQCD and the PNJL model.
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Chapter 5
Imaginary Chemical Potential

Lattice QCD (LQCD) has the sign problem at real quark chemical potential s,
but not at imaginary p,. This brings up the possibility of studying QCD at real
ltq by analytic continuation of LQCD data from imaginary f. In this chapter,
we review properties of QCD at imaginary ji,. We point out importance of the
imaginary uq region to check the reliability of effective models. We show that the
PNJL model reproduces LQCD data qualitatively at imaginary p,. This chapter

is mainly based on our papers [32].

5.1 Relation between real and imaginary

The QCD partition function Z has charge-conjugate symmetry: pq — —fq, then
Z is a function of uf‘. The real and imaginary i regions correspond to the regions
with u?l > (0 and p?l < 0, respectively. The LQCD results show the derivatives
of Z with respect to p2 have no singularity at p2 = 0. Therefore we can make
an analytic continuation of LQCD data from imaginary p, to real py. So far
LQCD has provided some observables such as the transition line at imaginary
g [34; 35; 36; 37]. The observables O are transformed into the real p, region by

a polynomial function

002) =3 cap (5.1)

n
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where the coefficients ¢, are fitted to reproduce the LQCD data at imaginary
ftq. Furthermore the partition function with imaginary s, has a mathematically
definite relation to that with real p,. The canonical partition function Zc(Ny)
with real quark-number N, is the Fourier transform of the grand-canonical one
Zac(0,) with imaginary pg = 6,/ [33],
R 40

Zo(N,) = Tr (e-ﬁH(S(ﬁq . Nq)> - /0 SAeT N Zgo(0,). (5.2)
Thus, the partition function at imaginary pq includes all dynamics at real Ng
and hence at real ji,. Figure 5.1 shows a schematic picture of the phase diagram
in both the real and imaginary s, regions. The 2 > 0 and p? < 0 regions
correspond to the real and imaginary pq regions. The crossover transition line
continues smoothly from imaginary i to real p,. This makes it possible to make
the analytic continuation of O from imaginary s to real . Moreover the ther-
modynamics at real pq is obtained directly through the Fourier transformation

from imaginary .

\ %ytic continue

EP
—
u§<0 0 u(21>0
2
Hq

Figure 5.1: Schematic picture of the QCD phase diagram in the uZ—T plane. The
u?l < 0 and ué > 0 regions corresponds to the imaginary and real pq regions,
respectively. The solid (dashed) line represents the first-order (crossover) tran-
sition line. CEP and EP are the end points of the first-order transition lines at
real and imaginary jiq, respectively.
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5.2 Purpose

The first-principle LQCD simulations have become feasible for thermal systems
at zero i, [38; 39]. As for real p,, however, LQCD has the sign problem and
hence the results are still far from perfection. Several approaches have been
proposed to circumvent the difficulty. One approach is the analytic continua-
tion from imaginary s to real pq. When physical quantities are available with
LQCD at imaginary pq, we can extrapolate them to real jiq, until there appears
a discontinuity. Actually, such an extrapolation was made for the phase tran-
sition curve by assuming some analytic functions for the curve [34; 35; 36; 37].
This direct extrapolation may work for small real pq, but its accuracy is quite
unknown for large real pg. This problem may be circumvented by the effective
model that can evaluate the partition function at both real and imaginary p, and
reproduce results of LQCD at imaginary 4, if such an effective theory is found.
The imaginary pq region is thus a good test ground of the model reliability. So
far many effective models have been proposed as an approach complementary to
LQCD simulations. Figure 5.2 summarizes the model predictions for the location
of the critical endpoint of the chiral phase transition at real u, [40]. The results
spread out very widely despite of the fact that the inputs are almost the same
in all the models. In each calculation, the parameters are determined from the
physical quantities, e.g., the pion mass and the decay constant, at T = u, = 0"
Nevertheless, the extrapolation to finite 4 is not unique. It is then highly non-
trivial whether the models predict properly physical quantities at finite p,. This
should be tested directly from QCD. Fortunately, this is possible at imaginary
Hq, since LQCD is feasible there. Furthermore as shown in (5.2), in principle
the partition function at imaginary s, includes all dynamics at real p, through
the Fourier transformation. If an effective model is successful in reproducing
LQCD results at imaginary pq, this implies not only that the model is reliable
for both the real and imaginary i, regions but also that the LQCD results can
be reasonably extrapolated to the real pq region by using the model. In order

to proceed this strategy, we have to construct an effective model that reproduces

'In the PNJL model, the LQCD data in the pure gauge at T # 0 is also used as the input

parameters. However the input includes no p4-information.
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LQCD results at imaginary jq. The PNJL model is a good candidate. We review
properties of QCD at imaginary p, and show that the PNJL model reproduces
them qualitatively.

T T T
0.2 _
T
R
—
>
Q R.M
9 01 ° PﬁJL |
= 1?5 SD
®
NJL
0 L | L |
0 0.2 0.4
My (GeV)

Figure 5.2: Predictions for location of the critical endpoint [40]. Red points are
predictions of the NJL [41], the PNJL [25], the linear sigma (LS) [43], the random
matrix (RM) models [42] and the Schwinger-Dyson calculation (SD) [44]. Green
points are LQCD predictions based on the Taylor expansion (T) [45] and the
reweighting (R) [46] methods.

5.3 Roberge-Weiss periodicity

Symmetries are essential to understand QCD. Here we show an important sym-
metry at imaginary g, [33], which governs the i, dependence of the quantities
there. We start with the QCD partition function Z at imaginary p, = 6,/ for
real 0,

Z(0q) = Tr (fﬁﬁ%ﬁq) = / DX exp (— / d*z [q(vD - %vm + 4L92F2D , (5.3)

where H and Nq are the Hamiltonian and the quark-number operator, respec-
tively, and DX = DgDgDA. It is clear from (5.3) that Z(¢,) has a periodicity
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27 for quarks and 27/3 for color-singlet hadrons where Ny, = 0 mod 3. The
periodicity of Z(,) is thus related to the confinement of quarks. In other words,
since the effect of the imaginary 1, is the same as a temporal Abelian gauge
field coupled to the quark-number, a baryon with the quark-number 3 picks up
a phase exp (—3i6,) when it runs around the temporal cylinder 7 € [0, 5]. Thus
the physics is unchanged when 6, — 6, + 27/3 and Z(6,) has periodicity 27/3.
Similarly, we can consider that the system with quarks has periodicity 27. This
statement is, however, too naive. The point is that the Z3 symmetry of the action
implies that Z(6,) must have a periodicity 27/3. To see this we note that the
8, dependence of the partition function can be eliminated from the action and

transferred to the boundary conditions via the change of variables, ¢ — e'™/%¢:

7 (0y) = / DX exp (— / d*z {quDqu 4—;2F2D , (5.4)

with the boundary condition, ¢(3) = —e¢(0). The periodicity of Z(6,) is proven

by performing the Zs transformation,
q—Uq, A, —U[A,+i0,|U", (5.5)

where U (x, 7) are center elements of SU(3) with the boundary condition U(z, #) =
e?™*k/31(,0) for integer k. Under this transformation, the partition function
Z(,) is invariant, but the boundary condition is changed into q(3) = —e'%a=27%/3)¢(0).
We thus conclude that

Z(0,) = Z(04 + 27k/3), k€ Z. (5.6)

This periodicity is called the Roberge-Weiss (RW) periodicity [33]. This means
that QCD is invariant under a combination of the Zs transformation and 6, —
6, + 2mk/3. This combination is called the extended Zj transformation. Thus,
the QCD partition function has the extended Zjz symmetry. The extended Zj
symmetry appears as the RW periodicity at imaginary p, and the periodicity

governs the dynamics there as shown later.
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5.4 Roberge-Weiss transition

Although the QCD partition function has the periodicity 27 /3 in both the con-
finement and the deconfinement phases, there is the difference between the two
phases in its 6, dependence. This was studied by evaluating the thermodynamic
potential Q(6,) = —Z In [Z(6,)] for the two phases [33]. In the confinement phase,
the potential is described only by hadrons, thus it seems to be an analytic func-
tion of 30,. This is ensured by evaluating the potential in the strong-coupling
limit. In the deconfinement phase, the potential is evaluated perturbatively. The

one-loop potential for Ny massless flavors at imaginary p, = 6,/ is obtained as
QW) = _2Nfl 3 / d'p [ln(l e APHia=d))) | (1 — efﬁpfi(t?q*d?j))] (5.7)
q 32 @y

in the Polyakov gauge. The temporal gauge field gz_ﬁj satisfies the condition
Zj gz_ﬁj = 0 mod 27. After integrating the momentum out, we can arrive at

the one-loop potential with 6:

2

QD(8,) = _g Ty [1 - {(@ - 1) - 1}2] : (5.8)

In addition of this quark potential, there is a gluonic potential with the Z3 sym-
metry. The gluonic potential has equivalent minima whenever all the ¢; are equal
to each other and gz_Sj = 27k/3 for integer k. In the presence of quarks, the Zj
symmetry is explicitly broken, thus only one state in the Z3 symmetric ones is
chosen as a global minimum. For 6, = 0, the potential has a global minimum at
gz_Sj = (0 and local minima at the Zs images. The location of this global minimum
is unchanged for small 6,. For 6, = 27k/3, the global minimum is no longer at
¢; = 0, thus it has moved to ¢; = —27k/3 since the quark potential QM) (4,)
depends only on the sum, ¢; + 6,. Figure 5.3 shows 6, dependence of {2;(6) for
¢; = 2rk/3. The 6, dependence of the thermodynamic potential at vacuum is
chosen as the curve with the smallest value of Q) (6) at each 6,. The potential

is discontinuous as a function of 6, with a cusp at 6, = (2k+ 1)m/3. This implies

that a first-order phase transition occurs there in the deconfinement phase. This
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phase transition is called the Roberge-Weiss (RW) transition [33]. Each phase is
classified by the expectation value of the gauge field ¢.

O=+27/3 »=0 0=-21/3

VAN

0 2 4 6
0/(1t/3)

Figure 5.3: 6, dependence of the one-loop potential QW with &j = 27k /3. The
red, green, and blue lines represent the £ = 0, 1 and —1 cases, respectively. The
potential at vacuum shows the bold line.

5.5 The PNJL model at imaginary g,

The RW periodicity and the RW phase transition are important properties of
QCD at imaginary p,. These properties appear as a result of the fact that the
QCD partition function has the extended Z3 symmetry. In this section, we show
that the PNJL model has the extended Zj; symmetry and then reproduces both
the RW periodicity and the RW phase transition. The model reproduces the first-
principle LQCD results qualitatively. The model is thus suitable for investigating

the phase structure at imaginary ji,.

5.5.1 Extended Z3; symmetry

First we show that the PNJL model has the extended Z3 symmetry. The ther-

modynamic potential Qpyjp, in the mean field (MF) approximation at imaginary
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pq = 164/ is obtained as

& 1
QOpaar = —2N; / ﬁ {SEq + 5 nTe(00) + W To(O)}| + Gao® + U, (59

with

:’}'q(eq) = 1 + 3@6_6Eq+i9q + 3¢*6_2ﬁEQ+2i6q + 6_3ﬂEQ+3i6q, (510)
Fq(0y) = 14 30* e Flami0a 4 3pe=2Fa=210a | o=80ka=5ila (5.11)

For real pq, the expectation values of the Polyakov loop ® and its conjugate ®*
are real and differ from each other as shown in Chapter 4. For imaginary i,
however, the expectation values are complex conjugate of each other since the
statistical weight is real there. JFy is thus the complex conjugate of F,. The
Polyakov potential U is invariant under the Zs transformation, ® — e 27/3®,
d* — ¢¥™/3d* but the thermodynamic potential Qpyyr, is not invariant due to
presence of the quark parts, F, and F5. Instead of the Zjz symmetry, however,

Qpnyr, is invariant under the extended Zs transformation,
04 — Oy +21/3, ® — e BD O — 230", (5.12)

It is convenient to introduce the modified Polyakov loop ¥ = ea® and ¥* =
e~"%ad* which is invariant under the transformation (5.12). Using this quantities,

Fq is rewritten into
Fo(0y) = 1+ 3We PEa  3*e20Fat8ila | o=30Eat3ibq (5.13)

Obviously F, and the complex conjugate F5 are invariant under the extended Zs

transformation. Therefore €2 is also invariant under the transformation.

5.5.2 0, reflection symmetry

In addition of the extended Zs symmetry, charge-conjugation symmetry charac-
terizes 0, dependence of physical quantities. Under charge-conjugation, 6, —

—0,, the thermodynamic potential Qpyyy, is invariant, but the Polyakov loop and
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5. Imaginary Chemical Potential

its conjugate change as & — &*, &* — &. This indicates that ¥(—60,) = ¥*(6,)
and U*(—6,) = ¥(6,). Therefore the real part, Re (V) = (¥ + U*) /2, and the
imaginary part, Im (V) = (¥ — ¥*) /2, of the modified Polyakov loop are §,-even
and -odd, respectively. Similarly, the absolute value |¥| and the phase ¢ are -
even and -odd, respectively. Furthermore the chiral condensate o = 9Qpnjr,/0mg
and the quark-number density p, = —0QpNiL/Opq = 16(0QpNi1/00,), which is
pure imaginary, are f,-even and -odd, respectively. The 6 ,-even X (6,) and the
f,-odd quantities Y (6,) satisty,

X(n/3+40) =X(1/3—-0y), Y(n/3+0)=-Y(r/3-0).  (5.14)

These relations indicate that the f,-even (odd) quantities have cusps (jumps) at
0, = m/3 when 0X/00, (Y) are finite there. Such a singularity comes out in
the high temperature region, as shown in Sec. IV with numerical calculations.
This means that the RW phase transition at 6, = 7/3 is second-order for f,-even

quantities and first-order for the f,-odd ones.

5.5.3 The potential at high or low 7' limit

Before proceeding to the numerical results, it is useful to explore properties of
the thermodynamic potential in some limits. The modified Polyakov loops ¥ and

U™ are also invariant under a continuous transformation,
Oy — O0g+a, ®—e P & — 0 (5.15)

for any real parameter a. However, the thermodynamic potential Qpyjr, is not

+3i0a  If Qpnyr was invariant

invariant owing to the existence of the factor e
under the transformation (5.15), the continuous symmetry would lead to a simple
relation (0, + a) = ¥(0,), that is, ®(0,+ o) = e "*®(f,). For low temperature:
BE, < 1, the thermodynamic potential is reduced to

d’p - ‘o
2 In (14 3We Pa) (14 30%e Pa)  (5.16)

1
Qpngr ~ Qo — 2Nf5/ (
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where € is the potential at T = 6, = 0. This has no explicit 6, dependence’.
Therefore, at low temperature, (2pnjr, is approximately invariant under the trans-
formation (5.15) and @ can rotate smoothly as 6, varies. At high temperature,
however, effects of the explicit 8, dependence are not negligible and hence Qpnjr,
has no the approximate symmetry. It is thus obvious that the RW phase transi-

+3 of the potential. At high temperature,

tion at high T originates in the factor e
the continuous symmetry under the transformation (5.15) is broken into a dis-
crete symmetry, i.e., the extended Zs symmetry, through the factor e*3¥. In the
limit of ® = ®* = 1, that realizes high T, the quark part Q};; of the potential
(5.9) without the Polyakov potential Us coincides with the potential Qyyy, of the

NJL model,
Qpygr, (@ = 0" =1) = Qi (5.17)

In the limit of & = ®* = 0, that realizes low T, meanwhile,

QPNJL((D _ (I)* _ O) _ QNJL(Gq) + QNJL(eq + 2;1'/3) + QNJL((‘)q - 27‘(‘/3) (518)

In this limit, the thermodynamic potential of the PNJL model coincides with the
Zs symmetrized potential of that of the NJL model. In the zero temperature
limit, particularly, the potential of the PNJL model is reduced to that of the
NJL model. Therefore, in both the high and the low temperature region, the
PNJL and NJL models give similar results for the chiral symmetry. However, the
difference between the two models is significant in the intermediate-temperature
region. Actually, the PNJL model shifts the critical endpoint to higher T" and

lower fiq at real pg.

! The partition function Zgc(6,) with a finite value of 6 is equivalent to Zgc(0) with the
boundary condition ¢(3) = —e¥a¢(0) for the quark field q. In the low-T" limit where a period (3
of the imaginary time becomes infinite, the value of Zgc(6,) does not depend on how to take

the boundary condition and then has no 6, dependence.
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5.5.4 Comparison of the PNJL model to others

Many effective models have been proposed so far. The models have predicted
different phase diagrams at real ;i as discussed in Sec. 5.2. Among the models,
the PNJL model is only a effective model that describes the RW periodicity and
the RW phase transition at imaginary p,. This implies that the PNJL model is
most reliable at finite pq. The NJL model respects the chiral symmetry but it does
not preserve the extended Zz symmetry. On the contrary, the three-dimensional
three-state Potts model respects the extended Zs symmetry and then has the
RW periodicity, but it does not possess the chiral symmetry since the model is a
paradigm of QCD in the large quark-mass limit. In LQCD, the quark chemical
potential p is introduced just like the fourth component of imaginary constant
vector field, i.e., el or e‘““QUL where a and Uy(= e~4) are the lattice
spacing and the fourth component of the gauge field on the lattice, respectively.
In this case, the RW periodicity is naturally satisfied. Thus the PNJL model has
both the chiral and the extended Zs symmetry, just as QCD.

5.6 0, dependence of some quantities

In this section, we show that the PNJL model reproduces the LQCD results
qualitatively. Most LQCD calculations have been done so far in the degenerated

4 flavor staggered fermions, but it does not matter for the qualitative comparison
of the PNJL model with LQCD data, particularly for 6, or 7" dependences.

5.6.1 Thermodynamic potential

The thermodynamic potential is a most fundamental quantity to describe the
thermodynamics. As shown in the previous section, the potential has the RW
periodicity and it is 6,-even. Figure 5.4 (a) shows the thermodynamic potential
Qpnyr, of the PNJL model as a function of 6, in two cases of ' = T, and 1.17,
where T, = 173 MeV is the critical temperature of the deconfinement transition
at 0, = 0. The potential Qpnyr, is RW periodic and 0 -even as expected. Qpnr,
is smooth everywhere for low temperature of 7' = T¢, but it has a cusp at 6, =
(2k 4+ 1)7/3 for high temperature of 7' = 1.17;. This means that the first-order
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5. Imaginary Chemical Potential

RW phase transition occurs there. The critical temperature Trw of the endpoint
of the RW transition exists in 7, < Trw < 1.17.. Figure 5.4 (b) shows the
corresponding LQCD result [34] for the same temperatures. The PNJL results are
consistent with the LQCD ones for 6, and T' dependences of the thermodynamic

potential.
05 T T T_TI T T T_TI
y (a)PNJL ol 4 H(b)LQCD T=1ITS i 7
L ) s AN
= =
2 o2l . 2 2r ] 2 £ 2 |
01 i 1 F 3 In 3 .. ' k
0 ! ! o ¥ : " : '
2 -1 0 1 2 2 -1 0 1 2

0,/(/3) 0,/(1/3)

Figure 5.4: 6, dependence of the thermodynamic potential §Q2 = Q(6,) — (6, =
0) in (a) the PNJL model and (b) LQCD [34]. The red (blue) line corresponds
to the case of T =T, (1.1T).

5.6.2 Polyakov loop

The RW transition is a phase transition from one phase of the Z3 vacua to another.
These phases are classified by the expectation value of the temporal gauge field,
that is, the phase of the Polyakov loop. Figure 5.5 (a) and (b) show results of
the PNJL model for the absolute value |®| and the phase ¢ of the Polyakov loop
® at T'= T, and 1.1T, respectively. The Polyakov loop does not have the RW
periodicity and it is changed as ® — e 2™/3® and ®* — *™/3®* under the Zj;
transformation, i.e., 8, — 0, + 27/3. The modified Polyakov loop ¥ = e?ad
and its conjugate U* are introduced as the extended Z3 invariant quantities. The
absolute value and the phase of U are §,-even and -odd, respectively. The absolute
value of the Polyakov loop is the same as that of the modified one, so that it is
RW-periodic and 6 -even as shown in panel (a). The phase ¢ of the Polyakov
loop is related to that ¢ of the modified Polyakov loop as ¢ = ¢ + 6,. When 0,
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5. Imaginary Chemical Potential

is changed as 6, — 6, + 27/3, the phase ¢ is changed as ¢ — ¢ — 27/3 because of
the RW periodicity of 1). The absolute value and the phase of the Polyakov loop
are smooth everywhere for low temperature of 7' = T, but the former (latter)
has a cusp (discontinuity) at 6, = (2k + 1)7/3 for high temperature of ' = 1.17T..
These 6, dependence is a consequence of the relation (5.14). The corresponding
LQCD results [37] are shown in the panel (¢) and (d). The PNJL results well
reproduce the LQCD ones for 8, and T" dependences of the Polyakov loop.

0.6 F(a)PNIL e - [ (b)PNJL ToLiT
0.5 2 ’
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© o3t 7 St K 1
=
0.2 \/\/ 4L \ .
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ol \\
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-2 1 0 1 2 -2 -1 0 1 2
Gq/(n/3) Gq/(n/?a)
0.2
T T . T 3 [ T T _ T .
(OLQCD ik 1 (DLQCD  riir
0.15 3 0% 2 ? *+ |
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Figure 5.5: 6, dependence of the Polyakov loop ®. The panel (a) and (b) show
the PNJL results for the absolute value |®| and the phase ¢, respectively. The
panel (c) and (d) does the LQCD results [37] for |®| and ¢, respectively. The red
(blue) line corresponds to the case of T'= T, (1.17¢).

5.6.3 Chiral condensate

The chiral condensate is an order parameter of the chiral phase transition. It is

important to see how the chiral transition is affected by imaginary p,. Figure 5.6
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shows the chiral condensate o = 0Qdpny,/0mg as a function of 6, at T' = T;. and
1.17¢. Panels (a) and (b) correspond to results of the PNJL model and LQCD [35],
respectively. The chiral condensate has the RW periodicity and it is 64-even. The
chiral condensate is smooth everywhere for low temperature of T = T, but it
has a cusp at 6, = (2k + 1)7/3 for high temperature of 7' = 1.17;. The chiral
condensate increases with ¢,. This means that the chiral phase transition moves
to higher temperature as 0, increases. The PNJL results are consistent with

LQCD ones for 6, and T" dependences of the chiral condensate.

. [@PNIL i | 2HOLQCD it x ]
./\/\ + ¥ + * * +
- - +
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1 1 1 0 1 1 1
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0,/(n/3) 0,/(1/3)

Figure 5.6: 6, dependence of the chiral condensate ¢ in (a) the PNJL model and
(b) LQCD [35]. The red (blue) line corresponds to the case of T =T (1.17¢).

5.6.4 Quark-number density

Figure 5.7 shows the quark-number density, p, = —0Qpny1/0pq = 16(0Q2pNsL/004)
, which is purely imaginary, as a function of 6, at 7' = T; and 1.17¢.. Panels (a)
and (b) correspond to results of the PNJL model and LQCD [35], respectively.
The quark-number density has the RW periodicity and it is 64-odd. The num-
ber density is smooth everywhere for low temperature of 7' = T¢, but it has a
discontinuity at 6, = (2k + 1)7/3 for high temperature of 7' = 1.17;.. The 6,
dependence of the quark-number density is similar to that of the imaginary part
of the modified Polyakov loop. This is natural because the quark-number density
(Gy4q) is the fourth component of the vector current, while the latter is related
to the fourth component of the vector field. Particularly in the limit of £, > 1,
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the quark-number density is reduced to

Q d’
pe = _OQpNar 6N, / _p(\p — U*)e PP o 4Im(W).

S oy (5.19)

The quark-number density is thus proportional to the imaginary part of the mod-
ified Polyakov loop. The PNJL results are consistent with LQCD ones for ¢, and

T dependences of the quark-number density.
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Figure 5.7: 0, dependence of the quark-number density p, in (a) the PNJL model
and (b) LQCD [35]. The red (blue) line corresponds to the case of T' = T, (1.1T¢).

5.6.5 Meson masses

In the PNJL model, the model parameters of the quark sector are normally fitted
to the meson properties. The parameters are quite sensitive to the meson masses.
Furthermore the meson masses do not have an ambiguity of the renormalization,
so that the meson masses are suitable for qualitative comparison of the model
to LQCD. However the meson masses have not been calculated by LQCD yet.
The pi and sigma meson masses, M, and M,, are obtained as the zeros of the

two-point mesonic correlation functions I';; in the momentum space,

o 8%Q(0,)
00 (q)d;(—q)

Ti(q* = M;J) =0 for ¢ = (m, o), (5.20)
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where the ¢ and m mesons do not couple to each other because of the parity
conservation. The meson fields have no explicit 6, dependence since they do not
carry the quark-number, so that the two-point function and the meson masses
have the RW periodicity and they are §,-even just as the thermodynamic potential
Q(0,). Figure 5.8 (a) and (b) show the o and 7 meson masses as a function 6, at
T =T, and 1.17.. The meson masses are smooth everywhere for low temperature
of T' = T, but they have cusps at 6, = (2k + 1)7/3 for high temperature of
T = 1.17.. The mass difference between ¢ and m mesons as the chiral partner
is a reflection of the chiral symmetry; namely the symmetry is restored (broken)

when the difference is small (large). Panel (c) shows 6, dependence of the meson
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Figure 5.8: 6, dependence of (a) the sigma meson mass M, and (b) the pi meson
mass M, calculated with the PNJL model. The red (blue) line corresponds to
the case of T'= T, (1.17¢). Panel (c) represents M, (red), M, (blue) and twice
the dynamical quark mass 20, (gray) at 7' = 1.37..

masses and twice the dynamical quark mass M, at T' = 1.37.. As shown in Fig.
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5.6, the chiral symmetry is broken as 6, increases. The mass difference between
o and 7 mesons is large in the chiral symmetry broken phase of M, < 2M,, but
small in the restored phase of M, > 2M,. The meson masses thus have different

,-dependence between the two phases.

5.7 Phase diagram

When the RW phase transition occurs, 64-odd quantities such as the quark-
number density p, have discontinuities at 6, = (2k + 1)7/3 as shown in Fig. 5.7.
This is because 6,-0dd quantities have the relation (5.14). For 6, = (2k + 1)7/3,
such a quantity is zero below the critical temperature Trw of the RW phase
transition, but it is finite above Tryw. The 04-odd quantity is regarded as an

order parameter of charge-conjugation. Figure 5.9 (a) and (b) show T depen-

T T T 1 T T T
(@ (b)

1k ——
Q
< > 05¢f ]
> o5} -

0 | 1 1 0 1 1

0.1 015 02 025 03 0.1 015 02 025 03

T(GeV) T(GeV)

Figure 5.9: T' dependence of (a) the phase || and (b) the absolute value |¥| of
the modified Polyakov loop at 6, = 7/3.

dences of the phase ¢ and the absolute value |¥| of the modified Polyakov loop
at 0, = m/3, respectively. The phase (absolute value) is a §,-odd (f,-even) quan-
tity. The phase ¢ is zero at T" < Tgrw, while it is finite at 7' > Tgrw. Thus,
charge-conjugation symmetry is spontaneously broken above Tgry, although it is
preserved below Tgw. The phase is discontinuous at 7' = Tgyw, indicating that
the RW transition is first-order at the endpoint. The absolute value || is also
discontinuous there. This is induced by the discontinuity of the phase 1. The
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absolute value is not zero at T' < Trw since it is not an exact order parameter of
the RW phase transition. Figure 5.10 shows the absolute value |¥| in the 6,-T

'Vl

0.5

0.25
0.2

T(GeV) 015

0.5

0,/(/3)

Figure 5.10: The absolute value of the modified Polyakov loop in the 6,-T" plane.

plane. The first-order RW phase transition at 6, = 7/3 becomes crossover as
6, decreases from 7/3 to 0. The crossover deconfinement transition at 6, = 0,
shown by a rapid change of |¥| with an increase of T, is thus a remnant of the
first-order RW phase transition at 6, = 7/3. Figure 5.11 shows the phase dia-
gram in the 04-1" plane. The phase diagram is symmetric with respect to each of
lines 8, = k7 /3. The red and green curves represent the deconfinement and chiral
phase transitions of crossover, respectively. The pseudocritical temperatures for
the chiral and deconfinement transitions are determined by the peak positions
of the susceptibilities of o and |¥|', respectively. The blue vertical line repre-
sents the RW phase transition. Point E is the endpoint of the RW transitions.
The deconfinement transition line starting from the RW endpoint decreases as

6 decreases from 7/3 to 0. The critical temperature of the chiral phase transition

'The susceptibilities xg4,4, for ¢ = (o, |¥|, ¥) are the inverse curvatures that are the
derivatives with respect to ¢; and ¢;. The precise definition is shown in (3.29).
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Figure 5.11: The phase diagram at imaginary p,. The red, green and blue lines
represent the crossover deconfinement, the crossover chiral and the first-order
RW phase transitions, respectively. Point E is the endpoint of the RW phase
transition.

is higher by about 20 MeV than that of the deconfinement transition, and the
difference is getting larger gradually as 6, increases from 0 to 7/3. Meanwhile,
the LQCD simulation suggests that the two critical temperatures are identical
for all 6, [34; 35; 36; 37]. The inconsistency of the PNJL model to LQCD is
addressed in Chapter 7.

5.8 Analytic continuation to real

Finally, we investigate the phase diagram in both the real and imaginary j
regions. In the PNJL model, physical quantities are calculable directly in the
regions. Figure 5.12 shows the phase diagram in the y2-T plane. The 2 < 0 and
/L(Ql > 0 regions correspond to the imaginary and real ji, regions, respectively. The
solid (dashed) curve represents the first-order (crossover) chiral phase transition,
while the dotted curve does the crossover deconfinement phase transition. The
dot-dashed curve does the first-order RW transition. The chiral and deconfine-
ment transition curves differ from each other. The two transition curves continue

smoothly from imaginary i, to real i, as expected. In LQCD [34; 35; 36; 37], the
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Figure 5.12: The phase diagram in the z-T plane. The red (green) and blue
lines represent the first-order (crossover) chiral and the crossover deconfinement

phase transitions, respectively, while the right-blue line does the first-order RW
phase transition.

extrapolation from imaginary s to real ;14 has been made for the chiral transition
curve by assuming some fitting functions where the coefficients are determined
so as to reproduce the LQCD data at imaginary pq [34; 35; 36; 37]. We test the
validity of the extrapolations for the chiral transition curve in the PNJL model.

The extrapolation is made by a simple function

T'max

T. = Z anpil”, (5.21)

n=0

where the coefficients are adjusted to the PNJL result at imaginary j,. In Fig.
5.13, four dashed curves labeled by 1-4 represent results of the simple extrap-
olation with ny., = 1-4, respectively. The dashed curve with ny.. = 4 still
deviates from the PNJL curve in the real pq region. Thus, the PNJL curve in-
cludes higher-order terms with n,,,, > 5 that the simple extrapolation cannot
follow accurately. Furthermore, the simple extrapolation cannot predict the po-
sition of the critical endpoint. In general, for 04-even quantities O with the RW

periodicity, the analytic continuation from imaginary p, to real p, is made by
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Figure 5.13: Extrapolation of the chiral phase transition curve from imaginary p,
toreal ;1. Dashed curves labeled 1-4 correspond to four cases with the truncations
Nmax = 1-4 in (5.21), respectively.

the Fourier expansion:

Oim = Z ap(T)cos(3kby) — O = Z ai(T) cosh(3kuy/T).  (5.22)

k k
Note that the trigonometric functions at imaginary p, become the hyperbolic
ones at real py. For real piq, the terms with higher order & more contribute in
the series. It is very difficult to estimate the coefficients with higher order terms
from the LQCD data because such a coefficient is extremely small. The same
situation is true for the 6,-odd quantities. This is why such an extrapolation is

difficult.

5.9 Remarks

We remark some topics related with imaginary pq. One is an analogy of the
mechanism of the RW phase transition to the Dashen mechanism in the so-called
0, vacuum. Another is a problem in predicting the phase diagram at real ji.
The vector-type interaction strongly affects the location of the critical endpoint

at real 11y, but the strength of the interaction was unknown so far. It is possible
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5. Imaginary Chemical Potential

to determine the strength by comparing the PNJL result with the LQCD data

at Imaginary fiq.

5.9.1 Analogy to the Dashen mechanism

When the RW phase transition occurs, 6,-odd quantities are finite at 6, = (2k +
1)m/3, so that charge-conjugation symmetry is spontaneously broken there. This
RW mechanism is analogous to the Dashen mechanism [47] in the so-called 0,

vacuum. The QCD action is allowed to have a topological term

N 1 vVpo a a N
Zet/d4l‘ 647‘(‘2 Eu P FMVFPO' = thNt (523)
of the topological charge Ny, where I, is the field strength of gluon. This
topological term is odd under parity P. For imaginary p, = i6,/5, the QCD

action has a term
4 — .
uq/d T qyaq = 104Ny, (5.24)

where N, is the quark-number. The term, which is odd under charge-conjugation
C, has a mathematical structure similar to the topological term L;. For both
the terms, the parameters, 6; (i = t, q), can vary between —m and 7, where
¢; = —m is identical with §; = 7. Since the term with 6, (6,) is P-odd (C-odd),
P (C) is an exact symmetry when 6; (6,) is equal to 0 and +m. For 6, = ,
P is spontaneously broken, as Dashen [47] and Witten [48] pointed out. This is
the so-called Dashen phenomenon. Thus, the spontaneous C breaking at 0, = 7
is analogous to the P breaking at §; = m. Note that 6, = (2k + 1)7/3 has the
same property as 6, = m because of the RW periodicity. As discussed in Sec. 5.4,
there exist three Z3 vacua for higher temperature. As 6, increases from —7 to m,
the three vacua emerge one by one. As a consequence of this mechanism, three
first-order phase transitions appear at 6, = £7/3 and 7. At 6, = +7/3 and 7,
thus, a mechanism similar to the Dashen phenomena at 6, = 7 takes place. The
transitions at 6§, = £7/3 and 7 are called the RW transition. The C breaking
at 6, = m/3 occurs when T is high, while the P breaking at 6, = 7 takes place
when 7' is small. The PNJL model can describe both the RW and the Dashen
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mechanism.

5.9.2 Vector-type interaction

The PNJL model is allowed to have a vector-type interaction

Go(qnwa)?, (5.25)

since it does not break the chiral symmetry. We assume the homogeneous vacuum,
so that only the temporal condensate, which corresponds to the quark-number
density pq = (§74q), can occur. When the vector-type interaction is added to the
PNJL Lagrangian, the meson potential Uy and the quark chemical potential 1

in the thermodynamic potential are modified as
Uum = Gyo? — Uy = Gyo? + va?v L = flg = tq — 2Gypq, (5.26)

in the mean field approximation. Figure 5.14 shows the location of the critical
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Figure 5.14: Dependence of the location of the critical endpoint on the strength
G, of the vector-type interaction. The strength G, is normalized by the strength
G of the scalar-type interaction.

endpoint of the first-order chiral phase transition at real p, for several values

of the strength G, of the vector-type interaction. The location is quite sensi-
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tive to the values of G. The vector-type interaction moves largely the critical
endpoint toward smaller 7" and larger . The vector-type interaction is impor-
tant to account for the saturation property of nuclear matter, since the repulsive
force mediated by vector mesons is necessary for the saturation. Thus, it is
phenomenologically essential to determine the strength of GG, in particularly at
the finite quark-number density region corresponding to the nuclear saturation
density. The strength cannot be determined from physical quantities at zero
ltq because the interaction affects physical quantities only at finite ;. We pro-
pose a possibility to determine the strength of vector-type interaction from the

imaginary p, region. Figure 5.15 represents (a) the chiral condensate o, (b) the
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Figure 5.15: Impact of the vector-type interaction on (a) the chiral condensate,
(b) the quark-number density, (c) the real and (d) the imaginary part of the
modified Polyakov loop at T' = 1.57;. The red, green, blue and pink curves are
results for G, /Gs = 0, 0.25, 0.5 and 1, respectively. In the panel (c¢) and (d), the
four cases yield the same result.
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quark-number density pg, (c¢) the real and (d) the imaginary part of the modified
Polyakov loop W for various values of G,. Here we consider the case of T = 1.5T,
since the effect of the vector-type interaction is more conspicuous at higher tem-
peratures. The vector-type interaction suppresses the effective chemical potential
fiq as shown in (5.26). The suppression yields significant effects on the quark con-
densates, o and p,. In contrast, such an effect is not seen for the Polyakov loop
because it is mainly determined by the Polyakov potential. If precise LQCD data
on o and p, becomes available in future, we can determine the strength G, from
the data by using the PNJL model.

5.10 Summary

We have investigated the imaginary quark chemical potential pq region by us-
ing the PNJL model. Lattice QCD (LQCD) is free from the sign problem at
imaginary i, so that LQCD calculations have been done in this region. The
QCD partition function is a function of ,ufl and the physical quantities can be
analytically continued from imaginary jiq to real pq. When the LQCD quantities
are available at imaginary g, we can extrapolate them to real p,. So far the
extrapolation was done directly by assuming some analytic function, but there
are many ambiguities in the assumption. Here we propose the extrapolation by
using an effective model that can evaluate the partition function at both real and
imaginary pq and reproduce results of LQCD at imaginary p,. Many effective
models have been proposed so far and each model has predicted each phase dia-
gram at real jiq. It is then highly nontrivial whether the models predict properly
dynamics of QCD at finite p,. Fortunately, the model reliability can be tested
directly from QCD at imaginary i, since LQCD is feasible there. We show that
the PNJL model reproduces the LQCD results qualitatively. The success of the
PNJL model comes from the fact that the model has the extended Zs symmetry.
As a consequence of the extended Zs symmetry, the partition functions of QCD
and the PNJL model have the Roberge-Weiss (RW) periodicity, which character-
izes observables at imaginary p,. Furthermore the PNJL model reproduces the
RW phase transition at high temperature. Above the critical temperature Tryw

of the RW phase transition, three Z3 vacua emerge alternatively in variation of

69



5. Imaginary Chemical Potential

6, and a phase transition occurs at the boundary, that is at 6, = (2k + 1)7/3 for
integer k. For 0, = (2k+ 1)m/3, 6,-odd quantities, which are order parameters of
charge-conjugation, have finite values and charge-conjugation symmetry is spon-
taneously broken above Trw. This is the mechanism of the RW phase transition
and the mechanism is analogous to the Dashen mechanism in the 6; vacuum. The
RW phase transition is of first-order at the endpoint Trw. As a consequence of
the transition, the absolute value of the Polyakov loop has a singular behavior at
the endpoint Trw. The singular behavior induces a rapid change of the Polyakov
loop even at 6, = 0. Thus, the crossover deconfinement transition at 6, = 0
is a remnant of the first-order RW phase transition at 6, = 7/3. As another
important result, the strength of the vector-type interaction can be determined
by comparing the PNJL model results with LQCD data at imaginary p, if the
precise data becomes available in future. The determination is quite important
since the location of the critical endpoint of the chiral phase transition at real s
is quite sensitive to the strength. In this chapter, we have compared the PNJL
model results with LQCD ones only qualitatively. In the chapter 7, we improve
the present model in order to reproduce the LQCD results quantitatively.
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Chapter 6
Isospin Chemical Potential

In the previous chapter, we proposed an analytic continuation from imaginary
chemical potential to real one by using an effective model such as the PNJL
model. The validity of the method is confirmable in the isospin chemical potential
iso- Lattice QCD (LQCD) does not have the sign problem at real and imaginary
liso SO that it is possible to check the validity by comparing the model results
with LQCD data directly. Furthermore the isospin chemical potential region is
also relevant to the real world such as neutron stars and relativistic heavy-ion

collisions. This chapter is mainly based on our papers [49].

6.1 Purpose

The study of QCD at finite temperature and quark-number density has many
phenomenological interests related to the physics of heavy-ion experiments and
compact astrophysical objects. One of the aims of the study QCD is how the tran-
sition between hadronic and quark-gluon degrees of freedom occurs as a function
of conserved charge. In QCD, isospin is such a conserved charge like the baryon
number, and it is natural to inquire what happens in QCD as a function of
isospin density or isospin chemical potential js,. The isospin chemical potential
is also relevant to the real world. Nature provides us with nonzero s, systems
in the form of isospin-asymmetric matter such as neutron stars. The relativis-

tic heavy-ion collisions produce hadronic matter at high temperature and finite
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baryon-number density. In the collisions, the isospin density is nonzero generally.
Hence it is interesting to study QCD with finite isospin density. As discussed in
Chapter 4, the first-principle lattice QCD (LQCD) has the sign problem when
the quark chemical potential ji, is real. The integrand of the partition function
with real g, becomes complex because of the property of the Dirac operator

D =v,D, +m — 174 in the integrand,

det DY (p1q) = det(v5D(—p5)75) = det D(—puy), (6.1)

and hence the importance sampling in the Monte Carlo calculation breaks down.
For real isospin chemical potential u;s,, the chemical potential pu, for u-quark is
opposite to that ug for d-quark, p, = —pqg = piso, 80 that the Dirac determinant of
u-quark is the complex conjugate of that of d-quark and consequently the product
is positive [50]. As discussed in Chapter 4, the theory with real j;s, corresponds to
the phase-quenched one with real i, where the phase of the Dirac determinant is
eliminated [51]. For imaginary p;s., the Dirac determinant is positive in the same
reason as imaginary p, as shown in the relation (6.1). Therefore LQCD does not
have the sign problem in both real and imaginary p;s,. As shown in Chapter 5,
one approach to the real ji, region is the analytic continuation from imaginary
ltq to real py. The same analytic continuation can be done from imaginary fis,
to real pi,. LQCD calculation can be done in both the real and imaginary
liso Tegions [52], and we can check the validity of the analytic continuation by
comparing with LQCD data directly. In Chapter 5, we propose the analytic
continuation by using an effective model that can evaluate the partition function
at both real and imaginary i, and reproduce LQCD results at imaginary p,. The
PNJL model is a realistic effective model that can do this. The model reproduces
LQCD data at imaginary f, as shown in Chapter 5. For the purpose to check
the validity, we explore the isospin chemical potential region by using the PNJL
model. First we consider the case that both ps, and pq are purely imaginary
where there is no sign problem. In this region, LQCD has calculated 1 and pis0
dependences of the thermodynamic potential and its first derivatives with respect
to pq and piso, that is the quark-number and isospin densities [31]. We show that
the PNJL model reproduces LQCD results qualitatively in the region. We proceed
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some quantitative comparison of the PNJL model with LQCD. Second we explore
the real p;s, region. We review properties of QCD at real p;s, and show that the
PNJL model reproduces them qualitatively.

6.2 Pion at isospin chemical potential

The isospin chemical potential causes asymmetry between u- and d-quarks, so
that the isovector mesons, i.e., the charged pions 7., are affected by the chemical
potential. Here we discuss the pion properties at isospin chemical potential
following Ref. [50].

6.2.1 QCD inequalities

When the Dirac determinant is positive, some rigorous results on its low-energy
behavior can be obtained from QCD inequalities [53]. At vacuum, the inequalities

rely on the following property of the Dirac operator D = ~, D, + m:

which, in particular, implies the positivity det D > 0. For the correlator of a

generic meson M = gl'q, we can write, using (6.2) and the Schwartz inequality:

(M(2)M'(0)) = —(TrS(z,0)T'S(0,2)T)
= (TrS(z,0)liysS51 (2, 0)iysI) < (TrS(z,0)87(2,0))  (6.3)

where S = D~! and ' = 7,I'Ty,. The inequality is saturated for mesons with
[' = iys7;, since D commutes with isospin 7;. The pseudoscalar correlators are
thus larger than others. The meson correlator (M (x)MT(0)) has a relation to
the meson mass Mr, (M(z)MT(0)) o< e ™ so that the pseudoscalar mesons
are lighter than others. At finite isospin chemical potential, i, # 0, the Dirac
determinant is modified as D = v, D, + m — is07473. For the degenerated two-
flavor of m, = myg, the determinant is still positivity, where the u- and d-quarks

play the role of mutually conjugate quarks as shown in (4.2). The Dirac operator
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does not satisfy the relation (6.2), but it does a similar relation,
7175 DY = T275Dy572 = DT (6.4)

which ensures that det D > 0. Repeating the derivation of the QCD inequalities,
and using (6.4), we obtain that the lightest meson, or the condensate, must be
in channels Giy57 2¢, that is a linear combination of 7, = 4vysd and 7_ = dysu

states.

6.2.2 Chiral perturbation theory

When s is small compared to the chiral scale (the p meson mass), we can
use the chiral perturbation theory. For zero quark mass and zero s, pions are
massless Nambu-Goldstone bosons of the spontaneously broken SU(2);, x SU(2)g
chiral symmetry. If the quarks have small equal masses, the symmetry is only
SU(2)y. The isospin chemical potential further breaks SU(2)y down to U(1)y,,
where U(1)y, is the isospin subgroup and quark is transformed under the subgroup
as ¢ — e ¢, Tts effect can be included in pis, by promoting SU(2)y, x SU(2)g
to a local gauge symmetry and viewing ;s as the temporal component of gauge
field. The chiral Lagrangian for pion field ¥ € SU(2) with finite ps, is [50]

2 M2 2
Lo = Z”TrV,,EVVZT - =5 ReTrx (6.5)

with flavor covariant derivatives
V4Z = 642 — Miso (’7‘32 - ETg) s VIE = 822, 1= 1, 2, 3 (66)

where M, and f, are the pion mass and its decay constant at vacuum, respec-
tively. It is straightforward to determine vacuum alignment of ¥ as a function of

iso- From (6.5), we find the potential energy for 3,

Ver(X) = Mﬁ(fgzrﬂ —1) - (f”TM”)zReTrz. (6.7)
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The first term in (6.7) favors directions of 71 and 75, while the second term prefers

the vacuum direction 7y. The vacuum expectation value ¥ is described by

Y = 19 cosa + (11 cos ¢ + To sin @) sin . (6.8)
The tilt angle a is determined by minimizing the potential Vg
Vet = 2(frhtiso)” [(cosa — a)® — 1 — a?] (6.9)

with a = (M, /2s)?. The energy is degenerated with respect to angle ¢, re-
specting the U(1);, symmetry in the Lagrangian (6.5). When ps, < M, /2, the
potential has a minimum at o = 0, and the U(1)y, symmetry is not broken. When
fiso > M, /2, while the potential has a minimum at cos a = (M, /2/,)?, so that
the charged pion condensation occurs and the U(1);, symmetry is spontaneously
broken there. This result is easy to understand. The lowest lying pion state 7,
costs a positive energy M, — 2u;s, to excite, thus at zero temperature no pion is
excited. For pis, > M, /2, the energy to excite a m, meson, M, — 2, is neg-
ative, thus it is energetically favorable to excite a large number of them. Since
pions are bosons, the result is a Bose-Einstein condensate of 7. For imaginary

Wiso = iV [49], the potential is obtained as
Vet = —2(f»v)* [(cosa + b)* — 1 — b*] (6.10)

with b = (M, /2v)?, which always has a minimum at o = 0. The charged pion
condensation thus does not occur at imaginary ps,. This result is also easy to
understand. For real pui,, the Bose-Einstein distribution function of pion has
an infrared divergence at p;s, > M, /2. This induces the pion condensate as a
Bose-Einstein condensate. For imaginary p;s,, such a divergence never happens

and then no pion condensation occurs.

6.3 Imaginary isospin chemical potential

LQCD does not have the sign problem in the case that both jis, and 4 are purely
imaginary, i.e., g = 10,/0 and piso = 050/ 3 for real 6, and bi,. In the imaginary
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g region, the QCD partition function has the Roberge-Weiss (RW) periodicity
in 6, and its phase transition as discussed in Chapter 5. The properties are pre-
served even for finite 5. The partition function also has a periodicity of 27 in
0iso because the isospin is good quantum whenever the charged pion condensate
does not occur. Therefore the partition function has higher discrete symmetries
at imaginary fis, and pq. The PNJL model possesses all the symmetries, and
then the model reproduces LQCD data [31] qualitatively. Furthermore the PNJL
model reproduces LQCD data quantitatively by including the hadronic excita-

tions.

6.3.1 Properties of the partition function

When QCD vacuum keeps the U(1)y and U(1);, symmetries, the quark-number
Ny = V{(Gyaq) and the isospin Ny, = V(G7473¢q) are both integer. The partition
function Z depends on 6, and i, only through the form, exp(i6, Ny + 10iso Niso)-
The partition function Z (6, #is,) has thus the periodicity

Z(0y,0is0) = Z(04 + 27, 6i50) = Z (0, biso + 27). (6.11)
The partition function also preserves the RW periodicity
Z(04,0i0) = Z(0q + 21k /3,0,) for k€ Z, (6.12)

which has been shown by repeating the derivation of the RW periodicity in Sec.
5.3. The relation (6.11) is not satisfied when there is the charged pion condensate
(qivsT2q) that breaks the U(1)y, symmetry, i.e., Ni, is no longer integer there.
The pion condensate however does not occur at imaginary p;s, as shown in (6.10),
so that u- and d-quarks are decoupled to each other. The partition function Z,(6,,)
for u-quark and that Z;(6,) for d-quark have the periodicity of 27 respectively,
and the total partition function Z(6,, 6is,) satisfies

Z(eq +, eiso) = Zu<9q + eiso + 7T) + Zd(gq - eiso + 7T>
= Zu(0q+ 0o +7) + Z4(0y — biso — ) = Z (0, biso + 7). (6.13)
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Combining the relation (6.13) and the RW periodicity (6.12), we can thus obtain
Z(0q, b0 + ) = Z (04 + /3, bis0)- (6.14)

Furthermore, in the isospin symmetric case, m, = my, the partition function is

invariant under the interchange u < d, which means

Z(04, 0is0) = Z (04, —bis0). (6.15)
The partition function is also invariant under charge conjugation,

Z(0q, bis0) = Z(—0q, —biso)- (6.16)
Combining with the relation (6.15) and (6.16), we can obtain

Z(04, Ois0) = Z(—04q, 0is0). (6.17)

The partition function is thus f-even and 6is,-even. Particularly for 6i, = /2,
the partition function Z has a periodicity of 7/3 in 6, because taking 65, = 7/2

in (6.14) combined with the fis,-evenness leads to
Z(0y,m)2) = Z(0,+7/3,7/2). (6.18)

Similarly for 6, = 7/6, Z has a periodicity of 7 in 6, because taking 6, = 7/6

in (6.14) combined with #,-evenness leads to

Z(7/6,0i0) = Z(1/6, 050 + 7). (6.19)

6.3.2 PNJL model

The two-flavor PNJL Lagrangian with the quark chemical potential p, and the

isospin chemical potential g, is

L = g7 Dy — Ya(tq + pisoTs) +mo)q — Gs[(79)* + (7ivs79)*] + Us,  (6.20)
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where D, = 0, + 1A404 and Ay = ¢3A3 + ¢gAg under the Polyakov gauge.
For my = piso = 0, the PNJL Lagrangian has the SU(2);, x SU(2)r x U(1)y
symmetry. For my # 0 and piso # 0, it is reduced to U(1);, x U(1)y. The
spontaneous breakings of the chiral and the U(1);, symmetry are described by
the chiral condensate o = (Gq) and the charged pion condensate m = (givs71¢),
respectively, where the 7 direction is taken as the U(1);, symmetry breaking. In

the mean field approximation, the thermodynamic potential {2pyj1, is obtained as

d3 1
Qpngr, = —22/ P |:3Ef + = InJ +InT5) | + Un + Us, (6.21)
=+

(2m)? B
with
F = 1+ 3Pe P Et—ra) | 3p* e 20(Er—pa) | 6_3B(Ef—ﬂq)’ (6.22)
Fr = 1+ 30*e BEttha) | 328 (Ertra) 4 6—3B(Ef+uq)7 (6.23)

where Uy = Gs(0® + 7%) and By = \/(Eq £ piso)? + N? with Eq = /p*+ M2,
M, =my—2Gs0, N = —2G47m. The terms with f = +(—) represent the potential
of u-quark (d-quark). If the pion condensate occurred m # 0, the potential
Qpngr would not have periodicities in (6.11)-(6.19) at imaginary pis,. However
for imaginary uq = 6,/ and pis, = iiso/ 3, since the pion condensate does not

occur, the potential is reduced to a simpler form

d? 1
QpngL = —2 Z / # [3Eq + 3 (InFr+InJFp)| + Gso® + Us,  (6.24)
=t

with
Fr = 14 3P PPatilt 4 3@re 20Fat 20y o=30Fat3ir, (6.25)

and 0, = 0, £ 0i,. For imaginary p, the expectation values of the Polyakov
loop @ and its conjugate ®* are complex conjugate to each other as shown in
Sec. 5.5.1, so that J5 is complex conjugate to F¢. Following the discussion in Sec.

5.5.1, we show that the thermodynamic potential Qpyjp, is invariant under the
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extended Zs transformation
O — Oy +21)3, ® — e 2BD OF — 2P, (6.26)

Using the modified Polyakov loop ¥ = ¢?a®, which is invariant under the trans-

formation (6.26), we can rewritten J¢ into

?f =1 + 3\1/6—5Eq+i9150 + 3\11*6—26Eq+3i9q+2i0150 + 6—3,8Eq+3i9q+3i0150' (627)

Thus, the potential Qpyjr, is invariant under the extended Zj transformation.
Furthermore the potential is 0is,-even and 04-even. Therefore the thermodynamic
potential of the PNJL model has the same properties as that of QCD in (6.11)-
(6.19). Particularly for 6, = 7/2, T' dependence of the potential is quite weak
because the u-quark loop contribution to the thermal part of the potential is
nearly canceled by the d-quark loop contribution. For 6, = 7/2, the thermal
part Q pigr Of Qpnyr, is rewritten into
2 d*p

ML, = —= (271) [trC In (1 + Le~PFatita +”r/2) (1 + Le‘ﬁEquq_”/z) + h.c.]

= 3 / = [treln (1 4+ LPe ?Fat?%a) L he], (6.28)

where L = e~%44 is the Polyakov line and h.c. represents the Hermitian conjugate
of the first term. The potential at 6,5, = 7/2 thus becomes that at i, = 0 under

a transformation,
In (14 L2e20Bat2i00) T220 2ozl 4y (1 4 1 o=BEatifa) (6.29)

This means that {2pnjr, has weak T" and 6, dependences, and then the period in
6, is reduced from 27/3 to /3.

6.3.3 0, dependence

As discussed in Chapter 5, for i, = 0 the RW phase transition occurs at 6, =
(2k+ 1) /3 and T > Trw, where Tryy is the critical temperature of the endpoint
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of the RW phase transition. 6,-odd quantities such as the quark-number density
pq = —0QpNgL/ O = iB(0pNyr/00,) have finite values at 6, = (2k + 1)7/3 and
T > Trw, so that they have a discontinuity there. It is important to show how
the RW phase transition is affected by 6is,. Figure 6.1 presents 6, dependence of
the thermodynamic potential Qpyyr,, the quark-number density p, and the isospin
density piso = —0QpNiL/Optiso = 13(0Q2pNiL/00is0) for three cases of O, = 0,7/2
and 7. Here temperature is taken to T' = 175 and 250MeV that are below and
above Trw, respectively. The potential Qpyyp, is real, f4-even and 6ig-even, so
that pq and pis, are purely imaginary. pq is 0,-odd and 6is-even, while pig, is
04-even and fig,-odd. All the quantities have the RW periodicity. In the case of
0iso = 0, for T' < Try, Q2pnyr and pg are smooth everywhere, but not for 7' > Trw;
the former (latter) has a cusp (discontinuity) at 6, = (2k + 1)7/3. This means
that the RW phase transition occurs at 7' > Tgw. Meanwhile, pi, is zero for the
two temperatures. It is found from (6.14) that the dot-dashed curves for 05, = 7
are obtained by shifting the corresponding solid curves for i, = 0 by 7/3 in
the 0, direction. For 65, = 7/2, Qpny1, is almost constant and p, is then nearly
zero, as expected from (6.28); precisely, they have a periodicity of 7/3, but the
6, dependence is quite weak. In the insets of panels (a-2) and (b-2) where QpnyL
and p, are magnified for 65, = m/2. The quantities have a periodicity of 7/3 in
6, The RW phase transition thus occurs at 6, = k7w /3. In contrast, the 6;5,-odd

quantities such as pis, have an anti-periodicity of 7 in 6,

o0 7/2) = ~prso(0s 7/2). (6.30)

Figure 6.2 (a) presents 6, dependence of Qpyyr, for several cases of 65, € [0, 7/2].
The result shows that the RW phase transition occurs at 6, = (2k 4+ 1)7/3 for
0 < 6iso < /2. Figure 6.2 (b) represents the location of the RW phase transition
in 0,-0i, plane for T' > Trw. The RW phase transition occurs at 6, = (2k+1)7/3
for —m/2 < 0, < /2 because of the fis,-evenness of Qpny,. Meanwhile the

transition occurs at 6, = 2kw/3 for /2 < 0, < 37/2 because of the relation

(6.14).
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Figure 6.1: 6, dependence of (a-1) the thermodynamic potential Qpnyr, (b-1)
the quark-number density p, and (c-1) the isospin density pis, at 7= 175 MeV.
Panels (a-2), (b-2) and (c-2) represent the same quantities as panels (a-1), (b-1)
and (c-1) but for 7" = 250MeV. The solid, dashed and dotted curves correspond
to three cases of i, = 0, 7/2 and m, respectively. In panels (c-1) and (c-2), the
solid and dotted lines agree with the z axis. In the insets of panel (a-2) and (b-2),
the y axis is magnified only for 0, = 7/2.
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Figure 6.2: (a) 6, dependence of Qpny, for Ois,/m = 0 (solid), 0.2 (dashed), 0.4
(dotted), and 0.5 (dot-dashed). (b) Phase diagram in 6,-6i, plane. The solid
lines represent the RW phase transition. For both the panels, 7' = 250 MeV is
taken.

6.3.4 0, dependence
Next, 85, dependence of Qpy1,, pq and pig, is investigated. Since Qpynyr, is Oiso-even
with a periodicity of 27,

QPNJL(qu ™ — eiso) - QPNJL(an 0iso - ﬂ-) - QPNJL(qu T+ giso)~ (631)

This means that s, dependence of Qpnyr, is symmetric with respect to the axis
tiso = m. The quark-number density pq is also 0is-even and hence has the same
symmetry. In contrast, 0s,-odd quantities such as pj,, are asymmetric with re-

spect to the axis 6, = m:
piso(eqa ™= Qiso) = _piso(gqa T+ eiso)- (632)

For 6, = m/6, Qpny1 has a periodicity of 7 in 6i,, as expected from (6.19). The
quark-number density p, has then the same symmetry as Qpnyp, since it is igo-
even. In contrast, #i,-odd quantities such as pi, have an anti-periodicity of 7 in

6)iso :

piso(']r/Gv eiso) = _piso('ﬁ/67 Oiso + 7T)~ (633)
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6. Isospin Chemical Potential

Figure 6.3: 0, dependence of (a-1) the thermodynamic potential Qpyyr,, (b-1)
the quark-number density p, and (c-1) the isospin density pis, at 7' = 175MeV.
Panels (a-2), (b-2) and (c-2) represent the same quantities as panels (a-1), (b-1)
and (c-1) but for T' = 250MeV. Three cases of 6, = 0,7/6 and 7/3 are taken. In
panel (b), the solid for §, = 0 and the dotted line for §, = 7/3 agree with the z
axis.
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Figure 6.3 presents 6, dependence of Qpnjr, pq and pis, at 6, = 0,7/6 and 7/3
for the same temperature as Fig. 6.1. The quantities Qpyy1, and p, are symmetric
with respect to the axis 6, = 7, while pi, is asymmetric with respect to the axis.
All the quantities have a periodicity of 27 in 6, for all 6,. For 6, = 7/6, QpnjL
and p, have a periodicity of 7 in 6, while pis, has an anti-periodicity of 7 in
biso. For biso-even quantities, Qpnyr, and pg, all curves almost meet at 6, = 7/2
and 37/2. In all the panels, the dotted curve for the case of , = /3 is obtained
by shifting the solid one for the case of 6, = 0 by 7 in the 6, direction. For
T < Trw, they are smooth everywhere in 6;,,. For T' > Tiw, however the 0;,,-even
quantities such as Qpnyr, and p, have cusps at 6, = (2k + 1)7/2, while the 6;s-
odd quantities such as pis, have discontinuities there. These singular behaviors
represent the boundary of the RW phase transition. For 6, = 7/3, p, has a
finite value at —7/2 < 6, < m/2. This means that the RW phase transition
occurs there and pq has a discontinuity there in the 6, direction. The RW phase
transition also occurs at 7/2 < 6, < 37/2 for 6, = 0 because of the relation
(6.14).

6.3.5 Thermodynamics in the 0,-0i;, plane

Figure 6.4 presents QpnjL, pq and pis, in the 04-0is, plane at T = 175 (left panel)
and 250 MeV (right panel). The symmetries (6.11)-(6.19) are seen as a bird’s eye
view. This result is consistent with LQCD ones [31] as shown in Fig. 6.5. If the
pion condensate were nonzero, the symmetries would break down as discussed in
Sec. 6.4.1. Hence, the fact that LQCD has the symmetries means that the pion

condensation does not occur also in the LQCD simulation.

6.3.6 Comparison of PNJL model with LQCD

LQCD has calculated the quark-number density p, and the isospin density pis, in
the ,-0i plane, where the lattice size is 16% x 4 and the forth-rooted staggered
fermion is taken [31]. Figure 6.5 shows LQCD results for the quark-number
density pq at (a) T'= 0.97, and (b) 1.25T¢, and also for the isospin density piso
at (c) T = 097, and (d) 1.257T,, respectively. Note that the LQCD data at
T = 1.25T¢ is plotted in the region of 6,/m < 0.3 and 6,/ < 0.3 and hence
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Figure 6.4: (a-1) the thermodynamic potential Qpyjp, the quark-number
densityp, and the isospin density pis, in the 84-0;s, plane at 7' = 175 MeV. Panels
(a-2), (b-2) and (c-2) are the same quantities as (a-1), (b-1) and (c-1) at T = 250

MeV, respectively.
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the RW phase transition is not seen. Figure 6.4 shows the PNJL results that are
qualitatively consistent with the LQCD results. For T' < T, the LQCD data in

Figure 6.5: LQCD results for the quark-number density p, at (a) 7' = 0.97;
and (b) 1.25T, for the isospin density piso at (a) T = 0.97. and (b) 1.257T,
respectively. The LQCD data is taken from Ref. [31].

Ref. [31] are fitted by a trigonometric function of the thermodynamic potential
95

QT = = 3" vy (T) cosBNfy) cos(Niwhli) X 1072 (6.34)
Vi

s4Viso

with the quark-number N, and the isospin-number Njs,. The resultant values are
summarized in Table 6.1. The quark-number density p, and the isospin density
piso are obtained by differentiating 2 with respect to 6, and 0, respectively.
The parameters Cy, n,, are fitted to the LQCD data on pq and pis, in the 04-0;,
plane. Figure 6.6 presents p,/T? and pi,/T? at T = T,. The solid (dashed)
lines stand for the PNJL (LQCD) results. In panels (a) and (b) where p,/T? is
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Figure 6.6: Comparison of the PNJL model with LQCD for pq and pis, at T = T¢;
(a) B4 dependence of p,/T? at i, = 0, (b) bis, dependence of p,/T? at 6, = 7 /6,
(c) B4 dependence of pi,/T? at iy, = 7/5 and (d) bis, dependence of pis,/T? at
6, = 0. The solid (dotted) lines denote the PNJL (LQCD) results. The PNJL
result is multiplied by 2.1 to fit the LQCD one at (0, 0is,) = (7/6,0) in panels
(a) and (b) and by 3.8 to fit the HRG result at (6, iso) = (0,7/5) in panels (c)

and (d).
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Co Coa Cia Cis Cis Chz Coo  Coy
160.7 11 34.4 39.3 4.2 1.5 3.1 10

. in fitting function (6.34) to
LQCD data at T' = T; [31]. Note that the parameter has the constraint N, =
Niso mod 2.

Table 6.1: Summary of the parameter set Cy,_ n;

plotted, the PNJL result is adjusted to the LQCD one at (6, 6is0) = (7/6,0) by
multiplying the PNJL result by 2.1. In panels (c) and (d) where pis, /T is drawn,
the PNJL result is fitted to the LQCD one at (6, is0) = (0,7/5) by multiplying
the PNJL result by 3.8. Oscillatory patterns of the LQCD results are reasonably
reproduced by the PNJL model for T" < T,. The success of the PNJL model
for the oscillatory pattern may indicate that the pattern is essentially controlled
by discrete symmetries (6.11)-(6.19). For the magnitudes, meanwhile, the PNJL
model underestimates the LQCD results. Here we consider a possible origin of
the discrepancy. In Fig. 6.7(a), pq is plotted as a function of T for 6, = 7/6
and O, = 0. At T'= 1.25T,, LQCD data (open-circle symbol) is larger than the
Stefan-Boltzmann high-7" limit (thin-dotted curve), while the PNJL result (solid
curve) is smaller than the limit at the same 7". The PNJL model is considered to
be reliable above T, since quarks and gluons are dominant in the deconfinement
phase. For real pq, actually the PNJL prediction on pq is consistent with LQCD
data evaluated by the Taylor expansion at 7" > T.!. We then normalize the
LQCD data so that the data at T' = 1.257. can agree with the PNJL result
at T = 1.25T.. The normalized data are shown by filled-circle symbols. At
T = 0.951T, and T, the PNJL result is smaller than the normalized data by a
factor of about 2. This discrepancy is understandable as shown follow. Below T,
in general, hadronic excitations are important, but such an effect is not included
in the mean field calculation of the PNJL model. The hadronic excitations are
considered as free gas. This approximation is good for T < T, where hadrons

have no decay modes. In this approximation, the thermodynamic potential Q41

'We address this point in Sec. 7.3.
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with hadronic excitations is
Qun = Qg + Qo + Q. (6.35)

The potential €, for quark is the same as Qpnjr, of the PNJL model in (6.24).

The potential €2}, for baryons and that €, for the mesons are

O, = _é/d‘g_pln (1+e—6(Eb—ub)) (1+6—5(Eb—ub)) (6.36)
3 (2n)? ’
1 d’p
0y = — - In (1 — e PEm—tim) 6.37
m;&:mﬁ/(%)gn( ¢ ), (6.37)

where By, = /p?+ M?, B, = /P?> + M2 and p, = 3puy. The meson chemical
potentials p,, are taken to 2ps,, —2uiso and 0 for m,, m_ and 7y, respectively.
Here we consider nucleons with the physical masses M}, = 940MeV as baryons and
pions with the mass M, = 280MeV (the same value as the LQCD calculation [31])
as mesons. pq and pi, are obtained by differentiating (2,1, with respect to pq
and s, respectively. The new p, is plotted by the dashed line up to 7. This
line agrees with the normalized LQCD data at T" = 0.9517, and 7T.. The same

15 T T T 15 T T T
(a) o (b) o
1 - 1F
o
S S
o &
05 0.5
0 0
0.8 1.2 1.6 0.8 1.2 1.6
/T, /T,

Figure 6.7: T' dependence of (a) pq at (0, 0iso) = (7/6,0) and (b) piso at (0, Oiso) =
(0,7/5). LQCD data are taken from [31]. The original values of LQCD data
are plotted by open-circle symbols. The LQCD data are normalized so as to
reproduce the PNJL result at 7' = 1.257,. The normalized LQCD (n-LQCD)
data are shown by filled-circle symbols. The dashed line is the result of the PNJL
model with the hadronic excitations. The dot-dashed line represents pq in the
Stefan-Boltzmann limit.
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analysis is possible for pi,. Figure 6.7(b) presents pis, as a function of T for
0, = 0 and 6,5, = 7/5. At T" = 1.257;, LQCD data (open-circle symbol) is
larger than the PNJL result by a factor of 1.5. Hence the data are normalized
so that the data at T' = 1.257T, can reproduce the corresponding PNJL result as
shown by filled-circle symbols. At T = 0.9517, and T, the PNJL result (solid
curve) underestimates the normalized LQCD data. By considering the hadronic
excitations, the new PNJL result (dashed curve) agrees with LQCD data.

6.3.7 Phase diagram in 6;,,-1 plane

Figure 6.8 presents 7" dependence of the absolute value |®| of the Polyakov loop
(dashed curve) and the chiral condensate o (solid curve) at 6, = 0. The bold
(thin) curve shows the case of s, = 7/2 (0). For 6is, = 0, both the chiral and
the deconfinement transition are crossover. The pseudo-critical temperatures are
T? = 216MeV for the chiral transition and T2 = 173MeV for the deconfinement
transition in the PNJL model, while 77 ~ T? = 173 + 8MeV in LQCD [52].
Thus, the correlation between the two transitions is weaker in the PNJL model

than in LQCD. For 0, = m/2, the deconfinement phase transition becomes first

T T T
(e}
[

— 1 7

©

S

L \

© 05 \ .

\\
0 1 1 KY\
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Figure 6.8: T" dependence of |®| (dashed) and o (solid) normalized by that oy at
vacuum. The bold (thin) curves correspond to the case of 6, = 7/2 (0).

order, while the chiral condensate hardly depends on 7. As shown in (6.28),
the u-quark loop contribution to €2 is nearly canceled out by the d-quark one
for 0, = m/2. As a consequence of this cancellation in 2, ¢ has a weak T

dependence, while T" dependence of ® is controlled by the pure gauge part, that
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is the Polyakov potential Us in (6.20). Eventually, 72 is much smaller than 7)7.
Since 2-flavor LQCD data are not available at 65, = 7/2, it is not clear whether
the large difference is realistic. However, it should be noted that, in the 8-flavor
case, LQCD data [52] shows that the chiral and deconfinement transitions occur
the same temperature 7% ~ T'® and they are first order. This inconsistency of the
PNJL results with the LQCD data is originated in the fact that the correlation
between the two order parameters, o and ®, is weak in the PNJL model. This

problem of the PNJL model is addressed in the next chapter. Figure 6.9 shows
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Figure 6.9: Phase diagram of the deconfinement phase transition in 6i,,-T" plane.
Panels (a), (b) and (c) are the cases of §, = 0,7/6 and 7/3 respectively. The
first-order (crossover) transition is denoted by the solid (dashed) curves. The
area labeled by “RW” between the two dot-dashed lines represents the region
in which the RW phase transition occurs. Point A is located at (Th,0r) =
(212MeV, 0.4947).

the phase diagram of the deconfinement phase transition in the 6i,-7" plane,
where panels (a), (b) and (c) correspond to three cases of 6, = 0,7/6 and 7/3,
respectively. The solid curves denote the first-order phase transition, while the
dashed lines stand for the crossover transition. Near 6, = (2k + 1)7/2, the
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deconfinement phase transition are first-order in all the cases. Near 6, = k7, the
deconfinement phase transition is first-order at 6, = 0, but crossover at 6, = 7 /6
and 7/3. The critical endpoint of the first-order transition represented by the
red-circle symbol moves to i, = 0 when 6, increases from 0 to 7/3. The RW
phase transition occurs in the area labeled by “RW” between the two dot-dashed
lines. The dot-dashed line is a boundary of the area. It is a nearly-vertical line
starting from point A and is expressed as 65, = 7/2 — A(T') where A(T) slightly
depends on T as A(T) = 0.16(7'/T,) — 0.23 for T' > 1.23T,. Point A is located
at (Ta,0s) = (1.23T,,0.4947) in the 2-flavor PNJL model, while 8-flavor LQCD
data [31] show (T, 0s) = (1.27¢,0.487). The PNJL result is thus consistent with
the LQCD data.

6.4 Real isospin chemical potential

In this section, we investigate the real isospin chemical potential py, region.
The physical motivation to study QCD in this region is related to the physics
of compact stars, isospin asymmetric nuclear matter and heavy-ion collisions at
intermediate energies. For real p,, the charged pion condensate occurs at high
liso as shown in Sec. 6.3.2 by using the chiral perturbation theory. LQCD
calculation shows that there is a phase transition from the normal phase to the
pion superfluidity at a critical isospin chemical potential which is about half
the pion mass at vacuum [51]. The QCD phase structure at real pjg, is also
investigated in many low energy effective models such as the chiral perturbation
theory [54], the NJL model [55] and the PNJL model [56]. Here we review
properties of the phase transition at real p;s, by using the PNJL model.

6.4.1 Chiral and Pion Condensates

The thermodynamic potential Qpyyr, of the PNJL model is obtained in (6.21) in
the mean field approximation. First we analytically show in the PNJL model
that the critical isospin chemical potential for pion superfluidity is exactly half
the pion mass at vacuum, i.e., s, > M, /2. The PNJL model is reduced to the
NJL model at T" = 0 and the gap equations for the chiral and pion condensates
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are obtained as

o2 d3 1 E — iso E iso
PNIL _ 9q, {0+6M/ b ( Miso | B M )}:0,(6.38)

do E_ E.
Opngr, d3 1 1 B
= 2Ggm {1 - 12GS/ 27)? R + )|~ 0. (6.39)

where By = \/(Eq £ ftiso)? + N? with N = 2G,r. It is clear that 7 = 0 is always
a solution of the gap equation (6.39) and o is p4- and jus0-independent for m = 0.
At the critical isospin chemical potential uS,, where the pion condensate occurs,

the solution m = 0 should satisfies the equation

d*p 1
1 — 24G, = 0. 6.40
/ 2m) B2 = () (6.40)

Meanwhile the pion mass at vacuum satisfies the condition

— 24 . 41
o G/ 2m)3 B2 — M2/4 =0 (6.4)

Therefore when the isospin chemical potential p;, exceeds half the pion mass

82§2PNJL
on(q)0m(—q)

M, at vacuum, the pion condensate occurs and the phase transition is second
order. Figure 6.10 (a) shows the chiral o (solid curve) and the pion condensates
7 (dashed curve) as a function of ps, at T = pq = 0. The pion condensate
oceurs at fii5, > M, /2 and the phase transition is second order as expected. The
chiral and pion condensates do not change at pis, < M,/2. The former (latter)
decreases (increases) as fis, increases at piso > M, /2. Figure 6.10 (b) shows the
isospin density pis, as a function of pis, at T' = pq = 0. The isospin density is
scaled by the normal nuclear density py = 0.17 fm~*. The isospin density pis at
T=p,=0Is

Pies = AL / &Pp [Eq+ pise  Eq— fliso
1SO (

— 6.42
a,LLiso 271')3 E+ E_ ( )

At piso < M, /2, the ground state does not change and the isospin density is zero.
At piso > My /2, piso increases monotonously with ps. This nonzero net isospin

density is due to the Bose-Einstein condensation of the charged pion. Figure 6.11
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Figure 6.10: (a) The chiral o (solid) and pion condensates 7 (dashed), normalized
by the chiral condensate oy at vacuum, as function of s, at 7' = pq = 0. (b) The
isospin density pis,, normalized by the normal nuclear density pg, as a function
of piso at T = piq = 0.
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Figure 6.11: (a) The chiral o (dashed) and pion condensates 7w (solid), normal-
ized by the chiral condensate oy at vacuum, as functions of T" at p,=100 MeV
and pq = 0. The thin-solid and dotted lines represent the averaged conden-
sate Vo2 + m2/og and the Polyakov loop ®. (b) Phase diagram in the 51
plane at pq = 0. The solid (dotted) curve represents a first-order (second-order)
pion-superfluidity phase transition. Point T is the tricritical point. The dashed
(dot-dashed) line means a deconfinement (chiral) crossover transition.
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(a) shows the chiral and pion condensates as a function of T" at ps, = 100MeV. For
Wiso > M, /2, the pion condensate occurs at low temperature, then drops down due
to the temperature effect, and finally disappears at a critical temperature T¢ (fiso)-
As the case for the BCS theory of superconductivity, the critical temperature
Te(piso) and the pseudo-gap |N| = |2Gy7| for the pion condensate at T = 0
satisfy the linear relation

T, 1) ~ L2INI(T = 0, ). (6.43)

For low temperature, the relative strength of the two condensates, ¢ and m,
depends on s, 0 > 7w at small p, and o < 7 at large pis. The averaged
condensate v/o2 + 72 (the thin-solid curve), however, has a weak dependence on
Miso for fiige < 2M.

6.4.2 Phase diagram

Figure 6.11 (b) shows the phase diagram at real ps,. The solid (dotted) curve
shows the first-order (second-order) pion-superfluidity phase transition. Point T
located at (piso, I') = (0.32 GeV,0.169 GeV) is the tricritical point. The dashed
(dot-dashed) line stands for a deconfinement (chiral) crossover transition. There
is a sizable difference between the two crossover transitions in the PNJL model,
whereas they agree with each other in LQCD. Thus, the correlation between the

two transitions is weaker in the PNJL model than in LQCD also for real pg.

6.5 Summary

We have investigated the isospin chemical potential p;, region by using the PNJL
model. Lattice QCD (LQCD) is free from the sign problem at real and imagi-
nary fiso and hence LQCD data are available there. So the PNJL model can be
tested at real and imaginary p;s, by comparing of the model with LQCD results.
First we have considered the case that both ji;s, and p, are purely imaginary. At
imaginary s, the charged pion condensate does not occurs and hence QCD has

the isospin symmetry. This situation is true even if the imaginary p, is added.
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At imaginary jq, QCD has the extended Zs symmetry, i.e., the Roberge-Weiss
periodicity. As a consequence, at imaginary fis, = 6o/ and pq = i6,/5, the
QCD partition function has higher symmetries as (6.11)-(6.19). The PNJL model
possesses all the symmetries. As a consequence of this property, the PNJL results
are qualitatively consistent with LQCD results. Furthermore we made quantita-
tive comparison of the PNJL model with LQCD data. As for the quark-number
and isospin densities, the PNJL result in the mean field approximation underes-
timates the LQCD result because the hadronic excitations are neglected in the
approximation. By considering the hadronic excitations as a free-gas approxima-
tion, the PNJL result with the hadronic excitations reproduces the LQCD results
at low temperature. Thus the PNJL model is useful at imaginary ps, and jiq.
The PNJL model predicts the phase diagram in the 04-0i-1" space. The RW
phase transition occurs at 6, = (2k + 1)m/3 when —7/2 < 6,5, < 7/2, while at
0, = 2wk/3 when 7/2 < 65, < 37/2. The chiral and deconfinement transitions
occur at different temperatures in the PNJL model, while the two transitions
occur at the same temperature in LQCD. Thus the correlation between the two
transitions is weaker in the PNJL model than in LQCD. Second we have consid-
ered the real ps, region. At real pg,, the charged pion condensate occurs when
[Liso 18 larger than half the pion mass M, at vacuum. The phase transition is seen
in LQCD. The PNJL model reproduces the pion-superfluidity phase transition
at fiso > My /2. The chiral and deconfinement transitions also occur at different
temperatures in the PNJL model, whereas the two transitions take place at the
same temperature in LQCD. Throughout all the analyses in the regions of imag-
inary fiq, imaginary pis, and real ps,, the PNJL model reproduces LQCD results
qualitatively. However, there is a sizable difference between the PNJL results and
the LQCD data for the coincidence of the chiral and deconfinement transitions.
Two transitions coincide with each other in LQCD, but in the PNJL model. In

the next chapter, we address this problem.
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Chapter 7

Entanglement PNJL model

We extend the PNJL model by introducing an effective four-quark vertex de-
pending on the Polyakov loop. The effective vertex generates entanglement in-
teractions between the Polyakov loop and the chiral condensate. The new model
is consistent with lattice QCD data at imaginary quark chemical potential and
real and imaginary isospin chemical potentials, particularly on strong correlation
between the chiral and deconfinement transitions. We investigate the influence
of the entanglement interactions on the location of the critical endpoint at real

quark chemical potential. This chapter is based on our papers [57].

7.1 Purpose

An important query on the thermodynamics of quantum chromodynamics (QCD)
is whether the chiral-symmetry restoration and the confinement-to-deconfinement
transition take place simultaneously or not. If the two transitions do not coincide,
phases such as the constituent quark phase [58] or the quarkyonic phase [59] may
appear. If the chiral and deconfinement transitions are first-order, discontinuities
appear simultaneously in their order parameters, that is, the chiral condensate
o and the Polyakov loop ® [60]. Furthermore, if a nontrivial critical endpoint
(CEP) exists at finite temperature (") and quark chemical potential fi,, suscep-
tibilities of o, ® and other quantities diverge simultaneously [61]. This indicates

a coincidence of second-order phase transitions. At zero i, the chiral and de-
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7. Entanglement PNJL Model

confinement transitions are found to be crossover [38; 39; 62]. Hence, there is
no a priori reason why the two transitions coincide exactly. Actually, in lattice
QCD (LQCD) simulations at zero ji, there is a debate as to whether the tran-
sitions really coincide or not [63]. LQCD simulations are far from perfection at
real pq because of the sign problem. Fortunately, LQCD data are available at
imaginary p, and real and imaginary isospin chemical potential 1., since LQCD
has no sign problem there. The LQCD data show that chiral and deconfinement
crossover transitions coincide within the numerical accuracy [38; 39]. Since there
is no general reason for coincidence between crossover transitions, it is natural to
think that the chiral and deconfinement crossover transitions nearly coincide as a
result of strong correlation (entanglement) between ¢ and ®. An approach com-
plementary to first-principle LQCD with the sign problem is to build an effective
model consistent with LQCD data and apply the model to the real ji region. The
PNJL model is designed to treat both the chiral-symmetry restoration and the
deconfinement transition [64]. The model well reproduces LQCD results qualita-
tively at imaginary (i, real and imaginary ps, as shown in Chapters 5 and 6. In
the PNJL model, however the correlation between o and & is weak, so that the
chiral and deconfinement crossover transitions do not coincide. This fact indicates
that a true correlation between o and @ is stronger than that in the PNJL model
appearing through the covariant derivative between quark and gauge fields. Actu-
ally, recent analyses [65] based on the exact renormalization-group equation [66]
indicate that entanglement interactions between ¢ and ® appear in addition to
the original entanglement through the covariant derivative. In this chapter, we
extend the PNJL model by introducing an effective four-quark vertex depending
on ®. The effective vertex generates entanglement interactions between o and ®.
The new model is consistent with all LQCD data at imaginary s, and real and
imaginary pis,. Furthermore the model is consistent with LQCD data evaluated
by the Taylor expansion at small real p,. We also analyze the influence of the
entanglement interactions on the location of the critical endpoint (CEP) in the

real fiq Tegion.
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7.2 Entanglement PNJL model

We start with the standard two-flavor PNJL Lagrangian

L = q(v,D, +mo)g — Gs[(q9)* + (7is7q)%] + Us, (7.1)

where ¢ denotes the quark field, mq denotes the current quark mass, and D, =
0, + 1A404,. In the NJL sector, G¢ denotes the coupling constant of the scalar-
type four-quark interaction. The PNJL model succeeds to reproduce LQCD data
qualitatively in the regions with no sign problem, i.e., imaginary ug, real and
imaginary ps, regions as shown in Chapters 5 and 6. Particularly, for imagi-
nary pq = i6,/0, the success comes from the fact that the PNJL model has the

extended Zs symmetry,
0y — Oy +21/3, & — e 7BH O — M3, (7.2)

The partition function Z(6,) has the extended Zjz symmetry, and hence quan-
tities invariant under the extended Zs transformation have the Roberge-Weiss
(RW) periodicity. At the present stage, the PNJL model is only a realistic ef-
fective model that possesses both extended Zs symmetry and chiral symmetry.
Furthermore, the PNJL model can reproduce the RW phase transition that oc-
curs at 0, = 7/3 mod 27/3 when T is larger than some critical temperature
Trw- This property makes it possible to compare PNJL results with LQCD data
quantitatively at imaginary p4. However, the PNJL model is inconsistent with
LQCD in which the chiral and deconfinement crossover transitions do not coin-
cide with each other in all the regions with no sign problem. For example, at
Hq = fiso = 0, the critical temperature Ty (75,) of the deconfinement (chiral)
transition is 173 (216) MeV. The relative difference A = |T,, — Ts|/T, is about
20 %, while LQCD simulations [67] show that T, ~ Ty ~ 173+8 MeV there. The
sizable difference indicates that the entanglement between the chiral and decon-
finement transitions is weak in the PNJL model. In order to solve this problem,
we propose an effective coupling depending on the Polyakov loop, G¢(®). The
origin of the four-quark vertex Gy is the one-gluon exchange between two quarks

and its higher-order interactions. If the gluon field A, has a vacuum expectation
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value (A4) in its temporal component, A, is coupled to (A,) which is related to
the Polyakov loop ®[A4]; see Fig. 7.1 for the diagrammatic description. Hence,
G is changed into an effective vertex G5(®) depending on ® [65]. It is expected
that the ® dependence of G(®) is determined in the future by an exact method
such as the exact renormalization-group equation [66]. In this chapter, however,
we simply assume the following G¢(®) that preserves the extended Zs symmetry

and charge-conjugation symmetry:
Go(®) = G[1 — PP — ap(P* + *%))]. (7.3)

This model thus has entanglement interactions between ¢ and ® in addition to
the covariant derivative in the original PNJL model. The PNJL model with the
entanglement vertex G(®) is referred to as entanglement-PNJL (EPNJL) model.

The strengths, a; and as, of the entangle vertex are determined from LQCD data

Il
+

Figure 7.1: The diagrammatic description of the effective vertex Gs(®).

at imaginary fi,, and the validity of the model setting is confirmed for real and
imaginary fs,, small real p, by comparing the model results with LQCD data.
The EPNJL model is consistent with LQCD data in all the regions with no sign

problem.

7.3 Comparison with LQCD

In this section, we consider the three regions where LQCD data are available,
i.e., the imaginary pq, real and imaginary pjs regions. In the EPNJL model,
we take the parameter (o, ) = (0.2,0.2) in the entangle vertex and rescale
Ty from 212 MeV to 190 MeV so as to reproduce LQCD data at imaginary i,

while the other parameters keep the same values as the original PNJL model. The
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7. Entanglement PNJL Model

model can reproduce two phenomena simultaneously; one is the strong correlation
between the deconfinement and chiral transitions and the other is the quark-
mass dependence of the order of the Roberge-Weiss endpoint predicted by LQCD
very recently [68]. The coincidence and the mg dependence are preserved in the

parameter region aq, as == 0.20 + 0.05.

7.3.1 Imaginary quark chemical potential

First, we consider the thermal system with no chemical potential. Figure 7.2
shows the chiral condensate normalized by the value oy at vacuum and the
Polyakov loop ® as a function of 7. The dotted curves represent the PNJL
results. LQCD data [67] are also plotted by plus (+) and cross (x) symbols for
o and @, respectively. The LQCD data has 10% error since LQCD calculations
have the error in determining 7¢. [67]. For ® the PNJL result reasonably agrees
with the LQCD data. For o, however, the PNJL result considerably overshoots
the LQCD data. The EPNJL model is consistent with the LQCD data for both
the chiral condensate and the Polyakov loop. Figure 7.3 represents chiral and
Polyakov-loop susceptibilities, y, and xe, as a function of 7. For the PNJL
model presented in Panel (a), the peak position of x,, i.e., the critical temper-
ature T, of the chiral transition, is much larger than the peak position of ye,
that is, the critical temperature Ty of the deconfinement transition: T, > Tg.
For the EPNJL model presented in Panel (b), the two transitions coincide with
each other, T, = Tp. The entanglement vertex G5(®) thus makes the correla-
tion between the chiral restoration and the deconfinement transition stronger,
as expected. Next, we consider the thermal system with imaginary pq = i6,/0.
The formalism of the PNJL model at imaginary i, is shown in Chapter 5. The
thermodynamic potential of the EPNJL model is obtained with Gy replaced by
Gs(®) in the potential (5.9) of the PNJL model. Figure 7.4 presents T depen-
dence of o and the absolute value of ® at 6, = 7/3. In the PNJL model, the
deconfinement transition at 7" = 190 MeV is first-order, while the chiral tran-
sition is crossover at T' = 265MeV; o has a small jump at T" = 190 MeV, but
it is just a discontinuity induced by the first-order deconfinement transition in
|®|. In the EPNJL model, the deconfinement transition at 7" = 185 MeV is very
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Figure 7.2: T dependence of the chiral condensate and the Polyakov loop at
6, = 0. The curves that decrease (increase) as T' increases represent the chiral
condensate (Polyakov loop). The solid (dashed) curves are the results of the
EPNJL (PNJL) model. Here, the chiral condensate is normalized by the value oy
at vacuum. LQCD data (+) on o and those (x) on ® are taken from Ref. [67].
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Figure 7.3: T dependence of the susceptibilities of the chiral condensate (dashed
curve) and the Polyakov loop (solid curve) at §, = 0. Panels (a) and (b) corre-
spond to the PNJL and EPNJL models, respectively.
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weak first-order. |®| has a small jump there although it is not explicitly seen

in Fig. 7.4.  Figure 7.5 represents x, and y¢ as a function of 7. Panel (a)

o/o, 1Pl

Figure 7.4: T dependence of the chiral condensate and the Polyakov loop at
6, = 7/3. The meaning of the curves is the same as in Fig. 7.2.

0.1 0.15 0.2 0.25 0.3 0.1 0.15 0.2 0.25 0.3
T(GeV) T(GeV)

Figure 7.5: T dependence of the susceptibilities of the chiral condensate (dashed
curve) and the Polyakov loop (solid curve) at 6, = /3. Panels (a) and (b)
correspond to the results of the PNJL and EPNJL models, respectively.

shows that T, > Tg in the PNJL model, while Panel (b) shows that T, ~ T in
the EPNJL model. Thus, the entanglement vertex yields a stronger correlation
between the chiral and deconfinement transitions also at 6, = /3. Figure 7.6(a)
shows 0, dependence of the phase ¢ of the Polyakov loop ® for four cases of
T/T. = 0.97, 1.01, 1.04, and 1.10 where T, = 173 MeV is the critical tempera-
ture at p1q = 0. The EPNJL results (curves) well reproduce the LQCD data [36]
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Figure 7.6: Phase ¢ of the Polyakov loop as a function of (a) 6, and (b) 7.
LQCD data [34; 36] are plotted by symbols. Curves represent results of EPNJL
calculations. In panel (b), four cases (red, green, blue, pink and light-blue) from
top to bottom represent results of 6, = 0, 0.8, 7/3, and 1.2, respectively. The
pink line terminates at T = Trw, since ¢ is singular at T' > Tgrw in the case of
0, =7/3.
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(symbols). It is found from both results that ¢ is continuous at 6, = 7/3 in the
low-T side T' < Trw = 1.077¢, but it is discontinuous at 6, = 7/3 in the high-T
side T' > Trw. Hence, the RW phase transition occurs at 6, = 7/3 for T > Trw.
Figure 7.6(b) shows T" dependence of ¢ for four cases of 6, = 0, 0.8, 7/3, and 1.2.
The EPNJL results (curves) also well reproduce the LQCD data [34] (symbols).
For 6, < m/3 the phase ¢ tends to zero as T increases, while for 6, > /3 it
does to —27/3 as T increases. For 6, = m/3, the RW phase transition occurs at
T > Tgrw and then the phase ¢ is singular there, so that the pink line terminates
at T = Trw. In the high-7" limit, the region (I) —7/3 < 6, < /3 has ¢ = 0
and the region (II) 7/3 < 6, < m does ¢ = —2x/3. Thus, the region (II) is a
Zs image of the region (I), and the region (III) 7 < 6, < 57/3 is another Zs
image of the region (I). Figure 7.7 shows the phase diagram in the 6,-7 plane. In
the PNJL model, T, is much higher than Tg, while both are close to each other
in the EPNJL model. The vertical dot-dashed lines at 6, = 7/3 mod 27/3 are
the RW transition line and the Z3 images. The endpoint of the RW transition
line is located at T' = Trw = 190 MeV in the PNJL model and at 185 MeV in
the EPNJL model. On the RW transition line at T" > Tgrw, charge-conjugation
symmetry is spontaneously broken, so that ,-odd quantities are discontinuous,
while 6,-even quantities have a cusp there as shown in Sec. 5.7. Thus, the 6,-odd
quantities such as the phase v of the modified Polyakov loop ¥ = e?a® are order
parameters of the RW phase transition. A current topic at imaginary i, is what
the order of the RW transition is at the endpoint 7" = Tgrw. The recent LQCD
simulations show that it is first-order for small and larger quark masses, but the
order is weakened and could be second-order at intermediate masses [68]. In the
PNJL model, the transition is first-order as shown in Fig. 7.4. The deconfinement
phase transition is first-order near the RW endpoint; the endpoint of the first-
order deconfinement transition line is second-order, and susceptibilities of several
quantities diverge simultaneously there. In the EPNJL model, such a first-order
deconfinement transition line does not appear or very short even if it does emerge,
since the deconfinement transition at the RW endpoint seems to be a very weak
first-order transition. Figure 7.8 shows results of the EPNJL model for the RW
phase transition. Panel (a) presents T dependence of the phase ¢ of the mod-
ified Polyakov loop ¥ at 6, = 7/3 for three cases mo = 5, 150, and 400 MeV.
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Figure 7.7: Phase diagram in 6,-T" plane. Panel (a) is the result of the standard
PNJL model with no entanglement vertex, while panel (b) is the result of the
EPNJL model with (ay, ) = (0.2,0.2). The solid (dashed) curves represent the
deconfinement (chiral) transition. The vertical dot-dashed lines denote the RW
transition lines. Lattice data are taken from Ref. [34].
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Figure 7.8: The RW phase transition in the EPNJL model. In panel (a), the
phase of the modified Polyakov loop at 6, = 7/3 is plotted as a function of T
for three cases of light, intermediate, and heavy quark masses. Panel (b) shows
the phase diagram of the RW phase transition in the mg-T plane. The solid
(dotted) curve shows that the RW phase transition on the boundary is first-order
(second-order).

The RW transition at the endpoint is first-order for mg = 5 and 400 MeV, but
second-order for my = 150 MeV. In the limit of large mg, the transition is obvi-
ously first-order, since the quark contribution to €2 is suppressed and hence the
deconfinement transition is controlled by the Polyakov potential Ug. Meanwhile,
the RW endpoint is always first-order in the PNJL model. Panel (b) shows the
phase diagram of the RW phase transition in the my-T" plane; charge-conjugation
symmetry is spontaneously broken above the curve, while it is preserved below
the curve. The solid (dashed) curve shows that the RW phase transition is first-
order (second-order) on the boundary. The critical mass mgo(1 — 2) [mo(2 — 1)]
from the first-order (second-order) to the second-order (first-order) transition is
rather sensitive to the numerical accuracy. In the present numerical accuracy,
the critical masses are mo(1 — 2) = 50+ 5 MeV and mg(2 — 1) = 180+ 5 MeV.
This mg dependence of the order of the RW endpoint is consistent with the recent
LQCD result [68]. Figure 7.9 shows the phase diagram of the EPNJL model in
the whole ,u?l—T. The solid, dotted, dashed and dot-dashed curves represent the
first-order chiral phase transition, the crossover chiral transition, the crossover
deconfinement transition and the RW transition, respectively. The transition line
(dashed and solid curves) in the region —0.0375 < MZ < 0.08 [GeV?] is expressed
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Figure 7.9: Phase diagram in the ,u?l-T plane in the EPNJL model. The left (right)
half-plane corresponds to imaginary (real) jq. The solid, dotted, dashed and
dot-dashed curves represent the first-order chiral phase transition, the crossover
chiral transition, the crossover deconfinement transition and the RW transition,

respectively. Point C (E) is an endpoint of the first-order chiral (RW) transition.
Lattice data are taken from Ref. [34].
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as
T=cy+ clué + cz,ué, (7.4)

where ¢y = 0.173 [GeV], ¢; = —0.377 [GeV™!], and ¢, = —2.71 [GeV~3]. Point
E is an endpoint of the RW transition, while point C is a CEP of the first-order
chiral phase transition. The CEP is located at (yq,7) = (160MeV, 161MeV) in
the EPNJL model which is smaller p, and larger 7" than the PNJL model result
at (327MeV, 124MeV). Thus the entanglement vertex yields a drastic effect on

the phase diagram at real pq.

7.3.2 Isospin chemical potential

The parameter set in the EPNJL model was determined in the previous sub-
section so as to reproduce LQCD data at zero and imaginary . The validity
of the parameter set is confirmed in this subsection for real and imaginary s
where LQCD data are available. The formalism of the PNJL model at finite p;g,
is shown in Chapter 6. The thermodynamic potential of the EPNJL model is
obtained with Gy replaced by G4(®) in the potential (6.21) of the PNJL model.
First, we consider the thermal system with imaginary ps, = i6is,/3. In Fig. 7.10,

c/o, 1Pl

Figure 7.10: T dependence of the chiral condensate and the Polyakov loop at
biso = m/2 and pq = 0. See Fig. 7.2 for the meaning of lines.
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we show T' dependence of o and ® at 0, = 7/2. For 0, = 7/2, the u-quark
loop contribution to the potential is nearly canceled by the d-quark loop contri-
bution, so that the temperature dependence of the quark part of the potential
becomes quite weak. In the PNJL model with no entanglement vertex, 7' de-
pendence of o is controlled by the quark part of the potential, while that of ®
is controlled by the Polyakov potential Ug. Therefore, the critical temperature
T.. of the chiral crossover transition is about twice the critical one T of the de-
confinement first-order transition, i.e., T, =~ 2T in the PNJL model. LQCD
data shows that the two transition are first-order and coincide with each other
at Oy = 7/2 [52]' This indicates strong entanglement between the chiral restora-
tion and the deconfinement transition. In the EPNJL model, the entanglement
vertex induces a strong correlation between the chiral restoration and the decon-
finement transition. Actually, as shown by the solid curves in Fig. 7.10, both
the transitions are first-order and 7, ~ T3. The EPNJL result is then consis-
tent with the LQCD data. Next, we consider the thermal system with real pg,.
Figure 7.11 shows 7" dependence of the Polyakov loop ® at (a) piso = 0.96u,
and (b) 1.4uf , and that of the charged pion condensate 7 at (¢) piso = 1.4fc,
where 7 is normalized by the value my at T'= 0 and pg,, is the critical s, of the
pion-superfluidity phase transition, that is uf, = M, /2 as shown in Secs. 6.2 and
6.4. LQCD data [51] are plotted by plus (+) symbols with 10% error bar coming
from determining 7T.. The EPNJL model well reproduces all the LQCD data with
no free parameter. Figure 7.12 shows the phase diagram in the p;-7" plane at
ttq = 0. The solid and dotted lines stand for the first-order and second-order pion-
superfluidity transitions, respectively. The meeting point between the first-order
and second-order transition lines is a tricritical point (TCP). The crossover chiral
and deconfinement transitions agree with each other, as shown by the dashed line.
The EPNJL result reproduces LQCD results [51] on the chiral and deconfinement
transitions and also on the pion-superfluidity transition. The TCP is located at
(tiso, T') = (95MeV, 170MeV) in the EPNJL model which is smaller p;s, than
the PNJL result at (401MeV, 171MeV). The entanglement vertex largely thus
affects the location of the TCP.

!The LQCD data is the eight-flavor case since the two-flavor case is not available.
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Figure 7.11: T dependence of the Polyakov loop ® at (a) piso = 0.96u5, and (b)
1.4p5,,, and that of the charged pion condensate 7 at (¢) pso = 1.445,,. The solid

(dotted) curve represents the EPNJL (PNJL) result. LQCD data are taken from
Ref. [51].
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Figure 7.12: Phase diagram in the p;4-1" plane at piq = 0 in the EPNJL model.
The solid (dotted) line represents the first-order (second-order) pion-superfluidity
transition, while the dashed line does the chiral and deconfinement crossover

transition.

Ref. [51].

Point T is a tricritical point (TCP). LQCD data are taken from
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7.3.3 Small real quark chemical potential

Finally, we test the reliability of the EPNJL model by comparing the model
results with LQCD data on the equation of state (EOS) at real jiq. For small real
tq, LQCD data evaluated by the Taylor expansion [70] is available. Figure 7.13
shows (a) the pressure p, (b) the energy density € at p, = 0 and (c) the quark-
number density p, at pq = 0.87¢. For p and ¢, LQCD data [69] provide only the
deviations, p — py and € — g, from Ty = 0.97.. Hence, py and g at T' = T} are
evaluated in the free-gas model of hadrons with vacuum masses. This procedure
is reliable at T" = 0.97¢, because p and € are dominated by the hadron components
there. The p and e thus estimated from the LQCD data [69] are shown by the
dots in panels (a) and (b); note that in these panels p and € are normalized by
the values in the Stefan-Boltzmann limit. In panel (c), p, is nondimensionalized
by T3. For all the quantities, the EPNJL results (solid lines) are more consistent
with LQCD data [69; 70] than the PNJL results (dashed lines) as shown in
Fig. 7.13. The entanglement interaction makes the chiral symmetry restoration
faster, so that the EPNJL model has rapid change in the quantities with 7. Hence
the model reproduces the sharp change of LQCD result better than the PNJL
model. For pq, however, the EPNJL model underestimates LQCD results [70] at
T < T, because the model has no hadronic excitation effects in the mean field
calculation. The hadronic excitations are considered as free gas for T' < T, where
hadrons have no decay modes. This approximation is discussed in Sec. 6.3.6
and the thermodynamic potential Q,;, with hadronic excitations is expressed
in (6.34)-(6.36). Here we consider the nucleons with the physical mass and the
pions with the same mass M, = 280MeV as the LQCD calculation. The new p, is
plotted by the dotted line up to T, in panel (c). This line agrees with the LQCD
data at T' < T.. By considering the hadronic excitations, the EPNJL result is
consistent with LQCD data in all the regions.

7.4 Summary

We have extended the PNJL model by introducing an entanglement vertex de-

pending on the Polyakov loop phenomenologically. The effective vertex generates
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P/ Psp.

(b)

0.8

e/ 8S.B.

04
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pq/T3

Figure 7.13: T dependence of (a) the pressure p and (b) the energy density ¢ at
fq = 0 and (c) the quark-number density pq at jiq/T. = 0.8. The pressure and
the energy density are divided by the values in the Stefan-Boltzmann limit, while
the net quark-number density is divided by 7. The solid (dashed) lines show
the EPNJL (PNJL) result. The LQCD data, shown by points with error bars,
are taken from Ref. [69] in panels (a) and (b) and from Ref. [70] in panel (c).
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entanglement interactions between the chiral condensate o and the Polyakov loop
®. As a result of the strong entanglement, the chiral and deconfinement tran-
sitions occur simultaneously. The functional form of the entanglement vertex
is determined by respecting the extended Zjz symmetry and charge-conjugation
symmetry. The strength of the entanglement vertex is determined by LQCD data
at imaginary quark chemical potential jiq, and the validity of this model building
is confirmed by LQCD data at real and imaginary isospin chemical potentials zs,.
The EPNJL model can reproduce the LQCD data in all the regions. Furthermore
the model reproduces the LQCD data evaluated by the Taylor expansion at small
real pq. The entanglement vertex yields a drastic effect on the location of the
critical endpoint of the chiral transition at real pg. It is reported in Ref. [71]
that the EPNJL model is also consistent with LQCD data in the case with the
strong magnet field, which is relevant to magnetars of the neutron stars and
non-central heavy-ion collisions. The present phenomenological approach seems
to be complementary to the exact renormalization-group approach. It is highly
expected that the functional form and the strength of the entanglement vertex

will be determined in future by the theoretical approach.
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Chapter 8

Conclusions

In this thesis, we have proposed a new strategy to investigate the QCD phase dia-
gram at finite quark chemical potential 1. Study of the phase diagram is relevant
for the early universe, compact stars and heavy-ion collisions. The first-principle
lattice QCD (LQCD) suffers from the sign problem at real i, where the integrand
of the partition function is complex and LQCD techniques break down. Therefore
the QCD phase diagram at finite p, is unclear. There are some regions with no
sign problem, imaginary j, and real and imaginary isospin chemical potentials
liso- We then propose an analytic continuation from the regions with no sign
problem to the real p region by using an effective model that can evaluate the
QCD partition function in all the regions. The Polyakov-loop extended Nambu-—
Jona-Lasinio (PNJL) model is an effective model that can do this. We showed
that the PNJL model reproduces LQCD data qualitatively in all the regions with
no sign problem, but not quantitatively. We then extended the PNJL model in
order to reproduce the LQCD data quantitatively. First, we investigated the sign
problem by using the PNJL model. We evaluated the average phase factor as an
indicator of the sign problem. The severe region where the factor is small or zero
spreads widely over the phase diagram. It is thus difficult to investigate the phase
diagram by LQCD directly. In order to circumvent this difficulty, we proposed
the strategy of the analytic continuation from the regions with no sign problem
to the real jiq region. For imaginary s, the QCD partition function is a function
of ,ufl and the physical quantities can be analytically continued from imaginary

ftq to real ji,. The partition function with real pq is obtained mathematically

116



from that with imaginary p, through the Fourier transformation. For real and
imaginary s, the validity of the strategy is confirmable by comparing LQCD
data in both the regions. The real p;s, region is also relevant to neutron stars
and relativistic heavy-ion collisions. Therefore all the regions are relevant to the
phase diagram at real p,. We investigated the imaginary p, region and the real
and imaginary s, regions by using the PNJL model. For all the regions, the
PNJL model reproduces LQCD data qualitatively. However, there is a sizable
difference between the PNJL results and the LQCD data for the coincidence of
the chiral and deconfinement transitions. The two transitions coincide with each
other in LQCD, but in the PNJL model. Thus the correlation between the two
transitions is weaker in the PNJL model than in LQCD. In order to solve this
problem, we extended the PNJL model by introducing an entanglement vertex
depending on the Polyakov loop. The effective vertex generates entanglement
interactions between the chiral condensate and the Polyakov loop. As a result
of the strong entanglement, the chiral and deconfinement transitions occur si-
multaneously. The new model reproduces the LQCD data quantitatively in all
the regions with no sign problem. Furthermore the model reproduces the LQCD
data evaluated by the Taylor expansion at small real p,. Finally we predicted
the QCD phase diagram with the new model. The entanglement vertex yields a
drastic effect on the location of the critical endpoint of the chiral transition at

real fiq.
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