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Abstract

The initial boundary value problem for the compressible Navier-Stokes
equation is considered in an infinite layer of R2. It is proved that if
the Reynolds and Mach numbers are sufficiently small, then strong
solutions to the compressible Navier-Stokes equation around parallel
flows exist globally in time for sufficiently small initial perturbations.
The large time behavior of the solution is described by a solution
of a 1-dimensional viscous Burgers equation. The proof is given by
a combination of spectral analysis of the linearized operator and a
variant of the Matsumura-Nishida energy method.
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1. Introduction

This paper is concerned with the stability of parallel flows of the com-
pressible Navier-Stokes equation

(1.1) 0;p + div (50) = 0,

(1.2) P05 + ¥ - V) — pA — (u+ ¢/ )Vdivo + VP(p) = pg
in an n-dimensional infinite layer Q, = R"™! x (0, ¢):
Q={i=F,5,); 7 =(F1, -, 7)) ER" 0< 7, <1} (n>2).

Here p = p(z,t) and 0 = T(0'(Z,1),--- ,0"(&,%)) denote the unknown density
and velocity at time ¢t > 0 and position & € €, respectively; P = P(p) is the
pressure that is assumed to be a smooth function of p satisfying

P(p.) >0



for a given constant p, > 0; p and p’ are viscosity coefficients that are
assumed to be constants and satisfy

2
p>0, ﬁu+u’20;

div, V and A denote the usual divergence, gradient and Laplacian with
respect to z; and g is an external force which is a function of z, only. Here
and in what follows - stands for the transposition.

Under a suitable assumption on g, say, g is in the form

g= T<§1(£n)707 T 707.@”(‘%%))7

with bounded smooth functions ¢’(z,) (j = 1,n), problem (1.1)-(1.2) has a
smooth stationary solution @, = ' (s, ¥5) of parallel flow satisfying

N Y

Ps = ps(xn) > 07 Z/ ps($n> dxn = Px
0

by = " (0}(2n),0,---,0).

In this paper we are interested in the stability of parallel flows. Typical
examples of parallel flows are the plane Couette flow:

. V.
Ps = Py, Vg = ——Tn

14
for g = 0 with a constant V! # 0; and the Poiseuille flow

~1

for g = "(g',0---,0) with a constant g! # 0.

As for the stability of parallel flows, Iooss and Padula [3] studied the
linearized stability of parallel flows in a cylindrical domain. It was shown in
[3] that if the Reynolds number is small in some sense, then the parallel flow
is linearly stable under perturbations periodic in the unbounded direction
of the domain. Furthermore, the solution of the linearized problem decays
exponentially as ¢ — oo if the density component of initial perturbation has
a vanishing mean value in the periodicity cell. In [12] the linearized stability
of i, under perturbations in L?(€),) was studied; and it was shown that i,
is linearly stable if the Reynolds and Mach numbers are sufficiently small
and p; is sufficiently close to p,. Furthermore, the asymptotic behavior of
solutions of the linearized problem is described by an n — 1 dimensional



linear heat equation. The nonlinear stability of s was then studied in [§]
in the case n > 3. It was shown in [8] that @, is asymptotically stable
under sufficiently small initial perturbations in the Sobolev space H™(£2)
with m > [n/2] + 1 if n > 3, provided that the Reynolds number Re = %

and Mach number Ma = —=— are sufficiently small and p, is sufficiently

P'(px)
close to p, in C™T1[0,¢]. Here V is a non-dimensional number satisfying

V ~ ||0}]|gm+1j0,q. Furthermore, the asymptotic behavior of perturbations is
described by an n — 1 dimensional linear heat equation. The proof in [8] is
based on the Matsumura-Nishida energy method ([15]). But the argument
in [8] does not work well for the case n = 2 due to a quadratic nonlinearity
which cannot be controlled by the standard energy method. A similar aspect
appears in the case of 1-dimensional viscous conservation laws, where the
asymptotic behavior is described by a solution of a 1-dimensional viscous
Burgers equation (cf., [13, 16]).

The purpose of this paper is to prove the nonlinear stability of u, in the
case n = 2 for small Reynolds and Mach numbers. Furthermore, we will show
that the large time behavior of the perturbation is described by a solution of
a l-dimensional viscous Burgers equation.

To state the results of this paper more precisely, we introduce the follow-
ing non-dimensional variables:

./ -
T =lz, tzvt, o =Vuv, p=pyp, P=pV?P

with V' = [|0g]|gm1pg 4 for an integer m > [n/2] + 1. Here
m+1

omig = Z 0Sup €k|8§n€7;(fn)|
k=0

ST <L

17|

Under this non-dimensionalization the domain €2, is transformed into 2 = )
and the parallel flow 1, is transformed into u, = ' (p,, vs) with

1
Ps = ps(zn) > 0, / ps(zn) dxn =1,
0

Us = T(U;(xn>707 T 70)? “U;“C’”H[O,l] = 1.

The perturbation u(t) = T(¢(t),w(t)) = T (v2(p(t) —ps), v(t) —vs) is governed
by the system of equations

(1.3) Oup + vs - Vo + +2div (psw) = f2,



w — —Aw — Llevw +V (P (ps)gb)
(1.4)

+V7§Z;}S¢€1 +vs - Vw+w- Vo, = f.

Here div, V and A denote the divergence, gradient and Laplacian with
respect to x; e; = '(1,0,---,0) € R"; v, 7 and v are non-dimensional
parameters defined by

/ ﬁ)/ Dx
plV p LV Vv

and fOand f = "(f, f"), f ="(f -, f* 1), denote the nonlinearities:

fO = —div (wa),
Bgnvi
f = —w-Vw + W (—Aw + 72ps ¢€1>
WVdIVUJ
P'(ps 1"
x; V (Zho) - 5V (P(p.)6?)
Ps(ps, ¢, 0:9),
where
P?) = szs)pgvp(ps) - (¢3P3(p57¢))
otV (P“(psw L Py(p.0))
eV (2820 + 51 P ()¢ + 5550° Palpa, 0) )
with

Pipsd) = [ (1= 027" (07%6 + po) 0
We consider (1.3)—(1.4) under the boundary condition
(1.5) wlon =0
and the initial condition
(1.6) uli=o = 1o = " (¢, wo)-

We will show that the following assertion holds when n = 2; if wg is
sufficiently small in H™(Q2) N LY(Q) for an integer m > 2(= [n/2] + 1) and
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up satisfies a suitable compatibility condition, then there exists a unique
solution wu(t) of (1.3)—(1.6) in C'([0, c0); H™(2)), provided that v > 1, v > 1
and ||ps — 1||¢m+1)0,1) < 1. Furthermore, u(t) satisfies

lu(t)| 2 = O %),
u(t) = (eu@)(t)|| 12 = Ot~ T0) (V5 > 0)

as t — oo. Here u® is a function of x5 only that satisfies u(®(zy) ~
T(1,0(y72),0); and o is a function of (z,t) that satisfies

1
(17) (9,50 — Roaila —+ ao&ma + alaxl (0'2) = 0, O"t:() = / <;50(:L’1,a:2) dﬂ?g
0

with some constants kg > 0, ag, a; € R. We note that the result also holds for
the case of the motionless state s = (ps, 0) with ay = 0 and some constants
Ko > 0 and a; € R possibly different from the ones in (1.7). The coefficient a;
in (1.7) vanishes in the case of the motionless state @, = (ps,0) with constant
density ps = p. ([6]) and in the case of the plane Couette flow ([7]). These
are the special cases where (1.7) becomes a linear equation. In general, one
can see that a; # 0. Even in the case of the motionless state u; = (s, 0), if
the density ps is not a constant, then a; # 0 in general.

We also note that when n > 3, as was remarked in [8], the large time
behavior of u(t) is described by a linear heat equation in such a way that

1

u(t) = (eu®)(t)]| 12 = Ot T ~2n,(1)).

Here o is a function of (2/,t) satisfying
1
8,50 — /ﬁ)oailO' —k'AN'o + ao(?xla = 07 U’t:O = / ¢0($,7$n) dz,
0

with some constants kg, k" > 0, ag € R, where A" = 8%2 + -+ 3§7L71; and
nn(t) = log(1 + t) when n = 3 and 7,(t) = 1 when n > 4.

The proof of the main results is given by a combination of the spectral
analysis of the linearized problem and a variant of the Matsumura-Nishida
energy method. The nonlinearity of the Burgers equation (1.7) stems from
the terms —div (¢w) in (1.3) and —525-0,, (P"(ps)¢?) in the n th equation of
(1.4) which cannot be controlled by the standard Matsumura-Nishida energy
method when n = 2. To deal with this term we will introduce a decom-
position of the solution according to spectral properties of the linearized
operator. Roughly speaking we decompose the solution into a low frequency



part and a high frequency part. For the low frequency part, we will apply
the decay estimates on the linearized problem. On the other hand, for the
high frequency part, we will apply a variant of the Matsumura-Nishida en-
ergy method similar to the analysis for the case n > 3 in [8]. The symmetric
property of the system (1.1)—(1.2) is a little bit disturbed by introducing the
decomposition. However, using the fact that spatial differentiation of any
order acts on the low frequency part as a bounded operator, we can obtain
the estimates on the nonlinearities necessary to obtain the a priori estimate
for the global existence.

This paper is organized as follows. In section 2 we introduce notations
used in this paper. In section 3 we state the main results of this paper.
Section 4 is devoted to spectral properties of the linearized problem, most
of which were essentially obtained in [12]. In section 5 we introduce a de-
composition of the solution and reformulate the problem. In section 6 we
investigate the low frequency part, the slowly decaying part, by using the
decay estimates on the linearized problem; and in section 7 we estimate the
high frequency part, the fast decaying part, by the energy method. In section
8 we give necessary estimates on the nonlinearities. In section 9 we show that
the asymptotic behavior of u(t) is described by the Burgers equation (1.7).

2. Preliminaries

In this section we first state assumptions on the parallel low u, and then
introduce some notations used in this paper.

In this paper we consider the two-dimensional problem (n = 2). Through-
out this paper we assume that the parallel flow u, = "(ps(m2),v4(29)) is
bounded smooth and satisfies

1

(21)  0<p1 < pulan) < po. / pu(wz) drs = 1, vy(wa) = T(0}(22),0)
0

and

(2.2) P'(p) >0 for p1 <p<py

with some constants 0 < p; < 1 < po. Existence of such a parallel flow was
shown, e.g., in [8] when g is sufficiently small. Note also that, due to the
non-dimensionalization, we have

|’USHCm+1[0,1] =1.

In the remaining of this section, we introduce some notations which will
be used throughout the paper. For a domain D and 1 < p < oo we denote by



L?(D) the usual Lebesgue space on D and its norm is denoted by || - || »(p).
Let m be a nonnegative integer. The symbol H™(D) denotes the m th order
L? Sobolev space on D with norm || - || gm(py. C§"(D) stands for the set of all
C™ functions which have compact support in D. We denote by H}(D) the
completion of C}(D) in H'(D).

We simply denote by LP(D) (resp., H™(D)) the set of all vector fields
w = "(whw?) on D with w/ € LP(D) (resp., H™(D)), j = 1,2, and its
norm is also denoted by || - ||zo(p) (vesp., || - [[am(p)). For u = (¢, w) with
¢ € H¥(D) and w = T(wh,w?) € H™(D), we deﬁne ||| 2Dy rm (D) DY
ull x(pyx oy = |l y + |wllzmpy). When k = m, we simply write
[wll Dy a0y = llull e (y-

In case D = Q) we abbreviate LP(Q) (resp., H™(2)) as L? (resp., H™). In
particular, the norm || - |[zr) = || - || 2+ is denoted by || - ||,

In case D is the interval (0,1) we denote the norm of L?(0,1) by | - |,.
The norm of H™(0,1) is denoted by | - |gm.

The inner product of L?(f2) is denoted by

(F9) = [ Fagle)dr, f.g€ 10)
We also denote the inner product of L%(0,1) by

(f.9) = / f(a2)g(ws) des,  fg € L2(0,1),

if no confusion occurs. We further introduce a weighted inner product ((-,-))

defined by
ul, U2 / ¢1¢2

for u; = "(¢j,w;) € L2(Q) (j = 1,2); and, also, (-, -) defined by

(w1, u2) / ¢1¢52

for u; = "(¢;,w;) € L*(0,1) (j = 1,2). Here ps = ps(x2) denotes the density
of the parallel flow us. We note that ((-,-)) and (-,-) define inner products
of L*(Q) and L*(0, 1), respectively, due to (2.1) and (2.2).

We denote the mean value of f € L1(0,1) by (-):

= /Olf(xz)dxz.

dx + / wy - Wops dx
Q

1
dm2+ / Wy - Waps dxy
0



For u = " (¢, w) € L(0,1) with w = T (w!, w?) we define (u) by

We denote the k x k identity matrix by I;. We also define 3 x 3 diagonal
matrices Qg and () by

Qo = diag (1,0,0), Q = diag(0,1,1).

Note that
(Qou) = (@) for u="T(¢,w).

Partial derivatives of a function u in z, z; and t are denoted by d,u, 0,,u
and Oyu, respectively. We also write higher order partial derivatives of u in
x as OFu = (0% |a] = k).

For a function f = f(z1) (z1 € R), we denote its Fourier transform by f
or Z f:

(&) = (F(E) = /R f(a)e & dz, (€ € R).

The inverse Fourier transform is denoted by .# ~*:

(N0 = 5 [ S e

We will denote the resolvent set of a closed operator A by p(A) and
the spectrum of A by o(A). For A € R and 6 € (§,7) we denote the set
{X € Cilarg(A — A)| < 0} by Z(A,0):

Z(A,0) = {\ € C; |arg(A — A)| < 6}

3. Main Results

In this section we state the main results of this paper.

We first mention the compatibility condition for uy = T (¢g, wp). We will
look for a solution u = " (¢, w) of (1.3)—(1.6) withn = 2 in ﬂﬁé(]j([o, 00); H™= %)
satisfying [, [|0sw|3m dr < oo for all t > 0 with m > 2(= [n/2] + 1).
Therefore, we need to require the compatibility condition for the initial value
ug = ' (dg, wy), which is formulated as follows.

Let u = T(¢,w) be a smooth solution of (1.3)—(1.6) with n = 2. Then
HNu=T(d¢,dw) (j > 1) is inductively determined by

Olp = —vs -V ¢ —2div (ps0] w) + 0] f°



and

Hw = ”A@J lw—i- levﬁj Yw — V( (p2) 5= 1¢>

1/81)

8” Yver — v, -V w =8 w - Vo, + 0 £

From these relations we see that &/u|,—o = (9]¢, dw)|i—o is inductively
given by ug = " (¢g, wp) in the following way:

Huli—o = (8¢, Hw)|i=0 = T (¢j,w;) = u;,

where )
¢; = —vs Vo1 —yidiv (pswj—l)
0
+fj—1(u07 s, Ui, axUOa e >axujfl)7
o Y Aap. 2T div - Pps)
w; = ij,l + Vdivw;_; — ( qu,
V82
> Pt by rer — vy Vg — wy - Vo,
2
+fj—1(u07 e, Uj—1, 78:Euj717 e ,833'11}]',1).
Here f2(ug, - ,uy,- -+ ) is a certain polynomial in ug, - -+ ,uy, ==+ -+« , and
SO on.

By the boundary condition w|sq = 01in (1.5), we necessarily have &/ w|yq =

0, and hence,
wjlaa = 0.

Assume that u = T(¢,w) is a solution of (1.3)—(1.6) with n = 2 in
mﬁécj ([0, Tp); H™ %) for some Ty > 0. Then, from the above observa-
tion, we need the regularity u; = "(¢;,w;) € H™ % for j = 0,---,[m/2],
which, indeed, follows from the fact that uy = (¢, wg) € H™ with m >

2(= [n/2] + 1). Furthermore, it is necessary to require that uy = " (¢g, wp)
satisfies the m th order compatibility condition:

-1
wJEH1 for 7=0,1,---,m = [mT]

We are now in a position to state our main results of this paper.

Theorem 3.1. Suppose that n = 2. Let m be an integer satisfying m > 2(=
[n/2] +1). Assume that us = "(ps,vs) satisfies (2.1) and (2.2). Then there
are positive numbers vy, o and wo such that if v > vy, v? /(v + ) > ¢ and
lps = 1|em+10,1) < wo, then the following assertion holds. There is a positive

9



number gy such that if ug = "(¢g,we) € H™ N L* satisfies ||uol|gmarr < €0
and the m th compatibility condition, then there exists a unique global solution
u(t) = T(6(t), w(t)) of (1.3)~(1.6) withn = 2 in NL2)CY([0, 00); H™ %) which

satisfies

IME

(3.1) 108 u(t)]ls = O™ 17%) (k=0,1),

(3.2) lu(t) = (eu®)(0)]|; = O ++) (¥ > 0)

ast — oo. Here ul® = u®(x5) is a function given in Lemma 4.1 below; and
o = o(x1,t) is a function satisfying

1
8ta — 508310' + Cloaxl(f + alﬁwl (O'Z) = O, O"t:() = / <Z>0(:c1,:c2) d.TQ
0

with some constants ko > 0, ag,a; € R.

Remark. As was remarked in [8], in case n > 3, one can establish the
estimates

|85 u(t)]|, = O T2) (k=0,1),

lu(t) = (eu®)()ll> = O T ~2n, (1))

as t — oo, provided that ug = (¢g, wo) € H™ N L' with ||ug||gmar < 1,
m > [n/2] + 1. Here o is a function of (2/,t) satisfying

1
2
(9ta — 11083010 —&'AN'o + aoaxla = 07 U|t=0 = / ¢0($/, xn) dz,
0

with some constants ro, " > 0, ag € R, where A" =02 +---+ 92 _; and
N, (t) = log(1 4+ t) when n = 3 and 7,(t) = 1 when n > 4.

As in [15, 10], Theorem 3.1 is proved by showing the local existence and
the a priori estimates. The local existence is proved by applying the local
solvability result in [9]. In fact, we can show the following assertion. We
introduce notations:

£ Oh = (S 10Ol )
192 ()2 for k=0,
DSl = 1
(1S O] + [0S (OI1)* for k= 1.

10



For T' > 0 we define a function space Z™(T') by
2"(T) = {u € NZC7 (0, T H™ ) ul zory < o0},

where

T ) 1/2
Jullzory = sup [ult) + ([ 1Dw(o)E, )
0<t<T 0

Proposition 3.2. Let m > 2(= [n/2] + 1). Assume that ug = " (¢o, wp) €
H™ satisfies the following conditions.

(a) up € H™ satisfies the m-th compatibility condition.
2
(b) =% p1 < do.

Then there ezists a positive number Ty depending on ||ug||g= and py such
that problem (1.3)~(1.6) has a unique solution u(t) € Z™(Ty) satisfying

¢(x> t) > —

2
%Pl for V(Z',t) € x [O,To]

Furthermore, the inequality
[ullZm gy < CodL + l[uollFm}* lluoll

holds for some constants Cy > 0 and a > 0 depending on m.

The global existence of the solution u(t) follows from Proposition 3.2 and
the following a priori estimate in a standard manner.

Proposition 3.3. Let m be an integer satisfying m > 2(= [n/2] +1). Then
there are positive numbers vy, Yo and wo such that if v > vy, v*/(v +1) > ¢
and ||ps — 1||emr1p01] < wo, then the following assertion holds.

There exists a number €1 > 0 such that if a solution u(t) of (1.3)~(1.6) in
Z™(T) satisfies ||uo||gmnrr < €1, then there holds the estimate

[u®)]7 < CulluollFrmns
for some constant C; > 0 independent of T

Proposition 3.3, together with L? decay estimate (3.1), will be proved in
sections 4-8. The asymptotic behavior (3.2) will be proved in section 9.

4. Spectral properties of the linearized operator

11



In this section we consider the spectral properties of the linearized prob-
lem which will be employed in the analysis of the nonlinear problem.
Problem (1.3)—(1.6) with n = 2 is written in the form

(4.1) du+Lu=F, wlgo=0, ul= = uo.

Here u = "(¢,w); F = "(f° f) with £ = T(f!, f?) is the nonlinearity; and
L is the operator of the form

L=A+ B+,

where
0 0 00y, Y7div(ps-)
4= VAL A P'(ps) | ,
0 s 2 — p_sv v \Y% (W ) 1)583;1]2
0 0
CO — 192 oyl
’y;—zgsel (&BQU;)elTeQ

with e; = T(1,0) and e, = T(0, 1).

We here consider the operator L as an operator on H! x H' with domain
D(L) = {u = T(¢p,w) € H' x H'; w € H> N H}, Lu € H* x H'}, where
H' = {w € L? 0,,w € L?} with norm ||w||z = (||w|? + 10z, w|2)z. One
can see that there exists a A > 1 such that {A € C; ReXA > A} C p(—L).
Let Z(T) be a function space defined by

Z2(T) = {u="T(¢,w); ue C(0,T);H x H")
oF we L*0,T;Hg), k=0,1,

w € C((0,T]; Hp)}-

Then one can show that for any uo € H L H' there exists a unique solution
u(t) in Z(T) (VT > 0) of the linear problem

(4.2) Ou+ Lu =0, uli—o = up;

and u(t) satisfies

1 t
()5, g1 + 0wy (t)[13 + Z/O 10, w(T) |3 dr < Clluoll2ys, 1
k=0

12



Furthermore, if uy € D(L), then u € C([0,T]; H' x H"). It then follows that
—L generates a Cy-semigroup U(t) that is defined by U(t)ug = u(t), where
u(t) is a solution of (4.2) with ug € H' x H'. See also [2, 3] for a generation
of a Cyp-semigroup. We will employ some spectral properties of U(t).

In the analysis of (4.1) we will decompose the solution u(t) of (4.1) by
a projection operator associated with U(t) which is obtained through the
Fourier transform in z;.

Let us consider the Fourier transform of (1.3)—(1.6) in x; € R:

(4.3) 06 + i&101 0 + (") + 720, (psid?) = f°,
Ot + L (|E — 02,)" — i ZE(ig* + 0,,0°) + i€ (2129)

(4.4) .

+2527 6+ il + (Du,0l)0? = f1,

0?4+ L ([€2 — 02,)10? — L0y, (i60" + Oy, 1?)
(4.5)

—i—@m(lz(gs (15) + i&vlw? = f2

(46) w|xg:0,1 = 07
(4.7) =0 = 1o = (o, o).

Here ¢ = é(ﬁ,xg,t) and W = w(&,xo,t) are the Fourier transform of ¢ =
o(z1,x9,t) and w = w(xy,z9,t) in ; € R with £ € R being the dual
variable. We thus arrive at the following problem

(48) 81}?1 + fzgﬂ == j‘T’, fb|t:0 - QALO

with a parameter £ € R. Here L is the operator on H'(0,1) x L*(0,1) of
the form ) R )

where
0 0 0
Ag=| 0 2(1€P = a2) + ZIEP —iZ£0,, ,
0 —i:-80s, Z(I¢* — 0z,) — 20,

13



i} V2 0sE 72Oy (ps )

Be=| B i) 0 ,
Co = Cy

with domain
D(L¢') = H'Y(0,1) x (H(0,1) N HL(0,1)).

In [12] some spectral properties of —Eg were investigated. (In [12], the
linearized operator at a Poiseuille type flow was studied, but one can see that
the arguments in [12] are valid for our parallel flows since only the properties
of parallel flow (2.1), (2.2) and ||ps — 1||em+1pp1) < 1 were used in [12] to
show the spectral properties in Lemmas 4.1-4.9 below.) We will employ the
following properties of Le for |¢] < 1.

We begin with the case & = 0. Let us introduce a formal adjoint operator
ﬁz of f)g with respect to the inner product (-, -):

Li = A¢ — B: + Cj,
with domain D([:g) = D(L¢), where

Y vd3, vy
psP’'(ps)

0

Lemma 4.1. ([12]) Let us = "(ps, vs) be a smooth stationary solution satis-
fying (2.1) and (2.2). Then there are positive constants vy, 7o and wy such
that if v > vy, ¥ /(v +7) > 75 and ||ps — 1||emr10,1) < wo, then the following
assertions hold.

(i) There are positive numbers no and 0y € (5,m) such that X(—no, 6y) \

{0} C p(—Ly). Furthermore, the following estimates hold uniformly for \ €
p(—Lo) N XZ(—=no, ) \ {0}:

. C
{(A_}_LO) lf‘H1XL2 < |_)\|’f|H1><L27
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.00+ 1)1, < €y + W
forl=1,2,
|02, Qo(\ + Lo) 1, < C(L + ;1)|f|H2le-
Al (A +1)2

The same assertion holds for —L¢.
(i) A = 0 is a simple eigenvalue of Ly and L.
(iii) The eigenspaces for X =0 of Lo and ﬁa are spanned by v and u®

respectively, where

uwl® =T (O w®), w® =T (@1 o)

and
wOx — T(¢(0)*’ 0)

with -1

¢ (z2) = ao—zl(“ﬁ”iw @0 = < 0 P dm) ’
8 vl(

w O (zy) = ——fo (22, Y2 %Qf)(o)(%)dy?v
¢ O*(z5) = a0¢(0)(x2).

Here

(1 — Jfg)yg (O < Yo < (L'Q)

G($27 92) = {

[EQ(]_ — yg) (I’Q < Y2 < ].)

(iv) The eigenprojections 110 qnd I1© * for A =0 of Lo and ﬁz‘; are given
by

~

IOy = <u,u(0)*>u(°) — (¢)u(0),

and

for u = T(¢,w), respectively.

(v) Let u® be written as u©® = ul” + u\”, where

ug’ =T(6,0), w? =T(0,0?), w®=T@"0)

Then uO* = Z—Zug)) and



foru=T(¢,w), w="T(w!,w?).

As for the spectrum of —f)g, we have the following result. Let f}g be
denoted by ) R R R
Le=Lo+¢LW + LD,

where
iv} i ps 0 0 0 0
o= (i iz, ) =02 g
0 —i<0y, 0 0o 0 =+
Ps Ps

Likewise, we denote ﬁz by ffg = L+ LW 4 2@

Lemma 4.2. ([12]) If v > vy, v*/(v+D) > 7§ and ||ps—1||cm+1j01] < wo, then
there exists a positive number ro = ro(v,7,7,m0,00) such that the following
assertions hold.

(i) Z(=no,00) N {X; [N =2} C p(—Le) for |€| < ro. Furthermore, the
following estimates hold uniformly in X € X(—no,60) N {X; [A| > 2} and ¢
with [€] < rg:

‘()‘ + i&)flf g < %|f|H1><L2>
TP 7 \—1 < 1, 1 -

forl=1,2,

832620()\ + iz&)ilft S C (l% + 1 ) |f|H2><H1-

(Al+1)2

The same assertion also holds for —Eg
(ii) There holds

o(~Le) VNI < B) = (Jo(©)} for ¢l <o,

where 5\0(5) is a simple eigenvalue of —ig that has the form
Mo(€) = —iao — ro€® + O([¢*)

as £ — 0. Here ap € R and kg > 0 are the numbers given by

ap = _<U;¢(O)+72psw(0)’l>’
wo = 225(=82,) 3 pufi+ (0(2) + O()) (1 + O(wo))

v

= (& +ol

) + 0(5)) (14 O(wp)) > 0.

v
v
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(iii) The eigenprojection II(€) for the eigenvalue Ao(€) is expanded as
I1(&) = ' + eI + €1(¢),

where

o =-mg©OLmhs — SLMmg®

with S = (I — IIO)Ly(I - H(O))) ; and [P () is a bounded operator on
H'(0,1) x L*(0,1) satisfying TP (&) ulgxre < Clulgiyrz. Furthermore, it
holds that QII (€)u|zy—01 = 0.

Concerning the eigenprojection I (&), the following estimates hold true.

Lemma 4.3. (i) The eigenprojection II(€) is written in the form

(1 (€)u) (x2) = / (€, 0, yo)ulye) dys

with

I1(&, 29, y2) = H(O)(@) +5H( (22,y2) + & e (€, 9, Y2)-
Here ITO) (25) = u® (25) Tey, eg = T(1,0,0); and TN (x4, y5) and TP (€, 25, 1)
satisfy the estimates

ok ot T ’ < Cru,
e G Leo((0,1)x(0,1)) ol

OO T (e, -, ’ <

e &) L>((0,1)x(0,1)) &

uniformly in & with |§| < ro for any k,1 > 0.
As a consequence, there hold, for 0 <Vk <m+2,1<p<2,

|08, 11 (€)uls < Cilulp,
|0k, TDuly < Cylul, (j=0,1),
0%, T (€)uly < Ciluly.

(ii) Let II*(€) be defined by

(I (€)u) () = / 11°(6, 2, (i) dv,

where IT*(€, x, o) is given by IT*(&, 22, y2) = W (ys)~ 1T( (& 2, y2) ) W (2)

with W (z5) = diag (£ i Z‘qug),ps(xg) ps(2)). Then IT*(€) is the eigenprojec-

tion for the eigenvalue /\0(5) of — Lg, and there hold (ﬁ(ﬁ)ul, ug) = (ug, ﬁ*(f)uQ)

17



and QIT*(€)u|zy—01 = 0. Furthermore, estimates similar to those for II(€)
given in (i) hold for IT*(§).

Proof. The integral expression of I (&) and estimates for the case k,l < 1
are given in [12] following the argument in [5]. Estimates for the case k,[ > 2
can be obtained as follows. We follow the argument in [5, Proof of Theorem
3.3].

Let w(§) and @*(&) be defined by

1

T(E) = 7,.)~1,,00)
w(é) = 5 {M:?}(AJFLS) Ly g,
ey 1 \—1 (0)x
(€)= 5 /{w_?}()\ + LY @7 dx
Then I7 (&) is given by
; (u,a*(§))
H — _ N NS .
_ L& mp) @ W (y2)w (€ y2)uly) dy,
0 (a(€), w (&) '
Here for a = (a1, as) and b= "(by,bs), a ® b denotes the matrix (a;b;).
Since
(4.10) IO+ Lo) ™ f | s gy < Cil A+ Lo) ™
(4'11) ‘f/@)(/\ + ﬁo)ilf‘Hkﬂka < Ck|(/\ + Z-/O)ilf‘Hm

for £ > 0, by using Lemma 4.1, we have the Neumann series expansion

A+ L™ = A+ Lo) P Y (DN {(ELD + L) (A + Lo) '}
N=0
for |£] < 1. One can see that the same expansion also holds for (A + ig)_l

()\+L2)—1 _ ()\+z3)_1 Z(_l)]\f{(gi(l)* +£2£(2)*)(A+E8)_1}N_
N=0

It then follows that
(4.12) (&) = u® + gah + 2 (¢),

18



(4.13) @(€) = ul" +eat" + 2a(g),

N —

(4.14) (a(§),a"(£)) =1+ 0(¢) =

for || < 1. Here

1 o
(4.15) i = —— (A =+ Lo) LY N 4 Lo) 1@ d,
27 J{a=1)

1
(4.16) a@ ) = — @\, &)u®
2 Jya=1)
with
e = —(A+Lo) 'L+ Lo) ™!
FO+ Lo) Y (—)NENR{(LW + eLP) (A + Lo) 1}
N=2

and, likewise, @M* and &(2)*( €) are given by formulas similar to (4.15) and
(4.16) with Ly replaced by Lg, etc. The integral expression now follows from
(4.9), (4.12)—(4.14). Furthermore, estimates for kernel functions would follow
from regularity estimates on the resolvents (A + Lg)~' and (A + Lf)~!. In
fact, we deduce from Lemma 4.1, (4.10) and (4.11) that for |A\| = 2,

‘[A/(])(A—F EO)_lleleQ < C’|f|H1><L2 (.] = 172)’

and hence,
[0 i < C/I/\l—’m}lL(l)(A +Lo) "l 1o 14N

< JuO gy
< C.

Similarly,

i) e < C (1D 162 ez [dA]
I/\|—n°} N=2

< JulO gy
< C,
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provided that |¢| is sufficiently small. Note also that 9¢(\ + L)@ |e—g =
—(A 4+ Lo) P LI + L) ' in HY(0,1) x H?(0,1).
To estimate higher order derivatives, we first show that

(4.17) (A4 L) ™ s e < Cel e

for [\| = %, k = 1,2,---. The case k = 0 follows from Lemma 4.2. As for
k>1, weset u="(¢,w',w?) = (A\+ L¢)~'f. Then

(4.18) MG+ i€vip + iV’ Epswt + 720, (psw®) = [°,

Mt + L ([€[2 = 02w — iZE(igw! + Opyw?) + i ELL g

1/8
”2 Sqﬁ—l—zﬁv wh + Oy, vlw? = f1

(4.19)

Aw? + L (|€|2 ) - p%am(ifwl + amwz)

(4.20) ,
+@4%§®+%@M=ﬂ

where f = T(f% f!, f?). By adding % pg x (4.20) to 0,,(4.18), we have

Ny, ¢ + 221200, 6 + vl D, ¢ = H,

where

H = 05, f° — {170, (psw") + Y20y ps Oy w? + 20y (w2 Oy p5) }

_|_7 ps{f2 )\w +z£v1w2+ ’f‘Q 2 ”8m2i£w1+¢ax2 (p;(m)))}’

YePs

It then follows that

ak+1¢+P5P(ps ak+1¢+i@1ak+1¢: —ig[ok ko 010, — [ak psP’(ps) ] Oy .

s~ xg x2) v+v

We thus obtain

ReA’aI;;H(M% + ‘ psP’(ps) ak+1¢|2

V—‘rl/
< C’{|8§“f0|2 + |0y | gri—1 + |l + |w|grsr + | f2 | + |/\||wZ|Hk}|(()kJr1
Therefore, if [ps — 1| < 1, then

(4.21)
(Re A+ 222) (954163

v+

< CLUOL Ol + 100, 0l 51 + D150 + [wlipean + 12150 + NP [w? 3 -
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By (4.19) and (4.20), we have

Rt = {0+ ZEPw! — i ZE(iEw! + 0,w?) + TG

1/ 2
8“2 Sqﬁ—i—zgv w4 Opyviw? — f1},

Rt = P+ LlePu? - i L0,0! + 0y, (24220)
+igv,w? — fQ},
and hence,
(4.22) |95 2wl < CUNP[wlEe + 05ne + [wlFpers + [fH o + £ 170}

for [A\| =
Based on (4.21) and (4.22), we obtain, by induction on k,

|U|Hk+1><Hk+2 S C|f|Hk+1><Hk

for [A\| = . This proves (4.17).

We next estimate integrands 2() = —(\ + Lo) 'L (A 4 Lo)'u(® and
zg) = RO (X, &)u® in the right-hand side of (4.15) and (4.16), respectively.
Set ze = (A + Le)'u®. Then z € HY(0,1) x (H?*(0,1) N H}(0,1)), and

(4.23) (A + Lo)ze + ELWze + L@z = 4,

By (4.17), we have, for k =0,1,2,---,

(4.24) | ze| e grrre < Orlul? | gprss e < Ch.
1

We next set z(0) = %u(o) and z;' =

H'(0,1) x H*(0,1) as £ — 0, and

%(25 — 2). Then, zél) — 20 in

(4.25) |20 | e < Cplu® | rss < G
Furthermore, since

(4.26) (A =+ L)z = u©),

we see from (4.23) and (4.26) that

(4.27) A+ Lo)zl” + LWz + €Lz = 0.
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Therefore, we have
(1) —(A+ L)~ (L(l)z£ +£i(2)z£).
It then follows from (4.17) and (4.24) that

‘Z§1)|Hk+l><Hk+2 < C’k|i(1)z§+§ﬁ(2)z§]m+1xm

(428) S Ck|Zg|Hk+1
< C.
We next consider zé ) = @\, Eu®. We have zé ) 512 (ze — 20 - £2M) €

HY0,1) x (H*(0,1)N Hl(O, 1)) and, by (4.23), (4.2 _) d (4.27),
A+ ﬁg)zé2) + L(l)zél) + f/(2)z§ =0.
We thus obtain
zg) =—(\+ f/o)_l(f/(l)zél) + L®z).

It then follows from (4.17), (4.24) and (4.28) that

IN

|Z§2) ’Hk+1 x Hk+2 Ck|f/(1)zél) + [A/(2)Z§|Hk+1 x Hk

(4.29)

IN

1
Cr{]280 iwes + |2}
Ch.

IN

We see from (4.24), (4.25) and (4.29) that
(4.30) |a(1)‘Hk+1><Hk+2 + |ﬂ(2) (&) gt sgrre < Cy

for k=1,2,---
Similarly, one can show

(4.31) [ (1) | et v + |u( )*(§)|Hk+1ka+2 < Ok|u(0)*|Hk+l><Hk < C

for k=1,2,---.

The desired estimates for integrands [T (zy,75) and 11 (€, 19, 15) are
now obtained by (4.9), (4.30), (4.31) and the Sobolev embedding. This com-
pletes the proof. O
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We now introduce a projection based on II (¢). For an interval J C R,
we denote the characteristic function of J by 1;. We define y; by

) L (J¢] <)
X1(8) = 1o, (I€]) =
0 (€] = r).

Here and in what follows we take a number r; > 0 satisfying r; < min{ry, 1}.

We define P, and P by

Piu = ﬁ_l(ﬂl(f)ﬁ(f)ﬁ)
and X
Piu= (a1 (§I*(&)).
It then follows that P? = Py, Pj? = P} and
((Pruy, ug)) = ((ur, Plug)).

Based on Lemma 4.2 (iii), we expand P; as
P =P? +9, P+ 0 PP,

where Pl(j)u =7 Al(j)ft) (j=0,1,2),

In what follows we will also denote 11 by 11,
The following properties of 17 will be used in the subsequent analysis.

Lemma 4.4. (i) For any k =1,2,---, 9* 1V = [TO9F .

(ii) If Qott|py=01 = 0, then M) (d,,u) = 0.

(iii) For any 1 =0,1,---, there holds |0, I Oulls < Ci|| 11 Oul|,.

(iv) If Qulpy—01 = 0, then ||(I — I O)u|ly < C||0py, (I — ITO)ul,.
Proof. The assertions (i)-(iii) easily follow from the definition of I7%:

IOy = (u,u @) u® = (Quu)u®.
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As for (iv), since Qu(®|,,—o1 = T(0,w)|4,—01 = 0, if Qu|z,—0.1 = 0, then we
have Q(I — IT)ul,,—o; = 0. By the Poincaré inequality, ||Q(1 — IT)ul|, <
C|02, QI — IT)ully. We also have (Qo(I — I ®)u) = 0. Therefore, by
the Poincaré inequality, ||Qo(I — I )ull; < C|0,,Qo(I — IT)ul|y. This
completes the proof. O

We next state boundedness properties of P, and P;.
Lemma 4.5. (i) For any k =1,2,---, % P, = P0F and af;lpf” = Pfj)a;
(7=0,1,2).
(i) There holds QPyu|sy—01 = QP;tt|py—01 = 0.
(iii) For any k,l =0,1,--, there hold

107, 05, Prulla < Cillullz,

1 -T2

|0% 0L, Prulla < Cil|ul|2,

T T2

188 8L PPully < Cillullz (5 =0,1,2).

1 -T2

Proof. It is clear that (i) holds true; (ii) follows from Lemma 4.2 (iii) and
Lemma 4.3 (ii); and (iii) follows from Lemma 4.3. This completes the proof.
U

We next consider Pj-part of U(t). We define Uy (t) by
Ui(t) = PU(t) =U(t)P, = PU(t)P,.

Then we have m = Xleio(g)tﬁ(f)ﬂ. We also define Ul(j)(t) (1 =0,1,2)
by
Uy (tyu = Z 7 (&' PVa) (j=0,1,2).
Then
UL(8) = UL (1) + 0, U1 () + 05, UL (1),

Furthermore, we have the following properties.

Lemma 4.6. (i) There hold 8% U,(t) = U(t)0F

ko R UY () = UY) ()0
(j=0,1,2) fork=0,1,2,---, and

x1

188 0L Uy (tulls < Cil|ulla, ||0%,8L, U (t)ulls < Cil|ulls (5 =0,1,2)

xr1 -T2 1~ 2

fort>0and k,1=0,1,2,---.
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(ii) There hold
H(O)Ul(o) (t) = U( )( )H(O) U(O)( t),
VU =m0 1 - 1),

and

(I — YU () = (I — 1P @) I®.

Proof. Properties in (i) and the first relation in (i) are easy to verify. The
last two relations in (i) follow from the fact that ST = [1®S = O, which
yields relations

HOFO = —gOrOing 4 $i0 7o)
— (TOLWE 4+ LW O O = (] — O,
and likewise, (I — ITO)TM = [TM 7O This completes the proof. O
We next consider the decay estimates on Uy(£) and U (¢) (j = 0,1, 2).

Lemma 4.7. There hold the following estimates uniformly for t > 0.

(i) 108 8L Uy (tyully < Cr(1+6)"7 3 Jully (k0 =0,1,2,---),
Gi) |0k 8L, HOU(t)ulla < Cu(1+ )75 2 fully (k,1=0,1,2,---),

(i) (105, 0%, (T = IO (Bulls < C1+6) 757 % [Jully (k0 =0,1,2,---).

1 X2

(iv) [0 0L, U (tyulla < C(L+ )71 2 Jully (G =0,1,2; k1 =0,1,2,---).

r1 Y T2

Proof. Since \(£) = —iapf — ko2 + O(|€[?), we see from Lemma 4.3 that

H%%ﬂﬂMb§<XL&@%WWMW%ﬁ@%%)

N|=

_ 21 A i
2|€|2k6 Kol€] t|u|?df)2

IN

Ci(

(©)
< al [ %@l 4 ully

JRIG
J

R
lells,

IN

C

Al
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We thus obtain (i). Estimate (ii) and (iv) can be obtained similarly. As for
(iii), one can prove the desired estimate by noting

(I = IOVII(&) = (I = HO) ™ + &1 (€)).
This completes the proof. O

We finally consider the asymptotic behavior of Ui (t).
Let Uy(t) and % (t) be defined by

Up(t)u = F " (:O4Qoit))

and
U(t)o = F (e eottrotsy,

It then follows that IT-part of U,(t) is given by Uy(t), i.e., we have
(4.32) IOU (t)u = (Up(t) Pru)u'®.
One can easily see the following properties.

Lemma 4.8. There hold the following relations.

(1) Up(t) = Up(t) 11O = Uy(t) P,

(i) OhU(t) = Up(t)Ok,, OFw(t)=w()dr, (k=1,2,-),
(iif) |0k % (t)olla < Cut™5 %oy (k=0,1,2,--+),

(iv) 10F Uo(tyulls < C(L+ )75 5 |ully (k=0,1,2,--),

108, Uo (1) Prullo < C(1+ )75 2 fully (k =0,1,2,---),

188 Up(t) PP ulls < C(1+8) 572 |ully (j=1,2k=0,1,2,---).

We finally show that the leading part of Uy (%) is given by %/(t), which, to-
gether with Lemma 4.7 (iii) and (4.32), implies that the asymptotic behavior
of Uy (t) is described by ().

Lemma 4.9. Let u= "(¢,w) € (H' x HYN L' and let 0 = (Qou). Then

k+1

1%, (Us(t)u = Z(B)o)l2 < Crt ™52 Jully
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and e
108 (Uo(t)Pru— % (t)o)|ls < Crt ™37 |Julfs.

Proof. We see that
<gﬁ(Uo(t)u) = 6*(¢“0§+n0£2)ta. + (21 _ l)ef(iaongno{Q)té_
_+_>A<1 (ejxo(f)t _ e*(ia0§+ﬁof2)t)a-‘
Since A(€) + (iao€ + ro€?) = O(£?), we have

|eh0©)t _ g—(iaot+roe)t| = |=(iaos+nos®)t(o(ME)+(aos+ras®)t _ 1)

IN

Clele .

It then follows that

k+1

185 (Ug(t)u — %(t)o)|la < Cit 175 |Ju|1.

This shows the first inequality. The second inequality now follows from the
first one and Lemma 4.8 (i) and (v) since

Us(t) Py = Ug(t) P + 0., U () PV + 02 Uy (1) PP
This completes the proof. 0
5. Decomposition of the solution

In sections 57 we prove the a priori estimate in Proposition 3.3. To do
so, we will decompose the solution wu(t) of (4.1) into several parts based on
the spectral properties of L.

We first introduce some notation and projection operators. Let xo and
X3 be defined by

X2(&) = L (6D, X3(8) = L) (I€])-
We define P ; (7 =1,2,3) by

~ ~ ~

Pyqu=F Y (Pyu1t), Pwit=x1(I —11(£))a,
Poju=F '(Pxji), Puji=x;u (j=23).

Set

Po=I-P, P9 =P+ Py

[e.9]
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We then have } }
I=P +Py,, Po=PY+P_s

We define (f); (j =1,2,00) by
(f);=F ), 7=12
(Foo = (N1 + (o =F R+ x2)(1)).

We decompose the solution u(t) into
u(t) = Puu(t) + Psoul(t),
Pru(t) = (o1u®)(t) +ua(t),
Pou(t) = (0ou®)(t) + ua(t),
where
(o1u@)(t) = HOPu(t), o = (QoPru(t)) = (QoPiu(t)),,
uy (t) = (I — IO)Pyu(t),
(0ou®)(t) = HOPLu(t), 000 = (QoPu(t)) = (QoPu(t)) .
Uso(t) = Paou,
Here and in what follows, P,, denotes the operator defined by

Po=I—-0PY 4+ P,

We now derive the equations for oy, u1, 0o and us. We define M by
M=L—-Ly=A+B

with
0 0 0

A= A— A, = _vtv g2 P
- 0 — 0 Ps aﬂcl ps afmafm )
0 1761'161'2 - Eg
Ps Ps 1

U;afﬂl VQpSaml 0

B =B - BO = a:m <P/(p8) ) U;aﬂfl 0

2ps

0 0 vlo,,
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Proposition 5.1. Let T > 0 and u(t) be a solution of (4.1) in Z™(T'). Then
there hold

or € MLCI ([0, T) HUR)) (k= 1,00 ¥ =0,1,2,++),
w € NELCi((0, T HY(Q)) (VI=0,1,2,---),
Uso € Z™(T).

Moreover, o1, U1, 0o and Uy Satisfy

(51) Ul(t) = Uo(t)PllLo + /t Uo(t — T)H(O)PlF(T) dT7

(5.2) uy(t) = (I — IO (t)ug + / t([ — ITNU,(t — 7)F(7) dr,

(5.4) Oytios + Ltige + M(00ou'®) — (QuB(0sou® + uoo)>oou(0) = F,
(5.5) Waolag = 0,

(5-6) Uoo|t:0 = 00,05 uoo't:O = Uoo,0-

Here 0400 = (Q0P£)u0>oo, Usop = (I — H(O))P( up + P sty and Fo
PoF =(I1—-19)PYF + P, ,F.

Proof. Since u € Z™(T), the first assertion for o, (kK = 1,00) and wu
follows from boundedness properties of I1(®) and P, given in Lemma 4.4 and
Lemma 4.5. As for u., it is easy to see that P,Z™(T) C Z™(T); and so
Poo,lu(t) € Zm(T). Obviously, P ou(t) and Py su(t) are in Z™(T). Since
ul®) = (qb(o) w ), w(0)| —o1 = 0, we see that [T Z™(T) c Z™(T), and
hence, 170 ( ) = IO (Pyy + Puo)u(t) € Z™(T). As a consequence,
U (t) = (1 HO))P( : ( ) + Pagult) € Z™(T).
We next derive (5.1) and (5.2). Applying P, and P, to (4.1), we have

(57) 8t(P1U) + LPlu == PIF,

(5.8) 9y (Pxu) + LPyu = P F.
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It follows from (5.7) that
¢
(5.9) Piu(t) = Uy (t)ug + / Uy(t — 7)F(7)dr.
0

Applying [T and I — T to (5.9), we obtain (5.1) and (5.2).
As for (5.3) and (5.4), we apply P and P 5 to (5.8) to obtain

(5.10) d,(POvu) + LPOy = POF,
(511) 8t(POO,3u) + LPOO73U = Poo’gF.

Since TOL = TOM and LII© = MII©, applying II© and I — 11 to
(5.10), we have

(5.12) Ou(0oct®) + TOM(POu) = TOPOF,

oo

(5.13)
(I — TNPOu+ L(I — TO)VPOu+ M(o4u®) — TOM(POu)

= -1PYF,
Since
TOMPLu) = (QoB(su® + (I — TO)PLw))_u®
= {(QoB(0st® + uy)) u®,
(5.3) follows from (5.12). Here we used the fact that
(QuBPagu), = F (X1 + X2)(QoBe P s)) = 0,

where Be = B — By. (5.4) now follows by adding (5.11) and (5.13). This
completes the proof. O

We next state some properties of o, and u,, parts.

Lemma 5.2. There hold the following inequalities.

(i) 105 (QoPu) llo < IHQoPLu) |2 (Vh=0,1,2,--),
(ii) | Pt < C|0, Pooull2 if Qu|x2:071 = 0.
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Proof. Inequality (i) is obvious since supp (Y1 + x2) C {|¢] < 1}. As for (ii),
since supp x3 C {|¢] > 1}, we see that

| Poosttl|2 < [|0r, Poo zul|2-

Since Qu|$2:0’1 = 0, we have QPO(S)MQ;FOJ = 0, and hence, Q(I—H(O))Pég)mm:o’l =
0. By the Poncaré inequality we obtain

QU — T ) P u]| < [10:,QU — T PO ull2.
Furthermore, since (Qo(I — IT (0))P§3)u) = 0, we see from the Poincaré in-
equality that
I — TNYPOWY|| < C||02,Qo(I — TOYPDyy]],.
[1Qo( oo Ul < C|02,Qo o U2
It then follows that
1Pulle < C{I0:(1 = )P ully + 10, Poo gull2} < Cl0: Poctt]lo.

Here we used (0,(I — H(O))Po(g)u, 0y Pso 3u) = 0, which follows from the fact
X1X3 = X2X3 = 0 and the Plancherel theorem. This completes the proof. [

To prove the a priori estimate in Proposition 3.3, we will estimate the
following quantities.

Let u(t) be a solution of (4.1) in Z™(T') and let u(t) be decomposed as
above:

u(t) = (01u”)(t) + ur(t) + (0w (1) + uoc(t)-
We define M (t) > 0 by

M(t)? = My(t)> + sup (1+7)2Ex(7) (t €[0,T)).

0<r<t

Here M;(t) and E(t) are defined by
My(t) = sup (1+7)8on(7)]l

0<r<t

0<r<t
Es(t) = [ue®I7 + [o0o(D)]7-
We also introduce the quantity Dy (t) for e (t) = T (Poo(t), oo (t)):

Deo(t) = Do (0)]] 71 + [l Dwoc (O)]][7, + 11 Dooe ()]]17,1.-

%)
+ sup (14 7)4{[|0n, 01(r) 2 + lua (7)]2 + Z(H@idl(ﬂlb + 107 (7)]2) }
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We will show the following estimates for M (t) and E(t).

Proposition 5.3. There are positive constants vy, Yo and wy such that if
v >y, V/(v+0) >3 and ||ps — 1|empay < wo, then the following
assertion holds true.

There exists a number €5 > 0 such that if a solution u(t) of (4.1) in
Z™(T) satisfies supy< < Ju(T)]m < €2 and M(t) <1 fort € [0,T], then the
following estimates hold uniformly for t € [0,T] with C' > 0 independent of
T.

(5.14) M (t) < Clluolly + M (2)*},

E(t) + /t e~ =D (1)dr
(5.15) 0 .
< C{e™E(0) + (1+1) 2 M(t)* + / e *IR(T)dr}.

Here a = a(v, 0,7, ||ps — L||cm+1j0,1) is a positive constant; and R(t) is a
quantity that satisfies

(5.16) R(t) < C{(1+8)"2M1)> + (1+1) i M(t)Duo(t)}
whenever supg<,<;[w(7)]m < €2 and M(t) < 1.

The proof of Proposition 5.3 will be given in sections 6-8. We will prove
(5.14), (5.15) and (5.16) in sections 6, 7 and 8, respectively.

Assuming Proposition 5.3 to hold true, we can show the following esti-
mate.

Proposition 5.4. If v > vy, ¥*/(v +7) > 7§ and ||ps — 1| cmeip1) < wo,
then the following assertion holds true.

There exists a number €3 > 0 such that if a solution u(t) of (4.1) in Z™(T)
satisfies ||ug||gmarr < €3, then there holds the estimate

M (t) < Cyllug|| gmar
for some constant Cy > 0 independent of T

The a priori estimate in Proposition 3.3 immediately follows from Propo-
sition 5.4. Furthermore, Proposition 5.4 also provides decay estimates

[u()]m < C(1+ )% || e
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and -
105 w(t)]l2 < C(L+6)75 |Jug|

HmOL1
for k =0, 1.

Proof of Proposition 5.4. If supg., < [u(7)]m < &2 and M(t) < 1, then
we see from (5.15) and (5.16) that

¢
EL(t) +/ eI D (1) dr
0

< C{eEn(0) + (1 + )72 M(t)* + M(t)? / (1 4 7 dr
+M(t) /t et D (1) dT}
< C{e B (0) + (1 +6)"2 M(t)> + M(t) /t e "D (1) dr},

and hence,

3
2

(517)  (1+1)2E.(t) + 2(t) < Cf{|luol3maz: + M@ + M#)2(t)},

where

t
2() =+ [ eI ()
0
It follows from (5.14) and (5.17) that
(5.18) M(t)* + 2(t) < Co{lluollFmap + M(E)° + M) 2 (1)}

whenever supy, «,[u(7)]m < &2 and M(t) < 1.
We now show that there exists e3 > 0 such that if llwollgmnrr < €3, then
M(t) < 2C4||uo|| gmnrr for all t € [0,T] with some Cy > 0 independent of T'.
We first observe that there is a constant Cs > 0 such that supg<, < [u(7)]m <
Cs M (t). o
Since M (0) < Cg||ug|| gm for some Cg > 0 and since M (t) is continuous
in ¢, we see that there exists t5 > 0 such that M(t) < 2Csl||ug||gm for all
t €10, 1o].

We set Cy = max{y/%,Cs} and g5 = min{ﬁ,m,wﬁl—a}. Then
M(t) < 2Cy||lup||gmnrr for t € [0,%]. Assume that there exists t; € (to, 7))
such that M(t) < 204HUOHHWOL1 fort € [O,tl) and M(tl) = 204HUOHHmle.

Since M (t) < 2C4|jug||gmarr < 1 for t € [0,t1], we have supg<, <;[u(7)]m <
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CsM(t) < ey for ¢t € [0,t;]. We thus see from (5.18) that if ||ug||gmnrt < €3,
then

M@ +22(t) < Cs{lluol g + 2Culluollmnr: (M () + 2 (1)) }
< Cslluollfpmap + 3(M(8)* + 2(1)),
and hence,
M(t)* + 2(t) < 2Cs|luollrmnp < ACT ol Fmeys

for t € [0,¢;]. But this contradicts to M(t;) = 2Cy||uo||gmnrr. We thus
conclude that M(t) < 2C4||up||gmnrr for all t € [0, 7). This completes the
proof. O

6. Estimates on Pju(t)
In this section we estimate the Pj-part of u(t):
Pru(t) = (ou @) (1) + ui (t),
where o (t) = (QoPyu(t)) and uy(t) = (I — ITO)u(t).
We will prove (5.14), i.e., the following estimate.

Proposition 6.1. There exists a number ¢4 > 0 such that if a solution
u(t) of (4.1) in Z™(T') satisfies supgc,<;[u(T)]m < €4 and M(t) < 1 for all
t € 10,7, then the estimate

Mi(t) < Clluoll + M(2)*}
holds uniformly for t € [0, T] with C > 0 independent of T

To prove Proposition 6.1, we employ the results in section 4, together
with Lemma 6.2 and Lemma 6.3 below.

Before going further we make one observation. In view of the spectral
properties of the linearized operator, the most slowly decaying part of w(t)
is expected to be o1(t); and hence, the most slowly decaying part of the
nonlinearity F(t) would be given by the terms involving only o1(#)? which
is, in fact, only one term o F; with F; = Fy(x5):

Fi = =7 (0,0, gy 0 (P (pa(w2)) {0 (22)})).

We thus write F' as
F =0}F, + F,,
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where F; = F —0?F contains terms involving u, 0, Uso, their derivatives,
and terms of order O(019,,01) and O(c%) but not just O(¢?). In particular,

HOF =[TOF,.
We make two lemmas on the nonlinearities.

Lemma 6.2. There hold the following relations.
(i) IOF = -9, (¢puw"Hu®
(i)

9P F = P8, (pw")u®) + 100, PM(1 — TO)VF + 1092 PP F

111 — 1 - + —
[—TYPF = (1 - 199, PP ITOF + (I — 182 PP F

Proof. Since w|,;,—o1 = 0, by integration by parts, we have
NOF = (QF)u"” = —0;,(¢w")u"

This shows (i).
We write IO P, F as

n9pF = 0NOPOF 4 1109, PVF + 1092 PP F

= PONOF 4 1099, PVF 4+ 1092 PP F

= — P8, (pw")u®) + 109, PVF + 17<0>a§1 POF

~

~

By Lemma 4.2 (iii), I7®) is given by —(IT©O LM S+ SLM TO) with § =
-1

)

(71—

HOYLo(I — 1I™)) . Since (1) = 1O, 105 = O and S = S(I — 1)

we see that

77O M — —H(O)fj(l)é’([ _ H(O)) - H(O)ﬁ(l)([ _ ]](0))7

(I - H(U))ﬁ(l) = —(I— H(U))gi(l)g(o) = (I — H(O))ﬁ(l)ﬂ(o)'

It follows that
199, PYF = F ' (OOMOF)

= Z OO — TO)F)
= H(O)ngl(;ﬁgﬁ(l)(] _ H(O))j;v)
= 1109, PY(I - TONF.
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We thus obtain (ii).
Similarly, we can show

(I — 119, PVF = (I — 19, PO IIOF,
and obtain (iii). This completes the proof. O
It is not difficult to verify the following estimates on the nonlinearities.

Lemma 6.3. There exists a number 5 > 0 such that whenever a solution
u(t) of (4.1) in Z™(T') satisfies sSupg<,<;[u(T)]m < €5 and M(t) <1 fort €
[0, T, there hold the following estimates fort € [0,T] with C > 0 independent
of T.

(i) 102, (pwh) (1)l < C(1L+ 1) M(2)?,
(i) l{ew") (Ol < C(L+1)72 M (1),
(i) 100, (a3(1)) 1 < C(L+ 1) M(1)?,
(iv) IF(@)[l < C(1+1)72 M(2),
(v) IF> (1)l < C(1+ 1) M(1)?,
(vi) [F()] < C(L+1) 75 M (1),

Proof of Proposition 6.1. We write (5.1) and (5.2) as
O'1<t) = U0<t)P1U0 + [(t),

ur(t) = (I — H(O))Ul(t)uo + J(t),
where

I(t) = /Ot Up(t — ) IO P F(7) dr,

J(t) = /Ot(f — INU(t — 7)F(7) dr.

36



Lemma 4.7 and Lemma 4.8 yield
188 Us(£) P> < C(1 + )75 [[ug] |1,

(7 = T U (ol < C(L+ 1) % o1

We next estimate I(¢) which we write as
I(t) = Li(t) + (1),

where

L) = / *Un(t — 1) TOPF(7) dr,
0
t

L(t) = / Up(t — ) IIO P F(7) dr.

By Lemma 4.8 (i), (ii) and Lemma 6.2 (ii), we have
Us(t — 7)1 P F(7)
00, Uo(t = ) {=P{" ((gu')u®) + PV (I = 1O)F + 0, P F}(7).

It then follows from Lemma 4.8 (ii) and Lemma 6.3 that

o~

107, ()2 < 0/02(1+t—7)‘3_§{ll<¢w1>(7)||1+||F(T)|!1}d7

N[+

k
2

< CM(t)2/ (1+t—7) 1 2(1+7)2dr

< C(1+t) i 2 M(t)?

for k=0,1.
As for I5(t), using Lemma 4.5 (i) and Lemma 6.2 (i), we write IO P, F
as
HOPF = =P((0s {pw')u)
(6.1) +IO (PO — O + 0, PP (0, (1) F)

+110(8,, PV (1 — 1) + 92 P?) F.

37



It then follows from Lemma 4.8 and Lemma 6.3 that
10, L2(t) |2

|+

< ¢ [ = Ao et )+ 10m (01 + B} dr

[

t
< CM(t)2/(1+t—7') i %(14—7) dr
< C(1+t) i 2 M(t)?

for k=0,1.

We next consider J(t). By Lemma 4.6 (ii), we have

(I — TNt —7)F(r) = (I—1T0)9, U" (t—r)H(O)F

+(I — 1O )82 (t —7)F(7).

Furthermore, using Lemma 4.6 (i) and Lemma 6.2 (i), we rewrite this as
follows:

(I — HONYU(t — 7)F (1)

—(I = )32 U (t — 1) ({pw") (7)u®)

+(I— TR UP (t —7)F(7).
for0 <7t < % and

(I —IONU(t —T)F(r) = —(I— T, U (t — 1) (0, (") (T)u®)

+(I - 10 >ax1U1<2 (t = 7)( Dy (01 (7)?) F)

+(I -T2 U @t — 7)Fy(7)
for 5 <7 <t. It then follows from Lemma 4.7 and Lemma 6.3 (iv) that

17 ()12

N+

gC/O (14t —7) oY (D)l + |F ()1} dr

+C[ (14t = 7)1 {100, (Gw") (7)1 + 105, (01 (7))l + | Fo(7)]1 } d

t t
(I+t—7)i(1+7)2dr +/ (1+t—7)3(1+7)" dT}

< CM(1)? { /0 :

< C(1+t) 1 M)
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We thus obtain
1

(6.2) (146572105, o1 (6)l]> + (14 )3 s (8) [ < Cffluolly + M ()}

It remains to estimate time derivatives. Since
—LPru= X1 M(§) I (€)i = X1 ho(€) Pru,
we see from (5.7) that

(6.3) 0:Pru = aho(§)Pru+ P F
with Ao(€) = —(iaof + ko2 + O(£3)) = O(€). Tt then follows from (6.3) and

Lemma 6.2 (vi) that

[0:Pru(t)]z < C{|0x, Pru(t)|[2 + [[PLF(1)]]2}
(6.4)

< O+ )74 {|luoll + M(8)?}.
Concerning ||0) "' Piu(t)||y for j = 1,--- ,[m/2] — 1, we obtain from (6.3)
167" Pru(t) 2 < C{IIO] Pru(t) |2 + 1107 PLF ||}

Since . \
|0 F ||, < C(1+1t)"3M(t)°

for 0 < j < [m/2] — 1 as we will see in Proposition 8.5 and Proposition 8.6
below, we find by induction on j, together with (6.4), that the estimate

(6.5) 167 Pru(t)ll; < C(1+ 1) # {fJuolls + M(1)*}

holds for j =0,1,---,[m/2] — 1.
The desired result now follows from (6.2) and (6.5). This completes the
proof. 0

7. Estimates on Pu(t)

In this section we prove estimate (5.15) for oo and us by a variant of
Matsumura-Nishida energy method as in [8, Section 5].
We first show the following inequality.

Proposition 7.1. There exist vy, Yo and wy such that if v > vy, v*/(v+0) >
V5 and ||ps — 1| gm+101] < wo, then a solution u(t) of (4.1) in Z™(T) satisfies

d - B
(7.1) %E(t) +2D(t) < R(t).
Here E(t), D(t) and R(t) are quantities such that
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(1) E(t) + [weo(D)]?,_s is equivalent to FE(t),
(i) D

(iii) R(t) satisfies estimate (5.16).

(t) is equivalent to Dy (1),

The proof of Proposition 7.1 is similar to that of (5.64) in [8]. So we here
give an outline only.

We introduce some quantities. Let E©[Pu] and D©[w] be defined by

m%&mzywm2 m Plos) g 2+ llv/pstweol 2

Y Ps

fOl" POOU = UOOU(O) + Uso Wlth Uoo = T(¢OO7 w00)7 and
DONw] = v||Vwlf3 + 7||div w|3.
Note that

((Au(t), u(t))) = DOTw(?)]

for u =T (¢, w) € Z™(T). A
We denote the tangential derivatives 9} 9F, by T} ;:

Tjpu = 805 u.
It is easy to see that Lemma 4.4 and Lemma 4.5 of [8] hold with ¢; and

(-,-); in [8] replaced by oo and (-,-)_, respectively. Namely, we have the
following lemmas.

[elel)

Lemma 7.2 ([8, Lemma 4.4]). (i) (0, f)o, = 0, () and |04, ()2 <

(/) 0l2-
(i) Let o0 = o(xy) with supp (6) C {[¢| < 1}. Then

(QoBu).., 0) =~ ((u, Blou®))).

(%]

(iii) (((f)oouéo),uoo» =0 for u, € Range (Ps,).
Lemma 7.3. ([8, Lemma 4.5]). There hold the following assertions.

() Q0B (05u® + us)) 13 < CU102,0013 + 102,00 ll3 + 74102, 3).
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(i) Ifw? |sy—01 = 0, then (QoBun),. =

(111) ]f wgo|l‘2=0,l = O? Hps -

< C{|ordlosl+ |

Bosot™ + use)) I3

for0<p,g<k+1,0<rs<k.

04,0 $oc 3 + 7*[1div (97, 8 wee ) 13+

<QOBUOO>OO = <U;azl (boo_’_f}ﬂdlv (pswoo)>oo

L emirpoa) < wo and 25 + k < m, then

wpll93, 0l weo 3}

We begin with the L? energy estimates for tangential derivatives. We set

Oy = 01+ 00,

U

We will write QF = T(0, f) in the form

¢* = ¢1 + ¢oo>
= "(fews) (=

Wy = W1 + Weo,

Uy + ’LLOO)

QF =Fg+ F,+ Fy + F;,

where F; = (0, ;) (1 =0,1,2,3) with
2 Vs
fo = —w-Vu+ filps, ¢)(~020.w® + 220,
+f2(psa @)(—8510'*’11)(0) - amo-*@mw(()))

—I—f01<1'2, ¢)¢0-* + f02(x27 qb)gbamo-* + f03(ZL‘2, gb)gbgb*,

1= —div(fi(ps, 9)Vw,) +
fa2 ==V (falps, o)divw.) +
Js=

V(f3(x2, 0)00.) —
Here Vw, denotes the 2 x 2 matrix (9,,w?); fi

H(Vw ) V(filps, 0)),
(divw,)V(f2(ps, ),
¢V (f3(22, 9)9).

7 S S 7 S
T (¢ 2ps)ps? f2 (¢+72ps)ps’

and fy,(z2, ) (I =1,2,3) and f3(xs, ¢) are some smooth functions of xs and

0.

Proposition 7.4. There is a constant vy > 0 such that if v > vy and
lps = U|em+1j01) < 1, then the following estimate holds for 0 < 2j +k < m:

14 EOT,  Pu] + 3DO[T,
(7.2)
(1)
<R+ C{(V%
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where .
Orbss  (j =k =0),

j},k¢w - { .
Tikdoo (25 +k > 1);
and Rglk): s given by
Rﬂ(l’z = Z{{(QoTj1F) o Tjko) — (QoTjnP1F) ., Tjkoo) }
~§112 — ({QoT; 1. F) u'® T} punse))

+{(Tj P F, Tj juos)) — (({QoT 1 P F) ', T} o).

+

Here
~1
= T3k F, T o))

when 25 +k <m —1; and

RY = —(Tin(¢divw), TixdeSEd) + L(div (Z{22w), | T 4 |?)

vips

—([Ty.1y Woo) Voo, T koo Ples)y

¥ips

(T Fo Tjnwoops)) + >0y (Tid 1, TipWoops))

when 2j + k = m. Here and in what follows, for G = g+ 0,,g with g,g € L?
and v € Hy, ((G,v))_, denotes

<<G7 v>>71 = (g,v) - (§7axjv)‘

Outline of Proof. We apply T}, to (5.3) and (5.4). We then take the inner
products of the resulting equations with 7} ;0. and T} ue. Using Lemma
7.2 (ii) and integration by parts with the symmetric properties of A and B:

((Au, u)) = D[w),

{((Bu,u)) = =({u, Bu)) =0,

we obtain
(7.3)
1d

2
g 5 0
5 gi|Tiksells = 2= (Tatoo, BTj00t”))) = (QoTi P F), Taooo),
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(7.4)
/ N 2
Lo (Sl 2T wbm s + VA Tiswel )
+DOT; jwso] + ((CoTjktioo; Tjntio)) + ((M(Th1000t®), Tj stioo))
~(({QoB(Ty10u® + Ty ptioe)) ool Tiition)) = (T Foc, Tiitioo)).
We add 23 x (7.3) to (7.4). Then, since
(M(Tjosctt), T jtioc))
= ((A(Tjxoocti®), Ty ptioo)) + ((B(Thr0s0ul”), Ty atioe)
H(B(T; 100otl”), T ptice)),
the term ((B (Tj,kaoouéo)), T} ktoo)) is cancelled. We thus arrive at

3t BT Peott] + DT ]

H{ (CoT kttoos Tjatioe)) + ((A(T;k000u ), T 1))
(7.5) H(B(Tjaooets”), Ty attoc))
—(((QoB(T1050u® + Tj pttce)) oot T o)) }
= %«Qmw@mw Tj0050) + ({TjeF oo, Tjatiso))-

The desired estimate for the case 2j + k& < m — 1 now follows from (7.5) by
substituting

Fo=F — (QF) u” —{PF — (QPF)_u"}
and

(QuPOF) = (QoF), — (QoPiF)_,

into the right-hand side of (7.5) with the aid of Lemma 5.2 (ii) and Lemma
7.3. In case 25 + k = m, the computation above is formal; and the desired
result can formally be obtained by further integration by parts on R]k This
can be justified by an argument of commutator estimate for the transport
equation (5.3) and a theory of weak solutions of the parabolic equation (5.4)
as in, e.g., [9]. O

We next derive the H'-parabolic estimates for we,. We define .J[Psyu] by

J[POOU] = —2(<aoou(0) + Uso, BQUOO)) for Poou = ooou'® + u..
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A direct computation shows that if 4* > 1 and ||ps — 1||gm+101] < 1, then

~ b
[Pt < 22

1
E( )[Pyu] + §D(0) [Wao]
for some constant by > 0. .
Let b; be a positive constant (to be determined later) and define EM [Py u]
by
EW[Pyu] = 22 EO[P ] + DOw,] + J[Pa).

Note that if by > by, then EM[Pyu] is equivalent to E© [Py u] + DO [w,].

Proposition 7.5. There exists by > by such that if v > vy, v° > 1= >
and ||ps — 1l|emi10,1) < 1, then the following estimate holds for 0 < 2k 4 j <
m—1:

5t B TaPect] + B2 DOTawc] + PO o
(7.6) < R+ {2+ 22100 Tjowl3
l/2 T
(L + &+ D) T adooll3 + 1102, Thrdooll3},

where

2
2 1
R{) = = LR + CIIT. Pl

Outline of Proof. We consider the case j = k = 0. We take the inner
product of (5.4) with 0,Qu., to obtain
I/PsOswoo 3 + ((Lttoo, 8:Quoc)) + ((M(00cu®), :Quoc))

—({{QoB(00u® + uee)) Lu®, 0 Quec)) = ((Foo, 0 Quic)).
By using the symmetric property of A we have

<<Lu007atQu00>> = ;;tD( )[ ] + <<Buoo:at(2u00>>

+{(Cotisn, 0 Quso)).

As for the second term on the right of (7.8), we rewrite it as
((Btioo, Quec)) = = {(ttoo, BQuoc)) + ({Ohttce, BQuos))
(7.9) = — i {{too, BQuoo)) + ((0:Qutics, BQuos))
+{(0,Quse, BQuyo)).
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By (5.4), we have
oo = {0100, 00 +77diV (pstweo) + (030 + 42w 1), 00
~(QoB(05u® + use)) 8} + f2.
We thus obtain, if ||ps — 1f|cm+1jp1) < 1, then
{{0:Qotios, BQuss))|
< O{l102y@ollo + 72 [100wec |2 + (|02, 0o 2 }Idiv (psweo) |12
+C|QoF o |l2[|div (psweo) |2

< C{ZDOwe] + 5 (100, 00l3 + 110000013 + | QuF 13 }-

It then follows from (7.9) that

({Biso, 9Quoc))
(7-10) > _%<<u007 BQUOO>> - |<<atQuooa BQ“OO)H
~C{LDOweo] + L (1|02, 00013 + 10m 0113 + | Qo Fl3) }-

We deduce from (7.8) and (7.10) that
(7.11)

<<Luomat@u00>> > %%(D(O)[ww]_2<<UOO’BQUOO>>)
~[{{Cottoo, 0:Quoc))| = [((8: Qoo BQuao))|
—C{ZDOwse] + L (100, 00013 + 10,000 13 + 1Q0 F o 13)}

provided that 4% > 1 and ||ps — Lemerpoay < 1.
We next consider ((M(g,,u(?),9,Qus)) on the left-hand side of (7.7):
(7.12)

(M(ocu®), 0,Quac)) = ((Algoct™), 0:Quec)) + ((B(owu™), 0,Qucc)).-

By Lemma 5.2 (ii) we have [|0% ou|l2 < ||0s,000]|2 for & > 1. This, together
with the fact w®! = O(y72), yields
(7.13)

[((Aloocul®), 0:Quac)) | < CE (100, 01]|2 + 102, 01]|2) | /PsOrwos |

v+)?
< SllyPs0mwa|3 + CYEE|0s, 000 3.
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The second term on the right of (7.12) is treated in a similar manner to
the estimate (7.10). Since Lul® = 0, we have 0,, ( 7(£S)¢(0)) = 0. It then

follows that B(o.u®) = B(0su(?), and hence,
(B(ooctu”),0:Quc)) = {{Blowctu), 0Quos))
= —2((050u®, BQuso)) + ({01050u®, BQuoy)).
By (5.3) we have
01000 = —(QuB(0ct!” + ), + (QoPLF)

Substituting this into ((9;0.u®), BQus)) we obtain
(7.15) )
[{(Oroocu®, BQusc))|

< C{ZDONwse] + 5 (100,000 13 + 102,000 13 + QP F) II3)},

provided that [|ps — 1m0y < 1.
We thus find from (7.12)—(7.15) that
(7.16)

(M(020u®), 0,Quas))
> — (00, BQuao)) — §lv/PsOiwso 3

2
—C{LDOweo] + % (1|0, 00013 + 102,83 + [{QuPLF) [12)

v+)2
+( —;4) ||3x10oo||§}

if [|ps = Hlgmr1pyy < 1.
It follows from (7.7), (7.11) and (7.16) that
(7.17)

3 5 (DO we] + J[Poctt]) + 3/Ps0rwoc 3
< |<<00uooa 8tQ“OO>>| + <<atQuom BQUOO>>|
H(((QuB(00ct ™ + o) ul®, 8,Quoo)) | + [((F oo, iQucc))|

+C{LDOweo] + & (10, 6l + 102,000 13 + |QoF o3 + [(QuPL F)_|13)

v47)?
+( —:4) H&MUOOH%}'
We estimate the right-hand side of (7.17) by using the Schwartz inequality
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and Lemma 7.3 to obtain
(DOwoo] + J[u]) + 5/PsOrwooll3
(7.18) < C|F|2+CLDOw,]
+C{ (o + i N0, 00013 + 4||¢>oo||% + 51102, 0ol -

Taking b; > 0 in such a way that b; > max{by,2C'} and adding # x (7.2)
o (7.18), we obtain the desired estimate. The case 1 < 2j 4+ k <m — 1 can
be treated similarly. 0

N
&l

As for the dissipative estimates for xo-derivatives of ¢.,, we have the
following inequality.

Proposition 7.6. If || ps
estimate holds for 0 <25+ k+1<m —1:

T

3 ~
< R, + C2| K ll3,

N |+

Ps 8l+1¢oo ||
2

where

v+v
Rﬁgﬁz ‘ (dW( bw), |T550, o) +THHj,k,l”g

with

v Ps
| Hjall3 < C{NTi005 w] - Vo3 + 175605 FLI15 + I-==T w0, 213},
and

foo = —édivw —w- V(0.6 + 61) = {f{ — (QPF) 6"}
with PLF = T (0, f1, f?); and K; 1, is estimated as

YN K3
2
< C{& T 410k, 0uwo |13 + 2 1\ /P0 T10L ,we |3
~ l
(v + D) (S0 1T k102, 0uwec |13 + X0 17602, Outwoc [12)

l
s 2opeo 1Tk 107, woo 5

v+D l
+H25 (20 1 T5408,0: 00013 + 1102, T 0 |13) -

~
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Outline of Proof. The first equation of (5.4) is written as
oo + (Vs + W) * Voo + 72050, w3y + 70y (P53,
+ (0@ + 420w @0, 00 — (QoB(0oott® + uy)) ¢
=fo.
Applying T 0Lt to this equation, we have
0T 055 Poc) + (vs + w) - V(L3055 boo) + s Ty Oy

= —[Tj 0 vs + w] - Voo — V2O (ps00, Tjpwk)

xro )

(7.20)
202, p )Ty gl — O (0260 4 42w O, T ko
+HQoB( gwoow ) Ty tio)) o 05 )+ Ty 05 FO..

o0 T X2

The third equation of (5.4) is written as
V+V 2 s
axgwoo +a ( P ¢OO)
= {0, — 207 Wi, — 05,00, wh, + 0,05 wh, — p%(amw(o)’l)amaoo} + f2.
Applying Tj,kaig to this equation, we have

_ vt 9l42,,,2 P'(ps) . al+1
ps CFJ,kaam woo + 72,05 irjykarg ¢OO

= (v +D)[0,, 1102, T, — [0, ST

932’7/)

2 1! v 92 v 1
—{0T; 0., w3, — Tji0h, (£07, w3, + 20,05, w),)

(7.21)

T 0, (0300, W) — 8L, (2205, w O )0y, Ty pooo } + T 101, f3

Adding RN (7.21) to (7.20), we have

v+v

(7.92) DT foo) + (v + W) - V(T o) + 22T 0

ikl + K ks

where

Hjpy = —[Tix050 " w] - Voo + T 0 2 + st Txdl, f2,
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Kirg = —[0 0l - VT koo — V(0L ps]On, Tjxwl,

1278

72[8?2_2’ ps]TJ kw - al+l( 5%925(0) + '72psw(0)7l)a$171j,k000
+(QoB ( 7, kool + jy,kUM)>ma§c—;_1¢ 0

P21,

. ]82 ka ’Yﬂs[alJrl P'( ] Jk¢w

v+ L7T2 'yps

—ﬁé{aﬂy,ka;w 202 Tyadh,wl, + 20810, Ty

—v[o

I27

]82 ka [al

x27

T]Jfai‘n (v;(?xlw ) al ( : axzw(o) 1)aﬂﬂlTj kaoo}

]axz am T’j,kwoo

Multiplying (7.22) by £ p 2T 105 9o and integrating over Q, we have
the desired inequality for 2] —i— k +l <m—2. Incase2j+k+1=m—1 the
computation is formal, but it can be done rigorously by using an argument
of commutator estimate for the transport equation (7.22) as in, e.g., [9].

O

The following estimate for the material derivative of ¢, plays an impor-
tant role to obtain the dissipative estimate for higher order zo-derivatives of
Weo. We denote the material derivative of ¢, by ¢o:

Proposition 7.7. (i) If ||ps —
lowing estimate holds for 0 < 27 + k + ! S m—1:

P'(ps P
14 L\ T 05 oo 13 + s 1 T4 T 008 o1
(7.23) oS | a0kt ool

< ngz +CV+VH ikll3s

where g 1s a positive constant; and R](?’,zl and K 1 satisfy the same estimates
as in Proposition 7.6.

(i) Let 0 < q < k. Then

L Tixdoold < CLRY + DO(Ty ] + (v + 7| Ty e I3

(7.24) ~
2100, Tj k0 oo |15 + 2521102, T g oo |13 1

49



where R} = 22| T f2 3.
Outline of Proof. By (7.22), we have

| P, o
T k0t oo = —p]/T(lp;)ﬂ,kaiilcﬁm + Hjpo+ Kjg,

where ~
Hjpp = [Tjp05" w] - Voo + Higop,
Kji =05 04 - VT koo + K.
This, together with (7.19), gives (7.23).
The estimate (7.24) follows from the first equation of (5.4) which is written
as

Tjrtoe = —psy2div (Tjxtoo) — V2 (Duyps) Tjxw?,
(030 +2pw )0, Tj koo
HQoB(T)00ou® + Tj i) o 00 + T e f2.
Applying Tj, to this equation, we can obtain (7.24). OJ

Let us derive the dissipative estimates for 0.

Proposition 7.8. There are positive constants vy and o such that if v > 1y
and y?/(v+v) > ¢, then the following estimate holds for 0 < 2j+k < m—1:

%%72(5_5_,)”’7},]{000”% y+y ”axljjjko-oo”z

(7.25) < RO+ CL5 10T wwal3 + DOIT jws]

+(7%5 + zxtrs ) 10 Tipoo 13}

where ay > 0 is a constant; p is any integer satisfying 0 < 25 +p+1<m
and 0 < p < k; and

2 QTP Tj100) — 75 (pu(—A) 7 (00, Tin F L), Th000)-

Here (—A)™! is the inverse of —A on L*(Q) with domain D(—A) = H*(Q)N
H} ().

(6) _
RJ,k —

Outline of Proof. We rewrite (5.3) as
a150-00 + 728271 <pswio>oo + <QOB(O-OOU(O))>OO
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Since Lu® = 0, we have &52( p ) = 0. Furthermore, since 1 =

(u® 4Oy = (3 we have £ p gb( = «p. Therefore, the second equation
of (5.4) is written as
(727) —AU};O = _%psamo-oo + folo + %folo’
where

f~olo = _pjs{atwéo - _8x1dlv Woo + Z (pS)aCL‘1¢OO + Ulaxlwoo

HE g+ (Ol = E2PE 00O 01, 0
—(QoB (aoou + Uso)) 1}
It follows from (7.27) that
[0 _ 1/ 7 Ps

(7.28) wig = =~ (=A) " (pa0r,00) + (= A) (o + L),

Substituting (7.28) into the second term on the left-hand side of (7.26), we
have
(7.29)

ato-oo -

907 (g (—A) (0602, 000) ) o + (QoB(000u®))
= (QuPLF)  — 85, (01 b00) s — V20 (ps(—A) 1 (fL + Lpo FL))
By the Plancherel theorem,

~({ps(=A) (503, 000) ) e To) = (21) T ((i+X2) 67 (s (1€]° = 07,) ™" ps) G0, Gc).

Since there exists a constant ¢ > 0 such that

(o1 = 02,) 7 ps) = |(1€]* = 32,) "2 psl3 > ¢ > 0

for |¢] < 1, we have

~({ps(=2) (9503, 000)) o o0) = (271) V|| [€]Gec |3 = €ll Oz, -

Furthermore,

((QuB(0au”)) s 000) = (0,6 + 729w ) (81,000, 00) = 0.

Therefore, taking the inner product of (7.29) with o, we can obtain the
desired estimate. O]
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We next estimate the higher order derivatives.

Proposition 7.9. If v > vy, v* > 1 and ||ps — 1||cm+1j,1) < wo, then there
holds the following estimate for 0 <2j+k+1<m —1:

SO Tnwe |3 + S5 105 Tt |3

< CR! kl+0{(”+”

) 100, Tikoso 3

(7.30) (2 4 NI Tibeells + SN T aoolles

+ o35 10 T swee

+ (525 + (v + D)wR) [ Tiawoo s + DOT; ]},

where
R, = 22| Ty foN 2 + S Ty oo 2

%\z
=

Outline of Proof. We use the estimates for the Stokes system. Let (¢,
be the solution of the Stokes system

divwo = F in Q,
—AD+Vd = G inQ,
Wlon = 0.
Then for any [ € Z, | > 0, there exists a constant C' > 0 such that
(7.31) 052015 + 11057015 < CLIF e + G150 + 100115}

(See, e.g., [1], [6, Appendix].)
By (5.4), we have

div (T pwee) = Fji in Q,

_A<Tj7kw00) +V <%T],k¢oo) = Gng in Q,

Tjkwoolon = 0,
where
Ozq Ps
Fir = 52, T;rf — 2\p Tj,kw2
{ k¢oo )+’Y Ps ’LU 71)89017—}',160'00

<Q0 3(T, kgoou()+Tj,kuoo)>oo¢(0)}a
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Gj,k = PGT f + psvpsT gboo

VY2 ps
vd2 vl

s % 1 xq Vs
_%{atj—vj,kwoo - pLSVFj,k + Usaa:lTjj,kwoo + 72;2 j,kgzsooel

+(0pyv]) T w2 e — p—l’sw(o)ﬁng kO oo — pls (w(o)’lﬁmlijkaoo)

+ VT 1000 + 02000y, Tj 000 — (QoB(Tj k00t ® 4 T o Lw Pt

Applying (7.31) and noting that

P'(ps P'(ps P'(ps
|0 (g Tiadu) 3 > 1755200 Thadoo 13 — 11055, 8] Tyndoc I3

jai x2 )
> 05 T k00015 — Cwill Thnool | 3
> %|Ialmiln,k¢m||% - ng” k¢00||Hla
we can obtain the desired estimate. O

We finally estimate the time derivatives of o, and ¢.

Proposition 7.10. (i) If 0 < 2j < m — 1, then there holds the following
estimate:

107 s}
(7‘32) (7) Jj 2 j 2 4 ' 2
< C{R‘k + 1|02, 0/ 000 |5 + Ham1ag¢00|l2 + ||am1agw00||2}-

Here R” = |(Qud{ PXF) _|I3.

(i) If 0 < 2j < m —1 and ||ps — 1||gmt101) < 1, then there holds the
following estimate:
(7.33)

10 Gl 21,
< CLRY 4 1102,0] b [3im-1-57 + 7 1000 w3y 121 + 100, 073}
Here R§8) = HagQOFOOH%’mflf%"

Outline of Proof. The estimates (7.32) and (7.33) follows from (5.3) and
the first equation of (5.4)

atO'oo = <Q0P0(3)F>oo - <Q0B(000u(0) + u00)>oo
and

O1Pos = fé)o - {U;am?ﬁoo + ')’QdiV (PsWoo) + (vsl(b(o) + 72:087”(0)’1)8961‘700
—(QoB(00t® + us)) 0},
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Proposition 7.1 now follows from combining Propositions 7.4-7.10.

Outline of Proof of Proposition 7.1. We proceed as in [8, Section 5.2].
We define

EONt) = Yapiiem EOTuPoou(t)),  EO() = Yo ypam1 BV [Tiwu(t)]

2j#m

E(2)< ) Z2j+k:<m 172” 83?21—; k¢oo( )H%a
E@@t) = Y Q(V—mHTj,kang

2j+k<m—1

and .
DO(t) = 3 2jexem DT e (1)),

2j#m
Dm@w:z%MgmlC&gD@uhwm@L+;ﬁ¢m@ﬂwwﬁwa,
DO) = g nemr (75 128200, Ty s0me (I3 + E2 Ty el )

D@ (t) = Z2j+k§m—1 %||ax’7}7k0mu||2-
Let b; (j =2,---,6) be positive numbers and consider

Zz;‘;zgm {(72) + by X (724)}
+ D giikem1 s X (7:6) + by X (7.23)1— + b x (7.25) + by x (7.30)10 }

+ D jem o Zbs X {(7.32) + (7.33)} + B X (7.2)gjm.

Taking 1 ”+” , wo and b; (j =2,---,6) are suitably small, we can obtain
%E(4)(t) + 3D (1) + 2235 o (107 o ()3 + 118] T 0o (1)]13)

(7.34)
< CY5 RO(t).

Here
b6l/

EW(t) = B (1) + —— BV (1) + b B (6) +b: P (1) + =5 B ol Pou(t)],
o

T
—|—>—t

DDty = L(DO(t)+ DY (t) + byDP(t) + b3 DP)(t))
1/2
013 kem1 (102 T koo |5 + 45110 T kbool3)
+0 DO} g (1)
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and

1
R(l) = ZQj—i—kSm RE’J?;? R(p) = Z2j+k§m—l R% (p = 27 ) 223+k<m )’

2j#m

R(p) Z2j+k+l<m 1 Rgpkl (p = 37 6)7 R(p) Z2J<m 1 R(s) (p = 77 8)

To establish the desired estimate (7.1) we need to estimate higher order
derivatives in x9. For 1 <1 <m — 1, we set

El(4) (t) = Z - H P( Ps 'kalH(ﬁ

v2ps IR a2 oo 2
2j+k<m—1-— l

4 "(ps 2 co(v+v ]
D) = § jinemort (5 | A8 Tia0kt b (D] + 2 T30 D (1)]13)

+%Z2j+k§m—1—l($Haaljzj},kw%(t)“; l,+l,||al+17}k¢00(>”%)-

Here b7 is a positive number. Using (7.23), (7.30) with 1 <7 <m — 1 and
(7.34), one can find small numbers b; and bg by induction on [ in such a way
that the following estimate holds for 1 <1 <m — 1:

G ED(W) + 3, 2 PRE (1) + 3 KDL (1)
< (szo 2p) Clzjle(j) (),

where D((]4) (t) = D@W(t). See [8, Section 5.2] for the details. The desired
estimate (7.1) now follows from (7.36) with [ = m — 1; and Proposition 7.1
is proved. Il

(7.36)

To prove (5.15) we employ the following lemma.

Lemma 7.11. There exists a positive number 1o = To(v, 0,7y) such that if
r1 < 7o, then there holds the estimate

11T Py yull < C|0y, (I — TT) P yu 5.

Proof. We set ITMW(¢) = £[1M + 2]1)(¢). Since
B~ 1(6) = O — 1 — 7€) = ~ O ),

we see that



It then follows that

—

[TO Py yuly < ClE||x1tl2

IN

C|§|(>A<1|(I — 1O)ify + X1|H(O)@|2)-
Since (P 1)? = Px1, we find that
IO P yuly < CIE|(|(1 — T0) P yuly + |11 P ul)

for |£| < ry. Therefore, there exists a positive number 7 such that if r; < 7,
then . —
O Pog yuly < CIE|I(I — 1) Py

for |¢] < 7y, from which we obtain
11T P yulla < Cll0s, (I = T) Pog |-
This completes the proof. O
We now prove (5.15).

Proof of (5.15). We fix v, 7, v and wy so that Proposition 7.1 holds true;
and set r; = min{rg, 7o, 1}. Then, obviously,

1
1HT© P pull < T—||8$1H(0)Poo,2uﬂ2.
1
By Lemma 7.11 we also have

1T Pyl < C100, (I = TT) Pog v

We thus obtain

IN

loco l2

C{l102, (I = ITO) Py + 11102, 1T Pog yul|2}

IN

C[192,000ll2 + 1|02, o l2)-
By Lemma 5.2 (ii) we have

(7.38) [uccll2 < Cl|Ontcs |-
It follows from (7.37) and (7.38) that

(7.39) D(t) > aE(t)
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for a constant a > 0. We thus deduce from (7.1) and (7.39) that
d 3 3
(7.40) th( )+ aE(t)+ D(t) < R(t).
This gives
~ t ~ ~ ~ t ~ ~
(7.41) E(t) + / eI D(r) dr < e E(0) + / e T R(T) dr.
0 0

Writing the second and third equation of (5.4) as

2wl = pofk = pf Ol — L0 wl — 20, divwe + 0, (52 0n)
+vld, wk + Va’”vs + (0, v1) O w2,

w(o)’laﬁlaoo + 90y, 000 + 020010, 04

Ps

—<QOB(UOOU( )+ ) 1}

(V+V>a§2 Weo = /03 ps{atw Vaglw 8 8 wl

1 ~Y oo

P v
+0n, (222 o) + 0100, w2, — 2 (00,0 O1) 0y, 00},

we can obtain

(7.42) 2 Weo(D)]2,_s < CE(t) + CRO(t),
where RO (t) = [QF «(t)]2,_,. It then follows from (7.41) and (7.42) that
t
B(0) + - [0 0n O, + [ " D(r)dr
(7.43) 0
< C{e™™EB(0) + RO(t) + / —IR(r) dr
0
Since
(7.44) RO(t) < C(1+t) 2 M(t)*

as we will see in Proposition 8.6 below, we deduce (5.15) from (7.43) and
(7.44). This completes the proof. O

8. Estimates on the nonlinearities

In this section we establish the estimates on the nonlinearities, namely,

(5.16) and (7.44)
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Proposition 8.1. There exists a number ¢ > 0 such that the following
assertion holds true.

Let u(t) be a solution of (4.1) in Z™(T). If supye, < Ju(T)]m < €6 and
M(t) <1 for allt € [0,T), then the following estimates hold for all t € [0,T)
with C' > 0 independent of T.

3

(1) [QF o ()]m—2 < C(1+1)"1M (1),

(i) R(t) < C{(1+1)"2M(t)> + (1 +1)" 5 M(t) Do (1) }.

To prove Proposition 8.1 we employ the following inequalities.

Lemma 8.2. (i) Let 2 < p < oo and let j and k be integers satisfying

11
0<j<k, k>j+n<———).
2 p

Then there exists a constant C > 0 such that
108 F Loy < Ol 105 F 1S ey

where a = +(j + % — o)
(ii) Let 2 < p < oo and let j and k be integers satisfying
1 1
0<j<k, k>j+2<———>.
2 p
Then there exists a constant C' > 0 such that

182 f 1y < CIL.f |l -

(iii) If f € H' and f = f(x1) is independent of x5. Then

[flloe < CILANS 10z, £1I3

Proof. The inequality in (i) is a special case of the Gagliardo-Nirenberg-
Sobolev inequality which can be proved by using Fourier transform. Inequal-
ity in (ii) can be obtained by (i) with n = 2 and the standard extension
argument. As for (iii), we note that if f = f(z1), then

Lfllp = [/l 2oy (1< p <00), (02, fll2 = 1|00, fllz2w)-
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Therefore, the inequality in (iii) is a simple consequence of (i) with n = 1,
p=o00,j=0and k=1 O

Lemma 8.3. (i) Let m and my, (k =1,--- ,{) be nonnegative integers and
let ap (k=1,--- ) be multi-indices. Suppose that

m>[3+1, 0< ol <mp<m+|ul (k=1,---,1)

and
my+ - +me > (0—1)m+|ag| + -+ |agl.

Then there exists a constant C' > 0 such that

105 fr--- 03 folla < € T Wfwllaams-

1<k<t

(i) Let 1 < k < m. Suppose that F(x,t,y) is a smooth function on
Q x [0,00) x I, where I is a compact interval in R. Then for |a| +2j = k

there hold
0208, F(a.t, f0)] £

Colt, f) [ felemr + Cult, LENL + D AN THIND £l [l

<
Colt, frt)[felior + Crt, LN+ D AN D fill L fl ks
Here
Colt, f1(t) = X (8= (a) SUP, |(O20LF ) (2,1, fi(x, 1))
(B,1)#(0,0)
and

Ci(t, f1(1) = D2 Bo<(ay) SUP, [(O20LOFF) (. t, f1(x,1))].

1<p<j+|al

The proof of Lemma 8.3 can be found in [10, 11].

We recall that u(t) is decomposed into
u(t) = 011 ? + uy + oot + uo;
and we write
O =01+ 0o, Px = Q1+ Poo, Wy = W1 + Weo,
U = T (Gey W) (= Up + Uoo)
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as in section 7.
Before estimating the nonlinearities we make a simple observation.

Lemma 8.4. Let u(t) = "(¢(t), w(t)) = (0, u®)(t) + u.(t) be a solution of
(4.1) in Z™(T). Then there hold the following estimates for all t € [0,T]
with C' > 0 independent of T.

(i) low (@)l < C(L+ )73 M (8),

(i) 11D (t)][lm1 + [a(t)]m < C(L+ 1)~ M(2),
(i) [6(0)]m + [w(t)],n < C(L+1)75M(1),
(iv) low (@)oo < CA+1)72M(1),

(v) 168 loe + l(#) oo < C(1L+ )72 M(2).

Proof. Estimates (i), (ii) and (iii) immediately follow from the definition of
M(t). As for (iv), we see from Lemma 8.2 (iii) that

low(Dlloe < Cllow ()3 10,0 (0)lI3 < C(1L+1)72 M(2).

This shows (iv). Estimate (v) now follows from (iv) and (ii). This completes
the proof. O

Let us consider estimates on Qo F'.

Proposition 8.5. Let u(t) be a solution of (4.1) in Z™(T') and assume that
M(t) <1 for allt € [0,T]. Then the following estimates hold with C" > 0
independent of T.

(i)
[odiv w],
(L+ )M ()2 + (L + ) 1 M) Dwee(O)][|m (1 =m),
< C
(1+¢)"TM(t)? (Il=m-—1),
(ii) [w- V(0.0 + ¢1)]m < C(A+1)" M(t)?,
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(i) [t Voo]mo1 < C(L+ 1) M(t)?,

(iv) | (div (%w) D70k G0)?)| < C(1 + )2 M(t) Dog (t)
for2j+k=m,
(v) 10705 w] - Vo2 < C(1+ )" 3 M(1)y/Dec(t)
for2j+k=m,
(vi) 187 (pw)ll2 < (1 + 1)~ M (t)
for1<j <[3]
Proof. We write ¢divw as

pdivw = 0,0Qw19, 0, + 0,.60divw, + ¢,w 10,0,
&1 + ¢, div w,.

By Lemma 4.5 and Lemma 5.2, we have [0;,0.(t)]m < C|||Dow(t)|||m-1. So
applying Lemma 8.3 to each term on the right-hand side of (8.1) and using
Lemma 8.4, we obtain estimate (i). For example, let 2j + k& < m. Then

1805 (0. Vw18, 0|2
< oup Qw3 9k 0, 0 ls + [[[07 0%, 0. w10, 0|2
< Cllowlloc[2,04]m + lowlloc [0, ullm—1 + [[| Do |lm—1[02, 0] }
< Cllowlloo + 11D llm-1)[[| Dol lm-1
< C(1L4+1)"TM ()2

As for (ii), we write
(8.2)
w- V(.09 + ¢1) = 0,600, 0, + w0, 0,60 + w'e10,,¢0

+0,w 00, ¢y + w, - V.

The first three terms on the right of (8.2) can be estimated similarly to the
right of (8.1). As for the last two terms on the right of (8.2), we employ

61



the estimate [V1], < Cluq]m, which follows from Lemma 4.5. Using this
inequality and Lemma 8.3 and Lemma 8.4, we have, for 27 + k < m,

18]0% (w. - Vou)lla < [[w.B] 05V b1 la + [|[8]05, w.] - V|2

< Hllwdloo[Vorlm + 1 Dwil L1 [V é1]m}
Clw]m[Vorlm

C(141)"2 M (t)2

IN TN

IN

Similarly we can obtain
100 (0w 0y, 1) |2 < C(1+£) 7T M(t)%
Estimate (iii) can be obtained by applying Lemma 8.3 and Lemma 8.4 to
W+ Voo = 0,00, doe + W, - Vipo.

As for (iv), since j > 1 or k > 1, by the Hélder and Sobolev inequalities,
we have

[(div (Ziedw) ,0/0k0nc?)]
< C{llwllo + 10wl oo HI [ Ddoo|[17-1
< C{llwlloo + [[Dwoo|llm HII Dol 17,1
< C(141)"2M(t)Da(t).
Estimate (v) is obtained by Lemma 8.3 and Lemma 8.4:
10705, w] - Vool < ClIDW|||m[0sboclm—1 < C(1+ )72 M(t)y/Duc(t).
This completes the proof. O

We next consider QF = T(0, f). We first observe that since m > 2(=
[n/2] 4+ 1) we have the Sobolev inequality

[flloo < Csll.f ]l zm-

Let g > 0 be a number such that Cgeg < 722”1. Then whenever [u(t)],, < e,
we have

2
[6(t) e < Oslu(t)]m < Cses < 7.

and hence,

1) = pulea) + 7726w 1) > pr =72 6(0) e > P> 0).
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We thus see that QF(t) is smooth whenever [u(t)], < g¢. So, we assume
that [u(t)]., < e¢ for t € [0,T7].
Recall that QF' is written in the form

QF =F,+ F, + Fy+ Fs.
Here F; = 7(0, f;) (1 =0,1,2,3), where

3”05

fo = —w-Vu+ fi(ps,¢)(=9, 0w +
+f2(psa ¢)<_a§10*w(0) - amla*aIQw(O))
—|—f01<ZC2, (b)(bO'* + f02(272, (ZS)(baCL"lO-* + f03<l'2, ¢)¢¢*7

f1=—div(fi(ps, &) Vw.) + T (Vw.) V(fi(ps, 8)),
fo ==V (falps, o)divw,) + (divw.)V(f2(ps, ¢)),
f3=V(f3(x2,0)00.) — .V (f3(22,9)9).
Here f; = m; fo= W; and fy;(z2,0) (1 =1,2,3) and f3(xe, @)

are smooth functions of x, and

)

Proposition 8.6. Let u(t) be a solution of (4.1) in Z™(T') and assume that
SUPg<,<¢[u(T)]m < g6 and M(t) < 1 for allt € [0,T]. Then the following
estimates hold with C > 0 independent of T'.

(i) [QF ]2 < C(1+)"1M(t)?,

() [folm < CLA+1)"TME)? + (1 +1) 1M (1)||| Dwe(t)] ||}

(i) D [Flmr < CLA+HTME? + (14 1) 73 M) Dwsc (t)] [}

=1

w

> Tafillar < CLA+DT M@ + (1+ )7 M(@)]|| Dwe(0)]lln}

for 25 +k = m. Here we regard T;f, with 25 + k = m as an element in
H=4 by (Tiwf)[v] = (Tinf1v)) -y for v € Hg.

Proof. Estimates (i), (ii), (iii) can be obtained similarly to the proof of
Proposition 8.5. So we omit the proof.
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Let us prove estimate (iv). Let 2j + k = m and let v € H}. If k > 1,
then we see from (iii) that

((Tinfrv)) ol = | = (Tip—1f1, Toav)|
< N1 Fill2lToqvll2
< C{L+ )7 M) + (14 6) T MO Dwoo (6)]|lm H[v ] -
We thus obtain
Tk Fill - < CLA+ )T ME)? + (14 )71 M(#)]|| Dwso () 0] 112
If k=0, i.e., m = 2, then, by definition,
(0] fr0)) 4
= (0 (Filps; 9)Vws), V) + (0] (T(Vw)dy, f1(ps, ) Vips), )
+(0 (T(Vw.)ds fr(ps, $)V 9),0)
=L+ L+ L
As for I, we have
L] < 10 (fr(ps; 9)Vw.) |2l Voll2.

As in the proof of Proposition 8.5 one can estimate ||07(fi(ps, ¢)Vaw,)]|2 to
obtain

0] < C{+ 1) IM @) + (1+) 72 M) Dws (DIl H vl -

Similarly we have
[l < C{L+ 1) IM®)? + (1+) "2 M()||| Dwso (DIl H 0l -

We next consider I3 which we write as follows:

I = (9pf1(ps, )0 (T (Vw.)V), v) + ([0, 05 f1(ps, )] (T (Vw.) V), v)

= Ji+ /o

As for Jp, we have

Ll < 106 fi(ps, @) (VO w.) Ve, 0)| + (05 f1(pss 0) T (18], TV (Vewn)), v)]

= Ju+ Jio
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Using Lemma 8.2 and Lemma 8.4 we have
Jiu < OVl dw.lla]fo]la
< Clloll a2 {10xwillm + [ Dwso|[lm vl 12

< C{L+ 67" ME)? + (1 + ) M) || Dwoo (6) |l Hvl 11

N

As for Jio, we have

J
107, TVl T (Vw)| < C Y |0V |[0] ™ Dpw.].

=1
Since
I m—-1-2 1 m-2j—1) m—1 .
2 2 2 2 B 2 ’
we can find p;;, po; > 2 satisfying
1 1 —1-2I 1 1 —2(5 —1 1 1
Lot w2 L L =262 L L
Py 2 2 D21 2 2 27 py poy

We now take a number ps; > 2 satisfying z% =1- (-~ +-1)>0. It then
follows from Lemma 8.2 that 7

[ Jio| < O 10050 lp, 0 Ol [0l
C o 10006 1210 Ol | 2= |0
Cllm{[0:wi]m + |||Dw00|||m}||v||H§

CLL+ ) M () + (1 +6) 7T M) Dwoo ()l Il -

INIA

IN

It remains to estimate J;. By Lemma 8.3 we have
| 72| < CLOlm— " (V) V]l
and, also,
["(Vw)Velm-1 < C{IVwillsc[Oablm-1 + IDVwil[lm—1 [Vl m-1}
< C{l0ewilm + [[[Dwooll|m } [0 @lm—

< C{L+ D)7 M()? + (1 +6) s M(O)]|| Dwoc ()] [m}-

A
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As for [0;¢]m—1, we see from (6.3) and Proposition 7.10 that
[0:0]m—1 < C{[O0i0:]m-1 + [0:¢]m—1}
< C{A+ )" 5M(t) + [0 boollm-1 + [FatWoom-1
+[0r, 01 + [PF 1 + [(QoPLF) Tt + [QoFoclm-1}

C{A+t) T M(t) + [PoF]m1 + [QoFm_1}-

IN

Since 27 = m, we have [mT_l] = mT_2, and hence, by Lemma 4.5,

[PiF]m < C[F]mo.
It then follows from Proposition 8.5 and Proposition 8.6 (i) that
[PiFl1 + [QoF ]t < C{IQuF ]t + [QF s} < C(1+ 1) 1M (2)?,

which implies that ,
[0:0]m—1 < C(1+ 1) T M(t).

We thus obtain
[ o] < CLL+)FM(8) + (14 )" M (0)][| Dwao (8) [l 0] 2-

Consequently,

| < CLL+ 07 M(0) + (14 )75 M) Dwsc ()L} 0 -
Therefore, we arrive at

(@7 F1,0) 4 < CLA+ 17 M) + (1 +6)7 5 M(0)][ Dwso ()} 0] -

This gives

107 £1l+ < CLO+ )" M) + (1 +6) "3 M (0)]]| Dwao (1)l }-

Clearly, one can obtain the same estimate for |0/ f,||7—1. Concerning || £/ -1,
one can obtain the desired estimate by replacing Vw, with ¢, in the argument
above for ||@/ f,||z-1. This completes the proof. O

We are now in a position to prove Proposition 8.1.

Proof of Proposition 8.1. Since [QF]m-2 < C[F]mn_2, assertion (i)
follows from Proposition 8.5 and Proposition 8.6 (i).
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Let us consider R(t). We write Rj(l,z as

R} = SB(QuTikF) o Tikow) — BU{QTixPiF) ., Tinow)
11— QT F)ou®, Typuce)

H{TjuPLF, Tipuoo)) — ((QuTju PLF) u®, T puec)).
= Z?:1 I

We first consider I3. If 25 + k < m — 1, then applying Proposition 8.5
(1)—(iii) and Proposition 8.6 (ii), (iii), we have

+

T3] < C{(L+ )72 M(t)® + (1 + )T M (t)||| Dwss (£)]]2,}.

Here we have used the Poincaré inequality ||weo(t)||2 < [|0zweo(t)||2 for j =
k = 0. In case 2j + k = m, applying Proposition 8.5 (i), (ii), (iv), (v), and
Proposition 8.6 (ii), (iv), we obtain

|I;] < C{(1+1t)" 13/ Doo(t) + (1 + 1)~ M( YD (1)}
< {1+ t)—£M<t)3 +(1+ t)—%M@)Doo(t)}

if M(t) <1.
We next consider I5. We write I5 as

Is = ((Tj e F, P{'Tj puoo)).-

If 27+ k <m — 1, one can estimate I5 as I3. If 2j + kK =m and k > 1, then,
by Lemma 4.5 (iii),

|15

IN

|—<< Gk— 1F aanp Tkuoo>>|
< CO||Tp-1 F 2| T ke |2

< C{(L+1) M) + (L4 6) 1 M(#)|[| Dwas(DII13,}-

In case 2j = m, let ® be defined by QoP;d us = ' (®,0). Then, by integra-
tion by parts, we have

(0] QuF, Pfdfus)) = —(8] (¢w), V(®Z(LD)).

Since ||V(®Z (Zé )2 < C|| oo ||2 by Lemma 4.5 (iii), we see from Proposition
8.5 (vi) that
. . 7
(0] QuF, Py Ofuse))| < C(1+ )71 M(t)*.
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Since QP& us € HY by Lemma 4.5 (ii), one can estimate ((3/ QF, Pfdus))
as in the estimate of I3 and we obtain

1| < C{(1+ )" iM#)* + (1 + 1) i M(t)Duo(t)}.

As for I, we have

—

L = —2m) (0 + X)) HOTF, Typus))
= —2m) (T F, (4 + X)) T Tkuoo))

Here and in what follows we denote (f,u)_ = Z7'((x1 + %2) (f, u®)).
Since Q((T} oo, u'?) _u®*) =0 (€ H}), as in the estimate for I5, we obtain

L] < CLA+H72 M) + (1+ 1) 73 M(8)]|[ Dwso ()]}
The same estimate also holds for I, since
I = S ((QoTjuF) o Tikose) = (({QoTjrF ) Tikos))
= ((TaF (Trooe, ul”) ul7)).
Similarly, Is and I can be estimated as [5, since
I = ((Tj PLF, (T 000, u”)
Is = (Tju PLF, (T} i, ')
We thus obtain
RO() < C{L+1) M (1)* + (1 + )" TM(t) Do (1) }.

The remaining terms can be estimated in a similar manner. This com-
pletes the proof. O

9. Asymptotic behavior

In this section we prove that the asymptotic behavior of the solution of
(4.1) is described by a solution of a 1-dimensional viscous Burgers equation.
Let 0 = o(z1,t) be the solution of the following problem:

(91) atO' — li(]aila + (J/Oag;lo' + alaxl (02) = 07
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(92) O"t:() = 0o,

where k¢ and ao are the numbers given in Lemma 4.2; a; = (¢Pw©@:1) —

Z<E(1)gF1>, and Og = <Q0U0> = <¢0>
We will show the following estimate.

Proposition 9.1. If v > vy, v*/(v + ) > 7§ and ||ps — 1|l cm+1p1) < wo,
then the following assertion holds. For any 6 > 0 there exists €7 > 0 such
that if ||uol| gmnrr < €7, then

o1 (t) — o (t)]la < C(1 + )72 |uo|| grmprr-

To prove Proposition 9.1, we will employ the following well-known decay
properties of o(t).

Lemma 9.2. Let o(t) be a solution of (9.1)~(9.2) with oo € H* N L. Then
|0k ()]l < CO+ )75 2 |ogl iz (k= 0,1),

_1
lo(®)llee < C(L+)"2 o0l -

We introduce a quantity. Let o(t) and o(t) be solutions of (5.1) and
(9.1)—(9.2), respectively. We define N(t) by

N(@) = sup (140 o (®) = o0l

Proposition 9.1 would then follow if we could show that N(t) < C||ugl|gmnr:-

Proof of Proposition 9.1. In terms of %(t) the solution o(t) of (9.1)—(9.2)
is written as

9.3) o(t) = % (t)o — an /0 U(t — 1), (0%)(7) dr.

We next rewrite Up(t — 7)1 Y P, F(7) in (5.1). By Lemma 6.2 (ii), we
have

TOPF = —P0,, (pw"Yu®) + 108, PO(I — IOVF + 1092 PP F
= P (ands, (6})u) = P (0,,((9w") — (6O w®o?))ul)
+H©9,, PN — TOVF + 1982 PP F.
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Here a;; = (¢@w©-1). Since

F (PO — IO o?F)) = i HOLOS((02)Fy)

= Y (LWSF) (o )U(O)——amg( Votu

),

where ayy = —i(L(WSF}), substituting F = 02F; + Fy into I1©8,, P (I —
HOYF, we have

0, P — TONVF = —a1,P(0,,(62)u®) + 100, P (I — 1O F,.

Using Lemma 4.8 (i), we thus arrive at

Us(t — ) ITO P F(7)
= —aiUp(t — 7) (0, (07 (7))u®)
~Uo(t — ) (0n, ((Pw) (1) — (6 Ow O a(7)))u?))
+Uo(t — T)ha(7) + Up(t — T)hs(7),

where a1 = a1 + aqo,

(9.4)

Here

= 8, P(I — TOYF,y + 82, PP Fy,

— 82, PP (o2 Fy).
It then follows from (5.1) and (9.3) that
7i(t) = olt) = 3 10
Uo( )’LLO — %(t)O'(),
/%wfmm>@mmmm
L(t) = - /0 (Uo(t = 1) (0, (07 (1)) = % (t — 7)0s,0%(7)) T,

L3(t) = —/0 Up(t = 7)) (0, ({pw0") (1) = (§ Vw0 (7)))u®) dr,



Lemma 4.9 implies that
_3
[Ho(O)l[r < C(L+ 1) [|uol| marr

Let us consider I;(¢). By Lemma 9.1 and the definition of M (t) and N(t),
we have

IN

(o1 = *)()lh l(a1 +)(7) 2/l (01 = a2)(7) 2
< C+7)""*uollmar N(t).

Furthermore, by Lemma 8.2, we have ||(o, — 0)(7)||sc < C(1 4 7)"1T°N(2),
and hence,

10z, (07 = a*)(P)ll2 < C{ll(o1 + 0)(7) oo |0z, (01 — 02)(7) |2
+ll(o1 = 0) ()00l Oy (01 + 02)(7) |2}

< C(1+ 7)) ug|| g N (2).
It then follows from Lemma 4.8 that for k£ = 0,1,

t—1
Hacltcljl(t)”z S C{/ (1 +t_ 7.)*%(1 + 7_),14,5 dT
0
t
+/ (t—T)fﬁ(l—|—T)*1+6dT}HUOHHmmL1N(t)
t—1

< OO+ 1) gl g N(2).

As for I,(t), since {0y, (02)u®) = 9,,(0?), we see from Lemma 4.9 that
for k =0,1,

=
ok o)l < / (14t =) o) dr

<1+t—¢> (0105, (7)1 dr

AN
Q
pag
C\
5
—~~
—_
+
~
|
3
SN—
mlcn
—~
—_
+
)
SN—
[ V]
QU
3

w\a‘

“2(147) dT}M
1
3
< C(1+¢t)” 4||u0||HmmL1
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As for I3, we have
Kgw") (1) = (@ Owa?)(r)Ix
< C{lloa () llollu(r) = (a1u®)(T)ll2 + [[u(r) = (o1u)(7)]3}

<O +7) M)

Lemma 4.8 then gives
t
108 L)l < C/(1+t—7)‘i(1+r)‘1d7
0

< C(+1) 1 log(L + t)|[uol 21

To estimate 1,(t), we write hy(7) as
ha(r) = 00y, (PO(I — TOVFy + 9, PP Fy) (7).

Using Lemma 4.5, Lemma 4.8 and Lemma 6.3, we have

t
105 Lt). < C / (Ltt—r) i) tdr
0

_3
< C(1+t)"1log(L + t) o2 s

As for I5(t), we write hs(T) as

92 P (02F1)(7) for 7 € [0, 4],
ha(7) = @)
205, P” (010,,01F1)(1) for 7 € [ ¢].

As in the estimate on I5(t), we see from Lemma 4.5 and Lemma 4.8 that
3 . 1
lok @l < ¢ / (41— 7)1t bar
0
t

+/ (1+t—7)"3(1+7) " dr

t

2

< C(L+6)7 1 Juol 2mpra-
We thus obtain
102, (01 — @) (B ]|z < O+ 1)1 ug || mera {|to | srmprr + N (23,

which yields

N(t) < Cllug|l gmarr{luoll rmary + N(2)}-
The desired result now follows by taking ||ug||gmnr: suitably small. This
completes the proof. 0
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