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On an extension of the derivation relation
for multiple zeta values

Masanobu Kaneko

In this paper, we propose a conjectural generalization of the derivation
relation for multiple zeta values. This extension was inspired by works of
Alain Connes and Henri Moscovici on a certain Hopf algebra of transverse
geometry [1], [2], and is thought of as a first attempt to materialize the
suggestion given at the end of Section 7 in [4].

The multiple zeta value (MZV) is a real number defined for each index
setk = (ki,ko,...,k,) of positive integers wittk; > 1, by the convergent
series

()= lake k)= > ﬁ
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One of the fascinating features of these numbers is that the structures of
(linear or algebraic) relations ové€y among them reflect various other
structures in mathematics and mathematical physics.

To describe the derivation relation of MZV’s, we use the algebraic
setup introduced by Himan [3]. LetH = Q(X,y) be the non-commutative
polynomial algebra over the rationals in two indeterminatasdy, and$H?
and$? its subalgebra® + Hy andQ + x$y, respectively. LeZ : $° —» R
be theQ-linear map defined b¥(1) = 1 and

Z(Xkl—ly)J(Z_ly. .. Xk”_ly) = g(k]_, k27 cees kn)

This “evaluation map” arises naturally from the iterated integral represen-
tation of MZV’s. To find a linear relation among MZV'’s is to find an
element in the kernel of the map

For each integem > 1, define the derivatiof, on $ by

On(¥) = XX+ Y)Y, Gn(y) = —x(x+y)"y.



Since$ is the polynomial algebra oxandy, this uniquely determines the
derivationd,. (A derivation on$ is a linear map) : $ — $ satisfying
Leibniz’s rule d(uv) = ad(u)v + ud(v) for any u,v € $.) Note that the
derivationd,, preservesy! and $°. The derivation relation of MZV’s is
then the following.

Theorem. ([4, Corollary 6])One has Zo,(w)) = O for alln > 1 and all
we $0.

This relation supplies a large class of linear relations of MZV’s. To
add the derivation relation to (finite) double $fe relation is equivalent
to extend the double shie relation by using divergent MZV's. Also, the
derivation relation is equivalent to Ohno’s relation (minus duality). See [4]
for the details.

We now proceed to generalize this. In [4, p.328], it is noticed that the
derivationd, has an alternative description: L&be the derivation or$
defined by

6(x) = X2+ (xy+YX)/2,  6(y) = Y + (xy+y®)/2.

Then we have
on = ad@)"*(01)/(n - 1),

where adf)(9) := [0, 0] = 60 — 96. Let H be the “Euler operator”, namely,
the linear endomorphism ¢ which sends homogeneous elementto

degv)w.

Definition. Let c be a rational number. For any B 1, we define a linear
endomorphismd® on § by

3y’ = ad@)"@1)/(n - 1),
whered© is the linear endomorphism defined by the rules
69 = 6,  69(y) = 6(y)

and
69 uv) = 69UV + ue©(v) + ca1(U)H(V)

foranyuve 9.



Remark. This definition is modeled after the “twisted” Hopf algebra of
Connes-Moscovici (see [1], [2], [4]).

Note thatd©® = g andd® = d,, and ifc # 0, #© andd® are not
derivations.

Conjecture 1. Foralln > 1, ce Q, and we $°, we have
Z(3Y w)) = 0.

When we viewc as a parameter, we see tﬁﬁf(w) is a polynomial inc
of degreen— 1. Hence, the above conjecture is equivalent to the following.

Conjecture 7. Foralln > 1and iwith0 <i < n—1and we $°, we have
Z(codficient ofc in 0 (w)) = 0.

We have checked this by Mathematica fomallandw with n+deg{v) <
9. Tatsushi Tanaka has extended the experiments by usingARisand
verified the conjecture up to weight 12. Below we give a table of various
numbers of independent relations of MZV's obtainedﬁ}/, detailed de-
scriptions of the table being given in the remarks after the table. Recall the
weight of the MZV¢(k, ko, ..., Ky) isks + Ko + - - - + Ky

Table 1:(Conjectural) Numbers of Independent Relations

6 7 8 9 10 11 12
10 22 44 90 181 363 727
10 22 44 90 181 363 727
10 23 46 97 196 396
10 23 46 98 200 413 838

weight I
In(W)
a9 (w), c # -2 fixed
I () U 952 (W)
¥ (w) for all ¢ U duality

Pl R PR w
NN NN
g|la|o|all;

Remarksi) The first line of the data gives the number of linearly indepen-
dent elements ih among alld,(w) with n € N andw € $° varying under
the conditiom + deg{v) = weight. (The weight of each term @{d,(w))
isn+ degw).)

ii) The second line is the same experiment with various figed Q.
The result says that, at least for tens of randomly chosen valuesg ef2,
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the eIement@ﬁ,C)(w) asn andw vary give thesamenumber of independent
relations as),(w), regardless of the choice of We have no proof of this
(nor on(aS,C)(w)) = 0, except in low weights). The reason why the value
c = -2 is exceptional is explained by the idendy§? = (-1)"1a", which,

as Seidai Yasuda and Kentaro lhara pointed out, is easily proved.

iif) The experiments of various singkeas in ii) may suggest tha®
only gives the same set of relations as the original derivdtjaoes. How-
ever, we do have new relations, as the third line of the above table show.
The third line of the table gives the number of linearly independent ele-
ments supplied by the union éffl)(w) and8§]°2)(w) for randomly chosen
different values of; andcy(# —2). It is remarkable here again that any
choice ofc; andc, seems to give theamenumber of independent rela-
tions. This too is only experimental and is not yet proved.

iv) The final line is the result of taking atlinto account and moreover
adding the duality relations. Up to weight 9, we used the form of Conjec-
ture ¥ to ensure the “for alt” part, but from weight 10 on we only used
the data for several rational valuesadbr computational reason. Thus the
number given may increase if we add more values bfit we believe that
does not occur, in light of Conjecture 2 below. The reason why we add the
duality is also explained by Conjecture 2. If the duality is not added, the
numbers obtained are strictly less at weights 11 and 12 (and probably for
higher weights).

v) Seidai Yasuda pointed out the identity

0© = 6O 4 (9O _ g-2)
2 2

or in general

C ,
9© = 9O _ 3(9(0) iy ))

foranyc’ # 0. Hence, to consideiff) for all cis also equivalent to consider
ad@©))adE©) - - . ad@©-v)(9,) with eachc; = 0 and 1 (say).

Now let ax be the entry for weighk of the last line of the above table

(e.g.,ag = 46, ag = 98 ajp = 20Q...). Then, we have observed the
following remarkable (conjectural) identity.
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Conjecture 2. For k > 3, we have

1 k-1
2 Poa=— > u(——)2%
k- 1(%_11 d

Here,u is the Mobius function.

Remark.Let L, be the free graded Lie algebra of rank 2 o@egenerated

by x andy of degree 1, and.., the free graded Lie algebra ov@rwith
infinitely many generatorg (i = 1,2,3,...) whose degrees are given by
deg) = i. The number on the right-hand side of the conjecture is equal
to the dimension of degrde— 1 part of bothL, andL.,, as Witt's formula
shows. We note that the universal enveloping algebrh,af identified
with 9, whereas that df, is identified with$! under the identificatiog =
x~ly. (The algebrap?! is freely generated by = X1y, i = 1,2,3,....)
This observation suggests intimate connections between these Lie algebras
and the relations of MZV’s. Note that the numbé&r2on the left is the
total number of MZV's of weighk. Thus the number on the left-hand side
of the conjecture is the maximal number of independent MZV's, under the
conjectural reIationZ(c‘)Sf)(w)) = 0 and the duality.

The most curious feature of Conjecture 2 is that the weights concerned

on both sides dier by 1. The conjecture implies the possibility of con-
structing linearly independent (under the conjectural relations and the du-
ality) elements of MZV’s of weighk from a basis of homogeneous part of
degreek — 1 of L, or L,,. But how to construct such elements? We tried
several ways at random and found one way (using the derivagion[4,
§4] and the regularization) which bears the numerical test up to weight 13,
but there is no theoretical support to believe that is the right way. It is most
desirable to prove (or disprove) this conjecture and clarify the suggested
connection of the MZV to the Lie algebrés andL.,.
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