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This study was designed to investigate the symmetry in motion in Euler’s formula and its breakdown in
hyperbolic function and growth function. The results obtained were as follows. (1) The symmetry in motion
between 6 and exp(i #) was shown when 6 was kept in motion. The symmetry breakdown in motion
between € and cosh( 6 ), between & and sinh( ), and between € and exp( &) was shown when 6 was
kept in motion. (2) There were some properties that were common to these three functions. (3) If hyper-
bolic function related exponential function with Lorentz transformation, then the Bondi-k factor was an
exponential function. (4) Mathematical relationships between the Bondi-k factor and the imaginary unit
were suggested. (5) Mathematical relationships between Euler’s formula and growth function were dis-
cussed by relating qualitative differences in complex numbers with quantitative differences in real numbers.
It was suggested that the breakdown of symmetry in motion in Euler’s formula gave hyperbolic function and
growth function, where some properties common to these three functions were also observed.

INTRODUCTION

Exponential function with base e is used to analyze
the growth of a forage plant (Blackman, 1919). Shimojo
et al. (2003) reported that exponential function with base
e was derived from Euler’s formula by the rotation of
axis of time, where hyperbolic function appeared between
them. Investigating this process from the viewpoint of
symmetry is considered an issue of interest.

The present study was designed to investigate the
symmetry in motion in Euler’s formula and its breakdown
in hyperbolic function and growth function.

EULER’S FORMULA, HYPERBOLIC FUNCTION
AND GROWTH FUNCTION AS INVESTIGATED
FROM SYMMETRY IN MOTION

Euler’s formula
Euler’s formula (£( 8)) is given by
E(O) =exp(if) =cos(0) + isin(0), @))
where i = imaginary unit.
The symmetry in motion between 6 and E( ) is shown
on the complex plane when @ is kept in motion. If this

is valid for the relationship between time (¢) and exp(i-t),
then time is kept in passing.

Hyperbolic function

The symmetry in motion in Euler’s formula is broken
by the following mathematical operation, which gives
hyperbolic function (H( 8)),

H(O) =E(-i-0) =cosh(8) + sinh(9). )
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The symmetry breakdown in motion between 6 and
cosh( @) or between 6 and sinh( #) on the real plane is
shown when 6 is kept in motion. If this is valid for the
relationship between time (¢) and cosh(¢) and between ¢
and sinh(%), then time is kept in passing.

Growth function
H(O) leads consequently to growth function
(G(0)) that shows an exponential increase,
cosh(6) + sinh(0) =exp(0) =G(0). 3)
The symmetry breakdown in motion between 6 and
G(6) on the real plane is shown when 6 is kept in

motion. Since growth function is actually a function of
time (¢), G(1), time is kept in passing.

Properties common to Euler’s formula, hyperbolic
function and growth function

The first property is that although the symmetry in
motion in £( @) is broken in H(#) and G(8), they all
are solutions to the common differential equation (4),

d*C(o)

( ac(o)
ao?

@

The second property that is common to these three
functions is given by

E0) - E(-0) =exp@if@) -exp@i(-0)=1,

H(O) H(-0)

= (cosh(@) + sinh(#)) - (cosh(-8) + sinh(-6))
6)
)

®)

=1,
G(O) - G(-0) =exp(O) -exp(-0)=1.
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Functions (5) ~ (7) show that not only positive 6 but
also negative € is required when these three functions
are connected by the sign of equality.

Features of hyperbola
If cosh( @) and sinh( @) are described as follows,

cosh(0) =1/ 1-(/c)? , (8-1)

sinh(0) = W/e) [ [ 1-@/c)? (8-2)
then they give Lorentz transformation for 4 dimensional
space-time,

¢ t"=(c-t) cosh(0) -z -sinh( ), 9-1)

x"=x - cosh(0) - (c-t)-sinh(0), 9-2)
where v = speed of an object, ¢ = speed of light, x = x
coordinate of 4 dimensional space—time.

If functions in (8) are combined with functions in
(10), respectively,

cosh(0) = (exp(0) + exp(-0))/2, (10-D

sinh( @) = (exp(0) — exp(-60))/2, (10-2)

then functions in (11) and functions in (12) are given,

exp(0) = /(1 + v/e)|(1 - v/c) , (11-1)
6 =log, ({/ (1 + v/o)|(1-v/c)), (11-2)
exp(-0) = (1 - v/o)[(1 + v/c) (12-1)
-0 =log, (| A - v/o)[(1 + v/c) ), (12-2)

where 0 <=v <c¢,0< 0 <o, 1 <exp(f) <o, —0< -0
<0,0<exp(-0) <1.

Functions (11) and (12) show the following. (i) If
hyperbolic function relates exponential function with
Lorentz transformation, then the Bondi—k factor is an
exponential function. (ii) The rate at which 6 increases
is accelerated with the increase in v. (iii) Do phenom-
ena (i) and (ii) imply the feature of space?

In addition, boldly writing at the risk of making mis-
takes, mathematical phenomena are suggested as fol-
lows.

(i) If v — o mathematically, then

5i1£1O A =0/ + vic) = 5ilg [ (el = Df(clv + 1)

=/-1=1, (13-1)

lim /(1 + v/0)/(1 -v/c) = lim y(c/v + D)/(c/v - 1)
U—> U—>®

(13-2)

where i = imaginary unit.

Although v < ¢ physically, one of the routes to the imag-
inary unit is suggested by (13-1) and (13-2) in which v
— o plays the key role.

The imaginary unit is also given whenc =0 and v # 0,

=y

J(O/v=D/O + 1D = -1=i (14-1D

JOm + /0w -1) = [-1 =i, (14-2)
What is the difference between calculation (13) and cal-
culation (14)? What is the physical meaning of the imag-
inary unit?

(i) If v = ¢ mathematically, then

JA =0/l +v/c) =/ —-c/o)/(1 + ¢/c) =0
= leim exp(-6). (15)

Calculation (15) shows that the physical impossibility of
v = ¢ might be related to infinitesimal.

(iii) When 0 < v < ¢, functions (11-1) and (12-1) are
given as already shown,

exp(6) =/ + v/o)/(1-v/c) (11-D

exp(-0) = /(1 - v/e)[(A + v/c) . (12-1)
This suggests that exponential functions appear when v
<c.

(iv) If v = 0, then 6 =0 as follows,

exp(0) = /(1 + 0/0)/(1 - 0/c) =1, (16-1)

exp(0) = v’(l - 0/0)/(1 + 0/c) =1. (16-2)
This shows that there is neither an increase nor a
decrease when v = 0.

(v) If v <0, then

exp(-0) =/ (1 - v/0)/(1 + v/c)

— /(1= /)1 + (~v)/c) = exp(0),
(17-1)

exp(0) = /(1 + v/0)/(A - v/c)

— /(1 + )/0)/(1 - (~v)/c) = exp(-6).
(17-2)

These show that changing the sign of v causes the
exchange between exponential increase and exponential
decrease. This exchange is also given by changing the
sign of c.

(vi) With regard to cosh(68) and sinh(8), there is
another description as follows,

cosh(6) = (/(1 + v/e)[( - v/e) +/(A - v/)[(1 + vic)) /2,
(18-1)

sinh(0) = (\/(1 +0/0)/(1=v/c) /(1 —v/e)[(1 + v/c))/z.
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(18-2)
Functions (18-1) and (18-2) are equal to functions
(8-1) and (8-2), respectively.
(vii) If c = 0 and v = 0, then

J (L =v/)[(1 + vlc)

:V/(l - 0/0)/(1 + 0/0) = indefiniteness, (19-1)
L+ v/e)[(1 - vic)
=/0+ 0/0)/(1 - 0/0) = indefiniteness. (19-2)

What does the indefiniteness in real and imaginary num-
bers caused by this motionlessness suggest?

Relationships between Euler’s formula and growth
function

If @ in functions (5) and (7) is replaced with £t (&
= energy, ¢ = time), then transformations (20) and (21)
are given,

exp(-i(E-1) —exp(i-(-i)(E-1) —> exp(E- 1),
(20-1)

exp(i(E-1) »exp(i-i(E-t) > exp(-E-t),
(20-2)

exp(i(E-1) »exp((-i)-i(E-1) > exp(E-1),
(21-1)

exp(—i (E-1)) > exp((-i)- (i) (E 1)) — exp(=E-1).
(21-2)

By transformations (20) and (21), qualitative differences

in complex numbers are related to quantitative differ-
ences in real numbers. What do these relationships sug-
gest?

The feature of these transformations (20) and (21)
is the square of the imaginary unit. Let us suppose that
Euler’s formula includes i that is given by (13) and (14)
as already shown. Since v < ¢, one of the ways to avoid
v —oin (13) orc=0and v # 0in (14) might be intro-
ducing the square of the imaginary unit (i-i = —1), which
transforms Euler’s formula into exponential functions
including growth function. However, this is just a hypoth-
esis that requires further investigation.

Conclusions

It is suggested from the present study that the break-
down of symmetry in motion in Euler’s formula gives
hyperbolic function and growth function, where some
properties common to these three functions are also
observed.
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