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Abstract. We consider the Dirichlet problems for a degenerate parabolic equation, u; = u‘s(Au +
Au) in a bounded domain in R™ with a smooth boundary. It has been known that if § > 2 then
there exists u which blows up faster than the rate of (T —¢)~/°, where T is the blow-up time of u.
The solutions are called “Type 2”. In this paper we investigate features for asymptotic behavior of

“Type 2” solutions for the case of § =2 and 6 > 2.
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1. INTRODUCTION

Let 2 be a bounded domain in R" with a smooth boundary
0. Suppose that a function ug € C*°(Q) (N C(Q) satisfies

up >0 inQ and wug(z)=0 forxz e IN. (1.1)

Then, we consider the following initial-boundary value
problems.

ou

E:u‘s(Au—i—)\u) xeQt>0,
u(x,0) = ugp(z) xr €9, (1.2)
u(z,t) =0 x €N t>0,

where § > 0 and X is greater than the first eigenvalue,
A1(2) of —A in , that is,

A > )\1(9)

In this paper we discuss classical solutions which are ap-
proximated by functions u. solving the following problems:

861;8 =ud(Aue + u.) € Qt >0,
us(z,0) =ug(z) +e =z €, (1.3)
ue(w,t) =€ z € 0N, t>0.

It has been proved that each of them blows up at a finite
time, that is, for any solutions approximated by u., there
exists T' > 0 such that

lim sup [|u(-, ?)[|ec = o0,
t /T

where ||u(-,t)||oo = sup u(z,t). (For instance, see [2].)
e

Here the constant T is called “the blow-up time” of wu.
Moreover it has been known that they are classified into
two types by their blow-up rates as follows.

Definition 1. Let u and T be a solution of (1.2) and the
blow-up time of u, respectively. Then u is called “Type 1”
if it satisfies

limsup(T — £)3 ||u(- )]s < +00 (1.4)
t/T
and u is called “Type 2”7 if it satisfies
limsup(T — )3 ||u(-, )] oo = +00. (1.5)
t /T

Precisely, It has been proved that if § > 2 then there exists
solutions of (1.2) which are “Type 2” and if 0 < § < 2 then
u is “Type 17. (See [1], [3], [4], [6], [9], [10] and so force.)
Our purpose of this paper is to investigate asymptotic be-
havior of “Type 2” solutions for § > 2.

First, we consider the case of 6 = 2. S. Angenent gave
important asymptotic profiles in [3] for curve shortening
problems as follows.

v; = v?(Vge +v)  with periodic boundary conditions.

The first profile is that there exists ty > 0 such that
v(z,t) = v(ac,t)Q(vm(x,t) + v(z,t)
t > tg. This property is called “eventual monotonicity”.

v(z,t)

Secondly, it was proved that V (z,t) := o0 Dl satisfies
AR oS

) > 0 for any x and

V(z,t) — cos(z —xp) if |z — mo] < g, (1.6)

ast /' T for some xy. Besides, an upper bound for blow-up

rates of solutions was given. In order to prove its existence,

Angenent investigated relations between / logv(z,t) dx
Q

and log(T —t).



Their results hold under a special situation in curve
shortening problems but we have not known whether they
can be proved without any special assumptions.

In Section 3 we will discuss asymptotic behavior of solu-
tion to (1.2) without any special assumptions in the case

ulf‘sut dzx

of § = 2. Our method is based on behavior of
Q

as t tends to the blow-up time of u. Precisely, we will

prove in Section 3 that if § = 2 then 2(T —t) [ ™ u, dx

Q
becomes positive and has an upper bound after a finite
time. In particular, the positivity implies that there exists

to € (0,T) such that / u g do = / u(Au + Au)dx >0
Q Q

for t € [to,T) and we call this property “weak eventual
monotonicity”.
The positivity and the upper boundedness of 2(T —

t) / uluy dz on § = 2 lead to two profiles for asymptotic

Q
behavior of solutions to (1.2). One is that there exists a
sequence {t;}ren such that t; /T and

VU (x,t1,)|* dx
Q

/ Uz, ty)? dz
Q

— A ask — o0, (1.7)

t
M. We can regard (1.7) as a
[[u(,t)]

generalization of (1.6). Another is that if 6 = 2 and
logug € L(Q) then / log [(T - t)%u(x,t)} dx has an up-
Q

where U(z,t) :=

per bound, that is, there exists a positive constant C' > 0
such that

/ log [(T - t)%u(x,t)} dz < C (1.8)
Q

for t € [ty,T), where C depends on T and ug only. It may
give a important profile for blow-up rates of “Type 2” that
(1.5) holds for § = 2 but satisfies (1.8).

In Section 4 the case of § > 2 will be discussed. We
expect that behavior of solutions for § > 2 may be a lit-
tle different from 6 = 2. In the situation, we investigate

1-6

features of / uw'Pusdz, | w?7 dz and others by numer-

Q
ical computing. And then we will present two conjectures
for asymptotic behavior of solutions of (1.2) by numerical
observations. Moreover, we will prove under their conjec-
tures that §(T —t)3 / ul™0

Q
a finite time and (1.7) holds for some sequences.

u; dz has an upper bound after

2. SOME LEMMAS

Let u be a solution of (1.2) approximated by wu. solving
(1.3). The following two lemmas have been well-known in
previous studies for asymptotic behavior of u.

Journal of Math-for-Industry, Vol. 3 (2011C-1)

Lemma 1. It holds that

ug(z,t) > f%u(z,t) forx e Q andte (0,7T).

Lemma 2. If {tx}ren is a sequence such that t /' T as
k — oo, then there is p € (0,1) and a set S, C Q with
positive Lebesgue measure such that

u(z,t) > pllu(-,t)||ee forxz €S, andt € (0,T)

for all k from an appropriate subsequence. In particular,

the Lebesque measure of {1’ € Q| limsupu(z,t) = oo} is
t /T
positive.

They are very important properties for our purpose and
can be proved by the maximum principle for parabolic
equations. (For instance, see [9] and [10] for their proofs.)

Moreover, we give another important property for w.

Lemma 3. If ug € C®(Q)NC(Q) satisfies (1.1) and
u2=® € L*(Q) then

2
(/ u15utdx> </u275dx/u76(ut)2dz (2.1)
Q Q Q
for any t € (0,T).

Remark 1. In Lemma 3, u'~%u;, uv=%(us)? and u?~° is
integrable in Q for any ¢ € (0,7) because u is a classical
solution of u; = u®(Au + Au).

Remark 2. When § = 2, the assumption u2~° € L(Q) is
not required and then we can prove

2
</ u ty dx) < |Q|/ U_2(ut)2 dx,
Q Q

where || is the Lebesgue measure of Q.

Proof. By Schwartz’s inequality,

(/Q w0, dx>2 - /ng_g dx/ﬂu_é(ut)z de.  (2.2)

Note that / u? 0 dz = |Q|if 6 = 2. Now, u?~0 # u=%(u,)?

Q
because v~ ', is not constant in Q. Hence, the equality in
(2.2) does not hold and we get this lemma. O

Remark 3. (2.1) implies that When § > 2, if ug satisfies
(1.1) and u2~° € L'(Q) then

E(t) ::/u%‘;dm/u*‘;(ut)Qda:
Q Q

_ (/Q ulOu, da:>2 >0.  (2.3)
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2
We will discuss the ratio of E(t) to (/ utouy dz) near
Q

the blow-up time in Section 4.

Let {uon }nen € C°°(Q) be such that [Jug n, —uo|| =) <

1
— and 0,0 < ug, < 3,0 holds with constants 0 < a, <

On, where © denotes the principal eigenfunction of —A in
Q with mg?X@ = 1. Then it has been shown in [9] that if

& > 1 then the problems

% =ul (Au, + Mup) x€Qt e (0,T(un)),
Un (x,0) = ug pn(z) z €,
Up(z,t) =0 e dN,t>0,

have unique solutions u, € C( x [0,T(u,))(C>=(2 x
(0,T(up))), T(un) — T, which may be approximated by
function w, . solving (1.3) with w,. = u, + € on the

parabolic boundary. As n — oo, u, — u in the topology
of Cloe(Q2 % [0,T)) N Cro(Q x (0,T)).

loc

Furthermore, u,, have the property that for each n € N
and each 7 > 0 there is a constant ¢(n,7) > 0 such that

|dist (, Q)21+ =9 9250, (2,1)| < ¢(n,T)
for j = 0,1, = 0,1,2 and (x,t) € Q x (0,7 — 7). In

particular, |V (uy,)¢| < dist (x, 9Q)°2¢(n, 7) for (z,t) € Qx
(0,7 — 7) and wu,, satisfies

/Q u? ((un)t)2 dx

= /(Aun+Aun)(un)td$
Q

= /Q ( — Vg, - V(ug): + )\un(un)t> dz

= % </Q(—|Vun|2 + Aui)dm)t
-1 (/Q 3 () dx)t.

Therefore, by Remark 2, we obtain the following lemma.

(2.4)

Lemma 4. If § =2 then
2
2 </ u (un)e dx) < |9 </ u  (un) da:)
Q Q t
for any t € (0,T(uy)).

And Lemma 4 leads to the following corollary.

Corollary 1. If 6 = 2 then / u, H(uy)e da is strictly in-
Q

creasing with respect to t.

Proof. By Lemma, 4, if § = 2 then

(/Qu;l(un)td.f>t > |%| </Qu;1(un)td1'>2 -

for any t € (0, T (uy)). O

3. THE CASE OF ¢ =2
3.1. THE MAIN THEOREM FOR § = 2

We consider the case of § = 2, that is, the following prob-
lem.

ou

aziﬂ(Au—i—/\u) (z,t) € 2 x(0,7),
u(z,0) = up(x) zeq, (3.1)
u(z,t) =0 (x,t) € 02 x (0,T),

where T is the blow-up time of u. Then we can prove the
following theorem.

Theorem 1. Let § = 2 and u be a solution approximated
by ue solving (1.3). Suppose that ug € C>°(Q) (N C(Q) sat-
isfies (1.1) and logug € L'(Q). Then there exists tg > 0
such that

0<2(T— t)/ u by da < |9
Q

for any t € [to,T), where T > 0 is the blow-up time of u.

Remark 4. The left side inequality in Theorem 1 implies
that / u g de = / u(Au + Au)dx > 0 for t € [to,T).
Q

In this paper we call this property “weak eventual mono-
tonicity”.

Proof of Theorem 1. Let 7 > 0 be small enough and
{tk}r=12,.. be a sequence with ¢, > 7, ¢, / T and
lu(-,te)|loo / o0 as k — oo. Since Lemma 1 implies

1
(logu)y > ~op it holds that
1 1 T
logu(zx,ty) — logu(x, ) > fi(logtk —logT) > ~3 log —.
T

By Lemma 2, for an appropriate subsequence, there exists
p € (0,1) and a set S, such that |S,| > 0 and

/ log u(z, ty) dz
Q

:/ log u(x, ty) da:+/ log u(z, ty) dz
S, O\,
> [Sullog(pllu(:,t)lls)

1 T
—§\Q\Sﬂ|log—+/ logu(zx, 7) dx.
T O\

Su
Since the last term is bounded for a fixed positive number
7 € (0,T) because of logug € L*(Q), we can get
/ logu(x,ty)de — oo as k — oo for any n € N
Q

which implies that there exists ¢y such that

d
/ u(z, to) tug(z, to) do = —/ log u(x,ty) dz > 0.
) dt Jo



Hence, by Corollary 1,
/ utugdr >0 for any t € [to, T).
Q

On the other hands, when § = 2, Lemma 4 leads to

(/Q u;l(un)tdac)_ll

for u,, defined in Section 2.
have

_ (/Q (2, 8) " (1 )a (2, ) dx)_l <0.

/ Un (2, 8) " (un )i (2, 8) do
Q

2

=+
2]

<0 forte (0,T(un))

t

Integrating from ¢ to s, we

Since

> [ (e )il t) do > 0
Q
if tg <t < s <T(up), it holds that
2(s — t)/ U (,8) " ()i (0, t) dz < |,
Q

where t) <t < s < T(up).
s / T(uy) that

Then it is verified by letting

2(T(up) —t) /Q Un (Auy + Auy,) dx
=2(T(w) =) [ i (w)ide <19

for any ¢ € [to, T'(un)).
Now, we mentioned in Section 2 that T'(u,) — T and
U, — w in the topology of CY. (2x[0,T)) N C (2% (0,T))

loc loc
as n — oo. This implies that u,(-,t) — u(-,¢) uniformly in

Q and Au,(-,t) = Au(-,t) weakly in C*(2) as n — oo for
any ¢ € [to,T). Then we have

2(T — t)/ u” b da
Q
=2(T - t)/ u(Au + Au) do < ||
Q
which completes this proof. O

3.2. BEHAVIOR NEAR THE BLOW-UP TIME

We discuss some important profiles for asymptotic behavior
t
of U(z,t) = _ul@t)
[[u(;)loo
solution to (3.1).

First, suppose that wug satisfies (1.1) and Aug + Aug > 0
in Q. Then it is easily verified by the maximum principle

, where v is a “Type 2” blow-up
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that u > 0, Au+Au > 0and U(AU+AU) > 0in Q2 x (0, 7).
Besides, Theorem 1 leads to

1
O</UAU+)\U dxzi/uAu—F)\u dx
QU V4 = o Jo ™ )

1 -1
= d
||u<-,t>||zo/9” e
It

= Dful D%

for t € [ty,T). In addition, “Type 2” means

<
= 2T

lim sup(T — t)%u(x, t)
t T

= 4-00.

Therefore, if u is “Type 2” and g satisfies Aug + Aug > 0
in Q, then we obtain that there exists a sequence {tx}ren
such that tp /T as k — oo and U satisfies

AU (z,tr) + AU(x,tg) — 0 or U(z,ty) — 0

for almost all of z € Q as k — oo.

On the other hands, we assume (1.1) and logug € L' (£2)
only. Then Theorem 1 can lead to the following corollary
such that we can regard as a generalization of the profile
for asymptotic behavior of U(x,t) near the blow-up time.

Corollary 2. Let § = 2 and u be a “Type 27 solution
of (3.1) approzimated by u. solving (1.3). Suppose that
ug € C(Q)NC(Q) satisfies (1.1) and logug € L*(9).
Then there exists a sequence {ti}ren such that ty, /T as

t
k — oo and U(zx,t) := u(:c, )

[luC, 8)lloo

|VU (1) dx
Q =

/ Uz, t)? dx
o

satisfies

as k — oo.

Proof. If § = 2, then

/u_lutdx:/u(Au—&—)\u)dx
Q Q

_ /Q (=190 + 2?) da.

By Theorem 1, we have

Q

_ 2 2 < |

0< /Q ( |Vu(z, t)|” + Au(z, t) )dx S ST -1
u(z,t) ,

for t € [to,T). Hence, U(z,t) = a0l satisfies
u -

/|VU(:1:,t)\2dz < A/ Ul(x,t)*dx (3.2)
Q Q

and

2, €
)\/QU(x,t) dx ST —Du(f

IER §/9|VU(x,t)| dx.
(3.3)
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Since if § = 2 and w is Type 2, then

lim sup(T" — t)% [, t)[loe = o0,
t /T

there exists a sequence {tj}ren such that
ty /T and (T — t3,)||u(-, tp) || — o0 as k — oo.

Furthermore, Lemma 2 implies that
0.< 12IS,] < / Ule,te)2dz < |0] for any k. (3.4)
Q
Therefore, we have

/ VU (2, )2 dae
Q

/ Uz, ty)? dz
Q

— A as k — oo. O

3.3. A PROFILE FOR BLOW-UP RATES

We mentioned in Section 1 that there exists “Type 2”7 so-
lutions of (3.1) for § = 2 which satisfies

limsup (T — ) % [[u(-, 1) || o0 = 00 (3.5)
t /T

The following corollary gives another feature for asymp-
totic behavior of (T — t)zu(x,t) ast / T.

Corollary 3. Let 6 = 2 and u be a solution of (3.1)
approzimated by ue solving (1.3). Suppose that uy €
C>®(Q)NC(Q) satisfies (1.1) and logug € L*(Q). Then
there exists a constant C > 0 such that

/Qlog [(T — t)%u(x,t)} dx < C

fort € [to,T), where C depends on T and ug only.

Proof. Since Theorem 1 implies

1]

——— f telte, T
2T 1) or any t € [to,T'),

d
0< I /Q logudr <
we have
d 1
7 log [(T — t)?u(a@t)} dx <0 for any t € [to,T).
Q
Therefore,

/Qlog [(T - t)%u(amt)} dz < /Qlog [T%uo(ac)} dz

which completes this proof. O

4. THE CASE OF § > 2

4.1. CONJECTURES FOR § > 2

For the case of § > 2, we expect that behavior of blow-up
solutions may be a little different from § = 2. In this section
we try to establish some profiles for § > 2 by numerical
computing.

Precisely, we investigated features for asymptotic behav-
ior of blow-up solutions to (1.2) by numerical computing
with many kinds of initial data. Note that all of our com-
putations are based on the scheme provided in [5].

For example, we consider the case of A = 1.0, Q =
(0,20) € R! and

1 LT . 9 O
uo(z) = 100 (sm %m) (sm 2030) .

Figure 1 (a) and (b) are behavior of

I(t) ::/Quzf‘sdx

for 6 = 2.5 and § = 4.0 near the blow-up time, respectively.

(4.1)

375 L L L L L
1.02 1.022 1.024 1.026 1.028 1.03 1.032

(a) Behavior of I(¢) for § = 2.5

13365 .

Ity ——
133649 |-
13364.9 |-
13364.8 |-
13364.8

13364.8 -

13364.7 -

13364.7 L L
0.793 0.7935 0.794

(b) Behavior of I(t) for § = 4.0

L L L
0.7945 0.795 0.7955 0.796

Figure 1: Examples of behavior of I(t) = / w0 da
Q



They show that I(t) is decreasing near the blow-up time.

d
plies that if § > 2 then / u'~%u; dz should be positive

d
Since —tl(t) = (2 —0) | u'°u,dz, this observation im-
o

near the blow-up time, thas‘g is, u should satisfy the same
property as “weak eventual monotonicity” in Remark 4 for
the case of § = 2. We are computing numerically with so
many initial data but we have not gotten what does not
satisfy “weak eventual monotonicity”.

Remark 5. The property of “weak eventual monotonic-

ity” means that [ u'~°u; dz should change positive even
Q

if it is negative near the initial time ¢ = 0, that is,

I(t) = | u?7%dz should be strictly decreasing after a fi-

nite time. For instance, Figure 2 is an example of behavior

1?9 dz with the initial
Q
data ug(z) = K2 — 2%, where Q = (-K,K) € Rl, § =25
and K = 1.575.

near the initial time of I(t) =

2.84935 T T T T
I(t) near t=0 —+—

2.8493 -

2.84925

2.8492 -

2.84915

2.8491

2.84905

2.849 L
0 0.015

L
0.005

0.025

Figure 2: An example of behavior of I(t) near t =0

2
Next, we consider the ratio of E(t) to (/ ut%u, dx)
Q

to discuss another profile for asymptotic behavior near the
blow-up time, where E(t) is defined in (2.3) as follows:

2
E(t) :/u276dx/ Uié(Ut)2 dx — (/ uOu, d:r) > 0.
Q Q Q

We set
-2
F(t):= E(t) (/ ulOu, dm)
Q
/u2_5 dx/ w0 (ug)? dx
_Jo Q _
2
(/ u' Oy, dx)
Q
and
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Then we numerically compute G(t) with many kinds of
initial data, too. Figure 3 (a) and (b) show the behavior
of G(t) near the blow-up time for the case of A = 1.0,
Q = (0,20) and the initial function (4.1).

8e-009

e —

7e-009 -
6e-009 -
5e-009 -
4e-009 |-
3e-009 |-
2e-009 |-

1e-009

L n
1.0312 1.03125

(a) Behavior of G(t) for § = 2.5

0 L L L
1.031 1.03105 1.0311 1.03115 1.0313

6e-012

5e-012 |-

4e-012 -

3e-012 [

2e-012

1e-012

L L L L L L L
0.795505  0.79551 0.795515 0.79552 0.795525 0.79553  0.795535  0.79554

(b) Behavior of G(t) for 6 = 4.0

0
0.7955

)

Figure 3: Examples of behavior of G(t) = F(t)” 72

They indicate that G(¢) should decay as t closed to the
blow-up time and the rate is faster than or equal to O(T—t)
as t /" T. We have not found what does not satisfy this
property, too.

From the above numerical observations, we would like

to present a conjectures for behavior of / u! ~%uy de and
Q

F(t) as follows.

Conjectures. Let u be a solution of (1.2) approximated
by wu. solving (1.3) and T the blow-up time of u. When
§ > 2, there exists tg € (0,7), C; > 0 and Cy > 0 such
that

(C1) / u'Ouydx > C for t € [to, T).
Q

-2
E(t) </ ut Oy dm) satisfies
Q

F(t) > Co(T — 1)~ F

(C2) F(t) =

for t € [to, T).
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4.2. THE MAIN THEOREM FOR ¢ > 2

If two conjectures, (C1) and (C2), are true then we can
prove the following theorem which are similar to Theorem
1.

Theorem 2. Let § > 2. u be a solution of (1.2) approwi-
mated by u. solving (1.3). uppose that ug € C> () C(Q)
satisfies (1.1) and u2=° € LY(Q). If (C1) and (C2) hold
then

1
5(T—t)%/u1_5utdx§ —/uQ_‘S dx.
Q C2 Jo

fort € [to,T), where tog € (0,T) and Co > 0 are given in
Congectures, (C1) and (C2).

Remark 6. If u2™° € L'(Q) then u(-,1)>~% € LY(Q) for
any t € (0,T).

Proof. Let {u,}nen be defined in Section 2. Then it is
verified by Fatou’s Lemma and (C2) that

((un)t)de

(Aup + Aup)(un )t d

/ uw?~% dx - liminf [ u)°
Q

n—oo Q

= / u?7 0 dx - liminf
Q

n—oo Q

> / u?0 dm/ (Au + Au)ug dz
Q Q

2/u2_5dm/u_‘5(ut)2da:
Q Q
5—2 2
> (02(T —t)~ 7 + 1) (/ ul_‘;ut da:)
Q

for t € [ty,T). Besides,

lim [ wl=°(up);dez = lim

= / u(Au + Au) dx
Q

:/ul_‘sutdm
Q

because uy,(-,t) — u(-,t) uniformly in Q and Au, — Au
weakly in C*(Q2) as n — oo for any ¢ € (0,7). Hence, for
n € (0,C%), there exists N € N such that

/Q w0 dx ( /Q 1@5((%%)2 dz + n)

> (Cz(Tft)Jo;*Q + 1) (/Q'ui‘S(un)tdél:>2 —1

and </Q ut=0 (uy)y d:c)2 > (/Q w0, dx)

forn > N and ¢ € [ty,T). Furthermore, by (2.4) and (C1),

Un (Auy, + Auy,) do

>0

2
—n>C{—n

we have

2 —2
02771{’7 <CQ(T— t)iéT + 1 +/ U(I,t0)275 dx)
1 Q

> 2n (Cg(T - t)_é%2 +1 —|—/ u(x, )70 dw)
Q
5—2

y < /Q u}L‘s(un)tdx> -
> 20(T — 1)~

+/Qu2—5dx [(/ﬂu;—é(un)tdm«)l

forn > N and t € [tg,T). It is verified by integral by parts
that if g <t < s < T and § > 2 then

+2

t

U [—502(T —§)F 1601 - 1)}

Ci—n
+ 2 (1 +/Qu(z,t0)25> (s — t)]

> 60, [f(T —8)F + (T — t)%}

+/Qu(x,s)2*5dx </Qun(x,s)15(un)t(x,s)d1:>_1

[ttt [ wnlt? (o)
Jrmree () )
+ (6 —2)(s—t)— n(6 —2)

VCE =1

> 60, [—(T —8)F +(T - t)%}

—/Qu(:mt)Q_‘sdx (/Qun(as,t)l_‘s(un)t(x,t) dac)_1

n0—2) 4
705_77( t)

(s—t)+2(s—1)

+(s—t)—

Letting s /" T, n — o0 and n \, 0, we have

-1
0>6Cy(T — t)% — / w20 dx (/ ul =0y, da:)
Q Q

+8(T — 1)

-1
> 0C5(T — t)% — / u?~% dx (/ utuy dm)
Q Q

for t € [tg,T). Therefore, it holds that

1
5(T—t)%/u175utdz§—/u276dz
Q s Ja

which completes this proof. O

Moreover, we can also get the following corollary in the
same manner of corollary 2.

Corollary 4. Let § > 2 and u be a “Type 27 solution
of (1.2) approzimated by u. solving (1.3). Suppose that



uy € C°(Q)NCQ) satisfies (1.1) and u2~° € L*(Q). If
(C1) and (C2) holds then there exists a sequence {ty}ren
such that t, /' T as k — oo and Ul(x,t) = u(, )

. G )l
satisfies

/ |VU (x,t,)|? dz
Q

— A
/ Ul(x,ty,)? da
Q

as k — oo,

Proof. Since

/ ur oy do = / u(Au + Au) dx
Q Q

= /Q (— |Vul? + )\u2> dz,

Theorem 2 implies

/u(Aqu)\u) dx < ;2/13*‘S dx
Q 8C(T — )5 Ja

and then

/Q (= [Vue. ) + Nuz. 1) de

< %/u%‘sdn&
(SCQ(T_t)E Q

for t € [to,T). Hence, U(x,t) = m

1
/\/U(a:,t)zdx— 5 /uQiédm
Q 6C(T = )5 [Jlul- D)% Jo

g/ VU (2, 1) de
Q

satisfies

for ¢ € [to,T). Besides, (C1) implies / u*~% dx is decreas-
Q
ing in [tp,T") and

/|VU(:E,t)|2d:E<)\/U(:E,t)2dx for t € [to, T).
Q Q

Since u is Type 2, there exists a sequence {tj}ren such
that
te /T and (T — tg) s |Ju(-, tx)|% — 0o as k — oo.

Therefore, we have

/ VU (z, t4) ] da
Q

/ Ul(x,ty)?* dx
Q

— X as k — oo. O

Remark 7. If ug satisfies Aug+ Aug > 0 in Q, then it also
holds for 6 > 2 that there exists a sequence {tj}ren such
that ¢, /T as k — oo and U satisfies

AU(z,ty) + AU (x,t,) — 0 or U(z,tx) — 0

as k — oo almost all of z € Q. We can regard Corollary 4
as a generalization of this profile.
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