SN KREZZ2MTIER Y R b

Kyushu University Institutional Repository

A computer—assisted proof for the pattern
formation on reaction-diffusion systems

=, =
AMRERF BRI LR

https://doi.org/10.15017/21706

HARESR : UMARZE, 2011, B (BuE®) , RERELT
N— 30

HEFIBAMR



A computer-assisted proof for the pattern
formation on reaction-diffusion systems

Shuting Cai

Graduate School of Mathematics,
Kyushu University

2012



Contents

Abstract
1 Introduction
2 Some notations and projection error estimation
3 Approximate solution
4 Verification
4.1 Fixed point equation . . . . ... ... ... ... L.
4.2 Verification condition . . . . . ... ... ...
4.2.1 Finite dimensional part . . . . . . . ... ... ... ..
4.2.2 Infinite dimensional part . . . . . .. .. ..o L.
4.2.3 Verification Algorithm . . . . .. ... ... ... ...
5 Eigenvalue excluding
5.1 Eigenvalue excluding theorem . . . .. ... ... .. ..
5.2 Invertibility conditionof L . . . . . . . . .. I
5.3 Computable criterion for the invertibility of L . . . . . . . ..
5.4 Direct computation of upper bound for L=* . . . . . ... ..
5.5 FEigenvalue problem of the linearized operator at the exact
solution . . . . ..
6 The domain of attraction
7 Numerical Results
8 Conclusions
Acknowledgements

References

ii

17

21
21
22
23
29
34

37
37
38
41
48

51

56

63

67

68

69



Abstract

In this paper we give a method by computer-assistance to prove a pattern
formation. As a typical model we consider two dimensional time-dependent
reaction-diffusion equations with Neumann boundary conditions. For suit-
able system parameters we solve (approximately) the parabolic problem, hop-
ing for some convergence to some pattern formation stationary (approximate)
solution, and improve the approximation to a stationary solution by Newton’s
method, then enclose the stationary solution by our numerical verification
method. Next we prove that the operator linearized at the exact stationary
solution is a sectorial operator and compute a bound for the resolvent of the
linearized operator which is needed for semigroup estimates. By using the
semigroup estimate we analytically compute a domain of attraction for the
stationary solution, i.e. some (norm-)neighborhood of the stationary solution
such that, for initial data within this neighborhood, the parabolic solution
converges to the stationary solution. For suitable initial conditions, if we
enclose the solution of the parabolic problem until, for some time 7', the en-
closing set is a subset of the domain of attraction, then we can conclude that
from time T on, convergence to the stationary solution takes place. This
gives a complete convergence result, proving a pattern formation, for the
initial conditions used for the parabolic problem.

Keyword:

Pattern formation; Computer-assisted proof; Reaction-diffusion system,;
Domain of attraction.
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Chapter 1

Introduction

We consider a time-dependent reaction-diffusion system with Neumann bound-
ary conditions
up = vf(u,v) + Au in Q,

vy = vg(u,v) + dAv in Q,
00 o o
o ov ’

where Q is a bounded domain in R2,~, d are some positive constants, f, g are
nonlinear/linear functions depending on each model and v = (v1,14) is an
outer unit normal vector on 0f2.

This kind of problem (1.0.1) can be applied in mathematical biology[10,
11]. One simple system is FitzHugh-Nagumo reaction[6, 15]. In [7], v as an
activator and v as an inhibitor are interpreted as relative concentrations of
two substances known as morphogens. In [26], this kind of problem, called
" Excitable media”, can be applied in mammalian heart muscle and its cells
and Xenopus eggs. For more background, see references in [23].

There are many papers considering the stationary solution of the system.
Here we mention some results on the systems of FitzHugh-Nagumo type.
There are several results about Dirichlet problem[4, 3, 20, 24]. In [4] the
minimization problem associated with the system is considered, and in [3]
the peak solutions for the system are investigated. There is also one paper
considering the relationship between the parameter and the solution of the
system[20]. In [24], by using a numerical verification method, the author
encloses the exact solution of the equations. There are also some results for
Neumann problem. In [5] some results on the solutions with interior and
boundary peaks are shown, and in [21] the relationship between one param-
eter and the energy minimizers is discussed. In [2], the authors proposed a
numerical verification method to enclose a solution of the two dimensional



system.

In this paper, we will propose a computer-assisted method to prove a
pattern formation. Knowing the pattern formation is very important in
biology[11]. When we solve a time-dependent problem, we often see some
numerical convergence of them, but analytically there is no proof of it. On
the other hand when we compute a steady state problem, we do not know
from which initial state the stationary solution appeared. This paper is about
how to overcome these two difficulties. As a concrete example, we will apply
our method to Schnakenberg equation, which is another reaction-diffusion
system.

There are eight chapters in this paper. In chapter 2, we prepare some
function spaces and notations and then the fixed-point formulation and the
construction of a priori error estimate for the projection are derived. And
in Chapter 3, for suitable system parameters we solve (approximately) the
parabolic problem and improve the approximation to a stationary (approxi-
mate) solution by Newton’s method. After that, in Chapter 4, we use Nakao’s
method to enclose the stationary solution near this approximate solution.
This method, which is similar to the method in [2], is based on the infi-
nite dimensional fixed point theorem. First, the time-independent system is
rewritten in a fixed point form and then the fixed point equation is decom-
posed into the finite dimensional part and the infinite dimensional error part.
Based on these two parts, we construct a set which satisfies the hypothesis
of Schauder’s fixed point theorem for a compact map in a suitable Sobolev
space. This verification method was originated by Nakao[16] and then has
been developed by him and his coworkers[18, 19, 12, 13, 14].

Then we prove that the operator linearized at the exact stationary so-
lution is a sectorial operator and compute a bound for the resolvent of the
linearized operator which is needed for semigroup estimates. By using the
semigroup estimate we analytically compute a domain of attraction for the
stationary solution. And thus, for suitable initial conditions, if we enclose
the solution of the parabolic problem until, for some time T, the enclosing
set is a subset of the domain of attraction, then we can conclude that from
time 7" on, convergence to the stationary solution takes place. This is showed
in Chapter 6. And in order to get the results in Chapter 6, we propose a
computer-assisted method to exclude the eigenvalues of the linearized oper-
ator in Chapter 5. In Chapter 7, there are some numerical results. We apply
our method to an example with some suitable system parameters and then
get its domain of attraction. At last there are some conclusions in Chapter
8.



Chapter 2

Some notations and projection error es-
timation

We consider the domain 2 = (0,1) x (0,/) € R®*(l > 1). Then we choose
basis function as

©irin (x,y) = cos(iymx /1) cos(iamy/l), 1,00 =0,1,2,...
For a fixed non-negative integer N we reorder the basis function
@i = cos(iyma/l) cos(iamy/l), (i = 1,2,3,--- (N + 1)?) (i1,i = 0,1,2,--- N)

in the following way:
i=14 (N +1)+ip+ 1.

The Sobolev space WkP(Q)(1 < p < +00) is defined as
WkP(Q) .= {u € LP(Q) : D*u € LF(Q),V|a| <k},

where « is a multi-index. The natural number £ is called the order of the
Sobolev space W*P((Q).

And we suppose that for the L?%-Sobolev space of order k on Q, H*(€),
Y € H*(Q) (k > 0) is expanded in the Fourier series as

Y= Zaz’%‘ (a; € N).
=1

For a non-negative integer N, let X denote a function space as

N
Xy = {UN = Z CrmPrm. | Crm € %} C H*(Q) C H'(Q).

n,m=0



For 21, 20 € H' (), define the usual inner product as

(21, 22) 1) = (21, 22) 12(0) + (V21, V22) 121

where (-, -)2(q) means the inner product on L*(12).
For z € H*(Q)(1 < k < 00, k # 2), define the usual norm as

||Z’|12L1k(9) = Z ||Daz”%2(9)

la| <k
When k =2, for z = > Cum@nm € H*(), we have
n,m=0
1211 220) + IV2lI720) + ||AZ||2L2
=[1211 72 + IV2ll720) + Z (1 (Prm)zzl| 22 () + 11 (Pnm )yy | 72(0)
n,m=0
+ 2((nm) e (¢nm>yy)L2(Q))
=[2172() + IV2ll720) + Z (n* +m"m /1' + 20 m?mt (1) | @uml| 720
n,m=0
=[|21 72 + IV2ll720) + Z ([ (@nm)az T2y + 1 (@nm)yy 1 720
n,m=0

+ 2((90nm)wyv (Qpnm)zy)LQ(Q))

= Z ||DQZ||%2(Q)7

o <2

where (@nm), is the derivative of ¢, with respect to x, (@nm)sy is the
derivative of (@), with respect to y and (@nm )z, (Pnm)yy are the second
derivative of ,,, with respect to x and y respectively, therefore, we define
the norm in H?() as

HZH%{?(Q) = ||ZH%2(Q) + ||VZ||%2(Q) + ”AZH%%Q)‘
And for z1, 2, € H*(Q), define the inner product as
(21, 22) m2(0) = (21, 22) 2(0) + (V21, Vo) r200) + (A21, A2o) 1200

For z € H'(Q), let Py : H'(2) — Xy denote the H'-projection defined
by the truncation operator:

0o N
PN< Z CnmPnm ) = Z CrnmPnm)

n,m=0
’ n,m=0



which satisfies

(z = Pnz,2n)m (o) = 0, forall zy € Xy.
When z € H*(Q), we also have

(z = Pnz,2n)m2(0) = 0, forall zy € Xy.

Therefore, we also use Py as a H2-projection.
Set P: H*(Q) x H*(Q) — Xy x Xy as

P(Zl,ZQ) = (PNzl,PNZQ), 21,22 € HQ(Q)

For Hilbert spaces X and Y, we define the inner product and the norm

m X xY as
T T
(( ! ) ) ( 2 >) = (1, 22)x + (Y1, ¥2)y
Y1 Y2 Xxy

T
()= Vel o+

Defining the operator L : H*(Q) — L?(Q) by Ly := —/Ay + 1, we get
the following lemma.

Lemma 2.0.1 For all ¢ € L*(Q), the linear equation

Ly=¢ in €,
0 2.0.1
9 =0 on 00 ( )
ov
has the unique solution v € H*(SQ).
Proof. Let ¥ = > Ynmonm Wpm € Ryn,m=0,1,2,...).
n,m=0
For 9 = > Gum@nm € LA(Q) (dpm € R,n,m =0,1,2,...), let
n,m=0
. ¢nm
Yrm = 1+ n?n2/12 + m2n2/12’
then L) = ¢ holds. By observing
> @+ mPr P 4 ntet 1 it 1 20wl 1),
n,m=0



= Z (14 n?7? /12 + m2a? /1% 4+ n*nt J1* 4+ m* 1Y+ 2nPmPnt /1%

n,m=0

(b 2
(14—712 2/12 +m2n 2/l2>
2

4 /72 4 /72 nm
< Z I 4+ n*nt/l +m7r/l)1—|—n47r4/l4+m47r4/l4

n,m=0
Z 3¢2 l2
n,m=0

and
1911720

= Z (1 4+ n?7? /12 + m2a? /1 4+ n*nt )12 4+ m*ct 1Y+ 2nPmPnt /1% imHgoaniz(Q)

n,m=0

< Y PA+n’7? )0+ mPx® 1P 4 0wt /1 mitat 1+ 2Pt 1))

n,m=0

Y € H*(Q) follows.
Noting that the solution of L) = ¢ is characterized as the solution of

/Qw-w dm+/9¢w dx:/g(bvdx, Vo e HY(Q),

nm’

we have

/Q( A¢+¢vdx+/95vdx—/g¢vdx,

oY
—uv dxr =0.
\/8\9 8V

. . . . 1 2 oY
Since v is arbitrary in H'(£2), in case ¢ € H*(Q2) we have 3~
sense. )

If there exists another solution v # 1, we get

L = ¢,

which means the existence of a non-trivial solution of the equation Ly = 0.
But noting that

and thus

= 0 in the trace

(L%SO)L%Q) = HSOH%ﬂ(Q)

holds, Ly = 0 derives ||90||?{1(Q) = 0, i.e. ¢ = 0, which contradicts the
assumption and the uniqueness of the solution of Li) = ¢ follows. O
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Remark 2.0.2 For ¢ € L*(2), we denote the solution of (2.0.1) as L™ ¢.
Then it is clear that L™'¢ satisfies Neumann boundary conditions.

Lemma 2.0.3 For all ¢ € L*(Q), the linear equation

(A2— A+ 1)y = ¢ in Q,

RIS R PR

has the unique solution v € H*().

Proof. Let = Y Uun@nm (Yum € Romm=0,1,2,...).

n,m=0

For ¢ = Y Gnm®@nm € LA(Q) (¢ppm € R,n,m =0,1,2,...), let

n,m=0

¢1’Lm
14+ n272/12 + m2m2 /12 4+ ntnt /14 + mAnt /14 + 2n2m2mt /1Y

wnm =

then (A? — A + 1)y = ¢ holds. By observing

Z (1+n?7? /1 + m27? /12 + )12+ mirt /1t + nS7%)18 + mb78 /18
n,m=0
+ 0878 /1B + mPr® /18 4 2mPnnt /1t + 3mtn? 6/l6—|—3m2n47r6/l6
+ 4m2nS7® /18 4 An*mS7® /1% 4 6n*mAn® /1%))?

= > L+ 0?7/ +m’r? P+ ot 1F w1+ nSa® /18 + a1
n,m=0
+n 7r8/l8 +m®r®/1® + 2m*n?mt /1' + 3m*nP7 /18 + 3mPntnt /18
+ 4m?*n®7® /1% 4 4n*mO7® /1% 4 6ntm*7®/1®)

Onm ?
(1 + n?m2 /12 + m2n2 /12 4+ nint 14 + mAnt /14 + 2n2m27r4/l4>

e 2
< 16 l4 8 l2 8 12 nm
H;O (0’ / 8 4wl )1+n8ﬂ8/18+m87rs/l8
Z 1692 1* <
n,m=0



and
9] %

= Z (1 +n?7?/12 + m27?/1? + n*at )12+ mia /1t + nS78)/18 + mS78 /18
n,m=0
+ 0878 1B+ mPa® /1% 4 2mPn?nt 1Y + 3m*n? 7 /16 + 3mntrC /10
+4m*nS7® /13 + An*mOn® /1P + 6ntmA TS /1) 2, |l onml| 3

< Z P+ n*m? /12 +m?x? /12 + o't 18+ mi et /1t + 078 /10 + mOrf /10
n,m=0
+n 7T8/l8 +m®r® /18 + 2m?n?rt 1t + 3m4n27T6/l6 + 3m2n*x0 /1
+ 4m*nS7® /18 + An*mS7® /1% + 6n'm 7 /1%)e)2
Y € H*(Q) follows.

Noting that the solution of (A% — A + )i = ¢ is characterized as the
solution of

/A¢Av dx+/V¢-Vvdx—|—/¢v dx:/gzﬁv dx, Yv € H*(Q),
Q Q Q Q

nm7

we have

/(A% Atp+1) vd:z:+/ 50 dx+/m a(aAf)vdx /89 A da = / ov dz,

and thus
/ 8_¢de+/ 8(A¢)de_/ @Adex—O
a0 OV oq Ov o0 OV

If there exists another solution 1& # 1), we get
(A = A+ 1)) =,
2

which means the existence of a non-trivial solution of the equation (A* —
A+ I)p = 0. But noting that

((A2 — A+ 1), @)r2q) = ||90||§J2(ﬂ)

holds, (A% — A +I)p = 0 derives ||¢[|}2q) = 0, i.e. ¢ = 0, which contradicts
the assumption and the uniqueness of the solution of (A% — A + )y = ¢
follows. O

Now we derive an estimation for the projection Py, an imbedding con-
stant from H'(Q) to LP(Q2) for 2 < p < oo and an imbedding constant from
H?(Q) to LP(2) for 2 < p < oc0.



Lemma 2.0.4 For all z € H*(Q), we have

Iz = Pazllzio) < Co(N)||A%2 = Az + 2| 20

where Cy(N) = \/1+(N+1)27r2/l%+(N+1)47r4/l4' And for z € H*(Q),

Iz = Przlliae) < Co(N) 1z = Puzlmeo)

holds.
Proof. For z= Y cum@nm € H*(Q), we obtain
n,m=0

|2 — PNZ||12L12(Q)
<|lz - PNZ||%2 @ + [z = Pnz); H%Q(Q) + (= - PNZ)ZJ”%Q(Q) + (= - PNZ)m:H%%Q)
+ (2 — PNZ)yyHL? +2((2 = Pn2)ga, (2 — PNz)yy)LQ(Q)

= Z ZcimH(pan%Z(Q)+Z Z Cim“SDan%%Q)

n=N+1m=0 n=0 m=N+1
o0 00 N oo
+ Z Zcimn(@nm)mH%Q(Q)"‘rz Z CimH(SDnm)x“%?(ﬂ)
n= N+1m 0 n=0 m=N+1
+Z Z an (,Dnm HL2 + Z chmH Spnm HLQ(Q
n=0 m=N+1 n=N+1m=0
00 00 N 00
+ Z ZCZmH(‘an)MH%%Q) +Z Z cim“(@nm)MH%?(Q)
n=N+1m=0 n=0 m=N+1
N 00 oo oo
+ Z Z I (Prm)yy | 72() + Z Z Gl (@)1 72 ()
n=0 m=N+1 n=N-+1m=0
+ Z Z Cam2((Prm)zas (Prm)yy) L2() + Z Z Crm2((Prm)zas (Prm)yy) 22(0)
n=0 m=N+1 n=N+1m=0
N 00
:Z Cim(“‘:pan%?(Q) + H(Qonm):cH%?(Q) + H(Spnm)yH%?(Q) + ||(90nm>z:v||%2(ﬂ)
n=0 m=N+1

+ [ (nm) yHL2 +2((90nm):cx7 (Onm)yy L2 Z Z Crm HSDanL2

n=N-+1m=0
+ () el 220y + 1(@nm)yllz2(@) + [ (0nm)aallz2 (@) + | (Onm)yllZ2(0)

+ 2(((10nm)mc7 (@nm)yy)LQ(Q))



< D0 A (4 n’T? P mPa? P 4t 1 w1+ 2P mP et 1) om0
n=N+1m=0

—I—Z Z A (14 n*7? /1 + m?a?/1* + n*xt/I* + mintJI* 4 2n m27r4/l4)||g0nm||L2

1

Z Z(l +n?m? 12+ mPr? 1P+ ntat 1 mtat 1 4 2nPmPat 1A ||<an||%2(g)

1
1+ (N +1)272/12+ (N + 1)47r4/l4|

A% = Az + 2

1
So we get Co(N) = \/1+(N+1) T2 (N
For ||z — Pnz||12, we use the so-called Aubin-Nitsche technique. We
consider the linear equation:

(A2 —A+1)®=2—Pyz in Q,

0P v 0(AD) B )
/ (81/ —ACD% 5 v) dz = 0,for Yv € H*(Q).

By Lemma 2.0.3, we know that there exists the unique solution ® € H*().
Therefore, we have

|2 — PNZH%?(Q)
:(Z — PNZ, Z— PNZ)LQ(Q) = (Z — PNZ, (A2 - A + ])q))[g(g)
:(Z — PNZ (I))LQ(Q) + (V(Z — PNZ), V(I))LQ(Q) -+ (A(Z — PNZ), A(I))L2(Q)

- / (?;f (2 — Py2) — 20 2C BVPNZ) + a%AV@) (2 — PNz)) dx

=(z — Pnz,®) 2

=(2 — Pyz,® — Pno) p2(q)

<|lz = Pnzllmz@)|® — Pyl 2@

<llz = Pnzllm2@)Co(N) ||z — Pzl 12

So ||z = Pnz|lr2(0) < Ca(N)||z — Py 2|l g2 () holds. O

Lemma 2.0.5 Q = (a,b) x (a,b), a <b. Then, for allu € H'(Q), we have
[ullzri) < Epllulla @), (2 < p < o0)

. (r-2)/p
where K, = (E + ﬁi) )

10



Proof. For (z,y) € 2, we have

(z = a)u(e, )" = [ 5t —a)|ult, y)[""?]dt
= [ lu(t, )PPt + 5 [7(t = a)|u(t, y)[P*?ult, )%( y)dt
< J, lu(t, )PPt + 56— a) [ Ju(t, y)[P27 [ Ge(t,y |dt
(2.0.2)
and
(b= 2)u(z,y)P? = —f b —t)|u(t, ?J)|p/2]dt
:f |u ty )Pt -2 (b= #)[ult, DIPP 2t y) Ga(t, y)dt
gf lu(t,y)[Pdt + 2(b — a) f lu(t, y) P72 | 34 (t, y)| dt.
(2.0.3)

Adding (2.0.2) and (2.0.3), we get

(b= a)|u(z,y)[? < [} [u(t,y)[P2dt+ B(b—a) [ [ult,y)[?/>1 |3(t, y)| dt
=: f(y).

(2.0.4)
Analogously, integrating instead in y-direction,
b b _
(b= a)lu(z,y)["? < [ ule,t)PPdt + 5 —a) [} [ulz, 1)/
=: g(x)

2 (1) di

(2.0.5)

holds.
Multiplying (2.0.4) and (2.0.5), we have

(b —a)*|u(z,y)|P < f(y)g(x)

and integrating over () we obtain

(b a)? / Juliz, y)Pdady

- ([ 1w ([ 4
~ ([ atepraay + 5o - a) [ pucepe |3

o (t, y)‘ dtdy)
0

: (/ ]u(x,t)\p/Qda:dt+]—9(b— a)/ u(z, t)[P/*1 —u(ac,t) d:cdt)
Q 2 Q dy

11




ou

ox

1/2 2 1/2
/ lulP/2dxdy + ]—j(b —a) (/ |u|p_2dxdy) / dxdy
Q 2 Q Q
1/2 2 1/2
/ \ulP/2dady + Z—j(b —a) (/ |u|p_2dmdy) / dxdy
Q 2 Q Q

and thus, using (A + BA)(A + Bu) = A? + AB(\ + pu) + B> \u < A% +
V2AB\/A2 + 12 + 1B* (N + pi?) = (A+ \%B A2 + u?)?, we have

ou

y

(b a)? / julz, y)Pdady

» 1/2 1/2\ 2
< ulP2dxdy + ——=(b—a (/ up2d:cd> (/ Vuzdxd)
(/QH vt stv—a) ([ 2y ) ([ 9updray

i.e. we obtain

[ < (b% Lz 2 (] ru\p-z)m (f \Vu\2)1/2)27 (2.0.6)

here and in the following we omit to write dzdy.
When p = 4, from (2.0.6), we have

fQ|u|4 (% |u|2—|—\/_(fﬂ| | )1/2 (fQ|V | )1/2>
(ﬁ ) fQ [ul*+ [, [Vul )
(

Pt 2) o,

IN A

@

IN

therefore, for 2 < p < 4 by using Holder’s inequality, we get

Jo = Jo =t < (fy la2) 7 (fo )~
< ey (5 ) Wl )
< (3 +2)" Jully
that is,

(p—2)/
1 V2
[ullze) < (m + 7) lull i) 2<p<4) (2.0.7)

12



holds.
And when p > 4, inequality (2.0.6) becomes

2
ey < (527 Ul ™)™ () + 525 Uy =)™ (fy 190) )

2 2 2 2
< (e lellnc Il 822 + g2l ol 208 )
< (st 5%) Tl
then 2/
1 p 2/
lullzr < (b—a+m) lull 3 g llull 2 (2.0.8)
holds.

Now iterate (2.0.8) finitely often until only terms
/]u\q with 2 <¢g<4

are remaining, that is,

(Np/2]- 1/1’” HII/P L 2<g<4,

2(N[p/2]-1)/p
) 20

1
p(Q) < —
ol < (2 + 52
where N[p/2] means the integer part of p/2 and ¢ = p — 2(N[p/2] — 1).
Combining with (2.0.7),

2(Nlp/2 1
e P a0,

" 2(NIp/2)-1)/p
u —_—
LP(Q) = b—a 2\/§

Ly \wA
< — > 4
<(72at5%) e 0>

holds.

Consequently, for all 2 < p < oo we have

1 (v=2)/p
lull oy < | —— + 2= lulm@. O
b—a 22

In the following lemma, we use some similar techniques in [1].

Lemma 2.0.6 Q = (a,b) X (a,b), a <b. Then, for all u € H*(Q), we have

[ullzri@) < Kapllullm), (2 < p < 00)

K, p<oo,

where Koy ={ Ui,y e
C1 = max{(b—a)?/3,3v2(b — a)'/3}, Cy = (3/2)2/5(b — a)?/3,

13



Proof. Fixing z € (a,b) X (a,b), for every y € (a,b) x (a,b), we have

u(y) — [, Ldettl=s)) .
u(y) — fol(y — 2)Vu(z + t(y — x))dt. (2.0.9)

Integrating y of (2.0.9) over (a,b) x (a,b), we get

u(r) =

(b—a)’u(z) = /Qu(y)dy - /o /Q(y —z)Vu(x + t(y — x))dtdy. (2.0.10)

Set z := x + t(y — x), then (2.0.10) becomes
1
(b — a)?lu(z)] <(b—a)*®||ul|zs) + / t72 [ V2(b - a)Vu(z)dzdt
0 o
1
<(b— a)"||ull 3@ + V2(b — a)||Vul| s () / t72(t2(b — a)?)?Pdt
0

1
<(b— @) |lull s + V26 — )|Vl s / 123y
0

<(b—a)*"*|lull Ls( + 3v2(b — @) || Vul| 30,
where ;.= {x +t(y — x)|y € Q}.
Let C; := max{(b — a)~%3,3v2(b — a)'/?}, then we get

u(@)| < Cilllullze + [Vl ). (2.0.11)

Fix (y1,12) = (22, 42) € (a,b) x (a,b) (if 2 = 0, then we choose

(yhyQ) = (aT—H)a QT—H))) For every (x17x2) S ((l, b) X (a7b)7

1
/ |u(zy, xe + (1 — t)yg)\3/2dt
0

3 [ d
ﬂ_é/ﬂM%wﬁ%L4MMmEW@M@+“_UW”
0

=|U(l’1a$2)|3

holds. Setting zo := x9 + (1 — t)yo, we have

ou(xy, z2)

82’2

dZQ .

b b
3
|u(x1,x2)]3/2§/ |u(x1722)|3/2d22+§/ |u(m1,z2)|1/2

Taking supremum of u over x5 € (a,b), we have

ou(xy, z2)

dz,.
3z2 2

b b
3
sup |u(m1,x2)|3/2§/ |u(x1,22)|3/2d22+§/ |u($1,22)|1/2

xz2€(a,b)
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Then integrating z; over (a,b), we obtain

b
/ sup |u(xy, z9) 3/2 dxy

z2€(a,b)

3 b b
/ / |u(z, 22)| 3/2 dzgdx1+2/ / |u(a:1,z2)\1/2 _—
<3 [ Iutar ) (Juton )+ [ 2522
Q
ou(xy, z2)

3 6/5 6 1/6
<— / |u(z1, 29)| + dxidzy / lu(z1, 22)[Pdxidzy
2 Q 822 Q

1/2
<(3/2)2Y°(|[ul| Lorsgey + IV ullorgo) 1l ey

Similarly,

b

1/2

/ s [y, 22)[F2das < (3/2)2°(ul| poss ) + [ Vull ors o) ull g
a Ti1€(a,

holds.
Therefore, we get

HUH%?’(Q) :/Q|U(931>$2)|3d$1d$2

§/ sup |u(zy, 22)[¥? sup |y, 22)[¥da dr,
Q

z2€(a,b) z1€(a,b)
b b
§/ sup |u(m1,x2)|3/2d:v1/ sup |u(x1,552)|3/2d1'2
a x2€(a,b) a z1€(a,b)

1/2
§((3/2)21/6(HUHL6/5(Q) + ”VUHLﬁ/s(Q))”uHLé(Q))Q’
that is,

HU”L3(Q) < (3/2)21/6(”UHL6/5(Q) + HVUHL6/5(Q))
< (3/2)2Y5(b — a)*PP(||ull 20y + [Vl 120)) =2 Calllull 2 + [Vl 2@)-
(2.0.12)

Then from (2.0.11) and (2.0.12), for every z € (a,b) X (a,b), we have

u(@)]* < CF(|lull 3y + [Vl 13(@))?
<C{C3(lull o) + IVull2@) + IVull2) + [ Aul| z20))?
<CFC33(||lull2q +4||VUHL2 + [|[AullZ2 ()
312012022”“”112(9)
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Thus, we obtain
[u]| Lo () < V12C Collul| g2 (o

Therefore, we set Ky o, = vV 12C,C5.
And when p < oo, from Lemma 2.0.5 we have

ull o) < Kpllullmi) < Kpllull g2

So K27p = Kp. O
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Chapter 3

Approximate solution

In this chapter, we introduce the method how to get the approximate solution
of (1.0.1) at each time t € [0,7] (T > 0) and also get the approximate
stationary solution.

As a concrete example for the pattern formation problem, we describe
how to obtain an approximate solution for the Schnakenberg equation. We
consider the time-dependent Schnakenberg system

(uy = vf(u,v) + Au in €,
v = vg9(u,v) + dAv in Q,
ou Ov
— = = 3.0.1
5~ o 0 on 012, ( )
u(l‘7ya0) = hl(%iU);

\ U(l'vy)O) = h’2($7y)7

where Q = (0,1) x (0,1), f(u,v) = a — u + v?v, g(u,v) = b —u?v, hy,hy €
L(R%,R) and a, b, d,y are some positive constants. We write the solution of
(3.0.1) at time t as w(t) = (u(t),v(t)).

According to Murrey[11], if we want to get a non-trivial stationary solu-
tion, a, b, d, [, should satisfy the following conditions:

b—a< (a+0b)?

1 2
b—a>=(a+0b)>+ —=(a+b)?

d Vd
and there exists n € N such that
nm\ 2
,}/Ml((% ba d) < (T) < ’}/MQ(&7 b7 d)?

v = 1A —a) = (a+b)°] = {[d(b—a) — (a + b)) — 4d(a + )}
! 2d(a + b) ’

17



[d(b—a) = (a+b)*] + {[d(b — a) — (a +b)*]* — 4d(a + b)4}1/2.

M, =
2 2d(a + b)

After choosing some parameters a, b, d, [, v satisfying the above conditions
(for simplicity, in this paper, we choose d > 1), Vt € (0,7, set

wy(z,y,t) = (up(z,y,1), vn(, y,1)),
(N4+1)2
up(x,y,t) Z &ait)pi(z,y), (& e Ryi=1,2,-- (N~|—1)2)
=1
(N+1)?
vp(z,y,t) Z &i(t)pi(z,y), (& € Ryi=1,2,-- (N+1)2)

=1

t % = % — (), We omit x,y and write wy,(t), un(t), v (t).

then we ge 52
We use Galerkin method to get an approximate solution of (3.0.1) satis-
fying
{ (ue — v f(u,v) — Au, x1) 120 = 0, Vx1 € Xy,

(v = v9(u,v) — dAv, x2)12(0) = 0, Vx2 € Xn.

So we need to solve the ordinary differential equations

(N41)? (N+1)?

Y i eiize + (Ve Veilm) = X A (w0), e,
(N+1)2 dg‘z (t) (N+1)2
; 7 ((pis i) L2 + d(Vwi, Vi) 2(0)) = ; Y(g(u,v), ;) r2@)-
(3.0.2)
Setting
0 )72 0
A= Wedia )1<i,'< N +1)%),
( 0 (i ¢5) L2 () SRR ")
(V(pi,Vga)p(Q) 0 ) .. )
B = J 1< <(N+1
( O d(V%,V%)m(Q) ( > —( + ) )7
(f(uv U), SD)LQ(Q) . 2
Fi= j 1< <(N+1)?),
( (g(u,v), @j)[ﬁ(g) ( =7 = ( ) )
7= (&1(1),&2(8), - & ve)2(8), &1 (1), Ea2(t), - - - 752,(N+1)2(t))T7
(3.0.2) is equal to
dr T
Ad + Br —~yF =0.

We solve this ordinary differential equation by using the solver "odel5s” in
Matlab, which is based on numerical differentiation formulas (NDF's).

18



Now we consider the time-independent system:

—Au = vf(u,v) in Q,

—dAv = yg(u v) in Q, (3.0.3)
Ou _ = 0 on 0f.
o 8V

We use Newton’s method to obtain an approximate stationary solution wy =
(in,0n) € Xy X Xy of (3.0.3) satisfying

{ (Vin, Vxs)r2) — 7(f(in, 0n), X3)2(0) = 0, Vx3 € XN,
(Vin, vX4)L2(Q) - %(Q(QM@N),XAL)L?(Q) =0, Vx4 € Xn.
Set
(N+1)2
u® = z a<">¢k (@ eR k=12 (N+1)?)

<N+

o= 5 B (B € Rk = 1,2, (N 4 1)
»n) . n n n n 2
TAMEES (ag ), . ,aEN)H)Q,bg ), o ,I)EN)H)Q))lt € RANF7,

We use the initial value for the Newton’s method as up(x,y, T) and vy (z,y,T),

which we got from Galerkin method, that is, ak =& x(T) and b,(c ) =& ((T)
(k=1,2,--- (N +1)2).

We iteratively solve the following linear equation, starting from the initial
vector (0,

where

An(k, 1) =(Veor, Vo) @y — 7 (fu(u™, 0ok, 01) 120
(VQO]C, VQ0[>L2(Q) - ((zu(n) ) 1)<Pka80l)L2(Q) (1 < kvl < (N + ]-)2)7

Ava(k, 1) = = y(fo(u™), 0™ or, @) r2i0y = =7 (@™ op, @) 120y (1 < k1< (N +1)2),
Ag (k1) = — g(gu(u("),v(n))@k, 1)) = %(QU(H)U(M%,%)H(Q) (1<kI<(N+1)%,
ry n n
Aga (k1) =(Veor, Vi) r2) — E(gv(u( ) 0™ or, 01) L2
=(Vor, Vo) 2 + %(U(n)230k, ez (1< k1< (N+1)2),
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(g(u(n)’ ™) — gu(u(n),v(n))u(n) — gv(u("), v g, dxdy

(2(u™) 2™ 4 b)p;dedy (1 <i < (N +1)3).
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Chapter 4

Verification

We give a computer-assisted proof for the existence of the stationary solution

*

w* = (u*,v*) of (3.0.3) near the approximate stationary solution which we
got in Chapter 3. This method is similar to the method in [2]. First in
Section 4.1, a fixed point formulation is derived, then computable verification
conditions are given in Section 4.2.

4.1 Fixed point equation

We rewrite the equation (3.0.3) as

Lu = ,Yf(uﬂ U) +u,
{ dLv = vg(u,v) + dv. (4.1.1)

Setting @ := u* — 4y and ¥ := v* — vy, the equation (4.1.1) becomes

L(’&N + ﬁ) = ’}/f(ﬁ]v + ’l~L, f)N + 17) + (ﬁN + ﬂ),
dL(0n +0) = yg(un + @, Oy + D) + d(On + D).

So we have

Li=~f(uy +a,0n +0) + 0+ Aly,
dLo = vyg(un + @, 05 + 0) + dv + dADy.

Thus setting
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and using the following compact map from H?(Q) x H?(Q) to H*(Q) x H?(2),

o LYy A(,0) + Ady + i}
F(u,v) := ( éL‘l{’ym(ﬁ,f)) + dAfj\]fV + dov} ) ’

we have the fixed point equation for @ = (u,?):
W= F(w). (4.1.2)

By enclosing a fixed point of F', a solution of (3.0.3) can be enclosed as
w* = (u*,v*), u* = Uy + @ and v* = Oy + 0.
Now we decompose (4.1.2) into two parts, the finite dimensional part and
the infinite dimensional part:
Pw = PF(w),
{ (I — P)i = (I — PYF(i). (4.1.3)
We use a Newton-like method only for the former part of (4.1.3), that is,
we define the Newton-like operator

N (@) := P — [I — F'(0)]5 (P® — PF(w)).

Here, F’(0) is the Fréchet derivative of F' at 0 and suppose that restriction
to Xy x Xy of the operator P[I — F'(0)] : H*(Q) x H*(2) — Xy x Xy has
an inverse

[I— F'(0)]: Xy x Xy — Xy x Xy.

This assumption can be checked in the actual computation.
Now we define the operator T': H?(Q2) x H?(Q2) — H?(Q) x H?(Q) as

T(w) := N(w)+ (I — P)F(w).
Then T becomes a compact map on H2(Q2) x H?(Q) and we have the equiv-
alence relation
w=F(w) < w=T(w).

Therefore, if there exists a non-empty, closed, convex and bounded set W C
H?(Q)x H?(2) such that T(W) C W, then by Schauder’s fixed point theorem

there exists a solution w € W of w = T (), i.e. w = F(w).

4.2 \Verification condition

First we construct several sets:

W =UXYV,
U=Uy+U,, (4.2.1)
V=VN+Vi,
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with UN, UJ_, VN, VJ_ defined by

Un = 1{¢n € Xy | [[on]|H200) < 1},
UL :={or € Xy | |loLllm2() < a2},
Vv = {on € Xn | [|on]lm2@) < Bil,
Vi ={¢1 € Xy | loLllm20) < Ba},

for positive constants ay, as, 81, B2, Where Xy represents the orthogonal com-
plement of Xy in H%(Q).
A sufficient condition for T(W) C W is derived as:

N(W) C PW,
{ (I - P)F(W)C (I —-P)W, (4.2.2)

and we construct a set W, in the form of (4.2.1), satisfying (4.2.2).

4.2.1 Finite dimensional part

We consider the former part of (4.2.2).
For all ( o1 ) € N(W), in order to verify N(W) C PW, we need to find

P2
a1 and f; such that

{ 11l a2y < a1,
|2l 2y < P,

where note that the left-hand sides depend on «; and f;.
The operator

[I— F(0)]5 : Xy X Xn — Xy x Xy

1s written as

(1= F'(0)]y

)- 1= PO

For ¥y € Xy x Xy, set ¢y 1= [[ — F'(0)]y'%n, then

P(I = F'(0))¢n = ¢

e
2
TN

) . (4.2.3)

<

- ror

< 20 S
~

<
2

that is,
¢n — PF'(0)pn = 1w (4.2.4)
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holds. Set
o1n / Fia Fag N
- Y F O = ’ ’ ) = )
o ( Pan ©) Fi5 Fap YN an
where [} ; and F,; denote the Fréchet derivative with respect to o of the
first element and the second element of F' respectively, F ; and F; denote
the Fréchet derivative with respect to v of the first element and the second

element of F' respectively.
Then (4.2.4) is written as

Oinv — PnEyadin — PnFoadan = Ui,
Oinv — PnFisoinv — PnFospan = Yon.

By the definition of F', we obtain

oy = (LT fa0) 1) Ly fi(0))
ro= ( 1LYy (0)) 3L 7Yyg15(0) + d} ) : (4.2.6)

where f14(0), g1a2(0) denote the Fréchet derivative with respect to @ at point
0 of f1 and ¢y respectively, fo3(0), g25(0) the Fréchet derivative with respect
to 0 at point 0 of fo and g, respectively. And (4.2.5) is equivalent to

{ ¢iv — P L7 f1a(0) + 1}é1n — Py L~ {7 f15(0) } o = 1w,

gon — PvEL H{yq1a(0)}oin — Py L {7g15(0) + d} oy = thon.
(4.2.7)

For both sides of the first equation in (4.2.7), take a H*(2) inner product

with x1.nv € X,

(4.2.5)

(orv, Xin) @) — (Pv L™ {7 f12(0) + 1} v, Xan) o)
—(PnL™ Yy f15(0) }an, x1.8) i1 (9) = (W1ns X1.n) H1(@)-

Then we have

(d1n, x1n) @) — (L {7 f1a(0) + 1} din, dn) (o)
—(L7Yf15(0) Yo, X8V i) = (V1w Xan) m), (4.2.8)

and for every u,v € H(Q),
(L1, V) H1(Q) =(VL u, V)20 + (L', V) r2(Q)
oL 'u

(—AL—lu,v)p(Q) +/

a0 (31/
(LLilu, U)Lz(Q)

:(u, U)LQ(Q) .

vds + (L™, v) 12(q)
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Therefore (4.2.8) can be written as

(D1v, xa.n) i) — (Y fra(0)din+d1n+7 f15(0)dan, X1,8) 22 (@) = (V1n, X1.8) H1(0)-
(4.2.9)

In the same way, for the second equation of (4.2.7), taking a H*(2) inner
product with xo v € Xy, we have

1
<¢2N7 X?,N>H1(Q)_C_l(791@(0)¢1N+’791v< )¢2N+d¢2N7 X2 N)L2(Q <¢2N, X2 N>H1(Q)

(4.2.10)
Setting
(N+1)2 (N+1)2 (N+1)2 (N+1)2
YiN = Z a;%‘a Yon = Z bz%, OIN = Z a;Pi, on = Z bi90i7
i=1 i=1 i=1

a;, b aijbz’G?R(lSZS(N"‘l) )

70 Yo

(4.2.9) and (4.2.10) are written as follows

GG i\ (DO a
G a2 )\v ) \oD )\ ¥
where @ = (al, as, CL(N+1 ) b = (bl, bg, b (N+1)2 )T,

c?':(a’l,aé,---a’(ml)a) b= (b, b, - by y1y2y)" and

GH (V%,V%)B(Q (is p5) L2 Q) — (7f1a(0 )%*l-%,%’)m(g),
=(Vi, Vi) 2 +7(0i, 05) 12 — 27(UnOns, ©5) 2(9),
Gi? = —(f15(0) “%)Lm) —Y (Wi, 95) 12():

Y Y
G?jl = E(Qm(o)%w Soj)LQ(Q) = —E(—QUNUN%, %‘)B(Q),

G22

1
Vi, Vi) + (0i, ¢5) 12 — 8(7915(0)%’ + dwi, ;) 2)

(
Y /a2
(Vi, Vi) 2 + E(UN%’ ©i)L2(Q)
(
(

D;;

Vi, VSOj)L?(Q) + (%’7 %’)L2(Q)v
1<i,j < (N+1)%).

a
Consequently, ( P ) is obtained as

a\ ([ G" Ggv D 0 @\ (G'D G™D a
g - é21 é22 0 D 5} - éle G~’22D b‘,’
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with

a2 G2 -1
( é«zl ézz ) = ( G2l 22 > .

Dy = ((Ags, Ap;) 120y +(Voi, Veoi ) 20y + (00, 05) 120 )i (1 < i, 5 < (N+1)?).

Set

Now we describe how to estimate (4.2.3). Noting that

1L = F'(0)],n ¥ 120y =l 018 120
ZJTDHQa
—d" Dy2(G"' Dd’ + G2 DV)
=d' DG Dd’ + @ Dy G2 DY
— (D@ DG DD Y (D)
+ (Da) Dy G DDy (D))
T/2 A11 -T/2
< oinlla2 @) | Dy G DD " || el 200
+ loan 2oy | Ds G2D D | gllvhen |l e

holds, where || - ||g is the Euclidian norm for a matrix, we obtain

11T — F(0)]; 2w 2
< DIZGUDDA | sllin iz + | D1y G2 DD | sllvban]| 2 )

T/2 A —T/2 T/2 A —T/2
<\ IDEEGU DD + | DEG1DD R 3 [y + [ ey

T = -T T = -T
=¢ IDTEGUDD % + | DG 2D D 2 15w | 20y« 120 -

Therefore,
1L = F'(0)]ur lez@)nxn.xy)
= sup 1[I — F'(0)], s w20
||¢NHH2(Q>><H2(Q):
<\IDTEG DDA + | DY2GD D
holds.

Similarly, we have

_ T/2 A —-T/2 T/2 A -T/2
I = F'(0)]sy ez x) S\/HDH/Q GADD |3 + | Dy G2 DD 3

26



For all w € W, we know
N (@) =P — [I — F'(0)] 3 (P — PF(w))
=wy — [I — F'(0)]y' (wy — PF(w)),
=[I = F'(0)]5' P(F(w) — F'(0)wy),
where wy = (uy,vy) € Uy x Vy.

Whriting N (@) — ( %;E ; > we have:

[Ny (@) || 20y =N [T = F'(0)],,x P(F (@) — F'(O)wn) || 520
<[I[T = F'(0)]uy llccz@nxn,xa)
x [|[P(F(w) — F'(0)wn) | g2 z2@) -

For every 7 € L*(Q2), from the definition of Py and the formulation of L™
which we derived from Lemma 2.0.1, we can see

L~ 'Pyr = PyL7 7.

~ ( uUnN + uy )

w = s
UN + UL

1
IP(F (@) = F(O)wn)lln2@xa2@) = [1llie@ + Flvalizq

Then for all w € W,

note that

where,

Yy := L HPn(vf1(0) + un +ur — v fra(0)uny — uy — vfia(0)on + An)},
Uy = LY Py (vg1(@) + d(vy +v1) = 7915(0)vy — don — 7g1a(0)un + dAdy)},

f1a(0), f15(0), glu( ), 915(0) are the same as in (4.2.6).
For all ¢ = Z SnmPnm € L*(Q), from Lemma 2.0.1, we have

n,m=0
2
||L_1§||%12(Q) = H > 1+n2ﬂ2/§751m2ﬂ2/12 Pnm
n,m=0 H2(Q)
= io: (1 +n272/12 + m?w2 /12 + mAnt /1 + nint /1% 4 2m2n?nt /14)
n,m=0

2

. Snm
H 1+n272 /124+m2n? /12 Pnm L2()

(4.2.11)
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e’} 2
22772 22 /72\2 Snm 2
< Z (1 +n'm /l +m'T /l ) (1 —|—n27r2/l2 +m27r2/12> nganL2(Q)

n,m=0

:||§||%2(Q)-

Therefore, we get

1l 2) < (| Py (v fi()
2] z2) < [P (vg1()

vfra(0)uy — v f1s(0)on + AﬁN)HL?(Q)a
Y91a(0)un — v915(0)vn + dADN) || L2(0).-
(4.2.12)

Estimating the right hand-side of (4.2.12) as:

| Py (vfi(@) = v fra(0)un — v fiz(0)vn + Atn) | z2) < 1,
| Py (791 (@) = vg1a(0)un — v¥915(0)vn + dADN)| 20y < s2,

we get the following sufficient conditions for the finite dimensional part of
(4.2.2):

I = F Oy lzar@nxy xa | st + 25 <eu,

I = F'O)53 lerz@nxy.xm [ 5T+ 25 <P
We have the following estimates:

[(an 4+ un +ui)?(On +on +v1) — Aydn — 2inOnuy — Axon || 2@
=||azvL + (ui +ut + 2anuy + 2unuy)(Oy + vy + on) + 2anuy (v + v1)|l 2@
<o [z @ llvilic2) + 1ol oo lunlZay + lunllZs@llvLllzae
+ lunlZs@llonll @) + lusllzao)lonlle@) + lurllZsollon @
+ ||UL||%8(Q)”ULHL4(Q) + 2[Jan || oo @) [lun | 3@y [lon | 2a (o)
+ 2[|an] @ llun [ La@ los | za@) + 210n | L@ [un | La@) [l 2a)
+ 2[lun| L@ lurlls@ lvn s + 2lunllza@ llus ([ zs@ llocll zs @)
+ 2[[anOn L@ llurl 2@ + 2llan pe@llurllza@)llvrl @)
+ 2[|an] @ llud |l za@)llon | 2aq)
<[ @y || Lo () Co(N) B2 + [[ow | oo () K3 40 + K3 g0 Ky uffa + K3 g0 Ko 43
+ K3 403 |on || 1 () + K3 505 Ko ufy + K3 g0 Ky 482 4 2|l || oo () K3 401 51
+ 2t | oo ) K3 4001 B2 + 2[| 0 || oo ) B g1 + 2K 4 K g1 + 2K 4 K3 g a3
+ 2[|anOn || Lo @) Co(N )y + 2/ oo () K3 4282 + 2| || oo () K 421 =: e,
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which derives

| Pn (v f1(@) = 7 fra(0)un — v f15(0)vn + A@N)HL?(Q)
=||Pn(y(a = (in +uy +ur) + (i + uy + up)*(0n + on +v1))
— (=14 2an0n)uy — ’yﬁ?\ﬂ)N + Atn)|| 20
<||Py(y(a — dn + G} 0n) + Aty) || 2(0)
+ ) ((ay + un + ur)*(dx + vy +v1) — W3 0n — 2anOnuy — Gyon) || z2()

SHPN(’Y(CL — ﬂN + lAL?V?A]N) + AfLN>||L2(Q) + Y€1 =: S1.
Similarly we obtain

||PN(791(ID) - 7915(0)UN - 791@(0)UN + dA@N)HLQ(Q)
=||Px(v(b— (in +un 4+ ui)*(dn + vy +v1)) — Y(—2hndnun)
—Y(—3on) + dADN) || 120
<Py (y(b — @xon) + dA0N)|| 20
+ (G +un +ur)? (08 +vn +v1) = RN = 2univuy — yon)| o)
<[ Pa(y(b — @30x) + dDbn) | 120y + 761 = 5o

4.2.2 Infinite dimensional part

As same as the finite dimensional part, we derive a sufficient condition for
the latter part of (4.2.2).

For every ¢ € L*(Q), from the definition of Py and the formulation of
L~1'¢ which we derived in Lemma 2.0.1, we know

LY — Py)é = (I — Py)L %6,
Therefore, for every w = (u,0) € W,

( (I — Py)L™ Y~ f1(@,9) + @ + Ay} )

T=PIF@) = (1 = P)LL 1 00(0,5) + do + dAdy}

and

(I — Py) L~ f1(a,0) + @+ Ady}
= L7H(I = Px)(7/1(@,0) + @ + Adiy) }
= LY - Pv)(vfi(@,0) +a)},

(I — PN)éL_l{’ygl(ﬁ, 17) + dv + dA@N}
= LL-Y(I - Py)(vg:(@, 0) + dv + dAdy)}
= L7H(I = Px)(vg1(a, 0) + d0)},
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hold.
If u,0 € H?*(2) holds, since fi, g, are both polynomial functions, we have

fi(a,0), g1(a,0) € H*(Q). And for every ¢ = > @pmpnm € H*(Q), we

n,m=0
have
o0 l2
> yiths n*w? /12 + m?*n? /12 + ntrt )1+ mtat )1t 4 20 mP et 162,
n,m=0

From the formulation of L~'¢ which we derived in Lemma 2.0.1, we know

1, = gbnm
¢= Zo 1+ n272 /12 + m*n2 /2 Prm,

n,m=

therefore, we get
[Pl PP

< Z P(1+n?7? /1 +m?r? /12 + n*atJ1E+ mint /1t + 2n®mPat )1t
n,m=0
+ 578 /1 + mO7® /16 + 3m*n?78 /1 + 3m*n* 70 /18 + n®78 /1B + mBr®/1®
2
2,6 8 /18 6, 2 8 /18 4, 4_8 /78 nm
+4nm°n® JI° + An°m*7° JI° + 6n m n° /I )(1+n27r2/l2+m27r2/12)2

< Z l2 1—|—n271'2/l2—|—m27rz/l2)+(1+n2ﬂ2/12+m272/l2)2
n,m=0
+ (L +n?m?/12 + m*7? /12 + (1 + n®7* /12 + m*7?/1%)*)

2
nm

) (1 + n2m2/I2 + m272/12)?

S Z l2(2—|—(1—|—n27T2/l2+m27r2/l2)—|—(1—|—n27r2/l2—|—m27r2/l2)2) Zm

n,m=0

< Z AP(1+ 0?7 )P + m*c? )12 + ni'nt /1 + miat )1+ 202wt )12, < oo,

n,m=0

so we have L™'¢ € H*(Q).
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Then we obtain

| = A2 (L7'0)l2) = | = AUA = D(=A+ 1)+ (=A+ 1) 79|l 2 (@)
=[| = A¢ — A(=A + 1)1l 20
<NAG| 2@ + (A + D(=A+ 1) — (A + 1) 7' ll20
<A@l 2y + 1ol 2@ + 1L ¢l 20
<A@l 20y + lollz2@) + 1L ¢l 1y
<[AQ| 20) + 1l L2@) + I@]]r2(0)
=[Ad| r20) + 2[|9l r2(),

therefore,
IA*(L™'¢) = A(L7'¢) + L7 ¢ 2y
<|| = A*(L7'0) 120 + 91|20
<3|l 22 + A9 22 (o
holds.

Then replacing z in Lemma 2.0.4 by (I — Py)L™*{(vfi(a@,0) + @)} and
(I - PN)Lil{(’Ygl(aaﬁ) + d{))}7 we get
(I — Py) L™y f1(@,0) + @} g2e)
<Co(N)BII = Py)(vf1(@, ) + @) 2@ + [AT = Py)(7/1(@, 0) + @) || 2(@)),

1 - -
(T = Px)5 L 791(@,) + Ao}l

S%ZCQ(N)(?’”(I — Py)(791(@, 0) + d0) || 2(q) + [|AU — Pn)(791(T, 0) + d0) || 2(q))-

Therefore we obtain the following sufficient conditions for the infinite part of
(4.2.2):

{ gz(N)(?)ll(f — Pnv)(0f1(@,0) + )| 20) + [[AU = Py)(7£1(,0) + @) || r2(0) < a2,
S B = Py)(v91(8, 8) + db) | 120y + [|AT = Py) (7018, B) + db) || 12(0)) < B
(4.2.13)

First we estimate ||A(ay +uy + w1 )*(0n + vn + 1) | 12 as following:

||([ — PN)(A(QALN +un + UJ_)2<1AJN + Un + UJ_))HL2(Q)

=[|(I = Pn)(2(V (i + uy +u1))*(0n + vn + 1)

+4(tuy +uy +ul)(V(Oy +oy +v0))(V(ly +uy +up))

+ 2(@]\[ +uy + UJ_)(@N + Un + UJ_)(A(@N +un + UJ_))

+ (tn +uny +ur)*(A(dy + oy + o)z,
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(I — Pn)(2(V (tiy +un +ui))?(On +vn + v))|l 22
<2([|(I - PN)@N<V71N)2HL2(Q) + (HUNHL2(Q) + HULHLZ(Q))H(VQZN)ZHLOO(Q)
+ 2[|on || oo () max{ [ (@) x| o< ), [[(@n )y || oo (@) Hlpe ) (I Vun] 2@) + [[Vur [ L2@)
+ 2([[vi[[re () + lon]l e (0)) max{|| (@) Loy, [[(@n )yl oo @) }
([[Vun|lz2) + IVuLllz2@))
+ ([lowllz= () + lowllzoe@) + oLl ze@) (Vun | @) + [Vurlla@)?)
<2(|[(I = Px)on(Vin)?[| 220 + (81 + Co(N)Bo) [(Vin)? | o= ()
+ 2[[0n || oo (@) max{ || (Gn )]l oo (@) [|(Un )yl oo () } (@1 + 2)
+ 2K 00 (B2 + B1) max{|| (U)o | ), [|(Gn)y | o) } (a1 + az)
+ (on |2 (@) + K001 + Ko.002) K (a1 + a2)? =: ¢,

(I — Py)d(an +uy +ur)(V(on + vn +00))(V(ay +uy +ui))| 2@
§4(H(I - PN)QNV@NVQN”LQ(Q) + (HUNHL?(Q) + HUJ_”LQ(Q))"V®NvaN||Lm(Q)
+ [l || oo @) max{[|(0n)a [ oo @) [|(On)yll oo }
~(IVunllzz@) + IVudlze) + (Junllze@) + [[ucllze@)
-max{[|(on)zll @), [1(@n)ylloe @)} IV unll2@) + Vsl )
+ ||ﬁNHL°°(Q) maX{“(ﬁN)x”LW(Q)» ||(ﬁN)yHLOO(Q)}(HVUNHL2(Q) + HVUJ_“L?(Q))
+ (Junlr=(@) + lurllze@) ([IVonll 2@ + VoLl rz@)
-max{[|(On)z| Lo @), [[(On)yll L@} + (lan [l oo (@) + lun [l zoo@) + lurllree(e))
(VN llza@) + VoLl za@) VULl za@) + [Vun |l ze@))
<4(|[[(I = Px)anVon Vi ||z + (a1 + Co(N)az) [ Viy Vin|| <o)
+ ([t ] oo () max{ || (0n) ol oo @), [[ (08 )yl Lo (@) Hon + a2)
+ K oo(o + ag) max{|[ (On)z || oo @) [|(0n)y [l Lo @) } (a1 + a)
+ [lan || Lo o) max{[|(@n) ol oo () | (@ )yl zoo @) HBr1 + B2)
+ K01 + a2) (81 + B2) max{||(@n )| Loo(0), [[(@n)yll oo (@) }
+ (lan L) + Koooon + Ko oot2) K3 (B1 4 B2) (a1 + a2)) =: ¢3,

(1 = Pn)2(tn +un + ur)(0n +on + v ) (Ally + un +us))|rze
L2(([[(I = Py)undnAtn|| 2 + [|anOn || e @) ([ Aun || 22@) + [[AuL]|z2@))
+ lan Aty Lo @) (lvnllz2@) + v llze) + oAt Lo @) (lunl 22 + sl 2@)
+ llan oo @) (lon lzee@) + [[oLllzee@) (1AuN | z2(0) + [ Ausl|z2()
o) (1Aun|lz2@) + |Au ] r2@)
+ [[AUN || oo (o) ([[un L2y + luLllzz@) (Jvnllze@) + VL] e @)
+ (lunllz ) + [urllzoe@) (lonl @) + [vLlle@) ([Aun |l z2@) + |AuLll2@)

F 0N [l zoe @) (lun || ooy + llus]nee
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<L2((||(I = Pn)an0onAln|| 2e0) + [|anOn || o) (@1 + )
+ lan Aty [ oo () (B1 + C2(N)Ba) + [[onAtin || Lo (0) (1 + Co(N)az)
+ ||UN||L°° ) Ko oo(B1+ B2) (o + ) + ||UN||L0<>(Q)K2 sl + 042)2
+ Al || oo () (a1 + Co(N) ) Ko oo (B1 + B2) + K3 o (01 + a2)*(B1 + fa) =: 4,

(G + un +ur)*(A(oy +ox +v2)) [ 2(@)
<|(I = Pw)iy Avn]l 20 + 03| oo @) (1AvN || 2 () + AV £2(0)

+ 2| anAdN || o) ([lunl2@) + lusllzz@)

+ 2||an | o) (lun |l zoo@) + [[urllze @) (Avnllz2@) + |AvL||z2()

+ (llunllzoo@) + luillze@) (AN 2@ + |Avn |l 2() + [|Avi [ 22@)
<|I(f — PN)QAL?VA@NHLQ(Q) + ([t || Lo () (B1 + B2)

+ 2||an Adn || (o) (a1 + Co(N)az) + 2|dn || oo (0) Ka,o0 (a1 + a2) (81 + B2)

+ KQZ,OO(OQ + 042)2(HA77NHL2(Q + 51 + Ba) =: ¢s,

here, (ty)z, (On), denote the Fréchet derivative with respect to = of 4 and
Uy respectively, (in)y, (0n), denote the Fréchet derivative with respect to y
of 4y and vy respectively.

Then we can estimate the left hand side of (4.2.13) as follows:

3[[(1 = Pn)(vfi(@, 0) + @) r20) + AU — Pn)(vf1(@, 0) + @)l 22(0))
= (H(I PN)("Y((Z_(fLN+UN+UJ_)+(’&N+UN+UJ_)2('IA)N+/UN+UL))
+(un +ur))|z2@) + [[AU = Py)(v(a = (y + uy + ul)
+(an +uy + UL) (On +on +v1)) + (un + UJ.))HLQ(Q)
3[[(1 = Pn)(v((tn + un + ur)*(0n +vn +v1))ll 2@
+1 = v|(lAupl[20) + 3lJurllz2@)
+[[(I — PN)A(V((UN +un + UL) (UN +on +v1) 2@
3(yer + I = Py)uron |l 22y + 271l anon ]| o @) lun || 22 ()
Y[R e @llonll 20) + !1 = (L +3Co(N)[Jurllm2) + (c2 + c3 + ca + c5)y
< 3(ya +[[(I — PJ\/)UNUNHL2 )+ 29 [lanon | L@y + YAk L)1)
+1T = 7|(1 + 3C5(N))az + (e + c3 + ¢4+ ¢5)7,

IN

IN

and

1/d(3||(I — Pn)(v91(@, D) + dv))| L2y + [|AI — Pn)(v91(%, 0) 4 dv)) || r2(0))
=1/d(3||(I — Pn)(v(b— (an 4+ un +ui)*(dn + on +v1) + d(vn 4+ v1))| 12(0)

+ [|A(L = Py)(y(b = (ay + un + ur)*(0n +on +v1) + d(oy +v1))ll 20
<1/d((3d[|vi||L2() + dl| Avi | r2))

+39((1 = Pn) (i + un +ur)*(on +on + v 2@

+ (I = Py) Ay + un +ur)*(0n + on +v1) | 2()
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<1/d(d(3Co(N) + 1)|lvi ||l m2() + (c2 + cs + ca +¢c5)
+3v(er + (I = Pn)tiyonll 2 + 2l anin || oo llun |l 2 ()
+ 0k 2= @ lon | 2))
<1/d(d(3Co(N) 4 1)B2 4+ y(ca + 3 + ca + ¢5) + 3v(c1 + ||(I — Pn)ayon] 120

+ 2[[anOn || @y + || ||z @)B1))-

4.2.3 Verification Algorithm

In order to enclose the exact solution (u*, v*), as described above we construct
the sets W, Un,U,,Vy, V| by

W=UxYV,
U=Uyx+U,,
V=Vy+VL,

with UN, UJ_, VN, VJ_ defined by

Unv = {én € Xn | [[onlm200) < 1},
Up = {61 € Xx | 101l 5200 < 2},
Vv ={on € X | |on|lm2@) < Bil,
Vi={¢L € Xy | 9Llln2) < B2},

for positive constants aq, i, 51, B2. Then the exact solutions are obtained as
u* =Uy +uy +ug, v° =05 +vx+ vy, where (iy,0y) is the approximate
solution we obtained from Newton’s method, and uy € Uy, vy € Vi, u, €
Uy, vy, € V. From the discussion in Section 4.1, the residual part w =
(u* — Un,v* — Oy) can be treated as a fixed point of the equation W =
T(w), with T'(w) = N(w) + (I — P)F(w). In the finite dimensional part, for

§1 ) € N(W), we need to find oy, f1 > 0 satisfying
2
NP1l 20y < @,
4.2.14
{ P2l r2(0) < Pr- ( )

In the infinite dimensional part, by the discussion in Section 4.2.2, we get
the sufficient conditions for them:

{ Co(N)B[[( = Pn)(vf1(@,0) + @) 2(0) + [|AUT — Pn)(7f1(@, 0) + @) r2(0)) < a2,
dCa(N) BT = Py)(vg1(@, 0) + dv)) || 2(e) + |AT = Px)(v91(a, 0) + do)) | 12(0)) < Bo.
(4.2.15)

If we can find positive constants ay, as, 81, 52 satisfying (4.2.14) and (4.2.15),
we can enclose the exact solution.

34



We find aq, as, 81, B2 by an iteration, i.e. we consider the following sets
depending on £ =0,1,---:
WE =k x yk),
v® =y + U,
v =y + v,

with UW, U v v ® defined by

UV = {ow € Xu | llowllmi) < o},
UM = {6, € Xf | oLl < a8},
VA = {on € Xn | onllmze < B7),
VP = (¢ € X§ | 161l < B}

1) Set initial values a§°), Ozéo), ﬁ%o), ﬁéo) > ( and inflation constants 41, d2, 03, 04 >

0.
2) Set

ayi= sup ||éillm2e),
p1ENL(WR)

Bi= sup  |d2lla2a),
2 €N (W (R))

0y =Co(N) sup (3(1 = Py)(1ful0t ) + )| 2(ey

(@,0)eW (F)

+ |A(L = Py)(vfi(@, ) + @)l 22
By =3Oo(N) sup (3T~ P)(ygn ) + ) 12
(@,9)ew (k)
+ AL = Py)(vg1(@, D) + d0))]| 12(0))-

o <,

ah < agk),
B < B,

By < B

hold, then stop the iteration. Otherwise set



and return to step 2.
4) If k reaches a maximum iteration number then stop and the verification
fails. (Then we need to choose some more accurate approximate solutions.)
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Chapter 5

Eigenvalue excluding

In this chapter we will establish a computer-assisted method to exclude eigen-
values of the operator linearized at the exact solution. The method is similar
to [17, 25]. We use this eigenvalue excluding results to obtain a resolvent
estimation of the operator in the next chapter.

5.1 Eigenvalue excluding theorem

We recall that (G, 0y) is an approximate solution of the following equations:

—Au = ~y(a —u+u?v) in Q,
—dAv = v(b — u?v) in Q,
ou Ov
— = — =0 on 9.
Jdv  Ov o
First we consider the eigenvalue problem for the operator linearized at
the approximate solution:

Ay — ~(— N Ne AB2
{ Au —y(—1 4 2un0n)u — yuzv = Au, (5.1.1)

—dAv — y(—2un0N)u + yiiv = Iv.

Let u € C be a given candidate excluding point which is suspected that
no eigenvalue of Eq. (5.1.1) is close to u, then by defining a linear operator
L:H*Q) x H*(Q) — H?*(Q2) x H*() as

Llu,v) = (“ + LY —=(1+ p)u — y(—1 + 2an0n)u — yURv}
TN dor LA+ o + yiyiu yide} )

the equations (5.1.1) can be rewritten as
A L'y
) == (18).
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Then we have the following eigenvalue excluding theorem.

Theorem 5.1.1 Suppose that L has an inverse L' H2(Q) x H*(Q) —
H?(Q) x H*(Q) and there exists M, > 0 such that

||ﬁ_1(u, U) HHQ(Q)XHQ(Q) S M#H (U, U>HH2(Q)><H2(Q)7 (512)

then there is no eigenvalue \ of Eq. (5.1.1) in the disk given by |5\—,u| < ML

m
Proof. For any ecigenpair (u;,v1, \)T € H*(Q) x H*(Q) x C of eq. (5.1.1)
which satisfies

B0 == (710).

where uy,v; # 0, taking (u,v) € H2(Q) x H2(Q) as L(uy,vy) in (5.1.2), we
have

||(U1,U1)||H2(Q)xH2(Q) < J%Hﬁ(ul,vl)l\m(g)xm(m 5.1.3)
= M|\ = p| - (L7 g, Loy L2 @) x 2 ()

Same as in (4.2.11), for all ¢ € L*(),
1L Sllr20) < [l 220
holds, therefore, (5.1.3) becomes
1@, D)l @) x 120

<M\ —pl - ||(@, 0)|| L2y 22()
SM|X — pl - [[(@, 0)|[ 2@y 20y O

5.2 Invertibility condition of L

In order to show the invertibility of L : H2(Q)x H2(Q) — H?(Q)x H2(Q), we
now give a condition that the problem f)(u, v) = 0 has only unique solution
(u,v) =0.

By defining a compact map F : H*(Q) x H*(Q) — H?*(Q) x H*(Q) as

F(u,v) = LH(1+ pu+~(=1+ 2an0n)u + yaZv}
e LY —2yanOnu 4 (—yiy + d + p)v} ’

the problem L(u,v) = 0 can be rewritten equivalently in the fixed-point form
(u,v) = F(u,v).
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Set w = (u,v). The fixed point equation w = Fw can be decomposed as

Pw = PFw,
{ (I = P)Fw = (I — P)Fw.

Now we define the Newton-like operator N : H*(Q2) x H*(2) — Xy x Xy
by

N(w) = Pw — [ — F]3(Pw — PFuw) = ( %;Z ) .

Setting the compact map T : H*(Q) x H*(Q) — H*(Q) x H*(Q) defined by
Tw= Nw+ (I — P)Fw,

we find that the two fixed-point problems w = Fw and w = T'w are equiva-
lent.
Next we construct several sets:

W=UXxYV,
U=Unx+Uyp,
V=VN+V,,
Wy =Uy x Vy,
WJ_:UJ_XVJ_

with Uyx, U, Vy, V| defined by
Un ={on € Xn | |onllmr2(0) < s},
U= {¢1 € Xy | [lo1]lm20) < aa},
Vv i={on € Xn | |6n]lm20) < B3},
Vi i={¢1 € Xy | loLllm2) < Bal,

for positive constants s, oy, 83, B4, where X5 represents the orthogonal com-
plement of Xy in H?(1).
Then a sufficient condition for the invertibility of L is as follows.

Lemma 5.2.1 When an inclusion
T™W C W
holds, L is invertible.

Proof. If there exists w = (u,v) € H2(Q) x H2(Q) such that L(u,v) = 0
and (u,v) # 0, then (u,v) also satisfies (u,v) = T'(u,v). Since T is a linear
operator, for each t € R, we have

T(t(u,v)) = tT(u,v) = t(u,v).

39



Then, we can choose ¢ € R satisfying tw € OW. However, this contradicts
with TW < W and T(tw) = tw. Therefore, w = 0. That is, w = 0 is a
unique solution of Lw = 0. a

The finite dimensional part of the inclusion, NW C Wy can be written
as

sup | N1w|| g2y < as,

5.2.1
b [ Nowll iy < B (5-2.1)
weW

On the other hand, we set

filu,v) = (1 + p)u+ y(=1 + 2ax0n)u + Yz,
fo(u,v) == —2vininu + (=5 +d + p)v.

Replacing z in Lemma 2.0.4 by (I—Py) (L7 fi(u,v)) and (I—Px)(L7 fo(u, v)),
we know that

I(1 = Pr)(L™" fiu, 0)) [ 200
<Co(N)[[(A? = A+ I)((T — Px)(L7" fr(w,0))) || 220
SCN)BI = Pa) filws 0)llsae) + AT = Pr) filus v)[2@),
I(1 = Prx)(L™" folu, 0)) || 200

gczém (BI = Px) folw, )2y + AU = Pw) folw, 0)[12().

Therefore, the infinite dimensional part of the inclusion (I — P)FW C VIQ/L
means

C2(N) sup GBI = Py)fi(u, v)ll2@) + |AUT = Py) fi(u,v)l 2 ) < au,
e Sup (3H([ Pr) fa(u, v)l| o) + [JA = Py) fa(u, 0) || 220) < B
(5.2.2)

Lemma 5.2.2 If (5.2.1) and (5.2.2) hold, then L : H*(Q) x H*Q) —
H?(Q) x H*(2) is invertible.
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5.3 Computable criterion for the invertibility of L

Set
d3 .= Sup ||N1wHH2(Q)7 63 = Sup HNQU)HH2(Q)
weW weW
(1= SugV(H3(I = Pr) fi(w)ll2@ + 1AL = Pv) fi(w)l 2@),
we
By = Sugd(fi\l(f Py) fa(w)l| @) + [|AMT = Pr) fo(w)]| 2(@))-
we

First we need some constants.
Set ’191, 192, 193, ’194, 195, 796 satisfying

| Pn (L fr(us, vi) a2 < (llurllaze + lvillaew),
PN (L7 folur, v)) lm2) < Do(lusllmz) + lvillmze),
(I = Pn)(3fi(u,v))|lr2) + [[AU = Py) fi(u, v)|lz2 @) (5.3.1)
< D3(lunlluz@) + lowllmz@) + dalllusllmz@) + lvillaz@), o
Ul = Pa) (B fa(u, v) o) + AT = Py) fa(u, v) || 220
< Us(lunllzz@) + lovllaz@) + ds(llusllmz@) + [[villm2@)-

Now we explain how to get v, ¥y, U3, ¥4, U5, Jg.
Because

1Py (L fr(us, v) | a2
<[ Pv((1 4 pur +y(—1 + 2an0n)us +vaZoL) |2
SCo(N)(2V|[anOn] Lo lu Ll m2) + Yy Lo @ VL] 22(0)),

holds, we let
U1 := Co(N) max{27||an0n || (), V0% | () -
And we also have

1 Px (L7 folur,v0)) |2
<||Py(—=2ytinOnuy + (—yiy +d + i)l 2
<Co(N)(YNla3 | e @ llv L2y + 271 antn || Lo llus || m2())

therefore, we set

Cy(N) . fond
Oy = = max{y ||z @), 29| | o}
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Since

(1 = Pn) (B f1(u, )| 2@ + |A — Py) fi(u,v)]]

=3||(I = Pn)((1 + p)u + (=1 4 2ay0x )u + yijv)| 20
+[[(I = Pn)A((1 + p)u + (=1 + 2an0n3)u + vy )| 2 ()

<|T+ p = 7[BC(N) + Dllurllgz@) + 27[I3undnu + AldnOnu) || L2()
+ 3% v + Alaio) |2,

13ty onu + Alan o) |2
— |3 Onu + 2Vin Vinu + 205 VaViiy + 20xVuVoy + dnuliny
+ UnuAON 4+ UNONAu|| 20
<||3indn + 2VinVin + OnAty + dn AN || oo @) ([[unl z2@) + lluLllzz@)
+ 2([[ 0[] £ow () max{[[ (A )ol| oo (@) 1@ )yl o)}
+ [l 2o (@) max{ | (0n ) el oo @), [[(On)yl e }) - (IVunllzz@) + VULl z2@)
+ l[anon| @) ([[Aun|r2@) + [[AuL]r20)
<(||3an by + 2V Vo + iy Adiy + iy Ady]| o 0
+ 2([[0x [ 2o @) max{[[(@n )zl oo (@), | (Gn)yll 2o )}
+ ([ || Lo (@) max{ || (0 )z || Lo ), [[(On)y) [ o) }) + [[an O] oo @) [un | 20
+ (||3tnoN + 2VunVin + OnAly + UnADN || Lo @) Ca2(N)
+ 2([[0n || Lo ) max{[[ (@ ) || Lo ), | (@n )yl e () }
+ ([t || Lo (@) max{ || (0 )z || Lo @), [(On)y) [ L) }) + [[an O] oo @) UL [ 20

=:Cunllun | m2(0) + cuplluLl a2
and

13a3v + A(axv) || 2 (@)
=[3a3v + 20(Viy)? + danVoViay + 2ayvAdy + 03 Av| 12
<||3a% + 2(Vin)? + 2an At || () |[v]| 20

+ ||| oo () max{[|(an)a | oo @) [|(@n)yll oo @) HIVO[| L2(0) + [ ][ @) [[Av] 12(0)
<(||3a% + 2(Vin)? + 2anAdy|| (o)

+ ||| oo () max{[|(an )zl oo ) [1(@n)yll o)} + an 2o @) [[ow || 7200

+ (I35 + 2(Vin)? + 2an Aty || oo @) Ca(N)

+ 4l e ) max{[| (4w )zl o ) [1(@n)yll o) + x|z @) VL 20

=:Con||VN || H2(02) + Copllv L] m2(0)
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hold, so we can set

V3 1= max{2YCun, YCon }
By 1= max{|1 + p — Y|(3C2(N) + 1) + 2vCup, VCup}-

And we have
(I = Pn)(3fa(u,v))|[z20) + (I — Pn)(Afa(w,v)) ||l 220
=3||(I — Py)(—2vaninu + (—vax + d + 12)v)]| r2(0)

+ AL = Pv)(=2vaninu + (=il + d + 0)v) | r2)
<3Co(N)|d + pl - vl + [d+ pl - lvillmze) + 27[Bunonu + Aldninu)|| 2@

+7(13a3v + A(a3v)] 20,

therefore, we set

Us
U5 = —
5 d )
1
g := 7 max{2ycuy, |[d + p|(3C2(N) + 1) + veup }-

Now we start to get an invertibility condition for L. We know

Nw = Pw — [I — F|}(Pw — PFw) = [I — F]j*(PFw — PFuwy) = [ — F]§'PFw,

Therefore, for every x1 € Xy, x2 € Xy, we have

{ (LI = F)uyNiw, x1)z2(9) = (L(PFw1 )uy, X1)22(9); (5.3.2)

(L(I = F)oy Naw, x2)r2(0) = (L(PFwL1 )y, X2)12(0)-

Set

(N+1)2
1 —
_ B Sl B 1221 S; i B g1
PFw, =8 = < S, ) | vt R
; 312%'
(N+1)2
N Nuw \ 2221 ;i B i
v Now | | (W+1)? “\y )

; bz‘%
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then, (5.3.2) is equivalent to

( (N+1)2

> ail(Vei, Vi) rae + (=1 + )00 95) 2@ — 27(nonei, 95)12()

v (NEL?

= X blahen e = X si(Ven Vo)) + (@i ¢5) ),

2y (N-Zl:l)12 o Z:%NH)Q

d Z_Zl a; (UnNON i, 05)r2@) + 5 ;1 bi(d(Vepi, Vo) 20y — mlei, 05)12()
(N+1)?

(Ui, 05)2@) = 2 si(Vei, Vi) ) + (0 05)2@))-

L i=1
a2
G .= < a2 o2 ) )

Gl = (Vi, Vo)) 2 + (=i +7) (i, 05) 2@) — 27(an0n 03, 05) 12(0)
G2 = — (8301, 05)12()
G = Baninei, 05) 2@,
G = (Vi Vo)) — 49090 ae + 50300 95) 12,
Dij = (Veoi, Voo 2y + (00 05) 12
(1<i,j < (N+1)?)

e aalt: a
( G2l (22 ) ( g )
So we get
i\ ol Gz D0 Sl B GU'D G@2D St
)= o o 0 D 52 |\ G®"D G*°D 52

with N N 1
L 2 G oGz \
( G2l G2 ) - < G*t G* > ‘ (5:24)

pro= IDIG DDA 5, po = |DHEGEDDE ),
ps = |DFEC DD 5, pa o= | DG D s,

Therefore, defining

where

(5.3.3)

we have

Il
A~
c o
o
~_
A
N 0,
v

Set
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where D2 = ((Api, Apj) ) + (Vei, Vi) 2y + (00, 95) 2@ i (1 < i, j <
(N +1)?). Since

||N1w||§12(9) = ' Dp2d
= @' Dy2(GM' DSt + G*DS?)
_ C—L»TDHQGHDD;EMDZI/QZSH X &»TDHQélzDD;IZﬂDZ/Q?gQ
— (D) DG DD (DS
+ (DIR@) " DIPG DD, (D S?)
< [Nyl 2oy | Dy G DD | 6181 | 2o
+ || Now|| 2oy | D2 G2 D Dy | | el 2 )
holds, we obtain

INvw| 2y < ||1DHs G DDA 611 s2) + | DE GRDD 5 || 6]l S22 0

T/2 A =T/2 A =T/2
< JIDY2G D22 + | DG D, 12/ 152y + 152320y

T/2 A -T/2 T/2 A =-T/2
= \/||DH/2 GHDDH2/ ||2E + ||DH/2 GmDDH2/ ”J25||S||H2(Q)><H2(Q)

</ 03+ 03IS] 2 ) < m2(9)-

Similarly, we have

|Now]| 2y < || DHs G DDA |61 i) + | D GRDD |6l S22 0

<\ IDFEG DD + | DERC2D D 2115 ey
</ 03 + PilIS a2 ()< 2 (0)-
Using parameters 0y, ¥s, J3, U4, U5, 96 in (5.3.1), we have

1511 200 < D1(llus|lmz@) + |villm2@) < Pi(os + Ba),
S22 ) < Do|lurllmz) + vLllm2@) < Polos + Ba).

Hence,
||SH12LIZ(Q)><H2(Q) = ||Sl||%12(9) + ”52”?{2(9) < (97 + 03) (s + Ba)?

holds. Set ¥ := /97 + 93, then we get

[ N1wl|g20) < O + Ba)y/ pT + p3,
[Nowlmr20) < Vo + Ba)y/ 3+ pi-
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On the other hand, we know

(1 = Pn)(3f1(u, v)) L2 + |AU = Pn) fi(u, v)[| 2o
<O3(lunllm2(@) + lonllmz@) + a(llusllmz@) + v lla2@)
<V3(az + B3) + Vsl + Ba)

and

é(ll(l = Pn)fa(u, v)l[2) + [|AU = Py) fa(u, 0)||2(2))

<Us([lunllm2) + llonlla2@) + Js(l|lurllm2@) + [[vLl a2 @)
<U5(az + B3) + Vg(aqg + Ba).

Therefore, the following criterion for verification holds.

Theorem 5.3.1 If

K1 := 2C5(N) (219(193 + J5) <\/p% + p3+ \/,o§ + pi) + 9, + 196) <1
(5.3.5)

holds, then the operator L : H*(2) x H2(Q) — H2(Q)x H*(2) has an inverse.

Proof. Since we have

a3 < Way + Ba)r/pi + p3,

By < V(ay+ Ba)\/p3 + P2,
by < Co(N)(V3(as + Bs) + Va(ou + Ba)),
B < Cao(N)(Vs(as + B3) + Vg + Ba)),

in order to obtain conditions a3 < as, Bg < B3, Gy < ay, B4 < B4, we have to
check inequalities

Ve + B/ pi + p3 < as,

(a4 + B4) V pg + /0z21 < s, (5.3.6)
Co(N)(V3(as + Bs) + Va(ou + Ba)) < au,
Co(N)(I5(as + B) + Vg + Ba)) < PBu,

for some ag, O3, ay, B4 > 0.
We choose some ag, 3, ay, B4 satisfying

az = f3, ag = B4
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Then (5.3.6) becomes

27-9044 V p% + p% < asg,
200/ p5 + pi < as, (5.3.7)

CQ(N) (21930(3 + 2’[94044) < Oy,
CQ(N) (2’(95@3 + 2196044) < Oy.

If as, ay satisfy

2 (\/pf TR+ Rt pz) < as, (538)
202(]\[)((’193 + 195)6!3 + (194 + ?96)a4) < Oy,

then (5.3.7) holds.
Using the assumption (5.3.5), we have

1 —2C5(N) (219(193 +J5) (\/p% +p3+1/p2+ pﬁ) + 94 + 196> >0,

then for any fixed d > 0, positive number a4 can be taken satisfying

as (1= 205(N) (20005 +95) (VIR T B+ VA +72) + s+ 05 )
> 2C5(N)(05 + 05)0.
(5.3.9)

Now setting

ag = 200y <\/p%+p§+ \/p§+pi> + 4,

we have

§ = g — 200y (\/p%+p§+\/p§+pi) >0 (5.3.10)

that is, the first inequality of (5.3.8) holds.
Substituting § in (5.3.10) into (5.3.9), we get

0y (1 —2C5(N) (279(193 + U5) (\/P% +p3+ \/P§ + Pi) + U4+ 196)>
> 20N+ 05) (0 = 200 (ot + 3+ [+ 1) )

then we get the last inequality of (5.3.8). 0
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5.4 Direct computation of upper bound for L™}
Let
A = (i 05) 2y (1 < i, < (N + 1)%),
pri= DG A g, o o= || DG A,
s 1= 1D G AR s, pu = | DL GR AV,
where G, G'2, G*', G** are the same as in (5.3.4).
Then we obtain the following theorem.

Theorem 5.4.1 Under the assumption ki < 1, if kg 1= Co(N)((V3+95) (pr10h+
poVs + p3th + pas) + V4 + U6) < 1 holds, then M,, > 0 can be taken as

20200 — o)W+ 0) + 91 + 9)? + (V2P0 + 95)Ca(N) + 1)2)

m )

1— %]
here p = max{p1 + p3, p2 + pa}-

Proof. Since L is invertible, for each (uy,v;) € H2(Q) x H2(£2), there exists
(u,v) € H*(R2) x H?*(), such that

P, 0) = u—+ LY —(1+ p)u —y(—1+ 2an0n)u — ya3v} _ (m)
’ dv+ LY —(d + p)v + 2yanoyu + ya%v} vy
(5.4.1)
(5.4.1) is equivalent to

u\ _ LY (u+ Du+~(=1+ 2an0x)u + yaiov + Luy }
v LY —2vanonu 4 (=03 + d + p)v + Lo}

_ o LA, v) + Lui} o) — T
= ( LY fo(u,v) + Lo } ) =: J(u,v) = Jw.

Same as before, we rewrite w = Jw as

Pw = PJw,
{ (I —P)w=(I—-P)Jw.

Then for the finite dimensional part, for all ¢1 n, P2 n € X, we get

(uNa ¢1,N)H1(Q) = (fl(uN; UN) + fl(uJ_avJ_) + Luy, ¢1,N)L2(Q)a

1
(vn, Po,N)H1 () = C_i(f2(UN>UN) + fa(ur,vi) + Ly, d2 n)2(0)-
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So we obtain

(Vun,Vorn) 2@ + (un, 01,8) r2) — (fi(un, vn), d1,8) 120
= (filur,v1),01,8) 20 + (Lut, ¢1,8) 12(0)
(Von, Voo n)rz@) + (v, d2,n8)r2i0) — 5(fo(un, vn), d2.8) 12(0)
= 2(folur,v1), don)r2@) + 5(Lvr, don) L2()-
(5.4.2)

By setting

(N+1)2 (N+1)2

Uy = Z a;P;, VN = Z bipi,

i=1
a:= (CLl,CLQ, CL(N+1)2)) ,bI: (bl,bg,"'b(N+1)2)T7

91() == (w1, i) r2(0) + (—Aur, @i)r2) + (filus,vi), ©i) 2 @),

) =
1 1 1
(2) (Uh %)L?( Q) a(—AUb %‘)L2(Q) + E(fz@ﬂﬂ&% %‘)L?(Q),

(1 § i < (N +1)?)

(5.4.2) can be written as

o2 a @

(& &) (5)-(%)

where G1, G'2, G*', G*2 are the same as in (5.3.3), therefore, we get

0-G2:59

i G2+ G2 )
Now, defining the L?-projection Py : L*(2) — Xy as
(s = Pos,sn)r2) =0, Vsy € Xy.

It is easily seen that

| Po(fi(uy,vi) + Luy)||r2) = [|A™ 1/2 Gillss
1 —
EHPO(fz(Ul,Ui)+Lv1)||L2(Q) = [|A” 1/2 @l

And for every £ € L*(Q2), we also have

1L N L2 () = (=D + DéllL20) < (1A L) + €llL2)?
<2(/|1A¢l 72 + 1E1172() < 20€ ]z @)
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Therefore,

lunls20) = || Dydl e
_ HDT/ZGHAI/ZA 1/2 t DT/2G12A1/2A 1/293‘|E
D26 412 ) A~ 1/2 il + (| Dy G2 AY2| | A=V/2G5) |
prllPo(fi(ur,vi) + Lu1)||L2(Q) + 2N Po(f2(ur,vr) + Loi) | 120
prl[Po(fi(ur, vi)llr2(e) + [ Lurllz2(e))
+2 (| Po(falur, vi))llrz) + [[Lvi ] z2()),
pr(01([urllmz@) + [[villmze) + \/§||U1||H2(Q))
+2 (s (lullaz@) + oLl m2@) + V2[ollr20)

VARVANRYVAN

IN

(5.4.3)

and

lon [ m2(q)

P3| Po(fi(ur, vi)llr2(e) + [ Lurllz2()

+2 (1 Po(falur, vi)llrz) + [ L1l 22 (), (5.4.4)
ps(Or(|[urll a0y + oLl m2@) + V2]l a2@)

+2 0y ([Jurll g2 + lvLllme) + V2Nl )

IN

VAN

hold. And we know that

u; = (I — Py)L™ Y fi(u,v) + Lu },
VL = é([ — PN)Lil{fQ('LL,’U) + LUl},

so we have
us|lm2

< Cy(N )(3||(f Pn) fi(u, v) |22 + |AU = Px) fi(u, v)|| 22@)) + [Jua |l g2

< Cy(N)BI = Pn) fr(u,v)|| 2 + [|AU — Pr) fi(w, v)|[z20)) + luill 20

< \%(H )Ws(lun || z2) + llvnlla2) + Palllus |z @) + ||M||H2(Q))) + [lur]| w2,
(N H2

< Cy(N )(195(HUNHH2(Q + lonllr2@) + ds(lurllmz@) + lvillmzw)) + Slloillr2@)-

(5.4.5)

Substituting (5.4.3) and (5.4.4) into (5.4.5) and recalling that in this paper,
we always choose d > 1, we get

lurllm2@) + lvllmze)
SCo(N)((U3 + U5)(p191 + pava + p3th + paida) + (V4 + Js))

sl + lvillmze) + (V26095 +95)Co(N) + 1) ([uall @) + ol 20,
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that is,

2p(05 + 95)Co(N) + 1
HUJ-HHQ(Q) + H’UJ_HHQ(Q) S \/_p( 3 1 5>/€ 2( )
— 2

([[ur || r2) + V1l H2(0)-

(5.4.6)
And also substituting (5.4.6) into (5.4.3) and (5.4.4), we have

lunll 2@ + [[vnll m20)
<(p1Yh + p2va + P31 + pada) (|lur|l w2y + Ll a2)

+V2(p1 + p3)luall 2y + V2(p2 + pa) o1 ]| 2y

20(03 + 19:)CH(N) + 1 R
V2p(93 + U5)Co(N) +V2p

1—52

< ((fm?l + Ptz + p3di + pavda) ) (Jwrll 22y + [lorll 22

S\/iﬁ <1 n Ky — Co(N) (04 + Y¢) + (V1 + 092)

o ) (sl + el

<\/§ﬁ(1 — Co(N) (Vs + ) + (V1 + 02))

1= 1y (w20 + 1l 22(0))-

Therefore, we obtain

lullfr @) + 1012
<(lunllmz@) + low i) + (lucllnz@) + lvellmee)®
< ( (\/5;3(1—02(N)(ﬁ4+196)+(q91+192)))2 + (\/ﬁﬁ(ﬂ3+ﬁs)cz(N)+1)2 ) (s |2y + H01HH2(Q))2

<9 (vV2p(1 - 02(-7:7)(?94 + ) + (V1 + 192)))2_7L (V2p(03 4 05)Co(N) + 1)
- (1 — /12)2

: (Hulmﬂ(g) + ||U1H?{2(Q))'

And so

||U||§{2(Q) + HUH?'{?(Q) < Mi”(uhvl)H%{?(Q)xH?(Q)

holds. O

5.5 Eigenvalue problem of the linearized operator at the
exact solution

Recall that w* = (u*,v*) is the exact solution of (3.0.3) and u* = dy + @,
v* = Oy + U, where @, v are the residual part of uy and vy respectively. By
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using the verification method in Chapter 4, we get |G| g2 < a1 + ap and

19/ 20y < Bi+ Ba.
Now we consider the following eigenvalue problem

{ —Au— (=14 2(iy + @) (bx + 0))u — (i, + @)o = M, (5.5.1)

—dAv — y(=2(tx + @) (On + 0))u + y(ly + @)% = \v.

We know the eigenvalue A of the equation (5.5.1) can be written as

A =((Vu, Vi) o) — Y((=1 + 2(an + @) (65 + 0))u, w) o) — Y((dn + @)%v,u) 12(q)
+ d(Vv, Vv) 29y + 2v((an 4+ @) (65 + 0)u, v) r2) + 7((ax + @)%0,0) 12(0))
J((u, ) 20y + (v,0) 12(0))-

So we have

Re(X\) = Re((Vu, Vu) 2y — y((=1 + 2(an + @) (0n + 0))u, u) 2(0)
Y((an + @)%v, u) 2 + d(Vv V)2 + 27((Gy + @) (On + 0)u, v) 120
+((ay + @)%v,v)p (Q))/((Uau)w(m + (Uav)B(Q))
> ((u, w) p20) = 2| (i + @) (0n + 0) || Lo (@) ull 220
— [l(an + @) || @ llull 2@ 0]l 2) = 2[l(@n + @) (0n + 0) || oo o [l L2 101|220
— ll(an + @) || L@ lloll 22 )/ (lull 2y + 101 72(0))
>y ([l 72y = 2(landl o) + [[an | oo @) 191 Lo () + 10w [ oo @] oo ()
+ | oo @ 18] oo () (lull 22y + llull 2@ 9] 22(0))
— (163 oo @) + 2l || oo 1l| oo (@) + 1@l 700 () (N0l 2@ el L2y + N[0l 22())
/(HUH%Q(Q) + ||U||%2(Q))
>y(lull22q) — 21 anOn |l oo (@) + 1an] oo @) K200 (81 + B2) + 10n || oo () K200 (1 + 22)
+ K3 (o + ag) (B + /32))(||U||L2 +1/2(|[ull22q) + 0)172()))
— (llan |zoe () + 2[|n | pe Q)Kzoo(al +ag) + K2,oo(a1 + a2)?)
- (1/2(ull720) + ol 72g) + 101 720))/ (el 22 @) + 10]1720))-
Set by := min{1-3(||anOn||z=(@ +||UN||L°°(Q)K2oo(ﬂ1+52)+||UN||L°° ) Ko 00 (1 +
ag) + K3 (a1 + ) (b1 + B2) — 5 (105 |z () + 20w || oo @) Ko 00 (1 +a2) +
K3 o (an+as)?), = (lanon| = (o +HUNHL°°(Q)K2oo(51+52)+\|UNHL°° ) 2,00 (01 +

ag) + K3 (o1 4 a2) (81 + B2)) — 2([| 6% ]| L (9) + 2|t || oo () Ka,o0 (01 + cr2) +
K3 (o1 + a2)?)}, then we obtain

Re(X) > ~b;.
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And

Im(A\) = Im(—y(2(dn + @) (dn + D)u, w) o) — Y((An + @)°v, u) 12(0)

+ 2y((un + @) (On + 0)u, v) 2y + Y((Un + i)*v, v)r2@))/ ((u, w) 2y + (v,0) L2(0))
>y(=2|[(an + @) (0n + 0) || Lo lull 72 () — [ (an + @) || Lo @ llull L2 0]l 2200

= 2||(an + @) (0n + )l e(@ lull 2@ ol 2 (@) = [ (in + @) [l oo 0] F20)

JUlull2q) + 01172(q))
>y(— (||UN?7NHL°° + [an Iz @) 10l oo @) + 10n [ £ @) 18l oo (0) + [l oo () 9] oo ()
(lull 2 ) + HUHm @ [vllr2@) — (HUNHLOO(Q) + 2/l | Lo @l oo ) + 1ll7 ()
(wllzz@llull 2 @) + [0l1720)))/ (el Z2q) + [01172(0))
>y(=2([[anon || zoo@) + [[an || oo @) K2,00(B1 + B2) + |08 oo () K200 (1 + 2)

+ K3 (o + az)(ﬁ1 + o)) ([ull 22y + 1/2(NullZ2i0) + 10 72¢0)))

— ([l [l zoo@) + 2[| || 2 Q)KQ,oo(al + as) + K2,00<a1 +ag)?)

(1/2(lull 22 ) + 0l172) + [011720)))/ (lellZ29) + [01172(0))
holds.

Set by := min{ —=3(||an0n|| Lo @)+ tn]| oo (@) I 2,00 (B1452) || On || oo () K 2,00 (1 +

) + K3 (o1 4 a) (B4 B2)) = 1/2([[a% || Lo o) + 2/ U || oo (@) F2,00 (11 +at2) +-
K3 (1+a2)?), =(lanon || Lo @)+ ]| oo @) K 2,00 (Br4-B2) + 08 [| Lo () Ko,00 (14

ag) + K3 o (o1 +az) (B + B2)) — 3/2(HUNHL°°(Q + 2|t oo (@) K 2,00 (011 +Oé2) +
K3 (a1 + a2)?)} < 0, then we obtain

Im(X) > ~bs. (5.5.2)

It is clear that if A is an eigenvalue of problem (5.5.1), then X is also an
eigenvalue of problem (5.5.1), therefore, from (5.5.2), we have

Im(\) < —vb,.
And thus, the eigenvalues of problem (5.5.1) are in the domain
{z +iylz > by, Jy| < —7ba}. (5.5.3)
Set

Lo(u,v) = (u + L7H =1+ p)u —~y(=1+2(tx + @) (dx + 0)u — y(lx + ﬂ)zv})
S dv + L7H(=d + p)v + 2y(an + @) (dn + 0)u + y(ay + @)*0} )

Same as the proof of Theorem 5.1.1, we have the following theorem.
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Theorem 5.5.1 Suppose that L, has an inverse L' : H*(Q) x H*(Q) —
H?*(Q) x H*(Q) and there exists M, > 0 such that

||L;1<U7U)HH2(Q)XH2(Q) < My ||(w, v) || 52 ) x 52(0) (5.5.4)
then there is no eigenvalue \ of Eq. (5.5.1) in the disk given by |A—pu| < M%L
Now we discuss how to get M, from MM in Theorem 5.1.1. Note that

| Ly (u,v) — f}(u, U)H%{Q(Q)XH?(Q)
=[| L7 H{=2y(inD + Oni + G0)u — (205 + @) v} 72 g
+ | L7H2y (N + On T + G0)u + y(20nT + @) v }H| T2 q)
<|| = 2y(an0 + OnT + a0)u — (2087 + G )0||72(q)
+ [129(anD + On + G0)u + Y (20T + 70|72 g
<29 (4]l @y | e (@ 101170 o 1ullZa () + 410X e (1@l Ty el 2o
+Allal @ 100 7s o lullzs@) + 4ladllee@ il Za@ o7 + l@lzs@lvllise)
<29* (4| [l e o) Kau(Br + Bo)?ull oy + 4l 03] e Kz alan + a2) [l o)
+AK3 Ky g(on + a2)*(Br + BZ)QHUH%P(Q) + ARl oe 0 Ky 4 (01 + a2)2HU”%{2(Q)
+ K§,8K22,4(O‘1 + a2)3HU”%12(Q))-
Hence, if we set ¢ := max{2(4]|03 || oo () K3 4 (B1+52) > +4]| 0% || oo () K5 4 (01 +
) +4 K3 Ky g(an+a2)*(Bi+52)?), 2(4[| i || oo () K5 4 (01 +a)* + K5 g K3 4 (o +

a2)?)}, then we have

~

| Ly (u, v) = L(w, v) || 20y < m2(0)
<y<s(l|ull m2) + v r20))

ey 2lelagey + ol
=7V2||(u, v) | 52 (@) x 122

And therefore, we obtain

1w, 0) |12 (@ r2(2) < Mull L, 0) |12 (0 12002
<ML (w, ) 20y x 2y + 1L, v) = L(w, )| 20y xr2c0))
<M (1| Ly () 12 x 20 + 7V26 ) (1, 0) |12 0 20
If 1 — v/2cM,, > 0 holds, we have

[ (w, V) [z x m20) < M| L, 0) | m2(0) < 2005 (5.5.5)
My

Where MN = m
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Remark 5.5.2 When ' satisfies |p/ — p| < ﬁ, we get

(L — L) (u, U)H%{?(Q)XH?(Q)
= L7H (W — wub i) + IL7H (W — m)v}[izo)
=[u" = plPI(L u, L7 0) 122w o)

1
§4MEL | (u, U)H%Q(Q)XLQ(Q)

§4M3 (2, 0) 3720 x 2 ()

therefore, from (5.5.4), we have

[(w, 0)|| 2@ xm2(0) < Mul|Ly(u, )| 2 < 52(0)
<M, ([[(Ly = Ly ) (w, V)| 2wz + 1 Ly (w0, 0) |20 < 2 (0))

1
<, 0oy + 1)y )
I

thus,
| (w, V) |2 @) xr2(0) < 2Mul| Ly (w0, v) [ 20y x 2 ()
holds.
Therefore, in actual computation, if we use B(u, ﬁ) to cover the candi-
date excluding domain, then every point i’ € B(u, ﬁ) satisfies || (u, v)|| w2 xH2(0) <
QMMHLM’(U’U)HH?(Q)XH?(Q)-
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Chapter 6

The domain of attraction

w = (u,v) is the solution of the equation

0.1
a—w:()on@Q, (6.0.1)

{ wy = KAw + R(w) in §,
ov

where

K = ((1) 2) R(w) = (%Ezzs)

And w* = (u*,v*) is the solution of the equation

duw _ 0 on 09). (6.02)
v

Set w(t) ;== w(t) — w*. From (6.0.1) and (6.0.2), we have

{ 0= KAw* + R(w*),

wy = KA(w — w*) + R(w) — R(w*) + R (w*)w — R'(w* )
= KAw + R (w")w + R(w + w*) — R(w*) — R'(w*)w.
2 2 Ow 2
Let —Lye : D(—Ly:) = w’w € HY(Q) x H(Q), 52 =0 — LX) x
L*(Q2) as — Ly (w) :== KAw + R'(w*)w. Set H(w) := R(w + w*) — R(w*) —
R'(w*)w, then we have

Wy = — Lo+ (1) + H(1).

And so
Wy = — Ly (0) + H() (6.0.3)
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holds.

It is easily seen that if A is an eigenvalue of (5.5.1), then —\ is an eigen-
value of —L,,-. We assume that after we use the method in Chapter 5, we
get the resolvent set of —L,~ containing a sector Sp, ., = {A € C : X\ #
—o,|arg(A+0)| < b} (0 >0, 5 <y <m).

In order to solve (6.0.3), we need a proposition of ordinary differential

equation.

Proposition 6.0.3 (/8/, Prop. 1.2.3) For Cauchy problem

there is a unique solution in [0,T], given by
t
w(t) = e P ap(0) + / e~ e [ (40 (s))ds.
0

Before we continue, we need some information of sectorial operators.

Definition 6.0.4 (/9/, Def. 2.0.1) X is a Banach space. A: D(A) — X is
said to be sectorial if there are constants w € R, 0 € (5, m), M > 0 such that

(i) IR Al < 2, VYA € Sp (6.0.4)

A=w]?

{ (i) p(A) D Spw ={A€C: N #w,|arg(A —w)| <6},

For every t > 0, (6.0.4) allows us to define a linear bounded operator €4

in X, by means of the Dunford integral

1
e = — e R(N, A)d\, t >0,

270 J g,

where 7 > 0, n € (7/2,0), and 7, is the curve {\ € C : |arg\| = n, |\ >
r}U{AeC :|arg A <n, |\ =r}, oriented counterclockwise. We also set

My =z, Ve X.

In the following two propositions, we suppose A : D(A) C X — X is a
sectorial operator satisfying (6.0.4).

Proposition 6.0.5 (/9], Prop. 2.1.1, Prop. 2.1.4)
(i) ez € D(A) for eacht >0, x € X.
(i1) For every x € X and t >0, the integral f(f esAxds belongs to D(A).
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Proposition 6.0.6 (/9], Prop. 2.1.1) There is a constant My, such that
el zcx) < Moe”, >0, (6.0.5)

where My = %(Q froo ptereosidpy + ffe e" s dn) with M is the same as the
one in (6.0.4) and r > 0.

Remark 6.0.7 If we set My = 25(2 [ p‘le”cosadp-l-ffg e"°*Ndn), then for
every r >0, (6.0.5) holds.

Now we consider the resolvent bound of —L,,+.
Theorem 6.0.8 For all A\ € Sy, _, there exists a constant M, such that

M
IA+o|

(AL + Lo ) "l 2o @yx o) <

Proof. For every w = (u,v) = ( D> Unm®Pums D, Unm®Pum) € D(—Ly+) C

n,m=0 n,m=0

L>(§2) x L>(Q), set Aw + Ly»w =: F, then we have
w=(—KA— R (w*)+ \)'F,
and
(—KA + Nw = F+ R (w")w,

therefore,
w=(—KA+N"'F4+ (—KA+N)"'R(wh)w

holds. Then, forall A € C (A # —o), if H(—KA—F)\)_IR'(UJ*)H/;(Loo(g)xLoo(Q)) <
1 holds, we have

[(=KA + N ewe@)x L)

Il < T R AT N TR @m0
Note that )
ey -1+ 2u*v*  u*
R (U} ) =7 ( —271,*?)* —U/*Q )
therefore,

| R (w*) || 2(zoe@)xroo@)) < v max{||—14+2u*v*|| oo (), 2/t v || oo, [0 Loy} =2 R

holds.
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And we know that when \ # 0,

— KA+ 1y = unm¢nm Unm¢nm
e ( o AT e B mim n;o At d(n2n2 )i+ m2n2 7))

holds, therefore, we get

. 1
I(=EA + X Hlewe@xe=@) < 737 (A #0)

>

Thus when |A] > 2R holds, we have ||(—=KA 4+ X) " R/ (w*)| £z @) x L) <

P\I < 3g % < 1 and then we get

_ 2

And since

AN+o|  |N+o o o
< <l+—=<1+-5
R R RY 2R

holds, we have

2R+ o

AI Lw* _1 o0 o0 <—o
(AL + L )™ |l ez @ x o)) < RIvtol

Now we consider the case when [A\| < 2R and A € Sy, _,. Reminding that

Ly (u,v) = <“+L1{_<1+“)“_7(—1+2(@N+ﬂ)<@N+@)u—v(aN+a)2v})
p\U, dv+ L™ H{(—=d + p)v + 2vy(tn + @) (O + 0)u + y(uy + @)%}

and Lu = —Au + u, we know
Ly« = (L,L)L, + ul,
therefore, we get
-1 -1
L, = (Ly —pl) (L, L).

Set A = —u From the eigenvalue excluding result, there are finite circles
B(\i, 57— 2M -)(¢ = 1,2,---m) which are inside the domain {\ € C : |A\| < 2R}

or have intersection with the domain. Then for every A € {A € C: ])\| < 2R},
we find a circle B(\;,, 55— 2M )(1 <ip < m) such that A € B(\; ) And

so, by Remark 5.5.2, for (u v) € H*(Q) x H?*(Q), we have

10 2M

||LX1(U,U)||H2(Q)xH2(Q) < 2My,, | (w0, 0) [ o200 x 262 -
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Thus, we get

(L + ML) ™ (1w, 0) || oo () x oo (@)
<Ky oo || (L + )‘I)_l(uvv)||H2(Q)xH2(Q)
=K ool L3 (L7, LH0) || 520 x 2@
<2K00 My, (L™, L710) |52y <20
S2K.00 My, (w V)|l L2 < 22(2)
§2K2,ooMAio|Q| : ||(uav)||L°°(Q)><L°°(Q)-

Therefore, we obtain ||(Lys + )7 | £z (@) x Lo () < 2K 00 My, [€2].
Set M, = _max {2K5 M, |2}, then when |A| < 2R holds, we have

A+o| _ Mi(2R +0)

M 4 Ly ) 7| oo sy < My < M
H( ) Hll(L (Q)XL>(Q)) = 1> 1’)\+0'| >~ |)\—|—U|

Let M := max {2552 M;(2R + o)}, then for all A € S, _,, we have [|(A] +

Ly ) o=@ xr=@) < mygr- D
Then we have the following theorem.

Theorem 6.0.9 Set

D(Ag) = {w e (YW2(2) x w2 @) : 29—y,
P2 v laa

A(] : D(A()) — LOO<Q) X LOO(Q>, Aow = —L,~w.
Then Ag is a sectorial operator.

Proof. From the eigenvalue excluding result, we know all eigenvalues A of
— Ly H*(Q) x H*(Q) — L*(2) x L*(Q) satisfying A € C \ Sg,,_o-

If A is an eigenvalue of A, then there exists an eigenfunction w € D(Ay)
such that Agw = Aw. Since it is easily seen that D(Ag) C D(—Ly+), w €
H?(Q) x H*(Q) holds, and thus X is also an eigenvalue of —L,,-, which means
all eigenvalues of Ay are the eigenvalues of —L,«, therefore, we know all
eigenvalues \ of Ay satisfy A € C \ Sy, —o-

From the definition of Ay, when we consider w € D(Ag) C D(—Ly+) C
L>(92) x L*>®(Q), it is clear that we can replace — L, in Theorem 6.0.8 by
Ag. Therefore by using Definition 6.0.4, Aj is a sectorial operator. O

Remark 6.0.10 From Proposition 6.0.6, there is a constant My satisfying
€840 oo (@) Lo (2)) < Moe™ "

Now we can get the domain of attraction.
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Theorem 6.0.11 There exist 0y, C' > 0, w < 0 such that when ||[W(0)|| Lo (@)x L) <
0o, we have

”w(t)HLO"(Q)XLOO(Q) < Cethw(O)“Loo(Q)XLoo(Q).
And therefore, we can say when t — oo, w(t) — 0, which means w(t) — w*.

Proof. From Proposition 6.0.3, the solution in [0, 7] of the equation (6.0.3)
can be written as

w(t) = e e (0) —I—/O e~ 9w H (40 (s))ds.

Then, if w(t) € D(Ay)(t € [ T)) holds (from Proposition 6.0.5, this condi-
tion can be easily satisfied if w(0) € D(Ap)), by Remark 6.0.10, we have

[@()]| oo (@) x 222 ()

€849 || 2o (@ x Lo () [|0(0) || oo ) x Lo ()

+f0t ™ = B || £ poe ) w Low () || H (0(5)) || oo (@) x Loe (2) 8

< Moem [ (0) | e @y o) + Jy Moe™ " H (w0 (s)) | oo (@< poe () ds-
(6.0.6)

IN

Note that

SO

||H(w)||%oo(g)xmo(g) = P +w*) = fw) = fulw)id — fv(W*)@“%w(Q)
+72llg( + w*) — g(w*) — gu(w*)i —
=7 (|la — (@ + u*) + (@ + u*)*(d -
—(=1+ 20" 0*) i — w?0)[[Foc ) + H (ﬁ—l—u*)Q(ﬁ—i—v*)
— (b= uv*) + 20 00+ 0| F oo )
= 2(|a%0 + 4*v* + 21lf)u*||2oo(ﬂ) + |40 + a*v* + 2ﬂ@u*||200(9))

holds. Therefore, we have

| H ()| Lo () x Lo () = \/§7||@2?7 + W20 + 2U0u" || Lo ()

2y(lafl 2o 101 oo () + Nl oo oy 10 | oo () + 2110l oo ) 18] oo e 167 Lo (2))

<V2
D17 yxroe@) - \ ) )
S\@’Y( : A [[0]F oo 0y oo () 107 (| oo (@) + 1101 F oo 0y oo ey 10 Lo () | -

2
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For all ¢ > 0, after solving inequality

62 * *
vy (G + 0 =y + 10 lm@)) = ¢ <0,

we have § < 51(0 _ _\/E'Y(HU*||L°°(Q)+||U*||L°°(Q))+\/j;j(““*||L°°(Q)+||U*||L°°(Q))2+2\/§"/§‘
Then when we have |[w@(s)|| o @)xre@) < 01(C), inequality (6.0.6) can be

replaced by

t

||w(t)||Lm(Q)XLoo(Q) S Mge_at“’LZJ(O)||Loo(Q)XLoo(Q)—|—/ M0€_U(t_S)C||1D<S)||Loo(Q)><Loo(Q)dS.
0

Set p(t) := e ||w(t)|| Loo () x Lo (), then we have

p(t) < Mop(0) + MoC [y p(s)ds.
By using Gronwall inequality, we get
p(t) < Mop(0)e™,
that is,

[ (6)| oo () x 2o (@) < Moe ™M [(0)| oo ()2 (@)

holds.

Therefore, we choose ¢ = G7gm

stant), and then we find some corresponding 6(¢). If [|10(0)|| Lo )x (@) <
=: §p holds, then we have ||W(t)||z~@)xro@) < 6. Set C' = M, and

—0 4+ My¢ = _1%57 then the statement holds. O

g

(where £ is a very small positive con-
Mo
w =

Remark 6.0.12 From the proof of Theorem 6.0.11, we need to choose some
initial value w(0) € D(Ap). Since we have w(0) = w(0) —wyn — W, we choose
w(0) = wp(0) + w, then we get w(0) = wp(0) —wy € D(Ag). And from
Chapter 3, we see that adding @ to wy,(0) will not affect the result of the
approximate solutions and the approrimate stationary solutions, thus it will
not change the stationary solution.
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Chapter 7

Numerical Results

We made use of an interval arithmetic based on the interval library([22]) to
avoid the effects of rounding errors in the floating-point computations. The
computations were carried out on a SONY VPCZ11AFJ(Intel(R) Core(TM)
i5 M520 2.40GHz) using Matlab(Ver.7.5.0).

We apply our method to an example with some suitable system parame-
ters and get the following numerical results.

Example 1. We choose a = 0.01, b=1,d = 6.5, v = 0.5, Q = (0,10) x
(0,10) and N = 25. We use initial values as u,(0) = 1 — 0.4 cos mz cos wy,
vp(0) = 14 0.3cosmzcosmy (Fig. 7.1), then by using Galerkin method, we
get the approximate solutions uy(7") and v, (T") (7' = 20) in Fig. 7.2.

Figure 7.1: Finite part of initial values in Galerkin method. The left one is
up(0) and the right one is v,,(0).
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Figure 7.2: The approximate solutions of Example 1 which we got from
Galerkin method. The left one is uy,(7") and the right one is vy (7).

Then we use Newton’s method to improve the solutions in Fig.7.2. The
approximate stationary solutions are shown in Fig. 7.3.

Figure 7.3: The approximate stationary solutions of Example 1 which we got
from Newton’s method. The left one is 4y and the right one is 0y.

By using the verification method in Chapter 4, we get the following veri-
fication results for the stationary solution in Table 7.1.

ai B1 asg Ba iteration number
1.2516E-11 6.2896E-12 3.0810E-12 4.7800E-13 1

Table 7.1: Verification results

For the eigenvalue problem (5.1.1), we get the following approximate
eigenvalues (Fig. 7.4). The points are the approximate eigenvalues and the
rectangle domain is the domain of the eigenvalues of problem (5.5.1), where
vby = —1.9160, vby = —1.9160.
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eigenvalue

N N N
-200 0 200 400 600 800 1000 1200

Figure 7.4: The approximate eigenvalues.

It is clear that if ) is the eigenvalue of (5.5.1), then ) is also an eigenvalue
of (5.5.1), therefore, we only need to do eigenvalue excluding in the area
{A\Im(\) > 0}. By Theorem 5.1.1, we get M, then from (5.5.5) and Remark
5.5.2, we have the eigenvalue excluding results in Fig. 7.5. The right-hand
side of Fig. 7.5 indicates a zoom in of the left-hand side. The line passes
through the point (0.001,0) and (0.016,0.50525). And the line is inside the
eigenvalue excluding area, which means the eigenvalues of L, are in the
right-hand side of the line. Therefore, the spectrum of L, is contained in
the sector Sy_g, », where 6y = m — arctan(0.50525/0.015) and o = 0.001.

eigenvalue

Figure 7.5: The eigenvalue excluding results. The right one is a zoom in of
the left one.
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From Fig. 7.5, we get the resolvent set of —L,« containing the sector
Stg—c ={A€C: XN # —0,|arg(A+ 0)| < Oy}, where o = 0.001, 6, = 1.6005.
Then from Theorem 6.0.8, we get the value of M, so by using Propo-

sition 6.0.6 and Remark 6.0.7, when we set M, = %(2 froo p~tercostodp +
—tLyn

ffgo e’ s dn), for every r > 0, we have |le ce@xre) < Moe ™t >

Here, we choose some r > 0 and get the numerical value of My. Then set

g

<= (1+ &) Mo

(& =1E — 10)

and

—V2y ([l oo @) + 10*] e @) + \/272(|IU*HL00(Q> H [ () + 2v/27¢
V2y '

By using Theorem 6.0.11, if we enclose the solution of (1.0.1) until 7" and
the enclosing set is a subset of the domain {w| ||w —w*||Le(@)xL=@) < Mio},
then we can conclude that from time 7" on, the solution at last will converge
to w*.

Table 7.2 shows the numerical results related to the domain of attraction.

M r My 5 0/Mo
1.3155E+47 0.61 2.4422E+7 2.2642E-11 9.2635E-19

Table 7.2: Numerical results related to the domain of attraction
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Chapter 8

Conclusions

We proposed a method by computer-assistance to prove a pattern formation
on reaction-diffusion systems. We obtained the eigenvalue excluding results
for the linearized operator at the exact stationary solution and then by using
the semigroup estimate, we computed a domain of attraction for the station-
ary solution, i.e. some (norm-)neighborhood of the stationary solution, which
assures the convergence of the parabolic solution to the stationary solution.
This is a constructive way to prove a pattern formation and well supports
a numerical behavior with a convergence proof in mathematically rigorous
sense.

As seen in the numerical results in our example, the norm-neighborhood of
the stationary solution is still very small, and for the moment this prevents us
from enclosing the parabolic solution until the enclosing set is a subset of the
domain of attraction. But since the final result for the domain of attraction
heavily depends on the choice of all parameters in the system, if we could
find other parameters which provide a better distribution of eigenvalues for
the linearized operator (for example, o > 0 is far away from 0), then we will
have a good chance to enlarge the domain of attraction which will be more
interesting to see the dynamics of the pattern formation.
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