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Quasimodular solutions of a differential equation of hypergeometric type

MASANOBU KANEKO AND MASAO KOIKE

§1. INTRODUCTION AND MAIN THEOREM

In our previous paper [2], we studied further the solutions of the following differential
equation in the upper half-plane $) which was originally found and studied in [4] in
connection with the arithmetic of supersingular elliptic curves;

E+1
6

k(k+1)

£1(r) -

Ey(7)f'(r) + Ey()f(r) = 0.

Here, k is an integer or half an integer, the symbol ’ denotes the differentiation
(2mi)~Yd/dT = q-d/dq (¢ = €*™7), and E5(7) is the “quasimodular” Eisenstein se-
ries of weight 2 for the full modular group SLs(Z):

Exy(1)=1- 24%(2 d)q"™.

n=1 d|n

Let p > 5 be a prime number and Fj,_;(7) be the solution of the above differential
equation for £ = p — 1 which is modular on SL2(Z) (such a solution exists and is unique
up to a scalar multiple). For any zero 7y in $) of the form F,_;(7), the value of the j-
function at 7y is algebraic and its reduction modulo (an extension of) p is a supersingular
j-invariant of characteristic p, and conversely, all the supersingular j-invariants are
obtained in this way from the single solution F,_;(7) with suitable choices of 7y. This
is the arithmetic connection that motivated our study of the differential equation.

Various modular forms on SLo(Z) and its subgroups were obtained in [2] as solutions
to this differential equation, the groups depending on the choice of k. Every modular
solution is expressed in terms of a hypergeometric polynomial in a suitable modular
function (hence the “hypergeometric type” in the title of the paper), also depending on
the choice of k. For instance, if k = 0,4 mod 12, we have a modular solution
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where

F(a,b,c;x)zz%mn—?, (a)p =ala+1)---(a+n—1)

is the Gauss hypergeometric series (which becomes a polynomial when a or b is a negative
integer, which is the case here), F4(7) the Eisenstein series of weight 4 on SLo(Z), and
j(7) the elliptic modular invariant.

In addition to the modular solutions, quite remarkable was an occurrence of a quasi-
modular form, not of weight k as in the modular case but of weight £+ 1. In the present
paper, we give another supply of examples of quasimodular forms as solutions to an
analogous differential equation attached to the group I'((2), which is not contained in

SLo(Z);
ri2) = (ro2. (3 ')

Ty(2) = {(‘CL Z) € SLy(Z)| ¢ =0 mod 2}.

(T'§(2) is the triangular group “2A” in the notation of Conway-Norton [1].)
Let

where

FEou(1) = (Eo(T) + 2F5(27)) /3 = 1 — 8¢ — 40¢® — 32¢° —

be the quasimodular form of weight 2 on I'j(2) which is the logarithmic derivative of
the form

Aoa(7) :=n(1)*n(27)® = q — 8¢° + 12¢° + 64¢* — - --

of weight 8 on I'§(2); Eoa(7) = AL 4(7)/A24(7), an analogous situation in the SLy(Z)
case where Fs(7) is the logarithmic derivative of the Ramanujan A(7). Consider the
following differential equation;

k+1
4

k(k+1)
8

@)k L7 Exa(T)f'(1) + Eya(1)f(1) = 0.

Solutions which are modular on the group I'§(2) and its subgroups were studied in
[6, 7]. In particular, when k is a non-negative integer congruent to 0 or 6 modulo 8,
the equation (#); has a one dimensional space of solutions which are modular on the
group I'j(2) itself. We note here that the equation (#)x has a characterization by the
invariance of the space of solutions under the action of I'§(2), similar to the previous
case for SLy(Z), owing to the fact that there is no holomorphic modular form of weight
20onT(2) (see [5] and [2, §5]). By a general theory of ordinary differential equations, we
see that the equation (#); has a quasimodular solution (which, since its transformation
under 7 — —1/27 is also a solution, inevitably gives a solution having log ¢ term in the

expansion at ¢ = 0) only when k is a positive integer congruent to 3 modulo 4.
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In the following, we show there indeed exists a quasimodular solution in this case
and describe explicitly the solution in terms of a certain orthogonal polynomials. First
we need to develop some notations. Put

C(71) :=2E5(271) — Es(7)

=1424) (> d)g" =1+24q+ 24" + 96¢° + - -,
n=1 d‘:io‘gd
o0

n(27)'°

D(r)i= =i = (D0 (n/d)*)a" = q+ 8¢+ 286" + 64q" + -
n=1 d(:io‘:jld
where -
’)7(7') :qi H(l—qn):qi —q% _q% _|_q% + .-
n=1

is the Dedekind eta function. The functions C(7) and D(7) are modular forms of
respective weights 2 and 4 on the group I'y(2) (=“2B”) and the graded ring of modular
forms of integral weights on I'y(2) is generated by these C(7) and D(7). Recall that
(see [3]) an element of degree k in the graded ring C[Eq(T),C(7), D(7)], where the
generators Fo(7),C(7), D(7) have degrees 2, 2, and 4 respectively, is referred to as a
quasimodular form of weight k£ (on I'g(2)). Incidentally, the graded ring of modular
forms of integral weights on T'{j(2) is generated by three elements C(7)? = (E4(7) +
4E4(27))/5, C(1)3 — 128C(1)D(7) = (E6(T) + 8E6(27))/9, and Aga(7) of respective
weights 4,6, 8, of which C(7)? and As4(7) generate freely the subring consisting forms
of weight being multiple of 4, and the whole space as a graded module is generated over
this ring by C(7)? — 128C(7)D(7).
Now define a sequence of polynomials P,(z) (n =0,1,2,...) by

Py(x) =1, Pi(x) =z, Ppi1(x) =aP,(z)+ \Pro1(z) (n=1,2,...)

where
(4n + 1)(4n + 3)

Ap =4
n(n+1)

First few examples are
Py(z) = 2% + 70, P3(x) = 2 4 1362, Py(z) = z* + 20122 4 4550, . . ..

The P, (x) is even or odd polynomial according as n is even or odd. We also define a
second series of polynomials @, (z) by the same recursion (with different initial values):

QO(:E) = 07 Ql('x) = 17 Qn—i—l(x) = $Qn($) + AnQn—l(x> (TL - 1, 2, ce )a
a couple of examples being
Q2(z) =z, Q3(x) = 2% + 66, Qu(x) = 2> + 131x,. ...

The @, (z) has opposite parity: It is even if n is odd and odd if n is even.
Put G(1) = C(7)? — 128D(7) (= (4E4(27) — E4(7))/3).
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Theorem. Letk =4n+3 (n=0,1,2,...). The following quasimodular form of weight
k+1 onTy(2) is a solution of (#)x :

n G(t C'(r n+1 G(t
Aoa(r) P AEA)(T)) 2(4 ) SRt X ﬁ)(ﬂ ).

Remark. The appearance of the square root \/As4(7) in the formula is superfi-
cial because of the parities of P,(z) and @,(x), that is, the form is actually an
element in Q[E»(7),C(7), D(7)], by noting Asa(7) = D(7)(C(7)? — 64D(7)) and
C'(1) = (BE2(1)C(1) — C(1)?)/6 + 32D(7). The form does not belong to I'j(2).

§2. PROOF OF THEOREM

It is convenient to introduce the operator ¥, defined by

0()(r) = £(7) = X By (r) (7).

8
By the quasimodular property of E5(7) or the fact that Eo4(7) is the logarithmic
derivative of Ag4(7), we have the transformation formulas

a b

Faa (Z:is) = (er + ) Baalr) + —cler +d) ((C d) € To(2))

and
Eop | —— | =27°Fap(1) + —7.
2T T

From these we see that if f is modular of weight k on a subgroup of I'§(2), then ¥ (f)
is modular of weight k + 2 on the same group. If f and g have weights k£ and [, the
Leibniz rule

Vv1(fg) = V(f)g + fUi(g)

holds. We sometimes drop the suffix of the operator ¥; when the weights of modular
forms we consider are clear. With this operator, the equation (#)x can be rewritten as

k(k+2
@ o)) = Doy,
(use B () = (B2a()? = C(1)?)/8).
Denote the form in the theorem by Fj (7). We first establish the recurrence relation
(note n = (k — 3)/4):

(1) Fria(7) = G(7) Fi(7) + My Doa(T)Fe—y(7).
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This is a consequence of the recursion of P, and @,,, namely (we often omit the variable
7 hereafter)

GFy + M\yAgaFy_y

(VAP gy~ Vb (i) )

Nz VA2

n AnA2A< A2A"_IPR_1(\/%2A)% —VA2n Quoa ( EQA))
_ AQA”H(JE—MPTLWE—MHMPM( EQA))zg

VE (e ()

= AgAnHPnH(\/%)% - \/A_QAMQQ”“(\/E_QA)

= Fa.

Now we prove by induction that the Fj(7) satisfies the equation (#')r. We can
check the cases k = 3 and 7 directly. Assume Fj_4 and Fj satisfy (#')rx—4 and (#')i
respectively. Then by using (1) and the formulas

9(C) = —1G, DG =30 9(Ara) =0
we have

1
9 (Fy,) = 9 (9(Fy)G — §C3Fk) + A Ao a9 (Fl_y)

1 1
= P(F)E — GBI + gcka — SOBI(EL) + Andaat?(Fi)
— 4)(k —2
- k(’“GZ 2) C2GFy, — C39(Fy) + §C2GFk + (k 43351 ))\nAgACZFk_4
k2 + 2k + 24 k—4)(k —2
AR AU g BV D) )N 2R — CRO(E).
64 64
Hence we find
k+4)(k+6
9?(Fria) — ( éi )C’QFk+4
kK2 +2k+24  (k+4)(k+6)\
- _ F
( 64 64 )C G
k—4)(k—2) (k+4)(k+6
+ <( E)ié(l ) _{ E)ié(l )))\nAZACQFk—AL

k k+1
= _C? (gGFk + Cﬁ(Fk) + %AnAQAFk-_4).
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The proof of the theorem therefore boils down to show the equation

k k+1
SOFL + CO(F) = === NboaFis.

For this we also proceed by induction. For k = 7 the equation is checked directly.
Assuming that this is valid for k£, we have

1
Fyra = GFy + X\yAoaFy_y = m ((k +2)GFy, — SCﬁ(Fk))
and
k+4
TGFk—i—él + C’lg(Fk+4)
k+4
= mG((k +2)GFy — 8CY(Fy))
1 1 , 2
+ 2 D) O(—2 (k+2)C?Fy, + (k + 2)GY(Fy) + 2G(Fy) — 8C9*(Fy))
_(k+2)(k+4), o u
BT CE SR A
k+5

= _T)\n+1A2AFk~

Here we have used the (previous) induction assumption that Fj, satisfies (#)x and the
relation G2 — C* = —256A54. This completes our proof.
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