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INTRODUCTION

The basic growth analysis of a plant (Blackman, 1919) 
or an animal (Brody, 1945) is conducted using the expo-
nential function.  I have been interested in mathematical 
aspects of the exponential function, from the viewpoint 
of symmetric properties with respect to its differential 
and integral calculations (Shimojo et al., 2002) and rela-
tionships to the hyperbolic function and the Euler’s for-
mula (Shimojo et al., 2003).  Shimojo (2011) reported 
the equality between the exponential function and the 
Bondi K–factor by relating the hyperbolic function to 
both the exponential function and the Lorentz transfor-
mation.  The translator’s afterword to the book by Bondi 
(1964) showed the relationship between the Bondi 
K–factor and the exponential function.  In addition, there 
was a collapse of the Bondi K–factor into the imaginary 
unit when v (velocity of an object) → ∞ (Shimojo, 2011).  
These two issues of my concern remain to be investi-
gated, because the Bondi K–factor has been considered 
an educational tool for teaching the special relativity to 
students (Dasgupta, 2007). 

The present study was designed to investigate mathe-
matical properties of the exponential function using rela-
tionships between the exponential function, the Bondi 
K–factor and the imaginary unit. 

MATHEMATICAL RELATIONSHIPS BETWEEN 
EXPONENTIAL FUNCTION, BONDI K–FACTOR 

AND IMAGINARY UNIT

Exponential function and Bondi K–factor
Relating the hyperbolic function to both the expo-

nential function and the Lorentz transformation gives 
 

cosh(θ) = (exp(θ)+exp(–θ))/2

 = 1/   1–(v/c)2, 			   (1)

sinh(θ) = (exp(θ)–exp(–θ))/2

 = (v/c)/   1–(v/c)2, 			   (2)
 

where v = velocity of an object, c = speed of light. 
Solving functions (1) and (2) gives 
 
exp(θ) =  (1 + v/c)/ (1 – v/c),	                         (3–1)

exp(–θ) =  (1 – v/c)/ (1 + v/c),                       (3–2)
 
θ= loge (  (1 + v/c)/ (1 – v/c) ),                       (3–3)

v= c · (exp(2θ) – 1)/ (exp(2θ) + 1),              (3–4)

where 0 <_ v < c, 0 <_θ< ∞, 1 <_ exp(θ) < ∞, 0 < 
exp(–θ) <_ 1. 
Functions (3–1) ~ (3–4) show or imply the following.  
There is equality between exp(θ) and the Bondi 
K–factor as shown in (3–1).  When v takes a constant 
value in 0 < v < c, there occurs an exponential increase.  
When there is an increase in v, the rate at which θ 
increases is accelerated.  If exp(θ) is assumed to show 
the property of space, then the existence of energy (v) 
implies the space expansion with time (t) when applied 
to exp(θ · t).  This also applies to the growth of a plant 
or an animal, where ingesting energy and substances 
from the environment causes the increase in size and 
weight of them.  Thus, relative growth rate (r) in the basic 
growth function (4) for a plant or an animal implies the 
correspondence to θ  in the exponential function (3–1) 
for the special relativistic motion,

W = W0 · exp(r · t),				    (4)
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where W = weight of a plant or an animal, W0 = weight at 
t = 0, r = relative growth rate. 

Bondi K–factor and imaginary unit
Despite 0 <_ v < c, the mathematical application of v 

→ ∞ to the Bondi K–factor and related items gives the 
following calculations.  Thus, 

 
lim   (1 + v/c)/ (1 – v/c) = lim   (c/v + 1)/ (c/v – 1)
 
                                         =   – 1 = i,                     (5–1)
 
 exp(θ) →  i = exp(i(π/2))       
 
                       =cos(π/2)+ isin(π/2),               (5–2)
 
lim(1/   1 – (v/c)2) = lim((c/v)/    (c/v)2– 1)
                              =0,                                           (5–3)

lim((v/c)/   1 – (v/c)2) = lim(1/    (c/v)2– 1)
                                      = 1/   – 1 = – i,                (5–4)

c · t´ = (c · t) · cosh(θ) –  x · sinh(θ)

         → (c · t) · 0 –  x · (– i) = ix,                      (5–5)

 x´ = x · cosh(θ) –  (c · t) · sinh(θ)

         → x · 0 –  (c · t) · (– i) = i(c · t),              (5–6)

m´ = m · (1/   1 – (v/c)2) 

         → m · 0 = 0.                                                (5–7)
 

where i = imaginary unit, x = space in one dimension. 
Mathematical phenomena (5–1) ~ (5–7) imply the fol-
lowing hypotheses.  The object moving at the speed of ∞ 
is a mathematical phenomenon that is impossible to 
observe at any particular position.  The resultant col-
lapse of Bondi K–factor and related items implies a math-
ematical trick to transform the mathematical object into 
a mathematical field for describing wave functions such 
as (6–1) and (6–2) that are also impossible to make direct 
observations, 

 
Ψ(x, t) = A · exp((i/ħ) · (p · x – E · t)),          (6–1)

Ψ*(x, t) = A · exp((– i/ħ) · (p · x – E · t)),     (6–2)
 

where Ψ = wave function, Ψ* = conjugate complex, ħ= 
h/2π (h: Planck’s constant, π: circular constant), A = 
amplitude, p = momentum, E = energy. 
Then, boldly writing, the following are implied.  There is 
no existence of the object moving at the speed of ∞.  
Instead, the wave function exists.  However, if there is 
an observation of the object with the Bondi K–factor, 
then there is a disappearance of the imaginary unit and 

the wave function.  If the object is observed at a particu-
lar position, then the Bondi K–factor may be calculated 
as follows,

(   (1 + v/c)/ (1 – v/c)) · (   (1 – v/c)/ (1 + v/c)) 

= exp(θ) · exp(–θ).                                              (7)
 

It is shown that any value of θ or v satisfies (7).  Its 
hypothetic correspondence in wave functions (6–1) and 
(6–2) is given by

 
Ψ*(x, t) · Ψ(x, t) =│Ψ(x, t)│2

= 1.                      (8)

Exponential function and imaginary unit
As shown in the preceding section, there is a gap 

between the imaginary unit and the exponential function 
due to the collapse of the Bondi K–factor.  However, the 
disappearance of the wave function caused by the disap-
pearance of the imaginary unit leads again to the Bondi 
K–factor, an appearance of the exponential function used 
for the growth analysis of a plant or an animal. 

Conclusions
The present study suggests that mathematical prop-

erties of the exponential function are related to those of 
the Bondi K–factor.  All the present results and discussion 
will be subjected to the harsh criticism. 
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