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Abstract

The initial boundary value problem for the compressible Navier-Stokes
equation is considered in an infinite layer of R2. It is proved that if
the Reynolds and Mach numbers are sufficiently small, then strong
solutions to the compressible Navier-Stokes equation around parallel
flows exist globally in time for sufficiently small initial perturbations.
The large time behavior of the solution is described by a solution
of a 1-dimensional viscous Burgers equation. The proof is given by
a combination of spectral analysis of the linearized operator and a
variant of the Matsumura-Nishida energy method.

Mathematics Subject Classification (2000). 35Q30, 76N15.

Keywords. Compressible Navier-Stokes equation, global existence,
stability, parallel flow, asymptotic behavior, viscous Burgers equation.

1. Introduction

This paper is concerned with the stability of parallel flows of the com-
pressible Navier-Stokes equation

(1.1) ∂t̃ρ̃+ div (ρ̃ṽ) = 0,

(1.2) ρ̃(∂t̃ṽ + ṽ · ∇ṽ)− µ∆ṽ − (µ+ µ′)∇div ṽ +∇P̃ (ρ̃) = ρ̃g̃

in an n-dimensional infinite layer Ωℓ = Rn−1 × (0, ℓ):

Ωℓ = {x̃ = (x̃′, x̃n) ; x̃
′ = (x̃1, · · · , x̃n−1) ∈ Rn−1, 0 < x̃n < 1} (n ≥ 2).

Here ρ̃ = ρ̃(x̃, t̃) and ṽ = ⊤(ṽ1(x̃, t̃), · · · , ṽn(x̃, t̃)) denote the unknown density
and velocity at time t̃ ≥ 0 and position x̃ ∈ Ωℓ, respectively; P̃ = P̃ (ρ̃) is the
pressure that is assumed to be a smooth function of ρ̃ satisfying

P̃ ′(ρ∗) > 0
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for a given constant ρ∗ > 0; µ and µ′ are viscosity coefficients that are
assumed to be constants and satisfy

µ > 0,
2

n
µ+ µ′ ≥ 0;

div , ∇ and ∆ denote the usual divergence, gradient and Laplacian with
respect to x̃; and g̃ is an external force which is a function of x̃n only. Here
and in what follows ⊤· stands for the transposition.

Under a suitable assumption on g̃, say, g̃ is in the form

g̃ = ⊤(g̃1(x̃n), 0, · · · , 0, g̃n(x̃n)),

with bounded smooth functions g̃j(x̃n) (j = 1, n), problem (1.1)–(1.2) has a
smooth stationary solution ũs =

⊤(ρ̃s, ṽs) of parallel flow satisfying

ρ̃s = ρ̃s(x̃n) > 0,
1

ℓ

∫ ℓ

0

ρ̃s(x̃n) dx̃n = ρ∗,

ṽs =
⊤(ṽ1s(x̃n), 0, · · · , 0).

In this paper we are interested in the stability of parallel flows. Typical
examples of parallel flows are the plane Couette flow:

ρ̃s = ρ∗, ṽ1s =
V 1

ℓ
x̃n

for g̃ = 0 with a constant V 1 ̸= 0; and the Poiseuille flow

ρ̃s = ρ∗, ṽ1s =
ρ∗g̃

1

2µ
x̃n(ℓ− x̃n)

for g̃ = ⊤(g̃1, 0 · · · , 0) with a constant g̃1 ̸= 0.

As for the stability of parallel flows, Iooss and Padula [3] studied the
linearized stability of parallel flows in a cylindrical domain. It was shown in
[3] that if the Reynolds number is small in some sense, then the parallel flow
is linearly stable under perturbations periodic in the unbounded direction
of the domain. Furthermore, the solution of the linearized problem decays
exponentially as t → ∞ if the density component of initial perturbation has
a vanishing mean value in the periodicity cell. In [12] the linearized stability
of ũs under perturbations in L2(Ωℓ) was studied; and it was shown that ũs

is linearly stable if the Reynolds and Mach numbers are sufficiently small
and ρ̃s is sufficiently close to ρ∗. Furthermore, the asymptotic behavior of
solutions of the linearized problem is described by an n − 1 dimensional
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linear heat equation. The nonlinear stability of ũs was then studied in [8]
in the case n ≥ 3. It was shown in [8] that ũs is asymptotically stable
under sufficiently small initial perturbations in the Sobolev space Hm(Ωℓ)
with m ≥ [n/2] + 1 if n ≥ 3, provided that the Reynolds number Re = ρ∗ℓV

µ

and Mach number Ma = V√
P̃ ′(ρ∗)

are sufficiently small and ρ̃s is sufficiently

close to ρ∗ in Cm+1[0, ℓ]. Here V is a non-dimensional number satisfying
V ∼ ∥ṽ1s∥Cm+1[0,ℓ]. Furthermore, the asymptotic behavior of perturbations is
described by an n − 1 dimensional linear heat equation. The proof in [8] is
based on the Matsumura-Nishida energy method ([15]). But the argument
in [8] does not work well for the case n = 2 due to a quadratic nonlinearity
which cannot be controlled by the standard energy method. A similar aspect
appears in the case of 1-dimensional viscous conservation laws, where the
asymptotic behavior is described by a solution of a 1-dimensional viscous
Burgers equation (cf., [13, 16]).

The purpose of this paper is to prove the nonlinear stability of ũs in the
case n = 2 for small Reynolds and Mach numbers. Furthermore, we will show
that the large time behavior of the perturbation is described by a solution of
a 1-dimensional viscous Burgers equation.

To state the results of this paper more precisely, we introduce the follow-
ing non-dimensional variables:

x̃ = ℓx, t̃ =
ℓ

V
t, ṽ = V v, ρ̃ = ρ∗ρ, P̃ = ρ∗V

2P

with V = ∥ṽ1s∥Cm+1
∗ [0,ℓ] for an integer m ≥ [n/2] + 1. Here

∥ṽ1s∥Cm+1
∗ [0,ℓ] =

m+1∑
k=0

sup
0≤x̃n≤ℓ

ℓk|∂k
x̃n
ṽ1s(x̃n)|.

Under this non-dimensionalization the domain Ωℓ is transformed into Ω ≡ Ω1

and the parallel flow ũs is transformed into us =
⊤(ρs, vs) with

ρs = ρs(xn) > 0,

∫ 1

0

ρs(xn) dxn = 1,

vs =
⊤(v1s(xn), 0, · · · , 0), ∥v1s∥Cm+1[0,1] = 1.

The perturbation u(t) = ⊤(ϕ(t), w(t)) ≡ ⊤(γ2(ρ(t)−ρs), v(t)−vs) is governed
by the system of equations

(1.3) ∂tϕ+ vs · ∇ϕ+ γ2div (ρsw) = f0,
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(1.4)
∂tw − ν

ρs
∆w − ν̃

ρs
∇divw +∇

(
P ′(ρs)
γ2ρs

ϕ
)

+
ν∂2

xn
vs

γ2ρ2s
ϕe1 + vs · ∇w + w · ∇vs = f .

Here div , ∇ and ∆ denote the divergence, gradient and Laplacian with
respect to x; e1 = ⊤(1, 0, · · · , 0) ∈ Rn; ν, ν̃ and γ are non-dimensional
parameters defined by

ν =
µ

ρ∗ℓV
, ν̃ =

µ+ µ′

ρ∗ℓV
, γ =

√
P ′(1) =

√
P̃ ′(ρ∗)

V
;

and f0 and f = ⊤(f ′, fn), f ′ = ⊤(f 1, · · · , fn−1), denote the nonlinearities:

f 0 = −div (ϕw),

f = −w · ∇w + νϕ
(ϕ+γ2ρs)ρs

(
−∆w +

∂2
xn

v1s
γ2ρs

ϕe1

)
− ν̃ϕ

(ϕ+γ2ρs)ρs
∇divw

+ ϕ
γ2ρs

∇
(

P ′(ρs)
γ2ρs

ϕ
)
− 1

2γ4ρs
∇ (P ′′(ρs)ϕ

2)

+P̃3(ρs, ϕ, ∂xϕ),

where

P̃3 = ϕ3

γ4(ϕ+γ2ρs)ρ3s
∇P (ρs)− 1

2γ6ρs
∇ (ϕ3P3(ρs, ϕ))

+ ϕ
2γ6ρ2s

∇
(
P ′′(ρs)ϕ

2 + 1
γ2ϕ

3P3(ρ, ϕ)
)

− ϕ2

γ2(ϕ+γ2ρs)ρs
∇
(

P ′(ρs)
γ2 ϕ+ 1

2γ4P
′′(ρs)ϕ

2 + 1
2γ6ϕ

3P3(ρs, ϕ)
)

with

P3(ρs, ϕ) =

∫ 1

0

(1− θ)2P ′′′(θγ−2ϕ+ ρs) dθ.

We consider (1.3)–(1.4) under the boundary condition

(1.5) w|∂Ω = 0

and the initial condition

(1.6) u|t=0 = u0 =
⊤(ϕ0, w0).

We will show that the following assertion holds when n = 2; if u0 is
sufficiently small in Hm(Ω) ∩ L1(Ω) for an integer m ≥ 2(= [n/2] + 1) and

4



u0 satisfies a suitable compatibility condition, then there exists a unique
solution u(t) of (1.3)–(1.6) in C([0,∞);Hm(Ω)), provided that ν ≫ 1, γ ≫ 1
and ∥ρs − 1∥Cm+1[0,1] ≪ 1. Furthermore, u(t) satisfies

∥u(t)∥L2 = O(t−
1
4 ),

∥u(t)− (σu(0))(t)∥L2 = O(t−
3
4
+δ) (∀δ > 0)

as t → ∞. Here u(0) is a function of x2 only that satisfies u(0)(x2) ∼
⊤(1, O(γ−2), 0); and σ is a function of (x1, t) that satisfies

(1.7) ∂tσ − κ0∂
2
x1
σ + a0∂x1σ + a1∂x1(σ

2) = 0, σ|t=0 =

∫ 1

0

ϕ0(x1, x2) dx2

with some constants κ0 > 0, a0, a1 ∈ R. We note that the result also holds for
the case of the motionless state ũs = (ρ̃s, 0) with a0 = 0 and some constants
κ0 > 0 and a1 ∈ R possibly different from the ones in (1.7). The coefficient a1
in (1.7) vanishes in the case of the motionless state ũs = (ρ̃s, 0) with constant
density ρ̃s ≡ ρ∗ ([6]) and in the case of the plane Couette flow ([7]). These
are the special cases where (1.7) becomes a linear equation. In general, one
can see that a1 ̸= 0. Even in the case of the motionless state ũs = (ρ̃s, 0), if
the density ρ̃s is not a constant, then a1 ̸= 0 in general.

We also note that when n ≥ 3, as was remarked in [8], the large time
behavior of u(t) is described by a linear heat equation in such a way that

∥u(t)− (σu(0))(t)∥L2 = O(t−
n−1
4

− 1
2ηn(t)).

Here σ is a function of (x′, t) satisfying

∂tσ − κ0∂
2
x1
σ − κ′′∆′′σ + a0∂x1σ = 0, σ|t=0 =

∫ 1

0

ϕ0(x
′, xn) dxn

with some constants κ0, κ
′′ > 0, a0 ∈ R, where ∆′′ = ∂2

x2
+ · · · + ∂2

xn−1
; and

ηn(t) = log(1 + t) when n = 3 and ηn(t) = 1 when n ≥ 4.
The proof of the main results is given by a combination of the spectral

analysis of the linearized problem and a variant of the Matsumura-Nishida
energy method. The nonlinearity of the Burgers equation (1.7) stems from
the terms −div (ϕw) in (1.3) and − 1

2γ4ρs
∂x2(P

′′(ρs)ϕ
2) in the n th equation of

(1.4) which cannot be controlled by the standard Matsumura-Nishida energy
method when n = 2. To deal with this term we will introduce a decom-
position of the solution according to spectral properties of the linearized
operator. Roughly speaking we decompose the solution into a low frequency
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part and a high frequency part. For the low frequency part, we will apply
the decay estimates on the linearized problem. On the other hand, for the
high frequency part, we will apply a variant of the Matsumura-Nishida en-
ergy method similar to the analysis for the case n ≥ 3 in [8]. The symmetric
property of the system (1.1)–(1.2) is a little bit disturbed by introducing the
decomposition. However, using the fact that spatial differentiation of any
order acts on the low frequency part as a bounded operator, we can obtain
the estimates on the nonlinearities necessary to obtain the a priori estimate
for the global existence.

This paper is organized as follows. In section 2 we introduce notations
used in this paper. In section 3 we state the main results of this paper.
Section 4 is devoted to spectral properties of the linearized problem, most
of which were essentially obtained in [12]. In section 5 we introduce a de-
composition of the solution and reformulate the problem. In section 6 we
investigate the low frequency part, the slowly decaying part, by using the
decay estimates on the linearized problem; and in section 7 we estimate the
high frequency part, the fast decaying part, by the energy method. In section
8 we give necessary estimates on the nonlinearities. In section 9 we show that
the asymptotic behavior of u(t) is described by the Burgers equation (1.7).

2. Preliminaries

In this section we first state assumptions on the parallel flow us and then
introduce some notations used in this paper.

In this paper we consider the two-dimensional problem (n = 2). Through-
out this paper we assume that the parallel flow us = ⊤(ρs(x2), vs(x2)) is
bounded smooth and satisfies

(2.1) 0 < ρ1 ≤ ρs(x2) ≤ ρ2,

∫ 1

0

ρs(x2) dx2 = 1, vs(x2) =
⊤(v1s(x2), 0)

and

(2.2) P ′(ρ) > 0 for ρ1 ≤ ρ ≤ ρ2

with some constants 0 < ρ1 < 1 < ρ2. Existence of such a parallel flow was
shown, e.g., in [8] when g̃ is sufficiently small. Note also that, due to the
non-dimensionalization, we have

∥vs∥Cm+1[0,1] = 1.

In the remaining of this section, we introduce some notations which will
be used throughout the paper. For a domain D and 1 ≤ p ≤ ∞ we denote by

6



Lp(D) the usual Lebesgue space on D and its norm is denoted by ∥ · ∥Lp(D).
Let m be a nonnegative integer. The symbol Hm(D) denotes the m th order
L2 Sobolev space on D with norm ∥ · ∥Hm(D). C

m
0 (D) stands for the set of all

Cm functions which have compact support in D. We denote by H1
0 (D) the

completion of C1
0(D) in H1(D).

We simply denote by Lp(D) (resp., Hm(D)) the set of all vector fields
w = ⊤(w1, w2) on D with wj ∈ Lp(D) (resp., Hm(D)), j = 1, 2, and its
norm is also denoted by ∥ · ∥Lp(D) (resp., ∥ · ∥Hm(D)). For u = ⊤(ϕ,w) with
ϕ ∈ Hk(D) and w = ⊤(w1, w2) ∈ Hm(D), we define ∥u∥Hk(D)×Hm(D) by
∥u∥Hk(D)×Hm(D) = ∥ϕ∥Hk(D) + ∥w∥Hm(D). When k = m, we simply write
∥u∥Hk(D)×Hk(D) = ∥u∥Hk(D).

In case D = Ω we abbreviate Lp(Ω) (resp., Hm(Ω)) as Lp (resp., Hm). In
particular, the norm ∥ · ∥Lp(Ω) = ∥ · ∥Lp is denoted by ∥ · ∥p.

In case D is the interval (0, 1) we denote the norm of Lp(0, 1) by | · |p.
The norm of Hm(0, 1) is denoted by | · |Hm .

The inner product of L2(Ω) is denoted by

(f, g) =

∫
Ω

f(x)g(x) dx, f, g ∈ L2(Ω).

We also denote the inner product of L2(0, 1) by

(f, g) =

∫ 1

0

f(x2)g(x2) dx2, f, g ∈ L2(0, 1),

if no confusion occurs. We further introduce a weighted inner product ⟨⟨·, ·⟩⟩
defined by

⟨⟨u1, u2⟩⟩ =
∫
Ω

ϕ1ϕ2
P ′(ρs)

γ4ρs
dx+

∫
Ω

w1 · w2ρs dx

for uj =
⊤(ϕj, wj) ∈ L2(Ω) (j = 1, 2); and, also, ⟨·, ·⟩ defined by

⟨u1, u2⟩ =
∫ 1

0

ϕ1ϕ2
P ′(ρs)

γ4ρs
dx2 +

∫ 1

0

w1 · w2ρs dx2

for uj =
⊤(ϕj, wj) ∈ L2(0, 1) (j = 1, 2). Here ρs = ρs(x2) denotes the density

of the parallel flow us. We note that ⟨⟨·, ·⟩⟩ and ⟨·, ·⟩ define inner products
of L2(Ω) and L2(0, 1), respectively, due to (2.1) and (2.2).

We denote the mean value of f ∈ L1(0, 1) by ⟨ · ⟩:

⟨f⟩ =
∫ 1

0

f(x2) dx2.
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For u = ⊤(ϕ,w) ∈ L1(0, 1) with w = ⊤(w1, w2) we define ⟨u⟩ by

⟨u⟩ = ⟨ϕ⟩+ ⟨w1⟩+ ⟨w2⟩.

We denote the k× k identity matrix by Ik. We also define 3× 3 diagonal
matrices Q0 and Q̃ by

Q0 = diag (1, 0, 0), Q̃ = diag (0, 1, 1).

Note that
⟨Q0u⟩ = ⟨ϕ⟩ for u = ⊤(ϕ,w).

Partial derivatives of a function u in x, xj and t are denoted by ∂xu, ∂xj
u

and ∂tu, respectively. We also write higher order partial derivatives of u in
x as ∂k

xu = (∂α
xu; |α| = k).

For a function f = f(x1) (x1 ∈ R), we denote its Fourier transform by f̂
or F f :

f̂(ξ) = (F f)(ξ) =

∫
R

f(x1)e
−iξx1 dx1 (ξ ∈ R).

The inverse Fourier transform is denoted by F −1:

(F −1f)(x1) =
1

2π

∫
R

f(ξ)eiξ·x1 dξ.

We will denote the resolvent set of a closed operator A by ρ(A) and
the spectrum of A by σ(A). For Λ ∈ R and θ ∈ (π

2
, π) we denote the set

{λ ∈ C; |arg(λ− Λ)| ≤ θ} by Σ(Λ, θ):

Σ(Λ, θ) = {λ ∈ C; |arg(λ− Λ)| ≤ θ}.

3. Main Results

In this section we state the main results of this paper.
We first mention the compatibility condition for u0 =

⊤(ϕ0, w0). We will

look for a solution u = ⊤(ϕ,w) of (1.3)–(1.6) with n = 2 in ∩[m
2
]

j=0C
j([0,∞);Hm−2j)

satisfying
∫ t

0
∥∂xw∥2Hm dτ < ∞ for all t ≥ 0 with m ≥ 2(= [n/2] + 1).

Therefore, we need to require the compatibility condition for the initial value
u0 =

⊤(ϕ0, w0), which is formulated as follows.
Let u = ⊤(ϕ,w) be a smooth solution of (1.3)–(1.6) with n = 2. Then

∂j
tu = ⊤(∂j

tϕ, ∂
j
tw) (j ≥ 1) is inductively determined by

∂j
tϕ = −vs · ∇∂j−1

t ϕ− γ2div (ρs∂
j−1
t w) + ∂j−1

t f0
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and

∂j
tw = ν

ρs
∆∂j−1

t w + ν̃
ρs
∇div ∂j−1

t w −∇
(

P ′(ρs)
γ2ρs

∂j−1
t ϕ

)
−ν∂2

x2
v1s

γ2ρ2s
∂j−1
t ϕe1 − vs · ∇∂j−1

t w − ∂j−1
t w · ∇vs + ∂j−1

t f .

From these relations we see that ∂j
tu|t=0 =

⊤(∂j
tϕ, ∂

j
tw)|t=0 is inductively

given by u0 =
⊤(ϕ0, w0) in the following way:

∂j
tu|t=0 =

⊤(∂j
tϕ, ∂

j
tw)|t=0 =

⊤(ϕj, wj) = uj,

where
ϕj = −vs · ∇ϕj−1 − γ2div (ρswj−1)

+f0
j−1(u0, · · · , uj−1, ∂xu0, · · · , ∂xuj−1),

wj = ν
ρs
∆wj−1 +

ν̃
ρs
∇divwj−1 −∇

(
P ′(ρs)
γ2ρs

ϕj−1

)
−ν∂2

x2
v1s

γ2ρ2s
ϕj−1e1 − vs · ∇wj−1 − wj−1 · ∇vs

+f j−1(u0, · · · , uj−1, · · · , ∂xuj−1, · · · , ∂2
xwj−1).

Here f 0
l (u0, · · · , ul, · · · ) is a certain polynomial in u0, · · · , ul, · · · ; · · · · · · , and

so on.
By the boundary condition w|∂Ω = 0 in (1.5), we necessarily have ∂j

tw|∂Ω =
0, and hence,

wj|∂Ω = 0.

Assume that u = ⊤(ϕ,w) is a solution of (1.3)–(1.6) with n = 2 in

∩[m
2
]

j=0C
j([0, T0];H

m−2j) for some T0 > 0. Then, from the above observa-

tion, we need the regularity uj = ⊤(ϕj, wj) ∈ Hm−2j for j = 0, · · · , [m/2],
which, indeed, follows from the fact that u0 = ⊤(ϕ0, w0) ∈ Hm with m ≥
2(= [n/2] + 1). Furthermore, it is necessary to require that u0 = ⊤(ϕ0, w0)
satisfies the m̂ th order compatibility condition:

wj ∈ H1
0 for j = 0, 1, · · · , m̂ =

[
m− 1

2

]
.

We are now in a position to state our main results of this paper.

Theorem 3.1. Suppose that n = 2. Let m be an integer satisfying m ≥ 2(=
[n/2] + 1). Assume that us =

⊤(ρs, vs) satisfies (2.1) and (2.2). Then there
are positive numbers ν0, γ0 and ω0 such that if ν ≥ ν0, γ

2/(ν + ν̃) ≥ γ2
0 and

∥ρs − 1∥Cm+1[0,1] ≤ ω0, then the following assertion holds. There is a positive
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number ε0 such that if u0 = ⊤(ϕ0, w0) ∈ Hm ∩ L1 satisfies ∥u0∥Hm∩L1 ≤ ε0
and the m̂ th compatibility condition, then there exists a unique global solution

u(t) = ⊤(ϕ(t), w(t)) of (1.3)–(1.6) with n = 2 in ∩[m
2
]

j=0C
j([0,∞);Hm−2j) which

satisfies

(3.1) ∥∂k
x1
u(t)∥2 = O(t−

1
4
− k

2 ) (k = 0, 1),

(3.2) ∥u(t)− (σu(0))(t)∥2 = O(t−
3
4
+δ) (∀δ > 0)

as t → ∞. Here u(0) = u(0)(x2) is a function given in Lemma 4.1 below; and
σ = σ(x1, t) is a function satisfying

∂tσ − κ0∂
2
x1
σ + a0∂x1σ + a1∂x1(σ

2) = 0, σ|t=0 =

∫ 1

0

ϕ0(x1, x2) dx2

with some constants κ0 > 0, a0, a1 ∈ R.

Remark. As was remarked in [8], in case n ≥ 3, one can establish the
estimates

∥∂k
x′u(t)∥2 = O(t−

n−1
4

− k
2 ) (k = 0, 1),

∥u(t)− (σu(0))(t)∥2 = O(t−
n−1
4

− 1
2ηn(t))

as t → ∞, provided that u0 = (ϕ0, w0) ∈ Hm ∩ L1 with ∥u0∥Hm∩L1 ≪ 1,
m ≥ [n/2] + 1. Here σ is a function of (x′, t) satisfying

∂tσ − κ0∂
2
x1
σ − κ′′∆′′σ + a0∂x1σ = 0, σ|t=0 =

∫ 1

0

ϕ0(x
′, xn) dxn

with some constants κ0, κ
′′ > 0, a0 ∈ R, where ∆′′ = ∂2

x2
+ · · · + ∂2

xn−1
; and

ηn(t) = log(1 + t) when n = 3 and ηn(t) = 1 when n ≥ 4.

As in [15, 10], Theorem 3.1 is proved by showing the local existence and
the a priori estimates. The local existence is proved by applying the local
solvability result in [9]. In fact, we can show the following assertion. We
introduce notations:

Jf(t)Kk = (∑[ k
2
]

j=0 ∥∂
j
t f(t)∥2Hk−2j

) 1
2

,

|||Df(t)|||k =

 ∥∂xf(t)∥2 for k = 0,(J∂xf(t)K2k + J∂tf(t)K2k−1

) 1
2 for k ≥ 1.
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For T > 0 we define a function space Zm(T ) by

Zm(T ) = {u ∈ ∩[m
2
]

j=0C
j([0, T ];Hm−2j); ∥u∥Zm(T ) < ∞},

where

∥u∥Zm(T ) = sup
0≤t≤T

Ju(t)Km +
(∫ T

0

|||Dw(t)|||2m dt
)1/2

.

Proposition 3.2. Let m ≥ 2(= [n/2] + 1). Assume that u0 = ⊤(ϕ0, w0) ∈
Hm satisfies the following conditions.

(a) u0 ∈ Hm satisfies the m̂-th compatibility condition.

(b) −γ2

4
ρ1 ≤ ϕ0.

Then there exists a positive number T0 depending on ∥u0∥Hm and ρ1 such
that problem (1.3)–(1.6) has a unique solution u(t) ∈ Zm(T0) satisfying

ϕ(x, t) ≥ −γ2

2
ρ1 for ∀(x, t) ∈ Ω× [0, T0].

Furthermore, the inequality

∥u∥2Zm(T0)
≤ C0{1 + ∥u0∥2Hm}a∥u0∥2Hm

holds for some constants C0 > 0 and a > 0 depending on m.

The global existence of the solution u(t) follows from Proposition 3.2 and
the following a priori estimate in a standard manner.

Proposition 3.3. Let m be an integer satisfying m ≥ 2(= [n/2] + 1). Then
there are positive numbers ν0, γ0 and ω0 such that if ν ≥ ν0, γ

2/(ν+ ν̃) ≥ γ2
0

and ∥ρs − 1∥Cm+1[0,1] ≤ ω0, then the following assertion holds.
There exists a number ε1 > 0 such that if a solution u(t) of (1.3)–(1.6) in

Zm(T ) satisfies ∥u0∥Hm∩L1 ≤ ε1, then there holds the estimate

Ju(t)K2m ≤ C1∥u0∥2Hm∩L1

for some constant C1 > 0 independent of T .

Proposition 3.3, together with L2 decay estimate (3.1), will be proved in
sections 4–8. The asymptotic behavior (3.2) will be proved in section 9.

4. Spectral properties of the linearized operator
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In this section we consider the spectral properties of the linearized prob-
lem which will be employed in the analysis of the nonlinear problem.

Problem (1.3)–(1.6) with n = 2 is written in the form

(4.1) ∂tu+ Lu = F , w|∂Ω = 0, u|t=0 = u0.

Here u = ⊤(ϕ,w); F = ⊤(f 0,f) with f = ⊤(f1, f 2) is the nonlinearity; and
L is the operator of the form

L = A+B + C0,

where

A =

(
0 0

0 − ν
ρs
∆I2 − ν̃

ρs
∇div

)
, B =

 v1s∂x1 γ2div (ρs · )

∇
(

P ′(ρs)
γ2ρs

·
)

v1s∂x1I2

 ,

C0 =

 0 0

ν∂2
x2

v1s
γ2ρ2s

e1 (∂x2v
1
s)e1

⊤e2


with e1 =

⊤(1, 0) and e2 =
⊤(0, 1).

We here consider the operator L as an operator on H1× H̃1 with domain
D(L) = {u = ⊤(ϕ,w) ∈ H1 × H̃1; w ∈ H2 ∩ H1

0 , Lu ∈ H1 × H̃1}, where
H̃1 = {w ∈ L2; ∂x1w ∈ L2} with norm ∥w∥H̃1 = (∥w∥22 + ∥∂x1w∥22)

1
2 . One

can see that there exists a Λ ≫ 1 such that {λ ∈ C; Reλ ≥ Λ} ⊂ ρ(−L).
Let Z̃(T ) be a function space defined by

Z̃(T ) = {u = ⊤(ϕ,w); u ∈ C([0, T ];H1 × H̃1)

∂k
x1
w ∈ L2(0, T ;H1

0 ), k = 0, 1,

w ∈ C((0, T ];H1
0 )}.

Then one can show that for any u0 ∈ H1 × H̃1 there exists a unique solution
u(t) in Z̃(T ) (∀T > 0) of the linear problem

(4.2) ∂tu+ Lu = 0, u|t=0 = u0;

and u(t) satisfies

∥u(t)∥2
H1×H̃1 + t∥∂x2w(t)∥22 +

1∑
k=0

∫ t

0

∥∂k
x1
w(τ)∥2H1 dτ ≤ C∥u0∥2H1×H̃1 .
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Furthermore, if u0 ∈ D(L), then u ∈ C1([0, T ];H1×H̃1). It then follows that
−L generates a C0-semigroup U(t) that is defined by U(t)u0 = u(t), where
u(t) is a solution of (4.2) with u0 ∈ H1 × H̃1. See also [2, 3] for a generation
of a C0-semigroup. We will employ some spectral properties of U(t).

In the analysis of (4.1) we will decompose the solution u(t) of (4.1) by
a projection operator associated with U(t) which is obtained through the
Fourier transform in x1.

Let us consider the Fourier transform of (1.3)–(1.6) in x1 ∈ R:

(4.3) ∂tϕ̂+ iξ1v
1
s ϕ̂+ iγ2ξ(ρsŵ

1) + γ2∂x2(ρsŵ
2) = f̂0,

(4.4)
∂tŵ

1 + ν
ρs
(|ξ|2 − ∂2

x2
)ŵ1 − i ν̃

ρs
ξ(iξŵ1 + ∂x2ŵ

2) + iξ(P
′(ρs)
γ2ρs

ϕ̂)

+
ν∂2

x2
v1s

γ2ρ2s
ϕ̂+ iξv1sŵ

1 + (∂x2v
1
s)ŵ

2 = f̂ 1,

(4.5)
∂tŵ

2 + ν
ρs
(|ξ|2 − ∂2

x2
)ŵ2 − ν̃

ρs
∂x2(iξŵ

1 + ∂x2ŵ
2)

+∂x2(
P ′(ρs)
γ2ρs

ϕ̂) + iξv1s ŵ
2 = f̂ 2,

(4.6) ŵ|x2=0,1 = 0,

(4.7) û|t=0 = û0 =
⊤(ϕ̂0, ŵ0).

Here ϕ̂ = ϕ̂(ξ, x2, t) and ŵ = ŵ(ξ, x2, t) are the Fourier transform of ϕ =
ϕ(x1, x2, t) and w = w(x1, x2, t) in x1 ∈ R with ξ ∈ R being the dual
variable. We thus arrive at the following problem

(4.8) ∂tû+ L̂ξû = F̂ , û|t=0 = û0

with a parameter ξ ∈ R. Here L̂ξ is the operator on H1(0, 1) × L2(0, 1) of
the form

L̂ξ = Âξ + B̂ξ + Ĉ0,

where

Âξ =


0 0 0

0 ν
ρs
(|ξ|2 − ∂2

x2
) + ν̃

ρs
|ξ|2 −i ν̃

ρs
ξ∂x2

0 −i ν̃
ρs
ξ∂x2

ν
ρs
(|ξ|2 − ∂2

x2
)− ν̃

ρs
∂2
x2

 ,
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B̂ξ =


iξv1s iγ2ρsξ γ2∂x2(ρs ·)

iξ P ′(ρs)
γ2ρs

iξv1s 0

∂x2

(
P ′(ρs)
γ2ρs

·
)

0 iξv1s

 ,

Ĉ0 = C0

with domain

D(L̂ξ′) = H1(0, 1)× (H2(0, 1) ∩H1
0 (0, 1)).

In [12] some spectral properties of −L̂ξ were investigated. (In [12], the
linearized operator at a Poiseuille type flow was studied, but one can see that
the arguments in [12] are valid for our parallel flows since only the properties
of parallel flow (2.1), (2.2) and ∥ρs − 1∥Cm+1[0,1] ≪ 1 were used in [12] to
show the spectral properties in Lemmas 4.1–4.9 below.) We will employ the
following properties of L̂ξ for |ξ| ≪ 1.

We begin with the case ξ = 0. Let us introduce a formal adjoint operator
L̂∗

ξ of L̂ξ with respect to the inner product ⟨·, ·⟩:

L̂∗
ξ = Âξ − B̂ξ + Ĉ∗

0 ,

with domain D(L̂∗
ξ) = D(L̂ξ), where

Ĉ∗
0 =


0

γ2ν∂2
x2

v1s
ρsP ′(ρs)

0

0 0 0

0 ∂x2v
1
s 0

 .

Lemma 4.1. ([12]) Let us =
⊤(ρs, vs) be a smooth stationary solution satis-

fying (2.1) and (2.2). Then there are positive constants ν0, γ0 and ω0 such
that if ν ≥ ν0, γ

2/(ν + ν̃) ≥ γ2
0 and ∥ρs − 1∥Cm+1[0,1] ≤ ω0, then the following

assertions hold.

(i) There are positive numbers η0 and θ0 ∈ (π
2
, π) such that Σ(−η0, θ0) \

{0} ⊂ ρ(−L̂0). Furthermore, the following estimates hold uniformly for λ ∈
ρ(−L̂0) ∩Σ(−η0, θ0) \ {0}:∣∣(λ+ L̂0)

−1f
∣∣
H1×L2 ≤

C

|λ|
|f |H1×L2 ,
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∣∣∂l
x2
Q̃(λ+ L̂0)

−1f
∣∣
2
≤ C

( 1

|λ|
+

1

(|λ|+ 1)1−
l
2

)
|f |H1×L2

for l = 1, 2,∣∣∂2
x2
Q0(λ+ L̂0)

−1f
∣∣
2
≤ C

( 1

|λ|
+

1

(|λ|+ 1)
1
2

)
|f |H2×H1 .

The same assertion holds for −L̂∗
0.

(ii) λ = 0 is a simple eigenvalue of L̂0 and L̂∗
0.

(iii) The eigenspaces for λ = 0 of L̂0 and L̂∗
0 are spanned by u(0) and u(0)∗

respectively, where

u(0) = ⊤(ϕ(0), w(0)), w(0) = ⊤(w(0),1, 0)

and
u(0)∗ = ⊤(ϕ(0)∗, 0)

with

ϕ(0)(x2) = α0
γ2ρs(x2)
P ′(ρs(x2))

, α0 =
(∫ 1

0
γ2ρs
P ′(ρs)

dx2

)−1

,

w(0),1(x2) = − 1
γ2

∫ 1

0
G(x2, y2)

∂2
y2

v1s(y2)

ρs(y2)
ϕ(0)(y2) dy2,

ϕ(0)∗(x2) =
γ2

α0
ϕ(0)(x2).

Here

G(x2, y2) =

{
(1− x2)y2 (0 < y2 < x2)

x2(1− y2) (x2 < y2 < 1).

(iv) The eigenprojections Π̂ (0) and Π̂ (0)∗ for λ = 0 of L̂0 and L̂∗
0 are given

by
Π̂ (0)u = ⟨u, u(0)∗⟩u(0) = ⟨ϕ⟩u(0),

and
Π̂ (0)∗u = ⟨u, u(0)⟩u(0)∗

for u = ⊤(ϕ,w), respectively.

(v) Let u(0) be written as u(0) = u
(0)
0 + u

(0)
1 , where

u
(0)
0 = ⊤(ϕ(0), 0), u

(0)
1 = ⊤(0, w(0)), w(0) = ⊤(w(0),1, 0).

Then u(0)∗ = γ2

α0
u
(0)
0 and

⟨u, u(0)⟩ = α0

γ2
⟨ϕ⟩+ (w1, w(0),1ρs)

15



for u = ⊤(ϕ,w), w = ⊤(w1, w2).

As for the spectrum of −L̂ξ, we have the following result. Let L̂ξ be
denoted by

L̂ξ = L̂0 + ξL̂(1) + ξ2L̂(2),

where

L̂(1) =

 iv1s iγ2ρs 0

iP
′(ρs)
γ2ρs

iv1s −i ν̃
ρs
∂x2

0 −i ν̃
ρs
∂x2 0

 , L̂(2) =

 0 0 0
0 ν+ν̃

ρs
0

0 0 ν
ρs

 .

Likewise, we denote L̂∗
ξ by L̂∗

ξ = L̂∗
0 + ξL̂(1)∗ + ξ2L(2)∗.

Lemma 4.2. ([12]) If ν ≥ ν0, γ
2/(ν+ν̃) ≥ γ2

0 and ∥ρs−1∥Cm+1[0,1] ≤ ω0, then
there exists a positive number r0 = r0(ν, ν̃, γ, η0, θ0) such that the following
assertions hold.

(i) Σ(−η0, θ0) ∩
{
λ; |λ| ≥ η0

2

}
⊂ ρ(−L̂ξ) for |ξ| ≤ r0. Furthermore, the

following estimates hold uniformly in λ ∈ Σ(−η0, θ0) ∩
{
λ; |λ| ≥ η0

2

}
and ξ

with |ξ| ≤ r0: ∣∣∣(λ+ L̂ξ)
−1f
∣∣∣
H1×L2

≤ C
|λ| |f |H1×L2 ,∣∣∣∂l

x2
Q̃(λ+ L̂ξ)

−1f
∣∣∣
2
≤ C

(
1
|λ| +

1

(|λ|+1)1−
l
2

)
|f |H1×L2

for l = 1, 2, ∣∣∣∂2
x2
Q0(λ+ L̂ξ)

−1f
∣∣∣
2
≤ C

(
1
|λ| +

1

(|λ|+1)
1
2

)
|f |H2×H1 .

The same assertion also holds for −L̂∗
ξ.

(ii) There holds

σ(−L̂ξ) ∩ {λ; |λ| < η0
2
} = {λ̂0(ξ)} for |ξ| ≤ r0,

where λ̂0(ξ) is a simple eigenvalue of −L̂ξ that has the form

λ̂0(ξ) = −ia0ξ − κ0ξ
2 +O(|ξ|3)

as ξ → 0. Here a0 ∈ R and κ0 > 0 are the numbers given by

a0 = −⟨v1sϕ(0) + γ2ρsw
(0),1⟩,

κ0 = α0γ2

ν

∣∣(−∂2
x2
)−

1
2ρs
∣∣2
2
+
(
O(ν+ν̃

γ2 ) +O( 1
ν
)
)(

1 +O(ω0)
)

=
(

γ2

12ν
+O(ν+ν̃

γ2 ) +O( 1
ν
)
)(

1 +O(ω0)
)
> 0.
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(iii) The eigenprojection Π̂ (ξ) for the eigenvalue λ̂0(ξ) is expanded as

Π̂ (ξ) = Π̂ (0) + ξΠ̂ (1) + ξ2Π (2)(ξ),

where
Π̂ (1) = −Π̂ (0)L̂(1)Ŝ − ŜL̂(1)Π̂ (0)

with Ŝ =
(
(I − Π̂ (0))L̂0(I − Π̂ (0))

)−1
; and Π (2)(ξ) is a bounded operator on

H1(0, 1) × L2(0, 1) satisfying |Π (2)(ξ)u|H1×L2 ≤ C|u|H1×L2. Furthermore, it
holds that Q̃Π̂ (ξ)u|x2=0,1 = 0.

Concerning the eigenprojection Π̂ (ξ), the following estimates hold true.

Lemma 4.3. (i) The eigenprojection Π̂ (ξ) is written in the form

(Π̂ (ξ)u)(x2) =

∫ 1

0

Π̂ (ξ, x2, y2)u(y2) dy2

with
Π̂ (ξ, x2, y2) = Π̂ (0)(x2) + ξΠ̂ (1)(x2, y2) + ξ2Π̂ (2)(ξ, x2, y2).

Here Π̂ (0)(x2) = u(0)(x2)
⊤e0, e0 =

⊤(1, 0, 0); and Π̂ (1)(x2, y2) and Π̂ (2)(ξ, x2, y2)
satisfy the estimates∣∣∣∂k

x2
∂l
y2
Π̂ (1)(·, ·)

∣∣∣
L∞((0,1)×(0,1))

≤ Ck,l,∣∣∣∂k
x2
∂l
y2
Π̂ (2)(ξ, ·, ·)

∣∣∣
L∞((0,1)×(0,1))

≤ Ck,l

uniformly in ξ with |ξ| ≤ r0 for any k, l ≥ 0.
As a consequence, there hold, for 0 ≤ ∀k ≤ m+ 2, 1 ≤ p ≤ 2,

|∂k
x2
Π̂ (ξ)u|2 ≤ Ck|u|p,

|∂k
x2
Π̂ (j)u|2 ≤ Ck|u|p (j = 0, 1),

|∂k
x2
Π̂ (2)(ξ)u|2 ≤ Ck|u|p.

(ii) Let Π̂ ∗(ξ) be defined by

(Π̂ ∗(ξ)u)(y2) =

∫ 1

0

Π̂ ∗(ξ, x2, y2)u(x2) dx2,

where Π̂ ∗(ξ, x2, y2) is given by Π̂ ∗(ξ, x2, y2) = W (y2)
−1⊤(Π̂ (ξ, x2, y2)

)
W (x2)

with W (x2) = diag (P
′(ρs(x2))
γ4ρs(x2)

, ρs(x2), ρs(x2)). Then Π̂ ∗(ξ) is the eigenprojec-

tion for the eigenvalue λ̂0(ξ) of −L̂ξ; and there hold ⟨Π̂ (ξ)u1, u2⟩ = ⟨u1, Π̂
∗(ξ)u2⟩
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and Q̃Π̂ ∗(ξ)u|x2=0,1 = 0. Furthermore, estimates similar to those for Π̂ (ξ)

given in (i) hold for Π̂ ∗(ξ).

Proof. The integral expression of Π̂ (ξ) and estimates for the case k, l ≤ 1
are given in [12] following the argument in [5]. Estimates for the case k, l ≥ 2
can be obtained as follows. We follow the argument in [5, Proof of Theorem
3.3].

Let ũ(ξ) and ũ∗(ξ) be defined by

ũ(ξ) =
1

2πi

∫
{|λ|= η0

2
}
(λ+ L̂ξ)

−1u(0) dλ,

ũ∗(ξ) =
1

2πi

∫
{|λ|= η0

2
}
(λ+ L̂∗

ξ)
−1u(0)∗ dλ.

Then Π̂ (ξ) is given by

(4.9)

(Π̂ (ξ)u)(x2) =
⟨u, ũ∗(ξ)⟩

⟨ũ(ξ), ũ∗(ξ)⟩
ũ(ξ;x2)

=

∫ 1

0

ũ(ξ; x2)⊗W (y2)ũ∗(ξ; y2)u(y2)

⟨ũ(ξ), ũ∗(ξ)⟩
dy2.

Here for a = ⊤(a1, a2) and b = ⊤(b1, b2), a⊗ b denotes the matrix (aibj).
Since

(4.10)
∣∣L̂(1)(λ+ L̂0)

−1f
∣∣
Hk+1×Hk ≤ Ck

∣∣(λ+ L̂0)
−1f
∣∣
Hk+1 ,

(4.11)
∣∣L̂(2)(λ+ L̂0)

−1f
∣∣
Hk+1×Hk ≤ Ck

∣∣(λ+ L̂0)
−1f
∣∣
Hk ,

for k ≥ 0, by using Lemma 4.1, we have the Neumann series expansion

(λ+ L̂ξ)
−1 = (λ+ L̂0)

−1

∞∑
N=0

(−1)N
{
(ξL̂(1) + ξ2L̂(2))(λ+ L̂0)

−1
}N

for |ξ| ≪ 1. One can see that the same expansion also holds for (λ+ L̂∗
ξ)

−1

(λ+ L̂∗
ξ)

−1 = (λ+ L̂∗
0)

−1

∞∑
N=0

(−1)N
{
(ξL̂(1)∗ + ξ2L̂(2)∗)(λ+ L̂∗

0)
−1
}N

.

It then follows that

(4.12) ũ(ξ) = u(0) + ξũ(1) + ξ2ũ(2)(ξ),
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(4.13) ũ∗(ξ) = u(0)∗ + ξũ(1)∗ + ξ2ũ(2)∗(ξ),

(4.14) ⟨ũ(ξ), ũ∗(ξ)⟩ = 1 +O(ξ) ≥ 1

2
,

for |ξ| ≪ 1. Here

(4.15) ũ(1) = − 1

2πi

∫
{|λ|= η0

2
}
(λ+ L̂0)

−1L̂(1)(λ+ L̂0)
−1u(0) dλ,

(4.16) ũ(2)(ξ) =
1

2πi

∫
{|λ|= η0

2
}
R(2)(λ, ξ)u(0) dλ

with

R(2)(λ, ξ) = −(λ+ L̂0)
−1L̂(2)(λ+ L̂0)

−1

+(λ+ L̂0)
−1

∞∑
N=2

(−1)NξN−2
{
(L̂(1) + ξL̂(2))(λ+ L̂0)

−1
}N

;

and, likewise, ũ(1)∗ and ũ(2)∗(ξ) are given by formulas similar to (4.15) and
(4.16) with L̂0 replaced by L̂∗

0, etc. The integral expression now follows from
(4.9), (4.12)–(4.14). Furthermore, estimates for kernel functions would follow
from regularity estimates on the resolvents (λ + L̂0)

−1 and (λ + L̂∗
0)

−1. In
fact, we deduce from Lemma 4.1, (4.10) and (4.11) that for |λ| = η0

2
,∣∣L̂(j)(λ+ L̂0)

−1f
∣∣
H1×L2 ≤ C|f |H1×L2 (j = 1, 2),

and hence,

|ũ(1)|H1×H2 ≤ C

∫
{|λ|= η0

2
}

∣∣L̂(1)(λ+ L̂0)
−1u(0)

∣∣
H1×L2 |dλ|

≤ |u(0)|H1×L2

≤ C.

Similarly,

|ũ(2)(ξ)|H1×H2 ≤ C

∫
{|λ|= η0

2
}

(
1 +

∞∑
N=2

|ξ|N−2
)
|u(0)|H1×L2 |dλ|

≤ |u(0)|H1×L2

≤ C,
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provided that |ξ| is sufficiently small. Note also that ∂ξ(λ + L̂ξ)
−1u(0)|ξ=0 =

−(λ+ L̂0)
−1L̂(1)(λ+ L̂0)

−1u(0) in H1(0, 1)×H2(0, 1).
To estimate higher order derivatives, we first show that

(4.17)
∣∣(λ+ L̂ξ)

−1f
∣∣
Hk+1×Hk+2 ≤ Ck|f |Hk+1×Hk

for |λ| = η0
2
, k = 1, 2, · · · . The case k = 0 follows from Lemma 4.2. As for

k ≥ 1, we set u = ⊤(ϕ,w1, w2) = (λ+ L̂ξ)
−1f . Then

(4.18) λϕ+ iξv1sϕ+ iγ2ξρsw
1 + γ2∂x2(ρsw

2) = f0,

(4.19)
λw1 + ν

ρs
(|ξ|2 − ∂2

x2
)w1 − i ν̃

ρs
ξ(iξw1 + ∂x2w

2) + iξ P ′(ρs)
γ2ρs

ϕ

+
ν∂2

x2
v1s

γ2ρ2s
ϕ+ iξv1sw

1 + ∂x2v
1
sw

2 = f 1,

(4.20)

λw2 + ν
ρs
(|ξ|2 − ∂2

x2
)w2 − ν̃

ρs
∂x2(iξw

1 + ∂x2w
2)

+∂x2

(
P ′(ρs)
γ2ρs

ϕ
)
+ iξv1sw

2 = f 2,

where f = ⊤(f 0, f 1, f 2). By adding γ2ρ2s
ν+ν̃

× (4.20) to ∂x2(4.18), we have

λ∂x2ϕ+ ρsP ′(ρs)
ν+ν̃

∂x2ϕ+ iξv1s∂x2ϕ = H,

where

H = ∂x2f
0 − {iγ2ξ∂x2(ρsw

1) + γ2∂x2ρs∂x2w
2 + γ2∂x2(w

2∂x2ρs)}

+γ2ρ2s
ν+ν̃

{
f2 − (λw2 + iξv1sw

2 + ν
ρs
|ξ|2w2 − ν̃

ρs
∂x2iξw

1 + ϕ∂x2

(
P ′(ρs)
γ2ρs

)
)
}
,

It then follows that

λ∂k+1
x2

ϕ+ρsP ′(ρs)
ν+ν̃

∂k+1
x2

ϕ+iξv1s∂
k+1
x2

ϕ = ∂k
x2
H−iξ[∂k

x2
, v1s ]∂x2ϕ−

[
∂k
x2
, ρsP

′(ρs)
ν+ν̃

]
∂x2ϕ.

We thus obtain

Reλ|∂k+1
x2

ϕ|22 +
∣∣√ρsP ′(ρs)

ν+ν̃
∂k+1
x2

ϕ
∣∣2
2

≤ C
{
|∂k+1

x2
f 0|2 + |∂x2ϕ|Hk−1 + |ϕ|Hk + |w|Hk+1 + |f2|Hk + |λ||w2|Hk

}
|∂k+1

x2
ϕ|2.

Therefore, if |ρs − 1|∞ ≪ 1, then
(4.21)(

Reλ+ c0γ2

ν+ν̃

)
|∂k+1

x2
ϕ|22

≤ C
{
|∂k+1

x2
f0|22 + |∂x2ϕ|2Hk−1 + |ϕ|2

Hk + |w|2
Hk+1 + |f2|2

Hk + |λ|2|w2|2
Hk

}
.
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By (4.19) and (4.20), we have

∂2
x2
w1 = ρs

ν

{
λw1 + ν

ρs
|ξ|2w1 − i ν̃

ρs
ξ(iξw1 + ∂x2w

2) + iξ P ′(ρs)
γ2ρs

ϕ

+
ν∂2

x2
v1s

γ2ρ2s
ϕ+ iξv1sw

1 + ∂x2v
1
sw

2 − f 1
}
,

∂2
x2
w1 = ρs

ν+ν̃

{
λw2 + ν

ρs
|ξ|2w2 − iξ ν̃

ρs
∂x2w

1 + ∂x2

(
P ′(ρs)
γ2ρs

ϕ
)

+iξv1sw
2 − f 2

}
,

and hence,

(4.22) |∂k+2
x2

w|22 ≤ C{|λ|2|w|2Hk + |ϕ|2Hk+1 + |w|2Hk+1 + |f1|2Hk + |f2|2Hk}

for |λ| = η0
2

Based on (4.21) and (4.22), we obtain, by induction on k,

|u|Hk+1×Hk+2 ≤ C|f |Hk+1×Hk

for |λ| = η0
2
. This proves (4.17).

We next estimate integrands z(1) = −(λ + L̂0)
−1L̂(1)(λ + L̂0)

−1u(0) and

z
(2)
ξ = R(2)(λ, ξ)u(0) in the right-hand side of (4.15) and (4.16), respectively.

Set zξ = (λ+ L̂ξ)
−1u(0). Then zξ ∈ H1(0, 1)× (H2(0, 1) ∩H1

0 (0, 1)), and

(4.23) (λ+ L̂0)zξ + ξL̂(1)zξ + ξ2L̂(2)zξ = u(0).

By (4.17), we have, for k = 0, 1, 2, · · · ,

(4.24) |zξ|Hk+1×Hk+2 ≤ Ck|u(0)|Hk+1×Hk ≤ Ck.

We next set z(0) = 1
λ
u(0) and z

(1)
ξ = 1

ξ
(zξ − z(0)). Then, z

(1)
ξ → z(1) in

H1(0, 1)×H2(0, 1) as ξ → 0, and

(4.25) |z(1)|Hk+1 ≤ Ck|u(0)|Hk+1 ≤ Ck.

Furthermore, since

(4.26) (λ+ L̂0)z
(0) = u(0),

we see from (4.23) and (4.26) that

(4.27) (λ+ L̂0)z
(1)
ξ + L̂(1)zξ + ξL̂(2)zξ = 0.
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Therefore, we have

z
(1)
ξ = −(λ+ L̂0)

−1(L̂(1)zξ + ξL̂(2)zξ).

It then follows from (4.17) and (4.24) that

(4.28)

|z(1)ξ |Hk+1×Hk+2 ≤ Ck|L̂(1)zξ + ξL̂(2)zξ|Hk+1×Hk

≤ Ck|zξ|Hk+1

≤ Ck.

We next consider z
(2)
ξ = R(2)(λ, ξ)u(0). We have z

(2)
ξ = 1

ξ2
(zξ − z(0) − ξz(1)) ∈

H1(0, 1)× (H2(0, 1) ∩H1
0 (0, 1)) and, by (4.23), (4.26) and (4.27),

(λ+ L̂0)z
(2)
ξ + L(1)z

(1)
ξ + L̂(2)zξ = 0.

We thus obtain

z
(2)
ξ = −(λ+ L̂0)

−1(L̂(1)z
(1)
ξ + L̂(2)zξ).

It then follows from (4.17), (4.24) and (4.28) that

(4.29)

|z(2)ξ |Hk+1×Hk+2 ≤ Ck|L̂(1)z
(1)
ξ + L̂(2)zξ|Hk+1×Hk

≤ Ck{|z(1)ξ |Hk+1 + |zξ|Hk}

≤ Ck.

We see from (4.24), (4.25) and (4.29) that

(4.30) |ũ(1)|Hk+1×Hk+2 + |ũ(2)(ξ)|Hk+1×Hk+2 ≤ Ck

for k = 1, 2, · · · .
Similarly, one can show

(4.31) |ũ(1)∗|Hk+1×Hk+2 + |ũ(2)∗(ξ)|Hk+1×Hk+2 ≤ Ck|u(0)∗|Hk+1×Hk ≤ Ck

for k = 1, 2, · · · .
The desired estimates for integrands Π̂ (1)(x2, y2) and Π̂ (2)(ξ, x2, y2) are

now obtained by (4.9), (4.30), (4.31) and the Sobolev embedding. This com-
pletes the proof. �
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We now introduce a projection based on Π̂ (ξ). For an interval J ⊂ R,
we denote the characteristic function of J by 1J . We define χ̂1 by

χ̂1(ξ) = 1[0,r1)(|ξ|) =

{
1 (|ξ| < r1)

0 (|ξ| ≥ r1).

Here and in what follows we take a number r1 > 0 satisfying r1 ≤ min{r0, 1}.
We define P1 and P ∗

1 by

P1u = F −1(χ̂1(ξ)Π̂ (ξ)û)

and
P ∗
1 u = F −1(χ̂1(ξ)Π̂

∗(ξ)û).

It then follows that P 2
1 = P1, P

∗2
1 = P ∗

1 and

⟨⟨P1u1, u2⟩⟩ = ⟨⟨u1, P
∗
1 u2⟩⟩.

Based on Lemma 4.2 (iii), we expand P1 as

P1 = P
(0)
1 + ∂x1P

(1)
1 + ∂2

x1
P

(2)
1 ,

where P
(j)
1 u = F −1(P̂

(j)
1 û) (j = 0, 1, 2),

P̂
(0)
1 = χ̂1Π̂

(0),

P̂
(1)
1 = −iχ̂1Π̂

(1), Π̂ (1) = −(Π̂ (0)L̂(1)Ŝ + ŜL̂(1)Π̂ (0)),

P̂
(2)
1 = −χ̂1Π̂

(2)(ξ).

In what follows we will also denote Π̂ (0) by Π (0).

The following properties of Π (0) will be used in the subsequent analysis.

Lemma 4.4. (i) For any k = 1, 2, · · · , ∂k
x1
Π (0) = Π (0)∂k

x1
.

(ii) If Q0u|x2=0,1 = 0, then Π (0)(∂x2u) = 0.

(iii) For any l = 0, 1, · · · , there holds ∥∂l
x2
Π (0)u∥2 ≤ Cl∥Π (0)u∥2.

(iv) If Q̃u|x2=0,1 = 0, then ∥(I − Π (0))u∥2 ≤ C∥∂x2(I − Π (0))u∥2.

Proof. The assertions (i)–(iii) easily follow from the definition of Π (0):

Π (0)u = ⟨u, u(0)∗⟩u(0) = ⟨Q0u⟩u(0).
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As for (iv), since Q̃u(0)|x2=0,1 =
⊤(0, w(0))|x2=0,1 = 0, if Q̃u|x2=0,1 = 0, then we

have Q̃(I−Π (0))u|x2=0,1 = 0. By the Poincaré inequality, ∥Q̃(I−Π (0))u∥2 ≤
C∥∂x2Q̃(I − Π (0))u∥2. We also have ⟨Q0(I − Π (0))u⟩ = 0. Therefore, by
the Poincaré inequality, ∥Q0(I − Π (0))u∥2 ≤ C∥∂x2Q0(I − Π (0))u∥2. This
completes the proof. �

We next state boundedness properties of P1 and P ∗
1 .

Lemma 4.5. (i) For any k = 1, 2, · · · , ∂k
x1
P1 = P1∂

k
x1

and ∂k
x1
P

(j)
1 = P

(j)
1 ∂k

x1

(j = 0, 1, 2).

(ii) There holds Q̃P1u|x2=0,1 = Q̃P ∗
1 u|x2=0,1 = 0.

(iii) For any k, l = 0, 1, · · · , there hold

∥∂k
x1
∂l
x2
P1u∥2 ≤ Cl∥u∥2,

∥∂k
x1
∂l
x2
P ∗
1 u∥2 ≤ Cl∥u∥2,

∥∂k
x1
∂l
x2
P

(j)
1 u∥2 ≤ Cl∥u∥2 (j = 0, 1, 2).

Proof. It is clear that (i) holds true; (ii) follows from Lemma 4.2 (iii) and
Lemma 4.3 (ii); and (iii) follows from Lemma 4.3. This completes the proof.
�

We next consider P1-part of U(t). We define U1(t) by

U1(t) = P1U(t) = U(t)P1 = P1U(t)P1.

Then we have Û1(t)u = χ̂1e
λ̂0(ξ)tΠ̂ (ξ)û. We also define U

(j)
1 (t) (j = 0, 1, 2)

by

U
(j)
1 (t)u = F −1(χ̂1(ξ)e

λ̂0(ξ)tP̂
(j)
1 û) (j = 0, 1, 2).

Then
U1(t) = U

(0)
1 (t) + ∂x1U

(1)
1 (t) + ∂2

x1
U

(2)
1 (t).

Furthermore, we have the following properties.

Lemma 4.6. (i) There hold ∂k
x1
U1(t) = U1(t)∂

k
x1
, ∂k

x1
U

(j)
1 (t) = U

(j)
1 (t)∂k

x1

(j = 0, 1, 2) for k = 0, 1, 2, · · · , and

∥∂k
x1
∂l
x2
U1(t)u∥2 ≤ Cl∥u∥2, ∥∂k

x1
∂l
x2
U

(j)
1 (t)u∥2 ≤ Cl∥u∥2 (j = 0, 1, 2)

for t ≥ 0 and k, l = 0, 1, 2, · · · .
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(ii) There hold

Π (0)U
(0)
1 (t) = U

(0)
1 (t)Π (0) = U

(0)
1 (t),

Π (0)U
(1)
1 (t) = Π (0)U

(1)
1 (t)(I − Π (0)),

and
(I − Π (0))U

(1)
1 (t) = (I − Π (0))U

(1)
1 (t)Π (0).

Proof. Properties in (i) and the first relation in (ii) are easy to verify. The
last two relations in (ii) follow from the fact that ŜΠ (0) = Π (0)Ŝ = O, which
yields relations

Π (0)Π̂ (1) = −Π (0)(Π (0)L̂(1)Ŝ + ŜL̂(1)Π (0))

= −(Π (0)L̂(1)Ŝ + ŜL̂(1)Π (0))Π (0) = Π̂ (1)(I − Π (0)),

and likewise, (I − Π (0))Π̂ (1) = Π̂ (1)Π (0). This completes the proof. �

We next consider the decay estimates on U1(t) and U
(j)
1 (t) (j = 0, 1, 2).

Lemma 4.7. There hold the following estimates uniformly for t ≥ 0.

(i) ∥∂k
x1
∂l
x2
U1(t)u∥2 ≤ Cl(1 + t)−

1
4
− k

2 ∥u∥1 (k, l = 0, 1, 2, · · · ),

(ii) ∥∂k
x1
∂l
x2
Π (0)U1(t)u∥2 ≤ Cl(1 + t)−

1
4
− k

2 ∥u∥1 (k, l = 0, 1, 2, · · · ),

(iii) ∥∂k
x1
∂l
x2
(I − Π (0))U1(t)u∥2 ≤ Cl(1 + t)−

1
4
− k+1

2 ∥u∥1 (k, l = 0, 1, 2, · · · ).

(iv) ∥∂k
x1
∂l
x2
U

(j)
1 (t)u∥2 ≤ Cl(1 + t)−

1
4
− k

2 ∥u∥1 (j = 0, 1, 2; k, l = 0, 1, 2, · · · ).

Proof. Since λ̂0(ξ) = −ia0ξ − κ0ξ
2 +O(|ξ|3), we see from Lemma 4.3 that

∥∂k
x1
∂l
x2
U1(t)u∥2 ≤ C

(∫
R

χ̂1(ξ)
2|ξ|2ke−κ0|ξ|2t|∂l

x2
Π̂ (ξ)û|22 dξ

) 1
2

≤ Cl

(∫
R

χ̂1(ξ)
2|ξ|2ke−κ0|ξ|2t|û|21 dξ

) 1
2

≤ Cl

(∫
R

χ̂1(ξ)
2|ξ|2ke−κ0|ξ|2t dξ

) 1
2∥u∥1

≤ Cl

 ∥u∥1,

t−
1
4
− k

2 ∥u∥1.
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We thus obtain (i). Estimate (ii) and (iv) can be obtained similarly. As for
(iii), one can prove the desired estimate by noting

(I − Π (0))Π̂ (ξ) = (I − Π (0))(ξΠ̂ (1) + ξ2Π̂ (2)(ξ)).

This completes the proof. �

We finally consider the asymptotic behavior of U1(t).
Let U0(t) and U (t) be defined by

U0(t)u = F −1(χ̂1e
λ̂0(ξ)t⟨Q0û⟩)

and
U (t)σ = F −1(e−(ia0ξ+κ0ξ2)tσ̂).

It then follows that Π (0)-part of U1(t) is given by U0(t), i.e., we have

(4.32) Π (0)U1(t)u =
(
U0(t)P1u

)
u(0).

One can easily see the following properties.

Lemma 4.8. There hold the following relations.

(i) U0(t) = U0(t)Π
(0) = U0(t)P

(0)
1 ,

(ii) ∂k
x1
U0(t) = U0(t)∂

k
x1
, ∂k

x1
U (t) = U (t)∂k

x1
(k = 1, 2, · · · ),

(iii) ∥∂k
x1

U (t)σ∥2 ≤ Ckt
− 1

4
− k

2 ∥σ∥1 (k = 0, 1, 2, · · · ),

(iv) ∥∂k
x1
U0(t)u∥2 ≤ C(1 + t)−

1
4
− k

2 ∥u∥1 (k = 0, 1, 2, · · · ),

(v)
∥∂k

x1
U0(t)P1u∥2 ≤ C(1 + t)−

1
4
− k

2 ∥u∥1 (k = 0, 1, 2, · · · ),

∥∂k
x1
U0(t)P

(j)
1 u∥2 ≤ C(1 + t)−

1
4
− k

2 ∥u∥1 (j = 1, 2; k = 0, 1, 2, · · · ).

We finally show that the leading part of U0(t) is given by U (t), which, to-
gether with Lemma 4.7 (iii) and (4.32), implies that the asymptotic behavior
of U1(t) is described by U (t).

Lemma 4.9. Let u = ⊤(ϕ,w) ∈ (H1 × H̃1) ∩ L1 and let σ = ⟨Q0u⟩. Then

∥∂k
x1
(U0(t)u− U (t)σ)∥2 ≤ Ckt

− 1
4
− k+1

2 ∥u∥1
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and
∥∂k

x1
(U0(t)P1u− U (t)σ)∥2 ≤ Ckt

− 1
4
− k+1

2 ∥u∥1.

Proof. We see that

F (U0(t)u) = e−(ia0ξ+κ0ξ2)tσ̂ + (χ̂1 − 1)e−(ia0ξ+κ0ξ2)tσ̂

+χ̂1(e
λ̂0(ξ)t − e−(ia0ξ+κ0ξ2)t)σ̂.

Since λ̂0(ξ) + (ia0ξ + κ0ξ
2) = O(ξ3), we have

|eλ̂0(ξ)t − e−(ia0ξ+κ0ξ2)t| = |e−(ia0ξ+κ0ξ2)t(e(λ̂(ξ)+(ia0ξ+κ0ξ2))t − 1)|

≤ C|ξ|e−
κ0
4
ξ2t.

It then follows that

∥∂k
x1
(U0(t)u− U (t)σ)∥2 ≤ Ckt

− 1
4
− k+1

2 ∥u∥1.

This shows the first inequality. The second inequality now follows from the
first one and Lemma 4.8 (i) and (v) since

U0(t)P1 = U0(t)P
(0)
1 + ∂x1U0(t)P

(1)
1 + ∂2

x1
U0(t)P

(2)
1 .

This completes the proof. �

5. Decomposition of the solution

In sections 5–7 we prove the a priori estimate in Proposition 3.3. To do
so, we will decompose the solution u(t) of (4.1) into several parts based on
the spectral properties of L.

We first introduce some notation and projection operators. Let χ̂2 and
χ̂3 be defined by

χ̂2(ξ) = 1[r1,1)(|ξ|), χ̂3(ξ) = 1[1,∞)(|ξ|).

We define P∞,j (j = 1, 2, 3) by

P∞,1u = F −1(P̂∞,1û), P̂∞,1û = χ̂1(I − Π̂ (ξ))û,

P∞,ju = F −1(P̂∞,jû), P̂∞,jû = χ̂jû (j = 2, 3).

Set
P̃∞ = I − P1, P (0)

∞ = P∞,1 + P∞,2.
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We then have
I = P1 + P̃∞, P̃∞ = P (0)

∞ + P∞,3.

We define ⟨f⟩j (j = 1, 2,∞) by

⟨f⟩j = F −1(χ̂j⟨f̂⟩), j = 1, 2,

⟨f⟩∞ = ⟨f⟩1 + ⟨f⟩2 = F −1((χ̂1 + χ̂2)⟨f̂⟩).
We decompose the solution u(t) into

u(t) = P1u(t) + P̃∞u(t),

P1u(t) = (σ1u
(0))(t) + u1(t),

P̃∞u(t) = (σ∞u(0))(t) + u∞(t),

where

(σ1u
(0))(t) = Π (0)P1u(t), σ1 = ⟨Q0P1u(t)⟩ = ⟨Q0P1u(t)⟩1,

u1(t) = (I − Π (0))P1u(t),

(σ∞u(0))(t) = Π (0)P
(0)
∞ u(t), σ∞ = ⟨Q0P

(0)
∞ u(t)⟩ = ⟨Q0P

(0)
∞ u(t)⟩∞,

u∞(t) = P∞u,

Here and in what follows, P∞ denotes the operator defined by

P∞ = (I − Π (0))P (0)
∞ + P∞,3.

We now derive the equations for σ1, u1, σ∞ and u∞. We define M̃ by

M̃ = L− L̂0 = Ã+ B̃

with

Ã = A− Â0 =


0 0 0

0 −ν+ν̃
ρs

∂2
x1

− ν̃
ρs
∂x1∂x2

0 − ν̃
ρs
∂x1∂x2 − ν

ρs
∂2
x1

 ,

B̃ = B − B̂0 =


v1s∂x1 γ2ρs∂x1 0

∂x1

(
P ′(ρs)
γ2ρs

·
)

v1s∂x1 0

0 0 v1s∂x1

 .
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Proposition 5.1. Let T > 0 and u(t) be a solution of (4.1) in Zm(T ). Then
there hold

σk ∈ ∩[m
2
]

j=0C
j([0, T ];H l(R)) (k = 1,∞; ∀l = 0, 1, 2, · · · ),

u1 ∈ ∩[m
2
]

j=0C
j([0, T ];H l(Ω)) (∀l = 0, 1, 2, · · · ),

u∞ ∈ Zm(T ).

Moreover, σ1, u1, σ∞ and u∞ satisfy

(5.1) σ1(t) = U0(t)P1u0 +

∫ t

0

U0(t− τ)Π (0)P1F (τ) dτ,

(5.2) u1(t) = (I − Π (0))U1(t)u0 +

∫ t

0

(I − Π (0))U1(t− τ)F (τ) dτ,

(5.3) ∂tσ∞ + ⟨Q0B̃(σ∞u(0) + u∞)⟩∞ = ⟨Q0P
(0)
∞ F ⟩∞,

(5.4) ∂tu∞ + Lu∞ + M̃(σ∞u(0))− ⟨Q0B̃(σ∞u(0) + u∞)⟩∞u(0) = F∞,

(5.5) w∞|∂Ω = 0,

(5.6) σ∞|t=0 = σ∞,0, u∞|t=0 = u∞,0.

Here σ∞,0 = ⟨Q0P
(0)
∞ u0⟩∞, u∞,0 = (I − Π (0))P

(0)
∞ u0 + P∞,3u0 and F∞ =

P∞F = (I − Π (0))P
(0)
∞ F + P∞,3F .

Proof. Since u ∈ Zm(T ), the first assertion for σk (k = 1,∞) and u1

follows from boundedness properties of Π (0) and P1 given in Lemma 4.4 and
Lemma 4.5. As for u∞, it is easy to see that P1Z

m(T ) ⊂ Zm(T ); and so
P∞,1u(t) ∈ Zm(T ). Obviously, P∞,2u(t) and P∞,3u(t) are in Zm(T ). Since
u(0) = ⊤(ϕ(0), w(0)), w(0)|x2=0,1 = 0, we see that Π (0)Zm(T ) ⊂ Zm(T ), and

hence, Π (0)P
(0)
∞ u(t) = Π (0)(P∞,1 + P∞,2)u(t) ∈ Zm(T ). As a consequence,

u∞(t) = (I − Π (0))P
(0)
∞ u(t) + P∞,3u(t) ∈ Zm(T ).

We next derive (5.1) and (5.2). Applying P1 and P̃∞ to (4.1), we have

(5.7) ∂t(P1u) + LP1u = P1F ,

(5.8) ∂t(P̃∞u) + LP̃∞u = P̃∞F .
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It follows from (5.7) that

(5.9) P1u(t) = U1(t)u0 +

∫ t

0

U1(t− τ)F (τ) dτ.

Applying Π (0) and I − Π (0) to (5.9), we obtain (5.1) and (5.2).

As for (5.3) and (5.4), we apply P
(0)
∞ and P∞,3 to (5.8) to obtain

(5.10) ∂t(P
(0)
∞ u) + LP (0)

∞ u = P (0)
∞ F ,

(5.11) ∂t(P∞,3u) + LP∞,3u = P∞,3F .

Since Π (0)L = Π (0)M̃ and LΠ (0) = M̃Π (0), applying Π (0) and I − Π (0) to
(5.10), we have

(5.12) ∂t(σ∞u(0)) + Π (0)M̃(P (0)
∞ u) = Π (0)P (0)

∞ F ,

(5.13)

∂t(I − Π (0))P
(0)
∞ u+ L(I − Π (0))P

(0)
∞ u+ M̃(σ∞u(0))− Π (0)M̃(P

(0)
∞ u)

= (I − Π (0))P
(0)
∞ F .

Since

Π (0)M̃(P
(0)
∞ u) = ⟨Q0B̃(σ∞u(0) + (I − Π (0))P

(0)
∞ u)⟩∞u(0)

= ⟨Q0B̃(σ∞u(0) + u∞)⟩∞u(0),

(5.3) follows from (5.12). Here we used the fact that

⟨Q0B̃P∞,3u⟩∞ = F −1((χ̂1 + χ̂2)⟨Q0B̃ξP̂∞,3û⟩) = 0,

where B̃ξ = B̂ξ − B̂0. (5.4) now follows by adding (5.11) and (5.13). This
completes the proof. �

We next state some properties of σ∞ and u∞ parts.

Lemma 5.2. There hold the following inequalities.

(i) ∥∂k
x1
⟨Q0P

(0)
∞ u⟩∞∥2 ≤ ∥⟨Q0P

(0)
∞ u⟩∞∥2 (∀k = 0, 1, 2, · · · ),

(ii) ∥P∞u∥2 ≤ C∥∂xP∞u∥2 if Q̃u|x2=0,1 = 0.
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Proof. Inequality (i) is obvious since supp (χ̂1+ χ̂2) ⊂ {|ξ| ≤ 1}. As for (ii),
since supp χ̂3 ⊂ {|ξ| ≥ 1}, we see that

∥P∞,3u∥2 ≤ ∥∂x1P∞,3u∥2.

Since Q̃u|x2=0,1 = 0, we have Q̃P
(0)
∞ u|x2=0,1 = 0, and hence, Q̃(I−Π (0))P

(0)
∞ u|x2=0,1 =

0. By the Poncaré inequality we obtain

∥Q̃(I − Π (0))P (0)
∞ u∥ ≤ ∥∂x2Q̃(I − Π (0))P (0)

∞ u∥2.

Furthermore, since ⟨Q0(I − Π (0))P
(0)
∞ u⟩ = 0, we see from the Poincaré in-

equality that

∥Q0(I − Π (0))P (0)
∞ u∥ ≤ C∥∂x2Q0(I − Π (0))P (0)

∞ u∥2.

It then follows that

∥P∞u∥2 ≤ C{∥∂x(I − Π (0))P (0)
∞ u∥2 + ∥∂xP∞,3u∥2} ≤ C∥∂xP∞u∥2.

Here we used (∂x(I − Π (0))P
(0)
∞ u, ∂xP∞,3u) = 0, which follows from the fact

χ̂1χ̂3 = χ̂2χ̂3 = 0 and the Plancherel theorem. This completes the proof. �

To prove the a priori estimate in Proposition 3.3, we will estimate the
following quantities.

Let u(t) be a solution of (4.1) in Zm(T ) and let u(t) be decomposed as
above:

u(t) = (σ1u
(0))(t) + u1(t) + (σ∞u(0))(t) + u∞(t).

We define M(t) ≥ 0 by

M(t)2 = M1(t)
2 + sup

0≤τ≤t
(1 + τ)

3
2E∞(τ) (t ∈ [0, T ]).

Here M1(t) and E∞(t) are defined by

M1(t) = sup
0≤τ≤t

(1 + τ)
1
4∥σ1(τ)∥2

+ sup
0≤τ≤t

(1 + τ)
3
4

{
∥∂x1σ1(τ)∥2 + ∥u1(τ)∥2 +

[m
2
]∑

j=1

(∥∂j
τσ1(τ)∥2 + ∥∂j

τu1(τ)∥2)
}
,

E∞(t) = Ju∞(t)K2m + Jσ∞(t)K2m.
We also introduce the quantity D∞(t) for u∞(t) = ⊤(ϕ∞(t), w∞(t)):

D∞(t) = |||Dϕ∞(t)|||2m−1 + |||Dw∞(t)|||2m + |||Dσ∞(t)|||2m−1.
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We will show the following estimates for M1(t) and E∞(t).

Proposition 5.3. There are positive constants ν0, γ0 and ω0 such that if
ν ≥ ν0, γ2/(ν + ν̃) ≥ γ2

0 and ∥ρs − 1∥Cm+1[0,1] ≤ ω0, then the following
assertion holds true.

There exists a number ε2 > 0 such that if a solution u(t) of (4.1) in
Zm(T ) satisfies sup0≤τ≤tJu(τ)Km ≤ ε2 and M(t) ≤ 1 for t ∈ [0, T ], then the
following estimates hold uniformly for t ∈ [0, T ] with C > 0 independent of
T .

(5.14) M1(t) ≤ C{∥u0∥1 +M(t)2},

(5.15)

E∞(t) +

∫ t

0

e−a(t−τ)D∞(τ) dτ

≤ C
{
e−atE∞(0) + (1 + t)−

3
2M(t)4 +

∫ t

0

e−a(t−τ)R̃(τ) dτ
}
.

Here a = a(ν, ν̃, γ, ∥ρs − 1∥Cm+1[0,1]) is a positive constant; and R̃(t) is a
quantity that satisfies

(5.16) R̃(t) ≤ C{(1 + t)−
3
2M(t)3 + (1 + t)−

1
4M(t)D∞(t)}

whenever sup0≤τ≤tJu(τ)Km ≤ ε2 and M(t) ≤ 1.

The proof of Proposition 5.3 will be given in sections 6–8. We will prove
(5.14), (5.15) and (5.16) in sections 6, 7 and 8, respectively.

Assuming Proposition 5.3 to hold true, we can show the following esti-
mate.

Proposition 5.4. If ν ≥ ν0, γ
2/(ν + ν̃) ≥ γ2

0 and ∥ρs − 1∥Cm+1[0,1] ≤ ω0,
then the following assertion holds true.

There exists a number ε3 > 0 such that if a solution u(t) of (4.1) in Zm(T )
satisfies ∥u0∥Hm∩L1 ≤ ε3, then there holds the estimate

M(t) ≤ C2∥u0∥Hm∩L1

for some constant C2 > 0 independent of T .

The a priori estimate in Proposition 3.3 immediately follows from Propo-
sition 5.4. Furthermore, Proposition 5.4 also provides decay estimates

Ju(t)Km ≤ C(1 + t)−
1
4∥u0∥Hm∩L1
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and
∥∂k

x1
u(t)∥2 ≤ C(1 + t)−

1
4
− k

2 ∥u0∥Hm∩L1

for k = 0, 1.

Proof of Proposition 5.4. If sup0≤τ≤tJu(τ)Km ≤ ε2 and M(t) ≤ 1, then
we see from (5.15) and (5.16) that

E∞(t) +

∫ t

0

e−a(t−τ)D∞(τ) dτ

≤ C
{
e−atE∞(0) + (1 + t)−

3
2M(t)4 +M(t)3

∫ t

0

e−a(t−τ)(1 + τ)−
3
2 dτ

+M(t)

∫ t

0

e−a(t−τ)D∞(τ) dτ
}

≤ C
{
e−atE∞(0) + (1 + t)−

3
2M(t)3 +M(t)

∫ t

0

e−a(t−τ)D∞(τ) dτ
}
,

and hence,

(5.17) (1 + t)
3
2E∞(t) + D (t) ≤ C{∥u0∥2Hm∩L1 +M(t)3 +M(t)D (t)},

where

D (t) = (1 + t)
3
2

∫ t

0

e−a(t−τ)D∞(τ) dτ.

It follows from (5.14) and (5.17) that

(5.18) M(t)2 + D (t) ≤ C3{∥u0∥2Hm∩L1 +M(t)3 +M(t)D (t)}

whenever sup0≤τ≤tJu(τ)Km ≤ ε2 and M(t) ≤ 1.
We now show that there exists ε3 > 0 such that if ∥u0∥Hm∩L1 < ε3, then

M(t) < 2C4∥u0∥Hm∩L1 for all t ∈ [0, T ] with some C4 > 0 independent of T .
We first observe that there is a constant C5 > 0 such that sup0≤τ≤tJu(τ)Km ≤

C5M(t).
Since M(0) ≤ C6∥u0∥Hm for some C6 > 0 and since M(t) is continuous

in t, we see that there exists t0 > 0 such that M(t) < 2C6∥u0∥Hm for all
t ∈ [0, t0].

We set C4 = max{
√

C3

2
, C6} and ε3 = min{ 1

2C4
, 1
4C3C4

, ε2
2C4C5

}. Then

M(t) < 2C4∥u0∥Hm∩L1 for t ∈ [0, t0]. Assume that there exists t1 ∈ (t0, T )
such that M(t) < 2C4∥u0∥Hm∩L1 for t ∈ [0, t1) and M(t1) = 2C4∥u0∥Hm∩L1 .
Since M(t) ≤ 2C4∥u0∥Hm∩L1 ≤ 1 for t ∈ [0, t1], we have sup0≤τ≤tJu(τ)Km ≤
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C5M(t) ≤ ε2 for t ∈ [0, t1]. We thus see from (5.18) that if ∥u0∥Hm∩L1 < ε3,
then

M(t)2 + 2D (t) ≤ C3

{
∥u0∥2Hm∩L1 + 2C4∥u0∥Hm∩L1(M(t)2 + D (t))

}
< C3∥u0∥2Hm∩L1 +

1
2
(M(t)2 + D (t)),

and hence,

M(t)2 + D (t) < 2C3∥u0∥2Hm∩L1 ≤ 4C2
4∥u0∥2Hm∩L1

for t ∈ [0, t1]. But this contradicts to M(t1) = 2C4∥u0∥Hm∩L1 . We thus
conclude that M(t) < 2C4∥u0∥Hm∩L1 for all t ∈ [0, T ]. This completes the
proof. �

6. Estimates on P1u(t)

In this section we estimate the P1-part of u(t):

P1u(t) = (σ1u
(0))(t) + u1(t),

where σ1(t) = ⟨Q0P1u(t)⟩ and u1(t) = (I − Π (0))u(t).

We will prove (5.14), i.e., the following estimate.

Proposition 6.1. There exists a number ε4 > 0 such that if a solution
u(t) of (4.1) in Zm(T ) satisfies sup0≤τ≤tJu(τ)Km ≤ ε4 and M(t) ≤ 1 for all
t ∈ [0, T ], then the estimate

M1(t) ≤ C{∥u0∥1 +M(t)2}

holds uniformly for t ∈ [0, T ] with C > 0 independent of T .

To prove Proposition 6.1, we employ the results in section 4, together
with Lemma 6.2 and Lemma 6.3 below.

Before going further we make one observation. In view of the spectral
properties of the linearized operator, the most slowly decaying part of u(t)
is expected to be σ1(t); and hence, the most slowly decaying part of the
nonlinearity F (t) would be given by the terms involving only σ1(t)

2 which
is, in fact, only one term σ2

1F 1 with F 1 = F 1(x2):

F 1 = −⊤(0, 0, 1
2γ4ρs(x2)

∂x2(P
′′(ρs(x2)){ϕ(0)(x2)}2)

)
.

We thus write F as
F = σ2

1F 1 + F 2,
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where F 2 = F −σ2
1F 1 contains terms involving u1, σ∞, u∞, their derivatives,

and terms of order O(σ1∂x1σ1) and O(σ3
1) but not just O(σ2

1). In particular,
Π (0)F = Π (0)F 2.

We make two lemmas on the nonlinearities.

Lemma 6.2. There hold the following relations.

(i) Π (0)F = −∂x1⟨ϕw1⟩u(0),

(ii)

Π (0)P1F = −P
(0)
1 (∂x1⟨ϕw1⟩u(0)) + Π (0)∂x1P

(1)
1 (I − Π (0))F + Π (0)∂2

x1
P

(2)
1 F ,

(iii) (I − Π (0))P1F = (I − Π (0))∂x1P
(1)
1 Π (0)F + (I − Π (0))∂2

x1
P

(2)
1 F .

Proof. Since w|x2=0,1 = 0, by integration by parts, we have

Π (0)F = ⟨Q0F ⟩u(0) = −∂x1⟨ϕw1⟩u(0).

This shows (i).
We write Π (0)P1F as

Π (0)P1F = Π (0)P
(0)
1 F + Π (0)∂x1P

(1)
1 F + Π (0)∂2

x1
P

(2)
1 F

= P
(0)
1 Π (0)F + Π (0)∂x1P

(1)
1 F + Π (0)∂2

x1
P

(2)
1 F

= −P
(0)
1 (∂x1⟨ϕw1⟩u(0)) + Π (0)∂x1P

(1)
1 F + Π (0)∂2

x1
P

(2)
1 F .

By Lemma 4.2 (iii), Π̂ (1) is given by −(Π (0)L̂(1)Ŝ+ŜL̂(1)Π (0)) with Ŝ =
(
(I−

Π (0))L̂0(I −Π (0))
)−1

. Since (Π (0))2 = Π (0), Π (0)Ŝ = O and Ŝ = Ŝ(I −Π (0))
we see that

Π (0)Π̂ (1) = −Π (0)L̂(1)Ŝ(I − Π (0)) = Π (0)Π̂ (1)(I − Π (0)),

(I − Π (0))Π̂ (1) = −(I − Π (0))ŜL̂(1)Π (0) = (I − Π (0))Π̂ (1)Π (0).

It follows that

Π (0)∂x1P
(1)
1 F = F −1(χ̂1ξΠ

(0)Π̂ (1)F̂ )

= F −1(χ̂1ξΠ
(0)Π̂ (1)(I − Π (0))F̂ )

= Π (0)F −1(χ̂1ξΠ̂
(1)(I − Π (0))F̂ )

= Π (0)∂x1P
(1)
1 (I − Π (0))F .
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We thus obtain (ii).
Similarly, we can show

(I − Π (0))∂x1P
(1)
1 F = (I − Π (0))∂x1P

(1)
1 Π (0)F ,

and obtain (iii). This completes the proof. �

It is not difficult to verify the following estimates on the nonlinearities.

Lemma 6.3. There exists a number ε5 > 0 such that whenever a solution
u(t) of (4.1) in Zm(T ) satisfies sup0≤τ≤tJu(τ)Km ≤ ε5 and M(t) ≤ 1 for t ∈
[0, T ], there hold the following estimates for t ∈ [0, T ] with C > 0 independent
of T .

(i) ∥∂x1⟨ϕw1⟩(t)∥1 ≤ C(1 + t)−1M(t)2,

(ii) ∥⟨ϕw1⟩(t)∥1 ≤ C(1 + t)−
1
2M(t)2,

(iii) ∥∂x1(σ
2
1(t))∥1 ≤ C(1 + t)−1M(t)2,

(iv) ∥F (t)∥1 ≤ C(1 + t)−
1
2M(t)2,

(v) ∥F 2(t)∥1 ≤ C(1 + t)−1M(t)2,

(vi) ∥F (t)∥2 ≤ C(1 + t)−
3
4M(t)2.

Proof of Proposition 6.1. We write (5.1) and (5.2) as

σ1(t) = U0(t)P1u0 + I(t),

u1(t) = (I − Π (0))U1(t)u0 + J(t),

where

I(t) =

∫ t

0

U0(t− τ)Π (0)P1F (τ) dτ,

J(t) =

∫ t

0

(I − Π (0))U1(t− τ)F (τ) dτ.
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Lemma 4.7 and Lemma 4.8 yield

∥∂k
x1
U0(t)P1u0∥2 ≤ C(1 + t)−

1
4
− k

2 ∥u0∥1,

∥(I − Π (0))U1(t)u0∥2 ≤ C(1 + t)−
3
4∥u0∥1.

We next estimate I(t) which we write as

I(t) = I1(t) + I2(t),

where

I1(t) =

∫ t
2

0

U0(t− τ)Π (0)P1F (τ) dτ,

I2(t) =

∫ t

t
2

U0(t− τ)Π (0)P1F (τ) dτ.

By Lemma 4.8 (i), (ii) and Lemma 6.2 (ii), we have

U0(t− τ)Π (0)P1F (τ)

= ∂x1U0(t− τ)
{
−P

(0)
1 (⟨ϕw1⟩u(0)) + P

(1)
1 (I − Π (0))F + ∂x1P

(2)
1 F

}
(τ).

It then follows from Lemma 4.8 (ii) and Lemma 6.3 that

∥∂k
x1
I1(t)∥2 ≤ C

∫ t
2

0

(1 + t− τ)−
3
4
− k

2

{
∥⟨ϕw1⟩(τ)∥1 + ∥F (τ)∥1

}
dτ

≤ CM(t)2
∫ t

2

0

(1 + t− τ)−
3
4
− k

2 (1 + τ)−
1
2 dτ

≤ C(1 + t)−
1
4
− k

2M(t)2

for k = 0, 1.
As for I2(t), using Lemma 4.5 (i) and Lemma 6.2 (ii), we write Π (0)P1F

as

(6.1)

Π (0)P1F = −P
(0)
1 ((∂x1⟨ϕw1⟩)u(0))

+Π (0)
(
P

(1)
1 (I − Π (0)) + ∂x1P

(2)
1

)(
∂x1(σ1)

2F 1

)
+Π (0)

(
∂x1P

(1)
1 (I − Π (0)) + ∂2

x1
P

(2)
1

)
F 2.
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It then follows from Lemma 4.8 and Lemma 6.3 that

∥∂k
x1
I2(t)∥2

≤ C

∫ t

t
2

(1 + t− τ)−
1
4
− k

2

{
∥∂x1⟨ϕw1⟩(τ)∥1 + ∥∂x1(σ1(τ))

2∥1 + ∥F 2(τ)∥1
}
dτ

≤ CM(t)2
∫ t

t
2

(1 + t− τ)−
1
4
− k

2 (1 + τ)−1 dτ

≤ C(1 + t)−
1
4
− k

2M(t)2

for k = 0, 1.
We next consider J(t). By Lemma 4.6 (ii), we have

(I − Π (0))U1(t− τ)F (τ) = (I − Π (0))∂x1U
(1)
1 (t− τ)Π (0)F

+(I − Π (0))∂2
x1
U

(2)
1 (t− τ)F (τ).

Furthermore, using Lemma 4.6 (i) and Lemma 6.2 (i), we rewrite this as
follows:

(I − Π (0))U1(t− τ)F (τ) = −(I − Π (0))∂2
x1
U

(1)
1 (t− τ)(⟨ϕw1⟩(τ)u(0))

+(I − Π (0))∂2
x1
U

(2)
1 (t− τ)F (τ).

for 0 ≤ τ ≤ t
2
and

(I − Π (0))U1(t− τ)F (τ) = −(I − Π (0))∂x1U
(1)
1 (t− τ)(∂x1⟨ϕw1⟩(τ)u(0))

+(I − Π (0))∂x1U
(2)
1 (t− τ)(∂x1(σ1(τ)

2)F 1)

+(I − Π (0))∂2
x1
U

(2)
1 (t− τ)F 2(τ)

for t
2
≤ τ ≤ t. It then follows from Lemma 4.7 and Lemma 6.3 (iv) that

∥J(t)∥2

≤ C

∫ t
2

0

(1 + t− τ)−
5
4

{
∥⟨ϕw1⟩(τ)∥1 + ∥F (τ)∥1

}
dτ

+C

∫ t

t
2

(1 + t− τ)−
3
4

{
∥∂x1⟨ϕw1⟩(τ)∥1 + ∥∂x1(σ1(τ)

2)∥1 + ∥F 2(τ)∥1
}
dτ

≤ CM(t)2

{∫ t
2

0

(1 + t− τ)−
5
4 (1 + τ)−

1
2 dτ +

∫ t

t
2

(1 + t− τ)−
3
4 (1 + τ)−1 dτ

}
≤ C(1 + t)−

3
4M(t)2.
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We thus obtain

(6.2)
1∑

k=0

(1 + t)
1
4
+ k

2 ∥∂k
x1
σ1(t)∥2 + (1 + t)

3
4∥u1(t)∥2 ≤ C{∥u0∥1 +M(t)2}.

It remains to estimate time derivatives. Since

−L̂P1u = χ̂1λ̂0(ξ)Π̂ (ξ)û = χ̂1λ̂0(ξ)P̂1u,

we see from (5.7) that

(6.3) ∂tP̂1u = χ̂1λ̂0(ξ)P̂1u+ P̂1F

with λ̂0(ξ) = −(ia0ξ + κ0ξ
2 +O(ξ3)) = O(ξ). It then follows from (6.3) and

Lemma 6.2 (vi) that

(6.4)
∥∂tP1u(t)∥2 ≤ C{∥∂x1P1u(t)∥2 + ∥P1F (t)∥2}

≤ C(1 + t)−
3
4{∥u0∥1 +M(t)2}.

Concerning ∥∂j+1
t P1u(t)∥2 for j = 1, · · · , [m/2]− 1, we obtain from (6.3)

∥∂j+1
t P1u(t)∥2 ≤ C{∥∂j

tP1u(t)∥2 + ∥∂j
tP1F ∥2}.

Since
∥∂j

tF ∥2 ≤ C(1 + t)−
3
4M(t)2

for 0 ≤ j ≤ [m/2] − 1 as we will see in Proposition 8.5 and Proposition 8.6
below, we find by induction on j, together with (6.4), that the estimate

(6.5) ∥∂j+1
t P1u(t)∥2 ≤ C(1 + t)−

3
4{∥u0∥1 +M(t)2}

holds for j = 0, 1, · · · , [m/2]− 1.
The desired result now follows from (6.2) and (6.5). This completes the

proof. �

7. Estimates on P̃∞u(t)

In this section we prove estimate (5.15) for σ∞ and u∞ by a variant of
Matsumura-Nishida energy method as in [8, Section 5].

We first show the following inequality.

Proposition 7.1. There exist ν0, γ0 and ω0 such that if ν ≥ ν0, γ
2/(ν+ ν̃) ≥

γ2
0 and ∥ρs−1∥Cm+1[0,1] ≤ ω0, then a solution u(t) of (4.1) in Zm(T ) satisfies

(7.1)
d

dt
Ẽ(t) + 2D(t) ≤ R̃(t).

Here Ẽ(t), D(t) and R̃(t) are quantities such that
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(i) Ẽ(t) + Jw∞(t)K2m−2 is equivalent to E∞(t),

(ii) D(t) is equivalent to D∞(t),

(iii) R̃(t) satisfies estimate (5.16).

The proof of Proposition 7.1 is similar to that of (5.64) in [8]. So we here
give an outline only.

We introduce some quantities. Let E(0)[P̃∞u] and D(0)[w] be defined by

E(0)[P̃∞u] =
α0

γ2
∥σ∞∥22 +

1

γ2

∥∥√P ′(ρs)
γ2ρs

ϕ∞
∥∥2
2
+ ∥√ρsw∞∥22

for P̃∞u = σ∞u(0) + u∞ with u∞ = ⊤(ϕ∞, w∞); and

D(0)[w] = ν∥∇w∥22 + ν̃∥divw∥22.

Note that
⟨⟨Au(t), u(t)⟩⟩ = D(0)[w(t)]

for u = ⊤(ϕ,w) ∈ Zm(T ).
We denote the tangential derivatives ∂j

t ∂
k
x′ by Tj,k:

Tj,ku = ∂j
t ∂

k
x′u.

It is easy to see that Lemma 4.4 and Lemma 4.5 of [8] hold with σ1 and
⟨·, ·⟩1 in [8] replaced by σ∞ and ⟨·, ·⟩∞, respectively. Namely, we have the
following lemmas.

Lemma 7.2 ([8, Lemma 4.4]). (i) ⟨∂x1f⟩∞ = ∂x1⟨f⟩∞ and ∥∂x1⟨f⟩∞∥2 ≤
∥⟨f⟩∞∥2.

(ii) Let σ = σ(x1) with supp (σ̂) ⊂ {|ξ| ≤ 1}. Then

(⟨Q0B̃u⟩∞, σ) = −γ2

α0

⟨⟨u, B̃(σu
(0)
0 )⟩⟩.

(iii) ⟨⟨⟨f⟩∞u
(0)
0 , u∞⟩⟩ = 0 for u∞ ∈ Range (P∞).

Lemma 7.3. ([8, Lemma 4.5]). There hold the following assertions.

(i) ∥⟨Q0B̃(σ∞u(0) + u∞)⟩∞∥22 ≤ C(∥∂x1σ∞∥22 + ∥∂x1ϕ∞∥22 + γ4∥∂x1w∞∥22).
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(ii) If w2
∞|x2=0,1 = 0, then ⟨Q0B̃u∞⟩∞ = ⟨Q0Bu∞⟩∞ = ⟨v1s∂x1ϕ∞+γ2div (ρsw∞)⟩∞.

(iii) If w2
∞|x2=0,1 = 0, ∥ρs − 1∥Cm+1[0,1] ≤ ω0 and 2j + k ≤ m, then

∥∂k
x1
∂j
t ⟨Q0B̃(σ∞u(0) + u∞)⟩∞∥22

≤ C{∥∂p
x1
∂j
tσ∞∥22 + ∥∂q

x1
∂j
tϕ∞∥22 + γ4∥div (∂r

x1
∂j
tw∞)∥22 + γ4ω2

0∥∂s
x1
∂j
tw∞∥22}

for 0 ≤ p, q ≤ k + 1, 0 ≤ r, s ≤ k.

We begin with the L2 energy estimates for tangential derivatives. We set

σ∗ = σ1 + σ∞, ϕ∗ = ϕ1 + ϕ∞, w∗ = w1 + w∞,

u∗ =
⊤(ϕ∗, w∗) (= u1 + u∞).

We will write Q̃F = ⊤(0,f) in the form

Q̃F = F̃ 0 + F̃ 1 + F̃ 2 + F̃ 3,

where F̃ l =
⊤(0,f l) (l = 0, 1, 2, 3) with

f 0 = −w · ∇w + f1(ρs, ϕ)(−∂2
x1
σ∗w

(0) +
∂2
x2

vs

γ2ρs
ϕ∗)

+f2(ρs, ϕ)(−∂2
x1
σ∗w

(0) − ∂x1σ∗∂x2w
(0))

+f 01(x2, ϕ)ϕσ∗ + f 02(x2, ϕ)ϕ∂x1σ∗ + f 03(x2, ϕ)ϕϕ∗,

f 1 = −div (f1(ρs, ϕ)∇w∗) +
⊤(∇w∗)∇(f1(ρs, ϕ)),

f 2 = −∇(f2(ρs, ϕ)divw∗) + (divw∗)∇(f2(ρs, ϕ)),

f 3 = ∇(f3(x2, ϕ)ϕϕ∗)− ϕ∗∇(f3(x2, ϕ)ϕ).

Here ∇w∗ denotes the 2 × 2 matrix (∂xi
wj

∗); f1 =
νϕ

(ϕ+γ2ρs)ρs
; f2 =

ν̃ϕ
(ϕ+γ2ρs)ρs

;

and f 0l(x2, ϕ) (l = 1, 2, 3) and f3(x2, ϕ) are some smooth functions of x2 and
ϕ.

Proposition 7.4. There is a constant ν0 > 0 such that if ν ≥ ν0 and
∥ρs − 1∥Cm+1[0,1] ≤ 1, then the following estimate holds for 0 ≤ 2j + k ≤ m:

(7.2)

1
2

d
dt
E(0)[Tj,kP̃∞u] + 3

4
D(0)[Tj,kw∞]

≤ R
(1)
j,k + C

{(
1
γ2 +

ν+ν̃
γ4

)
∥∂x′Tj,kσ∞∥22 +

(
1
γ2 +

ν
γ4

)
∥T̃j,kϕ∞∥22

}
,
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where

T̃j,kϕ∞ =

{
∂xϕ∞ (j = k = 0),

Tj,kϕ∞ (2j + k ≥ 1);

and R
(1)
j,k is given by

R
(1)
j,k = α0

γ2 {(⟨Q0Tj,kF ⟩∞, Tj,kσ∞)− (⟨Q0Tj,kP1F ⟩∞, Tj,kσ∞)}

+R̃
(1)
j,k − ⟨⟨⟨Q0Tj,kF ⟩∞u(0), Tj,ku∞⟩⟩

+⟨⟨Tj,kP1F , Tj,ku∞⟩⟩ − ⟨⟨⟨Q0Tj,kP1F ⟩∞u(0), Tj,ku∞⟩⟩.

Here
R̃

(1)
j,k = ⟨⟨Tj,kF , Tj,ku∞⟩⟩

when 2j + k ≤ m− 1; and

R̃
(1)
j,k = −(Tj,k(ϕdivw), Tj,kϕ∞

P ′(ρs)
γ4ρs

) + 1
2
(div (P

′(ρs)
γ4ρs

w), |Tj,kϕ∞|2)

−([Tj,k, w∞]∇ϕ∞, Tj,kϕ∞
P ′(ρs)
γ4ρs

)

+⟨⟨Tj,kf 0, Tj,kw∞ρs⟩⟩+
∑3

l=1 ⟨⟨Tj,kf l, Tj,kw∞ρs⟩⟩−1

when 2j + k = m. Here and in what follows, for G = g+ ∂xj
g̃ with g, g̃ ∈ L2

and v ∈ H1
0 , ⟨⟨G, v⟩⟩−1 denotes

⟨⟨G, v⟩⟩−1 = (g, v)− (g̃, ∂xj
v).

Outline of Proof. We apply Tj,k to (5.3) and (5.4). We then take the inner
products of the resulting equations with Tj,kσ∞ and Tj,ku∞. Using Lemma
7.2 (ii) and integration by parts with the symmetric properties of A and B:

⟨⟨Au, u⟩⟩ = D(0)[w],

⟨⟨Bu, u⟩⟩ = −⟨⟨u,Bu⟩⟩ = 0,

we obtain
(7.3)
1

2

d

dt
∥Tj,kσ∞∥22 −

γ2

α0

⟨⟨Tj,ku∞, B̃(Tj,kσ∞u
(0)
0 )⟩⟩ = (⟨Q0Tj,kP

(0)
∞ F ⟩∞, Tj,kσ∞),
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(7.4)
1
2

d
dt

(
1
γ2

∥∥√P ′(ρs)
γ2ρs

Tj,kϕ∞
∥∥2
2
+ ∥√ρsTj,kw∞∥22

)
+D(0)[Tj,kw∞] + ⟨⟨C0Tj,ku∞, Tj,ku∞⟩⟩+ ⟨⟨M̃(Tj,kσ∞u(0)), Tj,ku∞⟩⟩

−⟨⟨⟨Q0B̃(Tj,kσ∞u(0) + Tj,ku∞)⟩∞u
(0)
1 , Tj,ku∞⟩⟩ = ⟨⟨Tj,kF∞, Tj,ku∞⟩⟩.

We add α0

γ2 × (7.3) to (7.4). Then, since

⟨⟨M̃(Tj,kσ∞u(0)), Tj,ku∞⟩⟩

= ⟨⟨Ã(Tj,kσ∞u(0)), Tj,ku∞⟩⟩+ ⟨⟨B̃(Tj,kσ∞u
(0)
0 ), Tj,ku∞⟩⟩

+⟨⟨B̃(Tj,kσ∞u
(0)
1 ), Tj,ku∞⟩⟩,

the term ⟨⟨B̃(Tj,kσ∞u
(0)
0 ), Tj,ku∞⟩⟩ is cancelled. We thus arrive at

(7.5)

1
2

d
dt
E(0)[Tj,kP̃∞u] +D(0)[Tj,kw∞]

+
{
⟨⟨C0Tj,ku∞, Tj,ku∞⟩⟩+ ⟨⟨Ã(Tj,kσ∞u(0)), Tj,ku∞⟩⟩

+⟨⟨B̃(Tj,kσ∞u
(0)
1 ), Tj,ku∞⟩⟩

−⟨⟨⟨Q0B̃(Tj,kσ∞u(0) + Tj,ku∞)⟩∞u
(0)
1 , Tj,ku∞⟩⟩

}
=

α0

γ2
(⟨Q0Tj,kP

(0)
∞ F ⟩∞, Tj,kσ∞) + ⟨⟨Tj,kF∞, Tj,ku∞⟩⟩.

The desired estimate for the case 2j + k ≤ m− 1 now follows from (7.5) by
substituting

F∞ = F − ⟨Q0F ⟩∞u(0) − {P1F − ⟨Q0P1F ⟩∞u(0)}

and
⟨Q0P

(0)
∞ F ⟩∞ = ⟨Q0F ⟩∞ − ⟨Q0P1F ⟩∞

into the right-hand side of (7.5) with the aid of Lemma 5.2 (ii) and Lemma
7.3. In case 2j + k = m, the computation above is formal; and the desired
result can formally be obtained by further integration by parts on R̃j,k. This
can be justified by an argument of commutator estimate for the transport
equation (5.3) and a theory of weak solutions of the parabolic equation (5.4)
as in, e.g., [9]. �

We next derive the H1-parabolic estimates for w∞. We define J [P̃∞u] by

J [P̃∞u] = −2⟨⟨σ∞u(0) + u∞, BQ̃u∞⟩⟩ for P̃∞u = σ∞u(0) + u∞.
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A direct computation shows that if γ2 ≥ 1 and ∥ρs − 1∥Cm+1[0,1] ≤ 1, then

|J [P̃∞u]| ≤ b0γ
2

ν
E(0)[P̃∞u] +

1

2
D(0)[w∞]

for some constant b0 > 0.
Let b1 be a positive constant (to be determined later) and define E(1)[P̃∞u]

by
E(1)[P̃∞u] = 2b1γ2

ν
E(0)[P̃∞u] +D(0)[w∞] + J [P̃∞u].

Note that if b1 ≥ b0, then E(1)[P̃∞u] is equivalent to E(0)[P̃∞u] +D(0)[w∞].

Proposition 7.5. There exists b1 ≥ b0 such that if ν ≥ ν0, γ
2 ≥ 1, γ2

ν+ν̃
≥ 1

and ∥ρs − 1∥Cm+1[0,1] ≤ 1, then the following estimate holds for 0 ≤ 2k + j ≤
m− 1:

(7.6)

1
2

d
dt
E(1)[Tj,kP̃∞u] + b1γ2

ν
D(0)[Tj,kw∞] + 1

2
∥√ρs∂tTj,kw∞∥22

≤ R
(2)
j,k + C

{(
1
ν
+ ν+ν̃

γ2

)
∥∂x′Tj,kσ∞∥22

+
(
1
ν
+ 1

γ2 +
ν2

γ4

)
∥T̃j,kϕ∞∥22 + 1

γ2∥∂x1Tj,kϕ∞∥22
}
,

where

R
(2)
j,k =

2b1γ
2

ν
R

(1)
j,k + C∥Tj,kF ∥22.

Outline of Proof. We consider the case j = k = 0. We take the inner
product of (5.4) with ∂tQ̃u∞ to obtain

(7.7)
∥√ρs∂tw∞∥22 + ⟨⟨Lu∞, ∂tQ̃u∞⟩⟩+ ⟨⟨M̃(σ∞u(0)), ∂tQ̃u∞⟩⟩

−⟨⟨⟨Q0B̃(σ∞u(0) + u∞)⟩∞u(0), ∂tQ̃u∞⟩⟩ = ⟨⟨F∞, ∂tQ̃u∞⟩⟩.

By using the symmetric property of A we have

(7.8)
⟨⟨Lu∞, ∂tQ̃u∞⟩⟩ = 1

2
d
dt
D(0)[w∞] + ⟨⟨Bu∞, ∂tQ̃u∞⟩⟩

+⟨⟨C0u∞, ∂tQ̃u∞⟩⟩.

As for the second term on the right of (7.8), we rewrite it as

(7.9)

⟨⟨Bu∞, ∂tQ̃u∞⟩⟩ = − d
dt
⟨⟨u∞, BQ̃u∞⟩⟩+ ⟨⟨∂tu∞, BQ̃u∞⟩⟩

= − d
dt
⟨⟨u∞, BQ̃u∞⟩⟩+ ⟨⟨∂tQ0u∞, BQ̃u∞⟩⟩

+⟨⟨∂tQ̃u∞, BQ̃u∞⟩⟩.
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By (5.4), we have

∂tϕ∞ = −{v1s∂x1ϕ∞ + γ2div (ρsw∞) + (v1sϕ
(0) + γ2ρsw

(0),1)∂x1σ∞

−⟨Q0B̃(σ∞u(0) + u∞)⟩∞ϕ(0)}+ f 0
∞.

We thus obtain, if ∥ρs − 1∥Cm+1[0,1] ≤ 1, then

|⟨⟨∂tQ0u∞, BQ̃u∞⟩⟩|

≤ C
{
∥∂x1ϕ∞∥2 + γ2∥∂xw∞∥2 + ∥∂x1σ∞∥2

}
∥div (ρsw∞)∥2

+C∥Q0F∞∥2∥div (ρsw∞)∥2

≤ C
{

γ2

ν
D(0)[w∞] + 1

γ2 (∥∂x1ϕ∞∥22 + ∥∂x1σ∞∥22 + ∥Q0F∞∥22)
}
.

It then follows from (7.9) that

(7.10)

⟨⟨Bu∞, ∂tQ̃u∞⟩⟩

≥ − d
dt
⟨⟨u∞, BQ̃u∞⟩⟩ − |⟨⟨∂tQ̃u∞, BQ̃u∞⟩⟩|

−C
{

γ2

ν
D(0)[w∞] + 1

γ2 (∥∂x1ϕ∞∥22 + ∥∂x1σ1∥22 + ∥Q0F∞∥22)
}
.

We deduce from (7.8) and (7.10) that
(7.11)
⟨⟨Lu∞, ∂tQ̃u∞⟩⟩ ≥ 1

2
d
dt

(
D(0)[w∞]− 2⟨⟨u∞, BQ̃u∞⟩⟩

)
−|⟨⟨C0u∞, ∂tQ̃u∞⟩⟩| − |⟨⟨∂tQ̃u∞, BQ̃u∞⟩⟩|

−C
{

γ2

ν
D(0)[w∞] + 1

γ2 (∥∂x1ϕ∞∥22 + ∥∂x1σ∞∥22 + ∥Q0F∞∥22)
}
,

provided that γ2 ≥ 1 and ∥ρs − 1∥Cm+1[0,1] ≤ 1.

We next consider ⟨⟨M̃(σ∞u(0)), ∂tQ̃u∞⟩⟩ on the left-hand side of (7.7):
(7.12)
⟨⟨M̃(σ∞u(0)), ∂tQ̃u∞⟩⟩ = ⟨⟨Ã(σ∞u(0)), ∂tQ̃u∞⟩⟩+ ⟨⟨B̃(σ∞u(0)), ∂tQ̃u∞⟩⟩.

By Lemma 5.2 (ii) we have ∥∂k
x1
σ∞∥2 ≤ ∥∂x1σ∞∥2 for k ≥ 1. This, together

with the fact w(0),1 = O(γ−2), yields
(7.13)

|⟨⟨Ã(σ∞u(0)), ∂tQ̃u∞⟩⟩| ≤ C ν+ν̃
γ2 (∥∂x1σ1∥2 + ∥∂2

x1
σ1∥2)∥

√
ρs∂tw∞∥2

≤ 1
12
∥√ρs∂tw∞∥22 + C (ν+ν̃)2

γ4 ∥∂x1σ∞∥22.
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The second term on the right of (7.12) is treated in a similar manner to

the estimate (7.10). Since Lu(0) = 0, we have ∂xn

(
P ′(ρs)
γ2ρs

ϕ(0)
)
= 0. It then

follows that B̃(σ∞u(0)) = B(σ∞u(0)), and hence,

⟨⟨B̃(σ∞u(0)), ∂tQ̃u∞⟩⟩ = ⟨⟨B(σ∞u(0)), ∂tQ̃u∞⟩⟩

= − d
dt
⟨⟨σ∞u(0), BQ̃u∞⟩⟩+ ⟨⟨∂tσ∞u(0), BQ̃u∞⟩⟩.

By (5.3) we have

∂tσ∞ = −⟨Q0B̃(σ∞u(0) + u∞)⟩∞ + ⟨Q0P
(0)
∞ F ⟩∞.

Substituting this into ⟨⟨∂tσ∞u(0), BQ̃u∞⟩⟩ we obtain
(7.15)

|⟨⟨∂tσ∞u(0), BQ̃u∞⟩⟩|

≤ C
{

γ2

ν
D(0)[w∞] + 1

γ2 (∥∂x1σ∞∥22 + ∥∂x1ϕ∞∥22 + ∥⟨Q0P
(0)
∞ F ⟩∞∥22)

}
,

provided that ∥ρs − 1∥Cm+1[0,1] ≤ 1.
We thus find from (7.12)–(7.15) that

(7.16)
⟨⟨M̃(σ∞u(0)), ∂tQ̃u∞⟩⟩

≥ − d
dt
⟨⟨σ∞u(0), BQ̃u∞⟩⟩ − 1

4
∥√ρs∂tw∞∥22

−C
{

γ2

ν
D(0)[w∞] + 1

γ2 (∥∂x1σ∞∥22 + ∥∂x1ϕ∞∥22 + ∥⟨Q0P
(0)
∞ F ⟩∞∥22)

+ (ν+ν̃)2

γ4 ∥∂x1σ∞∥22
}

if ∥ρs − 1∥Cm+1[0,1] ≤ 1.
It follows from (7.7), (7.11) and (7.16) that

(7.17)
1
2

d
dt
(D(0)[w∞] + J [P̃∞u]) + 3

4
∥√ρs∂tw∞∥22

≤ |⟨⟨C0u∞, ∂tQ̃u∞⟩⟩|+ ⟨⟨∂tQ̃u∞, BQ̃u∞⟩⟩|

+|⟨⟨⟨Q0B̃(σ∞u(0) + u∞⟩∞u(0), ∂tQ̃u∞⟩⟩|+ |⟨⟨F∞, ∂tQ̃u∞⟩⟩|

+C
{

γ2

ν
D(0)[w∞] + 1

γ2

(
∥∂x1ϕ∞∥22 + ∥∂x1σ∞∥22 + ∥Q0F∞∥22 + ∥⟨Q0P

(0)
∞ F ⟩∞∥22

)
+ (ν+ν̃)2

γ4 ∥∂x1σ∞∥22
}
.

We estimate the right-hand side of (7.17) by using the Schwartz inequality
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and Lemma 7.3 to obtain

(7.18)

1
2

d
dt
(D(0)[w∞] + J [u]) + 1

2
∥√ρs∂tw∞∥22

≤ C∥F ∥22 + C γ2

ν
D(0)[w∞]

+C
{(

1
γ2 +

(ν+ν̃)2

γ4

)
∥∂x1σ∞∥22 + ν2

γ4∥ϕ∞∥22 + 1
γ2∥∂x1ϕ∞∥22

}
.

Taking b1 > 0 in such a way that b1 ≥ max{b0, 2C} and adding 2b1γ2

ν
× (7.2)

to (7.18), we obtain the desired estimate. The case 1 ≤ 2j + k ≤ m− 1 can
be treated similarly. �

As for the dissipative estimates for x2-derivatives of ϕ∞, we have the
following inequality.

Proposition 7.6. If ∥ρs−1∥Cm+1[0,1] ≤ min{1, (ν+ν̃)2

γ4 , ω0}, then the following
estimate holds for 0 ≤ 2j + k + l ≤ m− 1:

(7.19)

1
2

d
dt

1
γ2

∥∥√P ′(ρs)
γ2ρs

Tj,k∂
l+1
x2

ϕ∞
∥∥2
2
+ 1

2(ν+ν̃)

∥∥ P̃ ′(ρs)
γ2 Tj,k∂

l+1
x2

ϕ∞
∥∥2
2

≤ R
(3)
j,k,l + C ν+ν̃

γ4 ∥Kj,k,l∥22,

where

R
(3)
j,k,l =

∣∣∣∣ 1

2γ2
(div (P

′(ρs)
γ2ρs

w), |Tj,k∂
l+1
x2

ϕ∞|2)
∣∣∣∣+ ν + ν̃

γ4
∥Hj,k,l∥22

with

∥Hj,k,l∥22 ≤ C
{
∥[Tj,k∂

l+1
x2

, w] · ∇ϕ∞∥22 + ∥Tj,k∂
l+1
x2

f̃0
∞∥22 + ∥ γ2ρ2s

ν + ν̃
Tj,k∂

l
x2
f 2
∞∥22

}
,

and

f̃0
∞ = −ϕdivw − w · ∇(σ∗ϕ

(0) + ϕ1)− {f0
1 − ⟨Q0P1F ⟩∞ϕ(0)}

with P1F = ⊤(f0
1 , f

1
1 , f

2
1 ); and Kj,k,l is estimated as

ν+ν̃
γ4 ∥Kj,k,l∥22

≤ C
{

ν2

ν+ν̃
∥Tj,k+1∂

l
x2
∂xw∞∥22 + 1

ν+ν̃
∥√ρs∂tTj,k∂

l
x2
w∞∥22

+(ν + ν̃)ω2
0

(∑l−1
p=0 ∥Tj,k+1∂

p
x2
∂xw∞∥22 +

∑l
p=0 ∥Tj,k∂

p
x2
∂xw∞∥22

)
+ 1

ν+ν̃

∑l
p=0 ∥Tj,k+1∂

p
x2
w∞∥22

+ν+ν̃
γ4

(∑l
p=0 ∥Tj,k∂

p
x2
∂xϕ∞∥22 + ∥∂x1Tj,kσ∞∥22

)}
.
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Outline of Proof. The first equation of (5.4) is written as

∂tϕ∞ + (vs + w) · ∇ϕ∞ + γ2ρs∂x1w
1
∞ + γ2∂x2(ρsw

2
∞)

+(v1sϕ
(0) + γ2ρsw

(0),1)∂x1σ∞ − ⟨Q0B̃(σ∞u(0) + u∞)⟩∞ϕ(0)

= f̃ 0
∞.

Applying Tj,k∂
l+1
x2

to this equation, we have

(7.20)

∂t(Tj,k∂
l+1
x2

ϕ∞) + (vs + w) · ∇(Tj,k∂
l+1
x2

ϕ∞) + γ2ρsTj,k∂
l+2
x2

wn
∞

= −[Tj,k∂
l+1
x2

, vs + w] · ∇ϕ∞ − γ2∂l+1
x2

(ρs∂x1Tj,kw
1
∞)

−γ2[∂l+2
x2

, ρs]Tj,kw
2
∞ − ∂l+1

x2
(v1sϕ

(0) + γ2ρsw
(0),1)∂x1Tj,kσ∞

+⟨Q0B̃(Tj,kσ∞u(0) + Tj,ku∞)⟩∞∂l+1
x2

ϕ(0) + Tj,k∂
l+1
x2

f̃0
∞.

The third equation of (5.4) is written as

−ν+ν̃
ρs

∂2
x2
w2

∞ + ∂x2(
P ′(ρs)
γ2ρs

ϕ∞)

= −
{
∂tw

2
∞ − ν

ρs
∂2
x1
w2

∞ − ν̃
ρs
∂x2∂x1w

1
∞ + v1s∂x1w

2
∞ − ν̃

ρs
(∂x2w

(0),1)∂x1σ∞
}
+ f 2

∞.

Applying Tj,k∂
l
x2

to this equation, we have

(7.21)

−ν+ν̃
ρs

Tj,k∂
l+2
x2

w2
∞ + P ′(ρs)

γ2ρs
Tj,k∂

l+1
x2

ϕ∞

= (ν + ν̃)[∂l
x2
, 1
ρs
]∂2

x2
Tj,kw

2
∞ − [∂l+1

x2
, P

′(ρs)
γ2ρs

]Tj,kϕ∞

−
{
∂tTj,k∂

l
x2
w2

∞ − Tj,k∂
l
x2

(
ν
ρs
∂2
x1
w2

∞ + ν̃
ρs
∂x2∂x1w

1
∞
)

+Tj,k∂
l
x2
(v1s∂x1w

2
∞)− ∂l

x2
( ν̃
ρs
∂x2w

(0),1)∂x1Tj,kσ∞
}
+ Tj,k∂

l
x2
f2
∞.

Adding γ2ρ2s
ν+ν̃

× (7.21) to (7.20), we have

(7.22)
∂t(Tj,k∂

l+1
x2

ϕ∞) + (vs + w) · ∇(Tj,k∂
l+1
x2

ϕ∞) + ρsP ′(ρs)
ν+ν̃

Tj,k∂
l+1
x2

ϕ∞

= Hj,k,l +Kj,k,l,

where

Hj,k,l = −[Tj,k∂
l+1
x2

, w] · ∇ϕ∞ + Tj,k∂
l+1
x2

f̃ 0
∞ +

γ2ρ2s
ν + ν̃

Tj,k∂
l
x2
f2
∞,
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Kj,k,l = −[∂l+1
x2

, v1s ] · ∇Tj,kϕ∞ − γ2[∂l+1
x2

, ρs]∂x1Tj,kw
′
∞

−γ2[∂l+2
x2

, ρs]Tj,kw
2
∞ − ∂l+1

x2
(v1sϕ

(0) + γ2ρsw
(0),1)∂x1Tj,kσ∞

+⟨Q0B̃(Tj,kσ∞u(0) + Tj,ku∞)⟩∞∂l+1
x2

ϕ(0)

+γ2ρ2s[∂
l
x2
, 1
ρs
]∂2

x2
Tj,kw

2
∞ − γ2ρ2s

ν+ν̃
[∂l+1

x2
, P

′(ρs)
γ2ρs

]Tj,kϕ∞

−γ2ρ2s
ν+ν̃

{
∂tTj,k∂

l
x2
w2

∞ − ν
ρs
∂2
x1
Tj,k∂

l
x2
w2

∞ + ν
ρs
∂l+1
x2

∂x1Tj,kw
1
∞

−ν[∂l
x2
, 1
ρs
]∂2

x1
Tj,kw

2
∞ − ν̃[∂l

x2
, 1
ρs
]∂x2∂x1Tj,kw

1
∞

+Tj,k∂
l
xn
(v1s∂x1w

2
∞)− ∂l

x2
( ν̃
ρs
∂x2w

(0),1)∂x1Tj,kσ∞
}
.

Multiplying (7.22) by P̃ ′(ρs)
γ4ρs

Tj,k∂
l+1
x2

ϕ∞ and integrating over Ω, we have
the desired inequality for 2j + k+ l ≤ m− 2. In case 2j + k+ l = m− 1 the
computation is formal, but it can be done rigorously by using an argument
of commutator estimate for the transport equation (7.22) as in, e.g., [9].

�

The following estimate for the material derivative of ϕ∞ plays an impor-
tant role to obtain the dissipative estimate for higher order x2-derivatives of
w∞. We denote the material derivative of ϕ∞ by ϕ̇∞:

ϕ̇∞ = ∂tϕ∞ + (vs + w) · ∇ϕ∞.

Proposition 7.7. (i) If ∥ρs − 1∥Cm+1[0,1] ≤ min{1, (ν+ν̃)2

γ4 , ω0}, then the fol-
lowing estimate holds for 0 ≤ 2j + k + l ≤ m− 1:

(7.23)

1
2

d
dt

1
γ2∥
√

P ′(ρs)
γ2ρs

Tj,k∂
l+1
x2

ϕ∞∥22 + 1
4(ν+ν̃)

∥P ′(ρs)
γ2 Tj,k∂

l+1
x2

ϕ∞∥22

+c0
ν+ν̃
γ4 ∥Tj,k∂

l+1
x2

ϕ̇∞∥22

≤ R
(3)
j,k,l + C ν+ν̃

γ4 ∥Kj,k,l∥22,

where c0 is a positive constant; and R
(3)
j,k,l and Kj,k,l satisfy the same estimates

as in Proposition 7.6.

(ii) Let 0 ≤ q ≤ k. Then

(7.24)

ν+ν̃
γ4 ∥Tj,kϕ̇∞∥22 ≤ C

{
R

(4)
j,k +D(0)[Tj,kw∞] + (ν + ν̃)ω2

0∥Tj,kw∞∥22

+ν+ν̃
γ4 ∥∂x1Tj,kσ∞∥22 + ν+ν̃

γ4 ∥∂x1Tj,qϕ∞∥22
}
,
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where R
(4)
j,k = ν+ν̃

γ4 ∥Tj,kf̃
0
∞∥22.

Outline of Proof. By (7.22), we have

Tj,k∂
l+1
x2

ϕ̇∞ = −ρsP̃
′(ρs)

ν + ν̃
Tj,k∂

l+1
x2

ϕ∞ + H̃j,k,l + K̃j,k,l,

where
H̃j,k,l = [Tj,k∂

l+1
x2

, w] · ∇ϕ∞ +Hj,k,l,

K̃j,k,l = [∂l+1
x2

, vs] · ∇Tj,kϕ∞ +Kj,k,l.

This, together with (7.19), gives (7.23).
The estimate (7.24) follows from the first equation of (5.4) which is written

as
Tj,kϕ̇∞ = −ρsγ

2div (Tj,kw∞)− γ2(∂x2ρs)Tj,kw
2
∞

−(v1sϕ
(0) + γ2ρsw

(0),1)∂x1Tj,kσ∞

+⟨Q0B̃(Tj,kσ∞u(0) + Tj,ku∞)⟩∞ϕ(0) + Tj,kf̃
0
∞.

Applying Tj,k to this equation, we can obtain (7.24). �

Let us derive the dissipative estimates for σ∞.

Proposition 7.8. There are positive constants ν0 and γ0 such that if ν ≥ ν0
and γ2/(ν+ν̃) ≥ γ2

0 , then the following estimate holds for 0 ≤ 2j+k ≤ m−1:

(7.25)

1
2

d
dt

ν
γ2(ν+ν̃)

∥Tj,kσ∞∥22 + α1

2(ν+ν̃)
∥∂x1Tj,kσ∞∥22

≤ R
(5)
j,k + C

{
1

ν+ν̃
∥∂tTj,kw∞∥22 +D(0)[Tj,kw∞]

+
(

1
ν+ν̃

+ ν2

γ4(ν+ν̃)

)
∥∂x2Tj,pϕ∞∥22

}
,

where α1 > 0 is a constant; p is any integer satisfying 0 ≤ 2j + p + 1 ≤ m
and 0 ≤ p ≤ k; and

R
(5)
j,k = ν

γ2(ν+ν̃)
(Q0Tj,kP

(0)
∞ F , Tj,kσ∞)− 1

ν+ν̃
(ρs(−∆)−1(ρs∂x1Tj,kf

1
∞), Tj,kσ∞).

Here (−∆)−1 is the inverse of −∆ on L2(Ω) with domain D(−∆) = H2(Ω)∩
H1

0 (Ω).

Outline of Proof. We rewrite (5.3) as

(7.26)
∂tσ∞ + γ2∂x1⟨ρsw1

∞⟩∞ + ⟨Q0B̃(σ∞u(0))⟩∞

= ⟨Q0P
(0)
∞ F ⟩∞ − ∂x1⟨v1sϕ∞⟩∞.
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Since Lu(0) = 0, we have ∂x2

(
P ′(ρs)
γ2ρs

ϕ(0)
)

= 0. Furthermore, since 1 =

⟨u(0), u(0)∗⟩ = ⟨ϕ(0)⟩, we have P ′(ρs)
γ2ρs

ϕ(0) = α0. Therefore, the second equation

of (5.4) is written as

(7.27) −∆w1
∞ = −α0

ν
ρs∂x1σ∞ + f̃1

∞ +
ρs
ν
f 1
∞,

where

f̃1
∞ = −ρs

ν

{
∂tw

1
∞ − ν̃

ρs
∂x1divw∞ + P ′(ρs)

γ2ρs
∂x1ϕ∞ + v1s∂x1w

1
∞

+
ν∂2

x2
v1s

γ2ρ2s
ϕ∞ + (∂x2v

1
s)w

1
∞ − ν+ν̃

ρs
(∂2

x1
σ∞)w(0),1 + v1sw

(0),1∂x1σ∞

−⟨Q0B̃(σ∞u(0) + u∞)⟩∞w(0),1
}
.

It follows from (7.27) that

(7.28) w1
∞ = −α0

ν
(−∆)−1(ρs∂x1σ∞) + (−∆)−1(f̃1

∞ +
ρs
ν
f 1
∞).

Substituting (7.28) into the second term on the left-hand side of (7.26), we
have
(7.29)

∂tσ∞ − α0γ2

ν
⟨ρs(−∆)−1(ρs∂

2
x1
σ∞)⟩∞ + ⟨Q0B̃(σ∞u(0))⟩∞

= ⟨Q0P
(0)
∞ F ⟩∞ − ∂x1⟨v1sϕ∞⟩∞ − γ2∂x1⟨ρs(−∆)−1(f̃ 1

∞ + 1
ν
ρsf

1
∞)⟩∞.

By the Plancherel theorem,

−(⟨ρs(−∆)−1(ρs∂
2
x1
σ∞)⟩∞, σ∞) = (2π)−1((χ̂1+χ̂2)|ξ|2⟨ρs(|ξ|2−∂2

x2
)−1ρs⟩σ̂∞, σ̂∞).

Since there exists a constant c > 0 such that

⟨ρs(|ξ|2 − ∂2
x2
)−1ρs⟩ = |(|ξ|2 − ∂2

x2
)−

1
2ρs|22 ≥ c > 0

for |ξ| ≤ 1, we have

−(⟨ρs(−∆)−1(ρs∂
2
x1
σ∞)⟩∞, σ∞) ≥ (2π)−1c∥|ξ|σ̂∞∥22 = c∥∂x1σ∞∥22.

Furthermore,

(⟨Q0B̃(σ∞u(0))⟩∞, σ∞) = ⟨v1sϕ(0) + γ2ρsw
(0),1⟩(∂x1σ∞, σ∞) = 0.

Therefore, taking the inner product of (7.29) with σ∞, we can obtain the
desired estimate. �
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We next estimate the higher order derivatives.

Proposition 7.9. If ν ≥ ν0, γ
2 ≥ 1 and ∥ρs − 1∥Cm+1[0,1] ≤ ω0, then there

holds the following estimate for 0 ≤ 2j + k + l ≤ m− 1:

(7.30)

ν2

ν+ν̃
∥∂l+2

x Tj,kw∞∥22 + 1
ν+ν̃

∥∂l+1
x Tj,kϕ∞∥22

≤ CR
(6)
j,k,l + C

{(
ν+ν̃
γ4 + 1

ν+ν̃

)
∥∂x1Tj,kσ∞∥22

+
(
ν+ν̃
γ4 +

ω2
0

ν+ν̃

)
∥Tj,kϕ∞∥2

Hl +
ν+ν̃
γ4 ∥Tj,kϕ̇∞∥2

Hl+1

+ 1
ν+ν̃

∥∂tTj,kw∞∥2
Hl

+
(

1
ν+ν̃

+ (ν + ν̃)ω2
0

)
∥Tj,kw∞∥2

Hl+1 +D(0)[Tj,kw∞]
}
,

where
R

(6)
j,k,l =

ν+ν̃
γ4 ∥Tj,kf̃

0
∞∥2

Hl+1 +
1

ν+ν̃
∥Tj,kf∞∥2

Hl .

Outline of Proof. We use the estimates for the Stokes system. Let ⊤(ϕ̃, w̃)
be the solution of the Stokes system

div w̃ = F in Ω,

−∆w̃ +∇ϕ̃ = G in Ω,

w̃|∂Ω = 0.

Then for any l ∈ Z, l ≥ 0, there exists a constant C > 0 such that

(7.31) ∥∂l+2
x w̃∥22 + ∥∂l+1

x ϕ̃∥22 ≤ C{∥F∥2Hl+1 + ∥G∥2Hl + ∥∂xw̃∥22}.

(See, e.g., [1], [6, Appendix].)
By (5.4), we have

div (Tj,kw∞) = Fj,k in Ω,

−∆(Tj,kw∞) +∇
(

P ′(ρs)
νγ2 Tj,kϕ∞

)
= Gj,k in Ω,

Tj,kw∞|∂Ω = 0,

where

Fj,k = 1
γ2ρs

Tj,kf̃
0
∞ − ∂x2ρs

ρs
Tj,kw

2
∞

− 1
γ2ρs

{
Tj,kϕ̇∞ + (v1sϕ

(0) + γ2ρsw
(0),1)∂x1Tj,kσ∞

−⟨Q0B̃(Tj,kσ∞u(0) + Tj,ku∞)⟩∞ϕ(0)
}
,
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Gj,k = ρs
ν
Tj,kf∞ + P ′(ρs)∇ρs

νγ2ρs
Tj,kϕ∞

−ρs
ν

{
∂tTj,kw∞ − ν̃

ρs
∇Fj,k + v1s∂x1Tj,kw∞ +

ν∂2
x1

v1s
γ2ρ2s

Tj,kϕ∞e1

+(∂x2v
1
s)Tj,kw

2
∞e1 − ν

ρs
w(0)∂2

x1
Tj,kσ∞ − ν̃

ρs
∇(w(0),1∂x1Tj,kσ∞)

+α0∇Tj,kσ∞ + v1sw
(0)∂x1Tj,kσ∞ − ⟨Q0B̃(Tj,kσ∞u(0) + Tj,ku∞)⟩∞w(0)

}
.

Applying (7.31) and noting that

∥∂l+1
x

(
P ′(ρs)
γ2 Tj,kϕ∞

)
∥22 ≥ ∥P ′(ρs)

γ2 ∂l+1
x2

Tj,kϕ∞∥22 − ∥[∂l+1
x2

, P
′(ρs)
γ2 ]Tj,kϕ∞∥22

≥ ∥∂l+1
x2

Tj,kϕ∞∥22 − Cω2
0∥Tj,kϕ∞∥2

Hl+1

≥ 1
2
∥∂l+1

x2
Tj,kϕ∞∥22 − Cω2

0∥Tj,kϕ∞∥2
Hl ,

we can obtain the desired estimate. �

We finally estimate the time derivatives of σ∞ and ϕ∞.

Proposition 7.10. (i) If 0 ≤ 2j ≤ m − 1, then there holds the following
estimate:

(7.32)
∥∂j+1

t σ∞∥22

≤ C
{
R

(7)
j,k + ∥∂x1∂

j
tσ∞∥22 + ∥∂x1∂

j
tϕ∞∥22 + γ4∥∂x1∂

j
tw∞∥22

}
.

Here R
(7)
j = ∥⟨Q0∂

j
tP

(0)
∞ F ⟩∞∥22.

(ii) If 0 ≤ 2j ≤ m − 1 and ∥ρs − 1∥Cm+1[0,1] ≤ 1, then there holds the
following estimate:
(7.33)
∥∂j+1

t ϕ∞∥2Hm−1−2j

≤ C
{
R

(8)
j + ∥∂x1∂

j
tϕ∞∥2Hm−1−2j + γ4∥∂x∂j

tw∞∥2Hm−1−2j + ∥∂x1∂
j
tσ∞∥22

}
.

Here R
(8)
j = ∥∂j

tQ0F∞∥2Hm−1−2j .

Outline of Proof. The estimates (7.32) and (7.33) follows from (5.3) and
the first equation of (5.4)

∂tσ∞ = ⟨Q0P
(0)
∞ F ⟩∞ − ⟨Q0B̃(σ∞u(0) + u∞)⟩∞

and

∂tϕ∞ = f 0
∞ − {v1s∂x1ϕ∞ + γ2div (ρsw∞) + (v1sϕ

(0) + γ2ρsw
(0),1)∂x1σ∞

−⟨Q0B̃(σ∞u(0) + u∞)⟩∞ϕ(0)}.
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�

Proposition 7.1 now follows from combining Propositions 7.4–7.10.

Outline of Proof of Proposition 7.1. We proceed as in [8, Section 5.2].
We define

Ẽ(0)(t) =
∑

2j+k≤m
2j ̸=m

E(0)[Tj,kP̃∞u(t)], E(1)(t) =
∑

2j+k≤m−1 E
(1)[Tj,ku(t)]

E(2)(t) =
∑

2j+k≤m−1
1
γ2∥
√

P ′(ρs)
γ2ρs

∂x2Tj,kϕ∞(t)∥22,

E(3)(t) =
∑

2j+k≤m−1

ν

γ2(ν + ν̃)
∥Tj,kσ∞∥22

and
D̃(0)(t) =

∑
2j+k≤m
2j ̸=m

D(0)[Tj,kw∞(t)],

D(1)(t) =
∑

2j+k≤m−1

(
2b1γ2

ν(ν+ν̃)
D(0)[Tj,kw∞(t)] + 1

ν+ν̃
∥√ρs∂tTj,kw∞(t)∥22

)
,

D(2)(t) =
∑

2j+k≤m−1

(
1

ν+ν̃
∥P ′(ρs)

γ2 ∂x2Tj,kϕ∞(t)∥22 + ν+ν̃
γ4 ∥Tj,kϕ̇∞∥2H1

)
,

D(3)(t) =
∑

2j+k≤m−1
α1

ν+ν̃
∥∂x′Tj,kσ∞u∥22.

Let bj (j = 2, · · · , 6) be positive numbers and consider∑
2j+k≤m
2j ̸=m

{
(7.2) + b2 × (7.24)

}
+
∑

2j+k≤m−1

{
1

ν+ν̃
× (7.6) + b2 × (7.23)l=0 + b3 × (7.25) + b4 × (7.30)l=0

}
+
∑

2j≤m−2
ν
γ4 b5 ×

{
(7.32) + (7.33)

}
+ b6ν

γ2 × (7.2)2j=m.

Taking 1
ν
, ν+ν̃

γ2 , ω0 and bj (j = 2, · · · , 6) are suitably small, we can obtain

(7.34)

d
dt
E(4)(t) + 1

2
D(4)(t) + νb5

γ4

∑
2j≤m−2(∥∂

j+1
t σ∞(t)∥22 + ∥∂j+1

t ϕ∞(t)∥22)

≤ C
∑8

j=1R
(j)(t).

Here

E(4)(t) = Ẽ(0)(t)+
1

ν + ν̃
E(1)(t)+b2E

(2)(t)+b3E
(3)(t)+

b6ν

γ2
E(0)[∂

[m
2
]

t P̃∞u(t)],

D(4)(t) = 1
2
(D̃(0)(t) +D(1)(t) + b2D

(2)(t) + b3D
(3)(t))

+b4
∑

2j+k≤m−1

(
ν2

ν+ν̃
∥∂2

xTj,kw∞∥22 + 1
ν+ν̃

∥∂xTj,kϕ∞∥22
)

+ b6ν
γ2 D

(0)[∂
[m
2
]

t w∞(t)]
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and

R(1) =
∑

2j+k≤mR
(1)
j,k , R(p) =

∑
2j+k≤m−1R

(p)
j,k (p = 2, 5), R(4) =

∑
2j+k≤m
2j ̸=m

R
(4)
j,k ,

R(p) =
∑

2j+k+l≤m−1R
(p)
j,k,l (p = 3, 6), R(p) =

∑
2j≤m−1R

(8)
j (p = 7, 8).

To establish the desired estimate (7.1) we need to estimate higher order
derivatives in x2. For 1 ≤ l ≤ m− 1, we set

E
(4)
l (t) =

∑
2j+k≤m−1−l

1

γ2

∥∥√P ′(ρs)
γ2ρs

Tj,k∂
l+1
x2

ϕ∞(t)
∥∥2
2

and

D
(4)
l (t) = 1

2

∑
2j+k≤m−1−l

(
1

ν+ν̃

∥∥P ′(ρs)
γ2 Tj,k∂

l+1
x2

ϕ∞(t)
∥∥2
2
+ c0(ν+ν̃)

γ4 ∥Tj,k∂
l+1
x2

ϕ̇∞(t)∥22
)

+ b7
2

∑
2j+k≤m−1−l

(
ν2

ν+ν̃

∥∥∂l+2
x Tj,kw∞(t)

∥∥2
2
+ 1

ν+ν̃
∥∂l+1

x Tj,kϕ∞(t)∥22
)
.

Here b7 is a positive number. Using (7.23), (7.30) with 1 ≤ l ≤ m − 1 and
(7.34), one can find small numbers b7 and b8 by induction on l in such a way
that the following estimate holds for 1 ≤ l ≤ m− 1:

(7.36)

d
dt

(
2lE(4)(t) +

∑l
p=1 2

l+1−pbp8E
(4)
p (t)

)
+
∑l

p=0 b
p
8D

(4)
p (t)

≤
(∑l

p=0 2
p
)
C1

∑8
j=1R

(j)(t),

where D
(4)
0 (t) = D(4)(t). See [8, Section 5.2] for the details. The desired

estimate (7.1) now follows from (7.36) with l = m − 1; and Proposition 7.1
is proved. �

To prove (5.15) we employ the following lemma.

Lemma 7.11. There exists a positive number r̃0 = r̃0(ν, ν̃, γ) such that if
r1 ≤ r̃0, then there holds the estimate

∥Π (0)P∞,1u∥2 ≤ C∥∂x1(I − Π (0))P∞,1u∥2.

Proof. We set Π̃ (1)(ξ) = ξΠ̂ (1) + ξ2Π̂ (2)(ξ). Since

Π (0)(I − Π̂ (ξ)) = Π (0)(I − Π (0) − Π̃ (1)(ξ)) = −Π (0)Π̃ (1)(ξ),

we see that

̂Π (0)P∞,1u = Π (0)χ̂1(ξ)(I − Π̂ (ξ))û = −χ̂1(ξ)Π
(0)Π̃ (1)(ξ)û.
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It then follows that

| ̂Π (0)P∞,1u|2 ≤ C|ξ||χ̂1û|2

≤ C|ξ|
(
χ̂1|(I − Π (0))û|2 + χ̂1|Π (0)û|2

)
.

Since (P∞,1)
2 = P∞,1, we find that

| ̂Π (0)P∞,1u|2 ≤ C|ξ|
(
|(I − Π (0))P̂∞,1u|2 + |Π (0)P̂∞,1u|2

)
for |ξ| ≤ r1. Therefore, there exists a positive number r̃0 such that if r1 ≤ r̃0,
then

| ̂Π (0)P∞,1u|2 ≤ C|ξ||(I − Π (0))P̂∞,1u|2
for |ξ| ≤ r1, from which we obtain

∥Π (0)P∞,1u∥2 ≤ C∥∂x1(I − Π (0))P∞,1u∥2.

This completes the proof. �

We now prove (5.15).

Proof of (5.15). We fix ν, ν̃, γ and ω0 so that Proposition 7.1 holds true;
and set r1 = min{r0, r̃0, 1}. Then, obviously,

∥Π (0)P∞,2u∥2 ≤
1

r1
∥∂x1Π

(0)P∞,2u∥2.

By Lemma 7.11 we also have

∥Π (0)P∞,1u∥2 ≤ C∥∂x1(I − Π (0))P∞,1u∥2.

We thus obtain

(7.37)
∥σ∞∥2 ≤ C{∥∂x1(I − Π (0))P∞,1u∥2 + 1

r1
∥∂x1Π

(0)P∞,2u∥2}

≤ C(∥∂x1σ∞∥2 + ∥∂x1u∞∥2).

By Lemma 5.2 (ii) we have

(7.38) ∥u∞∥2 ≤ C∥∂xu∞∥2.

It follows from (7.37) and (7.38) that

(7.39) D(t) ≥ ãẼ(t)
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for a constant ã > 0. We thus deduce from (7.1) and (7.39) that

(7.40)
d

dt
Ẽ(t) + ãẼ(t) +D(t) ≤ R̃(t).

This gives

(7.41) Ẽ(t) +

∫ t

0

e−ã(t−τ)D(τ) dτ ≤ e−ãtẼ(0) +

∫ t

0

e−ã(t−τ)R̃(τ) dτ.

Writing the second and third equation of (5.4) as

−ν∂2
x2
w1

∞ = ρsf
1
∞ − ρs

{
∂tw

1
∞ − ν

ρs
∂2
x1
w1

∞ − ν̃
ρs
∂x1divw∞ + ∂x1

(P ′(ρs)
γ2ρs

ϕ∞
)

+v1s∂x1w
1
∞ +

ν∂2
x2

v1s
γ2ρ2s

ϕ∞ + (∂x2v
1
s)∂x1w

2
∞

−ν+ν̃
ρs

w(0),1∂2
x1
σ∞ + α0∂x1σ∞ + v1sw

(0),1∂x1σ∞

−⟨Q0B̃(σ∞u(0) + u∞)⟩∞w(0),1
}
,

−(ν + ν̃)∂2
x2
w2

∞ = ρsf
2
∞ − ρs

{
∂tw

2
∞ − ν

ρs
∂2
x1
w2

∞ − ν̃
ρs
∂x2∂x1w

1
∞

+∂x2

(P ′(ρs)
γ2ρs

ϕ∞
)
+ v1s∂x1w

2
∞ − ν̃

ρs
(∂x2w

(0),1)∂x1σ∞
}
,

we can obtain

(7.42)
ν2

ν + ν̃
J∂2

x2
w∞(t)K2m−2 ≤ CẼ(t) + CR(9)(t),

where R(9)(t) = JQ̃F∞(t)K2m−2. It then follows from (7.41) and (7.42) that

(7.43)

Ẽ(t) +
ν2

ν + ν̃
J∂2

x2
w∞(t)K2m−2 +

∫ t

0

e−ã(t−τ)D(τ) dτ

≤ C
{
e−ãtẼ(0) +R(9)(t) +

∫ t

0

e−ã(t−τ)R̃(τ) dτ
}
.

Since

(7.44) R(9)(t) ≤ C(1 + t)−
3
2M(t)4

as we will see in Proposition 8.6 below, we deduce (5.15) from (7.43) and
(7.44). This completes the proof. �

8. Estimates on the nonlinearities

In this section we establish the estimates on the nonlinearities, namely,
(5.16) and (7.44)
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Proposition 8.1. There exists a number ε6 > 0 such that the following
assertion holds true.

Let u(t) be a solution of (4.1) in Zm(T ). If sup0≤τ≤tJu(τ)Km ≤ ε6 and
M(t) ≤ 1 for all t ∈ [0, T ], then the following estimates hold for all t ∈ [0, T ]
with C > 0 independent of T .

(i) JQ̃F∞(t)Km−2 ≤ C(1 + t)−
3
4M(t)2,

(ii) R̃(t) ≤ C{(1 + t)−
3
2M(t)3 + (1 + t)−

1
4M(t)D∞(t)}.

To prove Proposition 8.1 we employ the following inequalities.

Lemma 8.2. (i) Let 2 ≤ p ≤ ∞ and let j and k be integers satisfying

0 ≤ j < k, k > j + n
(1
2
− 1

p

)
.

Then there exists a constant C > 0 such that

∥∂j
xf∥Lp(Rn) ≤ C∥f∥1−a

L2(Rn)∥∂
k
xf∥aL2(Rn),

where a = 1
k
(j + n

2
− n

p
).

(ii) Let 2 ≤ p ≤ ∞ and let j and k be integers satisfying

0 ≤ j < k, k > j + 2
(1
2
− 1

p

)
.

Then there exists a constant C > 0 such that

∥∂j
xf∥p ≤ C∥f∥Hk .

(iii) If f ∈ H1 and f = f(x1) is independent of x2. Then

∥f∥∞ ≤ C∥f∥
1
2
2 ∥∂x1f∥

1
2
2 .

Proof. The inequality in (i) is a special case of the Gagliardo-Nirenberg-
Sobolev inequality which can be proved by using Fourier transform. Inequal-
ity in (ii) can be obtained by (i) with n = 2 and the standard extension
argument. As for (iii), we note that if f = f(x1), then

∥f∥p = ∥f∥Lp(R) (1 ≤ p ≤ ∞), ∥∂x1f∥2 = ∥∂x1f∥L2(R).
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Therefore, the inequality in (iii) is a simple consequence of (i) with n = 1,
p = ∞, j = 0 and k = 1. �

Lemma 8.3. (i) Let m and mk (k = 1, · · · , ℓ) be nonnegative integers and
let αk (k = 1, · · · , ℓ) be multi-indices. Suppose that

m ≥ [n
2
] + 1, 0 ≤ |αk| ≤ mk ≤ m+ |αk| (k = 1, · · · , ℓ)

and
m1 + · · ·+mℓ ≥ (ℓ− 1)m+ |α1|+ · · ·+ |αℓ|.

Then there exists a constant C > 0 such that

∥∂α1
x f1 · · · ∂αℓ

x fℓ∥2 ≤ C
∏

1≤k≤ℓ

∥fk∥Hmk .

(ii) Let 1 ≤ k ≤ m. Suppose that F (x, t, y) is a smooth function on
Ω × [0,∞) × I, where I is a compact interval in R. Then for |α| + 2j = k
there hold∥∥[∂α

x∂
j
t , F (x, t, f1)

]
f2
∥∥
2

≤

 C0(t, f1(t))Jf2Kk−1 + C1(t, f1(t)){1 + |||Df1||||α|+j−1
m−1 }|||Df1|||m−1Jf2Kk,

C0(t, f1(t))Jf2Kk−1 + C1(t, f1(t)){1 + |||Df1||||α|+j−1
m−1 }|||Df1|||mJf2Kk−1.

Here
C0(t, f1(t)) =

∑
(β,l)≤(α,j)
(β,l)̸=(0,0)

supx |(∂β
x∂

l
tF )(x, t, f1(x, t))|

and
C1(t, f1(t)) =

∑
(β,l)≤(α,j)
1≤p≤j+|α|

supx |(∂β
x∂

l
t∂

p
yF )(x, t, f1(x, t))|.

The proof of Lemma 8.3 can be found in [10, 11].

We recall that u(t) is decomposed into

u(t) = σ1u
(0) + u1 + σ∞u(0) + u∞;

and we write

σ∗ = σ1 + σ∞, ϕ∗ = ϕ1 + ϕ∞, w∗ = w1 + w∞,

u∗ =
⊤(ϕ∗, w∗) (= u1 + u∞)
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as in section 7.
Before estimating the nonlinearities we make a simple observation.

Lemma 8.4. Let u(t) = ⊤(ϕ(t), w(t)) = (σ∗u
(0))(t) + u∗(t) be a solution of

(4.1) in Zm(T ). Then there hold the following estimates for all t ∈ [0, T ]
with C > 0 independent of T .

(i) ∥σ∗(t)∥2 ≤ C(1 + t)−
1
4M(t),

(ii) |||Dσ∗(t)|||m−1 + Ju∗(t)Km ≤ C(1 + t)−
3
4M(t),

(iii) Jϕ(t)Km + Jw(t)Km ≤ C(1 + t)−
1
4M(t),

(iv) ∥σ∗(t)∥∞ ≤ C(1 + t)−
1
2M(t),

(v) ∥ϕ(t)∥∞ + ∥w(t)∥∞ ≤ C(1 + t)−
1
2M(t).

Proof. Estimates (i), (ii) and (iii) immediately follow from the definition of
M(t). As for (iv), we see from Lemma 8.2 (iii) that

∥σ∗(t)∥∞ ≤ C∥σ∗(t)∥
1
2
2 ∥∂x1σ∗(t)∥

1
2
2 ≤ C(1 + t)−

1
2M(t).

This shows (iv). Estimate (v) now follows from (iv) and (ii). This completes
the proof. �

Let us consider estimates on Q0F .

Proposition 8.5. Let u(t) be a solution of (4.1) in Zm(T ) and assume that
M(t) ≤ 1 for all t ∈ [0, T ]. Then the following estimates hold with C > 0
independent of T .
(i)JϕdivwKl

≤ C

 (1 + t)−1M(t)2 + (1 + t)−
1
4M(t)|||Dw∞(t)|||m (l = m),

(1 + t)−1M(t)2 (l = m− 1),

(ii) Jw · ∇(σ∗ϕ
(0) + ϕ1)Km ≤ C(1 + t)−1M(t)2,
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(iii) Jw · ∇ϕ∞Km−1 ≤ C(1 + t)−1M(t)2,

(iv)
∣∣(div (P ′(ρs)

γ4ρs
w
)
, |∂j

t ∂
k
xϕ∞|2

)∣∣ ≤ C(1 + t)−
1
2M(t)D∞(t)

for 2j + k = m,

(v) ∥[∂j
t ∂

k
x , w] · ∇ϕ∞∥2 ≤ C(1 + t)−

1
4M(t)

√
D∞(t)

for 2j + k = m,

(vi) ∥∂j
t (ϕw)∥2 ≤ (1 + t)−1M(t)2

for 1 ≤ j ≤ [m
2
].

Proof. We write ϕdivw as

(8.1)
ϕdivw = σ∗ϕ

(0)w(0),1∂x1σ∗ + σ∗ϕ
(0)divw∗ + ϕ∗w

(0),1∂x1σ∗

+ϕ∗divw∗.

By Lemma 4.5 and Lemma 5.2, we have J∂x1σ∗(t)Km ≤ C|||Dσ∗(t)|||m−1. So
applying Lemma 8.3 to each term on the right-hand side of (8.1) and using
Lemma 8.4, we obtain estimate (i). For example, let 2j + k ≤ m. Then

∥∂j
t ∂

k
x(σ∗ϕ

(0)w(0),1∂x1σ∗)∥2

≤ ∥σ∗ϕ
(0)w(0),1∂j

t ∂
k
x∂x1σ∗∥2 + ∥[∂j

t ∂
k
x , σ∗ϕ

(0)w(0),1]∂x1σ∗∥2

≤ C{∥σ∗∥∞J∂x1σ∗Km + ∥σ∗∥∞J∂x1σ∗Km−1 + |||Dσ∗|||m−1J∂x1σ∗Km}
≤ C(∥σ∗∥∞ + |||Dσ∗|||m−1)|||Dσ∗|||m−1

≤ C(1 + t)−
5
4M(t)2.

As for (ii), we write
(8.2)

w · ∇(σ∗ϕ
(0) + ϕ1) = σ∗ϕ

(0)w(0),1∂x1σ∗ + w1
∗∂x1σ∗ϕ

(0) + wn
∗σ1∂x2ϕ

(0)

+σ∗w
(0),1∂x1ϕ1 + w∗ · ∇ϕ1.

The first three terms on the right of (8.2) can be estimated similarly to the
right of (8.1). As for the last two terms on the right of (8.2), we employ
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the estimate J∇ϕ1Km ≤ CJu1Km, which follows from Lemma 4.5. Using this
inequality and Lemma 8.3 and Lemma 8.4, we have, for 2j + k ≤ m,

∥∂j
t ∂

k
x(w∗ · ∇ϕ1)∥2 ≤ ∥w∗∂

j
t ∂

k
x∇ϕ1∥2 + ∥[∂j

t ∂
k
x , w∗] · ∇ϕ1∥2

≤ C{∥w∗∥∞J∇ϕ1Km + |||Dw∗|||m−1J∇ϕ1Km}
≤ CJw∗KmJ∇ϕ1Km
≤ C(1 + t)−

3
2M(t)2.

Similarly we can obtain

∥∂j
t ∂

k
x(σ∗w

(0),1∂x1ϕ1)∥2 ≤ C(1 + t)−
5
4M(t)2.

Estimate (iii) can be obtained by applying Lemma 8.3 and Lemma 8.4 to

w · ∇ϕ∞ = σ∗w
(0),1∂x1ϕ∞ + w∗ · ∇ϕ∞.

As for (iv), since j ≥ 1 or k ≥ 1, by the Hölder and Sobolev inequalities,
we have ∣∣(div (P ′(ρs)

γ4ρs
w
)
, |∂j

t ∂
k
xϕ∞|2

)∣∣
≤ C{∥w∥∞ + ∥∂xw∥∞}|||Dϕ∞|||2m−1

≤ C{∥w∥∞ + |||Dw∞|||m}|||Dϕ∞|||2m−1

≤ C(1 + t)−
1
2M(t)D∞(t).

Estimate (v) is obtained by Lemma 8.3 and Lemma 8.4:

∥[∂j
t ∂

k
x , w] · ∇ϕ∞∥2 ≤ C|||Dw|||mJ∂xϕ∞Km−1 ≤ C(1 + t)−

1
2M(t)

√
D∞(t).

This completes the proof. �

We next consider Q̃F = ⊤(0,f). We first observe that since m ≥ 2(=
[n/2] + 1) we have the Sobolev inequality

∥f∥∞ ≤ CS∥f∥Hm .

Let ε6 > 0 be a number such that CSε6 ≤ γ2ρ1
2

. Then whenever Ju(t)Km ≤ ε6,
we have

∥ϕ(t)∥∞ ≤ CSJu(t)Km ≤ CSε6 ≤
γ2ρ1
4

,

and hence,

ρ(x, t) = ρs(xn) + γ−2ϕ(x, t) ≥ ρ1 − γ−2∥ϕ(t)∥∞ ≥ 3ρ1
4

(> 0).
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We thus see that Q̃F (t) is smooth whenever Ju(t)Km ≤ ε6. So, we assume
that Ju(t)Km ≤ ε6 for t ∈ [0, T ].

Recall that Q̃F is written in the form

Q̃F = F̃ 0 + F̃ 1 + F̃ 2 + F̃ 3.

Here F̃ l =
⊤(0,f l) (l = 0, 1, 2, 3), where

f 0 = −w · ∇w + f1(ρs, ϕ)(−∂2
x1
σ∗w

(0) +
∂2
x2

vs

γ2ρs
ϕ∗)

+f2(ρs, ϕ)(−∂2
x1
σ∗w

(0) − ∂x1σ∗∂x2w
(0))

+f 01(x2, ϕ)ϕσ∗ + f 02(x2, ϕ)ϕ∂x1σ∗ + f 03(x2, ϕ)ϕϕ∗,

f 1 = −div (f1(ρs, ϕ)∇w∗) +
⊤(∇w∗)∇(f1(ρs, ϕ)),

f 2 = −∇(f2(ρs, ϕ)divw∗) + (divw∗)∇(f2(ρs, ϕ)),

f 3 = ∇(f3(x2, ϕ)ϕϕ∗)− ϕ∗∇(f3(x2, ϕ)ϕ).

Here f1 =
νϕ

(ϕ+γ2ρs)ρs
; f2 =

ν̃ϕ
(ϕ+γ2ρs)ρs

; and f 0l(x2, ϕ) (l = 1, 2, 3) and f3(x2, ϕ)
are smooth functions of x2 and ϕ.

Proposition 8.6. Let u(t) be a solution of (4.1) in Zm(T ) and assume that
sup0≤τ≤tJu(τ)Km ≤ ε6 and M(t) ≤ 1 for all t ∈ [0, T ]. Then the following
estimates hold with C > 0 independent of T .

(i) JQ̃F Km−2 ≤ C(1 + t)−
3
4M(t)2,

(ii) Jf 0Km ≤ C{(1 + t)−
3
4M(t)2 + (1 + t)−

3
4M(t)|||Dw∞(t)|||m},

(iii)
3∑

l=1

Jf lKm−1 ≤ C{(1 + t)−1M(t)2 + (1 + t)−
1
4M(t)|||Dw∞(t)|||m},

(iv)
3∑

l=1

∥Tj,kf l∥H−1 ≤ C{(1 + t)−1M(t)2 + (1 + t)−
1
4M(t)|||Dw∞(t)|||m}

for 2j + k = m. Here we regard Tj,kf l with 2j + k = m as an element in
H−1 by (Tj,kf l)[v] = ⟨⟨Tj,kf l, v⟩⟩−1 for v ∈ H1

0 .

Proof. Estimates (i), (ii), (iii) can be obtained similarly to the proof of
Proposition 8.5. So we omit the proof.
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Let us prove estimate (iv). Let 2j + k = m and let v ∈ H1
0 . If k ≥ 1,

then we see from (iii) that

|⟨⟨Tj,kf l, v⟩⟩−1| = | − (Tj,k−1f l, T0,1v)|

≤ ∥Tj,k−1f l∥2∥T0,1v∥2

≤ C{(1 + t)−1M(t)2 + (1 + t)−
1
4M(t)|||Dw∞(t)|||m}∥v∥H1

0
.

We thus obtain

∥Tj,kf l∥H−1 ≤ C{(1 + t)−1M(t)2 + (1 + t)−
1
4M(t)|||Dw∞(t)|||m}∥v∥H1

0
.

If k = 0, i.e., m = 2j, then, by definition,

⟨⟨∂j
tf 1, v⟩⟩−1

= (∂j
t (f1(ρs, ϕ)∇w∗),∇v) + (∂j

t (
⊤(∇w∗)∂ρsf1(ρs, ϕ)∇ρs), v)

+(∂j
t (

⊤(∇w∗)∂ϕf1(ρs, ϕ)∇ϕ), v)

≡ I1 + I2 + I3.

As for I1, we have

|I1| ≤ ∥∂j
t (f1(ρs, ϕ)∇w∗)∥2∥∇v∥2.

As in the proof of Proposition 8.5 one can estimate ∥∂j
t (f1(ρs, ϕ)∇w∗)∥2 to

obtain

|I1| ≤ C{(1 + t)−
5
4M(t)2 + (1 + t)−

1
2M(t)|||Dw∞(t)|||m}∥v∥H1

0
.

Similarly we have

|I2| ≤ C{(1 + t)−
5
4M(t)2 + (1 + t)−

1
2M(t)|||Dw∞(t)|||m}∥v∥H1

0
.

We next consider I3 which we write as follows:

I3 = (∂ϕf1(ρs, ϕ)∂
j
t (

⊤(∇w∗)∇ϕ), v) + ([∂j
t , ∂ϕf1(ρs, ϕ)](

⊤(∇w∗)∇ϕ), v)

≡ J1 + J2.

As for J1, we have

|J1| ≤ |(∂ϕf1(ρs, ϕ)⊤(∇∂j
tw∗)∇ϕ, v)|+ |(∂ϕf1(ρs, ϕ)⊤([∂j

t ,
⊤∇ϕ]⊤(∇w∗)), v)|

≡ J11 + J12.
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Using Lemma 8.2 and Lemma 8.4 we have

J11 ≤ C∥∇ϕ∥4∥∂j
t ∂xw∗∥2∥v∥4

≤ C∥ϕ∥H2{J∂xw1Km + |||Dw∞|||m}∥v∥H1
0

≤ C{(1 + t)−1M(t)2 + (1 + t)−
1
4M(t)|||Dw∞(t)|||m}∥v∥H1

0
.

As for J12, we have

|[∂j
t ,

⊤∇ϕ]⊤(∇w∗)| ≤ C

j∑
l=1

|∂l
t∇ϕ||∂j−l

t ∂xw∗|.

Since
1

2
− m− 1− 2l

2
+

1

2
− m− 2(j − l)

2
= 1− m− 1

2
< 1,

we can find p1,l, p2,l ≥ 2 satisfying

1

p1,l
>

1

2
− m− 1− 2l

2
,

1

p2,l
>

1

2
− m− 2(j − l)

2
,

1

2
≤ 1

p1,l
+

1

p2,l
< 1.

We now take a number p3,l ≥ 2 satisfying 1
p3,l

= 1− ( 1
p1,l

+ 1
p2,l

) > 0. It then

follows from Lemma 8.2 that

|J12| ≤ C
∑j

l=1 ∥∂
j
t ∂xϕ∥p1,l∥∂

j−l
t ∂xw∗∥p2,l∥v∥p3,l

≤ C
∑j

l=1 ∥∂
j
t ∂xϕ∥Hm−1−2l∥∂j−l

t ∂xw∗∥Hm−2(j−l)∥v∥H1
0

≤ CJϕKm{J∂xw1Km + |||Dw∞|||m}∥v∥H1
0

≤ C{(1 + t)−1M(t)2 + (1 + t)−
1
4M(t)|||Dw∞(t)|||m}∥v∥H1

0
.

It remains to estimate J2. By Lemma 8.3 we have

|J2| ≤ CJ∂tϕKm−1J⊤(∇w∗)∇ϕKm−1∥v∥2,

and, also,

J⊤(∇w∗)∇ϕKm−1 ≤ C{∥∇w∗∥∞J∂xϕKm−1 + |||D∇w∗|||m−1J∇ϕKm−1}

≤ C{J∂xw1∥m + |||Dw∞|||m}J∂xϕKm−1

≤ C{(1 + t)−1M(t)2 + (1 + t)−
1
4M(t)|||Dw∞(t)|||m}.
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As for J∂tϕKm−1, we see from (6.3) and Proposition 7.10 that

J∂tϕKm−1 ≤ C{J∂tσ∗Km−1 + J∂tϕ∗Km−1}

≤ C{(1 + t)−
3
4M(t) + J∂x1ϕ∞Km−1 + J∂xw∞Km−1

+J∂x1σ∞Km−1 + JP1F Km−1 + J⟨Q0P
(0)
∞ F ⟩∞Km−1 + JQ0F∞Km−1}

≤ C{(1 + t)−
3
4M(t) + JP1F Km−1 + JQ0F Km−1}.

Since 2j = m, we have [m−1
2

] = m−2
2

, and hence, by Lemma 4.5,

JP1F Km−1 ≤ CJF Km−2.

It then follows from Proposition 8.5 and Proposition 8.6 (i) that

JP1F Km−1 + JQ0F Km−1 ≤ C{JQ0F Km−1 + JQ̃F Km−2} ≤ C(1 + t)−
3
4M(t)2,

which implies that J∂tϕKm−1 ≤ C(1 + t)−
3
4M(t).

We thus obtain

|J2| ≤ C{(1 + t)−
7
4M(t)2 + (1 + t)−1M(t)|||Dw∞(t)|||m}∥v∥2.

Consequently,

|I3| ≤ C{(1 + t)−1M(t)2 + (1 + t)−
1
4M(t)|||Dw∞(t)|||m}∥v∥H1

0
.

Therefore, we arrive at

|⟨⟨∂j
tf 1, v⟩⟩−1| ≤ C{(1 + t)−1M(t)2 + (1 + t)−

1
4M(t)|||Dw∞(t)|||m}∥v∥H1

0
.

This gives

∥∂j
tf 1∥H−1 ≤ C{(1 + t)−1M(t)2 + (1 + t)−

1
4M(t)|||Dw∞(t)|||m}.

Clearly, one can obtain the same estimate for ∥∂j
tf 2∥H−1 . Concerning ∥∂j

tf 3∥H−1 ,
one can obtain the desired estimate by replacing∇w∗ with ϕ∗ in the argument
above for ∥∂j

tf 1∥H−1 . This completes the proof. �

We are now in a position to prove Proposition 8.1.

Proof of Proposition 8.1. Since JQ̃F∞Km−2 ≤ CJF Km−2, assertion (i)
follows from Proposition 8.5 and Proposition 8.6 (i).
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Let us consider R̃(t). We write R
(1)
j,k as

R
(1)
j,k = α0

γ2 (⟨Q0Tj,kF ⟩∞, Tj,kσ∞)− α0

γ2 (⟨Q0Tj,kP1F ⟩∞, Tj,kσ∞)

+R̃
(1)
j,k − ⟨⟨⟨Q0Tj,kF ⟩∞u(0), Tj,ku∞⟩⟩

+⟨⟨Tj,kP1F , Tj,ku∞⟩⟩ − ⟨⟨⟨Q0Tj,kP1F ⟩∞u(0), Tj,ku∞⟩⟩.

≡
∑6

l=1 Il.

We first consider I3. If 2j + k ≤ m − 1, then applying Proposition 8.5
(i)–(iii) and Proposition 8.6 (ii), (iii), we have

|I3| ≤ C{(1 + t)−
3
2M(t)3 + (1 + t)−

1
4M(t)|||Dw∞(t)|||2m}.

Here we have used the Poincaré inequality ∥w∞(t)∥2 ≤ ∥∂xw∞(t)∥2 for j =
k = 0. In case 2j + k = m, applying Proposition 8.5 (i), (ii), (iv), (v), and
Proposition 8.6 (ii), (iv), we obtain

|I3| ≤ C{(1 + t)−1M(t)3
√

D∞(t) + (1 + t)−
1
4M(t)D∞(t)}

≤ C{(1 + t)−
7
4M(t)3 + (1 + t)−

1
4M(t)D∞(t)}

if M(t) ≤ 1.
We next consider I5. We write I5 as

I5 = ⟨⟨Tj,kF , P ∗
1 Tj,ku∞⟩⟩.

If 2j + k ≤ m− 1, one can estimate I5 as I3. If 2j + k = m and k ≥ 1, then,
by Lemma 4.5 (iii),

|I5| ≤ | − ⟨⟨Tj,k−1F , ∂x1P
∗
1 Tj,ku∞⟩⟩|

≤ C∥Tj,k−1F ∥2∥Tj,ku∞∥2

≤ C{(1 + t)−
3
2M(t)3 + (1 + t)−

1
4M(t)|||Dw∞(t)|||2m}.

In case 2j = m, let Φ be defined by Q0P
∗
1 ∂

j
tu∞ = ⊤(Φ, 0). Then, by integra-

tion by parts, we have

⟨⟨∂j
tQ0F , P ∗

1 ∂
j
tu∞⟩⟩ = −(∂j

t (ϕw),∇(ΦP ′(ρs)
γ4ρs

)).

Since ∥∇(ΦP ′(ρs)
γ4ρs

)∥2 ≤ C∥∂j
tu∞∥2 by Lemma 4.5 (iii), we see from Proposition

8.5 (vi) that

|⟨⟨∂j
tQ0F , P ∗

1 ∂
j
tu∞⟩⟩| ≤ C(1 + t)−

7
4M(t)3.
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Since Q̃P ∗
1 ∂

j
tu∞ ∈ H1

0 by Lemma 4.5 (ii), one can estimate ⟨⟨∂j
t Q̃F , P ∗

1 ∂
j
tu∞⟩⟩

as in the estimate of I3 and we obtain

|I5| ≤ C{(1 + t)−
7
4M(t)3 + (1 + t)−

1
4M(t)D∞(t)}.

As for I4, we have

I4 = −(2π)−1⟨⟨(χ̂1 + χ̂2)Π
(0)T̂j,kF , T̂j,ku∞⟩⟩

= −(2π)−1⟨⟨T̂j,kF , (χ̂1 + χ̂2)Π
(0)∗T̂j,ku∞⟩⟩

= ⟨⟨Tj,kF , ⟨Tj,ku∞, u(0)⟩∞u(0)∗⟩⟩.

Here and in what follows we denote ⟨f, u(0)⟩∞ = F −1((χ̂1 + χ̂2)⟨f̂ , u(0)⟩).
Since Q̃(⟨Tj,ku∞, u(0)⟩∞u(0)∗) = 0 (∈ H1

0 ), as in the estimate for I5, we obtain

|I4| ≤ C{(1 + t)−
3
2M(t)3 + (1 + t)−

1
4M(t)|||Dw∞(t)|||2m}.

The same estimate also holds for I1, since

I1 =
α0

γ2 (⟨Q0Tj,kF ⟩∞, Tj,kσ∞) = ⟨⟨⟨Q0Tj,kF ⟩∞, Tj,kσ∞⟩⟩

= ⟨⟨Tj,kF , ⟨Tj,kσ∞, u(0)⟩∞u(0)∗⟩⟩.

Similarly, I2 and I6 can be estimated as I5, since

I2 = ⟨⟨Tj,kP1F , ⟨Tj,kσ∞, u(0)⟩∞u(0)∗⟩⟩,

I6 = ⟨⟨Tj,kP1F , ⟨Tj,ku∞, u(0)⟩∞u(0)∗⟩⟩.

We thus obtain

R(1)(t) ≤ C{(1 + t)−
3
2M(t)3 + (1 + t)−

1
4M(t)D∞(t)}.

The remaining terms can be estimated in a similar manner. This com-
pletes the proof. �

9. Asymptotic behavior

In this section we prove that the asymptotic behavior of the solution of
(4.1) is described by a solution of a 1-dimensional viscous Burgers equation.

Let σ = σ(x1, t) be the solution of the following problem:

(9.1) ∂tσ − κ0∂
2
x1
σ + a0∂x1σ + a1∂x1(σ

2) = 0,
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(9.2) σ|t=0 = σ0,

where κ0 and a0 are the numbers given in Lemma 4.2; a1 = ⟨ϕ(0)w(0),1⟩ −
i⟨L̂(1)ŜF 1⟩; and σ0 = ⟨Q0u0⟩ = ⟨ϕ0⟩.

We will show the following estimate.

Proposition 9.1. If ν ≥ ν0, γ
2/(ν + ν̃) ≥ γ2

0 and ∥ρs − 1∥Cm+1[0,1] ≤ ω0,
then the following assertion holds. For any δ > 0 there exists ε7 > 0 such
that if ∥u0∥Hm∩L1 ≤ ε7, then

∥σ1(t)− σ(t)∥2 ≤ C(1 + t)−
3
4
−δ∥u0∥Hm∩L1 .

To prove Proposition 9.1, we will employ the following well-known decay
properties of σ(t).

Lemma 9.2. Let σ(t) be a solution of (9.1)–(9.2) with σ0 ∈ H1 ∩ L1. Then

∥∂k
x1
σ(t)∥2 ≤ C(1 + t)−

1
4
− k

2 ∥σ0∥H1∩L1 (k = 0, 1),

∥σ(t)∥∞ ≤ C(1 + t)−
1
2∥σ0∥H1∩L1 .

We introduce a quantity. Let σ1(t) and σ(t) be solutions of (5.1) and
(9.1)–(9.2), respectively. We define N(t) by

N(t) = sup
0≤τ≤t

(1 + τ)
3
4
−δ∥σ1(t)− σ(t)∥H1 .

Proposition 9.1 would then follow if we could show that N(t) ≤ C∥u0∥Hm∩L1 .

Proof of Proposition 9.1. In terms of U (t) the solution σ(t) of (9.1)–(9.2)
is written as

(9.3) σ(t) = U (t)σ0 − a1

∫ t

0

U (t− τ)∂x1(σ
2)(τ) dτ.

We next rewrite U0(t − τ)Π (0)P1F (τ) in (5.1). By Lemma 6.2 (ii), we
have

Π (0)P1F = −P
(0)
1 (∂x1⟨ϕw1⟩u(0)) + Π (0)∂x1P

(1)
1 (I − Π (0))F + Π (0)∂2

x1
P

(2)
1 F

= −P
(0)
1 (a11∂x1(σ

2
1)u

(0))− P
(0)
1 (∂x1(⟨ϕw1⟩ − ⟨ϕ(0)w(0),1σ2

1⟩)u(0))

+Π (0)∂x1P
(1)
1 (I − Π (0))F + Π (0)∂2

x1
P

(2)
1 F .
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Here a11 = ⟨ϕ(0)w(0),1⟩. Since

F (P
(1)
1 (I − Π (0))(σ2

1F 1)) = iχ̂1Π
(0)L̂(1)Ŝ((̂σ2

1)F 1)

= iχ̂1⟨L̂(1)ŜF 1⟩(̂σ2
1)u

(0) = −a12F (P
(0)
1 (σ2

1u
(0))),

where a12 = −i⟨L̂(1)ŜF 1⟩, substituting F = σ2
1F 1 +F 2 into Π (0)∂x1P

(1)
1 (I −

Π (0))F , we have

Π (0)∂x1P
(1)
1 (I − Π (0))F = −a12P

(0)
1 (∂x1(σ

2
1)u

(0)) + Π (0)∂x1P
(1)
1 (I − Π (0))F 2.

Using Lemma 4.8 (i), we thus arrive at

U0(t− τ)Π (0)P1F (τ)

= −a1U0(t− τ)(∂x1(σ
2
1(τ))u

(0))

−U0(t− τ)(∂x1(⟨ϕw1⟩(τ)− ⟨ϕ(0)w(0),1σ2
1(τ)⟩)u(0)))

+U0(t− τ)h4(τ) + U0(t− τ)h5(τ),

where a1 = a11 + a12,

h4 = ∂x1P
(1)
1 (I − Π (0))F 2 + ∂2

x1
P

(2)
1 F 2,

h5 = ∂2
x1
P

(2)
1 (σ2

1F 1).

It then follows from (5.1) and (9.3) that

(9.4) σ1(t)− σ(t) =
5∑

j=0

Ij(t).

Here
I0(t) = U0(t)u0 − U (t)σ0,

I1(t) = −a1

∫ t

0

U (t− τ)(∂x1(σ
2
1)− ∂x1(σ

2))(τ) dτ,

I2(t) = −a1

∫ t

0

(U0(t− τ)(∂x1(σ
2
1(τ))u

(0))− U (t− τ)∂x1σ
2
1(τ)) dτ,

I3(t) = −
∫ t

0

U0(t− τ))(∂x1(⟨ϕw1⟩(τ)− ⟨ϕ(0)w(0),1σ2
1(τ)⟩)u(0)) dτ,

Ij(t) =

∫ t

0

U0(t− τ))hj(τ) dτ, j = 4, 5.
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Lemma 4.9 implies that

∥I0(t)∥H1 ≤ C(1 + t)−
3
4∥u0∥Hm∩L1 .

Let us consider I1(t). By Lemma 9.1 and the definition of M(t) and N(t),
we have

∥(σ2
1 − σ2)(τ)∥1 ≤ ∥(σ1 + σ)(τ)∥2∥(σ1 − σ2)(τ)∥2

≤ C(1 + τ)−1+δ∥u0∥Hm∩L1N(t).

Furthermore, by Lemma 8.2, we have ∥(σ1 − σ)(τ)∥∞ ≤ C(1 + τ)−
3
4
+δN(t),

and hence,

∥∂x1(σ
2
1 − σ2)(τ)∥2 ≤ C{∥(σ1 + σ)(τ)∥∞∥∂x1(σ1 − σ2)(τ)∥2

+∥(σ1 − σ)(τ)∥∞∥∂x1(σ1 + σ2)(τ)∥2}

≤ C(1 + τ)−
5
4
+δ∥u0∥Hm∩L1N(t).

It then follows from Lemma 4.8 that for k = 0, 1,

∥∂k
x1
I1(t)∥2 ≤ C

{∫ t−1

0

(1 + t− τ)−
3
4 (1 + τ)−1+δ dτ

+

∫ t

t−1

(t− τ)−
k
2 (1 + τ)−

5
4
+δ dτ

}
∥u0∥Hm∩L1N(t)

≤ C(1 + t)−
3
4
+δ∥u0∥Hm∩L1N(t).

As for I2(t), since ⟨∂x1(σ
2
1)u

(0)⟩ = ∂x1(σ
2
1), we see from Lemma 4.9 that

for k = 0, 1,

∥∂k
x1
I2(t)∥2 ≤ C

{∫ t−1
2

0

(1 + t− τ)−
5
4∥σ2

1(τ)∥1 dτ

+

∫ t−1

t−1
2

(1 + t− τ)−
3
4∥(σ1∂x1σ1)(τ)∥1 dτ

+

∫ t

t−1

(t− τ)−
k
2 ∥σ2

1(τ)∥2 dτ
}

≤ C
{∫ t−1

2

0

(1 + t− τ)−
5
4 (1 + τ)−

1
2 dτ

+

∫ t−1

t−1
2

(1 + t− τ)−
3
4 (1 + τ)−1 dτ

+

∫ t

t−1

(t− τ)−
k
2 (1 + τ)−

3
4 dτ

}
M(t)2

≤ C(1 + t)−
3
4∥u0∥2Hm∩L1 .
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As for I3, we have

∥⟨ϕw1⟩(τ)− ⟨ϕ(0)w(0)σ2
1⟩(τ)∥1

≤ C{∥σ1(τ)∥2∥u(τ)− (σ1u
(0))(τ)∥2 + ∥u(τ)− (σ1u

(0))(τ)∥22}

≤ C(1 + τ)−1M(t)2.

Lemma 4.8 then gives

∥∂k
x1
I3(t)∥2 ≤ C

∫ t

0

(1 + t− τ)−
3
4 (1 + τ)−1 dτ

≤ C(1 + t)−
3
4 log(1 + t)∥u0∥2Hm∩L1 .

To estimate I4(t), we write h4(τ) as

h4(τ) = ∂x1(P
(1)
1 (I − Π (0))F 2 + ∂x1P

(2)
1 F 2)(τ).

Using Lemma 4.5, Lemma 4.8 and Lemma 6.3, we have

∥∂k
x1
I4(t)∥2 ≤ C

∫ t

0

(1 + t− τ)−
3
4 (1 + τ)−1 dτ

≤ C(1 + t)−
3
4 log(1 + t)∥u0∥2Hm∩L1 .

As for I5(t), we write h5(τ) as

h5(τ) =

 ∂2
x1
P

(2)
1 (σ2

1F 1)(τ) for τ ∈ [0, t
2
],

2∂x1P
(2)
1 (σ1∂x1σ1F 1)(τ) for τ ∈ [ t

2
, t].

As in the estimate on I2(t), we see from Lemma 4.5 and Lemma 4.8 that

∥∂k
x1
I5(t)∥2 ≤ C

{∫ t
2

0

(1 + t− τ)−
5
4 (1 + τ)−

1
2 dτ

+

∫ t

t
2

(1 + t− τ)−
3
4 (1 + τ)−1 dτ

≤ C(1 + t)−
3
4∥u0∥2Hm∩L1 .

We thus obtain

∥∂x1(σ1 − σ)(t)∥2 ≤ C(1 + t)−
3
4
+δ∥u0∥Hm∩L1{∥u0∥Hm∩L1 +N(t)},

which yields
N(t) ≤ C∥u0∥Hm∩L1{∥u0∥Hm∩L1 +N(t)}.

The desired result now follows by taking ∥u0∥Hm∩L1 suitably small. This
completes the proof. �
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Motion and Bäcklund transformations of discrete plane curves

MI2010-29 Takanori YASUDA, Masaya YASUDA, Takeshi SHIMOYAMA& Jun KOGURE
On the Number of the Pairing-friendly Curves

MI2010-30 Chikashi ARITA & Kohei MOTEGI
Spin-spin correlation functions of the q-VBS state of an integer spin model

MI2010-31 Shohei TATEISHI & Sadanori KONISHI
Nonlinear regression modeling and spike detection via Gaussian basis expan-
sions



MI2010-32 Nobutaka NAKAZONO
Hypergeometric τ functions of the q-Painlevé systems of type (A2 + A1)
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