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A Proposal of Successive Minimal Residual Method
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Abstract: Convergence property of the successive over-relaxation (SOR) method depends on a relaxation
parameter whose optimal value can be hardly computed. This paper determines the optimal value un-
der a minimal condition for an intermediate residual in the successive computation of the SOR method.
Through the organizations of formulas, the authors eliminate the relaxation parameter and propose a
new iterative solver: successive minimal residual (SMR) method. Numerical tests for over 700 practical
and real nonsymmetric matrix problems comparably check the performances of convergence, computation
time and accuracy for the SMR method and other classical iterative methods.
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Table 1 The floating-point operations per one iteration
and memory requirement of iterative methods.
The value in brackets means the ratio to the re-
sults for the Jacobi method.

Method Operations | Memories
(ratio) (ratio)

Jacobi 2N’ 4+ 4N N
(=1.0) (=1.0)

GS AN’ + N 0

(< 2.0) (0)

SOR AN’ + N N+1
(<2.0) (~1.0)

RJ | 2N’ +10N —1 3N +1
(1.0 to 2.0) (~3.0)

SMR 4N’ + 3N 2N +1
(< 2.0) (~2.0)
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Table 2 Specifications of matrices which are not uti-
lized for the numerical test.

matrix N N’ N'/N
GircuttsM 5,558,326 | 59,524,291 | 10.71
circuitoM_dc | 3,523,317 | 14,865,409 4.22
Freescalel 3,428,755 | 17,052,626 4.97
memchip 2,707,524 | 13,343,948 4.93
rajat31l 4,690,002 | 20,316,253 4.33
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Table 3 The number of problems for the states of resid-
ual in each iterative method with ¢ = 10~8. The
value in the parenthsis means the ratio to the to-

tal number of problems for the numerical tests.

State Jacobi GS RJ SMR
NaN 110 122 126 0
(15.13) | (16.78) | (17.33) | ( 0.00)

Div. 495 438 39 0
(res > 1.0) | (68.09) | (60.25) | ( 5.36) | ( 0.00)
Not Conv. 51 67 490 664
(res > ¢) (7.02) | (9.22) | (67.40) | (91.33)
Conv. 71 99 71 63
(res < ¢) (9.77) | (13.62) | ( 9.77) | ( 8.67)

Table 4 The number of problems for the states of resid-

ual in each iterative method with ¢ = 104,

State Jacobi GS RJ SMR
NaN 110 122 126 0
(15.13) | (16.78) | (17.33) | ( 0.00)

Div. 490 432 39 0
(res > 1.0) | (67.40) | (59.42) | ( 5.36) | ( 0.00)
Not. Conv. 45 47 474 469
(res >¢) | ( 6.19) | ( 6.46) | (65.20) | (64.51)
Conv. 82 125 87 258
(res <€) (11.28) | (17.19) | (11.97) | (35.49)

Table 5 The ratio of the computation time for each it-
erative method to that for the Jacobi method.

Method Jacobi GS RJ SMR
Ratio 1.00 1.94 1.21 1.95
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(d) Convergence

Fig. 1 Detailed classifications for Table 3.
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Table 6 The number of iterations to convergence for the
case that only the SMR method is available. The
stopping criterion is set at € = 10~8. The value
in the bracket denotes the ratio of the number of
iterations to the that of dimension N.

Matrix | Jacobi | GS | RJ SMR
adder_

dcop_68 Div | Div | NC | 16,230 (8.95)
trans_01 Div | Div | NC 1,638 (0.90)
bayer01 Div | Div | Div | 119,249 (2.07)
bayer02 Div | Div | Div 72 (0.01)
circuit_1 Div | Div | NC 7,075 (2.70)
FA Div | Div | NC 25,879 (2.44)
Kaufhold Div | Div | NC 53 (0.01)
ns3Da Div | Div | NC | 86,898 (4.26)

Table 7 The number of iterations to convergence for the
e = 1078 case. The bold script means that the
corresponding solver converges the fastest.

Matrix Jacobi GS RJ SMR
add32 734 378 122 36,105
atmosmodl 8,096 | 4,042 | 8,085 | 2,835,200
cagel3 260 11 24 62
cageld 230 10 18 26
ex37 Div 28 41 122

FEM_3D._

thermall Div 112 158 3115
thermal2 Div 47 71 549
lung?2 Div Div | 1545 434
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