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for Jacobi Sums

Yasutaka Ihara, Masanobu Kaneko and Atsushi Yukinari

Introduction

The subject of this paper is the -adic power series F,(u, v) in two
variables associated to each element p of the absolute Galois group Gal
(Q/Q) over the rationals, constructed and studied in [PGC]. This was
constructed by using pro-/ étale coverings of P*\{0, 1, oo}, and was shown
to be “universal” for Jacobi sums of /-power exponents. This study was
then taken up, also by G. Anderson and R. Coleman, and we now have a
deeper understanding of F,. We shall prove two theorems on F,, one on
a (non-obvious) functional equation (Theorem A, § 1), and the other, on
the determination of the coefficients (Theorem B, § 1) when p e Gal (Q/
O(pt,)). Since these results were also obtained by Anderson and Coleman
(see below for details), the stress will be laid on the difference of methods
in proofs.

To be more precise, denote by £, the maximum abelian pro-/ exten-
sion of the cyclotomic field Q(g,;~) unramified outside /, and by 27" the
maximum everywhere unramified subextension of 2,/Q(g;~);

QCQ(p=) T C R,

Put

g,=Gal (2,/Q@) D g,= Gal (2,/Qgt,=)) D g, = Gal (2,/2;").
Then the association p—F, factors through a 1-cocycle
M g,  A=Z[u, ]},
&/ being regarded as a module over Z=g,/g, by
@) o Thu——>(1 4w, 14+ v—>(1+v)* (e Z).
As shown in [PGC], the special values F({—1,0'—1) (C, ' € pinr p: 2
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Frobenius element of p=£/) are connected with Jacobi sums (on 3 parame-
ters a, b, ¢ € (Z/1™); a-+b-+c=0), while the coefficients of F, are connected
with the Kummer characters defined by some circular units in Q(gt;).
An unpublished work of P. Deligne [D], on the construction of a certain
circular Kummer character using special type of pro-/ étale coverings
of P\{0, 1, oo}, can be regarded as the determination of some of the
coefficients of F,. As for the problem to determine all coefficients of F,
the first step is given in [PGC] Theorem 10. It provides the solution
when p belongs to g,= Gal (22,/2}"), the inertia group above /in 2,/Q(gt;).
This gives in particular a factorization

©) F(u, )=G,wG,)G,w)  (1+u)(1+v)d+w)=1)

of F, into three pieces when p € g, Moreover, the formula for the coef-
ficients of F, carries over to the case p € g;, provided that the inertia-
restrictions

Res,,: Homzf‘ (@ ZL(m))—%HomZ§< (@3> Zy(m))

are injective for m>3, odd (Corollary of Theorem 10 [PGC]). By Mazur-
Wiles [MW], this injectivity is equivalent to the “‘standard conjecture’ on
the non-vanishing of L,(m, '~™) (L,: the l-adic L-function, w: the Teich-
miiller character).

The next step was pushed forward by Anderson and by one of us, but
Anderson obtained a stronger result. By tieing them in with his previous
work [A,], he proved a generalization of the factorization (3) for all p € g,,
interpreting each factor (say, G,(#)) as a ““universal Gauss sum” modulo a
power of 1-4u; cf. [A,] in this Volume. Meanwhile, we also proved, in-
dependently and by a fairly different method, that F, is of the form (3) for
o € g, (Theorem A,, § 1). We shall present our proof in Section 2.

The third step, to determine all coefficients of F, for all p, was made
principally by Coleman (yet unpublished). He proved a formula for p
g, during the Kyoto conference in October 1985 (which matches with the
above cited conditional result), and later generalized it to all peg, On
the other hand, shortly after October, two of us also succeeded in remov-
ing the injectivity assumption for Res,, in Corollary of Theorem 10 [PGC],
thus giving an alternative proof for the coefficients-formula when p e g,
(Theorem B, §1). Here, again, the methods are essentially different.
While Coleman uses the result of Anderson mentioned above and his own
theory of power residue symbols, our proof is based on the g,-result in
[PGC] and the injectivity of another type of inertia-restrictions explained
below.
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The formulation of the main results will be given in Section 1 (The-
orems A;, A,, B). Here, we shall put our stress on the methods. Let
o €g;.. Then we shall show that the “amalgamated product” F, xF, de-
fined by

@ Fu vF,W,v) e Zfu, v, ', VI/[(1+u)(1 + o)A +u)(1+v)—1]

is symmetric in u, v, #/, v'. This is based on the ©,-symmetricity of Jacobi
sums on 4 parameters a, b, @', b’ € (Z/I*) with a4-b4-a' +b'=0 (n>1).
Then we shall prove that this ©,-symmetricity of F,xF,, combined with
other properties of F, already given in [PGC], gives the factorization (3).
This study was motivated by a conversation with Deligne (April, 1985),
who explained his idea to use amalgamation of two copies of z(P:\{0, 1,
oo}) along z,(S") (in the context of algebraic geometry) to obtain a similar
type of restriction to the Galois image in Aut z?™* (Pg\{0, 1, co}). Inthe
present situation, it is carried out by arithmetical means.

Now we indicate our method for the determination of the coefficients
of F,(peg). By[PGC], F, belongs to the “odd part” N=(1-+uvw)"
of 14-uvwsZ, and hence p—F, can be regarded as an element of Homzf
(g, N). The proof of Theorem B consists, of the following two steps.

(i) Proof of the injectivity of the inertia-restriction

Resy: Homzlx ((: N)-—>H0mz;< (g2 N).

(i) Proof that the power series F, (p € g,) defined by the “expected
coeflicients for F,” also belongs to N.

Since F, coincides with F/, on g,, they must coincide on g,.

It was surprising to us that such an injectivity as (i) could be proved.
In fact, if we do it coefficientwise, then we meet the injectivity of Res,,
above, which seems to be much more difficult to prove. The point is as
follows. Although N is, in a sense, merely a collection of all Z,(m), it
can also be presented as the projective limit lim N™ of such Z,[(Z/I*)*]-
modules N (n>1) that (a) each N™ is I-torsion free, and (b) the injec-
tivity of Res, ultimately reduces to the vanishing of

®) Hom (C1(Q(ge1)), N)

for all n>1, where C1(Q(g;»)) is the [-Sylow subgroup of the ideal class
group of Q(g.). Since the ideal class groups are finite, (5) vanishes by
(a), and the injectivity of Res, follows by (b). The proof of (ii) is based
on a generalization of a lemma of Dwork.

Finally, in Section 4, we discuss some open questions related to the
image of p—F, (mod /).



We wish to thank G. Anderson, R. Coleman and P. Deligne for
stimulating conversations.

§ 1. The main statements

Let / be a fixed rational prime, Z; be the ring of l-adic integers, and
&/ be the commutative Z;-algebra of formal power series:

M o =ZJlu, vll=Z, [[u, v, wll/[(A+w)(1 -+ v)(1+w)—1],

equipped with the Krull topology. An element of & will be denoted by
F=F(u, v), and also as F(u, v, w) (a representative modulo the ideal
[(A+w(d+v)d+w)—1]). Let Go=Gal(Q/Q) be the absolute Galois
group over Q, X: Go—Z} be the [-cyclotomic character describing the
action of G, on the group g, of I-power roots of unity in @, and let G,
act on &/ via the Z}-action j: 14u—(14u), 1+v—>(140)° 14+w—
(A4+w) (e e Z¥). In [PGC], we constructed a continuous 1-cocycle

@ Gg—ral*  (p—>F,=Fu, v, w)).

It is unramified outside /, and is “universal” for Jacobi sums on 3 parame-
ters a, b, c € (Z/I™) with a+b-+c=0. This 1-cocycle depends on the
choice of a “coordinate system ¢” related to zf™* (P"\{0, 1, co}) (loc. cit
I §2), but its restriction to Gg,,..,=Gal (Q/Q(gt;~)), which is a continuous
homomorphism

&) Gpppoy—> 1 Fuvwed Cf*,

depends only on the choice of a basis (,),»: of Ty(G,)=1lim, g, (Which
is subject to 7).
For each F=F(u, v) e &7, define Fx F to be the element of

o x o =Z [[u, v, o, VII(L+w)(1+ o)1 +)(1+v)—1]

represented by the product F(u, v)F(¥/, v). (This algebra & x o/ is a sort

of “completed amalgamated free product o/ ¥ &/, but we denote it simply
2z, (w3l
as o x.«f, for brevity of notations.) The first formulation of our first

theorem is as follows.

Theorem A,. Let pe Gyyeye Then F, € o is symmetric in u, v, w,
and F,+F, € of x o is symmetric in u, v, ', V.

We shall show that these symmetricities w.r.t. ©, and &, follow from
the corresponding symmetricities of Jacobi sums (§ 2). The first symme-
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tricity also allows a direct proof based on the definition of F,. As for the
second, the author learned that G. Anderson recently obtained it independ-
ently by a different method. Further symmetricities of Jacobi sums (&, , -
symmetricity of the Jacobi sum on r-1 parameters a,, - - -, a, € (Z/I™) for
r>4) do not give any more new functional equations for F,.

To state the second formulation of this theorem, change variables as

4 14u=expU l4+v=expV, l4+w=expW (U+V+4+W=0).
Then

Theorem A,. Let p € Gy,yy- Then F, has an expansion of the form

s) Fy(u, v, w)=exp 33 80 (@ ym g

with B.(0) € Z, (m>3, odd).

This was obtained also by G. Anderson, independently, by a different
method [A,].

The next theme is the explicit determination of the coefficients f,(o)
(m>3, odd). Let 2, be the maximum abelian pro-/ extension of Q(gs;~)
unramified outside /, and £} be the maximum everywhere unramified sub-

extension of 2,/0(g;). Put
©® go=Gal (2,/Q) D ¢g,= Gal (2,/Q(gt;=)) D g, = Gal (2,/2").

Then g,/g,= Gal (Q(g,=)/Q) can be identified with Z7* via the /-cyclotomic
character, and g,, g, can be regarded as Z*-modules via (g,/g;)-conjugation
8188185 " (8 € o> 81 € q1)- By [PGC] Section IV, the association p—F,
factors through a Z*-homomorphism

(7 F:g—>N=(14+uwwe) ={Fe o; F=1 (mod uvw), FF=1},
where F=F'-1. Accordingly, B, (m>3, odd) belongs to
® | Homyx (g, Zi(m)).

Now let X, (m=0,1,2, .-.) be the standard element of (8) defined in
[PCG] IV Section 7. Namely, put

© &= ] @D eQuy)  (n=1,m>0),

a€(Z/1r)*

where (£,),»; is as above, and (b), denotes the unique integer in the
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interval [0, /™) representing b mod /*. Then X,, is the unique homomor-
phismbg,—Z, satisfying the equality

(10) Ime) = ((fm)r/imye -t forall p e g, n>1.
Theorem B. The notation being as in Theorem A,,
(11 Bn(@=1—1"") ")  (m=3, odd)

holds for all p e g,=Gal (2,/Q{ge;))-

As explained in the Introduction, this was proved for p € g, in [PGC]
Theorem 10, and more recently, for p e g, by Coleman. Note that a
result of Deligne [D], combined with Theorem A,, also gives the same
formula (at least) for m<C/ (cf. also [PGC] IV § 7). The method for our
proof, given in Section 3, is totally different from these.

From Theorem B follows in particular that the Vandiver conjecture
for /is valid if and only if 8, is surjective for all m=3, 5, - - ., [—2 (I>3).

§ 2. Proof of Theorems A,, A,.

Proof of Theorem A,. Let ({,),»; be the basis of T3(G,,) which de-
termines the homomorphism (3) of Section 1. (Each ¢, is a primitive
element of g, and {},,={, (n>1).) For each n>1, denote by 2, the
set of all ordered triples (@, b, ¢) such that a, b, ¢ € (Z/I")\(0), a+b+c=
0, and such that at least one of a, b, ¢ belongs to (Z/I")*. For F=
F(u, v, w) e o and (a, b, ¢) ¢ &, (n>1), the special value

(1) F(Cg—la C'Z—l, Cacz'_l)

is well-defined, because a+b-+c=0 (and the series obviously converges).
We shall first prove the following two statements (I), (II) for any p € Gy,
and n>1:

() F,:—1,8—1,¢—1),for(a,b,c) € &£, is symmetricin a, b, c.
() Leta, d, b, b’ e (Z/I") be such that
at+d +b4+b'=0
b, b’#0 (mod [),
a,d =0 (mod /), but a, a’#+0;

(hence necessarily n>>2). Then

Fp(cgb— 1; CZ_ l)Fp(CgLI— 13 Cnl— 1)

(2) a’ 13 a ’
=Fp(Cn - la Cn— I)Fp(Cn“ l: Cn - l)
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In fact, for each fixed n>1, we shall prove the statements of (I) (II)
for all p € Gy(uny (TeSP. Gy(pnery When /=2). By continuity, it suffices to
prove them when p is a Frobenius element of a prime divisor p of Q(z;x)
such that py/. But for such p, F,({¢—1,80—1,0—1) ((a, b, ¢) € Z,,) is,
by Theorem 7 of [PGC] II Section 6, the Jacobi sum:

FP(CZ—' 15 CZ— 1: C%'— 1)= - Z Zn(x)axn(y)b
zyeF S
z+y+1=0

3 —
® ==L 5 @000
q - 1 :zc,y,zelv‘;<
r+y+z=0

where g=N(p), F, is the finite field Z[{,}/p, and 2,: Ff— g is the Teich-
miiller character determined by

2,(X)=x" 1 (mod p) (x e F)).

Note that 2,(—1)=1, because when /=2, we assumed p € Gy,n.q, and
hence g=1(mod/™*"). Since the right side of (3) is symmetricin a, b, ¢,
(D follows.

Now, to prove (II)'when p is a Frobenius element of p, let a, b, &', &’
be as in (I). Then all the 4 triples

(aa ba ‘—a_b)a (aly b/’ —a’_bl)’ (a,9 b: -a,_'b)3 (aa b’: —a_b’)

belong to &, because a-+-b, a’+b,d' -+b, a+b'£0 (modl); hence in
particular =£0. Therefore, the formula

) FG—1L0G—D=— 2 2,()2.(0)°
z,yeFX
Zry+1=0

is valid for (&, B)=(a, b), (&', V"), (d’, b), (a, b’). On the other hand,

20 A" 20 () ()

mymﬂwng
(5) Y+’ +y =0

= { Z Zn(x)aln(y)b'xl+,§a‘zzn(x/)a,’zn(y,)b/}'

2€Fg T+y=2z
2,y%0 2!,y %0
Since 4, is surjective and a5, ¢’ +b’+£0, the summand for z=0 vanishes;
hence (5) is equal to the sum over z ¢ Fy. The summand for each z ¢ F}
may be rewritten as



20 A(=xD) 232" 3L MDAV,

2! Y=~
Z,Y#0 z,y’#0

which is independent of z, as a-+-b-+a'+b'=0. And since 2,(—1)=1,
(5) is equal to

=13 20A0P 3T 26 L)

(5’) Y0 z’,y’#0

=(q— l)Fp(ggz_ I’ Cﬁl”‘ I)Fp(cgz"” 19 Cn’”— 1)'

Since (5) is a priori symmetric in @, b, &', &', and (4) holds for (a, f)=
(@, b), (a, b'), we deduce that (5) is also equal to

") (g—DF,C — 1L, O—DF&— 1,0 —1).
This gives the proof of (ID).
©g-symmetricity. In [PGC] II, we studied the ideals

am:{F=F(u’ U, W) € "d; F(C—Ia C,""Ia C”'- 1)=09
forall {, ', " e pun\{1} with {{'C"=1}
(m>1) of o7 and in particular proved that (), 0,=(0) (cf. 1 §4(14), § 1

(16)). Now the property (I) proved above for all n<m implies that if
o € Gy, and ¢ is any substitution of three letters u, v, w, then

©

F,(u, v, wy—F (ou, gv, ow)

belongs to a,. Since m>1 is arbitrary, this must vanish. Therefore,
F,(u, v, w), as an element of &, is symmetric in u, v, w.

S,-symmetricity. Let u, o/, v be 3 independent variables, and define
v e Z[[u, o, v]] by the equality

(I+w)(d+u)(1+v)(1+v)=1.

(Note that v' has no constant term.) To prove the &,-symmetricity of
F,+F, (for p € Gy(,,), it suffices to prove that

) Fp(u: v)Fp(”’> v/)sz(ul’ U)Fp(u’ v) (P € GQ(.uzw))

holds in ZJ[u, «/, v]], because &, (on u, ¢/, v, V') is generated by 3 trans-
positions u<>v, u'<>v’, and u<>u’. (These transpositions generate a transi-
tive subgroup containing “&, on u, «/, v”, the full stabilizer of v".) Now,
to prove (7), fix p and put



G(u, ', v)=F,(u, vF,W/, V)—F,/, v)F,(u, V")
=3 Hu, v},

with Hy(u, ') € Zf[u, «'T.. Then, by (II),
GCi—1,87—1,5—D=0

holds as long as a, a’ ¢ (Z/I")\(0), b ¢ (Z/I")* and a, a’=0 (mod /). (Note
that ¥'=—a—a'—b=%=0(mod!l).) So, if we fix m>1 and «, o€
(Z/I™\(0), and take n=m-+k (k=1,2, .-.) and a=I*a, a’=1%a" (the
image of «, &’ by the /*-multiplication map (Z/I™)—(Z/I")), then

G(c:n'—la C;tn"“la C?rnk—l):o

for all k>1 and b e (Z/I™*¥)*. But then, G —1, % —1, v), vanishes
at v={—1 for infinitely many distinct values of { € g;~. By Lemma 1
below, this implies that G({%,—1, &% —1, v)=0, i.e., H, ({2 —1, % —1)=0
for each i>>0. This implies in particular that H, ¢ a,. Since m>1 is
arbitrary, this gives H; € (p>: 0,=(0), all & Therefore, G =0. This
gives (7), and hence completes the proof of Theorem A,.

Lemma 1. Let k be a finite extension of Q,, 0 be the ring of integers
of k, and G(u) e o[[u]] be a formal power series of one variable over 0. Sup-
pose G(§—1)=0 for infinitely many distinct elements { of pt,=. Then G=0.

Proof. This is well-known, and can be verified immediately as fol-
lows. Suppose on the contrary that Gu)=73 ., 24’0 (a; € 0), and let
I, be the smallest integer >0 such that ord, (a,,)==Min, ord, (a,) (ord,: the
normalized additive valuation of k). Take n (>>1) so large that

"' >i(l—1)"ord, /,
and let { € g, be of order exactly /*. Then
ord, ({— Dre=i(I»—I1*""'ord, I<1.
But then, it is easy to see that
®) ord, (a;,,(C— D) <ord, (a(C—1)), - all i+,
Therefore, G(—1)=£0, for all such &, a contradiction. g.e.d.

Proof of Theorem A,. For each F=F(u, v) e & with F(0, 0)=1, de-
fine its logarithm by log F=> .., (— )" "'(F—1)"/m, and consider it as
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an element of Q[U, V1], where U=log(1+4u), V=log(l1+v). The in-
volutive automorphism of & defined by 1 +u—(1+4+w)™?, 1 +v—1+40v)!
(i.e., U»—U, V—>—V)is denoted by the bar sign x—*. We shall re-
duce Theorem A, to:

Proposition 1. Let F=F(u, v)e /. Then the following conditions
(i) (ii) are equivalent;
(i) F=1 (mod uvw),

F.F=1,
F is symmetric in u, v, w,

Fx F is symmetric in u, v, u', U}

(i) log F is of the form

©) log F= 3 P (g ym o wm,
m>3 m!
odd

where W= —(U+V), B, € Z,.

Remark. As the following proof shows, (i) is also equivalent to an
apparently weaker condition:

iy F=1 (mod uv),
F(u, WFW/, vV)=F@/, v)F(u, vy mod [(1+u)(1+v)(1 +2)(1+v)—1].

When F=F, (p € Gy(,,.), the first two properties in (i) are proved in
[PGC], and the last two are given by Theorem A,. Thus, Theorem A, is
reduced to Proposition 1.

Proof of Proposition 1. We shall only prove the implication (i)’ —>(ii)
(the implication (ii)—(1)—>()’ is obvious). From the first congruence of
(i)’ follows that log F is divisible by UV. Hence log F is of the form

(10) —37 Buyiys,
{72171j!

with 8;; ¢ Z,. (That §,, is integral follows automatically from the integr-
ality of the coefficients of F(u, v); cf. [PGC] IV §2.) So, it remains to
show, from the second congruence of (i), that B,; depends only on m=
i+j and vanishes when m is even. This is immediately reduced to the
following



11

Lemma 2. Let m be a positive integer, and g(x, y) be a homogeneous
polynomial of degree m over a field of characteristic 0. Then, if m is odd,
the following two conditions (i) (ii) are equivalent;

(i) g(x, y) satisfies

(*) g, 00=g(0, »)=0,
**)  g(x, ) +e@, Y=g, »)+g(x, y) mod (x+x'+y+y);

(i) g(x,y) is a constant multiple of (x+y)™— x™—y™,

If m is even, the condition (i) implies g(x, y)==0.

Proof. The implication (ii)—(i) (for m: odd) is straightforward. To
prove the rest, let g(x, y) satisfy (i), and write

an glx, )= 2 bx'y’, and B,=ilj!b,.
4,7 >0

i+j=m

Then b,=b,,=0, by (*). The congruence (**) says that the polynomial
(12) gx, »)+g(, —x—x"—y)

is symmetric in x, x’. Therefore, the coefficient of y7 in (12) for each j,
given by the formula below, is symmetric in x, x’.

bt X bl(—l)‘(l.>(x+x’)‘"fx”"“
j<ism J

e ot (1) (2]

0<p: J p=0 \ M

(13)
(put /=j+p). For p, v>0, p+v=i, the coefficient of x*x” in the second
term of (13) is given by

PR e (PN ()ess  Guta=iop

with
(15) 7,= Oén(—l)q(;)ﬁm—q

(Bm-o asin (11).) -But since (13) is symmetric in x, x/, (14) must be sym-
metric in g, v, unless g or y=0 (this exception, as we have not yet taken
the first term b,x* in (13) into account). Therefore, 7,=7,_, for all v, with
0<y<{i. Therefore, 1,=7,_, for 2<i<m; hence
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put

(16) 71—:?’2: e -=7’m_1=7.

Moreover, the coefficients of x* and of x” in (13) must be equal; hence
we obtain (noting that b,=5,,=0):

b=CD% >0 itj=m)

Therefore,
17 Bi=(—1D"r, O<i<m).
Therefore, (16) gives

put

(18) 181=482="'=ﬁm—1=‘8'

Since B,=p,=0, we obtain

11,3
glx, =4 %=i,((x+y)”"-—x’”—-y’”)-
pizi iljl m!

On the other hand, (15) and (18) gives 7= — 8, and (17) gives f={(—1)"7.
Therefore, §=0 when m is even. g.e.d.

§3. Preof of Theorem B

We may assume that / is odd. Indeed, 2 is a regular prime, and
when [ is regular the theorem is already established in [PGC] IV Corollary
of Theorem 10.

Let N=(14uvws/)~ be the closed subgroup of .o&7* defined by Section
1 (7). TItis abelian, pro-I (cf. [PGC] III), and can be regarded also as a
Z-submodule of &/*. A crucial point in our proof of Theorem B is the
following

Key lemma. The inertia-restriction
0) Homj (g, N)—>Homyzx (g, V)
is injective.
In the proof of this lemma, the crucial and the only arithmetic point

is the following Lemma 3. To state this, let a, (n>1) be the ideal of o/
described in Section 2, i.e.,

@  a={F=Fuv,wed; F(—-1,{—1,"—1)=0
for all £, ', (" e g \{1} with £{'" =1}
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Clearly, a, contains (14-u)""—1 and (14-v)""—1; hence j, for ¢ 14
I*Z, acts trivially on .«//a,; hence the Z}*-action on .o induces a (Z//"*)*-
action on «//a,. Put

) N,=NN(l+a)=NN{-+uvwa,).

Then N, is a closed Z}-stable subgroup of N, and the quotient N/N, is a
pro-/ abelian group which is at the same time a (Z//")*-module. By [PGC]
IV Section 4 lemma 2 (U. Jannsen), the group NIN, has no I-torsion. (In
fact N/N,, is a subgroup of ¥'{™.) Consider N/N, as a (g,/g,)-module via
the projection

4 8o/ G—>8o/81= ZF——>(Z[I")*.
Lemma 3.
HY(8/g2, N/IN,)=0  (n>1).
(The cohomology groups are those defined by continuous cocycles.)

Proof of Lemma 3. Call (g,/g,), the kernel of the composite homo-
morphism (4). Then we have an inflation-restriction exact sequence

&) 0—>H'((Z]1)%, N/Nn)~—>H '((8/82), N/N,)
——>Homz/,mx((80/82)7"> N/N.,),

where (g,/g,)%® is the abelianization of {(g,/g.),. So, to prove Lemma 3, it
suffices to prove that the two groups on both sides of H'((g,/g.), N/N.)
vanish.

(I) That Hom, z,1nyx((gs/82)2", N/N,)=0. Thisis the crucial part. The
abelianization (g,/g,)2* of (g,/g.), is nothing but the Galois group of the
maximum abelian subextension F,/Q(g;») of 27"/Q(ge;2). But F, is noth-
ing but the composite of Q) with the maximum unramified abelian
pro-/ extension E, of Q(g;4):

/ n
© Q(f““)/é_l_/ max. abelian in 23/Q(gt)

In fact, it is clear that E,CF, and that E, is the maximum unramified
subextension of F,/Q(g;n). Therefore, E, corresponds to the inertia group
above ({,—1) in F,/Q(g;»). Since the intersection of this inertia group
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with Gal (F,/Q(g;-)) is trivial (F,/Q(g;~) being unramified), we obtain
E‘n * Q(ﬂl‘”) =Fn' Since En n Q(ﬂl‘”) = Q(ﬂlﬂ)’

Gal (F,/Q(g»)) = Gal (F,/E,) X Gal (F./ Q(gt,)).-

Therefore, to prove (I), it suffices to prove that

@) Hom z,nyx (Gal(F,/ Q(ﬂzw), N/N,)
=Hom g« (Gal (F,/E,), N/N,)=0.

Since [F,: Q(p=)]=[E,: Q(gen)] is a finite power of [, being equal to the
I-component of the class number of Q(g;+), and since N/N,, has no I-torsion,
as noted above, the first group of (7) must vanish. As for the second,
since (Z/I™)* acts trivially on Gal (F,/E,), it suffices to prove that N/N,
has no non-trivial (Z/I*)*-invariant element. But N being the odd part
(A 4+uvwe)” of 1 +uvwse, (—1) e (Z[1")* acts on N/N,, (considered as an
additive group) as the (— 1)-multiplication. On the other hand, N/N, is
pro-I, with /+2; hence the 2-multiplication on N/N,, is invertible. There-
fore, N/N, has no non-zero (— 1)-invariant element; hence in particular
no non-zero (Z/[™)*-invariant element. Therefore, the second group of
(7) also reduces to 0. This settles (I).

(I) That H'((Z/!")*, N/N,)=0. Put G=(Z/I")*, and call T its sub-
group of order /—1. Then the group exact sequence 1 >T—>G—G/T—1
gives the inflation-restriction exact sequence

®  0—>HYG/T, (N/N,)")—>HX(G, N|N,)—>H(T, N/N,,).

As T'> —1, the above argument gives (N/N,)* =0. On the other hand,
since N/N, is pro-l and |T|=[—1¢e Z}, H(T, N/N,)= 0. Therefore,

HYG, N/N,)=0.
This completes the proof of Lemma 3.
Proof of the key lemma. First, note that the kernel of (1) is
Homgx (8:/y, N)-
Then, consider the group exact sequence
©® 1—6,/8:—>80/G—>8o/ a1 = Z—>1,

and the induced inflation-restriction-transgression exact sequence
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inf
1) 0—>HNZF, N)——>H'(g/g, N)-——>Homyx (6,/a:, N)
& HYZy, N).

This shows that the vanishing of the kernel of (1) is reduced to that of the
two cohomology groups H'(g,/g,, N) and H¥Z}, N). First, H(Z}, N)=
0, because N is pro-/ and Z} is the completion of the free cyclic group Z
w.r.t. an “almost pro-/ topology” defined by the sequence of ideals (/"(/—
1)),s0 of Z. Secondly, the vanishing of H'(g,/q,, N) can easily be reduced
to that of H'(g,/g,, N/N,,) for all n>>1, i.e., to Lemma 3, as follows. Sup-
pose that F: g,/a,— N is a continuous 1-cocycle. By Lemma 3, there exists,
for each n>>1, an element H, € N such that

an F=Hizos modN, (pe g/

Since {N,} is a decreasing sequence, Hjxw‘=Hjiw»~*mod N, for any
m, n, k € N with m, n>>k. Letting X(p)=—1 and using H, Hi-*=H H
=1, we obtain (H,)=(H,*mod N,. Since 2 e Z}, this implies H,=
H,mod N,. On the other hand, since o/ =lim (&//a,) (PGC] ), we
have N=Ilim (N/N,). Therefore, if we put H=lim H, e N, then F,=
Hizermt for all p e g,/g,; hence F must be a coboundary, and we obtain
H'(g,/g,, N)=0, as desired. This settles the proof of the key lemma.

Proof of Theorem B. For p € g,=Gal (2,/Q(g;-)), put

1 Fwo=ep{x O Gnyyeg )

odd

e Qif[u, v]].

We shall show that all coefficients in F)(u, v) are integral, i.e., F,(u, v) e
Zf[u, v]]. Since X,, € Homgx (g, Z,(m)), this will imply that (o—F;(u, v))
€ Homzlx (g, N). By Theorem 10 and the formula (Col) (§ 7) in [PGC]
1V, F, and F coincide on g,, Hence by the above key lemma they must
coincide also on g,, which will imply Theorem B.

To prove that F(u, v) € Z[[u, v]l, we need

Lemma 4. Let O be the completion of the maximum unramified ex-
tension of Q,, Z™ be its integer ring and ¢ be the Frobenius automorphism

of 0% over Q,. Let
S, v)= iéoa“u"vf e O7l, v]]

and assume that
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A A
Ay € (Z77)%, ay, ay € Z7™.

Then the following two conditions 1), 2) are equivalent:

) f(u, v) e Z¥][u, v]). i

2) (fw o)t -f((A+w'—1, (1+v)'—1)" e 14+1Z7u, v,
where f¢ is the power series obtained from f by letting ¢ act on its coeffici-
ents.

Proof. 1D=>2): If f(u,v) e ZA;“[[u, v]], then

fAA+uw)—1, (14+v) = D=/, v')mod/
=(f(u, v))' mod L

So (f(u, V) —f((1+u)'—1, (1 +v)'—1) € IZ¥([u, v]]. Since
Q4w —1, (1 +0)'—1) e (Z{u, vID*, we get 2).
2)=>1): If 2) holds, we can write

13 (f, ) =7((1+w'—1, 1 4+v)'— g, v),

(14) g(u, V)=by+1 > b, p'v’, b, e Z, by=1modl.
2,520
T+ 7#0

By assumptiqp, a;; € Zw for i+ j<1. We shgll show by induction on i+
J that a,;e Zp* for all i,j. Suppose a,; € Z; for i+j<n(n=>2). Let
i,+j,=n. We compare the coefficients of #*°v’® on both sides of (13).
Put

Then
(15) (f(u, v))l.:(aoo_‘_A)l
=a(l)0+lclatl)6.1A+lC2aéo_zAz+ e +lcl_1a00Al—l +Al-

By the induction hypothesis and the divisibility of ,C, (1<k<I—1) by /,
the coefficient of u*ov’ in

(16) zcza(l)o_zAer‘ M +LC1-1aooAz-l
belongs to IZ‘”. Further, the coefficient of u’*v’ in 4* is congruent mod

1Zp to

an {0, if 1yi, or Xy,

@iyipo if /|1, and /|
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Here and in the following i}, j;, stand for i)/l, j /! rAespectively. Thus the
coefficient of u’v’ in (f(u, v))* is congruent mod [ Z* to

(18) lais'a;, s, if lyi, or 1),
lag ass,+alyy i 1]iy and 1],

Next, we look at the coefficient of #**v’° on the right-hand side of (13), i.e.,

19  fo(1+w'—1, (14+v)'—Dgu, v)
=byf(1+w)'—1, A+v)' =D+ (1 +u)'—1,(1+v)—1)
X( X7 b utv).

1,520
i+ j#0

By the induction hypothesis, we see that the coefﬁcient of u*v’ in the
second term on the right-hand side of (19) lies in /Z, 7. On the other
hand, as (I1+uw)!—1=«' and (1 +v)i—1=0¢* (modl), the coefficient of
fopfe on the right-hand side of (19) is congruent mod IZzur to

u
a, + {0 if 1yi, or L} j,,

(20) .
byas, if 1|4, and I|,.

9d¢?

Therefore, equating the coefficients of #?°v’* on both sides of (13) gives

ldi'a, , —byl™at,, e 125, if )i, or I¥j,
oo 0jo

21
@D {la{m’ 2,050+ Ak (bool"amjo—l-booai,],)elz R if 1|4, and {|j,.

ado

Since a;;, € Zl and by, =1mod/, we have byat;;,=al;, mod /. Hence in
both cases laby'a;, ;,— bl ™as,;, € 1Z,ie.,
aiojo(a(lm_l_booln lafo;i) € Zlur'

Since ord (@s,50)=o0rd, (a%,,,), s> by € (Z»)*, and n>2, we must have
e Zpm. g.e.d.

20]0

Remarks. i) This lemma is an analogue of the so called “Dwork’s
lemma” ([Dw]).

ii) A similar assertion holds when f(u, v) is replaced by a power
series in any number of variables and the proof is completely analogous.

Since F/(u, v)=1 (mod wv), (o € g;), we may apply lemma 4 for f=

F;. Using this lemma, we can show that

22) Fi(u, v) e Z[u, v]] if and only if
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5 =0 sy wey e zip,

In fact,
F(u, v) € Z[u, v]]
S F VY FUA+)—1, 1+ — 1)~ € 141 Z[u, v]]
(by Lemma 4)

@3 = log {(Flu, VY FU(+uf—1, (1 +v)'— D} € 1Z[[u, ]

@é-}{log (P, OPFU(A+u) —1, (1+0)— 1))}

€ Zl[[”’ U}]y
and

1 tlog () O)FL 1, (140 =)

@4)

= 57 2al0) (gmy pm ),

mss m!

Hence the theorem is reduced to the following Proposition. Here, G.=
Gal (Q(g4,-)/Q), ZJJ[G.]] is its completed group algebra over Z,, and the
power series algebra Z[[t]] is considered as a Z[[G.]l-module via the
action of G, on Z[[t]] defined by 1+z—>(14-1)** (pe G, X: the [
cyclotomic character).

Proposition 2. For each p e g,, there exists an element 6=34, € Z/[[G..]]
such that

@5) gl&%@w:a(w) eZ[]  (I4t=exp T).

In particular,

(26) 2;‘3 %‘?(Uw Vrrwmye Zu, vl] (U4 V+W=0).

Proof. Fix any pe g, For each n>1 and each a € (Z/I")*, choose
and fix b, ; ¢ Z, satisfying {(¢Z— 1)V/""}-*={%»&. Then, by the definition
of X,,,

-1
V1)) )= > b,z-a™ modl”,
a=1

(a,t)=1
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where a=amod [* e (Z]I™)*.
Put

171

(28) 5n= Z bn,&'a—laa € ZZ{Gw]CZl[[Gw}]Q
(a‘fljil
where ¢, is the element of G, defined by X(¢,)=a. Let x, be the projec-
tion from ZJ[[G.]] to (Z/I") [G,], where G,=Gal(Q(g;»)/Q). We shall
show that 7,(8,,,—0,)=0. First, we note the following.
For a e (Z/i*)*, we have {&—1=1]; ((%,—1), where @, runs over
all elements of (Z/[***)* with @, mod /"=a. Therefore,

(G 1Y

29 ={ H @ =Dt ={( H Co =7y y
—pel e
T on+iT o0

with

(30) C=an+1,a,-

Therefore,

€2)) b,:=> 0,15 modl™

2

But since r,(a;'c,,—a 'a,)=0 for a;=amod ", (28) and (31) give
71'“(5“.,_ 1 5n)=0.

It follows that lim, ... §,=0 € Z,J[G..]] exists. Now

514 = 3 byg-a(141)e

(:,7)1=1
m.1 o0 ame
(32 =% bwa (5 CT) (=log(1+1)
@n=1 meo ne
Sy e\ TT
=5{ 5 bl
(a,l)=1

Since this coefficient of (T™/m!) coincides with the right side of (27), we
can write as

(33) i m(P) T g (14+1)= lf} T e Z

or
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- m(p) m n n?) m
34 > T™—d(1+1)=8,(1+1)—0(1 +2)+1 Z ’T,

m=0
for any n.
Now, in general, if we expand > % ,(c,./m)T™ (c, e Z,)in t as > o _d,t™
d. e Q), then (m!yd, e Z,. So, for each fixed m>0, choose n so large

that /*/(m!)* ¢ Z,, to conclude that the coefficient of ™ in (34) belongs
to Z,, and then let n—oo to conclude that it must be 0. Therefore,

Zﬂ "‘(") T™ betongs to Z;[[t]] and is equal to 6(1+1). We see (by direct

computatlon) that %,,=0 for m; even. Therefore,

(39) > EnlO) m (1 4-1).
m=>1 m’
odd
Thus, we have also proved Theorem B. g.e.d.

Corollary 1 of Theorem B (Coleman).

O(pt,, [*-torsion points on Jac (X" + Y™ =2Z"") for all k, n>1)
= Qg1 { T @@= D@ =17 for all n2>1 and all m>3 odd)

€(Z/1m)*
=Qpty, /" for all c € C, and all n>1).

Here C, is the group of circular units in Q(g;s).

As for the second equality, see [IS].

The following corollary is due to G. Anderson [A,, A,] (the ["-factor-
ization). Compare this with the remark below Theorem 10 [PGC] IV
Section 1.

Corollary 2 of Theorem B. For p & g,, choose a, € 2= such that a,—
a2 =12%(p), and put

(36) Go=exp{ 3, PO el 141y
iz m!
Then C?,,(t) 3 2;“[[t]] and

37 F,(u, v, w)=G,(w)G, ()G, (w).

Proof. The last equality is a direct consequence of Theorem A,.
(Note that (1+w)(1+v)(1+w)=1) As
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lllog{c?,,(z)l (L4t —1) =37 M.fl T®  (by Theorem B)
m21 Ml
odd

€ Z[[t1l,  (by Proposition 2)

we conclude by Lemma 4 that (i(z‘) € Z‘“ 1. g.e.d.

§4. Some open questions

We have thus proved that F, (p € Gy,,.,) satisfies the equivalent con-
ditions of Proposition 1. It is natural to ask whether these conditions
characterize the image of Gy,,., in &/*. (This answer turned out to be
“no”, due to Coleman.) More plausible would be a similar characteriza-
tion of the image modulo I. As we have seen above, it is closely connected
with the Vandiver conjecture at /. It also seems to be an interesting qu-
estion to construct all power series in (Z/I) [[u, v]] satisfying the conditions
analogous to those of Proposition 1 (i). Here, we meet with the study of
the power series A{u) e (Z/)][u]] satisfying the differential equations of the
form

D' ()~ DV (R)y=h— Y,

where D=(u-1)(d/du). (Such A(u) appears in the v-adic expansion of
F(u, v) as

F(u, v)=1+h(w)yv+- - -).

Is there a totally different approach (e.g. from topology) to construct
such power series in (Z/)[[u, v]]?

Added in Proof. (1) Related result of Coleman (mentioned in
the introduction) was addressed also in the Workshop on “Iwasawa
theory and special values of L-functions” Jan. 1987, MSRI, Berkeley,
USA, under the title “Anderson-Ihara theory”. The authors understand
that a detailed paper is in preparation.

(ii) Some results related to Section 4 have recently been obtained
by H. Ichimura and M. Kaneko; “On the universal power series for
Jacobi sums and the Vandiver conjecture” (preprint).
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