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Abstract

This paper introduces a new general theory of compressed sensing. We give a
natural generalization of restricted isometry property called weak RIP. Though our
approach is based on the Candès ideas, we consider that the proposed results are
more useful for real data anaysis. In this note, we establish our new results about
the accuracy of the reconstruction from undersampling measurements where are
possible to improve estimation in various situations that we have knowledge.

Key Words and Phrases: Compressed sensing, Weak restricted isometry property.

1 Introduction

1.1 RIP and the results

We supose that we observe

y = Ax, x ∈ Rn, (1)

where A is m × n matrix. Our goal is to reconstruct x ∈ Rn with good accuracy. We

are interested in m < n case. It occurs the problem is of course ill-posed, but we know

important results when we suppose x is known to be sparse or nearly sparse and A obeys

restricted isometry property(RIP) introduced below. Then we can reconstruct x ∈ Rn

with good accuracy. In detail, this premise changes the problem, making the seach for

solutions feasible. In fact, we show that the solution x? to the following optimazation

problem

min
x̃∈Rn

‖ x̃ ‖1 subject to y = Ax̃ (2)
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recovers x exactly, where ‖ · ‖1 is l1 norm. Furthermore, we extend the results for noisy

recovery. We observe

y = Ax + z, (3)

where z is an unknown noise term. In this context, we consider reconstructing x as the

solution x? to the optimization problem

min
x̃∈Rn

‖ x̃ ‖1 subject to ‖ y − Ax̃ ‖2≤ ε, (4)

where ε is an upper bounded on the size of the noisy contribution and ‖ · ‖2 is l2-norm.

Definition 1.1. A matrix A satisfies the restricted isometry property(RIP) of order s if

there exists a constant δ with 0 < δ < 1 such that

(1 − δ) ‖ a ‖2
2≤‖ Aa ‖2

2≤ (1 + δ) ‖ a ‖2
2 (5)

for all s-sparse vectors a. A vector is said to be s-sparse if it has at most s nonzero

entries. The minimum of above constants δ is said to be the isometry constant of A and

it is denoted by δs.

The condition (5) is equivalent to requiring that the matrix AT
SAS has all of its eigenvalues

in [1 − δs, 1 + δs], where AS is the m × |S| matrix composed of these columns for any

subset S of {1, 2, · · · , n}. It is well-known in [1, 4, 5] that RIP is very useful to study the

general robustness of CS. In particular, Candès [2] has obtained the following results:

Assume that δ2s <
√

2 − 1 and ‖ z ‖2≤ ε. Then the solution x? to (4) obeys

‖ x? − x ‖2≤ C0
1√
s
‖ x − xs ‖1 +C1ε, (6)

where xs is the vector x with all but the largest s components set to zero and C0, C1 are

explicitly given constants. In a previous paper (Inoue [6]), we have improved this result:

Theorem 1.1. Let s, s′ ∈ N with s < n and s′ < n − s. Assume that A satisfies the

RIP of order (s + 2s′) and

δs+s′ +

√
s

s′
δs+2s′ < 1. (7)

Then, the solution x? to (4) obeys

‖ x? − x ‖1≤ D0 ‖ x − xs ‖1 +D1ε (8)
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and

‖ x? − x ‖2≤
2√
s
D0 ‖ x − xs ‖1 +

1√
s′

D1ε, (9)

where,

γ =
δs+2s′

1 − δs+s′
,

D0 =


(

1+γ
1−γ

)√
s
s′

, s′ ≤ s(
1+γ
1−γ

)√
s′

s
, s′ ≥ s

, D1 =

{
α

1−γ
2
√

s , s′ ≤ s
α

1−γ
2
√

s′ , s′ ≥ s.
(10)

1.2 Main theorem

The RIP requires bounded condition number for all submatrices built by selecting s

arbitrary columns and the spectral norm of a matrix is not generally easy to commute.

In order to solve this problem, Candès and Plan introduce the notion of the weak RIP

[3]. But the notion is not explicitly defined. And so, we shall define the notion weakened

the RIP. And we introduce new results obtained by using weak RIP.

Throughout this section, let A be a m × n matrix.

Definition 1.2. (Weak RIP) Let T be a fixed subset of {1, 2, · · · , n} with |T | = s and

1 < r < s. A obeys the weak RIP with respect to T of order r if there exists 0 < δ < 1

such that for any subset R ⊂ T c with |R| ≤ r,

(1 − δ) ‖ x ‖2
2≤‖ Ax ‖2

2≤ (1 + δ) ‖ x ‖2
2 (11)

for all x ∈ Rn with supp x ⊂ T ∪ R. The minimum of such constants δ is denoted by

δT,r.

Roughly speaking, we consider an arbitrary submatrix formed by concatenating columns

in T with r other columns from A selected in any way you like. Then we would like this

submatrix to be well conditioned. Because T is fixed, we prove the good condition as

following:

Theorem 1.2. Let T0 be the location of the s-largest coefficients of x. Assume that A

obeys the weak RIP with respect to T0 of order r, and δT0.r < 1

1+
r

2s

[ r
2 ]

, where [·] is the

floor function. Then the solution x? to (4) obeys

‖ x − x? ‖2≤ C0 ‖ x − xs ‖1 +C1ε, (12)
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where C0, C1 are explicitly given constants.

In Section 2, we prove the main theorem. The proofs are based on those of Theorem1.1.

2 Proof

In this section we prove Theorem1.2. Here we simply put δ = δT0,r. We first show that

for any a, b ∈ Rn with supp a ⊂ T0 and supp b ⊂ R ⊂ T c
0 ,

|< Aa, Ab >| ≤ δ‖a‖2‖b‖2, (13)

where,< ·, · > denotes the inner product.

Indeed, it suffices to show in case that ‖a‖2 = ‖b‖2 = 1. Since supp (a+b), supp (a−b) ⊂

(T0 ∪ R) and a ⊥ b, we have

|< Aa, Ab >| =
1

4

{
‖A (a + b) ‖2

2 − ‖A (a − b) ‖2
2

}
≤ 1

4

{
(1 + δ) ‖a + b‖2

2 − (1 − δ) ‖a − b‖2
2

}
=

1

4

{(
‖a + b‖2

2 − ‖a − b‖2
2

)
+ δ

(
‖a + b‖2

2 + ‖a − b‖2
2

)}
= δ.

We put

h ≡ x? − x.

By the linearity of A and the triangle equality, we have

‖Ah‖2 ≤ 2ε. (14)

For any a ∈ Rn and T ⊂ {1, 2, , · · · , n}, we put

aT =

 aT
1
...

aT
n

 , aT
i =

{
ai , i ∈ T
0 , i ∈ T c.

Let T0 be the location of the s-largest coefficients of x. Then,xT0 = xs. Let T1 be

the location of [ r
2
]-largest coefficients of hT c

0
. Repeating this method, {1, 2, , · · · , n} is

decomposed into {1, 2, · · · , n} = T0 ∪ T1 ∪ · · · ∪ Tl−1 ∪ Tl, |Tl| ≤ [ r
2
]. Then, since∣∣∣hTj−1

k

∣∣∣ ≥ max
k∈Tj

∣∣∣hTj

k

∣∣∣ , 2 ≤ j ≤ l, 1 ≤ k ≤
[r
2

]
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it follows that

‖ hTj
‖2 =

 [ r
2 ]∑

k=1

∣∣∣hTj

k

∣∣∣2


1
2

≤
√[r

2

]
‖ hTj

‖∞

≡
√[r

2

]
max
k∈Tj

∣∣∣hTj

k

∣∣∣
≤ 1√

[ r
2
]
‖hTj−1

‖1, 2 ≤ j ≤ l, (15)

which implies that

‖ h(T0∪T1)c ‖2 = ‖
∑
j≥2

hTj
‖2

≤
∑
j≥2

‖ hTj
‖2

≤ 1√
[ r
2
]

∑
j≥1

‖ hTj
‖1

=
1√
[ r
2
]
‖
∑
j≥1

hTj
‖1

=
1√
[ r
2
]
‖ hT c

0
‖1 . (16)

Since

‖ x ‖1 ≥ ‖ x? ‖1

= ‖ x + h ‖1

= ‖ xT0 + hT0 + xT c
0

+ hT c
0
‖1

= ‖ xT0 + hT0 ‖1 + ‖ xT c
0

+ hT c
0
‖1

≥ ‖ xT0 ‖1 − ‖ hT0 ‖1 + ‖ hT c
0
‖1 − ‖ xT c

0
‖1,

it follows that

‖ hT c
0
‖1 ≤ ‖ x ‖1 − ‖ xT0 ‖1 + ‖ xT c

0
‖1 + ‖ hT0 ‖1

= ‖ xT c
0
‖1 + ‖ xT c

0
‖1 + ‖ hT0 ‖1

= 2 ‖ xT c
0
‖1 + ‖ hT0 ‖1

= 2 ‖ x − xs ‖1 + ‖ hT0 ‖1, (17)
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which implies by (15) that

‖ h(T0∪T1)c ‖2 ≤ 1√
[ r
2
]
‖ hT c

0
‖1

≤ 1√
[ r
2
]
(‖ hT0 ‖1 +2 ‖ x − xs ‖1)

≤
√

s

[ r
2
]
‖ hT0 ‖2 +

2√
[ r
2
]
‖ x − xs ‖1

≤
√

s

[ r
2
]
‖ hT0∪T1

‖2 +
2√
[ r
2
]
‖ x − xs ‖1 . (18)

Hence it follows from (13) that for any j ≥ 2

∣∣〈AhT0∪T1 , AhTj
〉
∣∣ ≤

∣∣〈AhT0 , AhTj
〉
∣∣+ ∣∣〈AhT1 , AhTj

〉
∣∣

≤ δ ‖ hT0 ‖2‖ hTj
‖2 +δ ‖ hT1 ‖2‖ hTj

‖2

≤ δ ‖ hTj
‖2 (‖ hT0 ‖2 + ‖ hT1 ‖2)

≤ δ ‖ hTj
‖2

√
2
(
‖ hT0 ‖2

2 + ‖ hT1 ‖2
2

) 1
2 (by hT0 ⊥ hT1)

=
√

2δ ‖ hTj
‖2‖ hT0 + hT1 ‖2

=
√

2δ ‖ hTj
‖2‖ hT0∪T1 ‖2,

which implies by (14) and (15) that

‖ AhT0∪T1 ‖2
2 = 〈AhT0∪T1 , Ah −

∑
j≥2

AhTj
〉

= 〈AhT0∪T1 , Ah〉 − 〈AhT0∪T1 ,
∑
j≥2

AhTj
〉

≤ ‖ AhT0∪T1 ‖2‖ Ah ‖2 +
∑
j≥2

∣∣〈AhT0∪T1 , AhTj
〉
∣∣ (19)

≤
√

1 + δ ‖ hT0∪T1 ‖2 2ε

+
√

2δ

(∑
j≥2

‖ hTj
‖2

)
‖ hT0∪T1 ‖2

= ‖ hT0∪T1 ‖2

(
2ε
√

1 + δ +
√

2δ
∑
j≥2

‖ hTj
‖2

)

≤ ‖ hT0∪T1 ‖2

(
2ε
√

1 + δ +
√

2δ
1√
[ r
2
]

∑
j≥1

‖ hTj
‖1

)

= ‖ hT0∪T1 ‖2

(
2ε
√

1 + δ +
√

2δ
1√
[ r
2
]
‖ hT c

0
‖1

)
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Hence we have

(1 − δ) ‖ hT0∪T1 ‖2 ≤ 2ε
√

1 + δ +
√

2δ
1√
[ r
2
]
‖ hT c

0
‖1,

≤ 2ε
√

1 + δ +

√
2δ√
[ r
2
]
(2‖x − xs‖1 + ‖hT0‖1)

≤ 2ε
√

1 + δ +

√
2δ√
[ r
2
]

(
2‖x − xs‖1 +

√
s‖hT0∪T1‖2

)
,

and so (
1 −

(
1 +

√
2s

[ r
2
]

)
δ

)
‖hT0∪T1‖2 ≤ 2ε

√
1 + δ +

2
√

2δ√
[ r
2
]
‖x − xs‖1. (20)

By the assumption; δ < 1

1+
r

2s

[ r
2 ]

(if and only if, 1 −
(
1 +

√
2s
[ r
2
]

)
δ > 0), we have

‖hT0∪T1‖2 ≤
2
√

1 + δ

1 −
(
1 +

√
2s
[ r
2
]

)
δ
ε +

2
√

2δ(
1 −

(
1 +

√
2s
[ r
2
]

)
δ
)√

[ r
2
]
‖x − xs‖1. (21)

Thus we have by (18) and (21),

‖ x − x? ‖2=‖ h ‖2 ≤ ‖ hT0∪T1 ‖2 + ‖ h(T0∪T1)c ‖2

≤ ‖ hT0∪T1 ‖2 +

√
s

[ r
2
]
‖ hT0∪T1 ‖2 +

2√
[ r
2
]
‖ x − xs ‖1

=

(
1 +

√
s

[ r
2
]

)
‖hT0∪T1‖2 +

2√
[ r
2
]
‖ x − xs ‖1

≤
(

1 +

√
s

[ r
2
]

)
2
√

1 + δ(
1 −

(
1 +

√
s

[ r
2
]

)
δ

)ε

+

2

(
1 +

(√
2 − 1

)(
1 +

√
s

[ r
2
]

)
δ

)
√

[ r
2
]

(
1 −

(
1 +

√
s

[ r
2
]

)
δ

) ‖x − xs‖1. (22)

This complete the proof.

3 Examples

In this section we give simple examples of m × n matrices obeying weak RIP.

Example 3.1. Suppose that a subset T = {n1, n2, · · · , ns} of {1, 2, · · · , n} satisfies the
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following conditions (3.1.1), (3.1.2) and (3.1.3).

　 (3.1.1) AT obeys the RIP of order s. We denote by δT the isometry constant of AT .

　 (3.1.2) AT c obeys the RIP of order r.

　 (3.1.3)
∣∣< A{i}, A{j} >

∣∣ < ε, for any i ∈ T and j ∈ T c, where 0 < ε < 1−max(δT ,δr)
sr

,

where A{i} is column vector of A with index i.

Then A obeys the weak RIP with respect to T of order r. Indeed, take arbitrary R =

{n′
1, n

′
2, · · · , n′

r} ⊂ T c and x ∈ Rn with supp x ⊂ T ∪ R.

Since

|〈A∗
T ARxR,xT 〉| ≤

r∑
j=1

s∑
i=1

∣∣∣〈A{nj}, A{n′
j}

〉∣∣∣ ∣∣∣xni
xn′

j

∣∣∣
≤ ε

r∑
j=1

s∑
i=1

∣∣∣xni
xn′

j

∣∣∣
≤ srε‖xT‖2‖xR‖2,

it follow that

|〈(A∗
T∪RAT∪R − I) x,x〉| = |〈(A∗

T AT − I) xT , xT 〉| + 2 |〈A∗
T ARxR,xT 〉|

+ |〈(A∗
RAR − I) xR, xR〉|

≤ δT‖xT‖2
2 + δr‖xR‖2

2 + 2 |〈A∗
T ARxR, xT 〉|

≤ δT‖xT‖2
2 + δr‖xR‖2

2 + 2srε‖xT‖2‖xR‖2

≤ δT‖xT‖2
2 + δr‖xR‖2

2 + srε
(
‖xT‖2

2 + ‖xR‖2
2

)
≤ (max(δT , δr) + srε)

(
‖xT‖2

2 + ‖xR‖2
2

)
= δ‖x‖2

2,

where δ ≡ max(δT , δr) + srε. By (3.1.2) we have 0 < δ < 1. Thus A obeys the weak RIP

with respect to T of order r.

Example 3.2. Suppose that a subset T = {n1, n2, · · · , ns} of {1, 2, · · · , n} satisfies the

following conditions (3.2.1), (3.2.2) and (3.2.3).

　 (3.2.1) AT = (A{n1}, A{n2}, · · · , A{ns}) is an orthonormal system in Rn.
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　 (3.2.2) {B{n1}, B{n2}, · · · , B{ns}, B{j}; j ∈ T c} is an orthonormal base in Rn, where

B{ni} =


A{n1}

0
...
0

 , 0 ≤ i ≤ s,

B{j} =


A{j}
am+1j

...
anj

 , j ∈ T c.

　 (3.2.3) AT c obeys the RIP of order r.

Then A obeys the weak RIP with respect to T of order r. Indeed, this is easily shown by

using Example3.1.2.

4 Discussions

In case that we analyze the data by compressed sensing, we often random matrices with-

out structure of data. When we use matrices with structure of data, it is very difficult

to investigate whether matrices obey the RIP. And so, it seems useful to weaken the

conditions of RIP. In this paper, we have defined the notion of weak RIP which is a

generalization of RIP. In case that we have the knowledges of data, that is, we know

good location T0, it seems better to analyze data using the weak RIP and to have more

possibilities of applications to statistics and the other fields.
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served Univariate SDE

MI2008-11 Hiroyuki CHIHARA & Eiji ONODERA
A third order dispersive flow for closed curves into almost Hermitian manifolds

MI2008-12 Takehiko KINOSHITA, Kouji HASHIMOTO and Mitsuhiro T. NAKAO
On the L2 a priori error estimates to the finite element solution of elliptic
problems with singular adjoint operator

MI2008-13 Jacques FARAUT and Masato WAKAYAMA
Hermitian symmetric spaces of tube type and multivariate Meixner-Pollaczek
polynomials

MI2008-14 Takashi NAKAMURA
Riemann zeta-values, Euler polynomials and the best constant of Sobolev in-
equality

MI2008-15 Takashi NAKAMURA
Some topics related to Hurwitz-Lerch zeta functions

MI2009-1 Yasuhide FUKUMOTO
Global time evolution of viscous vortex rings

MI2009-2 Hidetoshi MATSUI & Sadanori KONISHI
Regularized functional regression modeling for functional response and predic-
tors

MI2009-3 Hidetoshi MATSUI & Sadanori KONISHI
Variable selection for functional regression model via the L1 regularization

MI2009-4 Shuichi KAWANO & Sadanori KONISHI
Nonlinear logistic discrimination via regularized Gaussian basis expansions

MI2009-5 Toshiro HIRANOUCHI & Yuichiro TAGUCHII
Flat modules and Groebner bases over truncated discrete valuation rings



MI2009-6 Kenji KAJIWARA & Yasuhiro OHTA
Bilinearization and Casorati determinant solutions to non-autonomous 1+1
dimensional discrete soliton equations

MI2009-7 Yoshiyuki KAGEI
Asymptotic behavior of solutions of the compressible Navier-Stokes equation
around the plane Couette flow

MI2009-8 Shohei TATEISHI, Hidetoshi MATSUI & Sadanori KONISHI
Nonlinear regression modeling via the lasso-type regularization

MI2009-9 Takeshi TAKAISHI & Masato KIMURA
Phase field model for mode III crack growth in two dimensional elasticity

MI2009-10 Shingo SAITO
Generalisation of Mack’s formula for claims reserving with arbitrary exponents
for the variance assumption

MI2009-11 Kenji KAJIWARA, Masanobu KANEKO, Atsushi NOBE & Teruhisa TSUDA
Ultradiscretization of a solvable two-dimensional chaotic map associated with
the Hesse cubic curve

MI2009-12 Tetsu MASUDA
Hypergeometric τ-functions of the q-Painlevé system of type E
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